3. QUESTIONS ON §1.3 AND §1.4.

Question 3.1. Let K be a field and let @ be the quiver
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(1) Let n € NU {oo}, let £° = ey, let £>° = 0 and consider the ideal H = (cb, da, /™) in KQ. Decide, for
which n, H is not admissible, and in each case explain why.
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(2) Choose n minimal such that H is admissible. Calculate the representations of @) corresponding to
the projective modules P[1], P[2], P[3] and P[4] of the K-algebra KQ/H.

(3) Prove that I = (¢da— dcb, £*(¢* — e4)) is not admissible. Decide whether of not the K-algebra KQ/I
is finite-dimensional, and explain your decision.

(4) Let J = (cb—a, (£ — peq)(£ — neq)) where p,n € K and pu # n. Explain why J is not admissible.

(5) Define elements f,g € K@ and a new quiver Q' by
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f=i—pes), g=;50—nes), 1w, o = g
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Find a K-algebra isomorphism 6: KQ' — KQ/J such that 6(ey ) = f and 0(eyr) = g.

Question 3.2. Let K be a field, and define a quiver @ and an ideal I in KQ by
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(1) Using the Diamond Lemma, prove that the K-algebra A = K@Q/I has a basis defined by the paths

€1, €2, €3, €4, a, bv ¢ x, Y =z aba bC, kY, Yyx, azx, by7 Ccz,

abe, aby, becz, byx, czy, zyx, abcz, abyx, bczy, czyx, abczy, beczyzr, abezyx.

Hint: describe the length-lexicographic ordering defined by declaring that 4 > 3 > 2 > 1 and
a<b<c<z<y<uz. Prove that a path in @ is irreducible if and only if it is among those above.
(2) Explain why I is admissible. Describe the projective modules P[1] and P[4] as representations of Q.
(3) Find a quiver P with 4 vertices, and find an ideal J of K@, such that I C J and such that KQ/J
is isomorphic to the preprojective algebra II(P).
(4) Guess a basis for II(P). Write down a module over KQ/I which is not a module over II(P).
(5) Find a vertex v in P such that e,II(P)e, = K(s,t)/(s +t,s% ¢3). Hint: use a Theorem in the notes.
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