10. QUESTIONS ON §2.3 AND §2.4

Question 10.1. Let K be a field and let () be the quiver
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Let M be the KQ-module given by the representation (V;,V,) with V1 =V, =0, Vo = V3 = K and V, = 1.
(1) Let L; = 7'M for i = 1,2,3. Describe the representations corresponding to each L;, proving L3 = M.
(2) For each i construct a module N; with dimension vector (1,1, 1,1) and containing L; as a submodule.
(3) For each i decide which of the modules L; and N; are uniserial, and which are not, explaining why.
(4) For each ¢ and j compute dimyx (Homgq(Li, Lj)) and dimg (Extgxg(L;, Lj)).

Question 10.2. Let K be a field, and for each pair of (square) n x n matrices A, B over K, let
A
V[A,B]= K" ?& K"

a representation of the Kronecker quiver, here denoted ). Let I, be the n X n identity matrix, and let J,

be the n x n Jordan block matrix with eigenvalue 0 along the diagonal and 1 along the superdiagonal.
(1) Prove that V[I, J5] is indecomposable and that 7V [Iy, Jo| = VI3, Jo].

(2) Prove that V[I4, J4] is indecomposable and construct a non-split short exact sequence
0— V[IQ,JQ] — V[I4,J4] — V[IQ, J2] — 0

which is not an Auslander—Reiten sequence.
(3) Note that J; =0 as a map K — K. Construct an Auslander—Reiten sequence of the form

0— V[IQ, JQ] — V[Ig, Jg] (&) V[Il, Jl] — V[IQ, JQ] — 0.
Question 10.3. Let R be a finite-dimensional algebra over a field K and let
a:0=X—=Y—=>2-=0

be an Auslander—Reiten sequence of finite-dimensional R-modules.

(1) Prove that any Auslander—Reiten sequence that starts with X is isomorphic to « as a 3-term complex
(2) Let f € Hompg(X,W) which is not a split mono. Prove that the pushout of o along f is split.
(3) Prove that the map Y — Z is an irreducible map, and prove it has an indecomposable kernel.
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