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m Let 5> 1 and x > 0, any series

k
X = E XiB' =i XpXp—1...X0 ® X_1..., xi € N,
i=—o00
is a (B-representation of x

m (-expansion (x)g of x = [3-representation of x obtained by
the greedy algorithm

m coefficients of F-expansions in {0,1,...,[5] — 1}
m Zg:={x€eR| (Ix[) g = XkXk—1-.- X0@}
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for BeN: Zg =17

for 5 ¢ N:
m Zg not periodic

m Zg has no accumulation points
Z; ={bn | ne N}

with by = 0 and bn+1 > b,
m distances in Zg bounded by 1
| ﬁZﬁ C Zg
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L Parry numbers

m (3 is a Parry number if the number of distances in Zg finite
m Pisot numbers C Parry numbers C Perron numbers

[ Z; coded by an infinite word ug:

Am—l — m-—1

m ug = fixed point of one of 2 possible primitive substitutions
(simple and non-simple Parry)
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If ¢, ug = p(ug), of the form
©(0) = 0n1
o(1) = 022
p(m—2) = 0m1(m-—1)
p(m—1) = 0

with t; € N and tjtj -ty < tity-- -ty for every 1 < j < m and
tm # 0, then
0 is a simple Parry number

Parry polynomial of (3:
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I—Results on asymptotic behavior

If B is a simple Parry number, then

b -1

p'(83).

B = nﬂT@OFIﬁm—l

Let B be a simple Parry number. If 3 is a Pisot number such that
its Parry and minimal polynomial coincide, then (b, — cgn)nen is
bounded.

Let 3 be a simple Parry number. Then, (b, — cgn)nen is bounded
iff B is a Pisot number such that its Parry and minimal polynomial
coincide.
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Theorem (Gazeau, Verger-Gaugry)

If B is a simple Parry quadratic unit, then

1-— -1 1
Z;:{bn:an+ ﬁ—i-ﬁ {n+ },neN},

G%+ 8 B 1+3

B2+1
B2+ B

where cg =
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I—SI»<etch of the proof — tools

m Substitution matrix M associated with ¢ by My=|p(i-1)|;_1,

ie.,
t; 10..00
tp, 01...00
M = S I
tm100..10
tn 00..00
is primitive

Perron-Frobenius:
m M has an algebraically simple eigenvalue A > |a| for any other
eigenvalue o of M
m only to A\ corresponds a positive eigenvector

Characteristic polynomial of M = Parry polynomial
(B™L,...,3,1) = left eigenvector of M associated with (3
Queffélec: Vector of letter frequencies = left eigenvector
(po, P15 - - - Pm—1) normalized by Z,'-":Bl pi=1
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If B is a simple Parry number, then

—1
S )

m b, = |u|olo + |u}1A1 + -+ + |u|m—1Am—1, where u prefix of
ug of length n

L] Cﬁ:POAo+P1A1+---+Pm 1Am-1
| (POaPly--mefl) Zm 16,(ﬁm 1,-"vﬂ71)
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If B is a simple Parry number, then

. 1
g = I|m,,ﬁ+oo%zﬁﬁm_lp’(ﬂ).

by = |uloDo + |u|1 A1 + -+ + |u|m—1Am—1, where u prefix of
ug of length n
g = polo+ p1A1+ -+ pm_1Am_1
— 1 m—1
(POaPla”-amel)— _Z;n:—olﬁ,'(ﬁ ,"'7ﬁ71)
A; known (Thurston)

m adroit manipulation
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k
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m forany we {0,1,... , m—1}*
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| | Ui:(1’05---aO)Mi(]"l""’l)T
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. n .
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Theorem

Let B be a simple Parry number. If 3 is a Pisot number such that
its Parry and minimal polynomial coincide, then (b, — cgn)nen is
bounded.

formula for b, —n?
s

] i
C,

m Parry = minimal polynomial = distinct roots = M
diagonalizable

el 0 .. 0
0B .. 0
= U= (1,0,...,0)P! 2 P(,1,...,1)7
00 .. 8
10 ... 0
00 .. 0
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0 0 .-z
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i

m if (by)g = ak...aiape, then %bn —n= Zf'(:o aj (E—ﬁ — U,-) =

o o0 .. 0
o-Z" .. o
P(1,1,...,1)7,

=(1,0,...,0)P71 _
0 0 .. -2
where zj(") = Z,I'(:o a,ﬂj
m 3 Pisot A Parry polynomial = minimal polynomial A
a;€{0,1,...,[8] -1} = (z.(")> is bounded for
J neN
je{2,...,m}

1 o m 7ZJ'(n)17ﬁJm
s =2 p(8) 1- 5
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No idea about asymptotic behavior of -integers for non-Parry
numbers 3, i.e., when Zg assumes infinitely many distinct
distances between neighbors.

Suggestion: Start with the existence of lim,_ %



