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Properties of Tilings

e finite number of local

patterns

(finite local complexity)

K — e repetitivity

e well-defined patch
frequencies

e |local isomorphism
(LI classes)
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The Hull of a Tiling

Let 7 be a tiling of R?, of finite local complexity.
We introduce a metric on the set of translates of 7:

Two tilings have distance < ¢, if they agree in a ball of radius 1/¢
around the origin, up to a translation < e.
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The Hull of a Tiling

Let 7 be a tiling of R?, of finite local complexity.
We introduce a metric on the set of translates of 7:

Two tilings have distance < ¢, if they agree in a ball of radius 1/¢
around the origin, up to a translation < e.

The hull Q7 is then the closure of {7 — x|z € R%}.

()1 is a compact metric space, on which R? acts by translation.
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The Hull of a Tiling

Let 7 be a tiling of R?, of finite local complexity.
We introduce a metric on the set of translates of 7:

Two tilings have distance < ¢, if they agree in a ball of radius 1/¢
around the origin, up to a translation < e.

The hull Q7 is then the closure of {7 — x|z € R%}.
()1 is a compact metric space, on which R? acts by translation.

If 7 is repetitive, every orbit is dense in {27.
()7 then consists of the LI class of 7.
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Approximating the Hull by CW-Spaces

We define a sequence of cellular CW-spaces 2,, approximating ().

The d-cells of €2y are the interiors of the tiles; two tile boundaries are
identified if they are shared somewhere in the tiling.
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We define a sequence of cellular CW-spaces 2,, approximating ().

The d-cells of €2y are the interiors of the tiles; two tile boundaries are
identified if they are shared somewhere in the tiling.

For (2,, we proceed as for (), except that we first label the tiles
according to their n'* corona (collared tiles).
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Approximating the Hull by CW-Spaces

We define a sequence of cellular CW-spaces 2,, approximating ().

The d-cells of €2y are the interiors of the tiles; two tile boundaries are
identified if they are shared somewhere in the tiling.

For (2,, we proceed as for (), except that we first label the tiles
according to their n'* corona (collared tiles).

There are natural, continuous cellular mappings h : €2, — €2,,_1, and
induced homomorphisms h, : H*(€,) — H*(Q,11).

() then is the inverse limit @Qn consisting of all sequences
{ij}zozo, with xr € ; and h(:l?k) = LTp_1-

The cohomology of €2 is the direct limit H*(2) = limH*({2,,)

=
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Cohomology of Substitution Tilings

The appromimants (2,, of the hull were introduced by Anderson and
Putnam (AP), Ergod. Th. & Dynam. Sys. 18, 509 (1998).

They used a single CW-space 2" and the mapping €2 — €’ induced
by substitution, and take the inverse limit of the iterated mapping.

This is equivalent to iterated refinements according to the nt”

corona, for some n.
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Cohomology of Substitution Tilings

The appromimants (2,, of the hull were introduced by Anderson and
Putnam (AP), Ergod. Th. & Dynam. Sys. 18, 509 (1998).

They used a single CW-space 2" and the mapping €2 — €’ induced
by substitution, and take the inverse limit of the iterated mapping.

This is equivalent to iterated refinements according to the nt”

corona, for some n.

This inverse limit using a single €2, is easier to control, but is limited
to substitution tilings.

Using a sequence of €2,, is more general, but the limit is hard to
control. However, the approach may be of conceptual interest.
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Quasiperiodic Projection Tilings

Irrational sections through
a periodic klotz tiling.

We assume polyhedral
acceptance domains with
rationally oriented faces.
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Quasiperiodic Projection Tilings
Irrational sections through

a periodic klotz tiling.

We assume polyhedral
acceptance domains with
rationally oriented faces.

For canonical projection tilings, Forrest-Hunton-Kellendonk
computed cohomology for low co-dimensions in terms of acceptance
domains, and claimed the cohomology is free.
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Quasiperiodic Projection Tilings
Irrational sections through

a periodic klotz tiling.

We assume polyhedral
acceptance domains with
rationally oriented faces.

For canonical projection tilings, Forrest-Hunton-Kellendonk
computed cohomology for low co-dimensions in terms of acceptance
domains, and claimed the cohomology is free.

However, | found a counter-example with torsion ...
This tiling is also substitutional — Anderson-Putnam method!

For co-dimension 2, FHK theory is easily fixed, but co-dimension 3 is
much harder...
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Kalugin’s Approach
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Kalugin’s Approach

Irrational sections through
a periodic klotz tiling.

Disregarding singular cut
positions, points in unit
cell parametrize tilings.

For proper parametrisation, torus has to be cut up.
This is done is steps — inverse limit construction!
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Kalugin’s Approach

Irrational sections through
a periodic klotz tiling.

Disregarding singular cut
positions, points in unit
cell parametrize tilings.

For proper parametrisation, torus has to be cut up.
This is done is steps — inverse limit construction!

Cohomology of n-torus cut up along set A, satisfies
k n k41
— H (QT) — n—k—l(Ar) — n—k—l(T ) — H (Qr) —

P. Kalugin, J. Phys. A: Math. Gen. 38, 3115 (2005).
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Simplifying the Set of Cuts

H,.(A,) and thus H*(£2,.) depends only on homotopy type of A,..
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Simplifying the Set of Cuts

H,.(A,) and thus H*(£2,.) depends only on homotopy type of A,.

We assume polyhedral acceptance domains with rationally oriented
faces — with increasing r, pieces of A, grow together.
For r sufficiently large, A, is a union of thickened affine tori.

Homotopy type of A, stabilizes at finite (!
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Simplifying the Set of Cuts

H,.(A,) and thus H*(£2,.) depends only on homotopy type of A,.

We assume polyhedral acceptance domains with rationally oriented
faces — with increasing r, pieces of A, grow together.
For r sufficiently large, A, is a union of thickened affine tori.

Homotopy type of A, stabilizes at finite (!
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Simplifying the Set of Cuts

H,.(A,) and thus H*(£2,.) depends only on homotopy type of A,.

We assume polyhedral acceptance domains with rationally oriented
faces — with increasing r, pieces of A, grow together.
For r sufficiently large, A, is a union of thickened affine tori.

Homotopy type of A, stabilizes at finite (!
Often, we can replace A, by equivalent arrangement A of thin tori.
For computing H,(A): replace A by its simplicial resolution, A.

For icosahedral tilings, A consists of 4-tori, intersecting in 2-tori and
O-torl.
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Kalugins Exact Sequences

Kalugin's long exact sequence can be split; for dimension 3,
co-dimension 3 tilings, it reads:

k+1

0 — Sk I Hk(ﬂ) — H6_k_1(A) oz—> Hﬁ_k_l(T6) I Sk_|_1 — 0
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Kalugins Exact Sequences

Kalugin's long exact sequence can be split; for dimension 3,
co-dimension 3 tilings, it reads:

k+1

0 — Sk I Hk(ﬂ) — H6_k_1(A) oz—> Hﬁ_k_l(T6) I Sk_|_1 — 0

o o O O O

Hg(T®)
H;(T%)
So
S3
0

H" ()

H'(Q)

H*()

H*(Q)
0

— 0 —
— H4(A) —
— H3(A) —
— HQ(A) —
— Hl(A) —

Hs(T°)
H (T
Hs(T°)
H,(T®)
H,(T%

St
So
S3
0
0

% O
SN 0

s O
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Kalugins Exact Sequences

Kalugin's long exact sequence can be split; for dimension 3,
co-dimension 3 tilings, it reads:

k+1

0 — Sk I Hk(ﬂ) — H6_k_1(A) oz—> HG_k_l(T6) — Sk_|_1 — 0

o o O O O

We need to determine H,(T°) (easy), H,(A) (doable),

Hg(T®)
H;(T%)
So
Ss
0

—

—

—

—

—

H" ()

H'(Q)

H*()

H*(Q)
0

— 0 —
— H4(A) —
— H3(A) —
— HQ(A) —
— Hl(A) —

Hs(T°)
H (T
Hs(T°)
H,(T®)
H,(T%

St
So
S3
0
0

% 0
SN 0

s O

S). = coker o* (sometimes hard) for different coefficient groups
R=Q, Z, or F,, and derive H*(£2) from that.
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Mayer-Vietoris Spectral Sequence

First page Ej , of Mayer-Vietoris double complex for H.(A):

@QEIQAZLFQ

@OAEIQASFCX

@QEIQAQFa @ @96[1A2F9

@aGIQ @QEI? AQFQ

EBOLGIQAlFa @ @96[1A1F9

EBaGIQ @QEIf‘ AlFe

72 P 71 @ zto

Q I [/
Bacr,Z"1 D Bacr,Z"0 @ ®oer, Z"0

7
L
Daery Doere 270
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Mayer-Vietoris Spectral Sequence
First page Ej , of Mayer-Vietoris double complex for H.(A):

@OAEIQAZLFQ
@OAEI2A3FCX
@QEI2A2Fa @ @96[1A2F0 @OLGI2 @96[104 AQFH
@aEIzAlFa @ @96[1A1F9 @CXGI2 @96[10‘ AlFO
[ Q 0 0
zk2 @@ 7t @ 7to @aeI2ZL1 D @aeIQZLO D @eellzLO Daery Docre z"o

As all these groups are free, and Hy(A) = Z, H{(A) = Z°.
Only one differential needs to be known explicitly:

d%,z : Dacl (@GEIfA2F9) — (@a612A2FO‘) D (@9611A2F9)

Franz Gahler Bielefeld / 5 July 2008 10



Mayer-Vietoris Spectral Sequence
First page Ej , of Mayer-Vietoris double complex for H.(A):

@OAEIQAZLFQ
@OAEI2A3FCX
@QEI2A2Fa @ @96[1A2F0 @OLGI2 @96[104 AQFH
@aEIzAlFa @ @96[1A1F9 @aé[2 @96[10‘ AlFO
[ Q 0 0
zk2 @@ 7t @ 7to @aeI2ZL1 D @aeIQZLO D @eellzLO Daery Docre z"o

As all these groups are free, and Hy(A) = Z, H{(A) = Z°.
Only one differential needs to be known explicitly:

d%,z : Dacl (@GEIfA2F9) — (@aeleZFa) D (@9611A2F9)

Torsion only in Eg; Hence, H,(A) is direct sum of Ep5, n =k + /.

Similar results for other coefficient groups R = Q or R = [F,,.
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Homology of A

For any coefficient group R = Q, Z, or F,, we get:

acly
and x = Lg— ZL8‘+ Z ZLg—ZLg
a€ly acly 0l ocl;

For R = Z, the only potential source of torsion in H,(A;Z) is coker di 5(Z).

x is the Euler characteristic of (2.
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S3 — Rational Coefficients

Want to show: S3(Q) = cokeraf, = AsT' ® Q/(As'* ® Q).

Clearly, image of o) is at least M = (As['* ® Q).
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S3 — Rational Coefficients
Want to show: S3(Q) = cokeraf, = AsT' ® Q/(As'* ® Q).
Clearly, image of o) is at least M = (As['* ® Q).

To show this is all, consider a simplicial decomposition of T9,
containing A as a subcomplex, and take the chain maps

Cs5(A) 5 O3(T¢) 5 AT ®Q

P assigns to each simplex its volume form. P vanishes on
boundaries, and induces an isomorphism H3(T%) — A3’ ® Q.

All cells in A span directions in M, and so the image of 04%2 cannot
be larger than M.
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S3 — Integer Coefficients
Integrally: M1 = <A3Fa> < Im Oz% < <A3Fa &) @> M A3F = M2
If My = Ms: S3(Z) = cokeray = A3I'/(AsT'®) is free.
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S3 — Integer Coefficients
Integrally: M1 = <A3Fa> < Im Oz% < <A3Fa &) @> M Agr = M2

If My = Ms: S3(Z) = cokeray = A3I'/(AsT'®) is free.

Otherwise: try sharper lower bound

M| = (b ANb§ Av|0 € I, (b, b9) =T% v e T).

3-chains can close on intersection 2-tori.
|f M{ = MQ:
S3(Z) = coker ay = A3’/ My is free.

Franz Gahler Bielefeld / 5 July 2008 13



Does Torsion in Hy(A) lift?

4

0 — S5(Z) — H3(4Z) — Ho(A;Z) —% Ho(TSZ) — 0

As H5(A;Z) may have torsion, the correct solution is not obvious.
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Does Torsion in Hy(A) lift?

4

0 — S5(Z) — H3(4Z) — Ho(A;Z) —% Ho(TSZ) — 0
As H5(A;Z) may have torsion, the correct solution is not obvious.

For instance,

0 —2Z— X — Zy —0
has two solutions, X = 7Z and X = 7Z & Zs-.
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Does Torsion in Hy(A) lift?

4

0 — S5(Z) — H3(4Z) — Ho(A;Z) —% Ho(TSZ) — 0
As H5(A;Z) may have torsion, the correct solution is not obvious.

For instance,
0 —2Z— X — Zy —0
has two solutions, X = 7Z and X = 7Z & Zs-.

No rational arguments will help to distinguish these cases ...
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S3 — F, Coefficients

Suppose S3(Z) is free; Want to show: rk(S3(Q)) = rk(Ss5(F,))

We can write A — T® as a composite:

A X ... X '
A2 Ax...xA X 26, 91 % ... x St 4 T¢
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S3 — F, Coefficients

Suppose S3(Z) is free; Want to show: rk(S3(Q)) = rk(Ss5(F,))

We can write A — T® as a composite:

A X ... X '
A2 Ax...xA X 26, 91 % ... x St 4 T¢

In homology, we get

Hy(A) 25 Bry oo Hy (A) @ -+ @ Hy (A)

a1*Q---Rag* T
- — Dri4-+rg=3 H’f’1(51) X ® H"“G(Sl) - HB(T6)
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S3 — F, Coefficients

Suppose S3(Z) is free; Want to show: rk(S3(Q)) = rk(Ss5(F,))

We can write A — T® as a composite:

A X ... X '
A2 Ax...xA X 26, 91 % ... x St 4 T¢

In homology, we get

Hy(A) 25 Bry oo Hy (A) @ -+ @ Hy (A)

a1*Q---Rag* T
1 — Dri4-+rg=3 H’f’1(51) X ® H"“G(Sl) - HB(T6)

Since Hy(S') =0 for k> 2, only Hy(A) and H;(A) can contribute.
For those dimensions, Hy(A) is free; passing from Q to IF,, cannot
change the rank of Imo?.
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Torsion in Hy(A) lifts!

4

0 — S3(R) — H?*(Q; R) — Hy(A; R) SatiR Hy(T% R) — 0
Suppose S3(Z) is free, so that rk(S3(Q)) = rk(S3(F,)).

From the universal coefficient theorem, we have

rk(Hi(A;Fy)) —rk(Hg(A;Q))

T,(Hy(A; Z

_|_
33
)
=
N

where T,,(X) is the rank of p-torsion in X.
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Torsion in Hy(A) lifts!

a4

0 — S3(R) — H?(; R) — Hy(A; R) —2 Hy(T% R) — 0
Suppose S3(Z) is free, so that rk(S3(Q)) = rk(S3(F,)).

From the universal coefficient theorem, we have

rk(Hp(A;Fp)) — rk(Hi(A;Q)) = T,(Hy(A; Z

_|_
33
)
=
N

where T,,(X) is the rank of p-torsion in X. As a result, we get

rk(H3(;F,)) — rk(H?(Q;Q)) = T,(Ha(A; 7))
Torsion(H?(Q;Z)) = Torsion(Hs(A;Z)).
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Result

Consider a dimension 3, co-dimension 3 canonical projection tiling,

and suppose S3(Z) is free. For any coefficient field R = Q or I,
we have

§
rk(H*(Q: R)) = rk(Hg_i—1(A; Z)) + rk(Sp(R)) + rk(Sk+1(R)) — (k N 1).
For R = 7, the same relation holds for the free ranks. Moreover,

Torsion(H*(Q;Z)) = Torsion(S2(Z))
Torsion(H?>(Q); Z)) = Torsion(Ha(A; 7))

All other H*(Q;Z)) are free.
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Examples

Cohomology of some icosahedral tilings from the literature:

H3 H? H! HO X planes r
720874 716 77 v/ 10 5fold | F | Danzer
718197, VAR YA 712 | 7z | 120 | mirror | P | Ammann-Kramer
733 e73%a7, | 21%%@23®74 | 2% | Z | 240 | mirror | F | dual can. Dg
72% g 72 772 z" | 7z | 145 | 35-fold | F | canonical Dg

Even the simplest of all icosahedral tilings have torsion!
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Examples

Cohomology of some icosahedral tilings from the literature:

H3 H? H! HO X planes r
720874 716 77 v/ 10 5fold | F | Danzer
718197, VAR YA 712 | 7z | 120 | mirror | P | Ammann-Kramer
733 e73%a7, | 21%%@23®74 | 2% | Z | 240 | mirror | F | dual can. Dg
72% g 72 772 z" | 7z | 145 | 35-fold | F | canonical Dg

Even the simplest of all icosahedral tilings have torsion!

Formulae have to be evaluated by computer (GAP programs).

Combinatorics of intersection tori are determined with
(descendants of ) programs from the GAP package Cryst

(B. Eick, F. Gahler, W. Nickel, Acta Cryst. A53, 467-474 (1997)).
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