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Definitions

e A CR%is a Delone set if A is uniformly discrete & relatively
dense

e A has finite local complexity(FLC) if for every R > 0, there
are finitely many translational classes of clusters whose
supports lie in a ball of radius R.

e Ais a Meyer set if Ais a Delone set and A— AN C A+ F,
where F is a finite set (almost lattice).



Definitions

e A cut and project scheme is a collection of spaces and mappings for
which
RS S ORI H

U

L — L — L

x — (x,x*) — x*,

where
) H : alocally compact Abelian group

(1) F

(2) L: alatticein R x H

(3) w1 and m, are canonical projections such that m;|; is 1-1 and
mo(L) is dense in H.

o A(W) := {m(x) € RYx € L, my(x) € W}, where W C H.
A(W) is a model set if W is compact and W° # (.

I is an inter model set if A(W°) C T C A(W), where W is
compact, W° # (), and W° = V.



Definitions

Model sets C Meyer sets C Delone sets with FLC C Delone sets
Example

e (Non-Meyer sets):

{n—i—%:neZ\{O}}, {n+ésin2\7}2n:n€Z}

o (Meyer set):

1
AN={a+brcZr]:a—b=€|0,1]}, where 7> — 7 —1=0.
T



Example (Fibonacci substitution point set)

()
a — aba
b — ab
b|a

ablaba

---babaabaablabaababaa---

—27 —1 -7 -1 -1 0 T T+1 27 +1

a a b a b a a
where 72 — 7 — 1 =0.

N, = 72N, U (72N, +72) U T2\,
Ao = (72N, +7) U (T2Np +7)

A = (A,, \p) is called a substitution Delone multi-colour set.



Substitution point sets

A is a substitution Delone multi-colour set
if a Delone multi-colour set A = (A;)i<m satisfies

A= J(QA+Dy), i<m (1)

Jj<m
with an expansive linear map Q and finite sets Dj;.

A is primitive if the substitution matrix S, with S;; = 4(Dj;), is
primitive, i.e. S’ > 0 for some / > 0.

A is representable for a tiling if 7 = {x + Ti|x e \;;,1 < i< m}is
a tiling for some finite set of tiles {T1,---, Ty }.



Characterization of Meyer sets

Theorem (Meyer '72, Lagarias '95, Moody '97)
Let A be a Delone set. TFAE

® A\ is a Meyer set.

® N — A is uniformly discrete.

©® A is a subset of a model set.



Spectral properties on Meyer sets

Theorem (Strungaru '05)

If A'is a Meyer set (assuming the existence of autocorrelation),
then the set of Bragg peaks is relatively dense.

Lagarias’s questions '00:

Let A be a Delone set with FLC & repetitivity.
e If Ais pure point diffractive, must A be a Meyer set?

e If Ais pure point diffractive and a primitive representable
substitution Delone set, must A be a Meyer set?



Spectral properties on Meyer sets

Theorem (Lee-Solomyak '08)

Let A = (Aj)i<m be a primitive representable substitution Delone
multi-colour set in RY of an expansive linear map ¢ with FLC.
Then TFAE

@ The set of Bragg peaks for A; is relatively dense.
@® The set of eigenvalues for (X, RY, i) is relatively dense.
® U7 Aiis a Meyer set.



Spectral properties on Meyer sets

Theorem (Lee-Solomyak '08)

Let A = (Aj)i<m be a primitive representable substitution Delone
multi-colour set in RY of an expansive linear map ¢ with FLC.
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Corollary (Lee-Solomyak '08)

Let A = (Aj)i<m be a primitive representable substitution Delone
multi-colour set in RY of an expansive linear map ¢ with FLC.
If A'is pure point diffractive, then [J; A; is a Meyer set.



Deformed Meyer sets

Theorem (Lee-Moody '08)

Let A C RY be a Meyer set and let f : (A)z — RY be any
Z-homomorphism. If f(A) is untied, then f(A) is a Meyer set in
R

We say that S € R? is untied if there is no hyperplane (i.e. a
(d — 1)-dimensional subspace) H of R? such that S ¢ H + B,(0)
for some r > 0.



Pisot number and Pisot family
Definition

e A Pisot number(Pisot-Vijayaraghavan number) 6 is an
algebraic integer 6 > 1 whose algebraic conjugates ¢’ are all
less than 1 in absolute value.

e A Pisot family is a set of algebraic integers © = {61,--- ,0,}
such that for each 1 </ < n, every algebraic conjugate v of 6;
with |[y| > 1isin ©.

We assume that

e N = (Nj)i<m is a primitive representable substitution Delone
multi-colour set in RY of an expansive linear map ¢ with FLC.

o == Uigm(/\i - /\l)



Meyer property on substitutions

Theorem (Kenyon '96)

Let A = (A;)i<m be in R? with an expansive factor (= ¢).
® If 0 ¢ R, then = C Z[f]« for some a € C.

® If 0 € R, then = C Z[f]oy + Z[f]az for some basis {a1, o}
of R2.

6 is a Pisot number if and only if U™ ;A; is a Meyer set.



Meyer property on substitutions

Theorem (Kenyon '94, Solomyak '06)
Let A = (A;)i<m be in RY with an expansive factor §(= ¢). Then
® = C Z[0]lay + - - - + Z[fag for some basis {aq,--- ,aq} in RY.

® 0 is a Pisot number if and only if U ;A; is a Meyer set.



Meyer property on substitutions

Theorem (Kornyei '87)

If A in RY with expansion map ¢ is a Meyer set, then the set of all
the eigenvalues of ¢ forms a Pisot family.

Question: Does the Pisot family condition on ¢ force A to be a
Meyer set?



Meyer property on substitutions

Theorem (Lee-Solomyak '08)

Let A = (A;)i<m be in RY with an expansive linear map ¢.
Suppose that ¢ is diagonalizable over C and all the eigenvalues of
¢ are distinct. Then

® = C Z[plag + - - - + Z[p]ak, where
{ag,---, 0™ ay, - ,ak, -, 0™ tak} forms a basis of
RY for some my, - - - , MK € Z.

® All the eigenvalues of ¢ form a Pisot family if and only if
U Aj is a Meyer set.

SKETCH OF PROOF.



Meyer property on substitutions
SKETCH OF PROOF.

[Case I] Assume that all eigenvalues of a diagonal matrix ¢
are algebraic conjugates of each other.

Consider a control point set C of A satisfying ¢C C C. Let
C := (C)z. By the structure theorem,

CCQm®- - oQgn

is a module over Q[¢]. Choose 3 € C whose each entry is
non-zero. Define 7 : C — Q[¢]5 a module homomorphism. Let
Coo :=Usg ¢ ¥C. Define

7 Coo — Q[0]8

such that 7/(x) = ¢~ Kme*(x) for x € p~C.



Meyer property on substitutions

We show the following steps.

1.

7 is uniformly continuous on Co, by showing Holder's
continuity.

2. Extend 7’ on RY.

3. 7T”X+E>\min is affine linear.

7' is affine linear by using the algebraic conjugacy of all
eigenvalues.

B,008,---,69713 are linearly independent in R? over R
Thus 7’ is an isomorphism.

C C Z[p]o, where {a, ¢pa, - -+, 9 La} is a basis of RY, for
some o € RY, by FLC and the isomorphism of 7’.



Meyer property on substitutions

[Case Il] Assume that all eigenvalues of ¢ are distinct.

We decompose ¢ into block matrices in such a way that
eigenvalues of each block matrix are all the eigenvalues of ¢ which
are algebraic conjugates of an eigenvalue of ¢. We use the similar

method as Case I.
]



THANK YOQOU!
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