From representations of quivers
via Hall and Loewy algebras
to quantum groups

Claus Michael Ringel

Let A be a symmetric generalized Cartan matrix, and g = g(A) the corresponding
Kac-Moody Lie-algebra with triangular decomposition g = n_ @ h®n (see [K].
We denote by by = bi(A) = h @ ny the Borel subalgebra. Let U,(bs) be the
quantization of the universal enveloping algebra of b, , it is defined by generators
and relations as we will recall below. For A of finite or affine type, we want to survey
a construction of U, (b4 ) using the representation theory of quivers, following [R2],
[R3], [R4] and [R5].

1. Representations of quivers

A (finite) quiver Q@ = (Qo, @1, s, e) is given by two finite sets Qg, Q1 and two
maps s, e : Q1 — o, the elements of @)y will be called vertices or points, those
of 1 arrows; if « is an arrow, then s(«) is called its start vertex, e(«) its end
vertex, and « is said to go from s(a) to e(«), written « : s(a) — e(a). (Thus,
a quiver is nothing else than a directed graph with possibly multiple arrows and
loops, or a diagram scheme in the sense of Grothendieck; so the concept is old, the
denomination “quiver” being due to Gabriel.) Given a quiver Q = (Qo, @1, S, €),
there is the opposite quiver Q* = (Qo, @1, €, s) with the same set of vertices but
with the reversed orientation for all the arrows. Recall that an n x n—matrix (a;;)i;
with a;; = 2 and a;; = a;; < 0 for all 7 # j is called a symmetric generalized Cartan
matriz [K]. Given a symmetric generalized Cartan n x n-matrix A = (a;;):;, we
associate the following quiver Q(A); its set of vertices is Q(A)y = {1,2,...,n},
and for 1 < i < j < n, we draw —a;; arrows from ¢ to j. The quivers of the
form Q(A) have the following property: their vertices may be labelled by 1,... ,n
such that for any arrow «, we have s(a) < e(a) : conversely, any quiver with this
property is of the form Q(A). The reader should be aware that the construction
of Q(A) takes into account the order of the rows and columns of A.

Given a quiver ), a path in @ of length ¢ > 1 is of the form (z|ay, ..., arly),
where «; are arrows with x = s(a1),e(;) = s(a;41) for 1 < i < ¥, and e(ay) = y;
a path in @ of length 0 is of the from (z|x) with z € Qy. A path of the form
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(x|, ... ,ap|x) with £ > 1 is called a cyclic path. Note that the quivers of the
form Q(A) with A a symmetric generalized Cartan matrix are precisely the quivers
without a cyclic path.

Let k be a field. The path algebra kQ of QQ over k is the free vectorspace over
k with basis the set of paths in ), with distributive multiplication given on the
basis by

(z]a acly) - (@) o) = (zfa, . a0, aply) ity =2
1y---,00lY 1y s Qpr Y 0 1fy7éx'
The elements (z|z) with x € @ are primitive and orthogonal idempotents, and

1= 3 (x|x) is the unit element of kQ. Note that kQ is finite-dimensional if and
z€Qo
only if @) has no cyclic path.

Recall that a ring of global dimension < 1 is said to be hereditary, a finite-
dimensional k—algebra A with radical NV is said to be split basic provided A/N is a
product of copies of k. It is easy to see that the algebras kQ(A) with A a symmetric
generalized Cartan matrix are precisely the finite-dimensional k—algebras which
are hereditary and split basic. Again, we stress that the algebra kQ(A) depends
on the given ordering of the rows and columns of A; different orderings of the rows
and columns usually will lead to algebras which are not isomorphic. For example,

2 -1 0
the Cartan matrix A = [—1 2 —1} yields the quiver 6 — o — g, and the
0 —1 2

kkk
path algebra of Q(A) is given by kQ(A) = {0 k k} , the ring of upper triangular
k
2 0 —1 00 1 3
matrices, whereas for A’ = [ 0 2 —1} , the corresponding quiver is o — o
-1 -1 2

2
O,

kkk

and its path algebra is the algebra kQ(A’) = [0 k 0} ; note that dimy kQ(A) = 6,
00k

whereas dimy kQ(A’) = 5.

A ring A is called an artin algebra provided its center C is artinian, and A
is a finitely generated C—module. Given an artin algebra A, the A-modules we
are interested in usually will be right A-modules of finite length, and we denote
the category of these modules by mod A. The composition of two A—module maps
f*M— M, g: M — M" will be denoted by gf : M — M" (applying such
maps on the opposite side of the scalars).

Given an artin algebra A, we denote by K(A) the Grothendieck group of all
(finite-dimensional) A-modules modulo exact sequences. Similarly, let K (mod A)
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be the Grothendieck group of all (finite-dimensional) A-modules modulo split
exact sequences. The theorem of Jordan—Hoélder asserts that K(A) is the free
abelian group on the set of isomorphism classes of simple A-modules. Given an
A-module M, we denote by dim M its equivalence class in K(A). The theorem
of Krull-Schmidt asserts that K(mod A) is the free abelian group on the set of
isomorphism classes of indecomposable A—modules. If M is an indecomposable A—
module, we denote by u[y;) = uns the corresponding element in K (mod A); always,
[M] will denote the isomorphism class of a module M. Also note that K(mod A)
has a canonical K(A)-grading: given x € K(A), let K(mod A), be the subgroup
generated by all ufy where M is indecomposable with dim M = z. It follows
that for A a symmetric generalized Cartan n X n—matrix, and A = kQ(A), we
have K(A) = Z"™, whereas K (mod A) does not have to be finitely generated. An
algebra A is said to be representation—finite provided there are only finitely many
isomorphism classes of indecomposable A-modules.

Let @ be a quiver and k a field. A representation V = (V,,V,) of Q over k is
given by a family of (finite—dimensional) vectorspaces V., (z € Qg), and a family
of linear maps Vy : Vi) — Ve(a) (@ € Q1). Given two representations V, V', a
map f = (fz) : V — V' is given by linear maps f, : V, — V. such that for any
a € Q1, we have V| fo(a) = fe(a)Va- Note that the category mod kQ) is equivalent
to the category of representations of the opposite quiver Q* of ), and we may
(and will) identify these categories. Given a representation V) its dimension vector
dim V has, by definition, coordinates (dim V'), = dimy V., for z € Qy; it belongs

to Z% and Y. (dimV), is called the dimension of V. For any vertex x € Qq, we
x€Qo
will consider the one-dimensional representation S(x) of Q* defined by S(z), = k,

S(x)y =0for y #x € Qo and S(z), =0 for & € Q1. Assume now that @ has no
cyclic path, say let Q@ = Q(A) with A = (a;;);; a symmetric generalized Cartan
n x n—matrix. Then S(1),...,S(n) are the simple kQ(A)-modules, and we have

Ext!(S(i),S(j)) =0 for i>j,

and
dimy, Ext'(S(3), S(j)) = —a;; for i< j.

(For, let 1(7) be the subspace of EQ(A)
generated by all paths in Q(A) different from (i|i), and (i) the inclusion map
of I(3) into kQ(A). Clearly, I(i) is a twosided ideal, and kQ(A)/I(i) and S(i) are
isomorphic right kQ(A)-modules. It follows that Ext!(S(i), S(j)) is isomorphic
as a k-space to the cokernel of Homyg(a)(u(i),S(j)), and therefore to the k-
dual of the subspace of kQ(A) generated by the paths of the form (i|c|j).) In



particular, we see how to recover A from kQ(A). Also, we note the following:
Given a representation V of @), and x € )y, the k—dimension of V, is just the
Jordan—Holder multiplicity of S(z) in V, thus the two definitions of dim V' given
above coincide; in particular, M +— dim M yields the canonical identification of
K(kQ(A)) with Z™.

Let us write down at least a few representations explicitly. First, consider the
quiver @)

5
(@]
!
o — O — [e] «<— O <«— O
1 2 6 4 3
of type Ejg, and its representation V'
U
!

k0?2 — k20 — k3 — 0k%2 — 0%k

with U = V5 the 2-dimensional subspace of k® generated by (110) and (011). It is
an indecomposable representation and its dimension vector is

2
12 3 21,

where we arrange its coordinates according to the shape of the quiver. The reader

should observe that dealing with this particular quiver @), we obtain a lot of

representations by considering (as in the example above) a vectorspace Vg endowed

with five subspaces Vi, ..., V5 such that V; < V5, and V3 < V4. Actually, one may

observe without difficulties that all but seven isomorphism classes of indecomposable
representations of () are obtained in this way. Second, for the quiver

!
l

o — 0 — «<— O <« O

of type Eg, we obtain a 1-parameter family of indecomposable representations

k0% — k20 — k3 — ok? — 0%k
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where U is as above, and Uy, is the 1-dimensional subspace of k® generated by
(1, 14+ A, \), with A a fixed element of k.

We recall that in 1972, Gabriel has shown that the path algebra of a quiver
@ is representation—finite if and only if () is the disjoint union of quivers of the
form Q(A), with A of finite type (thus of type A,,, D,, Eg, E7, or Eg), and that
for @ = Q(A), with A of finite type, dim furnishes a bijection between the set By
of isomorphism classes of indecomposable representations of @ and the set & of
positive roots for A. We can reformulate this result as follows: K (mod kQ(A))®C
is the free C-space with basis (u[aq){m1eB,, Whereas for the semisimple complex
Lie algebra g = g(A) with triangular decomposition g = n_ @®h®n, the C—space

n4 has a canonical decomposition ny = G?I) ,Ja into weight spaces g, and all g,
ac

are 1-dimensional. Thus,
K(modkQ(A)) ® C = ny

as C—spaces, and in fact as Z"-graded C—spaces: here, K(modkQ(A)) is graded
by Z" = K(kQ(A)), whereas ny is graded by the root lattice.

We may ask whether the representation theory of quivers may be used to endow
K(mod kQ(A))®C, or even K (mod kQ(A)) itself with a Lie structure so that this
isomorphism becomes an isomorphism of Lie algebras.

2. Hall algebras

Let R be a finite ring. We denote by mod R the category of finitely generated R—
modules. Note that an R—module is finitely generated if and only if it is of finite
length if and only if it has finitely many elements, so we call these R—modules
just the finite R—modules. Given finite R-modules M, Ny, ..., Ny let F{! \ be
the number of filtrations M = My 2O M; O ... O M; = 0 of M such that
M;_1/M; =2 N;, for 1 <4 < t. The Hall algebra H(R) is, by definition, the free
abelian group with basis (u[a])[a)es indexed by the set of B of isomorphism classes
[M] of finite R—modules M, with multiplication given by

UINJU[No] = Z F]]\\]{NQU[M];
[(M]

note that we have F]]\‘,{NQ 2 0 only in case dim M = dim N; + dim N5, and that
the number of isomorphism classes of modules M with given dim M is finite, thus
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the sum considered above always is a finite sum. We note that the multiplication
is associative, in fact we have

UINL NS UNS] = D Fa e n U]
(]

and ujo) is the unit element for this multiplication, thus H(R) is a ring.

More generally, we may start with a ring R having the property that given two
simple R—modules S7, .Ss with only finitely many elements, then also Ext}%(Sl, Ss)
has only finitely many elements, and take for B the set of isomorphism classes
of R-modules with finitely many elements. If R = Z,) then B is just the set
of isomorphism classes of finite abelian p—groups. It is this case which has been
considered in detail in the literature, first in 1900, by Steinitz [S], then in 1959 by
Ph. Hall [H]: he called H(Z,)) the “algebra of partitions”, since the isomorphism
classes of finite abelian p—groups correspond bijectively to the partitions. The main
reference for this particular Hall algebra is a book by Macdonald [M]. (The Hall
algebra H(Z,)) can also be interpreted as a Hecke algebra: Let G} be the set of
n X n—matrices over Z,) which are invertible over Q, and K, the subset of those
elements which are invertible over Z,). The canonical embedding of G;} into G/
yields a semigroup Gt = J,, G}, with a subgroup K = J,, Ky, and H(Z,)) may
be identified with the Hecke algebra for the inclusion of K into G* (note that the
double cosets of K in G correspond bijectively again to the partitions), see [M].)

If Ry, Ry are finite rings, then H(R; X Ry) = H(R1) ® H(Rz2), thus for studying
Hall algebras H(R), we may assume that R is connected, or, equivalently, that the
center C' = C(R) of R is a local ring, and we denote by ¢ = ¢(R) the cardinality
of C/rad C, and by (M) the length of the C—module M. Since C/rad C' is the
only simple C-module, we have |M| = ¢'/¢™) for any (finite) C-module M. Note
that if X is an R—-module, then X, End(X), and rad End(X) all are C—modules.

The Hall algebra H(R) usually is non—commutative, in contrast to the classical
case of R = Z,). For example, let R = [}g ﬂ , the ring of upper triangular 2 x 2—

matrices over the finite field k. Then there are two simple R—modules S7, S5, one
of them, say 57, is injective, the other one, S5, is projective. It follows that in
H(R), we have

USQU& — U’SlGBSz?
uUs, Us, = Us, @S, +UP,

where P is the unique indecomposable R—module of length 2. In particular,

Up = Ug,US, — US,US, = [US,, US,],
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so the basis element up corresponding to the indecomposable R—module P is
expressed as a commutator of other basis elements (corresponding to other inde-
composable modules). This is a rather general feature and it demonstrates the
usefulness of H(R) : we obtain large indecomposable modules (or better, their
counterparts in H(R)) by forming iterated commutators or related algebraic
operations, starting with small indecomposable modules, say simple, or at least
serial ones. Note that by, definition, K (mod R) is a subgroup of H(R), namely the
subgroup generated by the elements u[p;), with M indecomposable. We claim that
up to multiples of ¢ — 1, the subgroup K (mod R) is closed under commutators:

Proposition 1. Let R be a finite connected ring, and ¢ = q(R). Let N1, Ny
be indecomposable R—modules, let M be a decomposable R—module. Then q — 1

divides FN1N2 — FN2N1 )

For example, consider the “3—subspace quiver”

o —
1

«— O
3

SO «— Ow

We denote by P(i) the indecomposable projective, by Q(7) the indecomposable
injective module corresponding to the vertex i. For 1 < ¢ < 3, let M(i) be the
maximal submodule of Q(0) with Q(0)/M (i) = Q(i), and let M be the unique

indecomposable module with dimension vector ; .- Then

1
UP(0)UQ(0) = UP(0)®Q(0)>

3
uQ()ur() = qur©sQ©) + (4 —1) ) upmeni) + (@ — 2)ua,
i=1
thus
[U,p(o), UQ(O)] = Upm mod(q — 1)

Proof of Proposition 1. We can assume that N; % No. Let M = M’ & M"”
with M’ indecomposable and M" # 0. Let U be the set of submodules U of M
with U # M', U # M", U = Ny and M /U = N;. We claim that ¢ — 1 divides |U|.
Note that for U € U, we have that UN M’ is a proper submodule of M’. Otherwise,
M CU, thus U =M & (UNM"); but U is indecomposable, therefore U = M’,
contrary to our assumption. Let G = Aut M’, the automorphism group of M’.
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Then |G| = |End M'| — |rad End M'| = ¢"(¢° — 1), where r = {c(rad End M)
and e = {c(End M’/ rad End M"). We identify G with a subgroup of Aut M via
g — g®1py, thus G also acts on U via gxU = {(gu/, v")|(vw/,u") € U} where g € G
and U € U. To compute the stabilizer Gy of U in G, note first that we may consider
Hom(M’,U N M') as a subset of rad End M'. Now, if f € Hom(M’',U N M"), then
(1+ f)*U C U, since for (u/,u") € U, also ((1+ f)u',u") = (v/,u")+ (fu,0) € U,
thus (1 + f) * U = U. Conversely, if g x U = U, then for all (v',u”) € U also
(gu’,u") € U, thus (gu’ —u,0) € U, consequently g — 1 € Hom(M',U N M"), thus
g € 1+ Hom(M’',U N M’). It follows that |Gy| = |Hom(M', U N M')| = ¢"" for
some 1’ < r, and therefore |G/Gy/| is divisible by ¢¢ — 1. Since |G/Gy/| is the orbit
length of U, and U was arbitrary, we see that ¢¢ — 1 divides |U/|, so ¢ — 1 divides
U|.

In order to finish the proof, we have to distinguish to cases. If let M % Ny @ Ns,
then any submodule U of M with U = N, M/U = N; satisfies in addition
U # M',U # M", thus F]]\\]{Nz = |U|, and therefore ¢ — l\FI{\,{M. The same
argument, shows ¢ — 1|F ]]\\,42 Ny

Otherwise, we can assume M’ = N; and M” = N,. Then, besides the elements
of U, there is just one additional submodule U of M with U = Ny, M/U = Ny,
namely U = M". Therefore F{!\ = 1 mod(q — 1), and similarly, F}!y =
1 mod(q — 1).

Given a specific R—module M, it usually is not easy to decide whether M
is indecomposable or not. Proposition 1 yields an effective procedure for certain
cases. For example, consider the EFg—quiver and its representation V with dim V' =

12391 exhibited in section 1. There is a unique submodule V' with dimension

1
vector |, namely

{(z0x)}
il ,
k0% — k0% — kOk — 0%k — 0%k

V" is indecomposable, and V/V" is isomorphic to the indecomposable representation

k

]
0 -k— k «—k« 0.

Thus F“///V, v+ = 1. On the other hand, we clearly have Hom(V/V', V) = 0,
therefore F“//,’V/V, = 0. So Proposition 1 asserts that V is indecomposable. (Of
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course, we can apply Proposition 1 only in case k is a finite field, and there are

other methods which may be used for the example above in case k is arbitrary:
We have Hom(V’, V/V") = 0, therefore V has to be indecomposable!)

We will see in the next section that for special rings R we can calculate F ]]\\]{ No
modulo ¢ — 1 for all indecomposable R—modules Ny, Ny, M.

In order to deal with presentations of Hall algebras, we mention the following
fundamental relations, where m = n(T)

T = eiMea oD is the Gauss polynomial, with
on(T)=1-=T)---(1=T").

Proposition 2. Let R be a finite ring, let S;, S; be simple R—modules with
Ext'(S;,S;) = 0. Let ¢; = | End(S;)|, ¢; = |End(S;)|, and let

Q5 = — dim End(Si)Eth(Sj7 Sz), Qj; = — dim Eth(Sj, Si)End(Sj)-
Let u; = ug,), uj = ws,)- If Ext'(S;,S;) =0, then
- e | (é) t n—t .
Z(—l) L G wiuguy = 0 with n=1-a;,
t=0 qi

if Ext'(S;,S;) = 0, then

Z(—l)t [?Z] qj(z)u?_luiuz- =0 with n=1-—a,.
q

These relations look rather similar to those used by Drinfeld and Jimbo in order
to define quantizations of Lie algebras, this similarity will be discussed in the next
section. But the reader may observe already here that the polynomials

n

IO;’L_(Ta X,Y)= Z(_l)t {ZL} TT(;)XtYXn_t

t=0
a1, X,Y) =Y (~1)f m 7() xn—ty xt
— t T
t=0
both yield for T' = 1 an iterated commutator:

pr—iz_(lea Y) = (ad X)"Y,
(L, X,Y) = (—1)"(ad X)"Y.
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The proof of Proposition 2 (see [R4]) is not difficult:

We assume that Ext'(S;,S;) = 0. By the definition of the multiplication in
H(R), the elements ufuju;'~" are linear combinations of elemens u[y; where M
is an R-module with dim M = dim S; + n dim S;. Since Ext'(S;,S;) = 0,
Extl(Si,Sj) = 0, such a module M is the direct sum of an indecomposable
module M’ with M'/rad M’ =S}, and several copies of S;, say M = M’ & dS,;.
Since dimgnq(s,) Extl(Sj, Si) < n, it follows that d > 1. The coefficient of usz in

ubujul? " just counts the number of composition series of M of the form

M:MQDMlD...DMn+1:O

with My /M1 = S;. If t > d, then there is no such composition series, if ¢ < d,
then the number of such composition series is «;(g;), where

pa(T)on—1(T)

) = O Ty (1)
and .
S (-1 m TT(S)at —0.

The ring H(R) is K(R)-graded: for z € K(R), let H(R), be the subgroup
generated by the elements ujy; with dim M = x; clearly, for z,y € K(R), we
have H(R), - H(R), € H(R)z+y- As a consequence, any element d € K(R)* =
Hom(K (R), Z) gives rise to a derivation 64 : H(R) — H(R), defined by é4(upan) =
d(dim M) - ujp. In particular, let Si,...,S, be the simple R-modules, thus
dim Sy,...,dim S, is a basis of K(R), and we denote by di,...,d, the dual
basis of K(R)*; thus d;(dim M) = (dim M); is the Jordan Holder multiplicity of
S; in M. In this way, we obtain derivations 0; = d4, of H(R), and we may form
the skew polynomial ring

HI(R) = H<R) [T27 61']2'7
where 171, ... ,T, are indeterminates satisfying the commutation rules
T3, Tj] =0

[Ti,u[M]] = 5¢(U[M]) = (dim M)iu[M].
We call H'(R) the extended Hall algebra of R.
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For e € No, let 1), (T) = S0 (T,

Proposition 3. Let Xy,...,X,, be indecomposable modules with End(X;)
the field with q; elements. Assume that Extl(Xi,Xj) = 0 for i < j and that
Hom(X;, X;) =0 fori > j. Let a € Ni*. Then

a(l) a,(m)
Yix) H Ya(i) (i) - Wpa) x>

and
Ula(1)X1] """ Ua(m)X.m] = U[da(i)X]-

Proof: First, we show the second formula. Given M with a filtration

M=MyDOM, D>...OM,, =0

such that M;_1/M; = a(i)X;, then all M; are direct summands and M = % a(i)X;,
i=1

since Ext'(X;, X;) = 0 for i < j. Thus, let M = & a(i)X;. Using the condition
i=1
Hom(X;, X;) = 0 for i > j, we conclude that M; = @ a(j)X; is uniquely
g>i

determined, and therefore M has precisely one filtration with the prescribed factors
It remains to show that

a() = Yoy (€i) - Ua(i) X1

However, since End(X;) is a field, the filtrations of a(i) X; with factors X; correspond
bijectively to the complete flags in the a(i)-dimensional End(X;)-space, but the
number of such flags is ¥q(;)(q:)-

We call R representation—directed provided R has only finitely many indecomposable
modules and they can be ordered as Xi,...,X,, such that Hom(X;, X;) = 0 for
i > j. Clearly, such an ordering satisfies in addition Ext'(X;, X ;) =0 for i <j.

3. Generic Hall algebras

We return to the path algebra of a quiver, and consider the representation—finite
case. Thus, let A be a symmetric Cartan matriz (therefore of type A,,, Dy, Fg, Fr,
or Fg), and let R = kQ(A). Recall that ® denotes the set of positive roots
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for A. Given a € &7, let M(a) = M(a, R) be the indecomposable R-module
with dim M (a) = «. Given a function a : ®* — Ny, let M(a) = M(a,R) =

@ a(a)M(«). In this way, we obtain a bijection between the set of functions
acdt

&+t — Ny and B.

Proposition 4.  Given a,b,c : ®+ — Ny, there exists a polynomial @2, €
Z|T)| with the following property: if k is a finite field, ¢ = |k|, then

M(b,R) b
FM(a,R),M(c,R) = ©acl@)-

For the proof, we refer to [R2]. The polynomials %, occurring in this way will
be called Hall polynomials. This proposition allows us to introduce generic Hall
algebras. Before we do this, let us write down several of these ploynomials explicitly.
If « € &7, we will denote the corresponding characteristic function ®+ — N
also by a. If o,y € ®T, we have to distinguish the two possible additions: the
addition inside the root lattice will be denoted by +, the addition of functions
T — Ny may be denoted by @, but we will not need the notation.

The symmetric generalized Cartan matrix A (with its fixed ordering of rows
and columns) determines a usually non-symmetric bilinear form (—, —) on the

root lattice Z" as follows: Let A be the (uniquely determined) lower triangular
matrix with A = Z—l— Zt, thus Z = (Gij)ij, with Qi = 1,52']' = Q45 for ¢ > j, and
a;; =0 for i < j, and let (o, 3) = aAB?. The importance of this bilinear form for

the representation theory of Q(A)* is well-known: given representations V, V' of
Q(A)*, we have

(dim V,dim V') = dimy, Hom(V, V') — dim;, Ext* (V, V").

Proposition 5.  Let o,y € ®T with («,y) < 0. Let 8 = a+~. Then 3 € T,
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and <,0g7 is as follows:

(v, ) o
0 1
1 T2
(T —2)°

(T —2)2 or T2 —5T%+10T -7
(T —2)(T3 — 4T? + 8T — 6)

[ N S E \)

T° —6T* + 1573 — 2372 + 25T — 13

The proof is rather tedious, see [R3].

Corollary. Let o,y € &1 with (o,v) < 0. Let § = o+ . Then 9057(1) =
(=) | whereas 905@ =0.

The first assertion is a direct consequence of Proposition 5. The second assertion
is shown as follows: From (,v) < 0 we conclude that Ext' (M («, R), M (v, R)) # 0,

and therefore Ext'(M (v, R), M(a, R)) = 0, for R = kQ(A). But this implies that
Fﬁ((ﬁg)M(a,R) = 0, and therefore goga = 0, by Proposition 3.

Let us change the notation as follows: we will denote by ¢ instead of T the
indeterminate we are dealing with, thus Z[qg| is the polynomial ring over Z in one
variable, and given a,b,c : @+ — Ny, then ©°, € Z[q]. Let A be the completion
of the polynomial ring C[g] at the maximal ideal generated by ¢ — 1. In A we may
consider h = In ¢, thus A is a complete discrete valuation ring and h (or also ¢ — 1)
generates its radical.

As before, A is a symmetric Cartan n x n—matrix. The generic Hall algebra
H(A) is the free Z[g]-module with basis (u,), indexed by the set of functions
a: ®T — Ny, with multiplication

b
UgUe = E PocUb-
b

Again, H(A) is a ring, its identity element is the zero function. Also. H(A) is
generated by the root lattice Z™, thus, as before, we can form the extended generic
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Hall algebra H'(A) = H(A)[T}, 6;)i, where T1, . .. , T}, are indeterminates satisfying
the commutation rules
[1}77}]::07

[T;, ug) = i(us) = (dima);u,,

where (dima); = > a(a)a; with a = (aq,... ,a,) € T C Z™. The ring we are
acdt
interested in is

(&) = lmH/(A) & Clgl/(a—1)"™,
- q

it is a complete A—algebra containing H’'(A) as a subring. Instead of dealing with

the elements T;,u;, 1 <1 < n, let us consider the elements

Hi = zn: aijTj
j=1

1—1

1
X, = exp(—§ Z a;;T;Inq) - u;.
j=1

Theorem 1. Let A be a symmetric Cartan matriz. The algebra 7/-l\’(A) is, as
a complete A—algebra, generated by Hq,...,H,, X1,...,X, with the relations

[Hl,Hj] = 0, [HZ,XJ] = CLZ'ij for (lll i,j,

Z(—l)t [n} q_t(n;t) XIX; X" =0 withn=1-a;, andi # j.
q

This shows that ’I/-{\’(A) = Uy(by(A)), the quantization of U (b4 (A)) in the sense
of Drinfeld and Jimbo [D].

It is not difficult to derive the relations mentioned in the theorem from the
known relations for T, u;: since [T}, T};] = 0 for all 4, j, also [H;, H;] = 0 for all ¢, j;
since [T}, u;] = u; and [T}, u;] = 0 for i # j, it follows that [H;, u;] = a;ju;, and
therefore also [T}, X;] = a;;X;. Finally, one easily verifies that for ¢ € C

exp(cT; Inq)u; = q° - u; exp(cT; Inq),
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whereas for ¢ # j, the elements exp(cT;lng) and u; do commute. Using this
information one observes without difficulties (see [R4]) that the last relation just
rewrites the relations

pj;(Q7ul7uj) 207 +pn(q7uj,ui) =0

which are valid for 7 < j. Note that the only difference between *p,,, p; and the new
n t(n—1)

relation are the factors q( ) and g~ 2 . Whereas the relations 7p,, p;" depend
on the ordering of rows and columns of A, thus on the orientation of Q(A), the
Drinfeld—Jimbo relation is independent of this ordering. Of course, the definition
of X; in terms of u; also takes into account the ordering of A.

Starting with the isomorphism ’I/-{\’(A) = U,y(b4(A)), and factoring out on both
sides the ideals generated by ¢ — 1, we obtain the following:

Corollary.
H'(A) 2 Clgl/(g=1) = U((Db4+(4)), and
H(A) © Clal/(a—1) 2 Ul ()

Note that H(A); = H(A) (}{9] Z[q]/(q — 1) is the free abelian group with basis
Zlq

(uq)q indexed by the functions a : @ — Ny, with multiplication
UaUe = Z @Zc(l)ubv
b

we may call it the degenerate Hall algebra. Proposition 1 implies that the subgroup
generated by all u,,a € @ actually is a Lie subalgebra of H(A);. Of course, this
subgroup is canonically identified with K (mod kQ(A)), with u, corresponding to
UM (a,kQ(A))- Thus, we have found a Lie structure on K (modkQ(A)) which is
derived from the representation theory of the quiver Q(A), namely

[tar(a)s tarin] = Y (05, (1) = 08, (1)) unrr(s),
B

and
K(modkQ(A)) @ C and ny
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are isomorphic as Lie algebras. More is true: K(modkQ(A)) is a Z-form of
K(modkQ(A)) ® C = ny, and in fact it is a Chevalley Z—form of ny, as the
corollary to Proposition 5 shows. Recall that a finite-dimensional semisimple
complex Lie algebra has several Chevalley Z—forms; in order to write down the
corresponding structure constants, the subtle point are the signs. In [T], Tits gave
a complete description of all possible sign choices. The signs which we obtain using
the representation theory of quivers were first exhibited by Frenkel and Kac [FK].

Finally, let us mention that H(A); itself may be considered as a corresponding
Kostant Z—form of U(n4): we can order the positive roots aq, ..., a,, in such a
way that for R = kQ(A) we have Hom(M («;, R), M (a;, R)) only in case i < j.
Thus we can apply Proposition 3 in order to conclude that for uw; = wu,, and
a(i) € Ng we have

ucll(l) ce ua(m) = H ¢a(i) *Ug
i=1

in H(A). Now 94(;)(1) = a(i)!, thus, in H(A)1, we have

wt® L em) = H a(i)! - ug,
i=1

and we can rewrite this as

Y
“ (D) a(m)!

The right side is a typical generator in the Kostant Z—form, on the left we just
have the basis element of H(A); corresponding to the module M (a, R); note that
all R—modules are of the form M (a, R), so the rather technical looking generators
in the Kostant Z—form do correspond just to modules.

For a full proof of Theorem 1 we refer to [R3] and [R4]. This proof first
establishes the corollary and derives from this the theorem. The proof of the
corollary presented in [R3] relies on the actual calculation of the Hall polynomials
as stated in Proposition 5. A more direct proof will be given in [R5].

4. Composition algebras and Loewy algebras

In order to deal with symmetric generalized Cartan matrices which are not
of finite type we have to change our view point slightly. For general symmetric
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generalized Cartan matrices, there does not exist a generic Hall algebra: the idea
of constructing a generic Hall algebra relies on the fact that the set of finite—
dimensional kQ(A)-modules, for A of finite type, is indexed by a fixed set (namely
the set of function ®+ — Nj) independent of k, and that on this set we have
various multiplications using different finite fields k. However, if A is not of finite
type, then already the set of finite-dimensional kQ(A)-modules will depend on
k. Of course, there are classes of kQ)(A)-modules which can be indexed without
reference to k, for example the simple, or more generally, the semisimple modules.

Let R be a finite ring. The subring C(R) of H(R) generated by the elements
ups) with S simple is called the composition algebra of R, the subring L(R) of
H(R) generated by the elements ufy;) with M semisimple will be called the Loewy
algebra of R, since it encodes the possible Loewy series of modules (a Loewy series
of a module is by definition a filtration with semisimple factors).

The rings C(R) and £(R) may be constructed also as follows: Let S1,...,S,
be a complete set of simple R—modules, we denote the isomorphism class of S;
by s; = [S;], and we define S(s;) = S5;. We use the set S = {s1,...,s,} as a set
of letters in order to form words. Thus, let W = W(S) be the set of words in S
(there is the empty word 1, the remaining words are of the form w = ajas...a;
with ¢ > 1 and all a; € §). Of course, words are multiplied using juxtaposition,
thus W is a semigroup. Given w = ajas...a; € W, and M and R—-module, let
FM = Fé\{a) S(ay)» and, of course, FM = 0 for M # 0, and F? = 1. Note
that FM counts the number of composition series of M of tye w, the type of
the composition series M = My D M; D ... D M; = 0 of M being the word
[Mo/My]...[M;—1/M;] € W. Note that the free Z-algebra A(S) generated by S
is just the semigroup algebra Z(W(S)). In A(S), we consider the set Z(R) of all
finite linear combinations Z)\ w; with \; € Z, w; € W such that Z)\ F) =0 for

all R—modules M. Clearly, I (R) is an ideal, it is just the kernel of the canonical
surjection A(S) — C(R) which sends s; onto ujg(s,);. Thus,

C(R) =2 A(S)/Z(R).

Similarly, given d € N, let sq = [®d()S;], and S(sq) = Bd(i)S;. Again, we may
consider the set W of words in S = {sqld € Ni}. leen aword aj...a; € W
with a; € S, and M an R-module, let Fcf‘f___at = FS(al)...S(at)’ this counts the
number of filtrations M = My O M; O ... O M; = 0 with a; = [M;_1/M,], for
1 < i < t. Thus, here we deal with Loewy series. As before, we denote by A(S)
the free Z-algebra generated by S, and denote by Z (R) the set of finite linear
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combinations Y \w; with \; € Z, w; € W such that ZAzeﬁJ = 0 for all R—

modules M. Then the canonical map A(S) — L(R), which sends sq onto u[g(s,)
yields an isomorphism

L(R) = AS)/I(R).

Proposition 6. IfSy,...,S, are the simple R—modules and Ext}%(SZ-, S;) =
0 for i > j, then C(R) ® Q = L(R) ® Q. If R is representation—directed, then
Z Z

L(R) = H(R).

Proof: We assume Ext},(S;, Sj) =0 for i > j, and let u; = ug,). For d € N,

let S(d) = @©d(i)S;, and uq = u[g(q). We can apply Proposition 4 and conclude
that

1 () dn
“d:“[s(d)]:HW'% ),

where ¢; = | End(S;)|. This yields the first assertion.

Assume now that R is representation—directed, with indecomposable modules
X1,...,X,, such that Hom(X;, X;) = 0 for ¢ > j. Note that this implies that
End(X;) is a division ring, thus a field, and that Ext'(X;, X;) = 0 for i < j. Thus,
again we can use Proposition 4 and conclude that for a € N™

(*) Ulga(i)X,] = Wa(1) X1 Ya(m)X,,]-

It remains to see that for X indecomposable, b € Ny, the element up,x) belongs to
L(R). We use induction on the length of bX. Given d € Njj, we have

Uld(n)Sn] * " " U[d(1)81] = Z Uiny-
dim M=d

For, since S,, is projective, any module M with dim M = d has a unique submodule
M, with M/M; = d(n)S,, thus for any module M with dim M = d, we have
Fé\(/[n)sn (1) = 1. Therefore for d = dim bX, we have

Upx] = Ud(n)Sn] """ U[d(1)S1] — Z Ulmj-
B

Consider a module M with dim M = dimbX and [M] # [bX]. It is well-
known that such a module M has at least two non—isomorphic indecomposable
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direct summands, thus M = & a(i)X;, and all a(i) X; are proper submodules. By
i=1

induction, u[,(;)x,] € £(R), and therefore ufyn € L(R), according to (*). It follows
that upx) € L(R). This completes the proof.

Generic Loewy algebras

Let A be a symmetric generalized Cartan matrix. For 1 <i < n, and k a field,
we denote by S(i, kQ(A)) the simple kQ(A)-module corresponding to the vertex
i of Q(A). For d € Nj, let S(d,kQ(A)) = @®d(i)S(i, kQ(A)). We consider the

product

[[HQA)
k

where k runs through all (isomorphism classes of) finite fields, its elements are
of the form z = ("), where z*) € H(kQ(A)). In particular, we will have to
consider the element ¢ = (¢(®))x, where ¢*) = |k| = |k|ugo), for 1 <4 < n the
(k) (k) _

elements u; = (u; ;

.k, and for d € Njj the elements ug = (u&k))k, where u

ULS (i, kQ(A))]> u((ik) = U[s(d,kQ(A))]- Note that ¢ is a central element of [[ H(kQ(A)).
The generic composition algebra C(A) is the subring of [[ H(kQ(A)) generated
by ¢ and u;, where 1 < i < n. The generic Loewy algebra L(A) is the subring

generated by ¢ and ug4, where d € Njj. Note that we have C(A) ® Q = L(A) ® Q,
by propositon 4.

In order to define the corresponding extended algebras, we have to be aware that
the generalized Cartan matrix A = (a;j)1<i,j<n may be singular, so that we have
to deal with a realisation of A (see [K]). Let [ be the rank of A, let n” = 2n—1, and
let A = (a;j)1§i7j§n/ be a non-singular n’ x n’-matrix with integer coefficients
such that aj; = a;; for all 1 <i,j <n. For 1 <i <0/, let ; = Z;L:1 aj;05, this is
a derivation of H(kQ(A)). We form the skew polynomial ring

H' (kQ(A)) = H(kQ(A))[Hi, vil1<i<nrs
thus Hyq,..., H, are indeterminates satisfying the commutation rules
[HZ',HJ'] = 0, for 1 < Z,j < n/,
[Hj,us] = ajjuy, for1<i<n/;1<j<n.

In [TH'(kQ(A)) we denote the element (Hi(k))k with HZ-(k) = H;, € H(kQ(A))
again by H;. Let C'(A) be the subring of [[H'(kQ(A)) generated by ¢ and all
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w;, Hj, where 1 <i<mn,1<j<n/, and let L(A) be its subring generated by g,
and all ug, H;, where d € Nij, and 1 < j < n’. There is the following alternative
description. The derivations ~; of the various H(kQ(A)) yield a derivation, again
denoted by 7;, of [[ H(kQ(A)), and both C(A) and L£(A) are mapped into itself
under ~;, thus we can form the corresponding skew polynomial rings and we have

C'(A) = C(A)[H;, vili<icw, L1(A) = LA, vili<ico-

Note that instead of starting with [[ H(kQ(A)), we may consider the Z"—graded

subring
DI [HEQA))a,
d k

since both C(A) and £(A) lie inside this subring.

Since ¢ is a central element, we will consider C(A), L(A),C'(A) and L'(A) as
Z|q]-algebras, and we form

L'(A) :=lim £'(A) 2 Cld/ta-1)"

q
m

(since C'(A) ® Q = L'(d) ® Q, there is no need to introduce also the notation
Z 7

C/’(K)) Let (bij)1<ij<n’ = (A’)7!, and define

T; = ibinjy
j=1

for 1 <7 < n. Then, clearly,
(T3, u;] =u;, and [T;,u;]=0 fori#j,

’
since Y, ; bisaj; = 1 for i = j, and zero otherwise. As before, we consider instead

of u; the element
i—1

1
X, = exp(—§ Z a;; T; In q)u,;.
j=1

o —

The elements X;, H; with 1 < i <n, 1 < j < n’ generate L'(A) as a complete
A-algebra. By the definition of H;, and X; the following relations are satisfied

(*) [HZ,HJ] = O, for 1 < Z,_] < ?’L,,
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(%) [Hi, Xj] = a;; X, for1<i<n/1<j<n.
According to Proposition 2, we have
pi (g, ui,uj) =0, "pn(q, uj,u;) =0 for i < j, where n =1 — a;;,

and, as before, this translates to

(**%) Z(—l)t {ﬂ q_t(n;t) XIX; X" "=0 withn=1-a;;, and i # j.
t=0 q

Altogether, we see:

Theorem 2. Let A be a symmetric generalized Cartan matriz. Then L'(A)
is generated, as a complete A—algebra, by Hq, ..., Ho, 1, X1,...,X,, and these
elements satisfy the relations (*), (**), and (**%*).

It follows that there is a surjective ring homomorphism
na : Ug(b(A)) — L'(A),
since, by definition, U,(b4(A)) is the free complete A-algebra, with generators
X1,...,Xn, H1,...,Hop_; and relations (*), (**) and (***).

We have seen in Theorem 1 that na is an isomorphism for A of finite type. We
want to announce the following result:

Theorem 3. If A is of affine type, then na is an isomorphism.

The proof uses the structure theory of mod kQ(A), it will be given in [R5].

6. Symmetrizable generalized Cartan matrices

The results presented above all generalize to the case of a symmetrizable generalized
Cartan matrix. In this case, we have to deal with species instead of quivers, see
[R2], [R3], [R4] and [R5]. The actual calculation of the corresponding Hall
polynomials as in Proposition 5 above yields direct sign choices for the Chevalley
Z—forms of the Lie algebras of type B,,, C,, F4, Go which seem to be new.
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