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([Parts of ] Exercises marked with “*” are additional exercises.)

Problem 1. (4 Points)

Let X, Y be jointly Gaussian random variables on Rd. Prove that X and Y are independent if and
only if cov(X, Y ) = 0.

Let (U, (·, ·)U) be a separable Hilbert space.

Problem 2 (Rotational invariance). (4 Points)

Let µ be a Gaussian measure on (U,B(U) with mean zero. Let θ ∈ R and define the rotation
Rθ : U × U → U × U by

Rθ(x, y) = (x sin(θ) + y cos(θ), x cos(θ)− y sin(θ)), x, y ∈ U.

Prove that ((µ⊗ µ) ◦R−1
θ )(A) = (µ⊗ µ)(A) for all A ∈ B(U)⊗ B(U).

Hint: Use the characterisation of Gaussian measures through their Fourier transform (Theorem
2.1.2).

Problem 3. (4 Points)

Let Q ∈ L(U) be nonnegative, symmetric, with finite trace and KerQ = 0. Prove that for all
0 < r < ∞

0 < N(m,Q))(Br(x)) < 1.

Here Br(x) denotes the open ball in U with radius r.

Hint: Use Proposition 2.15.
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