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([Parts of| Exercises marked with “*” are additional exercises.)

Problem 1. (4 Points)
Consider for e.g. u € C((0,1); R) the operator

Au = Au —u?,

where A is the Laplace operator given in the lecture notes. Find a suitable Gelfand triple to prove that A
satisfies (H1)-(H3) in the lecture notes.

Problem 2. (3+3+3 Points)

Prove Exercise 4.2.3 in the lecture notes.

Problem 3. (3* Points)
Two essential properties of Lebesque measure A% on R%, 1 < d < oo, are

1. (Translation invariance) Vo € R%: Ao Tt = A4, where R? 5 y — T, (y) := = + y;

2. (Finiteness and positivity on balls) VR > 0,2 € R%: 0 < A4(Bg(z)) < .

Let (U,B(U)) be a Hilbert space such that dim(U) = oo. Then there is no nonnegative measure on
(U, B(U)) such that analogous statements 1. and 2. hold.

Hint: Construct an infinite family of disjoint balls that are inside a larger ball. Then use 1. in order to
find a contradiction to 2.



