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Boundary conditions for open strings (branes) form a triangulated category. In the
B-model, this triangulated category is the derived category A of coherent sheaves
over a Calabi-Yau manifold [6].

It is often useful to consider triangulated subcategories B C A which are derived
equivalent to D°(f.1.A) where A is the (completed) path algebra of a quiver with
relations. These are the so-called quiver gauge theories (see e.g. [4]).

A standard example is given by the derived category of the canonical bundle on
P2. This is a non-compact Calabi-Yau. The derived category of sheaves supported
on the zero section is equivalent to D®(k[[z,y, z]] * (Z/3Z)) (see [5]).

It seems therefore interesting to be able to construct A such that D°(f.1.A) is
Calabi-Yau. Physicists have a construction of such A in terms of so-called super
potentials. It is not clear exactly when this construction works, but if it works,
then the resulting algebra is Calabi-Yau of dimension 3.

For notational simplicity ,we will explain the construction in the case that A
has only one simple module. The general case is entirely similar.

Put F = k{(z1,...,x,)). For a general monomial a € F, we define the circular
deriative of a with respect to x; as
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The circular derivative extends to a linear map
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The ordinary partial derivative of a with respect to x; is defined as
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This extends to a linear map
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It is convenient to write
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and it is easy to check that
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where T(p® q) = ¢ p.



A super potential is an element w € F/[F,F] containing only monomials of

degree > 3. Put
A=F/I,
where [ is the twosided ideal topologically generated by
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Put dz; = x; ® 1 — 1 ® ;. We consider the following complex of A-bimodules.
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Here A€ is A®A equipped with its outer bimodule structure. If this complex is
exact then it represents a resolution of A as an A-bimodule.

Furthermore, from the fact that the resolution is self-dual, one may deduce,
using standard homological algebra, that D®(f.1.A) is indeed Calabi-Yau.
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Remark 1. I haven’t checked the details, but it seems not unlikely that the above
construction is reversible and that a 3-dimensional Calabi- Yau algebra A is always
given by a super potential.

Remark 2. Super potentials form an (infinite dimensional) affine space. This is
reminiscent of the smoothness of the moduli-spaces of compact Calabi-Yau mani-
folds (Tian, Bogomolov, Ran, and Kawamata). See the talk by Ragnar Buchweitz
during this evening seminar.

Unfortunately, the construction does not always work (take the zero super po-
tential). For a generic super potential, one would expect that the construction
works if there are enough variables (or arrows in the quiver case), but this is
entirely speculative. The following non-example was communicated to me by
Berenstein.
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In this case, it is easy to see that the resulting algebra is self-injective, but not
Calabi-Yau.

Cases that are completely understood are, when there are either three or two
variables and the degree of w is 3 or 4 respectively. This follows from the classifi-
cation of 3-dimensional Artin-Schelter regular algebras [1, 2, 3].
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