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Let X be a smooth variety over a perfect field k of characteristic p > 0. In
[DLZ] we constructed an overconvergent de Rham-Witt complex W †ΩX/k as
a suitable sub-complex of the completed de Rham-Witt complex WΩX/k of
Deligne-Illusie. It is a Zariski sheaf of differential graded algebras. We proved
that the hypercohomology H·(X,W †ΩX/k) tensored with Q is canonically
isomorphic to the rigid cohomology of X. It is an open question whether
H·(X,W †ΩX/k) is modulo torsion a finitely generated W (k)-module.

The main result of this note answers this question if X is projective and
smooth.

Theorem Let X be smooth and projective over k. Then the canonical
map

H i(X,W †ΩX/k)→ H i(X,WΩX/k) = H i
cris(X/W (k)

is an isomorphism. These modules are of finite type over W (k) for all i ≥ 0.

1 Proof of the Theorem

Lemma 1. Let X be smooth and projective over k. Then we have a commu-
tative diagram

H i(X,W †ΩX/k)
γ−→ H i(X,WΩX/k)

↓ ↓
H i(X,W †ΩX/k ⊗Q) −→ H i(X,WΩX/k ⊗Q)

↓ ∼= ↓ ∼=
H i

rig(X/W (k)[1
p
])

∼=−→ H i
cris(X/W (k))⊗Q

(1)

where all maps in the lower square are isomorphisms.

Proof. The isomorphisms of the lower square follow from [I] II Théorème 1.4,
[DLZ] Theorem 4.40 and [B] Théorème 1.9.

We only need to show that the lower square commutes. All maps in the
diagram are defined for any quasi-projective smooth scheme. The cohomol-
ogy can be computed by simplicial methods. Therefore it is enough to check
the commutativity if X is affine, X = SpecA.

Let Ã† be an overconvergent (Monsky-Washnitzer) Witt-lift and let ˆ̃A be
its p-adic completion.

We have a commutative diagram of complexes

ΩÃ†/W (k) −→ W †ΩA/k

↓ ↓
Ω ˆ̃A/W (k)

−→ WΩA/k
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where the vertical maps are the canonical inclusion maps. The lower horizon-
tal map is a quasi-isomorphism and its cohomology is crystalline cohomology.

The upper horizontal map becomes a quasi-isomorphism after tensoring
with Q (by [DLZ], Corollary 3.25) and then induces an isomorphism between
Monsky-Washnitzer (resp. rigid) cohomology and rational overconvergent de
Rham-Witt cohomology. This proves the lemma.

Lemma 2. For X/k smooth we have a quasi-isomorphism

W †ΩX/k/p
nW †ΩX/k

∼= WΩX/k/p
nWΩX/k

∼= WnΩX/k.

Proof. The quasi-isomorphism on the right is shown in [I], I, 3.17.3. For
the left quasi-isomorphism it is enough to prove this locally, that is for a
finite étale monogenic extension B of a localised polynomial algebra. In this
case we have shown [DLZ] (proof of Theorem 3.19) that there are direct
decompositions

W †ΩB/k = W †Ωint
B/k ⊕W †Ωfrac

B/k, WΩB/k = WΩint
B/k ⊕WΩfrac

B/k

into integral and fractional parts.
Moreover, the fractional parts are acyclic sub-complexes. Surely multi-

plication with pn is an injection and respects this decomposition. It follows
that W †Ωfrac

B/k ⊗ Z/(pn) and WΩfrac
B/k ⊗ Z/(pn) are acyclic. On the other hand

it is easy to see that W †Ωint
B/k ⊗ Z/(pn) is isomorphic to the de Rham com-

plex ΩB̃/Wn(k)
where B̃ is a Witt-lift of B over Wn(k), but this complex also

coincides with WΩint
B/k ⊗ Z/(pn).

Proposition 3. Let X be smooth and projective over k. Then the canonical
map

H i(X,W †ΩX/k)→ H i(X,WΩX/k) = H i
cris(X/W (k))

is an isomorphism. In particular these groups are finitely generated W (k)-
modules for all i ≥ 0.

We begin with some general remarks. Let A be a W (k)-module. We
denote the kernel of the multiplication by pn : A → A by A[pn] and the
cokernel by A[/pn]. We denote by Ators ⊂ A the subset of all elements which
are annihilated by a power of p. We write Â = lim

←−
n

A[/pn] for the p-adic

completion of A.

Lemma 4. Let A be a W (k)-module. Assume that the following properties
hold:
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(i) Â is a finitely generated W (k)-module.

(ii) The kernel I of the canonical map ι : A→ Â is torsion, i.e. I = Itors.

(iii) There is no injection W (k)Q/W (k)→ A.

Then ι : A→ Â is an isomorphism.

Proof. Let y ∈ I. We show that there is x ∈ I, such that px = y. We find a
number m such that pmÂtors = 0. Since y = 0 mod pm+1A we find z ∈ A
such that pm+1z = y. By the choice of p we have x := pmz ∈ I. Therefore
any element of I is divisible by p. The condition (iii) implies that I = 0.
Then A is finitely generated and A = Â.

We turn now to the proof of the Proposition. By [I] II 2.7.2 and Lemma
2 we have for a proper and smooth scheme X/k isomorphisms

lim
←−
n

H i(X,W †ΩX/k[/p
n]) = lim

←−
n

H i(X,WnΩX/k) = H i(X,WΩX/k). (2)

We have the exact sequence

0→ W †ΩX/k
pn→ W †ΩX/k → W †ΩX/k[/p

n]→ 0.

Taking the projective limit in the obvious sense with respect to n, we obtain
from (2) the exact sequence:

lim
←−
n

H i(X,W †ΩX/k)[/p
n]) � H i(X,WΩX/k) � lim

←−
n

H i+1(X,W †ΩX/k)[p
n])

(3)
We note that the morphism γ (1) factors over the second arrow in this se-
quence. Since the cokernel of γ has finite length, we see that the last limit
of this sequence is a module of finite length. Since X is proper the modules
A[pn] := H i+1(X,W †ΩX/k)[p

n]) appearing in the projective system have fi-
nite length too. Let An ⊂ A[pn] be the universal images of the projective
system. We see that for each n there is a number n′ > n, such that An is the
image of pn

′−n : A[pn
′
]→ A[pn]. It follows that the natural map An+1 → An

is surjective for each n. Let A = H i+1(X,W †ΩX/k). Then An consists of all
elements x ∈ A[pn] such that for each number m there is ym ∈ A such that
pmym = x. We see that for ` ≤ n we have A` = A[p`] ∩ An. Therefore we
have for each n an exact sequence

0→ A1 → An+1 → An → 0.
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Since
lim
←−
n

An = lim
←−
n

A[pn]

is a module of finite length we conclude that A1 = 0. But then all An are
zero. Therefore the last projective system of (3) is essentially zero.

Now we set A = H i(X,W †ΩX/k). We claim that A satisfies the assump-
tions of Lemma 4. Indeed by what we have shown the inclusion

Â ⊂ H i(X,WΩX/k).

is an isomorphism. It follows that Â is a W (k)-module of finite type. There-
fore the kernel I of ι : A→ Â coincides with the kernel of γ in diagram (1).
This is a torsion module.

Finally assume that there is an injection W (k)Q/W (k)→ A. Then i ≥ 1.
But this implies that lim

←−
n

A[pn] contains a submodule isomorphic to W (k). We

have already shown that the last projective limit is zero. This contradiction
shows that the last assumption (iii) of Lemma 4 is fulfilled for A. Therefore
A→ Â is an isomorphism. This proves the Proposition and the Theorem.
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Rigide, Inv. Math. 128, 329–377 (1997).

[DLZ] C.Davis, A.Langer, Th.Zink, Overconvergent de Rham-Witt Coho-
mology, Annals. Sc. Ec. Norm. Sup. 44 No. 2, 197-262 (2011).

[I] L. Illusie, Complexe de de Rham-Witt et Cohomologie Cristalline,
Annals. Sc. Ec. Norm. Sup. 12 No. 4, 501-661 (1979), 501–661.

Andreas Langer Thomas Zink
University of Exeter Fakultät für Mathematik
Mathematics Universität Bielefeld
Exeter EX4 4QF Postfach 100131
Devon, UK D-33501 Bielefeld
a.langer@exeter.ac.uk zink@math.uni-bielefeld.de

5


