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1. INTRODUCTION

Let F be a finite extension of Q,, with ring of integers Op and uniformizer 7. In [5], Drinfeld
defines a certain moduli problem of p-divisible groups. A formal Op-module over a scheme S
such that p is locally nilpotent in Og is a p-divisible group X with an action of Op,

t:0p — End X .

If X is defined over an Op-scheme S, the Lie algebra Lie X is naturally an Op-module. If this
coincides with the Op-module struture give by dv we call X a strict formal Op-module.

Let D be a central division algebra of invariant 1/n over F, with maximal order Op. Drinfeld
defines a special formal Op-module over an Op-scheme S to be a strict formal Op-module of
height n?[F : Q,] equipped with an action :: Op — End(X) of Op that extends the action of
Op and such that, in each geometric point of S, the eigenspaces of Lie X under the action of an
unramified extension O of OF of degree n contained in Op are all one-dimensional.

It is easy to see that if S = Speck is the spectrum of the algebraic closure of the residue field
of Op, there is a unique special formal Op-module X over S, up to Op-linear isogeny.

Let Oy be the ring of integers in the completion of the maximal unramified extension of
F. Drinfeld defines as follows a set-valued functor M on the category Nilpoﬁ of O p-schemes
S such that the ideal sheaf mOg is locally nilpotent: the functor associates to S € Nilpoﬁ
the set of isomorphism classes of triples (X, ¢, p), where (X,:) is a special formal Op-module
over S and where p: X x5S — X X Spec k S is a Op-linear quasi-isogeny of height 0. Here
S=5 XSpec 0 Spec k. Drinfeld’s theorem is that this functor is representable by a very specific
formal scheme, namely,

M~ erfv XSpf O SpfOF,. (1.1)
Here Q’Ifa is the formal scheme over Spf Op defined by Deligne, Drinfeld and Mumford, cf. [5]. It
has as generic fiber (associated rigid-analytic space) Drinfeld’s p-adic halfspace associated to F,

An\rig __ mpn—1
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Here H ranges over the hyperplanes of ]P”Iffl defined over F.
Drinfeld’s theorem has many applications, in particular to the p-adic uniformization of Shimura
varieties, cf. [18].
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2 M. RAPOPORT AND TH. ZINK

In this paper we exhibit other moduli spaces of formal p-divisible groups which are represented
by p-adic formal schemes whose generic fibers are isomorphic to (Q’lf—,)“g RF E, where F is a
complete p-adic field (comp. Theorem 2.8). Just as for Drinfeld’s moduli space, these formal
schemes can be used to p-adically uniformize certain Shimura varieties. We refer to forthcoming
joint work with S. Kudla [13] for details.

The lay-out of the paper is as follows. In section 2 we formulate our variant of Drinfeld’s
moduli functor and state our main results. In section 3, we discuss the conditions on the Lie
algebras in the formulation of the moduli problem. In section 4 we establish an isomorphism
between our moduli functor when restricted to k-schemes with the original Drinfeld moduli
functor. The main tool here is the theory of displays. In section 5 we determine the local
structure of our moduli scheme. In section 6 we prove the compatibility theorem with the
Drinfeld moduli functor in the generic fiber. This proof is due to P. Scholze, and uses his
theory of p-divisible groups over O, cf. [19]. In section 7 we prove our integral representability
conjecture in the case where F'/Q,, is unramified. The proof uses the theory of relative displays
of T. Ahsendorf. In the final section 8 we give a Lubin-Tate variant of our main theorem.

Acknowledgements We thank P. Scholze for explaining to us his proof of point (ii) in
Theorem 2.8, and for a critical reading of a first version of this paper. We also thank U. Gortz
for helpful discussions.

2. FORMULATION OF THE MAIN RESULTS

Let F' be a field extension of degree d of Q,. We denote by O the ring of integers and by &
the residue field. We write f = [« : F,] for the inertia index and d = ef.

Fix n > 2. Let ® = Homg, (F,Q,) be the set of field embeddings. We fix an embedding
¢o: F — Q. Let r : ® — Z be a function such that

17 if ¥ = %o
Ty = )
Oorn, ify # .
The reflex field E C Q, of r is characterized by
Gal(Q,/E) = {0 € Gal(Q,/Qp) | rop = 7, for all ¢}

We have ¢o(F) C E, and we consider E as a field extension of F' via @q.
Let D be a central division algebra of invariant 1/n over F. We will consider p-divisible
groups X of height n?d over Og-schemes S, with an action of the ring of integers Op in D,

t:Op — End(X).

(2.1)

We will need to impose conditions on the induced action of Op on Lie X. The first condition is
the Kottwitz condition

char(¢(z)| Lie X) = Hw ¢(chard (J:)(T))T“’, Vo € Op. (2.2)

Here chard(z) denotes the reduced characteristic polynomial of x, a polynomial of degree n with
coefficients in Op. The RHS is a polynomial in Og[T]. It becomes a polynomial with coefficients
in Og via the structure morphism.

As we will show (cf. Proposition 2.2), the Kottwitz condition is all we need to yield a good
moduli problem when F/Q, is unramified. When F'/Q,, is ramified, the Kottwitz condition is
too weak. To state the additional condition we impose, we need some preparation.

Let F' be the maximal unramified subfield of F. We will write ¥ = Homg, (F*,Q,) for the
set of field embeddings. Let ¢g = 4o . For an embedding 1 : F!' — Q, we set

Aw:{@IF—}@p|Qﬂ‘FtZQZ), and r, = n}
sz{gp:F—H@H@‘Ft:w, and r, = 0}.

Also, let ay, = |Ay| and by, = |By|. For any Op-scheme S we have a decomposition of Op:®z, Os-
modules

(2.3)

OFrt Rz, Og = @we\l/ Og, (2.4)



ON THE DRINFELD MODULI PROBLEM OF p-DIVISIBLE GROUPS 3

where the action of Ot on the 1-th factor is via ¢. Hence for (X,¢) over S, we obtain a
decomposition into locally free Og-modules,

Lie X = @weif Liey X . (2.5)
The rank of Liey X is given by (2.2) as
rank Liey X = ayn® +eyn, (2.6)

where € is equal to 1 if 1) = 99, and is equal to 0 if ¥ # vy.
Let m be a uniformizer in Op. Consider the Eisenstein polynomial Q(T') of m in Op:[T].
We consider the image Qu(T) of Q(T) in Q,[T] under ¢, for ¢ € ¥. In Q,[T] this has a

decomposition into linear factors,

QuT)= [I @—e@). (2.7)
{el o) pe=v}

Note that Gal(Q,/E) acts on the index set of this product, as is clear since the LHS is a
polynomial in Og[T]. We therefore obtain a decomposition in Og[T]

Quo(T) = Qo(T) - Qa,, (T) - @By, (T), resp.

Qu(T) = Qa,(T) - Qp, (T), for ¥ £ 1. (2:8)

Here

Qu(T) =T —o(r), Qa,(T)= [[ T-e(), Qp,(T)= ] (T - ).

PEAY pEBy

Indeed, the action of Gal(Q,/FE) stabilizes the corresponding subsets in the index set on the
RHS of (2.7). Now using the structure morphism Op — Og, we obtain an endomorphism
Qa,(u(m)) of the Os-module Liey X that we denote by Q4 (¢(7)| Liey X). We similarly define
Qp, («(m)| Liey X) and Qo(¢(m)| Liey, X) = ¢(m)| Liey, X — @o(m)ldLie,, x-

The additional conditions we impose, that we call the FEisenstein conditions, are now the
following identities of endomorphisms

(Qo- Qa,,) (u(m)| Liey, X) =0,

n+1

A (@ay, ()| Licy, X)) =0, (29)
QAw (L(ﬂ—)‘ LiewX) =0, V’l/} 7é ’QZJO-

Remark 2.1. We note that the Eisenstein conditions only depend on the restriction of the Op-
action to Op. It will follow a posteriori from Corollary 5.9 (flatness) that the moduli problem
formulated using the Eisenstein conditions is independent of the choice of the uniformizer .

We first note the following statement.

Proposition 2.2. If F/Q, is unramified, the Eisenstein conditions are implied by the Kottwitz
condition.

Proof. When F = F' is unramified over Q,, the uniformizer 7 lies in F* and Q(T) =T — 7 is
a linear polynomial. Furthermore, A, has at most one element for ¢ # ¢, and Ay, = 0. Let
¥ # 1pg. If Ay = 0, then Liey, X = (0) and the Eisenstein condition relative to the index ¢ is
empty; if A, has one element, the Eisenstein condition relative to the index 1 is just equivalent
to the definition of the ¥-th eigenspace in the decomposition (2.5). Something analogous applies
to the index . O

The following statement shows that the moduli problems considered in this paper are indeed
generalizations of Drinfeld’s moduli problem. We call the Drinfeld function the function r° with
ro = 0,Yp # ¢o. In this case B = F.

Proposition 2.3. Assume that r = r°. Then a p-divisible group (X,t) as above, i.e., satisfying
the Kottwitz condition (2.2) and the Eisenstein conditions (2.9), is a special formal Op-module
in the sense of Drinfeld [5].
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Proof. In this case, Ay = 0, Vy. Hence Liey, X = (0) for 9 # 19, and Liey, X is alocally free Og-
module of rank n. Also, the endomorphism @4, (¢(7)| Liey, X) is the identity automorphism.
Hence the first Eisenstein condition implies that Qo (¢(7)| Liey, X) = 0. Since Qo(T') = T —po(7),
it follows that ¢(m) acts on Liey, X through the structure morphism O — Og. The same is
true for all elements of Op:. Hence X is a formal Op-module in the sense of Drinfeld. Now
the Kottwitz condition (2.2) tells us that the action of Op on X is special, which proves the
claim. g

Definition 2.4. Fix a function r : & — Zx(, with corresponding reflex field £ = E,. A p-
divisible group X with action ¢ by Op over a Og-scheme S is called an r-special Op-module,
if X is of height n?d and (X, ) satisfies the Kottwitz condition and the Eisenstein conditions
relative to 7.

Hence the previous proposition shows that a r°-special formal Op-module is just a special
formal Op-module in the sense of Drinfeld [5].

For the formulation of the moduli problem we will make use of the following lemma. The
lemma follows from section 4, more precisely, Corollary 4.13. Alternatively, the lemma follows
from the fact that B(G,{u}) has only one element, cf. [10], §6. Here G' = Resg/q, (D) is the
linear algebraic group over Q, associated to D*, and {u} is the conjugacy class of cocharacters
with component (1,0~1) for ¢y and component (1(™), resp. (0(™) for ¢ # g, depending on
whether r, =n or r, = 0.

Lemma 2.5. Fiz r. Let k be an algebraic closure of the residue field kg of Op. Any two

r-special p-divisible groups over k are isogenous by a Op-linear isogeny (which may be taken to
be of height 0). O

Now fix such a pair (X, tx) over k. Denote by O 1 the ring of integers in the completion of the
maximal unramified extension of E. Then k is the residue field of O - We consider the following
set-valued functor M on Nilp, . It associates to S € Nilpy  the set of isomorphism classes of
triples (X, ¢, 0), where (X, ¢) is an r-special Op-module over S, and where

0: X xg85 — X xXg 0 S (2.10)

is a Op-linear quasi-isogeny of height zero. Here S = S ®o, k. Our main conjecture can now
be stated as follows.

Conjecture 2.6. The functor M,. is represented by Q}@)OFOE.
Our main results towards this conjecture are the following.
Theorem 2.7. The conjecture is true if F//Q, is unramified.

If F/Q, is ramified, we can still prove the following properties of M, which are analogous to
the properties of Q%.&0,, Op.

Theorem 2.8. The formal scheme M, is flat over Spf Oy, and is w-adic. All its completed
local rings are normal. Furthermore,

(i) there is an isomorphism between the special fibers
M, Xspto, Spec ko~ fl}é X Spf O SPEC k.
(ii) there is an isomorphism between the generic fibers
MEE ~ (O X500, SpfOj)"E.
Here the proof of point (ii) is due to P. Scholze.

We also prove the following variant of this theorem in the Lubin-Tate context. Let F' and
o as before, fix an integer n > 2 and let r and £ = FE, have the same meaning as before.
We now consider p-divisible formal groups X of height nd over Og-schemes S with an action
t: Op — End(X). We impose the following Kottwitz condition,

char (u(z) | Lie X) = H(P(T —o(x)e, x€Op. (2.11)
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In addition, we impose Eisenstein conditions (where the second condition in (2.9) is changed

into
2

N\ (Qa,, ((m)| Liey, X)) =0,
see (8.2)).

We fix a pair (X, tx) over k as above. It is easy to see that X is unique up to Op-linear
isogeny. We may therefore define a functor MI" on NilpOE analogous to the functor M, above.
The formal scheme representing this functor will be denoted by the same symbol. If r = r° is
the Drinfeld function, then ML, can be identified with the Lubin-Tate deformation space (this
follows from Proposition 2.3). Our main result in this context is that this continues to hold for
arbitrary r.

Theorem 2.9. The formal scheme MY is isomorphic to Spf Opllte, -+ s tn-1]].

3. THE KOTTWITZ AND EISENSTEIN CONDITIONS

In this section, we analyze the conditions that can be put on a locally free module with Op-
action. We continue with the same notation as before. In addition, let E C @p be a normal
extension of Q, which contains the images of all Q,-algebra homomorphisms F— Qp. We have
ECE.

We denote by Nrd, : D ®F,, E — E the reduced norm. Using it, we define the polynomial

function
- ~ [1,Nrdg? -
Nid, : D@g, E=[[D®r, E “—" E. (3.1)

]
If M is a quasicoherent sheaf on a scheme S we denote by Vg(M)(T) = I'(T, Mr) the corre-
sponding flat sheaf on the category of S-schemes T'. This sheaf is representable by a scheme over
S if M is a finite locally free Og-module.

We write simply V(D) for the affine space over Q, associated to D. Then we may regard
Nrd, as a polynomial function (= morphism of schemes). It is defined over F,

Nrd, : V(D)g — AL. (3.2)
Clearly this function is homogeneous of degree ZW nre.
Let Op be the ring of integers of D. Let F C D be an unramified extension of F' of degree n.
We denote by 7 € Gal(F/F) the Frobenius automorphism. Then we may write
Op =031, I" ==, Ha=r7(a)ll, fora e O. (3.3)

Here II is a prime element of Op and 7 is a prime element of Op.

We denote by V(Op) the corresponding affine space over Z,. We will now define an integral
version of (3.2).

We begin with a general remark. Let S be an Og-scheme and let £ be a finite locally free
Og-module with an action of Op, i.e. a morphism of Z,-algebras

t:Op — Endog (L). (3.4)

We will call (£,:) an Op-module over S.
If T'is an S-scheme and o € I'(T', Op ®z, Or), we can take the determinant det(a|Lr). This
defines a morphism
detL : V(OD)S — A‘ls
Let ¢ € ®. We define an embedding
OD ®OF7<P OE — M(n X n,OE)

For this we choose an embedding ¢ : F— @p which extends ¢ and define for x € F,

) 0 ... 0 0 0 ... 0
1

1
o(r(x)) ... 0 0 0 0

T —> , I —s . (3.5)
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Consider the standard M(n x n, Og)-module O%. Via restriction of scalars
Op Rz, OE‘ — Op QRO0p,p OE — M(n x n,OE).
we obtain a Op ®z, Og-module P,. We define the Op ®z, O z-module

P, = @Pgo.

This module defines a polynomial function Nrd, : V(Op)o, — AIOE,
Nrd,(§) = det(¢|P. ®o, R), &€ Op®z, R,
where R is an arbitrary O -algebra. Similarly we have polynomial functions Nrd,, : V(Op)o, —

A})E given by P,. The polynomial function Nrd, is invariant under Gal(E /E) and therefore
defines a polynomial function

Nrd, : V(Op)o, — Ap,, . (3.6)
It follows from (3.5) that IT acts on P, ®o,, k5 as zero. Therefore the latter is a (Op /1I0Op) ®o .
kg-module. We see that the base change Nrd,, factors through a polynomial function

(Nrdy)s, : V(Op/TIOp)c, — Ay .
We obtain that (Nrd,), . factors too,
(Nrd, )z : V(Op/TIOD) XspecF, Spec kg — A'lf@'

3>

The affine algebra on the left hand side is an integral domain. Therefore (Nrd,,), . is a non zero-
divisor as an element of this algebra. This remains true after base change to any & g-algebra
R.

Definition 3.1. Let S be an Og-scheme and let (£,¢) be an Op-module over S. We say that
(L,1) satisfies the Kottwitz condition (K,.) with respect to r, if

detg = (Nrdr)s, (37)
where the right hand side is the base change with respect to S — Spec Op.

Remark 3.2. By [9], Prop. 2.1.3, the condition is equivalent to the identity of polynomials in
Os[T] (comp. (2.2))

char(v(x)|L) = H ¢(chard (z)(T))"", Vz € Op; (3.8)
©
(this uses Amitsur’s formula, comp. [4], Lemma 1.12).

It is clear that the Kottwitz condition is a closed condition. If the Kottwitz condition is
fulfilled, we have
rankg £ = nz T,
©
because Nrd,. is homogeneous of this degree.

Recall the maximal unramified subfield F'* C F and its residue field k. We denote by & the
residue field of F. The maximal unramified subfield of F is denoted by E*. In addition to
¥ = Homg, (F*,Q,), we introduce ¥ = Homg, (F*,Q,).

We now introduce another condition which will turn out to be weaker than the Kottwitz
condition. Let R be an Og-algebra. Let (L,t¢) be an Op-module over R. Then we have the

decompositions
L=PrL, L=FL, (3.9)
YEW Jed

For example, the second of these decompositions is induced by

Oﬁvt ®Zp OE = H’d}e@ OE

For ¢ € V¥ let ®, the set of all embeddings ¢ : F' — @p whose restriction to F? is 1. We

define
Ty = Z Ty (3.10)
pED,
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Definition 3.3. Let R be an O ;-algebra. We say that an Op-module (L, ¢) over R satisfies the
rank condition (R.,.) with respect to r if, for all ¢ € W,

rankg L = 1y, (3.11)
where 1) denotes the restriction of 1) to F*. We will write Ty =Ty

The rank condition is obviously an open condition (the rank goes up under specialization).
It is also a closed condition since ) ;rankg L = rank L is constant on the base. To check the
rank condition it is enough to check it for the geometric points of Spec R. If R is an arbitrary
Og-algebra, we say that the rank condition is fulfilled, if it is fulfilled with respect to any base
change R — R and an extension of the Opg-algebra structure to an O ;-algebra structure on R.
The rank condition is then independent of the last choice.

Remark 3.4. The rank condition is independent of the choice of the chosen isomorphism (3.3).
Indeed let U C D be an unramified extension of degree n of F. Then we could reformulate the
rank condition using the action of Oy+ ®z, Og. However, this yields the same condition. Indeed,
since U and F are isomorphic field extensions of F, there is by Skolem-Noether an element
u € D, such that wFu™! = U. Replacing u by uwII™ for a suitable integer m, we may assume
that u € Of;. We denote by Ly, the R-module L with the new Op-action

@ pew £ = uau" L.
But the decomposition (3.9) for Ly,
Ly = @(L[u])lp
Ped
is exactly the decomposition coming from the Oy+-action on L. Since the multiplication by u
L — Ly, is an isomorphism of Op-modules we obtain the independence.

We denote by xz the residue class field of Of. We consider a polynomial function over a
reduced K g-algebra R,
X :V(Op)r — Ag, (3.12)
which is multiplicative with respect to the ring structures of these schemes. We are given for
each R-algebra A a multiplicative map

xa :Op/pOp @, A — A. (3.13)
Let a,b € Op/pOp ®r, A. We claim that
x((a+ (IT®1)b)) = x(a). (3.14)

We regard this as an identity of polynomial functions on V(Op)r xgr V(Op)r. We consider
the units of Op as a subscheme G C V(Op)g. This is dense in each fiber over R. Therefore it
suffices to show (3.14) in the case where a is a unit. By multiplicativity it suffices to show that

X(1+(IT®1)b)) = x(1). (3.15)
We may restrict our attention to the universal case where A = R[Y7,...,Y;], which is also
reduced.
We have

(1+ (M@ 1)b)P =17

for some p-power p®. Since A is reduced and x is multiplicative, we deduce (3.15).
Therefore (3.13) is equivalent to a functorial map

OD/HOD ®Fp A— A

We have & = Op /IIOp. Therefore for each ¢ € ¥ = Homy, (, r ;) = Homg, (F*,Q,), we obtain
a polynomial function

X5 :Op = k5 kg Al (3.16)
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If Spec R is connected and reduced, we deduce that the only multiplicative polynomial functions
(3.12) have the form

-
b
I (3.17)
P
for suitable exponents ;. These functions are also defined if R is an arbitrary r g-algebra.

Lemma 3.5. Let R be a reduced kg-algebra. Let (L,t) be an Op-module over R. In particular
L is a finitely generated locally free R-module.

Then the Kottwitz condition (K,.) for (L,t) is equivalent to the rank condition (R,.). For an
arbitrary Og-algebra R the condition (K,.) implies the condition (R,.).

Proof. 'To prove this we make a base change R — R ®o, Of which is reduced if R is a reduced
rg-algebra. Therefore we may assume that R is a Oz-algebra.

The first assertion follows because a polynomial function is uniquely determined by the num-
bers e; in (3.17).

The last assertion depends only on the geometric fibers. In this case we have either a xz-
algebra or an Og-algebra of characteristic 0. We have already seen the first case. The charac-

teristic O case is clear.
O

Proposition 3.6. Let us assume that r = r°, i.e., 7, = 0 for ¢ # @o. Let R be a kg-algebra.
Let (L,t) be a Op-module over R. Then (L,.) satisfies the condition (K,) iff m annihilates L
and the rank condition (R,.) is fulfilled.

The rank condition says in this case that for all v : & — K

rank Ly =1, if 1;|Ft =0 =ojp:, rankLj =0, else.

Proof. By Lemma 3.5 we already know that the Kottwitz condition implies the rank condi-
tions. If a € (Op/pOp) ® R we have Nrd,(aw) = 0. Therefore the Kottwitz condition implies
det(m|L) = 0. Since L has rank 1, this shows that 7 annihilates L.

Assume conversely that the ranks are as indicated and that = annihilates L. Then we deduce
the result from the following Lemma. O

Lemma 3.7. Let R be a ring, such that pR = 0. Let n be a natural number. Let L+,..., L, be
locally free R-modules of rank 1. Assume we are given a chain of homomorphisms I1; : L; — L;1q
and I1,, : L,, — L1 such that

I, oll,_10...0II; =0.

Weset L=L1 Q.. DLy, and1=11, ... U,. This is an endomorphism of L such that
I =o0.

Let v € M(n x n,R) be a diagonal matriz. It induces an endomorphism v : L — L. We
consider an endomorphism of L of the form

vo + vl + ’1}21_[2 + ...+ ’Unfll_[n_l7

where the v; are diagonal matrices.

Then

detp(vo + viIl + voIl? + ... + v, 11" 1) = detp vo. (3.18)
Proof. We may assume L; = R. Then II; is the multiplication by some element y; € R. Our
assumption says
YnYn—-1 .. Y1 =0.

One deduces that II"™ = 0. We note that ITv = v'II, where v’ is another diagonal matrix, which
is obtained from v by cyclically permuting the diagonal entries.

We may reduce to the universal case where R is the quotient of a polynomial ring R =

Fplzij, yel/y1 - - - Yn, where ¢ € [0,n — 1], j € [1,n], k € [1,n]. For fixed ¢, the x;; are the
diagonal entries of v;. In this case the ring R is reduced.
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Consider first the case where vy = E is the unit matrix. We take the universal case where the
ring R is reduced (as above but no indeterminates ;). Then we have two commuting operators
vo and p = I + voII? + ... 4 v, II" 1. Therefore

(E+p)” =B +p¥

But p?" = 0 for p* > n. This implies det(E + p)?" = 1. Because R is reduced in the universal
case, this implies (3.18) in the case where vg = E. Clearly this shows also the case where vq is
an invertible diagonal matrix.

In the general case we consider the universal R as above and its localization,

R C Rlxg!t 2555 - - 2]
Over the bigger ring vy becomes invertible and therefore the relation (3.18) holds. Hence it holds
also over the subring R. O
Let us recall the Eisenstein conditions. We recall the following notation: For an embedding
¢ F' — Q, we set
Ay ={p: F = Q| ¢|pr =1, and 1, = n}
By, :{cp:F—H@p | ojpt = 1, and ry, = 0}.
We set 1o = ¢o|pe. This gives a partition of the set ®y:
Dy, :A¢0 U By, U{eo}, Dy :A¢UB¢ for vy £ 1g.
Let ay = |Ay|, by = |By|. Then we have
ay +by +ep =e= [F:Ft],
where €y, = 0 if ¥ # 19, and €y, = 1.
We find (compare (3.10)) that
nay +1 if P =1
Ty = .
e if ¥ # 1.
Let Q(T) € Op+[T] be the Eisenstein polynomial of a fixed prime element © € F. We set
Qu(T) =¢(Q(T)) € Op[T]. We set

Qa,(T)= [[ (T=¢m), Qp,(T)= ] (T -¢().

PEAy PEBy,

(3.19)

These are polynomials in Og[T]. Moreover we set Qo(T)) = T — @o(m). Then we have the
decompositions

Qw (T) = QAw (T) : QBw (T)a for » 7& o
Quo (T) = Qo(T) - Qa,, (T) - QB,,, (T).
Let R be an Og-algebra. We will introduce the Eisenstein condition on a Op-module (L, ¢)
over R. We have decompositions

OF‘ ®Zp OEg H OE, OF" ®ZPR'£/ H R.
peY Ppew

L= Ly

Ppew

(3.20)

This gives a decomposition

Definition 3.8. We say that (L,:) satisfies the Eisenstein condition (E,) with respect to r if
((Qo - Qay ) ()| Lyy) = 0,
A @y, ()| Lu)) = 0, (3.21)
(Qu, (()ILy) = 0, for £ vy,
This definition applies to any Og-scheme S and any Op-module (£, ¢) over S.
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Remarks 3.9. (i) The condition (E,) only depends on the restriction to Op of the action ¢ of
Op on L. The condition depends on the choice of the uniformizer .

(ii) Let r = r°, ie., r, = 0 for ¢ # . In this case E = F. We have two actions of Op on
L. The first is given by ¢ and the second by Op % O — Og. By the Eisenstein condition
these actions coincide. Indeed, £ = Ly, and ay, = 0 for all ¢ € ¥. Therefore the Eisenstein
condition (3.21) implies that ¢(7) acts on £ as @g(m). The conditions (3.11) imply moreover that
t(a) for a € Op+ acts via pg(a) on L.

(iii) Let F/Q, be unramified, i.e., F = F*. Then the first and the last Eisenstein conditions are
empty. The second Eisenstein condition just says that rank £,, < n.

(iv) Let us assume that S is a xg-scheme. The images of the three polynomials Q4 (T), @, (T)
and Qo(T) in kg[T] are respectively

T%, T, T.
Therefore the Eisenstein conditions are in this case:
((m)* ot =0 on Ly,,
AT (u(m)0) =0 on AT Ly, (3.22)
((m)* =0 on Ly for 1 # 1.

Definition 3.10. Let (£,¢) be a Op-module over an Og-scheme S. We say that (L, ) satisfies
the Drinfeld condition (D,.) with respect to r if it satisfies the Eisenstein condition (E,) and the
rank condition (R,).

The rank condition makes sense by the remark after Definition 3.3.

Lemma 3.11. Assume that r =1°, i.e., v, =0 for ¢ # @g. Let S be a kg-algebra.
Then the condition (D,.) implies (K,).

This is a reformulation of Proposition 3.6.

4. FORMAL Op-MODULES

Definition 4.1. Let S be an Og-scheme such that p is nilpotent on S. A p-divisible Op-module
over S is a p-divisible group X of height [D : Q,] = n?d with an action

v:Op — End X. (4.1)

In this case Lie X is an Op-module in the sense of (3.4). We say that X satisfies (K,) (3.7),
resp. (K,) (3.11), resp. (E;) (3.20), resp. (D,) (Definition 3.10) if the Og-module Lie X with
the Op-action dv does.

A p-divisible Op-module X which satisfies (D,.) is called an r-special formal Op-module. The
name is justified because we will prove that X has no étale part. A formal Op-module which
satisfies (D) is also called a special formal O p-module.

Remarks 4.2. (i) The definition of a special formal Op-module above coincides with Drinfeld’s
definition in [5]. Indeed, in this case » = r°, and it follows from Remarks 3.9, (ii) that X is
a strict formal Op-module (the induced action of Op on Lie X is via the structure morphism
(ii) Let A be a p-adic Og-algebra. Let X be a p-divisible group over A with an action (4.1).
Then we define Lie X' = lim Lie X®A/p™. It is still a Op-module and the definition above makes
sense.

Assume that p is locally nilpotent on S. We denote by D(X) the covariant crystal associated
to X. The evaluation D(X)g at S coincides with the Lie algebra of the universal extension of
X.

Let a € Op. We will often write simply a if we mean the action ¢(a) on D(X)g, or the derived
action di(a) on Lie X.
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Proposition 4.3. Assume that p is locally nilpotent on S. Let X be a r-special formal Op-
module of height n’d.
Then D(X)s is locally on S a free Op ®z, Os-module of rank 1. Moreover X is a formal Lie

group.

Proof. We begin with the case where S = Spec k where k is a perfect field with a & g-structure.
Let W (k) be the ring of Witt vectors and M = D(X)y () be the covariant Dieudonné module.
We have a bijection of field embeddings

¥ = Hom(#, k) = Hom(F*, W (k) ® Q).
We regard ¢ € U as a homomorphism ) : Ope = W(k). We set
Mg ={me M |ia)m = ¥(a)m, for a € Ofpe}.

We have a direct decomposition

M=@M; Jel. (4.2)
We denote by o the Frobenius acting on W (k). The Verschiebung induces a map

V. Mm[; — MJ;

Therefore the rank of the W (k)-module M is independent of 1 and therefore equal to ne. For

each ¢ : Ft — W (k) ® Q we have o1 = of1), where 7 is from (3.3). Since 7, depends only on
the restriction of 1[) to Ft, we find Ty = T Obviously II induces a map

II: Ml[rr — MJ}
We consider the commutative diagram
1
Mygr —— My

vl lv (4.3)
n
M&T e MJ; .
By the rank condition, the cokernels of the vertical maps are k-vector spaces of dimension
75, = ;- Therefore the lengths of the cokernels of both horizontal ¢(II) are also the same. On

YT
the other hand we have

Zd; length M /TIM ;= length M/TIM = nf.

The last equality holds since by assumption length M /pM = n%d. We conclude that
lengthMu;/HMd;T =1, fory e .

The last equation tells us that M/IIM is a free Op /TIOp ®r, k-module of rank 1. By Nakayama’s
lemma it follows that M is a free Op ®z, W (k)-module. This completes the proof of the first
assertion in the case S = Speck.

To show that X is a formal group we have to show that V is nilpotent on M/.(II)M. We
consider the map induced by V on the cokernels of the horizontal maps of the diagram (4.3).
For each 1; this map is either a bijection or it is zero. It suffices to see that this map is zero for
some 1/; If not, we would have a bijection for each 1; We denote the cokernels of the vertical
maps by Liej X. Then

Lie X = @ Lie; X.
P

We conclude that ¢(IT) : Lie;, X — Lie; X is bijective for each v. This is a contradiction since
+(TT) is nilpotent on Lie X. Therefore X is a formal group.

A base change argument shows that our result is true if S is the spectrum of a field. In the
general case we consider a point s € S. We find m € D(X)g ® s(s) which is a basis of this
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Op ® k(s)-module. We may assume that S = Spec R and that m is the image of an element
n € D(X)g. It follows from Nakayama’s Lemma that the homomorphism induced by n

OD®R—>]D)(X)R

is an isomorphism in an open neighbourhood of s. O
We state the following consequence separately:

Corollary 4.4. For each 1& € U the cokernel of
I D(X)g 5 = D(X)g 5
is a locally free Og-module of rank 1. O

Proposition 4.5. Let A be an Og-algebra. Assume moreover that A is a p-adic integral domain,
with fraction field of characteristic 0. Let X be an r-special formal Op-module over A.
Then Lie X satisfies (K,).

Proof. Let K denote the fraction field of A. By Proposition 4.3, H = D(X) g is a free Op ® K-
module of rank 1. We consider the decomposition

H=H,.

We can assume that A is a Op-algebra. Let ¢ € ® be an extension of ¢». We write ¢[¢). Then
7 acts semisimply on Hy and has eigenvalues ¢(m) for ¢[t), each with multiplicity n?. Now
L = (LieX)g is a quotient of H. It has the decomposition L = @ Ly. Assume first that
1 # 1. By the Eisenstein condition, 7 has on L, at most the eigenvalues op(m) with ¢ € Ay.
The multiplicity of the eigenvalues is at most n?. But since by (3.11) rank L, = n?a,, each
of these eigenvalues must have exactly multiplicity n2. We assume now that i) = 1)9. Then
again the eigenspaces of ¢(m) have dimension < n?. But the second of the Eisenstein conditions
says that for ¢ = g this multiplicity is < n. Since rank Ly, = ay,n® + n, this implies that the
multiplicity of ¢(7) is n? for ¢ € Ay, and is n for ¢ = . Altogether the multiplicity of the
eigenvalue ¢(7) of m acting on L is r,n. This implies the Kottwitz condition on L. Since (K;)
is a closed condition, the assertion follows. ]

We will now assume that S is a & g-scheme. The Op-module Op ® Og defines a polynomial
function
p:V(Op)s — AL.
The module Op ® Og has a composition series with factors
Op/Il0p ®; ; Os,
where ¢ € . This last module defines the polynomial function X from (3.16). One deduces
easily that the determinant of the module Op ® Og is

p= H Xge: HNrdg.
e peD
Analogously to (4.2) we have a decomposition
D(X)s = P D(X)s 4,
pev
where all summands are locally free Og-modules of rank ne. We set for ¢ € ¥
D(X)ss = P D(X)s
PeT
where the sum runs over all 1[1 such that z/?‘ rt = 1. It follows from Proposition 4.3 that we have
locally free Og-modules with ranks
rank D(X)g 5 /7' D(X)g 5 = ni, for0<i<e.
We note that the Og-modules D(X) s are defined for each O g-scheme with p locally nilpotent.
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Proposition 4.6. Let (X, 1) be a p-divisible Op-module over a kg-scheme S. There are natural
surjective maps

D(X)g,y — Liey X, fory € 0. (4.4)

(i) Assume that (X,t) is r-special. Then the maps (4.4) induce isomorphisms

D(X) 5,5/ D(X) s,y — Liey X, for ¢ 7 1o

4.5
D(X)S,wo /Wawo ]D)(X)S,dlo — Liewo X/’]Tawo Lie¢o X. ( )

In particular, the cokernel of any power of m on Lie X is a locally free Og-module.
(i) Conversely, assume that the following conditions on (X, () are satisfied.
(1) Lie X satisfies the rank condition (R,).
(2) The natural map D(X)s — Lie X induces isomorphisms (4.5)
(3) Liey, is annihilated by movo™+1.
Then X 1is r-special.

We will prove this together with the following Corollary:

Corollary 4.7. An r-special formal Op-module X over a kg-scheme S satisfies the Kottwitz
condition (K,).

Remark 4.8. In the case where r = r°, this corollary follows from Lemma 3.11.

Proof. Clearly we can restrict to the case where S is a scheme over k.

We first prove (i). The last condition of (3.22) says that for ¢ # g the first arrow of (4.5)
exists. By (3.11) we have on both sides locally free Og-modules of the same rank. Therefore
this arrow is an isomorphism.

For the second line in (4.5), we begin with the case where S = Speck. The second condition
of (3.22) says that the rank of the following homomorphism of vector spaces

%o Lie% X — Lie% X
is at most n. This shows
dimy, (Liey, X/m*% Liey, X) > dimy Liey, X —n = ay,n’.

Therefore the second arrow of (4.5) is an isomorphism because on the left hand side we have a
vector space of dimension n?ay,.

It follows that the Og-module Liey, X/m%0 Liey, has in each point of S the same rank n2a., .
This already proves assertion (i) in the case where S is a reduced scheme.

The general case is a consequence of Lemma 4.9 below, applied to L = Liey, X, f = 7%o,
7= ay,n?, m=apn®+n, and s = n.

Now we prove the corollary. We remark that the Kottwitz condition (K, ) is satisfied for
Lie X. This is clear by the first isomorphism of (4.5) for the part Liey X, for ¢ # 1. By
the second isomorphism it suffices to show that the determinant morphism for the Op-module
w0 Liey, X is Nrdy, =[] & X.j» where Y extends @g. But it follows from the isomorphism (4.5)
and (3.11) that rank w“vo Lie; X = 1 for each ¢ € ¥ which extends ¢g. Therefore we conclude
by Lemma 3.7.

Now we prove (ii). We have to prove the Eisenstein conditions. For ¢ # 1)y they are
clear. We denote by K, the kernel of the natural map D(X)gy, — Liey, X. We obtain
70 D(X) g,y D Kyy D %0 D(X) g 4, Then the rank condition shows that

ﬂ-awOD(X)Sﬂl)o /Kllfo =m0 Lie#}o X

has rank n. This proves the second condition of (3.22). The other Eisenstein conditions are
trivially satisfied. U

In the preceding proof, we used the following lemma.
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Lemma 4.9. Let R be a local ring with residue field k. Let L be a finitely generated free R-module
of rank m. Let f : L — L be an endomorphism.
Let r = dimg(L/f(L)) ® k and let s =m —r. We assume that

s+1
N f=o.
Then L/ f(L) is a free R-module of rank r.
Proof. The exact sequence
Lek—>Lek— (L/f(L)®k—0
shows that there is a basis of L ® k of the form

f(g1)7'"ﬂf(gs)aéla"wé'ry (46)
where ¢1,...,9s,€1,...,6- € L ®k and the images of é1,...,¢é, in (L/f(L)) ® k form a basis.
Lifting the elements %1, ...,¥s, €1,--., €. to L we obtain a basis of this R-module,
fy), .-, flys),er,...en
The elements 41, . ..,7s € L ®k are linearly independent. Therefore we find a second basis of L,
Yly ooy Ysy L1y e vy Ty (4.7)

We write the matrix of f with respect to the basis (4.6) and (4.7) as a (s + ) x (s + r) block

matrix:
E, A
0 B

The assumption /\s+1 f = 0 implies that the matrix B is zero. We find
fla) = auf(y), aj€R.
J

We set z; = z; — Zj a;iy; € Ker f. Clearly

Y1y 5 Ysy By -5 2r

is also a basis of L, i.e., we may assume WLOG that x; = z;. But then the matrix of f becomes

E, 0
0 O
From this our assertion is obvious. O

Before continuing, we add a lemma needed later which is proved in the same manner.

Lemma 4.10. Let n, m, and r be natural numbers. Let R be a commutative ring. Let W be a
locally free R-module of rank n. Let f : W — W be an endomorphism such that Coker f is a
locally free R-module of rank r.

Let V. C W be a direct summand of rank m. We assume that s =m —r > 0 and that

s+1
A Uwv) =o.
Then Ker f C V.

Proof. We note that the assumptions of the lemma are compatible with base change R — S.
The situation of the lemma is always defined over a noetherian subring. Therefore we may
assume that R is noetherian. The desired inclusion may be checked over the localizations of
R. Therefore we may assume that R is a local noetherian ring with maximal ideal m. Finally
the matrix of Ker f — W/V is zero if it is zero modulo m! for all ¢ € N. Therefore we may
assume that R is an artinian local ring. We also note that under the assumptions Ker f is a
direct summand of W of rank r.

If R is a field, the assumption of the lemma implies rank fj; < s. This implies dim Ker f}, >
r = dim Ker f. This implies Ker f;; = Ker f and the lemma.
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Now let (R, m) be any artinian local ring. Let eq,...,e, be a basis of Ker f. It follows from
the case of a field that V has a basis of the form
Vly..., Vs, €1+ P15, € + Pry (48>

where p; € mW. If the lemma is false we can choose t € N maximal such that there is a basis of
the form (4.8) with p; € m!W.

By assumption f(v1),..., f(vs) are linearly independent modulo m. Therefore we find a basis
of V of the form

F1), ..o, flos),ury ... up. (4.9)

We write the matrix of fjy, with respect to the matrices (4.8) and (4.9) as a block matrix,

E,

0o X /-
By the assumption A®T!(fjy/) = 0 all determinants of (s +1) x (s + 1) minors of this matrix are
zero. Therefore the matrix X is zero. We obtain equations

Flpi) = flei+pi) = ajif(v;).
J
Since the left hand side is in m!W we conclude that aj; € m?. We find p; — Zj a;;v; € Ker f.

We may write
Pi — Z Aj;V5 = Z Cki€k,
j k
where necessarily ci; € m?. The last equation gives:
(ei+pi) = Y ajiv; — > crilex +pr) =€ — Y Chipk
J k k

The RHS is an element of V. But this shows that we may replace in (4.8) the element e; + p;
by e; + p} with p, = >, cripr € m*W. This is a contradiction. O

Remark 4.11. If R is a local ring such that each element of the maximal ideal m is nilpotent, we
can replace the condition that “Coker f is a free R-module of rank r” by the weaker assumption
that “Ker f € W is a direct summand of rank r”. Indeed, over R any free submodule of a
free module is a direct summand. This shows that Coker f is free. The weaker assumption also
suffices if R is a ring such that R — [] R, is injective, where p runs over all minimal prime ideals
of R, since then we may reduce to R = R,,.

We will now study the display of a formal Op-module over a xg-scheme S which satisfies
(D,.). To ease the notation we will assume that S = Spec R. We denote by P = (P, Q, F, F) the
display of X. We use the notation I := I := ker(W(R) — R). Recall that D(X)r = P/IP.

Again write ¥ = Hom(k, k) for the set of field embeddings. We obtain the decompositions

P=@r, o=@
hevw PYeW
By Proposition 4.6 we obtain:
ﬂ.awo+1pw0 + IPT/)() C Qwo C o Pwo + IPlZJo?

. (4.10)
Qu =7 Py + 1Py,  for ¢ 7 1.

The maps F and F induce maps
Fw : P¢, — Pd,g, F¢ : Pw — Pd’U'

Here o denotes the Frobenius automorphism of F* over Q,. We set Qip = Py for ¢ # 1y and
we define @, to be the submodule such that Py, D Q) D Qy, and such that Q;, /Quy, is the
kernel of the homomorphism

T Pll’o/Q’lﬁo - Plbo/Qwo'
By Lemma 4.9 we know that this kernel is a direct summand of Py, /Qy,-
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We set ) _
Q=PQ, F,=Fm", Fj=Fnx"
P

We obtain Frobenius-linear homomorphisms
F'=@Fun™:P—P, F=F7r":Q —P (4.11)
P P
We claim that the quadruple P’ = (P, Q’, F’, F") is the display of a special formal Op-module.

Theorem 4.12. Let R be a kg-algebra. We assume that the nilradical of R is a nilpotent ideal.
Let C. g be the category of r-special formal Op-modules, and let Co r the category of special
formal Op-modules (Definition 4.1).

The construction P +— P’ is an equivalence of categories

Cr.r — Co.r. (4.12)

Proof. We begin with the case S = Spec k, where k is a perfect field. Let the covariant Dieudonné

Mx be identified with P. In this case (4.10) is equivalent with
71_(L¢0+1M¢07X CVMwoa,X C %0 MwO’ (4 13)
VMwa,X = Wawa’X for ’g/J 75 1/)0. '

We define
V =g~ %V MwaX — M¢7X
F' = T EF: Mw7X — M¢U7X .
Then the Dieudonné module (Mx, F', V') corresponds to the display above. From this we see
that P’ is the Dieudonné module of a special formal Op-module. Indeed, by the remark after
(3.22) we need only to verify (R,) (3.11) for P’. But this follows easily from (3.19) and (4.13).

If conversely (M, F’, V') is the Dieudonné module of a special formal Op-module, then we
find

(4.14)

F/M¢07X Cﬂ'e_leog’X, F/Mw’X C 7T6M¢U)X, fOI"lp 75’(/J0
This follows because V' My, = My, for 1 # ¢y and My, /V' My, is annihilated by =. Therefore
the formulas V = 7%V’ and F = 7~ % F’ define a Dieudonné module structure on M such that
(4.13) is satisfied. This shows that (M, F,V) is the Dieudonné module of an r-special formal
Op-module. This proves the theorem in the case of a perfect field.

In the general case we need first to verify that P’ is a display. The only non-trivial property
is that F” is a Frobenius-linear epimorphism. To show this, we take locally on Spec R a normal
decomposition of P’ and consider the matrix of F’ @ F’. We have to show that the image of
the determinant of this matrix in R is a unit. But this property follows since we know it for
a perfect field. The same argument shows that P’ is nilpotent. Therefore we have defined a
functor (4.12).

We construct first a quasi-inverse functor in the case that the ring R is reduced. Let P’ be
the display of a special formal Op-module. We note that P’/IP’ is a locally free Op ® R module
of rank 1. In particular, it has a filtration by direct summands as R-modules,

0==%(P,/IP),) C n*~(P,/IP)) C ... C w(P}/IP)}) C P,/IP,,

The multiplication by 7 gives an isomorphism between the subquotients of this filtration.

If we have a direct R-module summand L C P,,/IP), such that n(P},/IP}) C L C P}/IP,
we obtain therefore a direct R-module summand 7! (P} /IP,)) C 7% L C n% P} /TP),.

This gives the possibility to invert our construction P — P’. We set P = P’. We note that
@y, = Py, if 1 # 1. We set in general

Qp =1 Qy + IPy. (4.15)
We want to define F and F by the formulas
szﬂ-*a’/’F{W Fw:WiawFYb.

We note that F,Q;, = pFl’pQ;} This implies for ¢ # 1o that Fy, Py C 7Py, From 7P, C Q,
we conclude that Fy, Py, C 7' Py,,. Since R is reduced, 7 operates injectively on W (R) and
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therefore the definition of Fy, makes sense. From (4.15) we see that also the definition of F
makes sense. We have to show that P = (P, Q, F, F ) is indeed a display. But this follows from
the case of a perfect field treated above.

Now we treat the case of a nonreduced ring R. We assume that we have a divided power
thickening R — S, and that the theorem is already known for S. We denote by X an r-special
formal Op-module over S, and by X’ the corresponding special formal Op-module over S. We
show that our functor gives a bijection between the liftings of X to an r-special formal Op-
module over R and the liftings of X’ to a special formal Op-module over R. This will prove the
theorem by induction. By Grothendieck-Messing, the liftings of X correspond to liftings of the
Hodge-filtration,

]D)(X)Rﬂp —_— Lw

l l (4.16)

D(X)S#, —_— Lied,X .
If 1) # 1)o we have no choice for L,, because the Proposition 4.6 requires L = D(X) gy /7**D(X) R,y
As a special case this holds also for X’. Now let ¢ = v)y. Let Qr and Qs the kernels of the two
horizontal maps in (4.16). Then we have 7**D(X)g.y D Qr D 7**T'D(X)g,y. We replace Qr
by Q% := 7% @Qg. This makes sense because we have a bijection

D(X) R,y /TD(X) R,y T 7D(X) Ry /7 T D(X) gy

Then L' = D(X)ry/Q% is a lifting of Lie, X’ which defines a lifting of the special formal
Op-module X’. This sets up the desired bijection of liftings. O

Corollary 4.13. Let k be an algebraically closed field which is at the same time a kg-algebra.
Any two r-special formal Op-modules over k are isogenous by a Op-linear isogeny.

Proof. By Theorem 4.12; we are reduced to the case of special formal Op-modules, i.e., the case
r =r°. In this case, the assertion follows from [5], §2, comp. [3], Prop. 5.2. O

Let E the completion of the maximal unramified extension of E. Its residue class field k is an
algebraic closure of k. We fix an r-special formal Op-module (X, tx) over k (a framing object).

Definition 4.14. We define the set-valued functor M, on the category of O z-schemes as fol-
lows'. Then M, associates to scheme S € (Sch/O) the set of isomorphism classes of triples
(X,t,p). Here (X,¢) is an r-special formal Op-module over S, and p : X Xgpeco, Speck —
X Xgpeck S 18 a Op-linear isogeny of height zero.

We write M, for the restriction of this functor to k-schemes S. Theorem 4.12 now implies
the following corollary.

Corollary 4.15. The functor M, is representable by a scheme over k which is isomorphic to
M. Hence there is an isomorphism M, ~ Q" Qo k.

Proof. The isomorphism ﬂf M., follows from Theorem 4.12. The last assertion follows from
[5], which also implies that M. is a scheme. O

5. THE LOCAL MODEL

In this section we consider the local structure of the formal scheme M, (Definition 4.14). By
the general theory [16], this comes down to considering the local model of M,.. Let us define it.

Recall that D is the central divison algebra with invariant 1/n over F. Let V be a D-vector
space of dimension 1 and let A be an Op-lattice in V.

The local model in question represents the following functor on (Sch/Og):

M.,.(S) = {F C A ®z, Os | Op-stable Og-submodule, locally on S a direct summand,
such that (A ®z, Og)/F satisfies conditions (R,.) and (E,)}.

Iwe will prove in Proposition 5.8 that this definition coincides with the one in section 2.
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Lemma 5.1. The functor M, is representable by a projective scheme over Spec Og. The geo-
metric generic fiber is isomorphic to P" 1.

Let S be an E-scheme. Consider a Os-submodule F C A ®z, Og which is locally a direct
summand and which is Op-stable. Then (A®z, Og)/F satisfies conditions (R..) and (E,) if and
only if it satisfies the condition (K,.).

Proof. The first assertion is obvious since the rank condition is a closed condition, cf. the remark
after Definition 3.3.

The implication “ =-" in the last assertion follows as in Proposition 4.5. To show the converse,
let £ be an algebraic closure of E, and let R be an E-algebra and S = Spec R. Let F be a direct
summand of A ®z, R that is Op-stable and such that (A ®z, Og)/F satisfies (K,). There are
decompositions

A®ZPR:@WA@, ]-“:EB@}"W

where ¢ runs through the embeddings of F into E. Here O acts on the summand corresponding
to ¢ via ¢ : F — E — R. Each summand is stable under the action of D. The condition (K, )
just says that rank A,/F, = nry, in which case A,/F, is locally on S isomorphic to the
direct sum of 7, copies of the simple representation F"™ ®, R of D ®p, R ~ M,(R). On
the summand A, /F,, «(7) acts as () Idz,. Let ¢ = ¢o. It then follows that Qa, (¢(7))
annihilates all summands A,/F,, for those ¢ with ¢, = 1o and ¢ # o, and Qa, (¢(7))
induces an isomorphism on A, /F,,, which implies the second Eisenstein condition. The first
and third Eisenstein conditions are proved in an analogous way.

For ¢ with | , # 1o, the subspace F, is trivial, i.e., either equal to (0) or to A,. On the
other hand, using Morita equivalence, the M,, (R)-stable summand F,, of A, corresponds to a
hyperplane of F" ®p , R. It now follows that the geometric generic fiber of M, is isomorphic
to the projective space of lines in E™, i.e., to P"~! (Grothendieck’s convention). O

The geometric special fiber M, = M, ®0p k can be described as follows. Let Wy = A®o,., 4 k,
an en’-dimensional vector space with its endomorphism IT = ¢(II). Let S = Spec R, for a k-
algebra R, and let (F,)ycw be a point in M,.(S). Let first ¢ # 1. By the third Eisenstein
condition, Fy is a direct summand of rank (e —ay)n? containing the image of I1%*™. Since these
two submodules are direct summands of the same rank, they are equal.

Now let ¢ = 1)y, and set Wy = Wy, and ag = ay,. Then, due to the action of Oy, we obtain
a Z/n-grading

Wo = @kez/n Wo.k, (5.1)

and II is an endomorphism of degree one. Forgetting the subspaces Fy with 1 # 1y, we have
an identification

M,.(S) = {Fo C Wy®j0g | Il-stable graded direct summand,
rank (Wo . s/Fox) = aon+1,Vk € Z/n, and 1') and 2')}.

Here we have set Wy g = Wy ®z; Og and Wy 5,5 = Wy ®7 Og, and 1’) and 2') are as follows:

V) 1ot hn|(Wy o /Fy) =0
n+1 (52)
2') N\ (I%"|(Wo,s/F0)) = 0.

Of course, we have used here (3.22).

Let us now apply Lemma 4.10 to the Og-dual W5 g its endomorphism f induced by (IT*)2o™
and its submodule V' = (Wp,s/F0)*, in which case rank W ¢ = en?, and rank V = (agn + 1)n,
and 7 = agn?, and s = n. We conclude that Ker(IT*)%" ®; Og C V. Translated back into Fo,
we obtain a chain of inclusions of direct summands of Wy g,

Im(I1(% ") @: Og € Fy € Im (%) ®; O . (5.3)

In the Drinfeld case r = r° we have ag = 0. Let us write M° for M.
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Let us identify Im IT(®0+1n /Tm I1%" with W, /TIW,. Associating now to an S-valued point
Fo of M, the locally direct summand

Fo/ Im(I1@+Hm) @ Og € (ImT1%"/ Im T+ D) @7 Og = (A @00 k) @5 Os

we have obtained an S-valued point of the local model M?, more precisely of M° ® p,4, O ®0, k-
Letting S vary, this induces obviously an isomorphism of schemes over k,

M, ®o, k ~M° ®0, k. (5.4)
Therefore we obtain from the Drinfeld case:

Corollary 5.2. The geometric special fiber M, @0, k is a reduced scheme, which has n irreducible
components, all of which have dimension n — 1. Furthermore, the local rings of closed points of
M, ®o, k are isomorphic to localizations in closed points of the k-algebra k[ X1, ..., X,]/(X1 -

o Xn). O

Remark 5.3. We point out that M° coincides with the standard local model for the triple
(G,{u}, K) consisting of GLy, and ji(; -1y and the Iwahori subgroup, after extension of scalars
to Spec Oy, cf. [7], comp. also [15, 16].

Corollary 5.4. M, is flat over Og.

Proof. Since the special fiber is reduced, it suffices by [8], Prop. 14.16 to show that a generic
point of an irreducible component of the special fiber is in the closure of the general fibre. Since
the general fiber and the special fibre of Ml,. have the same dimension n — 1 and since M, is
proper it follows that at least one irreducible component of the special fiber is contained in the
closure of the generic fiber. The claim therefore follows from the following lemma. O

Lemma 5.5. There is an action of Z/n on M, ®o0y O, which induces a transitive action on
the set of irreducible components of M, ®o,, k.

Proof. The action is given by sending F = BjeiFy to F' with

(]:/)1[):]:1[) ’L/NJE\i/

T

Here 7 is taken from the presentation of Op in (3.3). Indeed, since the Op-structure of (A ®z,
Os)/F' coincides with that of (A ®z, Og)/F, the Eisenstein conditions are satisfied for (A ®z,
Og)/F', since they are satisfied for (A ®z, Og)/F. On the other hand, for any 1 € W,

rank(F'),, = Z rank(F') ; = Z rank F;_ = Z rank F; = ry.
peTy, PeTy, PeTy,
Therefore, F' also satisfies the condition (R..).
That the action of Z/n on the set of irreducible components of M, ®0,, k is transitive, follows
from the corresponding fact for M° (the Drinfeld case) (the isomorphism (5.4) is obviously
equivariant for the action of Z/n). O

Corollary 5.6. The scheme M, is normal.

Proof. Indeed, M., is flat over Og, with normal generic fiber (even regular, cf. Lemma 5.1), and
reduced special fiber. These properties imply that M, is normal, cf. [17], Prop. 9.2. ([

Remark 5.7. If the Conjecture 2.6 were true, it would follow that M, has semi-stable reduction,
in particular Ml,. would be regular. However, we are unable to prove these stronger assertions.

Let M. be the closed formal subscheme of M,. which is given by the Kottwitz condition (K, ).
By Corollary 4.7 the special fibers of M,. and M. are identical.

Proposition 5.8. The two formal schemes M,. and M;. are identical. Both are p-adic and flat
over Spf O, with special fiber M, Xspro, Speck a reduced scheme. All their completed local
rings are normal.
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Proof. We use the local model diagram

M, M,

)

where I\7JIT denotes the formal completion of M, Xgpec 0, Spec O along its special fiber. Here

M, and the morphism ¢ is obtained from M, by adding to (X,¢,p) an Op ®z, Og-linear
isomorphism with the value at S of the covariant crystal associated to X,

a: A @z, Og — D(X)g

The morphism v associates to (X,,p,«) the submodule F = a~!(Ker(D(X) — Lie X)) of
A ®z, Os. The theory of local models [18] tells us that the completed local ring of a point
x € M, is isomorphic to the completed local ring of (&), where Z is any point of M, mapping
under ¢ to . Hence all completed local rings of points of M, are isomorphic to completed rings
of points of M, Xgpec 05 Spec Op. Hence by Corollaries 5.4 and 5.2, the formal scheme M, is
flat over Spf Oj with all completed local rings normal. That M, xspro, Speck is a reduced
scheme follows from Corollary 4.15. Now the equality of M/ and M, follows from Proposition
4.5. O

Corollary 5.9. The definition of M, is independent of the choice of the uniformizer m of Op.

Proof. Consider the formal scheme N, that represents the moduli problem where the Kottwitz
condition (K, ) is imposed but the Eisenstein conditions (E,) are dropped. Let 7 be another
uniformizer, and let M, be the corresponding formal scheme defined using the Eisenstein con-
dition for 7 instead of 7. What has to be shown is that the formal subschemes M, and M, of
N are identical. Let N, be the local model corresponding to N,.; then the local models M, and
M, of M, and M, are closed subschemes of N,. It suffices to prove that M, = M,. But by
Lemma 5.1 the generic fibers of N,., Ml,. and M, all coincide and, by Corollary 5.4, M, and M,
are equal to the flat closure of the generic fiber inside N;..

O

6. THE GENERIC FIBER (AFTER SCHOLZE)

In this section, we prove the last point in Theorem 2.8, in the following form. For convenience,
we introduce for a function r: ¢ +— r, the formal scheme M, over SpfO ; that represents the
same moduli problem as M,., except that we drop the condition that the height of p be zero.
Then our original formal scheme M, is an open and closed formal subscheme of M,..

Let r° be the Drinfeld function, i. e., 75, = 0,V # ¢o. We write M° = M,eo.

We will prove the following theorern

Theorem 6.1. There is an isomorphism of adic spaces over Spa(l:], Og),
(Mr)ad ~ (Mo@oﬁoé)ad

This theorem implies the last point in Theorem 2.8. Indeed, passing to the open and closed
sublocus where the universal quasi-isogeny o has height zero, we obtain a similar isomorphism
when M, is replaced by M, and M° by M° (the proof of Theorem 6.1 will show that the
isomorphism in question is compatible with the decompositions according to the height). Since
by Drinfeld’s theorem (M°)%4 ~ Q% we deduce the desired isomorphism

(M)~ Qp @p B = (Qr @0, 03)*.

In the proof of Theorem 6.1, we will use the following notation. We denote by (X, tx) the framing
object for the moduli problem M,.. Let M (X)q, be its rational Diendonné module.

Let V be a free D-module of rank one, and let A be an Op-lattice in V. Let G = GLp(V),
considered as a linear algebraic group over Q,. The function r defines a G-homogeneous pro-
jective variety F over E. If R is a @p—algebra, then F(R) parametrizes D-linear surjective
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homomorphisms into locally free R-modules
V&g, R — F

such that under the decomposition F = @¢ F,, we have rank(F,) = ryn. In other words, F
coincides with the generic fiber of the local model, M, Xgpec 0, Spec E, cf. Lemma 5.1.

Let Ky C G(Qp) be the stabilizer of the lattice A. For any open subgroup K C Ky, we
obtain the corresponding member Mg of the RZ-tower over (/\;lr)ad. These coverings of (/\;lr)“d
parametrize level- K-structures on the universal object X/ M,,

a:A— T(X) modK.

We denote by
T Mg — (f@EE)ad

the crystalline period maps, which are compatible with changes in K.
In [19] Scholze and Weinstein define a preperfectoid space M, by imposing a full level struc-
ture on T(X). In particular, there is a morphism

Moo — lim M ,

which induces a bijection for any algebraically closed extension C' of Q, which is complete for a
p-adic valuation,

Moo(C) = lim M (C) .

We denote by 7 : My — (F Qp E‘)“d the induced period mapping. In [19], the following
description of M, (C) is given. Let O¢ be the ring of integers in C.

Let B, = Acis(Oc/p) ®z, Q, be Fontaine’s ring attached to C. The Fargues-Fontaine
curve? is defined as Y = Proj P, where P is the graded ring

—pd
P:@(B;is)d)_p .

d>0
Then Y is a connected separated regular noetherian scheme of dimension 1, equipped with the
point co € Y corresponding to Fontaine’s homomorphism

6: BT

cris

— C.

In [19] appears a description of p-divisible groups X over O¢, in terms of two vector bundles, £
and F. Here

o F=T ®Zp Oy,
e & corresponds to the graded P-module @dzo(MQp)d’:de.

Here T' = T(X) denotes the Tate module of the generic fibre of X, and Mg, = M(X)q, the
rational Diendonné module of the reduction modulo p of X.

We now apply this description to the fibers of the universal p-divisible group X at points of
M. (C), noting that the universal full level structure induces an isomorphism 7'(X) = A, and
the universal quasi-isogeny an isomorphism of Dieudonné modules M (X)q, = M (X)q, ®g, BI,.
Accordingly we set F = A @z, Oy, and let £ correspond to the graded module

— d+1
PMEE" ) ®g, B
d>0

We also fix a D-linear isomorphism M (X)q, = V ®q, @p. The Scholze-Weinstein description
therefore implies the following fact, cf. [19], Cor. 6.3.10 (and its extension to the EL-case in
Thim. 6.5.4).

2The Fargues-Fontaine curve is usually denoted by X; since this notation is already in use for the universal
p-divisible group, we use the notation Y instead.
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Theorem 6.2. There is an identification of M (C) with the set of injective D-linear homo-
morphisms of vector bundles on'Y,

f:F—¢&
such that supp(Cokerf) = {oo} and such that my o kills Cokerf and such that the induced
surjective map

€ ®ox... € =MX)q, ®g, C =V ®q, C #I5 Coker f
defines a point in F(C). Furthermore, the period morphism T, sends the point corresponding
to f to [V ©q, C L Cokerf].

It will be convenient to reformulate this last description. Let Yp =Y Xgpecq, Spec F'. This
is a finite étale cover ¥ : Yr — X of degree d, and the fiber ¢»~!({oo}) can be identified with
{o0p | : F — (@p}. Since the vector bundles F and £ are equipped with F-actions, they are
of the form F = ¢, (Fr) and € = 1. (Er), with vector bundles Fr and Ep over Yp.

Corollary 6.3. There is a natural identification of M (C) with the set of D-linear injective
morphisms of vector bundles on Yr,
fr:Fr —E&p,
such that supp Coker fr C ¢~ ({oc}), with Coker fr killed by wy,. Vo, and such that
dim¢g(Coker fr)oo, =74 -1, V.
Furthermore, the period morphism T, sends the point corresponding to fr to the family of

surjections [Er ®yy oo, C =V @F,, C — (Cokerfr), ], considered as a point in F(C).

Now we compare the previous descriptions for the given function r, and for the Drinfeld func-
tion r°. Let X° denote the framing object for M,... Then we may choose D-linear isomorphisms

V ®q, Qp = M(X%)q, = M(X)g, =V ©g, Q
such that for the respective Frobenius endomorphisms
F=x".F°,
where
m=#{p|ry, =n}.
For the corresponding vector bundles on Y, we get
Er=E&p ®ox, L™,
where L is the line bundle on Yz corresponding to the graded module
D g, BL)" "
d>0
We have a natural identification
Fr=A®o, Oy, = Fp.
On the other hand, we have a natural identification
F=F@rFE.

Here, for a Q,-algebra R, a point [V ®g, R — F| = [{V @r, R — F, | ¢}] of F is sent to
{V ®rp R — Fo}, with

Fo — ‘7:900 if o = o
i Fo=Vor, R if o # g .

We point out that, by Morita equivalence, F° = P’}_l.
Lemma 6.4. For a given @, there exists a global section

LT, e T(Yr,L) = (F ®q, BL)?~"

cris
such that LT, vanishes to first order at oo, and is non-vanishing at all other points. Further-
more, LT, is unique up to F*.
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Proof. The homomorphism LT, : Oy, — L corresponds in the Scholze-Weinstein description
to the Lubin-Tate formal group corresponding to (F, ¢, 7). O

Lemma 6.5. Leti: Gp — Ep be the injection of vector bundles on Yr,

Gr={z€ép|z=0 modoo,, Yy withr, =n}.
Then the map x —— x - Il =ny LT, defines an isomorphism Ep ~ Gp.
Proof. The map

— LT,
v, P

obviously identifies £3 with a subbundle of Gp. Comparing the degrees of £ and G, the result
follows. (There is a formalism of degrees of vector bundles on Y resembling the usual theory
over smooth projective curves.) (]

Proposition 6.6. Under the identification £ = Gp, the map sending fp € Hom(Fg, Ex) to
fr =io fp € Hom(Fp,Ep) defines a bijection M2 (C) = Mo (C) which commutes with the
period map TS, reSp. Too, to F°(C) = F(C)

[oop)

Proof. 1t is clear that Coker f has support in {co,,} U {oo, | r, = n}, and that for ¢ with
Ty = n, one has that (Coker fz)oor = EF ®oy, 00, C. Conversely, any fr € Mo (C) has to
factor through Gr and has the correct cokernel at co,,. The assertion regarding the period map
is obvious from the way that F(C) is identified with F°(C). O

Corollary 6.7. Under the identification F*¢ = (F°@pE)®, the images of the period morphisms
Too and 5, @ E, coincide.

Proof. All maps are partially proper [6], hence it suffices to prove for all algebraically closed
complete extensions C' of Q, that

Im 75 (C) = Im 75, (C) .
This follows from the previous proposition. (|

Proof of Theorem 6.1. We need to construct an isomorphism

My, ~ My, ®5 E.
It suffices to construct the isomorphism on the open and closed subloci M([?O), resp. M%?),
where the height of p is a fixed integer n. But the fibers of the period morphisms 7g,, resp.

7%, through MY, resp. M3, can both be identified with G(Q,)°/Ky, where under the
identification G(Q,) = D>, we have

G(Qp)° ={z € D* | orddetz = 0}.

Since Ky = G(Qp)°, the period maps identify M(I?O) and M;((gl) with open adic subsets of (F ®g
E)* = (F° @p E)*. The assertion therefore follows from Corollary 6.7. O

7. THE UNRAMIFIED CASE

In this section we prove Theorem 2.7. Hence in this section F'/Q, is unramified. Since we
fixed an embedding g : F' — Q,, we may identify

Homg, (F,Q,) = {c | i € Z/d}.
In particular, £ = F, via ¢y. We abbreviate
T8 = Tpgooi » € L[,
Let S be a Op-scheme, such that p is nilpotent on .S. We have a decomposition

Or ©z, 0s = P Os,

i€z/d
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where the action of O on the i-th summand is via o®. If (X,) is a formal Op-module over S,
we correspondingly obtain a decomposition,
Lie X = @ Lie; X,
i€Z/d
where t € Lie; X iff o(2)(t) = o%(x)t, Vo € Op.
Lemma 7.1. The condition (R,.) implies the conditions (K,.) and (E,).

Proof. For the implication (R,) = (E,), we refer to Remarks 3.9, (iii). The condition (D,)
implies (K,.) by Proposition 5.8. O

We will now consider the display of X. To simplify the notation, we assume that S = Spec R,
where R is an Op-algebra. Let W(Op) be the ring of Witt vectors of Op, and define a ring
homomorphism by

A:Op — W(OFr), wn(A(z))=0cm(x).
Then ) is Frobenius equivariant, i.e., A(o(z)) =F(A(z)). For a Op-algebra R, we obtain
\:Op — W(Op) — W(R).
Let »
AD = Xog' =FoX: Op — W(R).
Let P = (P,Q, F, F) be the display of X over R. Hence P is a finitely generated projective
W (R)-module, and @ is submodule of P, and

F:P—P,F:Q—P.

The action of Op on P defines decompositions,

P= @ Pl ) Q = @ Q’L )
where Op acts on the i-th summand via A(®. With respect to this Z/d-grading, the operators
F and F are of degree 1,
FIPZ'—>P1'+17 F:Qi—>Pi+1.
Then rank P; = n?, Vi, by Proposition 4.3. The rank condition says:
Py/Qq is a locally free R—module of rank n
Pi=Qiifri=0, Ig-P=0Qiifri=n.
We choose a normal decomposition,
Pl' :Ti@Li,fOI‘ all 7.
Then
FeF:T,®L, — P
is a F-linear isomorphism, for all i. Let i # 0. When 7; = 0, then P; = Q; and we obtain an
isomorphism

F# . W(R) QF,W(R) P — Py (7.2)
When r; = n, then L; = (0), and we obtain an isomorphism
F#* :W(R) ®pwr) Pi — Piy1. (7.3)

a . .
We now define ¥ -linear homomorphisms,

FA PP Ry, EEQEY —

rel * rel
as compositions,

d # d—
L pe) B peth =, = p) _=ipy
resp.
. d d—
Bt Qi) — pTD = =P =py.

rel *
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Here the isomorphisms in the last two lines are either (7.2) or (7.3). We note that P, is a
finitely generated projective W (R)-module, that Qg is a submodule and Fy¢ and F satisfy the
following relations,
d—
rel( EI) =F f'Frel(@, JZEPQ.
p'Frel(y):Frel(y)» Y€ Qo.

Indeed, the first identity reflects the F-linearity of F,e; the second identity comes from the fact
that a similar identity holds for F' and F. The quadruple (Py, Qo, Frel, Frel) is a d-display in the
following sense:

(7.4)

Definition 7.2. Let d > 1 be a natural number. Let R be a ring such that p is a nilpotent in
R. An d-display over R is a quadruple (P,Q, F, F), where P is a finitely generated projective
W(R)-module, @ a submodule of P and F : P — @ and F:Q — P are F* Jinear maps such
that the following properties are satisfied:

(1) IgrP C Q, and P/Q is a direct summand of the R-module P/IrP.
(2) The linearization of F',
Fﬁ : W(R) ®F‘1,W(R) Q — P
is surjective.
(3) For x € P and w € W(R),
F(wz) =" wF(z).

We will now use the theory of relative Witt vectors and relative displays. We denote by ¢ = p?
the number of elements in the residue class field x of Or. Also, when we use O as a subscript,
we simply write O. For an Op-algebra R, we denote by Wy (R) the ring of relative Witt vectors
defined by the Witt polynomials

w;(f’foa e 7:1771) = xgn +pz?n71 + e +pnxn
We have a canonical morphism u : W(R) — Wy (R) such that
d ’
u(" &) ="u(€)
/ d—1
u(Ve) =" (u(™ 7 9)),

cf. [5], Prop. 1.2. Here we denoted by a prime the operators on Wo (R).

We now show how to associate to (Py, Qo, re],Frel) a relative display (P',Q’, F’ F’) with
respect to Wy (R) (replace the Witt vectors by the relative Witt vectors in the definition of a
display).

We set

=Wo(R) @u,wr) Po

Q' =Ker (WO(R) Quw(r) Po — PO/QO) .

Here the last homomorphism is given by the composition
Wo(R) ®@u,wr)y Po —Wo(R)/Io(R) @uwr) Po = R®uwr) Po
=P/I(R)Py — Py/Qo -
F' =F'@Fqg:P — P'.

Note that this makes sense because of (7.4), and defines a ¥’ *_linear endomorphism of P’. It
remains to define F’ : Q) — P’ with the following properties,

F'(Ver) =€ F'(x), ze P
Fl(f®y) F£®Frcd( ), yGQ

More precisely, consider the normal decomposition Py = Ty @ Lg. Then

Q' = (Io(R) @w(r) To) ® (Wo(R) @w(r) Lo) -

(7.5)
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We define F” on the first, resp. second summand by
F'(VE@ty) = €@ Fralto), to€Ty
F'e®l) =F'¢® Fa(lo), lo€ Lo.
Claim: The identities (7.5) are satisfied.
We start with the second identity. Let
y=""n-to+1lo ,to€ Ty lo€ L.
For the second summand, the identity to be checked is the definition of F’'. So we may take
lp = 0. Now
gV to=¢ u(n @ty =¢Vu™ n) @t
=V u("T ) @t
Hence the LHS of the identity to be checked is

F'(¢® Vito) =T (™ 1) ® Falto)
’ d—
:F g ®F 177 : Frel<t0)
:F,é. & Frel(V;? tO) 3

where in the last equation we used (7.4). The second identity of (7.5) is proved.
Now we check the first identity. It suffices to check that

F/(VE@x):g@Frel(x), IEGP().
If x =ty € Tp, this holds by definition. Let z = Iy € Lg. Then

F'(Ve®1o) = pt @ Fra(lo) = £ @ pFra(lo)
= 5 X Frel(lo) s

where in the last equation we used (7.4).

We now have checked that (P’,Q’, F’, F') is a relative display relative to Op. By functoriality
this relative display has an Op-action. Its Lie algebra P’/Q’ coincides with Lieg X = Py/Qo.
Therefore the action of Op on P’/Q’ is special in the sense of Drinfeld (satisfies condition (R;o)),
i.e., we are in the case of Proposition 3.6. This implies automatically that the relative display is
nilpotent.

Let R be an Op-algebra where R is a nilpotent ideal. By a theorem of Ahsendorf [1],
Thm. 5.3.8, there is an equivalence of categories between the category of p-divisible formal
Op-modules over R and the category of nilpotent relative displays (this holds even without
the hypothesis that F//Q, is unramified). We therefore obtain a formal Op-module X’ over
S = Spec R, which is a special formal Op-module because Lie X’ = P'/Q’.

Applying the above construction to the framing object (X, tx), we obtain a special formal
Op-module (X', 1x/) that we use as a framing object for the Drinfeld functor M,.. Since the
above construction is functorial in S, we obtain a morphism of formal schemes over Spf O,

Mr — MTO . (76)

Theorem 7.3. The morphism (7.6) is an isomorphism. In particular, there is an isomorphism
of formal schemes over Spf O,

M, =~ Q%&0,0; .

Proof. Let R be a rkp-algebra. We have (compare (4.11)) described a functor P — P’ which
associates to the display of a formal Op-module with condition (D,.) the display of a special
formal Op-module with condition (D,.). In the unramified case we take m = p. Since ay = 0
or 1, we see that

Fé) = F¢, or Fq’/[} :pFw = Fﬂl'
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Therefore starting from P or P’ the construction (7.4) yields the same d-display. Therefore over
kr the functor morphism (7.6) factors

M, ®0p kF —> Mye @0 kF —> Mo Q0 KF,
The first morphism is given by Theorem 4.12 and the second morphism is defined by associating
to a display of a formal Op-module satisfying (D,.o) the display relative to Op. Therfore the last
morphism is the identity. Since the first arrow is an isomorphism by Theorem 4.12, we deduce

that (7.6) is an isomorphism over kp. But since both schemes are flat by Proposition 5.8, it is
an isomorphism. O

The only thing we use of Ahsendorf’s work is: to each relative display P’ there is a formal
group BT (P’). Let X be a formal Op-module satisfying (D, ). Let P be the display of X. Let
P’ be the relative display given by construction (7.5). Then BT(P’) is canonically isomorphic
to X.

8. THE LUBIN-TATE MODULI PROBLEM

In this section we sketch that a modification of our method is applicable to a variant of the
Lubin-Tate moduli problem. Let again F' be an extension of degree d of Q,. We again fix an
embedding ¢o : F — Q,. We also fix an integer n > 2, and function r : ® — Zx( with the
same properties as in (2.1). Let E be the corresponding reflex field.

Let S be an Og-scheme. Let (£,:) be a locally free Og-module of finite rank with an action
by Op. We say that (L£,:) is an Op-module over S.

Let E be the normal closure of E. Then each ¢ € ® factors through ¢ : Op — Of. The
induced homomorphism Of ®z, O — O defines a map

Nmy, : V(Or)o, — Ao -
We set Nm,. = [[, Nmg#, comp. (3.6). This is a polynomial function defined over Og:
Nm, : V(Or)o, — AloE

We use the notations VU, a,, from (2.3). For an Og-module £ we have a natural decomposition

L=@p Ly

PYeY
We say that (£, ) satifies the rank condition (RE) if
rankog Ly, = ay,n + 1, rankog Ly = ayn, fory # 1. (8.1)

This implies rankog £ = >_ 4 p- With the notations (2.8) we introduce the Eisenstein condi-
tions (EL) (compare Definition 3.8):

((Qo- Qayy)(m)|Lyy) = 0,
A (@Qay, (M) Ly,)) = 0, (8.2)
(Qa, ((m))|Ly) = 0, fort# to.

We say that £ satisfies (LT,) if (RY) and (EL) are satisfied.
We say that an Op-module (£, 1) over an Og-scheme S satisfies the Kottwitz condition (KI')
if
Nm, = Nm,., (8.3)
an equality of two morphisms from V(OFp) Xgpecz, S to Ag. The condition is equivalent to the
identity of polynomials with coefficients in Og,

char («(z) | £) = H(p(T —(x))"*, Vz € Op, (8.4)

cf. Remark 3.2.

We will consider p-divisible groups X of height nd over Og-schemes S with an action ¢ :
Orp — End(X). We assume that the action on Lie X satisfies the condition (LT,). We will
also say that X is of type r.
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Let us assume that S = Speck is the spectrum of a perfect field of characteristic p. Let M
be the Dieudonné module of X. We obtain a decomposition

M= My,

where M, is a free W (k)-module of rank n[F : F*]. By the condition (LT,) we find (compare
Proposition 4.6):

7Taw0+1M¢0 - Vv]\4m¢,0 C %o My,
V Mgy = % My, for ¥ #£ 1.

If we replace (M, F, V) by (M, ®n% F,®n~% V), we obtain a Dieudonné module of a p-divisible
group Y of type r° for the Drinfeld function r°. We see that X is a formal p-divisible group if
and only if Y is. Then (Y,¢) is of Lubin-Tate type, cf [5], i.e., Y is a strict formal Op-module
of dimension one and Op-height n. We conclude that over an algebraically closed field k there
is up to isomorphism a unique formal p-divisible group (X, ) of type 7.

In general we say that (X,¢) over a scheme S is a Lubin-Tate group of type r if it is a formal
p-divisible group of height nd such that the action of O on Lie X satisfies (LT,.).

From the case r = r° we deduce:

Proposition 8.1. Any Lubin-Tate group (X, i) of type r over k is isoclinic. Any two Lubin-
Tate groups of type r over k are isomorphic. Any Op-linear quasi-isogeny of height zero between
Lubin-Tate groups of type r is an isomorphism.

More generally the proof of Theorem 4.12 shows the following fact.

Proposition 8.2. Let S be a k-scheme. Then there is an equivalence between the category of
Lubin-Tate groups of type r and the category of Lubin-Tate groups of type r°. (I

We fix a Lubin-Tate group (X, ux) of type r over the residue class field k of Q,. It is unique
up to isomorphism. We may therefore define a functor ME" on NilpOE. Namely, fixing a framing
object (X, ix) over k, MI associates to S € Nilpg  the set of isomorphism classes of triples
(X, 1, p) where (X,¢) is a Lubin-Tate group of type r over S and p : X xg 8 — X Xg .5 S is
an Op-linear quasi-isogeny of height zero. The formal scheme representing this functor will be
denoted by the same symbol.

The main theorem in this section is the following.

Theorem 8.3. The formal scheme ML is isomorphic to Spf Og[[t1, -+ ,tn—1]]. In particular a
Lubin-Tate group of type r satisfies the Kottwitz condition (KI').

We will show now how this follows from the results of previous sections. The Kottwitz
condition follows as in the proof of Proposition 4.5. We first note the following consequence of
Corollary 8.1.

Corollary 8.4. M (k) = {pt}, hence ML is the formal spectrum of a local O ;;-algebra R w.r.t.
1ts mazimal ideal. g

In order to complete the proof of Theorem 8.3, it remains to show that MZ is formally smooth
of relative dimension n — 1 over O . This will follow from the theory of local models.

Let V be a F-vector space of dimension n and A an Op-lattice in V. Let ML be the functor
on (Sch /Og) such that

M (S) = {F € A®z, Og | O -stable direct summand such that
(A ®z, Og)/F satisfies (R}) and (E,)}.

Then R is isomorphic to the completion of M at a point of M (k). Hence Theorem 8.3
follows from the next lemma.

Lemma 8.5. MI" is smooth of relative dimension n — 1 over Og. In fact, M ®¢,, k ~ IP’E_I.
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Proof. The last statement implies the first. Indeed, then the general and the special fibre are
smooth and irreducible of the same dimension n — 1. The flatness of M follows as in Corollary
5.4. This proves smoothness.

To study the geometric special fiber MF = M ®0,, k, we follow the method of section 5. Let

Wo = A ®0,., 4 k- Let ag = |Ay,|. Then, as in (5.2), we have an identification
MF(S) = {F, C Wy @z, Og | m-stable direct summand,
rank Wy s/Fo = apn + 1, and 1),2")}
Here we have set Wy g = Wy ®; Os and 1’) and 2') are as in (5.2), i.e.,
1) w0t |(Wys/F) =0
2') A (°|(Wo,s/Fo))  =0.
Applying Lemma 4.10, we obtain that for Fy € MF(S), there is a chain of inclusions,
Wt @ Os € Fo € W§° ®; Os,

where Wg° = Imm, resp. WSOH = Im79%*! is a k-subspace of dimension (e — ag)n, resp.
(e—ap—1)n of Wy. Associating to Fy the submodule Fy /(W™ @7 0s) of (W /Wt @; O,
we obtain a direct summand of codimension one, i.e., an S-valued point of P(W{° /W), Since
this association is functorial and bijective, the last assertion of Lemma 8.5 follows. O

REFERENCES

[1] T. Ahsendorf, O-displays and w-divisible formal O-modules, Thesis Bielefeld, 2011.

[2] T. Ahsendorf, Ch. Cheng, Th. Zink, O-displays and w-divisible formal O-modules, in preparation.

[3] J.-F. Boutot and H. Carayol, Uniformisation p-adique des courbes de Shimura: les théorémes de Cerednik
et de Drinfeld, in: Courbes modulaires et courbes de Shimura, Astérisque 196—197 (1991), 45-158.

[4] G. Chenevier, The p-adic analytic space of pseudocharacters of a profinite group and pseudorepresentations
over arbitrary rings, arXiv:0809.0415

[5] V. G. Drinfeld, Coverings of p-adic symmetric regions, Funct. Anal. Appl. 10 (1977), 29-40.

[6] L. Fargues, Cohomologie des espaces de modules de groupes p-divisibles et correspondances de Langlands
locales, in: Variétés de Shimura, espaces de Rapoport-Zink et correspondances de Langlands locales,
Astérisque 291 (2004), 1-199.

[7] U. Gortz, On the flatness of models of certain Shimura varieties of PEL type, Math. Ann. 321 (2001),
689-727.

[8] U. Gértz, T.Wedhorn, Algebraic geometry I. Schemes with examples and exercises. Advanced Lectures in
Mathematics. Vieweg + Teubner, Wiesbaden, 2010. Vieweg Verlag, Wiesbaden, 2010.

[9] Ph. Hartwig, Kottwitz-Rapoport and p-rank strata in the reduction of Shimura varieties of PEL type,
arXiv:1210.1559

[10] R. E. Kottwitz, Isocrystals with additional structure. II, Compositio Math. 109 (1997), no. 3, 255-339.

[11] S. Kudla and M. Rapoport, New cases of p-adic uniformization, arXiv:1302.3521

[12] S. Kudla and M. Rapoport, An alternative description of the Drinfeld p-adic half-plane, arXiv:1108.5713

[13] S. Kudla, M. Rapoport and Th. Zink, in preparation.

(14] E. Lau, Displays and formal p-divisible groups, Invent. Math. 171 (2008), no. 3, 617-628.

[15] G. Pappas and M. Rapoport, Local models in the ramified case. I: The EL-case, J. Alg. Geom. 12 (2003),
107-145.

[16] G. Pappas, M. Rapoport and B. Smithling, Local models of Shimura varieties, I. Geometry and combi-
natorics, in: Handbook of moduli (eds. G. Farkas and I. Morrison), vol. III, 135217, Adv. Lect. in Math.
26, International Press, 2013.

[17] G. Pappas and X. Zhu, Local models of Shimura varieties and a conjecture of Kottwitz, Inventiones math.
194 (2013), 147-254.

[18] M. Rapoport and T. Zink, Period spaces for p-divisible groups. Annals of Mathematics Studies, 141,
Princeton University Press, Princeton, 1996.

[19] P. Scholze and J. Weinstein, Moduli of p-divisible groups, Cambridge J. Math. 1, 145-237.

[20] Th. Zink, The display of a formal p-divisible group, in: Cohomologies p-adiques et applications
arithmétiques, I. Astérisque 278 (2002), 127-248.

Mathematisches Institut der Universitdt Bonn
Endenicher Allee 60

53115 Bonn, Germany.

email: rapoport@math.uni-bonn.de



30

M. RAPOPORT AND TH. ZINK

Fakultat fiir Mathematik
Universitat Bielefeld

Postfach 100131

33501 Bielefeld, Germany

email: zink@math.uni-bielefeld.de



