THE DISPLAY OF A FORMAL P-DIVISIBLE GROUP

by

Thomas Zink

Abstract. — We give a new Dieudonné theory which associates to a formal p-
divisible group X over an excellent p-adic ring R an object of linear algebra called
a display. On the display one can read off the structural equations for the Cartier
module of X, and find the crystal of Grothendieck-Messing. We give applications to
deformations of formal p-divisible groups.

Résumé (Le Display d’un Groupe Formel p-Divisible). — Nous proposons
une nouvelle théorie de Dieudonné qui associe & un groupe formel p-divisible X sur un
anneau p-adique excellent R un objet d’algebre linéaire appellé display. Sur le display
on peut lire des équations structurelles du module de Cartier de X et aussi trouver
directement le cristal de Grothendieck-Messing. Nous donnons des applications au
deformations des groupes formels p-divisibles.

Introduction

We fix throughout a prime number p. Let R be a commutative unitary ring. Let
W (R) be the ring of Witt vectors. The ring structure on W (R) is functorial in R and
has the property that the Witt polynomials are ring homomorphisms:

W, W(R) — R
n n—1
(o, Tiy...) +— xy +px  + .. +px,

Let us denote the kernel of the homomorphism wg by Iz. The Verschiebung is a
homomorphism of additive groups:

V. W(R) — W(R)

($0,...$i7...) — (0,$07...$i,...)

2000 Mathematics Subject Classification. — 141.05,14F30.
Key words and phrases. — p-divisible groups, crystalline cohomology.
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The Frobenius endomorphism ¥ : W(R) — W(R) is a ring homomorphism. The
Verschiebung and the Frobenius are functorial and satisfy the defining relations:

wo(fz) = wypi(z), for n>0
wo(Vz) = pwu_i(z), for n>0, wo( V) =0.

Moreover the following relations are satisfied:
FV=p, Y(Tey)=2"y, zyeW(R)

We note that Iz = YW(R).

Let P, and P, be W(R)—modules. An —linear homomorphism ¢ : P, — P, is
a homomorphism of abelian group which satisfies the relation ¢(wm) = Fwp(m),
where m € P, w € W(R). Let

¢ : W(R) ®pw(r) Pr — P

be the linearization of ¢. We will call ¢ an F-linear epimorphism respectively an
F_linear isomorphism if ¢? is an epimorphism respectively an isomorphism.

The central notion of these notes is that of a display. The name was suggested
by the displayed structural equations for a reduced Cartier module introduced by
Norman [N]. In this introduction we will assume that p is nilpotent in R.

Definition 1. — A 3n—display over R is a quadruple (P,Q,F,V 1), where P is a
finitely generated projective W (R)—module, Q C P is a submodule and F and V!
are ¥ —linear maps F: P — P, V~':Q — P.
The following properties are satisfied:
(i) IrP CQC P and P/Q is a direct summand of the W (R)—module P/IrP.
(i) V~':Q — Pisa -linear epimorphism.
(i) Forx € P and w € W(R), we have

V=Y Vwz) = wF.

If we set w =1 in the relation (iii) we obtain:

Fo=V~1(Viz)

One could remove F from the definition of a 3n-display. But one has to require that
the f—linear map defined by the last equation satisfies (iii).
For y € @) one obtains:

Fy=p-V'y

We note that there is no operator V. The reason why we started with V! is the
following example of a 3n-display. Let R = k be a perfect field and let M be a
Dieudonné module. It is a finitely generated free W (k)—module which is equipped
with operators F' and V. Since V is injective, there is an inverse operator V! :
VM — M. Hence one obtains a display (M,V M, F,V~1). In fact this defines an
equivalence of the category of Dieudonné modules with the category of 3n-displays
over k.
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Let us return to the general situation. The W(R)—module P always admits a
direct decomposition

P=La&T,

such that Q = L @ IgrT. We call it a normal decomposition. For a normal decompo-
sition the following map is a ¥ —linear isomorphism:

V'ieFr:LeT —P

Locally on Spec R the W(R)-modules L and T are free. Let us assume that T has
a basis ej,... ,eq and L has a basis egy1,...,ep. Then there is an invertible matrix
(a;) with coefficients in W (R), such that the following relations hold:

h
Fej:Zozijei, for j=1,...,d
i=1

h
Vﬁlej =Zaijei for j=d+1,...,h
i=1

Conversely for any invertible matrix (c;;) these relations define a 3n-display.
Let (B) the inverse matrix of (a;;). We consider the following matrix of type
(h —d) x (h — d) with coefficients in R/pR :

B = (wo(Br) modulo p)1—a1,...n

Let us denote by B(®) be the matrix obtained from B by raising all coefficients of B to
the power p. We say that the 3n—display defined by (o) satisfies the V —nilpotence
condition if there is a number N such that

B ..-B®P.p=0o.

N*l) .
The condition depends only on the display but not on the choice of the matrix.

Definition 2. — A 3n—display which locally on Spec R satisfies the V — nilpotence
condition is called a display.

The 3n-display which corresponds to a Dieudonné module M over a perfect field
k is a display, iff V is topologically nilpotent on M for the p-adic topology. In the
covariant Dieudonné theory this is also equivalent to the fact that the p—divisible
group associated to M has no étale part.

Let S be a ring such that p is nilpotent in S. Let a C S be an ideal which is
equipped with divided powers. Then it makes sense to divide the Witt polynomial
W, by p. These divided Witt polynomials define an isomorphism of additive groups:

W(a) — o
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Let a C aV¥ be the embedding via the first component. Composing this with the
isomorphism above we obtain an embedding a C W (a). In fact a is a W (.S)-submodule
of W(a), if a is considered as a W (S)-module via wy. Let R = S/a be the factor
ring. We consider a display P = (]5, Q.F, ‘7’1) over S. By base change we obtain a
display over R:

75R:,]):(P76251-717‘/71)

By definition one has P = W(R) @y () P. Let us denote by Q = W(a)P+Q C P the
inverse image of Q. Then we may extend the ooperator V- I uniquely to the domain
of definition Q, such that the condition V~"1aP = 0 is fulfilled.

Theorem 8. — With the notations above let P’ = (]5’,@'7F,V_1) be a second dis-
play over S, and P' = (P',Q’', F,V~1) the display over R obtained by base change.
Assume we are given a morphism of displays v : P — P’ over R. Then u has a
unique lifting @ to a morphism of quadruples:

@ (P,Q,F,V™Y — (P,Q,F, V).

This allows us to associate a crystal to a display: Let R be a ring, such that p
is nilpotent in R. Let P = (P,Q, F,V~1) be a display over R. Consider a surjection
S — R whose kernel a is equipped with a divided power structure. If p is nilpotent in
S we call such a surjection a pd-thickening of R. Let P = (P Q. F. V- 1) be any lifting

of the display P to S. By the theorem the module P is determined up to canonical
isomorphism by P. Hence we may define:

Dp(S) = S @w(s) P

This gives a crystal on Spec R if we sheafify the construction.

Next we construct a functor BI' from the category of 3n-displays over R to the
category of formal groups over R. A nilpotent R-algebra A is an R-algebra (without
unit), such that NV = 0 for a sufficiently big number N. Let Nilg denote the
category of nilpotent R-algebras. We will consider formal groups as functors from the
category Nilg to the category of abelian groups. Let us denote by W(J\/ ) C W(WN)
the subgroup of all Witt vectors with finitely many nonzero components. This is a
W (R)-submodule. We consider the functor G%(N) = W (N) ®w (r) P on Nilg with
values in the category of abelian groups. Let G;l be the subgroup functor which is
generated by all elements in W (N) ®@w (r) P of the following form:

Veor, £y, EeWWN), yeQ, zcP.
Then we define a map:
(1) VvV '-id:Gz' - G%

On the generators above the map V! —id acts as follows:

(V7 —id)(V¢or)=¢@Fr— Y¢®ua
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V7' —id)(¢ey) = oV ly—E¢ay

Theorem 4. — Let P = (P,Q,F, V1) be a 3n-display over R. The cokernel of the
map (1) is a formal group BI'p. Moreover one has an exact sequence of functors on
NllR

0- Gz V—5GY - Brp — 0
If N is equipped with nilpotent divided powers we define an isomorphism:
expp : N ®pr P/Q — BIp(N),

which is called the exponential map. In particular the tangent space of the formal
group BI'p is canonically identified with P/Q.

Let Er be the local Cartier ring with respect to the prime p. Then BI’p has the
following Cartier module:

M(P) =Eg @wr) P/(F®z 18 Fz,V oV ly - 1@y,

where z runs through all elements of P and y runs through all elements of @, and
( )mg indicates the submodule generated by all these elements.

Theorem 5. — Let P be a display over R. Then Bl'p is a formal p-divisible group
of height equal to rankg P.

The restriction of the functor BT to the category of displays is faithful. It is fully
faithful, if the ideal of nilpotent elements in R is a nilpotent ideal.

The following main theorem gives the comparison of our theory and the crystalline
Dieudonné theory of Grothendieck and Messing.

Theorem 6. — Let P = (P,Q, F,V~1) be a display over a ring R. Then there is a
canonical isomorphism of crystals over R:

Dp —— Dpr,

Here the right hand side is the crystal from Messing’s book [Me]. If W(R) — S is a
morphism of pd—thickenings of R, we have a canonical isomorphism

S W (R) P = Dpr,(5).

In this theorem we work with the crystalline site whose objects are pd-thickenings
S — R, such that the kernel is a nilpotent ideal. We remark that the crystal D,
is defined in [Me] only for pd-thickenings with nilpotent divided powers. But if one
deals with p-divisible groups without an étale part this restriction is not necessary
(see corollary 97 below). In particular this shows, that the formal p-divisible group
BI'p lifts to a pd-thickening S — R with a nilpotent kernel, iff the Hodge filtration
of the crystal lifts (compare [Gr] p.106).

The functor BT is compatible with duality in the following sense. Assume we are
given 3n-displays P; and P over a ring R, where p is nilpotent.
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Definition 7. — A bilinear form (, ) on the pair of 3n-displays P1, P2 is a bilinear
form of W(R)—modules:

P1 X PQ — W(R),
which satisfies

YV, Vlye) = (y1,92)  for y1 € Q1 y2 € Qo

Let us denote by Bil(Py, Ps) the abelian group of these bilinear forms. Then we
will define a homomorphism:

(2)  Bil(Py,Py) — Biext!(BIp, x Bl'p,,G,,)

Here the right hand side denotes the group of biextensions of formal groups in the
sense of Mumford [Mu].
To do this we consider the exact sequences for i = 1, 2:

-
OHG%} v—>dG%Z_ — Bl'p, — 0
To define a biextension in Biext!(BIp, x Hp27Gm), it is enough to give a pair of
bihomomorphisms (compare [Mul]):

a1 GplN) x GH (N) = G\,
az: GS (M) x GpI(N) = G,

which agree on G;ll (N) x G;; (N), if we consider G;} as a subgroup of G, via
the embedding V! — id, for i =12 To define a7 and as explicitly we use the
Artin-Hasse exponential hex : W(N) — G, (N):

ai(yi,z2) = hex(V7lyy,xy) for y16G7_,11(J\/), xQEG%Q(N)

as(z1,y2) =  —hex(zy,y2) for z1 € GH (N) w2 € GEL(N)

This completes the definition of the map (2).

Theorem 8. — Let R be a ring, such that p is nilpotent in R, and such that the ideal
of its milpotent elements is nilpotent. Let Py and Py be displays over R. Assume that
the display P2 is F'—nilpotent, i.e. there is a number r such that F" Py C IrP,. Then
the map (2) is an isomorphism.

I would expect that BI' induces an equivalence of categories over any noetherian
ring. We have the following result:

Theorem 9. — Let R be an excellent local ring or a ring such that R/pR is an
algebra of finite type over a field k. Assume that p is nilpotent in R. Then the functor
BT is an equivalence from the category of displays over R to the category of formal
p—divisible groups over R.
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We will now define the obstruction to lift a homomorphism of displays. Let S — R
be a pd-thickening. Let P; and P, be displays over S, and let P; and P, be their
reductions over R. We consider a morphism of displays @ : P; — Py. Let ¢ : P — P
the unique map which exists by theorem 3. It induces a map, which we call the
obstruction to lift ¢:

Obst g : Q1/IsPi — a®gs Pa/Q2

This morphism vanishes iff ¢ lifts to a homomorphism of displays ¢ : P; — Ps.

We will now assume that pS = 0 and that a? = 0. We equip S — R with the
trivial divided powers. Then p Obst @ = 0. Therefore pg lifts to a homomorphism of
displays 1 : P; — Ps. Let us assume moreover that we are given a second surjection
T — S with kernel b, such that b” = 0, and such that pT = 0. Let P; and P, be
two displays, which lift P; and P,. Then we give an easy formula (proposition 73),
which computes Obst v directly in terms of Obst ¢. This formula was suggested by
the work of Gross and Keating [GK], who considered one-dimensional formal groups.
We demonstrate how some of the results in [G] and [K] may be obtained from our
formula.

Finally we indicate how p-divisible groups with an étale part may be treated us-
ing displays. Let R be an artinian local ring with perfect residue class field k of
characteristic p > 0. We assume moreover that 2R = 0 if p = 2. The exact sequence

0 —— W(m) —— W(R) —— W(k) —— 0,
admits a unique section § : W (k) — W (R), which is a ring homomorphism commuting
with .
We define as above:

W(m) = {(z0,21,...) € W(m) | 2;=0 for almost all i}

Since m is a nilpotent algebra, W(m) is a subalgebra stable by F' and V. Moreover
W (m) is an ideal in W (R).

We define a subring W (R) ¢ W (R):

W(R)={¢€W(R) | &-on()eW(m)}
Again we have a split exact sequence
0 —— W(m) —— W(R) —— W(k) —— 0,

vxjith a canonical section § of m. Under the assumptions made on R the subring
W(R) C W(R) is stable by ¥ and V. Therefore we may replace in the definition of a
3n-display the ring W(R) by W(R). The resulting object will be called a Dieudonné
display over R. In a forthcoming publication we shall prove:

Theorem: Let R be an artinian local ring with perfect residue field k of charac-

teristic p > 0. We assume moreover that 2R = 0 if p = 2. Then the category of
Dieudonné displays over R is equivalent to the category of p-divisible groups over R.

I introduced displays after discussions with M.Rapoport on the work of Gross
and Keating [GK]. I thank Rapoport for his questions and comments and also for
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his constant encouragement, which made this work possible. I also thank J. de Jong,
G.Faltings, and B.Messing for helpful remarks, and O.Gabber for his helpful questions,
which he asked during lectures. The remarks of the referee helped me to correct an
error in the first version of this paper. I forgot that Messing [Me] assumes nilpotent
divided powers, which is neccesary in the presence of an étale part (see the remarks
above). I am very grateful to him. Finally I thank the organizers of the “P-adic
Semester” in Paris 1997 for giving me the possibility to present my results there. At
this time a preliminary version of this work entitled “Cartier Theory and Crystalline
Dieudonné Theory” was distributed.

Note added in March 2001: A proof of the last theorem above is given in [Z3]. The
relation of the theory of Ch. Breuil [Br] to the theory given here is explained in [Z4].
A construction of the display associated to an abelian scheme over R is given in [LZ],
by means of a de Rham-Witt complex relative to R.
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1. Displays

1.1. Generalities. — Let A and B be commutative rings and p: A — B be a
homomorphism. If N is a B—module, we denote by N, the A—module obtained by
restriction of scalars. Let M be a A—module. A p—linear map o : M — N is an
A~linear map o : M — N, It induces a B—linear map o . B ®pa M — N.
We will say that « is a p—linear isomorphism (respectively epimorphism), if o is an
isomorphism (respectively epimorphism).

Let R be a unitary commutative ring, which is a Z,-algebra. Let W(R) be the
Witt ring with respect to the prime number p. We apply the definitions above to the
case where A = B = W (R), and where p is the Frobenius endomorphism ¥ : W(R) —
W (R). (For notations concerning the Witt ring we refer to the introduction.) As an
example we consider the Verschiebung v : W(R) — W(R). It induces a W(R)—

linear isomorphism

V. W(R)[F] — Ig.

Its inverse is a ' —linear map:

vy Ir - W(R)
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This map is a ' —linear epimorphism, but it is not a  —linear isomorphism (!)
unless R is a perfect ring.

We define base change for ¥ —linear maps as follows. Let S — R be a homomor-
phism of commutative rings. Assume a : Q — P is a ' —linear homomorphism of
W (S)—modules. Then the base change ap  is

ar: W(R)®ww) Q@ — W(R)®ws) P
W T — Fuw @ alx)

We have

@®)wr) = (ar)*,

where the index W(R) is base change for linear maps.
We are now ready to define the notion of a display.

Definition 1. — A 3n—display over R is a quadrupel (P,Q,F,V 1), where P is a
finitely generated projective W (R)—module, Q C P is a submodule and F and V1
are ¥'—linear maps F: P —- P, V7 1:Q— P.
The following properties are satisfied:
(i) IrP C Q C P and there exists a decomposition of P into a direct sum of
W(R)—modules P =L & T, such that Q = L & IgT.
(i) V~':Q — Pisa -linear epimorphism.

(iii) For x € P and w € W(R), we have
(1) VY Vwz) = wFz.

We make some formal remarks on this definition. The 3n—displays form an additive
category. We are mainly interested in the case, where R is a Z,-algebra. Then we
have Z,, C W(R) and hence the category is Z,—linear.

The operator F is uniquely determined by V~! because of the relation:

VY Viz) = Fz, fora € P.

If we apply this to the case © = y € Q and apply the F—linearity of V!, we obtain
the relation:

(2) Fy=p-V7'y.
A decomposition P = L @ T as required in (i), we will call a normal decomposition.
We set P = P/IgP and Q = Q/IgP. Then we get a filtration of R—modules

(3) 0cQcP,

whose graded pieces are projective finitely generated R-modules. This is the Hodge
filtration associated to a display.
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Lemma 2. — Let R be a p—adically complete and separated ring. Let us replace in
the definition 1 the condition (i) by the weaker condition that IrP C Q C P and that
the filtration (3) has finitely generated projective R-modules as graded pieces. Then
(P,Q,F, V1) is a 3n-display.

Before proving the lemma we need a general fact about the Witt ring.

Proposition 3. — Let R be a p-adic ring, i.e. complete and separated in the p-adic
topology. Then the ring W (R) is p-adic. Moreover it is complete and separated in the
Ir-adic topology.

Proof. — We begin to show that W(R) is separated in the p-adic topology. Since
W(R) is the projective limit of the rings W, (R/p™R) for varying n and m it is
enough to show that that p is nilpotent in each of the rings W, (R/p™R). To see this
we consider a ring a without unit such that p™a = 0. An easy induction on m shows
that p is nilpotent in W, (a).

It is enough to prove our assertion for a ring R which has no p-torsion. Indeed in
the general case we may choose a surjection S — R where S is a torsion free p-adic
ring. But then we obtain a surjection W(S) — W(R) from the p-adic ring W(.S) to
the p-adically separated ring W(R). This implies that W (R) is a p-adic ring.

To treat the case of a p-adic ring we need a few lemmas:

Lemma 4. — Let S be a ring without p-torsion. Let x = (zg,...,Tm) € Wimnt1(S)
be a Witt vector. Then for any fired number s > 1 the following conditions are
equivalent:

(i) ps‘xiforizo,...,m

(ii) p"** | wn(z) forn=0,...,m.
Proof. — The first condition clearly implies the second. Assume the second condition
holds. By induction we may assume p° ‘ x; fori =0,...,n— 1. Then we write

Wy () =wy_q1(zh .. 2l )+ p .

By the obvious implication and by induction the first term on the right hand side is = 0
mod p(®~D+Ps_ Since (n — 1) 4+ ps > n + s, we conclude p"z,, =0 mod p"*t*S. O

Lemma 5. — Let S be a p-torsion free ring. Let a € W,,,(S) be a given Witt vector.
Let u be a number. We assume that the equation

() pa=a
has for each s a solution in the ring W,,(R/p*R). Then the equation (4) has a solution
in Wi (R).

Proof. — Let us consider a fixed s. By assumption there is a z € W,,,(R), such that
p“z = a holds in the ring W,,(R/p*t“R). We let zs be the image of z in the ring
W (R/p*R). Then we claim that x is independent of the choice of z.

Indeed, let 2’ be a second choice and set £ = z — z’. The Witt components of p“¢{
are elements of p*T*R. Hence the lemma implies

P W (ptE) forn=0...m — 1.
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It follows that p™** | w,,(£). But applying the lemma again we obtain the p® ’ & for
all Witt components of &.

This shows the uniqueness of z5. We set x = lim x5 € W(R) and obtain the desired
solution of (4). O

Lemma 6. — Let S be without p-torsion. We will denote by I, the ideal V" W (S) C
W(S). Let T be the linear topology on W (S), such that the following ideals form a
Sfundamental set of open neighbourhoods of zero:

(5) I+ W(p*S)

Here, v, s runs through all pairs of numbers.
Then p*W (S) is for each number u closed in the topology T .

Proof. — We have to show

(6) () P“W(S)+ I + W(p*S) = p" W (S)
r,s€N
Let = be an element from the left hand side.
We denote for a fixed number r by T the image of x in W,.(S). Then the equation

Pz =T

has a solution z in the ring W,.(S/p®S) for each number s. By the last lemma we
have a solution in W,.(S) too. This shows x € p*W(S) + I,..

We take the unique solution z, € W,.(S) of p“z. = z in W,.(S), and we set z =
lim 2,. Hence z = p“z € p*W(S). O

Let S be a torsion free p-adic ring. Clearly the Witt ring W(S) is complete and
separated in the topology 7. The assertion that W(S) is p-adic is a consequence of
the last lemma and the following elementary topological fact (see Bourbaki Topologie
IIT §3 Cor 1):

Lemma 7. — Let G be an abelian group. Let A resp. B be linear topologies on G,
which are given by the fundamental systems of neighbourhood of zero { A, } resp. { By},
where A, and B,, are subgroups.

We make the following assumptions:

a) FEach A, is open in the B-topology, i.e. the B topology is finer.
b) Each B, is closed in the A-topology.
c) G is complete and separated in the A-topology.

Then G 1is complete and separated in the B-topology.

We omit the easy proof.

We note that in the Witt ring W (R) of any ring we have an equality of ideals for
any natural number n:
(7) If=p" g

If R is a p-adic ring the additive group Ig is p-adically complete and separated,
because it is by the Verschiebung isomorphic to W(R). This shows that W(R) is
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then also complete in the Ir-adic topology. This completes the proof of proposition
3. O

Corollary 8. — Assume that p is nilpotent in R. Then the p-adic and the Ir-adic
topology on W (R) coincide. This topology is finer than the V-adic topology, which
has the ideals I,, = V"W(R) as a fundamental system of neighbourhoods of zero.

Proof. — This is clear. O

We turn now to the proof of lemma 2. The proposition 3 implies in particular that
W(R) is complete and separated in the Ir-adic topology. We set A,, = W(R)/I};. We
start with a decomposition P = L ® T such that Q/IrP = L over A; = R and lift it
step by step to a decomposition A,, @y (g) P = L, ®T,, over A, using the surjections
with nilpotent kernel A,, — A,_1. Then we obtain the desired decomposition by
taking the projective limit.

Lemma 9. — Let (P,Q,F,V~1) be a 3n-display over a ring R, and P =L®T be a
normal decomposition. Then the map

(8) VIeF:LoT — P
is a T —linear isomorphism.

Proof. — Since source and target of V~! @ F are projective modules of the same
rank, it is enough to show, that we have a ¥ —linear epimorphism. Indeed, by the
property (ii) of the definition 1 the W (R)—module P is generated by V=11, for [ € L
and V~1(Vawt) for t € T and w € W. The lemma follows, since V! (Vwt) = wFt. O

Using this lemma we can define structural equations for a 3n-display, whose Hodge
filtration (3) has free graded pieces. Let (P,Q, F,V~!) be a 3n-display over R with
this property. Then the modules L and T in a a normal decomposition P = L & T,
are free. We choose a basis e1,...,e4 of T, and basis eq41 ...ep of L. Then there are
elements a;; € W(R), 4,j=1,...,h,, such that the following relations hold.

h
Fejzz:aije,-, for j7=1,...,d
=1
() .
Vﬁlej:Zozijei for j:d—Fl,...,h
=1

By the lemma 9 the matrix («y;) is invertible.

Conversely assume we are given an invertible h x h—matrix (a;;) over the ring
W(R) and a number d, such that 0 < d < h. Let T be the free W (R)—module
with basis eq,...eq and L be the free W(R)—module with basis eg11,...,e,. We set
P=L®Tand Q=L & IgT, and we define the F—linear operators F and V! by
the equations (9) and the following equations
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h

Fej:Zpaijei, ]:d+17,h
i=1

h
V_I(Vwej) = Zwaijei, j=1,...,d
i=1

One verifies easily, that this defines a 3n-display over R.
For a 3n-display (P,Q, F,V~!) we do not have an operator V as in Dieudonné or
Cartier theory. Instead we have a W (R)-linear operator:

(10) Vi P — W(R) ®pwr) P
Lemma 10. — There exists a unique W (R)—linear map (10), which satisfies the
following equations:

ViwFz)=p-w®x, for weW(R),zeP

Vﬁ(wvfly) =wy, for ye

Moreover we have the identities

(11)

(12) FVE=pidp, VIFF = pidw(m)ey, P -

Proof. — Clearly V¥ is uniquely determined, if it exists. We define the map V¥ by
the following commutative diagram, where W = W (R):

1 #
W®F,WL@W®FvaLV—+Fl—> P

(13) id+pidl lvu
Worw LOW@pw T —— WRrpwP

Here the lower horizontal map is the identity.
We need to verify (11) with this definition. We write x =++¢, forl € Land t € T.

Vi (wFz) = VH(wFl) + V¥ (wFt) =
VEVYH Ywl)) + VE(wFt) =
1@ Ywi+pwet=pwe (+t)=pw .
Next take y to be of the form y =1 + Vut.

ViwVy) = VHwV ) + VE(wuFt)
—wRl+prudt=wl+w NVuxt
—we(l+ Yut)=wey.
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The verification of (12) is left to the reader. O

Remark: The cokernel of V¥ is a projective W (R)/pW (R)—module of the same
rank as the R—module P/Q.

Let us denote by ¥'V* the W(R)—linear map

ld(8)1.7'1"/[/'(R)‘/I:1 N W®F1,W P E— W®F'i+1,W P,

and by V™ the composite " Vio...of Vio Vi,
We say that a 3n-display satisfies the nilpotence (or V-nilpotence) condition, if
there is a number N, such that the map

‘/N’:1 P — W(R) ®FN,W(R) P

is zero modulo I + pW (R). Differently said, the map

(14) R/pR Qwyw(r) P — R/PR @wy w(r) P

induced by VMt is zero.

Definition 11. — Let p be nilpotent in R. A display (P,Q, F,V~1) is a 3n-display,
which satisfies the nilpotence condition above.

Let us choose a normal decomposition P = L & T It is obvious from the diagram
(13) that the map

Vﬁ 7
R/pR ®w, w(ry P ——— R/PR ®w, w(r) P ——— R/PR @w, wr) T

is zero. Therefore it is equivalent to require the nilpotence condition for the following
map:

u T
UL LeT=P L Werw P —2— WepwL

Less invariantly but more elementary the nilpotence condition may be expressed if
we choose a basis as in (9). Let (8;,;) be the inverse matrix to (o ;). Consider the
following (h — d) x (h — d)—matrix with coefficients in R/pR :

B = (wo(Br) modulo p)k1=dt1,...,n

Let B®") be the matrix obtained by raising the coefficients to the p’—th power. Then
the nilpotence condition says exactly that for a suitable number N :

(15) B H. . B® .=
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Corollary 12. — Assume that p is nilpotent in R. Let (P,Q,F,V ') be a display
over R. Then for any given number n there exists a number N, such that the following
map induced by VNt is zero:

Wi (R) @w gy P — Wn(R) ®p~ wr) P

Proof. — Indeed, by the proof of proposition 3 the ideal Ir + pW,,(R) in W,,(R) is
nilpotent. O

We will also consider displays over linear topological rings R of the following type.
The topology on R is given by a filtration by ideals:

(16) R=aDmD...Da,...,

such that a;a; C a;4;. We assume that p is nilpotent in R/a; and hence in any ring
R/a;. We also assume that R is complete and separated with respect to this filtration.
In particular it follows that R is a p-adic ring. In the context of such rings we will
use the word display in the following sense:

Definition 18. — Let R be as above. A Sn-display P = (P,Q,F,V~1) over R is
called a display, if the 3n-display obtained by base change over R/a; is a display in
sense of definition 11.

Let P be a display over R. We denote by P; the 3n-display over R/a; induced by
base change. Then P; is a display in the sense of definition 11. There are the obvious
transition isomorphisms

(17) ®i : (Pit1)Rr/a, — Pi

Conversely assume we are given for each index i a display P; over the discrete ring
R/a;, and transition isomorphisms ¢; as above. Then the system (P;, ¢;) is obtained
from a display P over R. In fact this is an equivalence of the category of systems of
displays (P;, ¢;) and the category of displays over R.

If R is for example complete local ring with maximal ideal m, such that pR = 0,
we can consider the category of displays over R in the sense of definition 11 but we
can also consider the category of displays over the topological ring R, with its m-adic
topology. The last category is in general strictly bigger.

1.2. Examples. — FExzample 14: Let R = k be a perfect field. A Dieudonné
module over k is a finitely generated free W (k)-module M, which is equipped with a

F_linear map F': M — M, and a F™ Jinear map V : M — M, such that:

FV=VF=p

We obtain a 3n-display by setting P = M, @ = VM with the obvious operators
F:M — M and V7! : VM — M. Moreover (P,Q, F,V~!) is a display if the map
V : M/pM — M/pM is nilpotent. The map V¥ is given by
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Vi M — W(k) @pwe M.
mr—1®Vm

In the other direction starting with a display (P,Q, F,V~!) we obtain a Dieudonné
module structure on P if we define V' as the composite:

’
(18) VP AR W (k) Qrwmw P — 1P
wR T — Fw.ez

This makes sense because the Frobenius endomorphism ¥ is an automorphism

of W(k). We see that the category of 3n-displays over a perfect field is naturally
equivalent to the category of Dieudonné modules.

More generally let k be a perfect ring of characteristic p. Then * is an automor-
phism on W (k) and pW (k) = I);. We call a Dieudonné module k a finitely generated
projective W (k)—module M equipped with two Z—linear operators

F

F:M— M,

V.M — M,

which satisfy the relation F(wx) = fwFz, V(fwz) =wVz, FV =VF =p.

If we are given a homomorphism of k — k’ of perfect rings, we obtain the structure
of a Dieudonné module on M" = W (k') @y 1) M.

Since p is injective on W(R), there is an exact sequence of k-modules:

0— M/FM % M/pM — M/VM — 0

If we tensorize this sequence with k' we obtain the corresponding sequence for M’. In
particular this sequence remains exact. We also see from the sequence that M/V M
is of finite presentation. Hence we conclude that M/V M is a finitely generated
projective k-module. Therefore we obtain a 3n-display (M, VM, F,V~1).

Proposition 15. — The category of 3n-displays over a perfect ring k is equivalent to
the category of Dieudonné modules over k. Moreover the displays correspond exactly to
the Dieudonné modules, such that V is topologically nilpotent for the p—adic topology
on M.

The proof is obvious. We remark that a Dieudonné module M, such that V is
topologically nilpotent is a reduced Cartier module. The converse is also true by [Z1]
Korollar 5.43.

We note that Berthelot [B] associates to any p-divisible group over a perfect ring
a Dieudonné module. In the case of a formal p-divisible group his construction gives
the Cartier module (compare [Z2] Satz 4.15).

Example 16: The multiplicative display G,, = (P,Q, F,V 1) over a ring R is
defined as follows. We set P = W(R), Q = Ir and define the maps F' : P —
P, V71:Q — P by:
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Fw= fw for w € W(R)
ViVw) =w

We note that in this case the map V* is given by:
Vi W(R) — W(R) @ pw(r) W(R) = W(R)

Viw =1® Vw=pwel

Hence using the canonical isomorphism & the map V*# is simply multiplication by p.
Therefore we have a display, if p is nilpotent in R, or more generally in the situation
of definition 13.

Example 17: To any 3n-display we can associate a dual 3n-display. Assume we
are given two 3n-displays P; and Ps over R.

Definition 18. — A bilinear form of 3n-displays
(,):P1xP2—Gn

is a bilinear form of W(R)—modules

(7 ):P1><P2—>W(R)7
which satisfies the following relation:

(19) YV, Vlya) = (1, 2), for y1 € Q1, y2 € Qo
We will denote the abelian group of bilinear forms by Bil(P1 X P2, G )-

The last relation implies the following:

(V7ly, Foo) = Fly,xa) for y1 €Q1, xz2€ P
(20) (Fxy, Fxs) = pFP(xy,20) for =z € Py,
(Fa1, V7 lyy) = Flzy,y2) for ya € Qo
Indeed,
V=g, Fag) = Y(V iy, Vo (V)
= (1, "1a2) = "Ly, 72) = Yy, 22)

implies the first relation of (20) because  is injective. The other relations are verified

in the same way. We note that (Q1,Q2) C Ig by (19). Assume we are given a finitely
generated projective W (R)-module P. Then we define the dual module:
P* = Homy gy (P, W(R))
Let us denote the resulting perfect pairing by (, ):
Px P — W(R)

(21) rXxz = (1,2)
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There is also an induced pairing
(,):W(R)®pwr) P xW(R)®rwr) P*— W(R),
which is given by the formula:
(w@z,v®z)=wv F(z,2), zcP, z€ P, wveW(R)
Let us consider a 3n-display P = (P,Q,F,V~!) over R. We set Q = {¢ €

P* | ¢(Q) C Ig}. Then Q/IrP* is the orthogonal complement of Q/IzP by the
induced perfect pairing:

P/IRPXP*/IRP* — R

Definition 19. — There is a unique 3n-display Pt = (P*, Q, F, V1), such that the
operators F' and V1 satisfy the following relations with respect to the pairing (21):

(Vi Fz) =  Fz,2) for z€Q, z€P*
(Fz, Fz) = pP(x,2) for x€P, z€P*
(22) (Fz,V~12) = Flz,2) for xe€P, z¢€ Q
Viv=lz, V=lz) = (z,2) for z€Q, =z¢€ Q
Hence we have a bilinear form of displays
P x P — Gy,

We call Pt the dual Sn-display.
As for ordinary bilinear forms one has a canonical isomorphism:
(23) Bil(Py x P2, Gm) — Hom(Pa, P7)

From the relations of definition 19 we easily deduce that the W (R)-linear maps F*
and V*# for P respectively P* are dual to each other:

(Vﬁwvv@)z) = (maFﬁ(v(g)Z))
(Fﬁ(w®x),z) = (w®uz, Vﬁz)
Let us assume that p is nilpotent in R. In terms of the dual 3n-display we may

rephrase the nilpotence condition as follows. Iterating the homomorphism F* for the
dual 3n- display we obtain a map:

(25) FNuW(R)®FN,W(R) P*—>P*

Then the 3n-display P satisfies the V-nilpotence condition, iff for any number n there
exists a number N, such that the following map induced by (25) is zero:

FN%:Wo(R) ®p~ wir) P* — Wa(R) ®w(r) P*

In this case we will also say that P! satisfies the F-nilpotence condition.

(24)

Next we define base change for a 3n-display. Suppose we are given a ring homo-
morphism ¢ : S — R. Let P be a W(S)—module. If ¢ : P — P’ is a f—linear
map of W (S)—modules, we define the base change gy as follows:
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ewry: WR)Qwes) P — W(R)@ws) P
we T — Fuw® o(z)

Then we have (c,ow(s))ﬁ = idw (pr) ®W(5)cpﬁ for the linearizations.

Let P = (P,Q,F,V~1) be a 3n-display over S. Let ¢ : S — R be any ring
morphism. We will now define the 3n-display obtained by base change with respect
to .

Definition 20. — We define Pg = (PR,QR,FR,Vgl) to be the following quadru-
ple:

We set Pr = W(R) ®W(S) P.

We define Qr to be the kernel of the morphism W (R) @ws) P — R®s P/Q.

We set Fr= Y@ F.

Finally we let VR?I : Qr — Pg be the unique W (R)-linear homomorphism, which
satisfies the following relations:

26) Vitwoy) = FueVly, forwe W(R),ye€Q
26
Vi(Yw®z)=w® Fx, forz € P

Then Pg is a 3n-display over R, which is called the 3n-display obtained by base change.

To show that this definition makes sense we have only to prove the existence and
uniqueness of V 1. The uniqueness is clear. For the existence we choose a normal
decomposition P = L & T. Then we have an isomorphism:

Qr~W(R) Aw (s) LIy Aw (s) T

We define V; ' on the first summand by the first equation of (26) and on the second
direct summand by the second equation. We leave the verification that (26) holds
with this definition to the reader.

In the case where ¢ is surjective the image of the morphism W(R) ®w (g) Q@ —
W(R) @w(s) P = Pr, is simply Qr, but in general this image is strictly smaller than
Qr-

By looking for example at (15) it is clear that Pg is a display if P was a display.
There is also an obvious converse statement.

Lemma 21. — Let ¢ : S — R be a ring homomorphism, such that any element in
the kernel of ¢ is nilpotent. Then P is a display if Pr is a display.

Remark: Before we turn to the next example, we collect some general facts about
the liftings of projective modules. Let S — R be a surjective ring homomorphism,
such that any element in the kernel is nilpotent, or such that S is complete and
separated in the adic topology defined by this kernel. Assume we are given a finitely
generated projective module P over R. Then P lifts to S, i.e. there is a finitely
generated projective S-module P together with an isomorphism ¢ : R ®g P — P. By
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the lemma of Nakayama the pair (15, ¢) is uniquely determined up to isomorphism.
The existence follows from the well-known fact that idempotent elements lift with
respect the surjection of matrix algebras Endg(S*) — Endgr(R"), where u is some
number (e.g. H.Bass, Algebraic K-Theory, W.A. Benjamin 1968, Chapt. III Prop.
2.10).

Let L be a direct summand of P. A lifting of L to a direct summand of P is obtained
as follows. Let L be any lifting of L to S. Let L — P be any lifting of L — P, whose
existence is guaranteed by the universal property of projective modules. In this way
L becomes a direct summand of P. This is easily seen, if one lifts in the same way
a complement T of L in P. Indeed the natural map L & T — P is by Nakayama an
isomorphism.

Let us now assume that the kernel of S — R consists of nilpotent elements. We
also assume that p is nilpotent in S. Let now P denote a projective W (R)-module.
We set Pp = R Qwo,w(r) P- We have seen that Pr may be lifted to a finitely
generated projective S-module Ps. Since W (S) is complete and separated in the
Is-adic topology by proposition 3, we can lift Ps to a projective finitely generated
W (S)-module P. We find an isomorphism W (R) Ow (s) P — P, because liftings of
Pgr to W(R) are uniquely determined up to isomorphism. Hence finitely generated
projective modules lift with respect to W (S) — W/(R). Since the kernel of the last
morphism lies in the radical of W (.S), this lifting is again unique up to isomorphism.
We also may lift direct summands as described above.

Let (P,Q,F,V~1!) be a 3n-display over S and (P,Q,F,V~') be the 3n-display
obtained by base change over R. Then any normal decomposition P = L & T may
be lifted to a normal decomposition P=L®T. Indeed choose any finitely generated
projective W(S)-modules L and T, which lift L and T. Because Q — @ is surjective,
we may lift the inclusion . — @ to a W(S )-module homomorphism L — Q. Moreover
we find a W (S)-module homomorphism T — P, which lifts T — P. Clearly this gives
the desired normal decomposition P =L & T.

Exzample 22: Let S — R be a surjection of rings with kernel a. We assume that
p is nilpotent in S, and that each element a € a is nilpotent.

Let Py = (Po, Qo, F, V1) be a 3n-display over R. A deformation (or synonymously
a lifting) of Py to S is a 3n-display P = (P,Q,F,V~!) over S together with an
isomorphism:

Pr = Po.
Let us fix a deformation P. To any homomorphism
o € Homyy 5y (P, W(a) @w(s) P),

we associate another deformation P, = (Py, Qq, Fa, V1) as follows:

We set P, = P, Q. = @, and
Fox = Fxz—q«a(Fz), for z€P
Vily = Vly—a(Vly), for yeqQ.
The surjectivity of (V;!)# follows the kernel of W(S) — W(R) is in the radical of
W (S) and therefore Nakyama’s lemma is applicable.

(27)
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Since F' and F, respectively V! and V! are congruent modulo W (a) the 3n-
display P, g obtained by base change is canonically isomorphic to Py.

We note that any deformation is isomorphic to P, for a suitable homomorphism
«. Indeed, let P; = (Pl,Ql,Fl,Vl_l) be any other deformation of Py. We find
an isomorphism of the pairs (P, Q) and (Pi,Q1), which reduces to the identity on
(Po, Qo)- Indeed, we fix a normal decomposition Py = Ly ® Ty and lift it to a normal
decomposition of P respectively of P;. Then any isomorphism between the lifted
normal decompositions is suitable. Hence we may assume that (P,Q) = (P, Q1).
Then we define ¥ -linear homomorphisms

£:P—W(a)@wsy P, n:Q— W(a)@ws) P,
by the equations:

Fix = Fzx—&x) for z€P
Vily = Vily—nly) for yeQ.

Then £ and 7 must satisfy the relation:

(28)

\4

n( Ywzx) =wé(x), for xze€P

It is then easily checked that there is a unique homomorphism a as above, which
satisfies the relations:

a(V7ly) = n(y), for yeQ
a(Fz) = {(x), for zeP

Then the deformations P, and P; are isomorphic.

Ezxzample 23: Let R be aring such that p-R = 0. Let us denote by Frob: R — R
the absolute Frobenius endomorphism, i.e. Frob(r) = r? for r € R.

Let P = (P,Q, F,V~1) be a 3n-display over R. We denote the 3n-display obtained
by base change with respect to Frob by P®) = (P® Q@) F V~1). More explicitly
we have

PP = W(R) QFW(R) P
QW = Ip @rwr P+ Image (W(R)®rwr) Q)
The operators F and V! are uniquely determined by the relations:

Fwoz) = fweFr, for weW(R),z€P
V3Vwez) = we Fu,
Viwey) = fweVly fo yeq.

(At the first glance it might appear that this explicit definition does not use p -
R = 0. But without this condition Q) /TrP®) would not be a direct summand of
P®) /TR PP, The elements 1 ® Ywz = pw ® = would cause trouble, if ¥ and v do
not commute.)

The map V# : P — W(R) @pw(r) P of lemma 1.5 satisfies V#(P) c Q). Using
the fact that P is generated as a W(R)-module by the elements V 1y for y € Q a
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routine calculation shows that V# commutes with F and V1. Hence V# induces a
homomorphism of 3n-displays

(29) Frp:P — PP,

which is called the Frobenius homomorphism of P.

Similiary the map F# : W(R) @rw(r) P — P satisfies F#(Q®) c IzxP. One can
check that F# commutes with the operators F' and V~!. Therefore F# induces a
map of 3n-displays, which is called the Verschiebung.

(30) Verp : PP) — P,
From the lemma 1.5 we obtain the relations:
(31) Frp - Verp = p-idpe, Verp Frp = p-idp.

Exzample 24: We will define displays, which correspond to the Lubin-Tate groups.
Let O be a complete discrete valuation ring with finite residue class field k, and field
of fractions K of characteristic 0. We fix a prime element m € O . Let R be a p—adic
ring, which is equipped with a structure ¢ : O — R of a Og—algebra. We set
u = ¢(m).

The displays we are going to construct are displays P over the topological ring R
with its p—adic topology. Moreover they will be equipped with an action ¢ : O —
End P of O . This implies an action of the ring Ox ®z, W(R) on P. Let us extend
the operators ' and v on the ring W(R) Ok —linearily to the ring Ox ® W(R).
We need the following easy lemma:

Lemma 25. — Consider the ring homomorphism:
(32) Ok ®z, W(R) — Ok /7n0k ® R/uR.

It is the residue class map on the first factor, and it is the composite of wo with the
natural projection R — R/uR on the second factor.
Then an element in O @ W(R) is a unit, iff its image by (32) is a unit.

Proof. — By proposition 3 the ring Ox ®z, W (R) is complete in the I -adic topology.
Hence an element in this ring is a unit, iff its image in Ok ®z, R is a unit. Since this
last ring is complete in the p-adic topology, we get easily our result. O

Let us first do the construction of the Lubin-Tate display in a special case:

Proposition 26. — Let us assume that Ok /TOx = F,. Let R be a p-torsion free
p-adic ring, with an Ok -algebra structure ¢ : Oxg — R. Then there is a unique display
Pr = (Pr,Qgr, F, V1) over the topological ring R, with the following properties:
(1) Pr =0k ®Zp W(R)
(ii) Qr is the kernel of the map ¢ @ wo : O ®z, W(R) — R.
(iii) The operators F and V=1 are Ok -linear.
(iv) Vir®@l-1®[u]) =1.

To prove this proposition we need two lemmas:
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Lemma 27 — With the assumptions of proposition 26 we set e = [Ok : Zy]. Then
the element:

1
r=(r 9110 W7) € K 0, W(R)

is a unit in Ox ®z, W(R).

Proof. — The statement makes sense because Ox ®z, W (R) has no p-torsion. First
we prove that the element 7¢ ® 1 — 1 ® [u®?] is divisible by p. We have 7¢ = ep for
some unit € € Of. Therefore it is enough to show that p divides 1 ® [u?]. Since
u®? = ¢()PpP, it is enough to show that p divides [p?] in W (R). This will follow from
the lemma below.

To show that 7 is a unit we consider its image by the map ¢@wq : Ox ®z, W(R) —
R. Tt is equal to %(ue — 1), which is a unit in R. It follows immediatly from lemma
25 that 7 must be a unit too. O

Lemma 28. — The element [pP] € W(Z,,) is divisible by p.

Proof. — Let g, € Z, for m > 0 be p-adic integers. By a well-known lemma
[BAC] IX.3 Proposition 2 there exists a Witt vector x € W(Z,) with w,,(z) = g,
for all m > 0, if and only if the following congruences are satisfied:

Im+1 = gm mod pm Tt

Hence our assertion follows if we verify the congruences:

p\p™ "
(p) E(pp) modpm+1 mZO,].,"‘
p p
But both sides of these congruences are zero. O

Proof. — (of proposition 26): Let Lr C Pg be the free W(R)-submodule of Pp with
the following basis
T"Rl-10W], i=1,---,e—1.
Let us denote by Tr C Pr the W(R)-submodule W(R)(1 ® 1). Then Pp =Tr & Lr
is a normal decomposition.
To define a display we need to define ¥ —linear maps
v—1. Lr — Pp
F: TR i ]DR7

such that the map V! @ F is an f-linear epimorphism.

Since we want V! to be Ox-linear we find by condition (iv) that fori =1,... ;e—
1:
1 B TRl —1@ [u?] ko
33 Viirel-1e W) = = ® [u'].
(33) (r W)= T e =, X o

Here k and [ run through nonnegative integers and the fraction in the middle is by
definition the last sum. The equation makes sense because by lemma 27 the element
7®1—1® [uP] is not a zero divisor in O @ W(R).
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If we multiply the equation (iv) by p we find
F(ﬂ-®1_1®[u]) =D,
and by the required Og-linearity of F':

(r®l1-1®[uP]) - F1=p.

Therefore we are forced to set:

17T R1—1® [uP]
=T
TR1—1® [uP]

The F—linear operators V—!: Lr — Pg and F : T — Pg defined by the equations
(33) and (34) may be extended to —linear operators

V':Qr— Pr, F:Pr— Py
using the equations (1) and (2). Then V! is the restriction of the operator V1! :

(34) F1

PR[%] — PR[%] defined by V~lz = +e1-16me and Fis the restriction of pV 1
PR[%] — PR[%]. This shows that the operators F and V! are Ok —linear. Since

1 is in the image of (V™1)# : W(R) ®wr) Qr — Pgr, and since this map is
Ox ® W(R)—linear, we conclude that (V~!)# is an epimorphism. It follows that
(Pr,Qgr, F, V1) is a 3n-display, which satisfies the conditions of the proposition.
The uniqueness is clear by what we have said.

It remains to be shown that we obtained a display in the topological sense. By
base change it is enough to do this for R = Ox. Let us denote by P = (P, Q, F,V~1)
the 3n-display over F, obtained by base change Ox — F,. Then P = O and F is
the Ok —linear map defined by Fr = p. Hence the map V is multiplication by .
Hence P is a display. O

Finally we generalize our construction to the case where the residue class field
k of Ok is bigger than IF,. In this case we define for any torsionfree Ox-algebra
¢: Og — R a display

Pr = (Pr,Qr, F,V ).
Again we set
Pr = Ok ®z, W(R),
and we define Qg to be the kernel of the natural map
(35) ¢ ®@wo: Og ®z, W(R) — R.

We identify W (k) with a subring of Og. The restriction of ¢ to W (k) will be
denoted by the same letter:

¢ :W(k) — R.
Applying the functor W to this last map we find a map (compare (90) )
(36) p:W(k) — W(W(k)) — W(R),
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which commutes with the Frobenius morphism defined on the first and the third ring
of (36) (for a detailed discussion see [Gr] Chapt IV Proposition 4.3).

Let us denote the Frobenius endomorphism on W (k) also by 0. We have the fol-
lowing decomposition in a direct product of rings

(37) Ok @z, W(R) = [[ Ox @ wu W(R).

i€Z/ f7
Here f denotes the degree f = [k : F,] and the tensor product is taken with respect
to p.

The operators ¥ and v on W(R) act via the second factor on the left hand side
of (37). On the right-hand side they are operators of degree —1 and +1 respectively:
. Ok Qoi, W (k) W(R) — Og Qgi=1,W (k) W(R)

Vi Ok ®giwy W(R) — Ok ®gitt ) W(R).
We obtain from (37) a decomposition of the O ®z, W (R)-module Pp :

Pr= © P, P =0k®.ww W(R)
€2/ 2

Therefore we obtain also a decomposition
Qr=QodPL® - @ Pp_;.

The map (35) factors through

(38) Ok ®@wmw W(R) — R,

and Qo is the kernel of (38). The following elements form a basis of Py as W(R)-
module

w; = 7Ti®1—1®[ui]7 i=1,---,e—1
ep= 1®1.
Here u denotes as before the image of 7 by the map O — R, and e is the ramification
index e = [Og : W(k)]. Let T = W(R)eg C Py, and let Ly C Qq the free W(R)
submodule generated by wq, - -w.—1. We have a normal decomposition
Pr=ToL,

Where L:Lo@Pl@@Pf_l
Now we may define the Og-linear operators F' and V~!. Weset e; =1®1 € P;.
Then V! is uniquely defined by the following properties:

Vol =epq,
(39) Vle;, =eiq for i#0 i€Z/fZ,
V~1lis Op-linear.

Multiplying the first of these equations by p we obtain the following equation in the
ring Og Qo f=1,W (k) W(R)

leFeo =pes_1

To see that this equation has a unique solution F'eq it suffices to show that:

1
S @1 =18 [u”]) € O Sror iy W(R)
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is a unit. This is seen exactly as before, using that %(1 ® [uP?]) is mapped to zero by
the map W(R) — R/u.

Hence we have defined the desired -linear operators F' : PR — Pr and V! :
Qr — Pr. Again V7! extends to a F-linear endomorphism of K ®z, W(R), which
is given by the formula:

-1 FT
V7ia = ( 0 )?
where 6 € Og ®z, W(R) is the element, which has with respect to the decomposition
(37) the component w; for ¢ = 0 and the component e; for 4 # 0.
As before this proves the following proposition:

Proposition 29. — Let K be a finite extension of Q, with ramification index e and
index of inertia f. Let Ok, m, k have the same meaning as before.

Let R be torsion free O -algebra, such that R is p-adically complete and separated.
Denote by u the image of w by the structure morphism ¢ : Ox — R. Let p: W (k) —
W(R) be the homomorphism induced by the structure morphism. Then we have a
decomposition

Ok @z, W(R)— H Ok ®qiw k) W(R)
€7/ fZ
Let 0 € Ok ®z, W(R) be the element, which has the component 1 for i # 0 and the
component T @ 1 —1® [u] for i = 0.
Then there is a uniquely defined display Pr = (Pr,Qr, F,V 1) over the topological
ring R, which satisfies the following conditions:
(1) Pr =0k ®Zp W(R)
(ii) Qr is the kernel of the map ¢ @ wo : O ®z, W(R) — R.
(iii) The operators F and V=1 are Ok -linear.
(iv) V710 =1.

1.3. Descent. — We will now study the faithfully flat descent for displays.

Lemma 30. — Let M be a flat W(S)—module, and let S — R be a faithfully flat
ring extension. Then there is an exact sequence

gy O7M~ W(R) @w(s) M= W(R® R) @ sy M=W(R® R® R)®w sy M

Here the ® without index means ®g.

Proof. — The arrows are induced by applying the functor W to the usual exact
sequence for descent:

0—>S—>R=IROsR=

Since M is a direct limit of free modules, we are reduced to the case M = W(9).
In this case any term of the sequence (40) comes with the filtration by the ideals
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Irgs.-0srn C W(R®g -+ ®s R). We obtain by the usual f.p.q.c. descent an exact
sequence, if we go to the graded objects. O

Let P = (P,Q, F,V~1) be a display over S. Then the modules Pr and Qr obtained
by base change fit into an exact sequence

0—-Qr—Pr— R®RsP/Q—0

Proposition 31. — Let S — R be a faithfully flat ring morphism. Consider a dis-
play (P,Q, F,V~=1) over S. Then we have a commutative diagram with exact rows

0— P— Pr= Prosr— Presrosr= "
U U U U

—

0— Q@— Qr= Qresr= QRrosResR—

Proof. — Indeed, the first row is exact by the lemma. The second row is the kernel
of the canonical epimorphism from the first row to:

0— P/Q— R®sP/Q= Res R®s P/Q—R®s R&s Ro P/QZ -+
This proves the proposition and more:

Theorem 32. — (descent for displays): Let S — R be a faithfully flat ring extension.
Let P = (P,Q,F,V™Y) and P’ = (P',Q',F,V~1) be two displays over S. Then we
have an exact sequence

0 — Hom(P,P’') — Hom(Pg, Pg) = Hom(Presr: Presr)-

O

Let N be a W(R)—module. Then we may define a variant of the usual descent datum
relative to S — R.
Let us give names to the morphisms in the exact sequence (40):

pP1 pg
(41) W(S) — W(R) _ W(R&s R) " W(R®s R®s R).
p2 ZE

Here the index of p;; indicates, that the first factor of R®g R is mapped to the factor
1, and the second is mapped to the factor j. The notation p; is similar. In the context
of descent we will often write ® instead of ® g We also use the notation

We define a W—descent datum on N to be a W(R ® R)— isomorphism
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a:piN — p3N,

such that the following diagram is commutative (cocycle condition):

Pl
PiapiN —— plapsN

H H

(42) PispiN PispiN
J{p’fso‘ JVPSP,Q
Pisps N ——— pi3ps N

To any descent datum we may associate a sequence of morphisms

80
a° —
W(R) @wry N ZW(R®R) @wry N 2 WRXR®R) @) N+,
o' —
82

where the tensor product is always taken with respect to the map W(R) — W(R®
-+-®R) induced by a € R — 1®---®1®a € RQ---®R. The maps §": W (R®")@w (r)
N — W(R®(+1)) ®@wr) N, for i < n are simply the tensorproduct with N of the
map W (R®") — W (R®"+1D) induced by
al®...®an|_>a1®...®ai®1®ai+1®...an.
Finally the map 0™ : W(R®™)@w gy N — W(R®" )@y (g) N is obtained as follows.
The descent datum « induces a map u(z) = (1 ® x):
u: N — W(R® R) @w(r) N,

which satisfies u(rz) = p1(r)u(z). Consider the commutative diagram

R —— R®R

| |

R®n SN R®n+1

The upper horizontal map is r — r®1 and the lower horizontal map is 71 ®- - -®@r,, —
r®- - Qr, ®1. The left vertical map isr — 1 ® --- ® 1 ® r and finally the right
vertical map is 11 @ ro — 1® - @1 Q711 Q@ 7ra.

If we apply the functor W we obtain:

W(R) —— W(R®R)

| B

W(R®") W(R®(n+1))
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Since w is equivariant with respect to the upper horizontal arrow, we may tensorize
u by this diagram to obtain

W(R®™) @qwry N — W(R®") @y, w(rer) W(R® R) @w(r) N.

This is the map we wanted to define.
We set

bn =Y (-1)'": W(R®") @ N — W(R®"*)) @ N.
i=0

The cocycle condition assures that we get a complex:

(43)  W(R)®@wm N % W(R® R) ®wr)y N 2 W([R®R®R) @wr N+

Proposition 33. — Let S — R be a faithfully flat ring homomorphism. Assume
that p is nilpotent in S. Let P be a finitely generated projective W (R)—module with a
W —descent datum « relative to R — S. Then the complex (43) for N = P is exact.
The kernel Py of 01 is a projective finitely generated W (S)—module and the natural
map

W(R) Qw(S) Py— P
is an isomorphism.
We prove this a little later.

Corollary 34. — The functor which associates to a finitely generated projective
W(S)—module Py the W (R)—module P = W (R) ®@w (s) Po with its canonical descent

datum is an equivalence of categories.

Proposition 35. — : The following conditions for a W(R)-module P are equivalent:

(i) P is finitely generated and projective.

(ii) P is separated in the topology defined by the filtration I, P for n € N (same
notation as in the proof of proposition 3), and for each n the W, (R)—module
P/I,,P is projective and finitely generated.

(iii) P is separated as above, and there exist elements f1,..., fm € R, which gen-
erate the unit ideal, and such that for each i = 1,...,m W(Ry,)—module
W(Ry,) ®w(r) P is free and finitely generated.

Proof. — For any number n and any f € R we have a natural isomorphism W, (Ry) =
Wy(R)(s)- This fact shows, that (iii) implies (ii). Next we assume (ii) and show that
(i) holds. We find elements uq, ... ,up, which generate P/TP as an R—module. They
define a map L = W(R)" — P. Since L is complete in the topology defined by the
ideals I, this map is surjective and P is complete. By the lemma below we find for
each number n a section o, of L/I,L — P/I, P, such that 0,1 reduces to o,. The
projective limit of these sections is a section of the W(R)-module homomorphism
L — P. For the proof of the implication (i) implies (iii), we may assume that
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R ®w gy P is free. But then the same argument as above shows that any basis
of R ®w (r) P lifts to a basis of P. O

Lemma 36. — Let S — R be a surjective ring homomorphism. Let w: Py — Py be
a surjective S—module homomorphism. Suppose that P is a projective S—module.
Let 7 : P, — Py be the R—module homomorphism obtained by tensoring ™ by R®g.
Then any section & : P,— P lifts to a section o : P, — Ps.

Proof. — Let us denote by K the kernel of 7, and set f( = R®g K. Let 7 be any
section of m. Consider the morphism ¢ — 7 : P, — K. This lifts to a S-module
homomorphism p : P, — K, because P, is projective. We set 0 =7+ p. O

Proof. — (of proposition 33): We begin to prove the statement on the exactness of
(43) under the additional assumption that p-S = 0. On each term of the sequence
(43) we consider the filtration by Igen ,, ®w gy P. Since P is projective the associated
graded object is

IRm/IRm+1 Owr) P — (IrgrR,m/IReRm+1) Qw(r) P — -
Applying the assumption p- R = 0 we may rewrite this as

R®pm’RP/[RP:R®SR®pm,RP/IRP§

The symbol p™ indicates, that the tensor product is taken with respect to the m-th
power of the Frobenius endomorphism. The last sequence comes from a usual descent
datum on R ®pm g P/IgP and is therefore exact, except for the first place. Now
we will get rid of the assumption p- S = 0. We consider any ideal a C S such that
p-a=0. Let us denote by a bar the reduction modulo p (i.e. R = R/pR etc.), and
by a dash the reduction modulo a.

We have an exact sequence

0—-a®R®R---®R—R®R®---®R—- R Qs R ® -5 @R —0
a®rl®...®rn;—>arl®...®frn

An obvious modification of the complex (43) yields a complex

(44) W(a® R) @wm P —2— W(a® R® R) @wm P —2— -+,

where the factor a is untouched in the definition of &;.
We set P = W(R) @ (g) P. Then the complex (44) identifies with the complex

(45) W(a@sR) Owm P —2— WaosRogR) Qpm P —2 -

given by the induced descent datum on P. Since p-a = p-S = p- R = 0 the argument
before applies to show that (45) is exact except for the first place. Now an easy
induction argument using the exact sequence of complexes

0= W(aegR™") &y P — W(R™) @wmy P — W(R'®") Qw(ry P' — 0

proves the exactness statement for the complex in the middle.
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In fact our method gives slightly more namely that we have also exactness of the
complex of the augmentation ideals
ITron m Qw(r) P

for each m.
Now we set Py = kerdy: (P — W(R® R) Qw(g) P) and P; = Py N IzP. By the
exact cohomology sequence we have a diagram with exact rows and columns.

0 0 0 0
1 1 1 1

0— Py —  Ir®@wm P — Irgr @w(r) P — IrgroR @W(R) P
1 ! 1 1

0— Py — W(R)Qwr)y P — WRIR)Qwr P — WMERIRRR)Qwr) P
1 1 1 l

0— Po/Pol — P/IrP — R® RQr P/IrP — R® R® R®gr P/IrP
1 ! 1 1
0 0 0 0

By the usual descent Py/P} is a finitely generated projective S—module. We may
lift it to a projective W(S)—module F, by lifting it step by step with respect to
the surjection W,,11(S) — W, (S) and then taking the projective limit. By the
projectivity of F' we obtain a commutative diagram

F\ /Po

Py /Py

From the upper horizontal arrow we obtain a map W(R) ®y (g) F' — P, which may
be inserted into a commutative diagram

W(R) Qwsy ' —— P

! !

R®g Py/Pl —= P/IP

Since the lower horizontal arrow is an isomorphism by usual descent theory we con-
clude by Nakayama that the upper horizontal arrow is an isomorphism. Comparing
the exact sequence (40) for M = F with the exact sequence (43) for N = P, we obtain
that F' — Py is an isomorphism. Since also the graded sequence associated to (40) is
exact, we obtain moreover that Pj = IP,. Hence the proof of the proposition 33 is
complete. O
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We may define a descent datum for 3n-displays. Let S be a ring, such that p is
nilpotent in S and let S — R be a faithfully flat morphism of rings. We consider the
usual diagram (compare (41)):

q12
q1

R—_R®s R R®s R®s R

q2 q23

—

Let P = (P,Q, F, V1) be a 3n-display over R. We denote the 3n-displays obtained
by base change by ¢iP etc.. Then a descent datum on P relative to R — S is an
isomorphism of 3n-displays

a: P — ¢ P,

such that the cocycle condition holds, i.e. the diagram (42) is commutative if the
letter p is replaced by ¢ and the letter N is replaced by P. Clearly for any 3n-display
Py over S we have a canonical descent datum ap, on the base change Py g over R.

Theorem 37 — The functor Py — (Po r,op,) from the category of displays over S
to the category of displays over R equipped with a descent datum relative to S — R is
an equivalence of categories. The same assertion holds for the category of 3n-displays.

Proof. — Let (P, a) be a display over R with a descent datum relative to S — R. We
define a W (S)—module Py and a S—module Ky, such that the rows in the following
diagram are exact

0 Py P —— W(R®sR) @w) P
o) ! ! !
0 Ko r/Q —2 R®s R®r P/Q

Here the maps § are given by the descent datum « as explained above. That we
have also a descent datum on P/Q follows just from our assumption that « is an
isomorphism of displays and therefore preserves Q. We claim that the map Py —
Ky is surjective. Indeed, since R — S is faithfully flat, it suffices to show that
R®sPy/IsPy — R®g K is surjective. But this can be read of from the commutative
diagram:

W(R) @w (s) Po — R®g Po/IPy — R®s5 Ko

l | |

P—»P/IP—»P/Q

Note that the vertical arrows are isomorphisms by proposition 33 or the usual descent
theory.
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Let us denote by )y the kernel of the surjection Py — Ky. Then we obtain a
commutative diagram with exact rows and columns:

0 0
| |
0 —— Qo Q Q2
I | |
00— P P W (R ®s R) Ow (R) P =psP

I l l
/

0 —— Py/Qo P/Q R@s Ror (P/Q) = ¢3(P/Q)
0 0 0

Here Q2 and p3 P are parts of the display ¢3P = (p5P, Q2, F, V1) which is obtained
by base change.

To get a display Py = (P, Qo, F, V1) we still have to define the operators F and
VL. First since a commutes with F by assumption we have a commutative diagram

P —° . psp

e
P2 pp
This shows that F' induces a map on the kernel of ¢:

FZPO—>P0

Secondly a commutes with V!, i.e. we have a commutative diagram

QlLQz

S

piP —— psP
Recalling the definition of  one obtains a commutative diagram
5

Q — Q2

-l I+

J *
P —— psP=W(R®s R) Qw(g) P.

Hence we obtain V~1: Qg — P, as desired. Finally we need to check the nilpotence
condition. Since the maps V! and F are compatible with Py < P, the same is true
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for V# by the characterization of lemma 10. Hence we have a commutative diagram

P, - P

V#J/ iv#
W(S) @rwsy Po —— W(R) @rw =) P
The nilpotence follows now from the injectivity of the map
S/pS @w, w(s) Fo — R/pPR ®w, w(r) P
and the form (14) of the nilpotence condition. O

1.4. Rigidity. — Our next aim is a rigidity theorem for displays in the sense of
rigidity for p-divisible groups. Let S be a ring, such that p is nilpotent in S. Assume we
are given an ideal a C S with a divided power structure 7, ([BO] 3.1). We set an (a) =
(p™ — D)lypn(a). We may "divide” the n — th Witt polynomial w,(Xo,---,X,) by

n

p:

(47) Wi (X0, Xn) = g (Xo) + s (X2) 4+ 4 X
Let us denote by a¥ the additive group II a. We define a W(5)—module structure
on al¥: ZEN

Elao, a1 -] = [wo(§)ao, wi(&)ay, -],  where & € W(S), [ag,ar,---] € .

The w/, define an isomorphism of W (,S)—modules:
(48) log : W(a) — a"
a = (ag,ar,az ) — [wy(a), wi(a), -]
We denote the inverse image logfl[a, 0,--+,0,---] simply by a C W(a). Then a is an
ideal of W(S5).
By going to a universal situation it is not difficult to compute what multiplication,

Frobenius homomorphism, and Verschiebung on the Witt ring induce on the right
hand side of (48):

[ao,al,...][bo,bl,...] = [aobo,palbl,... ,piaibi,...]
(49) Flag,a1,...] = [pa1,pas,... .pai,...]
V[ao,al,...] = [O,ao,al,...,ai,...]

The following fact is basic:

Lemma 88. — Let (P,Q,F, V™) be a display over S. Then there is a unique ex-
tension of the operator V1:

VWP +Q — P,
such that V~'aP = 0.
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Proof. — Choose a normal decomposition
P=LoT.

Then W(a)P+Q = aT ® L@ IsT. We define V! using this decomposition. To finish
the proof we need to verify that V~'aL = 0. But fa = 0, since the Frobenius map
on the right hand side of (48) is

F[UO7U17~-'] - [pul,pum---]-

O

Lemma 39. — Let S be a ring, such that p is nilpotent in S. Let a C S be an
ideal with divided powers. We consider two displays P = (P,Q,F,V~1) and P’ =
(P, Q',F, V=) over S. Then the natural map

(50) Hom(P,P’) — Hom(Pg/aq, Pg/u)

is injective. Moreover let M be a natural number, such that a?"’ =0 for any a € a.
Then the group pM Hom(’PS/a,”Pg/a) lies in the image of (50).

Proof. — As explained above the map V! : Q) — P’ extends to the map V! :
W(a)P' + Q" — P’, which maps W (a)P’ to W(a)P’. Let u: P — P’ be a map of
displays, which is zero modulo a, i.e.  u(P) C W{(a)P’. We claim that the following
diagram is commutative:

P % W(a)P’
(51) V#l T(v*l)#
W(S) ®pw(s) P 2, W(S) Qpw(s) W(a)P’

Indeed, since P = W (S)V ~1Q, it is enough to check the commutativity on elements of
the form wV ~!l, where | € Q. Since V# (wV 1) = w®I. the commutativity is readily
checked. Let us denote by 1®@p~ u: W(R) @p~ w gy P — W(R) @p~ wry W(a)P’
the map obtained by tensoring. Iterating the diagram (51) we obtain

(52) (VNP1 @py w)(VIF) =u
By the nilpotence condition for each numberM, there exists a number N, such that
VN#(P) C IS,M ®FN7W(S) P.

But since Ig pr- W(a) = 0 for big M, we obtain that the left hand side of (52) is zero.
This proves the injectivity.

The last assertion is even true without the existence of divided powers. Indeed,
it follows from the assumption that p™ W (a) = 0. Let now @ : Pg/q — Pg/q be a
morphism of displays.

For x € P let us denote by T € W(S/a) @y (g) P its reduction modulo a. Let
y € P’ be any lifting of «(Z). Then we define

v(z) =p™ -y
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Since pM W (a) = 0 this is well-defined. One checks that v is a morphism of displays
P — P’, and that 7 = pM7. O

Proposition 40. — Let S be a ring such that p is nilpotent in S. Let a C S be a
nilpotent ideal, i.e. a¥ = 0 for some integer N. Let P and P’ be displays over S.
The the natural map

Hom(P,P’) — Hom(Ps/mPg/a)

s injective, and the cokernel is a p-torsion group.

Proof. — By induction one restricts to the case, where a? = 0. Then we have a unique
divided power structure on a, such that v,(a) = 0 for a € a. One concludes by the
lemma. O

Corollary 41. — Assume again that p is nilpotent in S and that the ideal generated
by nilpotent elements is nilpotent. Then the group Hom(P,P’) is torsionfree.

Proof. — By the proposition we may restrict to the case where the ring S is reduced.
Then the multiplication by p on W(S) is the injective map:

(50,81,82...) — (0,s0,s7...)

Therefore the multiplication by p on P’ is also injective, which proves the corollary.
O

2. Lifting Displays

In this chapter we will consider a surjective homomorphism of rings S — R. The
kernel will be denoted by a. We assume that the fixed prime number p is nilpotent in
S.

To a display over R we will associate the crystal, which controls the deformation
theory of this display in a way which is entirely similiar to the deformation theory of
Grothendieck and Messing for p—divisible groups.

2.1. The main theorem. — We begin by a lemma which demonstrates what we
are doing in a simple situation.

Lemma 42. — Let S — R be as above and assume that there is a number N, such
that a™ = 0 for any a € a. Let (P;, F;) for i = 1,2 be projective finitely generated
W (S)—modules P;, which are equipped with ¥ —linear isomorphisms F; : P; — P;.
We set P; = W(R) Qw sy Pi and define T —linear isomorphisms F,: P, — P, by
Fi(¢®z)= F¢® Fux, for¢ € W(R),x € P;.

Then any homomorphism @ : (Py,F1) — (P, Fs) admits a unique lifting o :
(Pl, Fl) — (PQ, FQ)
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Proof. — First we choose a lifting ag : P, — P>, which does not necessarily commute
with the Fj. We look for a W (S)-linear homomorphism w € Homyy gy (P1, W (a)P2),
such that

(53) FQ(O[O + w) = (Oé() + w)Fl.

Since @ commutes with F'; the ¥ —linear map n = Fyag — agF; maps Py to W(a)P,.
The equation (53) becomes

wk) — Fow =1,
or equivalently
(54) w—FF(W(S) @pw(s) w)(Ff) ™ =n#(FF)~
We define now a Z,—linear endomorphism U of Homyy gy (P1, W(a)Pz) by
Uw = Fff (W(S) ®F,Ww(s) w)(F{)~"

Then U is nilpotent. Indeed for this it suffices to show that F5 is nilpotent on W (a)Ps.
Clearly we need only to show that the Frobenius ' is nilpotent on W (a). Since p is
nilpotent an easy reduction reduces this statement to the case, where p-a = 0. It is
well-known that in this case the Frobenius on W(a) takes the form

Flag,a1,...,a;,...) = (af,a},....a},...).

Since this is nilpotent by assumption the operator U is nilpotent, too.
Then the operator 1 — U is invertible, and therefore the equation (54)

(1= U)w = (Ff)~
has a unique solution. O

Corollary 43. — Assume that we are given an ideal ¢ C W (a), which satisfies F'c C
¢ and a W(S)—module homomorphism «qg : Py — Py, which satisfies the congruence

Fyap(z) = ap(Frz) mod cPa.

Then we have a = g mod ¢Ps.

Proof. — One starts the proof of the lemma with «q given by the assumption of the
corollary and looks for a solution w € Homyy (g (P1, cP) of the equation (53). O

Theorem 44. — Let S — R be a surjective homomorphism of rings, such that p is
nilpotent in S. Assume the kernel a of this homomorphism is equipped with divided
powers. Let P be a display over R and let P1 and Py be liftings to S. Let us denote
by Qi the inverse image of Q by the map P, — P for i=1,2. Let V™' Q: — P,
be the extension of the operator V! : Q; — P; given by the divided powers. Then
there is a unique isomorphism « : (Py, 1, F, V) — (P, -, F, V1), which lifts the
identity of P.
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Proof. — The uniqueness follows from the proof of lemma 39. Indeed one has only
to observe that the commutative diagram (51) still makes sense. By assumption we
have pM - a = 0 for some number M. We make an induction on the number N to
show the following assertion:

There exists a W(S)—linear lifting o : P; — P» of the identity such that

(55) Fa(z) = a(Fz) mod pM"W(a) for z € P
Vla(y)=a(V-ly) mod pNW(a) for ye Q.

We note that the divided powers give us an isomorphism [, w’,, : W(a) ~ a". From
this we see that

FW(a) C pW(a), Is-W(a) C pW(a).

In order to have a start for our induction, we consider the equations (55) to be fulfilled
in the case N = 0 for any W (S)—linear lifting . Hence we may assume that we have
already constructed a W(.S)—linear homomorphism ay, which lifts the identity and
satisfies (55). To prove the theorem we have to construct a W(S)— linear lifting o’
of the identity, which satisfies (55) with N replaced by N + 1. We choose a normal
decomposition Py = Ly & T} and we put Ly = ay(L1) and Ty = an(T1). Then
P, = Ly ® Ty will in general not be a normal decomposition for the display Ps.
But we can replace the display P, by the display (Ps, Lo + IsTi, F, V1), which is
defined because Lo + IsTy C Qg. Hence we may assume without loss of generality
that P, = Lo 4+ T5 is a normal decomposition.
For i = 1,2 we consider the ¥ —linear isomorphisms

Ui:Viil‘FFi:Li@Ti—)Pr

Then we define a to be the unique W(S)—linear map P; — P, lifting the identity
which satisfies

(56) a(Urz) = Usa(x), for x € Py.

One readily verifies that oy satisfies this equation modulo p™ W (a). By the corollary
to the lemma 42 we obtain:

(57) a=ay modp¥W(a)

We will verify that o commutes with F' modulo pN+1W (a). We verify this for elements
Iy € Ly and t; € Ty separately. We write a(ly) = la + to, where Iy € Ly and ¢ € Ts.
Since ay(l1) € La we conclude from the congruence (57) that to =0 mod p™ W (a).
Therefore we obtain

Fty =0 mod p™V W (a).
Also since V=1 (W (a)P2) C W (a)Ps, we find
V=lty =0 mod pNW(a).
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Now we can compute:

(58) a(V7i)= a(Uih) =Usa(h) =V~ + Fty
o8
=Vl =V-ta(l;) = V~lty mod pVN W (a).

If we multiply the last equation by p, we obtain
a(Fly) = Fa(l;) modulo pNT'W(a), for I, € L.

To treat the elements in T we write a(t1) = I, + t5. The same argument as before
now yields I, = 0 mod pNW (a). Since our operator V! is ¥ —linear on Q)5 and since
15 is a sum of elements of the form ¢ - y, where £ € pV W (a) and y € L), we obtain

VU, =0 mod pV W (a).
Now we compute as above:
a(Fty) = a(Uity) = Usa(ty) = V=i, + Ft)
= Ft) = Fa(ty) — Fl), = Fa(t;) mod pNT'W(a).
Alltogether we have proved

(59) a(Fz) =Fa(z) mod pN W (a), for z€ P;.
From this equation we conclude formally
(60) a(V7ly) =V-la(y) mod pN*t'W(a) for y€ IsP;.

Indeed, it is enough to check this congruence for y of the form V¢-z. Since V=1(Véx) =
¢Fx, we conclude easily by 59. The following equation holds because both sides are
Zero:

(61) a(Viy) =V taly) for yeca-P.

The equation (58) shows that o does not necessarily commute with V=1 on L; mod-
ulo pV 1 W (a). Indeed, the map L; 2 Ly®» Ty 25 Ty factors through pNW (a)T5.
Let us denote by 1 the composite:

0 Ly — pNW(a)T Lo pN W (a) Py
Then we may rewrite the formula (58) as
(62) (V) =V la(ly) —n(ly) mod pN W (a).
We look for a solution o of our problem, which has the form
o =a+w,
where w is a W(S)—linear map
(63) w: P — pNW(a)P;.

First of all we want to ensure that the equation (59) remains valid for «/. This is
equivalent with

w(Fz) = Fw(r) mod pN*'W(a) for x€ P.
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But the right hand side of this equation is zero mod pN*+1W (a). Hence o satisfies
(59), if

w(Fz) =0 mod p™M W (a).

We note that any W (S)—linear map (63) satisfies trivially w(FL;) = w(pV ~1Ly) =
pw(V~1L1) =0 mod pN W (a). Hence o/ commutes with F' mod pN*t1W(a), if w
mod pV 1 (a) belongs to the W (S)—module

(64) Hom(Py /W (S)FTy, p"W (a)/p" ™' W(a) @w(s) P2)-

Moreover o’ commutes with V=1 mod p™ T1W (a), if w satisfies the following congru-
ence

(65) w(V7) = V() = n(ly) mod pN T W (a), forly € L.
Indeed, we obtain from (65)

o (V) =V (y) mod pNTW(a), for ye Qi
because of (62) for y € L; and because of (60) and (61) for y € IgP; +aP;. Hence our
theorem is proved if we find a solution w of the congruence (65) in the W (.S)—module
(64%he map V! induces an ¥ —linear isomorphism

V'L — P /W(S)FT;.

Hence we may identify the W (S)—module (64) with
(66) Homp_inear (L1, pN W (a)/p" W (a) @w (s) Po),

by the map w — wV 1.
We rewrite now the congruence (65) in terms of @ = wV ~!. The map V ~lw is in
terms of @ the composite of the following maps:

. r #
L, & p B owevin Y W(S) ®rw(s) L1

(67) l o

-1
pNW(a)/pN W (a) @w(s) Pa e pNW(a)/pN W (a) Qw (s) P2

The map ¢ in this diagram is the canonical injection. The map pr is the projection
with respect to the following direct decomposition

P =W(S)V 'L, @ W(S)FT).

Finally the lower horizontal —linear map V! is obtained as follows. The divided
powers provide an isomorphism (compare (48)):
MW (a)/pN W (a)—=(pVa/pV )",
Using the notation [ag, a1, ..., an,...] for a vector of (p™Va/p™1a)N, the map V1 is
given by:
V~ag,a1,...]®x = [a1,a9,...]® Fux.
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Let us denote by B = V# o pr o« the composite of the upper horizontal maps in the
diagram (67). Then we may write

V- lw =V~ 1o#B.

We define a Z—linear operator U on the space

(68) Homelincar(LlypNW(a)/pNJer(a)%(s)PQ),
by
(69) U =V~ 'o#B.

Hence the equation (65) which we have to solve now reads as follows:
(1-U)o=n mod pM 1 W(a).

Here 1 denotes the identity operator on the group (68) and & and 7 are considered
as elements of this group. Clearly this equation has a solution @ for any given n, if
the operator U is nilpotent on (68).

To see the nilpotency we rewrite the space (68). We set D; = P;/IgP; + pP; =
S/pS @, w(s) Pi, and we denote the image of @; in this space by D}. Then our group
(68) is isomorphic to

HomFrobenius(D%7pNW(a)/pN+1W(a> ®S/PS D2)’
where Hom denotes the Frobenius linear maps of S/pS—modules. Now the operator
U is given by the formula (69) modulo pW(S) + Is. But then locally on Spec S/pS,

the operator B, is just given by the matrix B of (15). Hence the nilpotency follows
from (15). O

2.2. Triples and crystals. — Let R be a ring such that p is nilpotent in R, and let
P = (P,Q,F, V1) be a display over R. Consider a pd-thickening S — R with kernel
a, i.e. by definition that p is nilpotent in S and that the ideal a is equipped with
divided powers. In particular this implies that all elements in a are nilpotent. We
will now moreover assume that the divided powers are compatible with the canonical
divided powers on pZ, C Zy.

A P-triple T = (P, F,V~1) over S consists of a projective finitely generated W (S)-
module P, which lifts P, i.c. is equipped with an isomorphism W(R) ®w(s) P~P.
Hence we have a canonical surjection P — P with kernel W(a)ﬁ. Let us denote by
Q the inverse image of Q. Moreover a triple consists of two -linear operators of
W(S)-modules F : P—PandV-!: Q — P. The following relations are required:

V(Vwz) = wFz, for we W(S),we P.
V-l(aP) =0
Here a C W(S) is the ideal given by the divided powers (48).

There is an obvious notion of a morphism of triples. Let @ : P; — Py be a
morphism of displays. Let 71 respectively 7 be a Pi-triple respectively a Pa-triple
over S. An a-morphism & : P — P is a homomorphism of W (S)-modules which
lifts @ and which commutes with F' and V~!. We note that a(Q;) C Q2. Therefore
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the requirement that & commutes with ¥V~ makes sense. With this definition the
‘P-triples over S form a category, where P is allowed to vary in the category of displays
over R. We call it the category of triples relative to S — R.

Let us now define base change for triples. Let ¢ : R — R’ be a ring homomorphism.
Let S — R respectively S’ — R’ be pd-thickenings. Assume that we are given a
homomorphism of pd-thickenings:

P

S — 9

(70 L

R— R
@

Let 7 be a P-triple over S as before. Let Pgr/ be the display obtained by base
change from P. Then we define a Pgr/-triple Tg: over S’ as follows. We set Tgr =
(W(S")®@w sy P, F,V ') with the following definition of F' and V~!. The operator F

is simply the F-linear extension of F : P — P. The operator V! on Q’ is uniquely
determined by the equations:
V3iwey) = FweVly, for yeQuweW(s)
V1w )
Vl(a®2)

wQ® Fx, for zeP
0, for aed CcW(a).

Here o’ is the kernel of S’ — R’ with its pd-structure.

Let S — R be a pd-thickening and P be a display over R. Let 7 be a P-triple
over S. By theorem 44 it is determined up to unique isomorphism. We can construct
all liftings of P to a display over S as follows. We consider the Hodge filtration of P.

Let L be a direct summand of P /1 Sﬁ, such that the filtration of S-modules
(72) L CP/IgP

lifts the filtration (71). We call this a lifting of the Hodge filtration to 7. If we denote
by Qr C P the inverse image of L by the projection P — P/IgP we obtain a display
(P,Qr, F,V~1). By theorem 44 we conclude:

Proposition 45. — The construction above gives a bijection between the liftings of
the display P to S and the liftings of the Hodge filtration to T .

We will now formulate an enriched version of theorem 44.
Theorem 46. — Let o : Py — Py be a morphism of displays over R. Let S — R be

a pd-thickening and consider for i = 1,2 a P;-triple T; over S. Then there is a unique
a-morphism of triples a : Ty — 1.
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Proof. — To prove the uniqueness we may assume o = 0. Then we consider the
diagram 51 with P respectively P’ replaced by P; respectively P, and u replaced by
&. There is a map V# on P which is uniquely determined by

VHEwV ) =wey, for weW(S),yeq.

Tts existence follows by choosing a lifting of the Hodge filtration of P to 7. With
these remarks the arguments of lemma 39 apply, and show the uniqueness. To show
the existence we first consider the case where « is an isomorphism. By choosing liftings
ﬁl respectively ﬁz of Py respectively P, to S this case is easily reduced to theorem
44. The general case is reduced to the first case by considering the isomorphism of
displays:

PirdPy— Pr1®Py
(z,y) —  (2,a(x) +y)
where z € P; and y € Ps. O

Remark: This theorem extends trivially to the case where S is a topological ring
as in definition 13. More precisely let R be as in the last theorem, and let S — R
be any surjection, such that the kernel a is equipped with divided powers. If p is not
nilpotent in S this is not a pd-thickening in our sense (compare section 2.2). Assume
that there is a sequence of sub pd-ideals ...a, D a,41 ..., such that p is nilpotent in
S/a,, and such that S in complete and separated in the linear topology defined by the
ideals a,. Then the theorem above is true for the surjection S — R. We note that S
is a p-adic ring. We will call S — R a topological pd-thickening. We are particularly
interested in the case where S has no p-torsion.

Let us fix S — R as before. To any display P we may choose a P-triple 7p(S). By
the theorem P — 7p(S) is a functor from the category of displays to the category of
triples. It commutes with arbitrary base change in the sense of (70). If we fix P we
may view S — Tp(S) as a crystal with values in the category of triples. We deduce
from it two other crystals.

Let X be a scheme, such that p is locally nilpotent in Ox. Then we will consider the
cystalline site, whose objects are triples (U, T, d), where U C X is an open subscheme,
U — T is a closed immersion defined by an ideal J C Or, and § is a divided power
structure on J. We assume that p is locally nilpotent on T, and that the divided
powers 0 are compatible with the canonical divided power structure on the ideal
pZy, C Zyp. The reason for this last condition, which was not necessary in theorem
46 will become apparent later. Let W(OS”) be the sheaf on the crystalline site,
which associates to a pd-thickening U — T the ring W(I'(T,Or)). A crystal in
W(OF®)-modules will be called a Witt crystal.

Sometimes we will restrict our attention to the crystalline site which consists of
pd-thickenings (U, T, §), such that the divided power structure is locally nilpotent in
the sense of [Me] Chapt. III definition 1.1. We call this the nilpotent crystalline site.

Let P be a display over R. Then we define a Witt crystal p on Spec R as
follows. It is enough to give the value of Kp on pd-thickenings of the form Spec R’ —
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Spec S’, where Spec R’ < Spec R is an affine open neighbourhood. The triple over S’
associated to Py, is of the form

Tp, (8) = (P, F,VY).
We define
(73) Kp(Spec R' — Spec S') = P.
For the left hand side we will also write Kp(S").

Definition 47. — The sheaf Kp on the crystalline situs of Spec R is called the Witt

crystal associated to P. We also define a crystal of O°™Y*-modules on Spec R by
Dp(S') = Kp(S))/TsrK(S').

Dp is called the (covariant) Dieudonné crystal.

More generally we may evaluate these crystals for any topological pd-thickening in
the sense of the last remark. If (S, a,) is a topological pd-thickening we set:
Kp(S)= lim Kp(R/a)

74 "
(74) Dp(S)= lim Dp(R/a,)

The Witt crystal and the Dieudonné crystal are compatible with base change. This
means that for an arbitrary homomorphism of pd-thickenings (70) we have canonical
isomorphisms:

Kpr (87) = W(S") @w(s) Kp(S5)
Dp_,(5') ~ 5 ©5 Dp(S).

This follows from the definition of the Pg/-triple 7g.. The R-module Dp(R) is iden-
tified with P/IrP and therefore inherits the Hodge filtration

(76) Dh(R) C Dp(R).

The proposition 45 may be reformulated in terms of the Dieudonné crystal.

(75)

Theorem 48. — Let S — R be a pd-thickening. Consider the category C whose
objects are pairs (P, E), where P is a display over R, and E is a direct summand of
the S-module Dp(S), which lifts the Hodge filtration (76). A morphism ¢ : (P, E) —
(P',E'") in the category C is a morphism of displays ¢ : P — P’, such that the induced
morphism of the associated Dieudonné crystals (definition 47) maps E to E'. Then
the category C is canonically equivalent to the category of displays over S.

The description of liftings of a display P over R is especially nice in the following
case: Let S — R be surjection with kernel a, such that a? = 0. Then we consider the
abelian group:

(77) Hom(Dy(R),a ®r (Dp(R)/Dp(R)))
We define an action of this group on the set of liftings of P to S as follows. T'wo

liftings correspond by theorem 48 to two liftings F7 and E5 of the Hodge filtration. We
need to define their difference in the group (77). Consider the natural homomorphism:
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Ey € Dp(S) — Dp(S)/E2
Since E; and E» lift the same module D, (R) the last map factors through
(78) Ey — a(Dp(5)/E2).
The right hand side is canonically isomorphic to a ®g (Dp(R)/D5(R)), since a? = 0.
Hence the map (78) may be identified with a map:
u:Dp(R) — a®@g Dp(R)/Dp(R)
We define Ey — Fs = u. It follows immediately that:

(79) B> = {e —u(e)|e € By},

where u(e) € aDp(S) denotes any lifting of u(e). This proves the following

Corollary 49. — Let P be a display over R. Let S — R be a surjective ring homo-
morphism with kernel a, such that a> = 0. The action of the group (77) on the set of
lifings of P to a display over S just defined is simply transitive. If Py is a lifting of
P and w an element in (77) we denote the action by Py + u.

Using example 1.17 it is easy to give a description of Py 4+ u in the situation of
the last corollary. Let a C W (a) be the subset of all Teichmiiller representatives of
elements of a. If we equip a with the divided powers ay,(a) = 0 this agrees with our
definition after equation (48). We restrict our attention to homomorphisms « : Py —
aPy C W(a)P, and consider the display defined by (27):

(80) F,x = Fz—o«(Fz), for z€ P
Vily = Vly—a(Vly), for yeQo.

Then there is an element « in the group (77) such that:

(81) Pa=Po+u

It is easily described: There is a natural isomorphism aPy £ a ® g P/IrP. Hence «
factors uniquely through a map:

@ZP/IRP—>CL®RP/IRP.

Conversely any R-module homomorphism & determines uniquely a map a. Let u be
the composite of the following maps:

(82) w:Q/IgrP C P/IgP % a®p P/IrP — a ®r P/Q.
Then the equation (81) holds. To see this consider the isomorphism :

71 (P, Qo, Fa, Vi ') — (Po, Qo, F, V),
which exists by theorem 46 . Using the relations:

FaPy=V 'aPy=0, a®=0,
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it is easily verified that 7(z) = z + a(x) for z € Py. It follows that P, is isomorphic
to the display (Po,7(Qo), F,V~1). Since

7(Qo) = {z + a(z)]z € Qo}

the equation (81) follows with the u defined above (82).

Next we define the universal deformation of a display. Let S — R be a surjection
of rings, such that the kernel is a nilpotent ideal a. For a display P over R, we define
the functor of deformations of P :

Def'p (S)

as the set of isomorphism classes of pairs (’ﬁ,a), where P is a display over S and
L:P — Pgis an isomorphism with the display obtained by base change.

We will consider the deformation functor on the following categories Aug,_, . Let
A be a topological ring of type (16). The ring R is equipped with the discrete topology.
Suppose we are given a continous surjective homomorphism ¢ : A — R.

Definition 50. — Let Aug,_,p be the category of morphisms of discrete A-algebras
g : S — R, such that vg is surjective and has a nilpotent kernel. If A = R, we will
denote this category simply by Augp.

A nilpotent R-algebra A is an R-algebra (without unit), such that NV = 0 for a
sufficiently big number N. Let Nilg denote the category of nilpotent R-algebras. To
a nilpotent R-algebra A we associate an object R|N| in Augp. As an R-module we
set RIN| = R ® N. The ring sructure on R|N| is given by the rule:

(ri®ny)(ra®ne) = (rire ®ring +7ony +nine) forn; €N, r;, € R.

It is clear that this defines an equivalence of the categories Nilg and Augp. An R-
module M is considered as an element of Nilgp by the multiplication rule: M? = 0.
The corresponding object in Augpy, is denoted by R|M|. We have natural fully faithful
embeddings of categories

(R — modules) C Augyp C Aug,_.p

Let F' be a set-valued functor on Aug,_,p. The restriction of this functor to the
category of R-modules is denoted by tp and is called the tangent functor. If the
functor tg is isomorphic to a functor M — M ®p tr for some R-module tr, we call
tr the tangent space of the functor F (compare [Z1] 2.21).

Let T be a topological A-algebra of type (16) and 1 : T — R be a surjective
homomorphism of topological A-algebras. For an object S € Aug,_, p, we denote by
Hom(T, S) the set of continous A-algebra homomorphisms, which commute with the
augmentations ¢ and 1g. We obtain a set-valued functor on Aug,_, »:

(83) SpfT'(S) = Hom(T, S)

If a functor is isomorphic to a functor of the type Spf T it is called prorepresentable.
We will now explain the prorepresentability of the functor Defp. Let us first
compute the tangent functor. Let M be an R-module. We have to study liftings
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of our fixed display P over R with respect to the homomorphism R|M| — R. The
corollary 49 applies to this situation. We have a canonical choice for Py:

P() - PR\M|

Let us denote by Defp (R|M]) the set of isomorphism classes of liftings of P to R|M].
Then we have an isomorphism :

(84) Hompg(Q/IrP, M ®r P/Q) — Defp(R|M]),

which maps a homomorphism u to the display Py + u. Hence the functor Defp has
a tangent space, which is canonically isomorphic to the finitely generated projective R-
module Hompg(Q/IrP, P/Q). Consider the dual R-module w = Homg(P/Q,Q/IrP).
Then we may rewrite the isomorphism (84):

Hompg(w, M) — Defp(R|M|)
Hence the identical endomorphism of w defines a morphism of functors:
(85) Spf R|w| — Defp

We lift w to a projective finitely generated A-module @. We consider the symmetric
algebra Sp (@). Its completion A with respect to the augmentation ideal is a topolog-
ical A-algebra of type (16), which has a natural augmentation A — A — R. Since the
deformation functor is smooth, i.e. takes surjections S; — Ss to surjective maps of
sets, the morphism (85) may be lifted to a morphism:

(86) Spf A — Defp

It is not difficult to show, that this is an isomorphism using the fact that it induces
by construction an isomorphism on the tangent spaces (compare [CFG]). It is easy to
describe the universal display over P“"® over A. Let u : Q/IrP — w ®g P/Q the
map induced by the identical endomorphism of w. Let a: P — w ®r P/Q be any
map, which induces u as described by (82). The we obtain a display P, over R|w].
For PU" we may take any lifting of P, to A.

Let us assume that the display P is given by the equations (9). In this case the
universal deformation is as follows. We choose an arbitrary lifting (o) € Gl(W(A))
of the matrix (c;;). We choose indeterminates (ty;) for k=1,...d, l=d+1,...h.
We set A = Afti;]. For any number n we denote by E, the unit matrix. Consider
the following invertible matrix over Gl (A):

(57) (5 ) (e

As usual [ty;] € W(A) denotes the Teichmiiller representative. This matrix defines by
(9) display P“"* over the topological ring A. The the pair (A4, P*"?) prorepresents
the functor Defp on the category Aug,_, .
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2.3. Witt and Dieudonné crystals. — Our next aim is to explain how the Witt
crystal may be reconstructed from the Dieudonné crystal.

The ideal I C W(R) will be equipped with the divided powers (see [Gr] Chapt.
IV 3.1):

(88) ap(Vw) = pP=2 V(wP), for we W(R).

The morphism wq : W(R) — R is a topological pd-thickening, in the sense of the
remark after theorem 46, because (88) defines a pd-thickenings wq : W, (R) — R. We
note that the last pd-thickenings are nilpotent, if p # 2.

If we evaluate a crystal on Spec R in W(R) we have the topological pd-structure
above in mind (compare (74)).

More generally we may consider a pd-thickening S — R, where we assume p to be
nilpotent in S. Let a C S be the kernel. The divided powers define an embedding
a C W(S), which is an ideal of W(S) equipped with the same divided powers as
a C S. The kernel of the composite W(S) 3 S — R is the orthogonal direct sum
Is @ a. Since we have defined divided powers on each direct summand, we obtain a
pd-structure on the kernel of:

(89) W(S) — R.

Again this induces pd-thickenings W, (S) — R. Therefore me may consider (89) as
a topological pd-thickening, and evaluate crystals in W (S).

In the case p # 2 the divided powers on the kernel of W,,,(S) — R are nilpotent, if
the divided powers on the ideal a were nilpotent.

Proposition 51. — Let S — R be a pd-thickening. There is a canonical isomor-
phism
Kp(S) = Dp(W(S)).
This will follow from the more precise statement in proposition 53.
For later purposes it is useful to note that this proposition makes perfect sense if
we work inside the nilpotent crystalline site.

To define the isomorphism of proposition 51 we need the following ring homomor-
phism defined by Cartier:

(90) A W(R) — W(W(R)).
It is defined for any commutative ring R. In order to be less confusing we use a hat
in the notation, if we deal with the ring W(W(R)).

The homomorphism A is functorial in R and satisfies

(91) Wa(A©) = e, £eW(R).

As usual these properties determine A uniquely. We leave the reader to verify that
the equation:

(92) W(wa)(A(E) = ¢,
holds too.
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Lemma 52. — The following relations hold:
ATE = T(AE) =W(TAE),
AME =V (L) = [V€,0,0,---] € W(In)
Here on the right hand side we have used logarithmic coordinates with respect to the

divided powers on Ig.

Proof. — We use the standard argument. By functoriality we may restrict to the
case where R is torsion free (as Z-module). Then W(R) is torsion free too. Hence it
is enough to show that for each integer n > 0 the equations of the lemma hold after
applying w,,. This is readily verified. O

Proposition 53. — Let S — R be a pd-thickening with kernel a, and let P =
(P,Q,F, V1Y) be a display over R. Let T = (P, F,V~1) be the unique (up to canoni-
cal isomorphism) P-triple over S. Consider the pd-thickening W (S) — R with kernel
Is®a. Let T denote the unique P-triple related to this pd-thickening. Then T is of
the form

T = (W(W(S)) ®A,W(S) ﬁ7Fu V_1)7

where the operators F' and V1 are uniquely determined by the following properties:

(93) Féoz) = FéoFz, EfeWW(S)),zeP
V3E®y) = Péavly, yeq
V(Véw ) ={®Fa.

Here as usual_@ denotes the inverse image of Q by the morphism P— P.
The triple T provides the isomorphism of proposition 51:

(94) Kp(S) = P =W(S) @w, (W(W(S)) ®aw(s) P) =Dp(W(S))
Proof. — Let o : W(S) — R be the pd-thickening (89). It follows that from (92) that

W(W(S)) @a,ws) P =P is a lifting of P relative to a. We have homomorphisms
P p— P,

where the first arrow is induced by W (wy) : W(W(S)) — W(S). Let Q be the inverse

image of ) in P.

_ We choose a normal decomposition P = L & T, and we lift it to a decomposition

P =L&T. Then we have the decomposition

(95) Q=La®IsT®al.

The divided power structure on the ideal Is @a C W(S) induces an embedding of this

ideal in W (W (S)). We will denote the images of Is respectively a by Ig respectively
a. The analogue of the decomposition (95) for the pd-thickening W (S) — R gives for
the inverse image of Q:

(96)  7HQ) = W(W(S) ®aw(s) L® Iws) @nws) T ®Is ®aws) T ®a®a wis) T



THE DISPLAY OF A FORMAL P-DIVISIBLE GROUP 51

By the definition of 7 the operator V! must be defined on W*I(Q) and it must be
a lifting of V=1 on P.

Let us assume for a moment that V! exists as required in the proposition. We
claim that this implies that ¥V ~! vanishes on the last two direct summands on (96).
To see that V=1 vanishes on Is ® AW (S) T , we remark that by lemma 52 any element
of I may be written in the form A(V¢) _v A(E), for £ € W(S). Hence it suffices to
show that for t € T

VHAYE - VA et) =o.

But this follows from the equation (93).

Let a € a € W(S) be an element. The same element considered as element of
a C W(W(S)) will be denoted by a. We have the following lemma, which we prove
later.

Lemma 54. — We have A(a) = a.

Hence V-1(a®t) =V 1(1®at) = 1 ® V~lat = 0, by the second equation of (93)
for y = at. Now we see from the decomposition (96) that the operator V! from the
triple 7 is uniquely determined by the requirements (93). Moreover we can check now
that V=1 (if it exists) is a lift of V= : Q — P relative to W (wq) : W(W(S)) — W (S).
In fact our proof of the uniqueness shows that wil(QA) is generated by all elements
of the form £ ® y, for £ € W((W(S)) and y € @ and of the form VE® z, for x € P.
Since W (wg) commutes with ' and Y, we see from (93) that V=1 is indeed a lift.
It remains to show the existence of a V! as asserted in the proposition.

To prove the existence of V=1, we define an F-linear operator V= on 7=1(Q). On
the first direct summand of (96) it will be defined by the second equation of (93), and
on the second direct summand by the third equation of (93). On the last two direct
summands of (96) we set V! equal to zero. We only have to check, that the last two
equations of (93) hold with this definition. We will write down here only some parts
of this routine calculation. Let us verify for example that the second equation of (93)
holds for y € IgT. We may assume that y is of the form y =" nt, where n € W(S)
and t € T. Then we have to decompose £ ®" nt according to the decomposition (93):

£ont = A(Vn)-Eot =
(8("n) - Yom)-fot+ Vamiet
Here the first summand is in the third direct summand of (96) and the second sum-

mand is in the second direct summand of the decomposition (96). The definition of
V1 therefore gives:

v (§®y) = v (VA(U) -5®t)
= v ("(am"E) et)=am it
= FéonFt= Féav="(Ynt) = Féavly
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Hence the second equation of (93) holds with the given definition of V=1 for y € I SIN“ .

For y € L this second equation is the definition of V! and for y € aT the lemma 54
shows that both sides of the equation

v (féey) = foFy
are zero. Because we leave the verification of the third equation (93) to the reader we
may write modulo the lemma 54: O

Let us now prove the lemma 54. The ideal W(a) C W(S) is a pd-ideal, since it
is contained in the kernel a @ I's of (89). One sees that W (a) inherits a pd-structure
from this ideal. One checks that in logarithmic coordinates on W (a) this pd-structure
has the form:

aplan, ar....] = ap(ao). p* Doy (ar), ... 0" Doy (ay), .|

where oy, (a;) for a; € a denotes the given pd-structure on a.
On W(a) the operator F" becomes divisible by p™. We define an operator #F”
on W(a) as follows:
1
EF" : W(a) — W(a)
[ag,a1,a9...] — [apn, Gni1, Gpyo, .- ]
Since W(a) C W(S) is a pd-ideal, we have the divided Witt polynomials
W, W(W(a)) — W(a)
If a € a C W(a) the element @ € a C W (W (a)) used in the lemma 54 is characterized
by the following properties
wi(a) =a, w,(a)=0 for n>0.
Therefore the lemma 54 follows from the more general fact:

Lemma 55. — Let S be a Zy-algebra and a C S be a pd-ideal. Then the canonical
homomorphism

A W(a) — W(W(a))

satisfies
1 pn
W (A (a) = — Ta, for a€W(a),n>0.
p'l’L
Proof. — One may assume that S is the pd-polynomial algebra in variables ag, a1, . . .
over Z,. Since this ring has no p-torsion the formula is clear from (91) |

Corollary 56. — Under the assumptions of proposition 53 let p: W(R) — S be a
homomorphism of pd-thickenings. Then the triple T = (P, F,V =) may be described
as follows: Let § be the composite of the homomorphisms

(97) §:W(R) 2 ww(R)). Y% w(s)

This is a ring homomorphism, which commutes with ¥ .
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We define P = W(S) ®@swry P. Then P is a lifting of P with respect to the
morphism S — R. For the operator F on P we take the F-linear extension of
the operator F on P. Let Q C P be the inverse image of Q. Finally we define
v-i: Q — P to be the unique F -linear homomorphism, which satisfies the following
relations.

V3 wey) = FueVly, weW(S),yeQ
(98) VI3Vwer)= we® Fu, weW(S),zeP
Vi3ewz) = 0 a€acCW(S).
In particular we obtain the following isomorphisms:
Kp(S)=W(S) @w(r) Kr(R)
Dp(S)= S @wr) Kr(R).

Proof. — We apply propositon 53 to the trivial pd-thickening R — R, to obtain the
triple 7. Then we make base change with respect to ¢ : W(R) — S. O

We will now see that the isomorphism of proposition 51 (compare (94)) is compat-
ible with Frobenius and Verschiebung.

Let R be a ring such that p- R = 0. For a display P over R we have defined
Frobenius and Verschiebung.

Frp:P — PP Verp: PP — P
They induce morphisms of the corresponding Witt and Dieudonné crystals:

(99) F"I”D73 . Dp — Dp(p), F’I';CP . ICp — Kp(p)

(100) Verp,, : D’P(p) — DP, Vel")c,, : /Cp(p) — /Cp

Let us make the morphisms more explicit. We set P = (P,Q,F,V~!). Let S — R
be a pd-thickening, such that p is nilpotent in S. We denote by 7 = (P, F,V 1) the
unique P-triple over S. The unique PP -triple over S is given as follows

T® = (W(S) @rws P,FV™),
where F' and V~! will now be defined:
F®z)= Fe@Fa, for ¢e€W(S),z€P.
The domain of definition of V! is the kernel Q(p) of the canonical map

W(S) ®rw(s) P — R ®pob.r P/Q,
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which is induced by W(S) =% S — R. The operator V! on Q® is uniquely
determined by the following formulas

V5l(¢®y) =FeeVv-ly, for £eW(S),yc Q
(101) Vi (Vewr) = ¢E@Fx , xzeP
v-1 (Cl QF,Ww(S) }5)2 0.

Even though it makes the text long, we do not leave the verification of the existence
of V=1 to the reader: We take a normal decomposition P = L @ T. Then we obtain
the decompositions

Q=LalIsT®al

QW = W(S) @rw (s L&l QF,Ww(S) T®a QFw(s) T

We define the operator V! on Q® by taking the first formula of (101) as a formula
on the first direct summand, the second formula on the second direct summand and
so on. Then we have to verify that ¥V ~! defined on this way satisfies (101). To verify
the first formula (101) it is enough to check the cases y € E,y € IsT and y € ol
separately. For y € L the assertion is the definition of V=1 and for Yy € aT both sides
of the equation become zero. Therefore we may assume y = Vna, for n € W(S)

and x € T. We have

(@ Vnz = ppoa.
Now in the ring W(Z,) = W (W (F,)) we have the equation
p—[p,0,0---]=A"1)-[V1,0---0)= VA1= V1.

Since Z,, — S is a pd-morphism the same equation holds in W (.S). We obtain
pén®@z = ([p,0---0] + Vl)&n@x.
Since [p,0---0){n @z € a ® T we obtain by the definition of V!
Viiptnea) =V (V1-&oa)

=V (" er)= T e Fr= "¢onFx

= eV (Vo).

This proves the assertion. The verification of the last two equations of (101) is
done in the same way, but much easier.

Hence we have proved the existence of V1. Tt follows that 7 is a P®)-triple.

To the triple 7 = (ﬁ,RV‘l) there is by lemma 1.5 an associated W (S)-linear
map

(102) V# . P — W(S) @rw(s) P,
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which satisfies the relations
VHwVly) = woy, for yeQ,we W(S)
V#(wFz) = p-w®az.
Indeed, to conclude this from lgmma 1.5 we complete 7 to a display (]3,@7

F,V~1) and note that Q= é +aP.
Then we claim that (102) induces a map of triples:

(103) Fro:T — TW
We have to verify that the morphism (102) commutes with F' and V1. Let us do the

verification for V=1, The assertion is the commutativity of the following diagram:

)y VL Hw p
Q —— QW CW(S)@rws) P

- =

- V# ~
P —— W(S)®@rwes) P

We take any y € Q and we write it in the form

y= i &V,
i—1

for & € W(S) and z; € Q. Then we compute

VEV Ty =1y
Vii(VEy) =Vt <Z§i ® Zz) =Y faeviia=1ey

i=1 i=1

We leave to the reader the verification that

F#*:W(S)®pw(s) P — P

induces a morphism of triples

Very : TW — T

Then Frz and Very are liftings of Frp and Verp and may therefore be used to
compute the Frobenius and the Verschiebung on the Witt crystal and the Dieudonné
crystal:

Proposition 57. — Let R be a ring, such that p- R = 0. Let P be a display over
R. We consider a P-triple T = (13, F, V=Y relative to a pd-thickening S — R. Then
the Frobenius morphism on the Witt crystal Fric,, (S) : Kp — Kpw (S) is canonically
identified with the map V7 : P W(S) @r,w(s) 15, and the Verschiebung morphism
Veri,, (S) : Kpw (S) = Kp(S) is canonically identified with F# : W(S) @ g (s) P
P. The Frobenius and Verschiebung on the Dieudonné crystal are obtained by taking
the tensor product with S®s, w(s)-

This being said we formulate a complement to the proposition 53.
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Corollary 58. — Let us assume that p- R = 0. Then for any pd-extension S — R
the isomorphism of the proposition 53:
Kp(S) — Dp(W(S))

1s compatible with the Frobenius and the Verschiebung on these crystals.

Proof. — We will check this for the Frobenius. The commutativity of the following
diagram is claimed:

Kp(S) —— Dp(W(5))

FT’CPJV J/FTDP

Kpw (S) ——— Dpm (W(S)).

Now we take a P-triple (P, F, V) over S. Taking the proposition 57 into account,
we may rewrite the last diagram as follows:

P — W(S) @wo (W(W(S)) ®a,w(s) P)
ool Juove

W(S) @wo (W(W(S) @ vy (sy) WW(S) ®a,w(s) P)

H

W(S) ®@pw(s) P —— W(S) @wo (W(W(S)) @a w(s) W(S) @rw(s) P)

It is enough to check the commutativity of this diagram~on elements of the form
1V Hy),E e WW(S)y € and V-1 (VE®x), 2 € P. This is easy. O

We will now study the functor which associates to a display its Dieudonné crystal
over a base R of characteristic p. In this case the Dieudonné crystal is equipped with
the structure of a filtered F-crystal. We will prove that the resulting functor from
displays to filtered F-crystals is almost fully faithful.

Let R be a ring, such that p- R = 0, and let P be a display over R. The inverse
image of the Witt crystal Cp by the Frobenius morphism Frob : R — R may be
identified with Kp). To see this we look at the commutative diagram:

W(S) —=— W(S)

l !

R Frob R

The vertical map is a pd-thickening by (89) and " is compatible with the pd-structure.
This diagram tells us ([BO] Exercise 6.5), that

Frob™ Kp(W(S)) = W(W(S)) @w (), ww (s)) Kp(W(S)).
The pd-morphism wq : W(S) — S gives an isomorphism

W(S) ®W(w0),W(W(S)) Frob* IC”;:(W(S)) = Frob* /CP(S)
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Combining the last two equations we get as desired identification:
(104) Frob® Kp(S) = W(S) @ pw(s) Kp(S) = Kpw) (S).
From this we also deduce:

Frob* Dp(S) = Dpu) (S)

Remark: This computation of Frob* Dp may be carried out inside the nilpotent
crystalline site, if p # 2. The point is that we need that W (S) — R is a topological
nilpotent pd-thickening, if S is a nilpotent pd-thickening. The result is the same.

Definition 59. — Let X be a scheme, such that p- Ox = 0. Let us denote by
Frob : X — X the absolute Frobenius morphism. A filtered F-crystal on X is a triple
(D, G, Fr), where D is a crystal in OF""-modules G C Dx is an Ox-submodule of
the Ox-module Dx associated to D, such that G is locally a direct summand. Fr is
a morphism of crystals

Fr:D — Frob*D = D®),

We also define a filtered F-Witt crystal as a triple (K, Q, Fr), where K is a crystal
in W(OY®)-modules, Q@ C Kx is a W(Ox)-submodule, such that IxKx C Q and
Q/IxKx C Ox ®w,,w(0x) Kx is locally a direct summand as Ox-module. Fr is a
morphism of W (O$”®)-crystals

Fr: K — K® = Frob* K.

With the same definition we may also consider fitered F-crystals (resp. F-Witt crys-
tals), if p # 2.

The same argument which leads to (104) shows that for any pd-thickening T «—
U — X there is a a canonical isomorphism:

K@ (T) = W(Or) @r,w o) K(T)

From a filtered F-Witt crystal we get a filtered F-crystal by taking the tensor product
O @w(ogv+). Let R be a ring such that p- R = 0 and P = (P,Q,F,V™") be a
display over R as above. Then we give the Witt crystal Cp the structure of a filtered
F-Witt crystal, by taking the obvious @), and by defining Fr : p — Kp®) as the map
(99). By taking the tensor product O§YS®WO7W(O§;ys) we also equip the Dieudonné
crystal Dp with the structure of a filtered F' crystal.

We will say that a pd-thickening (resp. nilpotent pd-thickening) S — R is liftable,
if there is a morphism of topological pd-thickenings (resp. topological nilpotent pd-
thickenings) S’ — S of the ring R, such that S’ is a torsionfree p-adic ring. We prove
that the functors K and D are ”fully faithful” in the following weak sense:

Proposition 60. — Let R be a Fj,-algebra. Assume that there exists a topological
pd-thickening S — R, such that S is a torsionfree p-adic ring.

Let P1 and Py be displays over R. We denote the filtered F-crystal associated to
Pi by (D, Gy, Fr;) fori=1,2 and by (K;, Qs, F'r;) the filtered F-Witt crystal.

Let a : (D1,Gh, Fr1) — (D2, Ga, Fra) be a morphism of filtered F-crystals. Then
there is a morphism ¢ : Py — P of displays, such that the morphism of filtered
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F-crystals D(p) : (D1,G1,Fr1) — (D2,Ga, Fre), which is associated to ¢ has the
following property:

For any liftable pd-thickening S — R, we have
(105) agr = D((p)su

The similar statement for the filtered F-Witt crystals is also true.

Remark: The result will later be used to show that the functor BI' of the
introduction is fully faithful under the assumptions of the proposition. In fact we will
use the following variant of the proposition: Assume that p # 2 and that we are given
a topological nilpotent pd-thickening, such that S is a torsionfree p-adic ring. Then
it is enough to have a morphism « on the nilpotent crystalline site to conclude the
existence of ¢, such that for any liftable nilpotent pd-thickening S’ — R the equality
(105) holds.

Proof. — First we prove the result for the filtered F-Witt crystals. Let (]52, F,vV—h
be the P;-triple over S for i = 1,2. We may identify IC;(S) with P, and Fr;(S)
with the morphism V# : P, — W(S) ®rw(s) Pi- Then we may regard ag as a
homomorphism of W (S)-modules

ag : ﬁl — ﬁ27

which commutes with V#:

(106) V#as = (1® ag)VH.
Since ag respects the filtrations @1 and @2, we get
as(Q1) C Q.

Because the ring S is torsionfree we conclude from the equations F# - V# = p and
V# . F# = p, which hold for any display, that the maps F# : W (S) Qrw(s) Pi — P
and V¥ : P, — W(9) ®@rw(s) i are injective. Hence the equation

(107) F*(1®ag) = agF*

is verified by multiplying it from the left by V# and using (106). We conclude that ag
commutes with F. Finally ag also commutes with V' ~! because we have pV ! = F
on Q.

We see from the following commutative diagram

P - P
| |
Pt Py

that ag induces a homomorphism of displays and that ag is the unique lifting of ag
to a morphism of triples. This proves the proposition in the case of filtered F-Witt
crystals. Finally a morphism (§ : D1 — Dy of the filtered F-crystals also provides a
morphism « : K1 — Ky of the Witt crystals by the proposition (53), which commutes
with Fr by the corollary (58). It is clear that a also respects the filtrations. Hence
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the assertion of the theorem concerning filtered F-crystals is reduced to the case of
filtered F-Witt crystals. O

2.4. Isodisplays. — Let R be a ring and let a C R be an ideal, such that p
is nilpotent in R/a. We assume that R is complete and separated in the a—adic
topology. In this section we will consider displays over the topological ring R with its
a-adic topology (see definition 13).

We consider the ring Wo(R) = W(R) ®z Q. The Frobenius homomorphism £ and
the Verschiebung v extend from W(R) to Wg(R).

Definition 61. — An isodisplay over R is a pair (Z,F), where T is a finitely gen-
erated projective Wo(R)—module and

F:7T—17T1

is an T —linear isomorphism.

Let us assume for a moment that R is torsionfree (as an abelian group). Then we
have a commutative diagram with exact rows

0O—— Ip —s WQR) —— R —— 0

| | !

0 —— [poQ —— Wg(R) —— R®Q —— 0,
where the vertical maps are injective. In particular W(R) N Ig ® Q = Ig.

Definition 62. — Let R be torsionfree. A filtered isodisplay over R is a triple
(I,E,F), where (I,F) is an isodisplay over R and E C T is a Wg(R) submodule,
such that

(i) IRICECT

(ii) E/IRZ C IT/IRT is a direct summand as R ® Q—module.

Ezxzample 63: Let P = (P,Q, F,V~!) be a 3n-display over R. Obviously F extends
to an ¥ —linear homomorphism F: P@ Q — P ® Q.

The pair (P ® Q, F) is an isodisplay. Indeed, to see that I is an ¥ —linear iso-
morphism we choose a normal decomposition P = L & T. We present F' : P — P as
a composite of two morphisms

id @i -1
LT 2e®dr pop VOO o

The last morphism is already an ¥ —linear isomorphism and the first morphism
becomes an ¥ —linear isomorphism, if we tensor by Q.
Example 64: If R is torsionfree, we get a filtered isodisplay (P ® Q,Q ® Q, F).
Ezxzample 65: Let a C R be an ideal, such that R is complete and separated in
the a-adic topology. We assume that pR C a C R.
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Let k be a perfect field, such that k& C R/a. Then we find by the universality of
Witt vectors a commutative diagram

W(k) —L2— R

(108) l l

k —— R/a

The map 6 : W(k) 5 W (W (k)) e W (R) commutes with . Hence if we are given
an isodisplay (N, F') over k, we obtain an isodisplay (Z, F') over R if we set

We will write (Z, F') = Wp(R) &s,Wy (k) (N, F).

Let Qisgr be the category of displays over R up to isogeny. The objects of this
category are the displays over R and the homomorphisms are HoinSg(P,Pl) =
Hom(P, P")®Q. We note that the natural functor (Displays)r — Qisgr is by corollary
41 faithful if the nilradical of R/pR is nilpotent. It is clear that the construction of
example 2.22 provides a functor:

(109) Qisgr — (Isodisplays) g
Proposition 66. — If p is nilpotent in R, the functor (109) is fully faithful

Proof. — The faithfulness means that for any morphism of displays o : P — P’, such
that the induced map aq : Pp — P@ is zero, there is a number N, such that pNa = 0.
This is obvious. To prove that the functor is full, we start with a homomorphism
of isodisplays ag : (Po, F') — (Pg, F). Let ImP’ be the image of the map P' — F.
Since we are allowed to multiply oy with a power of p, we may assume that oy maps
ImP to ImP’. Since P is projective we find a commutative diagram:

(110) Py Pl

|

P*Q>P/

Since Fa — af' is by assumption in the kernel of P’ — P, we find a number N,
such that p™ (Fa — aF) = 0. Multiplying o and ag by p~, we may assume without
loss of generality that o commutes with F. Moreover, since p is nilpotent in P'/IP’
we may assume that a(P) C IgP’ and hence a fortiori that a(Q) C @’. Finally since
pV~1 = F on Q it follows that pac commutes with V~1. Therefore we have obtained
a morphism of displays. O

Let us now consider the case of a torsionfree ring R. Then we have an obvious
functor

(111) Qisgr — (filtered Isodisplays)g.

Proposition 67. — Let R be torsiofree. Then the functor (111) is fully faithful.
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Proof. — Again it is obvious that this functor is faithful. We prove that the functor
is full.

Let P and P’ be displays over R. Assume that we are given a morphism of the
corresponding filtered isodisplays

Qp - (P@,QQ,F) — (P@,Qb,F)

We have to show that ag, if we replace it possibly by p™ oy, is induced by a homo-
morphism

a:(P,Q,F, V1) — (P,Q F V1.

The proof of proposition 66 works except for the point where the inclusion o(Q) C Q'
is proved. But this time we already know that a(Q) C QfQ We choose finitely many
elements x1,...,2y € @, whose images generate the R—module Q/IrP. Since it
suffices to show that a(z;) € Q’, if we possibly multiply a by p’¥ we are done. O

Definition 68. — An isodisplay (resp. filtered isodisplay) is called effective, if it is
in the image of the functor (109) (resp. (111)).

Proposition 69. — Let R be torsionfree. Let a C R be an ideal, such that there
exists a number N, such that a¥ C pR and pY € a. Let (I, F) and (Io, F) be
effective isodisplays over R. Then any homomorphism &g : (Z1, F)rja — (Z2, F)r/a
lifts uniquely to a homomorphism ag : (71, F) — (Zo, F).

Proof. — We choose displays P; and P, over R together with isomorphisms of isodis-
plays (P g, F) ~ (Z;, F)fori = 1,2. By the proposition 66 we may assume that @
is induced by a morphism of displays @ : Py r/a — P2 r/a- Indeed, to prove the
proposition it is allowed to multiply @y by a power of p.

Next we remark, that for the proof we may assume that a = p - R. Indeed, let
S — T be a surjection of rings with nilpotent kernel and such that p is nilpotent in S.
Then the induced map Wg(S) — Wg(T') is an isomorphism and hence an isodisplay
on S is the same as an isodisplay on 7. Applying this remark to the diagram

R/aR — R/a+pR «— R/pR,

we reduce our assertion to the case, where a = pR.

Since pR C R is equipped canonically with divided powers the morphism of dis-
plays @ : P1 g/pr — Pa2,r/pr lifts by theorem 46 uniquely to a morphism of triples
(P, F,V~=1) — (P, F, V1) which gives a morphism of isodisplays aq : (P g, F) —
(P20, F). This shows the existence of ay.

To prove the uniqueness we start with any lifting «g : (Z1, F) — (22, F) of ap.
Since it is enough to show the uniqueness assertion for p¥ @, and some number N,
we may assume that ag(P;) C P,. Since Py and P, are torsionfree as abelian groups
it follows that ap commutes with F and with V1, which is defined on Q; C P,
resp. Qg C P, taken with respect to R — R/pR. Hence aq is a morphism of triples
(P, F,V~1) — (P, F,V~1), which is therefore uniquely determined by the morphism
of displays @ : P1 r/pr — P2,Rr/pR- O
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We will now explain the period map. Let us fix an effective isodisplay (N, F') over
a perfect field k. We consider the diagram (108) and make the additional assumption
that a’ C pR for some number t. We consider the category M(R) of pairs (P,r),
where P € Qisgr and r is an isomorphism 7 : Pg/q.qg — (N, F)g/q in the category of
isodisplays over R/a. By the proposition 69 any homomorphism between pairs (P, r)
is an isomorphism and there is at most one isomorphism between two pairs.

The period map will be injection from the set of isomorphism classes of pairs (P, )
to the set Grassyy, x) N (R®Q), where Grassyy, )V is the Grassmann variety of direct
summands of the Wy (k)—module N.

The definition is as follows. The lemma below will show that the isodisplay
Wo(R) ®s,wyk) (N, F) is effective. Hence by the proposition 69 there is a unique
isomorphism of isodisplays, which lifts r

T (PQ,F) B WQ(R) ®5,W@(k) (Nv F)
The map

Wo(R) ®swym N ™ Py — Py/Qq
factors through the map induced by wyg

Wa(R) @s,wow) N — o @s,wyk) N-
Hence we obtain the desired period:
(112) Ro ®s,wyk) N — Po/Qq

Hence if Iso M(R) denotes the set of isomorphism classes in M(R) we have defined
a map

Iso M(R) —  Grassy, )N (Rg).

This map is injective by the proposition 67.
Now we prove the missing lemma.

Lemma 70. — Let (N, F) be an effective isodisplay over a perfect field k (i.e. the
slopes are in the interval [0,1]). Then in the situation of the diagram (108) the
isodisplay Wo(R) @5,w,k) (N, F) is effective.

Proof. — One can restrict to the case R = W (k) and p = id. Indeed, if we know in
the general situation that Wo(W (k)) @A wyk) (IV, F') is the isocrystal of a display
Po, then p.Po is a display with isodisplay Wo(R) ®s wyk) (N, F). In the situation
p =id let(M,Q, F, V1) be a display with the isodisplay (N, F). Then the associated
triple with respect to the pd-thickening W (k) — k is the form (W(W(k)) @, w ()
M, F, V=1, where V1 is given by (93). This triple gives the desired display if we
take some lift of the Hodge-filtration of M/pM to M. The isodisplay of this display
is (Wo(W(k)) ®a,wok) N, F). 0

Finally we want to give an explicit formula for the map (112). The map 7! is

uniquely determined by the map:
(113) p: N — Py,
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which is given by p(m) = #=1(1 ® m), for m € N. This map p may be characterized
by the following properties:

(i) p is equivariant with respect to the ring homomorphism 6 : W (k) — Wg(R).
(ii) p(F'm) = Fp(m), for m e N
(iii) The following diagram is commutative:

(114) Fo —{(R/a) Bwok) N
N

We equip Fgy with the p-adic topology, i.e. with the linear topology, which has as
a fundamental system of neighbourhoods of zero the subgroups pP. Because W (R)
is a p-adic ring, P is complete for this linear topology.

Proposition 71. — Let pg : N — P be any é-equivariant homomorphism, which
makes the diagram (114) commutative. Then the map p is given by the following
p-adic limit:

p= lim FipyF~".

Proof. — We use p to identify Py with Wo(R) ®;5w,k) IV, i.e. the map p becomes
m — 1 ®m, for m € N. We write pg = p + «. Clearly it is enough to show that:

(115) lim F'aF~%(m) =0, form¢€ N.

Since p and pg make the diagram (114) commutative, we have a(N) C Wo(a) ®s,wy (k)
N. We note that Wg(a) = Wo(pR).

We choose a W (k)-lattice M C N, which has a W (k)—module decomposition M =
®M;, and such that there exists nonnegative integers s,r; € Z with F°M; = p"s Mj.
We take an integer a, such that

a(M) C p"W(pR) ®s,wx) M.
It suffices to prove (115) for elements m € M;. We compute for any number u:
(116) F“a(F~"m) € p~""" F**a(M;) C p*" " F**(W(pR) @s,w )y M).
But using the logarithmic coordinates for the pd-ideal pR we find:

"W(pR) = W(p*R) = pW (pR).
This shows that the right hand side of (116) is included in

PP W (DR) Qsw (k) M.

Since N is an effective isodisplay we conclude s > r; for each j. This proves that
FY“$aF~"%(m) converges to zero if u goes to oo.

More generally we can consider the limit (115), where ¢ runs through a sequence
1 = us + ¢ for some fixed number ¢q. By the same argument we obtain that this limit
is zero too. O
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2.5. Lifting homomorphisms. — Consider a pd-thickening S — R with kernel
a. We assume that p is nilpotent in S.

We consider two displays_ P; = (_Pi7 Q;, F. v _i) fori =1,2 over S. r£he base_ change
to R will be denoted by P; = P;r = (Pi,Q;, F,V™1). Let p : Py — P3 be a
morphism of displays. It lifts to a morphism of triples:

(117) QO:(P17F7V_1)—>(P27FaV_1)
We consider the induced homomorphism:

Obst: Q1/IsPi — P /IsPy ~2 Py/IsPy — Py/Qy
This map is zero modulo a, because $(Q;) C @Q,. Hence we obtain a map:
(118) ObSt@ZQl/LgPlHCL@SpQ/QQ
Clearly this map is zero, iff @ lifts to a morphism of displays P; — Ps

Definition 72. — The map Obst g above (118) is called the obstruction to lift g to
S.

This depends on the divided powers on a by the definition of ¢.

The obstruction has the following functorial property: Assume we are given a
morphism « : P, — Ps of displays over S. Let @ : Py — P3 be its reduction over R.
Then Obst @¢ is the composite of the following maps:

Obst @ o
Q1/IsP, 2P 0 @ Ps/Qo 2% 4 g P3/Q3

We will denote this fact by:
(119) Obst @@ = a Obst @

In the case a? = 0 we have an isomorphism a ®g P;/Q2 = a®p ﬁg/GQ. Hence the
obstruction may be considered as a map:

(120) ObSt@:@l/IRﬁ1—>Q®R?2/@2
In this case the equation (119) simplifies:
(121) Obst ap = a Obst ¢

Let S be a ring, such that p-.S = 0 for our fixed prime number p. Let S — R be a
surjective ring homomorphism with kernel a. We assume that a? = 0. In this section
we will use the trivial divided powers on a, i.e. ap(a) =0 for a € a.

Let us consider a third ring §, such that p- S=0.Let S — Sbea surjection with
kernel b, such that b? = 0. Again we equip b with the trivial divided powers.

Assume we are given liftings P; over S of the displays P; over S for i = 1,2. The
morphism p@ : P; — Py lifts to the morphism py : P; — Py of displays. Hence we
obtain an obstruction to lift py to a homomorphism of displays PL— Py

Obst(py) : Q1/IsP1 — Py/Qo.



THE DISPLAY OF A FORMAL P-DIVISIBLE GROUP 65

We will compute this obstruction in terms of Obst®. For this we need to define two
further maps: The operator V! on P; induces a surjection

(122) (V)# S @5 Qu/IgPL — Py /IgP + W(S)FP.

Here we denote by Frob the Frobenius endomorphism of S. The map (122) is an
isomorphism. To see this it is enough to verify that we have on the right hand side
a projective S—module of the same rank as on the left hand side. Let P = L& T
be a normal decomposition. Because pS = 0, we have W (S)FL C pW(S)P C 1513.
Since we have a decompositon P = W(g)V’IZ S W(g)Ff, one sees that the right
hand side of (122) is isomorphic to W(SV)V*IE/IgV’lz. This is indeed a projective
S—module of the right rank.

The ideal b is in the kernel of Frob. Therefore the left hand side of (122) may be

written as S ®Frob,s Q1/IsPi. We consider the inverse of the map (122)
V# : ?1/[5.151 + W(S;)Fﬁl — 5;(gFrob,S Ql/ISPh

which we will also consider as a homomorphism of W (.S)-modules
(123) V# Py — S @rvob,s Q1/IsPi.

Now we define the second homomorphism. Since b? = 0, the operator F' on ]52 /1 gf’g
factors as follows:

F

Py /I5P; Py /I5P;
\ y
Py/IsPy
The module @2 /I gﬁg is in the kernel of F. Hence we obtain a Frobenius linear map
Fb N PQ/QQ — ﬁg/[gﬁg,
whose restriction to a(P2/Q2) induces
F': a(Ps/Q2) — b(Py/I5Py).

If we use our embedding b C W (b), we may identify the target of F* with b - P, C
W (b)P,. Let us denote the linearization of F simply by

(124) F#: S @prob,s a(Py/Qa) — bP,

Proposition 73. — The obstruction to lift pp : P1 — P2 to a homomorphism of
displays P1 — Po is given by the composition of the following maps:

~ = # oy S®ObstT
Q1/IsP AN S Qrrob,s Q1/IsPr ELLLALN S Qrrob,s a(P2/Q2)

[

b(P2/Q2)



66 THOMAS ZINK

Here the horizontal map is induced by the restriction of the map (123) to @1/]51517

and the map F¥ is the map (124) followed by the factor map bPy — b(Py/Q>).
Before giving the proof, we state a more precise result, which implies the proposi-

tion.

Corollary 74. — The morphism of displays pp : P1 — P lifts by theorem 46 to a

morphism of triples 1 : (P, F, V=) — (P, F,V~1). This morphism may be explicitly

obtained as follows. We define w : Pi — bPy C W(b)Ps to be the composite of the
following maps

N S~ S@Obstp & F# ~

P, —— S ®Fob,s Q1/IsPi =% S @prob,s a(Pa/Q2) —— bP;.
Then we have the equation

Y =pp+uw,
where 3 : P, — Ps is any W(g)—lz'near map, which lifts o : P, — Ps.
We remark that pp depends only on ¢ and not on the particular lifting .

Proof. — Tt is clear that the proposition follows from the corollary. Let us begin with
the case, where ¢ is an isomorphism. We apply the method of the proof of theorem

44 to pp.
We find that pp commutes with F.

(125) F(pp) = (po)F
Indeed, since ¢ commutes with F, we obtain
F@(z) — 3(Fz) € W(b)Ps.
Since p - W(b) = 0, we obtain (125). We have also that pg(Q1) C Q2.

We need to understand how much the commutation of py and V__1 fails. For this
purpose we choose normal decompositions as follows. Let P; = Ly &T's be any normal
decomposition. We set Ly = B(L) and Ty = (7). Since @ is an isomorphism we
have the normal decomposition Py = Lo@®T. We take liftings of these decompositions
to normal decompositions

P1:L1 @Tl and P2:L2 @TQ
Finally we lift the last decomposition further to normal decompositions
ﬁlzzl@ﬁ and ﬁgzig@fg.
We write the restriction of ¢ to L as follows:
o(l) = Al) +p(lr), A1) € L2, p(lh) € W(a)Tz

Since a? = 0, we have Is - W(a) = 0 and the Witt addition on W(a) is the usual
addition of vectors. Let us denote by a,, the S—module obtained from a via restriction
of scalars by Frob™ : S — S. Then we have a canonical isomorphism of S—modules

W(a)Ty ~ [ ] an ®s To/ LT,

n>0
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Hence p is a map

w:Li/IsLy — H an ®s To/IsTs.
n>0

We denote by u,, its n — th component. Then
Ho : Ll/IsLl — a®g TQ/ISTQ

may be identified with the obstruction n = Obst .
Since ¢ commutes with V! we have

(126) GV = VAL + V().
Let us denote by ¢ the kernel of the map S — R. We choose any lifting 7L — W(C)f’Q
of the Frobenius linear map:
Vilp: Ly —— W(a)Ty V—_1> W (a)Ps.
We write the restriction of ¢ to Ly in the form
F=A+A,
where X : Ly — Ly and Ji : Ly — W (a)Ty. Then we obtain from the equation (126)
that
V) = (VTIAN(L) +7(1h) € W(b)Py, for Ty € Ly.

Since pW (b) = 0, we deduce the equation
(127) pe(V=h) = pVIAG) + p7(h).
On the other hand we have obviously

VIpp() = pV M) + Fi(l).

If we substract this form (127), we get an information on the commutation of py and
V-1

(128) pe(VHh) = Vipa(h) = (07 — FR)(L)-
We set p/ = p — pg, with the map g defined above and consider it as a map ' :

Ly — YW(a)T,. We choose any lifting of x’ to a W (S)—linear map
/A,Z/ : zl — VW(C)TQ.

Then V7’ is defined and is a lifting of V~'u, since by definition V~"1uy = 0.
Therefore we may take 7 = V~17i’. Hence we may rewrite the right hand side of
(128):

(129) pr — Fli = F(i - 7).
Then i — i’ is a lifting of the map

po : L1 — a®g (Ta/IsTy) C W(a)Ty,
to a map

fio : L1 — W()To.
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In fact the expression Fpig is independent of the particular lifting jig of po. Therefore
we may rewrite the formula (128)

(130) V7ipa(l) = pa(V L) = Flio(h).
Let u C W(c) be the kernel of the following composite map:
W(c) — W(a) = H a, 25 H .

n>0 n>1

u is the ideal consisting of vectors in W(c), whose components at places bigger than
zero are in b. We see that “u C b = by C W(b). We find:

Flig(l) € b(P2/I5Ps) C W (b)Ps.

More invariantly we may express Fig as follows.
We have a factorization:

F:ﬁg/[gﬁQ ﬁ2/1§ﬁ2

A

Py [IsP,

Then F® induces by restriction a map
F*:a(Py/IsPy) — b(P2/I5Py).

The map Fpg is the following composite map.

Ly — Ly 2% a(T/IsTy) 5 b(Py/I5Py).
By a slight abuse of notation we may write
Flig = F®pq.
We obtain the final form of the commutation rule
(131) V() = pa(V ) = Fouo(h).
We want to know the map of triples
(P, F,VY) — (P, F,V Y,
which lifts pe. N N N
As in the proof of 2.2 we write ¥ :~ng + w, where w : P, — W(b)P, is a

W (S)—linear map. The condition that ¢ should commute with F' is equivalent to

w(W(S)FTy) = 0. We consider only these w. To ensure that V1 and ¢ commute is
enough to ensure

(132) VW) = (V) for I € Ly.

On I gﬁ the commutation follows, because ¢ already commutes with F. Using (131)
we see that the equality (132) is equivalent with:

(133) w(Vh) = V() = Fouo(ly)
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We look for a solution of this equation in the space of W(§ )- linear maps
w ﬁl/W(g)Ffl — by ®§ ﬁg/[gﬁg C W(b)ﬁg

Then we have V_lw(l~1) = 0, by definition of the extended V~!. Hence we need to
find w, such that

(134) WV = Fou(h).
We linearize this last equation as follows. The operator V~! induces an isomorphism
(VO#:W(S) @pyy ) Lr — P /W(S)FT,

whose inverse will be denoted by V7. B N
We will also need the tensor product py, of uo with the map wq : W(S) — S :

1y : W(S) Qrw(s) L1 — S @prob.s a(To/IsTs).
Finally we denote the linearization of F® simply by F7# :
F# . S @Fvon,s A(Po/IsPy) — b(P2/I5P).
Noting that we have a natural isomorphism W (S) Opw(3) Ly = W(S) Qw (s) L1, we
obtain the following equivalent linear form of the equation (134):
w(VhH# = F# .
It follows that the unique lifting of pp to a homomorphism of triples is
b =p@+ F* iy v,
In this equation V# denotes the composite map
Py — Py /W(S)FT, — W(S) @pw(s) L1-
This map ¢ induces the obstruction to lift pep :

T él/lgﬁl — ﬁl/lgﬁl L ﬁg/[gﬁg — ﬁg/@g.

Since pp maps @1 to ég, we may replace {/?in the definition of the obstruction 7
by F' #ugv#. This proves the assertion of the corollary in the case where @ is an
isomorphism.

If % is not an isomorphism we reduce to the case of an isomorphism by the standard
construction: Consider in general a homomorphism 1 : P; — Ps of displays over S.
Then we associate to it the isomorphism

P1 PL B Po— P B Po
T@y oz By +Y(z)

If P, and Po are liftings to S as in the lemma, we denote by {/; : (]51,F,V*1) —
(P, F, V1) the unique lifting to a homomorphism of triples. Then

NW(@Ee§) =50 [+9(@F), Teh, jePb.
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It follows that Obst ¢ is the map
0@ Obst ¢ : C~21/I§131 @ @2/15152 — 131/@1 @ 152/@2~

Applying these remarks the reduction to the case of an isomorphism follows readily.
O

We will now apply the last proposition to obtain the following result of Keating;:

Proposition 75. — Let k be an algebraically closed field of characteristic p > 2. Let
Py be the display over k of dimension 1 and height 2. The endomorphism ring Op
of Py 1is the ring of integers in a quaternion division algebra D with center Q,. Let
a— a* for o € Op be the main involution. We fix a € Op, such that o ¢ Z,, and
we set i = ordo, (o — a*). We define c(a) € N :

cla) = 1

p'/2 4 2p/2=0) 1 op(i/2=2) L ... 4L 2 fori even
2p T + 2p(%_1) +---4+2 foriodd

Let P over k[t] be the universal deformation of Py in equal characteristic. Then «
lifts to an endomorphism of P over k[t]/t“(*) but does not lift to an endomorphism
of P over k[t]/te()+1,

Proof. — The display Py = (Py, Qo, F, V1) is given by the structural equations

F61 = €2
Vles = e.

For any a € W (F,2) we have an endomorphism ¢, of Py, which is given by
(135) Paler) =aer  @ale2) = o(a)e:

Here o denotes the Frobenius endomorphism W (F,2), and a is considered as an ele-
ment of W (k) with respect to a fixed embedding F,» C k.
We denote by II the endomorphism of Py defined by

(136) Ile; = eq ITes = pe;.
The algebra Op is generated by II and the ¢,. The following relations hold:
P=p, lps= @]l
The display P* = (P%, Q%, F, V1) of X over k[t] is given by the structural equations
Fey = [tle; + eo , Vley =ey.

To prove our assertion on the liftability of « it is enough to consider the following
cases:

(137) a=pp’, aZo(a) modp, s€Z,s>0
o= p’I;,  acW(Fe)*, se€Z,s>0
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Let us begin by considering the two endomorphisms « for s = 0. The universal
deformation P* induces by base change k[t] — k[t]/t? a display P = (P,Q, F,V~1).
Then « induces an obstruction to the liftability to S = k[t]/¢*:

(138) Obsta: Q/IsP — t(P/Q),
ea — o(a)-e

where o(a) € tk[t]/t?. To compute the obstruction, we need to find the extension of
« to a morphism of triples

a: (PEV™YH — (PFV.
Let €1, €3 € P be defined, by
él = €1 and éz = [t]el + e2.

This is a basis of P and the extended operator V! is defined on é. We find the
equations

Fé; = é,, Vle, = €.

Then obviously a is given by the same equations as «:

(139) a(él) = aél, a(ég) = O'((l)ég,
respectively
(140) &(él) = O’(a)éQ, a(ég) = apél.

For the first endomorphism « of (137) we find

)

a(es) aley — [t]ér) = o(a)éz + [tlaey

= o(a)es + [t)(o(a) — a)es
Hence the obstruction to lift « to k[t]/tF is o(p.) = o(a) = (o(a) — a)t € tk[t]/tP.
For the second endomorphism « of (137) we find

Q

ale2) = aféz — [t]ér) = apé; — [t]o(a)és
= ape; — [tlo(a) ([tler + e2) .
Hence we obtain the obstruction
0 (paIl) = o(a) = —t?0(a) € tk[t]/tP.
Now we consider the first endomorphism of (137) for s = 1. It lifts to an endomor-

phism over k[t]/t?. We compute the obstruction to lift it to k[t]/t?". We can apply
the lemma to the situation

k —k[t] /tP—Kk[t] /t¥°
| [ |
R S S

We set = ¢, and P = P;i. Then we have the following commutative diagram of
obstructions
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~ ~ ~ SQ®O0bst(pa) ~
(141) Q/I§P S ®F‘rob,S Q/ISP S ®Frob,S t(P/Q)
#
Obst(pp) lF
tr(P/Q)

The first horizontal map here is computed as follows:

L - N
Q/IgP — P/IgP + W(S)FP <—— S ®pyon.s Q/IsP

€2 e9 = —tey

—teq | —1 & eo

We obtain that the maps in the diagram (141) are as follows
e—> —t®e— —t®t(o(a) —a)e; —— —t-t? (—o(a) + a) Fe;
Therefore we obtain for Obst(pep,):
Obst pp, = t'T! (0(a) —a) Fey = tP*2(ca — a)e; € tP (]3/@) :

With the same convention as in (138) we write o(pp,) = (0(a)—a)tP*2. Then we prove
by induction that pslcpa lifts to k[t]/t*" + 2(]31571 +---+ 1) and that the obstruction
to lift it to k[t]/t*""" is (o(a) — a) - t?"+2@" "+ For the induction step we apply
our lemma to the situation

K[/ 2 e —— kel

| |
R S S

We set © = p°p, over R and P = ’Pg. Then the maps in the diagram (141) are as
follows

2> —tQet——> —t® (o(a) — a)tp5+2(p5*1+...+1)81

|

—t(a — o(a)) PP H2(r A1) e,
This gives the asserted obstruction for p**tip,:

Obst (p*™p,) = o(a) — (z)zfpsﬂw(ps*"""'1”)"’1 - tey.
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Next we consider the case of the endomorphisms p®p,II. In the case s = 1 we apply
the lemma to the situation

k —— k[t]/tr —— K[t]/t*",

H |
Re—— § — S

and the endomorphism @ = ,II. Then the maps in the diagram (141) are as follows:

e ——> —t ey —> —t ® —t20(a)e;

|

tt?PaFe;

This gives Obst(pp,Il) = t??72a. Now one makes the induction assumtion that for
even s the obstruction to lift p*p,IT from k[t] /t2®"++1) to k[t] /tr" is —2( +-+1).
o(a) and for odd s is t?®"+ 1) . 4. We get the induction step immediately from the
lemma applied to the situation

K[/ — k[t /p* T — K] /p°
O

We finish this section with a result of B.Gross on the endomorphism ring of the
Lubin-Tate groups. Let A be a Z,-algebra. Let S be an A-algebra.

Definition 76. — A A-display over S is a pair (73,L), where P is a display over
S, and1: A — End P is a ring homomorphism, such that the action of A on ]B/é
deduced from v coincides with the action coming from the natural S-module structure
on ﬁ/@ and the homomorphism A — S giving the A-algebra structure.

Let a € A be a fixed element. We set R = S/a and R; = S/a**!. Then we have a

sequence of surjections

S—>...—>Ri—>Ri_1—>"~—>R:R0
Let P; and Ps be displays over S. They define by base change displays ’Pl(i) and Pz(i)
over R;. We set P1 = 731(0) and Py = 732(0).

Assume we are given a morphism ¢ : Py — Py, which lifts to a morphism <p'(i_1) :
Pfl_l) — ’PQ(Z_D. The obstruction to lift ¢~1) to a morphism ’Pl(z) — ’PQ(Z) is a
homomorphism:

Obst o) : Q1 /I, P") — (a') /(") @r, Py /Q5.
Clearly Obst (=1 factors through a homomorphism:
Obst; ©: Ql/IRP1 — (&i)/(aiJrl) Xr PQ/QQ.
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Proposition 77. — Assume that (ﬁ27b) is an A-display over S. Let ¢ : P1 — Ps

be a morphism of displays, which lifts to a morphism 731(1‘71) — 732(1‘71). Then t(a)p

lifts to a homomorphism ’Pli) — éi) and moreover we have a commutative diagram

ifi>2o0rp>2:

Obst; ¢

(142) Q1/IrP (a')/(a") ®r P2/ Q2

a®id

(@)/(a™*) @k P2/Q2
Loosely said we have Obst;;1(t(a)p) = a Obst; ().

Proof. — We consider the surjection R;11 — R;—1. The kernel aiRiH has divided
powers if i > 2 or p > 2. Hence the obstruction to lift ¢~1 to RU*Y is defined:

Obst (p(ifl) . Q§i+1)/IRi+1P1(i+1) N (ai)/(aiJrZ) QR . P2(i+1)/Qéi+1)

i+

is defined. Since «(a) induces on the tangent space PU+1)/QU+1) the multiplication
by a we obtain

Obst ()™ = 4 Obst i~V

This proves the proposition. O

We will now apply this proposition to the case of a Lubin-Tate display. Let K/Q,
be a totally ramified extension of degree e > 2. We consider the ring of integers
A = Og. The role of the element a in the proposition will be played by a prime
element 7 € Og. For S we take the ring S = Ok ®z, W(F,). Now we take a
notational difference between 7 and its image in S, which we denote by a. B

Let P = (P,Q,F,V~!) be the Lubin-Tate display over S. We recall that P =
Ok ®z, W(S), Q =kernel (O ®z, W(S) — S),and V- (r @1 —-1®]a]) = 1.

Let P be the display obtained by base change over R = S/aS = Fp. The operator
V=1 of P satisfies

V*lﬂ,l — 7_[_1717

where m = 7 ® 1 € Og ®z, W(R). (One should not be confused by the fact that this
ring happens to be S). We note that Q = 7w P.

We consider an endomorphism ¢ : P — P, and compute the obstruction to lift ¢
to Ry = S/a?8:

Obsty (@) : Q/IrP — (a)/(a®) @ P/Q.

The endomorphism ¢ induces an endomorphism on P/@, which is the multiplication
by some element Lie ¢ € F,,. Let us denote by o the Frobenius endomorphism of F,.
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Lemma 78. — Obst1(y) is the composition of the following maps:

Q/IxP = Q/pP —" Pjxp = pj@ L (Hee)lice, /O
(a)/(a®) ®r P/Q

Proof. — We write

e(1) =&+ &m+-+ &l & e W(EF).
Applying the operator V' we obtain:
(143) o(r)y =F e AP gt 4 fori=0,1...

By theorem 46 this ¢ admits a unique extension to an endomorphism of the triple
(P(l),F, V1), where PM = Ok ®z, W(Ry). For the definition of the extension ¢
we use here the obvious divided powers on the ideal aR; C Ry = S/a%S given by
a,(a) = 0. Then we have V~1[a]PM) = 0, for the extended V~!. Hence we find for
the triple (P, F, V1) the equations:

p

Vit =77t for i>1, F1=1%.
™

The last equation follows because the unit 7 of lemma 27 specialise in Ry to 7¢/p.
Hence we can define  on P() by the same formulas (143) as ¢. In other words:

This formula may also be deduced from the fact that ¢ is an endomorphism of the
display Pgr, obtained by base change via the natural inclusion R — R;.
The map ¢ induces an O ®z, Ri-module homomorphism

(145) QW /15, PY — PW QM.
By definition the module on the left hand side has the following basis as an R;-module:
T—a, w—ad, .. ., 7 —aL,

where we wrote 7 for 7 ® 1 € Ok ®z, R1 and a for 1 ® a. We note that e QW for
i > 2, because a? = 0 in R; and because Q") is an Og-module. By (144) and (143)
we find

p(r—a) = Foeom + F71£17T2+"'—a(§0+§17'l'+"')
= ( F‘lgo 75()) a mod QW

Since @ is an Ok ®z, W (R;)-module homomorphism we have ¢(r%) =0 mod Q).
This gives the result for Obst; ¢ because £ mod p = Lie . O

We can obtain a result of B.Gross [G] in our setting:
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Proposition 79. — Let us assume that p > 2. Assume that K is a totally ramified
extension of Q,, which has degree e = [K : Qp). We fiz a prime element 1 € Ok.
Let P be the corresponding Lubin-Tate display over Og. Let P = PFP the display
obtained by base change via O — F, C F,. Let Op = End P be the endomorophism

ring. Let Iui be the completion of the mazximal unramified extension of K with residue
class field F,,. Then we have

End'ﬁof(/(ﬂ.erl) =0Org +7"0Op m > 0.

Proof. — We use the notation of proposition 77, and set R; = Ok/(w"’l). Let ¢ € Op
be an endomorphism of P. It follows from the formula (2.61) that 7™¢ lifts to an
endomorphism of P over O /7™ " From (77) we obtain by induction:
Obsty+1 7™ = 7™ Obst; ¢,
where 7™ on the right hand side denotes the map
" (m)/(7%) @r P/Q — (7T /(n™ ) @ P/Q.

We recall that R = Ry = Fp by definition.
Now assume we are given an endomorphism
Y € (Og +7™0p) — (O + 7™ 0p).
Since 7 is a prime element of Op we have the expansion
Y =lap] + a1 |7+ -+ [am]7™ + -+, where a; € Fpe.
We have a; € F), for i <m and a,, ¢ F,, since v € Og + 7™ Op. Then we find
Obst” ™ ¢ = Obstyi1 ([am]7™ + -+ ) = 7™ Obsty ([am]] + Tlams1] + )

Since o(am) # amm the obstruction Obsty (|am]| + 7|am+y1]--+) does not vanish.
Hence Obst,, 1 9 does not vanish. O

3. The p—divisible group of a display

3.1. The functor BI'. — Let R be a unitary commutative ring, such that p is
nilpotent in R. Consider the category Nilg introduced after definition 50. We will
consider functors F : Nilg — Sets, such that F'(0) consists of a singe point denoted
by 0 and such that F' commutes with finite products. Let us denote this category by
F. If N? =0, we have homomorphism in Nilg:

N x N 2ddition, N, N —/— N, where 7€R.
The last arrow is multiplied by 7. Applying F' we obtain a R-module structure on
F(N). A R-module M will be considered as an object of Nilg by setting M? = 0.
We write tp (M) for the R-module F(M).
We view a formal group as a functor on Nilp (compare [Z1]).

Definition 80. — A (finite dimensional) formal group is a functor F : Nilgp —
(abelian groups), which satisfies the following conditions.

(i) F(0) =0.
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(ii) For any sequence in Nilg
0— N — Ny — N3 — 0,
which is exact as a sequence of R-modules the corresponding sequence of abelian
groups
0— F(N) — F(N2) — F(N3) — 0
15 exact.

(iil) The functor tp commutes with infinite direct sums.
(iv) tr(R) is a finitely generated projective R-module.

Our aim is to associate a formal group to a 3n-display.

Let us denote by W(N) € W(N) the subset of Witt vectors with finitely many
non—zero components. This is a W(R)-subalgebra.

Let us fix N and set S = RIN| = R@® N. Then we introduce the following
W (R)-modules

Py = W(WN)®wm P C Ps
Qv = WW)®wnr P)NQs
PN = W(N) ®wr) P C Ps
Qv = Pyn@s

We will denote by Ins € W(N) resp. Iy € W(N) the W (R)-submodules VW (N\)
and VW (N). We note that © and V' act also on W(N'). Hence the restriction of the
operators F : Pg — Pg and V™1 : Qg — Ps define operators

F: Py — Py V71:Qny — Py
F:ﬁ’N—>PN V_l:QN—>ﬁ’N.
If we choose a normal decomposition
P=LaT,
we obtain:
(146) Qv = WN)®Qwm Lo InQwm T
Qv = WWN)®wm LIy @wm T

Theorem 81. — Let P = (P,Q,F,V~1) be a 3n-display over R. Then the functor
from Nilg to the category of abelian groups, which associates to an object N' € Nilg
the cokernel of the homomorphism of additive groups:

V-l—id: QN — PN,
is a finite dimensional formal group. Here id is the natural inclusion QN C Pyv. We
denote this functor be BTp. One has an exact sequence:

(147) 0 —— QN v PN Brp(N) —— 0.
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We will give the proof of this theorem and of the following corollary later in this
section.

Corollary 82. — Let P be a 3n-display, such that there is a number N with the
property FN P C IxP. Then we have an evact sequence compatible with (147):

0 —— Qp Y719 py BTp(N) — 0

Remark: The F-nilpotence condition FN P C IpP is equivalent to the condition
that F': P — P induces a nilpotent (Frobenius linear) map R/pR®w, P — R/DPR®sw,
P of R/pR-modules.

Assume that N is equipped with divided powers, i.e. the augmentation ideal of
the augmented R-algebra R|A/| is equipped with divided powers. Then the divided
Witt polynomials define an isomorphism:

(148) Hw'n:W(./\/)—>HN
i>0
This induces a homomorphism:

(149) W(N) — DN

>0
(nOanlanQa"')'—> [W/O(n0)7wll(n07n1))"']'

To see that the homomorphism (148) takes W (A\) to the direct sum, it is enough
/

K
to check, that for a fixed element n € N the expression . (n) =" ’;Lk becomes

zero, if k is big enough. But in terms of the divided powers -,, on N this expression

is (Z Z)!'ypk(n). Since the exponential valuation ordp(’;)—l:c!) tends with & to infinity, we
conclude that (149) is defined.

If we assume moreover that the divided powers on N are nilpotent in the sense
that v,x(n) is zero for big Fk, for a fixed n € N, the homomorphism (149) is an
isomorphism. Indeed, for the surjectivity of (149) it is enough to verify that elements
of the form [z,0,--- ,0,---] lie in the image, because the morphism (148) is compatible
with Verschiebung. To prove the surjectivity of (149) we may moreover restrict to
the case where p- N = 0. Indeed pN C N is a pd-subalgebra, which is an ideal in A.
Hence N /pN is equipped with nilpotent divided powers. Therefore an induction with
the order of nilpotence of p yields the result. If p- A = 0, we see that any expression

8!
1" nP (p™)!
pk‘

o is zero for k > 2 because
[2,0,0,---0] is in the image of (149) means that there is (ng, ny,---) € W(N) satisfies
the equations

is divisible by p. But then the assertion, that

r=mng, oap(no)+n1 =0, ap(ni)+n2=0, apng)+n3=0---.
We have to show that the solutions of these equations:
ne = ()T ay(ag(@) ) k2

where «, is iterated k-times, become zero if k is big. It is easy to see from the
definition of divided powers that o, (---(ay(z))---) and v,k (z) differ by a unit in
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Zpy. Hence we find a solution in W (W), if Ypk () is zero for big k. Hence (149) is
an isomorphism in the case of nilpotent divided powers. Assume we are given divided
powers on N. They define the embedding

(150) N — W(N),
n +—— [n70...0...]
where we have used logarithmic coordinates on the right l}and side. If we have nilpo-
tent divided powers the image of the map (150) lies in W (N'). Then we obtain the
direct decomposition W(N) =N @& VW (N).
By lemma 38 the operator V1 : Qg — Ps extends to the inverse image of Q, if
N has divided powers. This gives a map

(151) vl W(N) W (R) P— W(WN) QW (R) P.
If the divided powers on N are nilpotent, we obtain a map
(152) Vvl W(N) W (R) P— W(N) QW (R) P.

In fact the nilpotent divided powers are only needed for the existence of this map.

Lemma 83. — If N has nilpotent divided powers the map (152) is nilpotent. If N
has only divided powers but if we assume moreover that FN P C IpP for some number
N, the map (151) is nilpotent.

Proof. — From the isomorphism (146) we get an isomorphim
(153) W(N) ®wry P = HN®W1-,W(R) P
i>0

We describe the action of the operator V! on the right hand side. Let us denote by
F; the following map
a®@xr — a®Fx

If we write an element from the right hand side of (153) in the form [ug, u1,ug, -], u; €
N ®w, w(r) P, the operator V~1 looks as follows:

(154) V uo,ur, -] = [Fiuy, Faug, -+, Frug -],
In the case where the divided powers on A/ are nilpotent, we have an isomorphism
(155) WN) ®w(r) P — PN @w, wir P.

i>0

Since V! on the right hand side is given by the formula (154), the nilpotency of V1
is obvious in this case.

To show the nilpotency of V! on (153), we choose a number 7, such that p™- R = 0.
Then we find w;(I.) - N C p"N = 0, for any i € N. By our assumption we find a
number M, such that FM P C I,P. This implies Fii1-...- Fi4p = 0 and hence the
nilpotency of V1. O
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Corollary 84. — Let P be a 3n-display over R. For any nilpotent algebra N € Nilg
the following map is injective

V='—id: Qxy — Py
Proof. — We remark that the functors A" — Py and N +— Q are exact in the sense

of definition (80) (ii). For Qxr this follows from the decomposition (146).
Since any nilpotent A/ admits a filtration

0=MNyCMN C---CN; =N,

such that N2 C N;_1, we may by induction reduce to the case N2 = 0. Since in this
case N may be equipped with nilpotent divided powers, we get the injectivity because
by the lemma (83) the map V! —id: W(N)® P — W(N) ® P is an isomorphism.

O

Corollary 85. — Let P be a 3n-display over R, such that FNP C IrP for some
number N, then the map

V=l —id: Qxy — Py
18 1njective.
The proof is the same starting from lemma (83).

Proof. — (theorem (81) and its corollary). For any 3n-display P we define a functor
G on Nilg by the exact sequence:
0 On Py GWN) —— 0.

If P satisfies the assumption of corollary (85) we define a functor G' by the exact
sequence:

v-l_id

v—l-id
0 Qn Py GWN) —— 0.

We verify that the functors G and G satisfy the conditions (i) — (iv) of the definition
(80). It is obvious that the conditions (i) and (ii) are fulfilled, since we already
remarked that the functors A +— Qu (resp. Qur ) and N — Py (resp. Py ) are
exact.

All what remains to be done is a computation of the functors tg and t5. We do
something more general.

Let us assume that N is equipped with nilpotent divided powers. Then we define
an isomorphism, which is called the exponential map

(156) expp : N ®@g P/Q — G(N).
It is given by the following commutative diagram.
(157) 0 Qn Py N ®@r P/Q —=0
’ l\/l—id lCXP
1

V7i—id 4 ~

0 Qn Py G(N) 0.
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If N2 = 0, we can take the divided powers 7 = 0 for i > 2. Then the exponential
map provides an isomorphism of the functor ¢ with the functor M — M ®r P/Q on
the category of R—modules. Hence the conditions (iii) and (iv) of definition 80 are
fulfilled. If the display P satisfies the condition F~ - P C IzP for some number N,
we may delete the hat in diagram (157), because the middle vertical arrow remains
an isomorphism by lemma (83). In fact in this case we need only to assume that N
has divided powers. We get an isomorphism

(158) exp: N ® P/Q — G(N).

It follows again that G(N) is a finite dimensional formal group. The obvious
morphism G(N) — G(N) is a homomorphism of formal groups, which is by (156)
and (158) an isomorphism on the tangent functors ts — tg. Hence we have an
isomorphism G =~ @, which proves the theorem 81 completely. O

Corollary 86. — The functor P — BI'p commutes with base change. More pecisely
ifa: R — S is a ring homomorphism base change provides us with a display o, P and
a formal group o, BI'p over S. Then we assert that there is a canonical isomorphism:

o, BTp = BT, p

Proof. — In fact for M € Nilg we have the obvious isomorphism:
W (M) @w gy P = W (M) @ sy W(S) @wr) P = W(M) @w(s) onP
This provides the isomorphism of the corollary. O

Proposition 87. — Let R be a ring, such that pR = 0, and let P be a display over
R. Then we have defined a Frobenius endomorphism (29):

(159) Frp:P — PP,

Let G = BI'p be the formal group we have associated to P. Because the functor BI'
commutes with base change we obtain from (159) a homomorphism of formal groups:

(160) BI'(Frp): G — G®.
Then the last map (160) is the Frobenius homomorphism Frg of the formal group G.

Proof. — Let N € Nilg be a nilpotent R—algebra. Let N, € Nilg be the nilpotent
R—algbra obtained by base change via the absolute Frobenius Frob : R — R. Taking
the p-th power gives an R—algebra homomorphism

(161) Fry : N — Ny

The Frobenius of any functor is obtained by applying it to (161). In particular the
Frobenius for the functor W is just the usual operator *:

P LW N) = W) = W),
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From this remark we obtain a commutative diagram:

WN) @wm P —— GW)
(162) F®deJ{ J{FTC

W Ny @wer) P —— GN)
The left lower corner in this diagram may be identified with W (N) Qpwr) P =
W ®w(ry P®. All we need to verify is that for £ € W(N) and = € P the elements
Fegxe WWN) Qrwr) P and @ VF#z € W(WN) Ow (R) P®) have the same image
by the lower horizontal map of (162). Since P is generated as an abelian group by
elements of the form uV =1y, where y € Q and v € W(R), it is enough to verify the
equality of the images for x = uV~'y. But in W(N)® p,w (g) P we have the equalities:

Peouwly= MoV ly=v"(uay)

The last element has the same image in G(NVpy,)) as {u ® y, by the exact sequence
(147). Hence our proposition follows from the equality:

E@VHFuVly) =tumy
We note that here the left hand side is considered as an element of W QW (R) p®),
while the right hand side is considered as an element of W® rw(r) P- O

Proposition 88. — Let R be a ring, such that pR = 0. Let P be a display over R.
Then there is a number N and a morphism of displays v : P — P®™) such that the
following diagram becomes commutative:

P

p
~
e l /

pe™)

P

Proof. — By (29) Frp is induced by the homomorphism V# : P — W(R) ® g w (r) P.
First we show that a power of this map factors through multiplication by p. By the
definition of a display there is a number M, such that VM# factors through:

(163) VM# P — I ®@pum wir) P
Hence the homomorphism VM +1D# ig given by the composite of the following maps:

v# W(R)QVM#
P ——— W(R)®pwr) P —————— W(R) ®rwr) Ir @pv w(r) P

(164) l

W(R) @ a1 w(ry P

Here the vertical arrow is induced by the map W (R) ® pw(r) Ir — W (R) such that
E® ¢ — & F¢. We note that this map is divisible by p., because there is also the map
k: W(R) @rwr) Ir — W(R) given by £ ® Vi +— &n. Composing the horizontal
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maps in the diagram (164) with x we obtain a map o : P — W(R) @ pa+1 w(r) P,

such that yop = VM+D# For any number m we set v, = V"#~y. Then we have
mp = VOTFm+D#,

Secondly we claim that for a big number m the homomorphism 7, induces a
homomorphism of displays. It follows from the factorization (163) that vyas respects
the Hodge filtration. We have to show that for m > M big enough the following
-linear maps are zero:

(165) F'ym - ’Yva V_lf}/m - ’YmV_l

These maps become 0, if we multiply them by p. But the kernel of multiplication by
pon W(R) @pm wry P is W(a) ®pm w(r) P, where a is the kernel of the absolute
Frobenius homomorphism Frob : R — R. Because W (a)Ir = 0, we conclude that the
composite of the following maps induced by (163) is zero:

W(a) @pm wry P — W(a) @pm w(r) Ir @prm w(r) P — W(R) @pryim w(r) P
Hence 72)s commutes with F and V! and is therefore a morphism of displays. This
is the morphism « we were looking for. O

Applying the functor BT to the diagram in the proposition we get immediately that
BI'p is a p-divisible group. If p is nilpotent in R a formal group over R is p-divisible,
iff its reduction mod p is p-divisible. Hence we obtain:

Corollary 89. — Let p be nilpotent in R, and let P be a display over R. Then Bl'p
s a p-divisible group.

We will now compute the Cartier module of the formal group BI'»>. By definition
the Cartier ring Ep is the ring opposite to the ring Hom(W,W). Any element e € Eg
has a unique representation:

e = Z Vn[an,m]me

n,m>0
where ay, ., € R and for any fixed n the coefficients a,, ,, = 0 for almost all m. We

write the action e : W(N) — W(N) as right multiplication. It is defined by the
equation:

(166) ue=> " "([anm)( 7u)
m,n>0

One can show by reducing to the case of a Q—algebra that ©"u = 0 for big n. Hence
this sum is in fact finite.

Let G be a functor from Nilg to the category of abelian groups, such that G(0) = 0.
The Cartier module of G is the abelian group:

(167) M(G) = Hom(W, G),

with the left Eg—module structure given by:

(ed)(u) = p(ue), ¢€M(G), ue W(N), e€Eg
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Let P be a projective finitely generated W (R)—module. Let us denote by Gp the
functor N'— W(N) ®w (r) P- Then we have a canonical isomorphism :

(168) Er ®w(r) P — Hom(W,Gp) = M(Gp)

An element e ® from the left hand side is mapped to the homomorphism u +—
ue®@x € W(N) QW (R) P.
Proposition 90. — Let P = (P,Q,F,V~1) be a 9n-display over R. By definition

(147) we have a natural surjection of functors Gp — BI'p. Il induces a surjection of
Cartier modules:

(169) Er ®w(r) P — M(BIp)
The kernel of this map is the Eg-submodule generated by the elements FRQx—1® Fx,
forx € P, and VRV ly—1®y, fory € Q.

Proof. — We set G% = Gp and we denote by G;l the subfunctor N QN. Let
us denote the corresponding Cartier modules by M% respectively M;l. By the first
main theorem of Cartier theory, we obtain from (147) an exact sequence of Cartier
modules:

(170) 0 — Mz 2ZM% — M(BTp) — 0

We have to compute pp explicitly. Using a normal decomposition P = L & T we
may write:

G;l(./\/) = W(N) QW (R) L@f/\/ QW (R) T

The Cartier module of the last direct summand may be written as follows:

ErF ®W(R) T — Hom(W,f@W(R) T)

(171) eF®t — (u— ueF ®t)

From this we easily see that M;l C MY is the subgroup generated by all elements
eF ® x, where e € Eg and by all elements e ® y, where e € Eg and y € Q.
The map V1 G;l — G% is defined by the equations:

Vi3iwey) = uwWeVly weW, M)yeQ

172
(172) Vi uF®zr) = u® Fuz, reP

Hence on the Cartier modules V! — id induces a map pp : 1\/[7;1 — MY, which
satisfies the equations:

pp(eF ® x) e Fx—eF ®u, x€eP
pr(e®y) eVaVly-evy, ye@

This proves the proposition. O

(173)
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3.2. The universal extension. — Grothendieck and Messing have associated to a
p—divisible group G over R a crystal D¢, which we will now compare with the crystal
Dp, if P is a display with associated formal p—divisible group G = BT'(P).

Let us first recall the theory of the universal extension [Me] in terms of Cartier
theory [Z2].

Let S be a Z,—algebra and L an S—module. We denote by C(L) = [[;2, V'L,
the abelian group of all formal power series in the indeterminate V' with coefficients
in L. We define on C(L) the structure of an Eg—module by the following equations

>0
=0
<i V%) = i Vi,
=0 =0
F <§: Vili> i Vi ipl
=0 i=1

The module C(L) may be interpreted as the Cartier module of the additive group of
L:

Let LT be the functor on the category Nilg of nilpotent S—algebras to the category
of abelian groups, which is defined by

S Viwn (Ol for £eW(S),LeL
1=0

Vv

£+(N) =N®sL)t.
Then one has a functor isomorphism:

NosL = W(N) g C(L)
nel — [n] ® VO

Consider a pd—thickening S — R with kernel a. Let G be a p—divisible formal
group over R and M = Mg = M(G) be its Cartier module (167), which we will
regard as an Eg—module.

Definition 91. — An extension (L, N) of M by the S—module L is an exact se-
quence of Eg—modules

(174) 0—-C(L) > N—-M—0,

such that N is a reduced Eg—module, and aN C V'L, where a C W(S) C Eg is the
ideal in W(S) defined after (48).

Remark: We will denote VOL simply by L and call it the submodule of exponen-
tials of C'(L) respectively N. A morphism of extensions (L, N) — (L', N') consists
of a morphism of S—modules ¢ : L — L’ and a homomorphism of Eg—modules
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u: N — N’ such that the following diagram is commutative

0 —— C(L) N M 0
ol |
0 —— CO(L)) N’ M 0

More geometrically an extension as in definition 91 is obtained as follows. Let Gbea
lifting of the p—divisible formal group G to a p—divisible formal group over S, which
may be obtained by lifting the display P to S. Let W be the vector group associated
to a locally free finite S—module W. Consider an extension of f.p.p.f. sheaves over
SpecsS :

(175) 0-W—E—-G—0

The formal completion of (175) is an exact sequence of formal groups (i.e. a sequence
of formal groups, such that the corresponding sequence of Lie algebras is exact).
Hence we have an exact sequence of Cartier modules.

0—C(W)— Mg — Mg — 0,

E being the formal completion of E.
We have aMp ~ a ®g LieE. We let L = W + aLieE as submodule of LieE or
equivalently of M. Since L is killed by F' we obtain an exact sequence

0—C(L)— Mg — Mg — 0,

which is an extension in the sense of definition 91. Conversely we can start with a
sequence (174). We choose a lifting of M/V M to a locally free S—module P. Consider
any map p making the following diagram commutative.

(176) N/VN —= M/VM

\ T

P
Let W = ker p. Then L = W +a(N/V N) as a submodule of LieN. The quotient of N
by C(W) is a reduced Eg—module and hence the Cartier module of a formal group

G over S, which lifts G. We obtain an extension of reduced Eg—modules
0— C(W)— N — Mg —0,
and a corresponding extension of formal groups over S
0— Wt —E—G-—0.

Then the push-out by the natural morphism W+ — W is an extension of f.p.p.f.
sheaves (175).

These both constructions are inverse to each other. Assume we are given two
extensions (W, B, G) and (W1, E;,G;) of the form (175). Then a morphism between
the corresponding extensions of Cartier modules in the sense of definition 91 may be
geometrically described as follows. The morphism consists of a pair (u,vg), where u :
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E — FE; is a morphism of f.p.p.f. sheaves and vg : Wr — W; ., a homomorphism
of vector groups over R. The following conditions are satisfied.

1) We have a commutative diagram for the reductions over R:

0 —— Wr —— Eg G 0
e e
O _— Wl,R _— ELR Gl 0

2) For any lifting v : W — W; of vg to a homomorphism of vector groups the map:

v — Uy - W. — By
factors through a linear map W — a ® LieF; :
W — (a® LieE))" —2 E.
Here the second map is given by the natural inclusion of Cartier modules C'(aM El) C
My, or equivalently by the procedure in Messing’s book [Me] (see [Z22]). This dictio-

nary between extensions used by Messing and extensions of Cartier modules in the
sense of definition 91, allows us to use a result of Messing in a new formulation:

Theorem 92. — Let S — R be a pd-thickening with nilpotent divided powers. Let
G be a formal p—divisible group over R. Then there exists a universal extension
(LY, NWYY of G by a S—module L™V,

Then any other extension (L, N) in sense of definition 91 is obtained by a unique
S—module homomorphism L' — L.

Proof. — This is [Me] Chapt. 4 theorem 2.2. O

Remark: The definition of the universal extension over S is based on the expo-
nential map

exp : (a ® LieE)" — E”,

which we simply defined using Cartier theory and the inclusion a C W(S) given by
the divided powers on a. In the case of a formal p-divisible group it makes therefore
sense to ask whether Messing’s theorem 92 makes sense for any pd-thickening and
not just nilpotent ones. We will return to this question in proposition 96

Since we consider p-divisible groups without an étale part, this theorem should
be true without the assumption that the divided powers are nilpotent. This would
simplify our arguments below. But we don’t know a reference for this.

The crystal of Grothendieck and Messing deduced from this theorem is defined by

D¢(S) = LieN"Y,

Lemma 93. — Let S — R be a pd—thickening with nilpotent divided powers. Let
P = (P,Q,F, V1) be a display over R. By proposition 44 there exist up to canonical
isomorphism a unique triple (ﬁ,F7 V1), which lifts (P,F,V~1), such that V=1 is
defined on the inverse image Q cP of Q.
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Then the universal extension of BT (P) is given by the following exact sequence of
Eg—modules

(177) 0 — C(Q/IsP) — Es @ws) P/(F@z —1® Fx)__5 — M(P) — 0,

1615

where the second arrow maps y € Q to VeV ~ly—1®y, and the third arrow is given
by the canonical map P — P.

Proof. — By [Z1] the Es—module N in the middle of the sequence (177) is a reduced
Cartier module, and the canonical map P— Es @w(s) Pr—l®ux provides an
isomorphism P/IsP ~ N/VN.

Let us verify that the arrow C(Q/IsP) — N in the sequence (177) is well-defined.
Clearly y — V ® V~ly — 1 ® y is a homomorphism of abelian groups Q — N. The
subgroup I, Sﬁ is in the kernel:

VoV 1 Vur—-1@ Ywr=VouwFr—1® Ywr=
VwuFozr—1® Ywr= Ywr—1® Ywz =0,

for w e W(S),z € P.

Moreover one verifies readily that F(V ® V~'y —1® y) = 0 in N. Then the
image of Q — N is in a natural way an S—module, Q/Isf’ — N is an S—module
homomorphism, and we have a unique extension of the last map to a Eg—module
homomorphism

C(Q/IsP) — N.

We see that (177) is a complex of V—reduced Eg—modules. Therefore it is enough
to check the exactness of the sequence (177) on the tangent spaces, which is obvious.

We need to check that (177) is an extension in the sense of definition 91, i.e
a-N C Q/ISIB, where Q/ISI3 is regarded as a subgroup of N by the second map of
(177) and a C W(S) as an ideal.

Indeed, let a € a, z € P and € = . Vi[§;;i]F7 € Eg. Then af @z = ad; 6ol F7 @
r=1®a) [£;]F’z. Hence it is enough to verify that an element of the form 1 ® az
is in the image of Q — N. But we have

VeVl -1®aar =—13ar.
It remains to be shown that the extension (177) is universal. Let
0 — C(Luniv) N Nuniv _ M(P) =0

be the universal extension. For any lifting of M(P) to a reduced Cartier module M
over S, There is a unique morphism N"V — M, which maps L™V to a- M. Let L
be the kernel of L'V — aM. Then it is easy to check that

(178) 0— C(L) — N™Y — M —0
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is the universal extension of M. Hence conversely starting with a universal extension
(178) of M, we obtain the universal extension of M over S as

0 — C(E + cd\]univ) _ Nuniv oM — 0’

where the sum EA—&— aN"iV is taken in Lie NV, _ o
Now let Q C @ be an arbitrary W (S)—submodule, such that P = (P,Q, F,V 1)
is a display. By the consideration above it suffices to show that

(179) 0— C(Q/IsP) — N — M(P) — 0

is the universal extension of M (P) over S. In other words, we may assume R = S.

Starting from the universal extension (178) for M=M (f)7 we get a morphism
of finitely generated projective modules L — @/ISIS. To verify that this is an
isomorphism it suffices by the lemma of Nakayama to treat the case, where S = R
is a perfect field. In this case we may identify M(P) with P. The map P —
Es ®w(s) P, z+ 1®x induces the unique W (S)[F]—linear section o of

o

- - VRN
0—>C(Q/IsP) —>= N —= p—=0,

such that Vo(z) — o(Vz) € Q/IsP (compare [Z1], 2, 2.5 or [Ra-Zi] 5.26). The

extension is classified up to isomorphism by the induced map o : P — N/V N. Since
this last map is P — P/IsP the extension is clearly universal. O

Our construction of the universal extension (177) makes use of the existence of the
triple (13, F,V~1). If we have a pd-morphism ¢ : W(R) — S, we know how to write
down this triple explicity (corollary 56). Hence we obtain in this case a complete
description of the universal extension over S only in terms of (P, Q, F,V ~1). Indeed,
let @w be the inverse image of Q/IP be the map

S®W(R) P— R@W(R) P.
Then the universal extension is given by the sequence

(180) 0 —C(Q,) — Es®@wwr) P/(F®z—-1® Fz)rep — M(P) — 0,

where the tensor product with Eg is given by d, : W(R) — W(S) (compare (97)).
The second arrow is defined as follows. For an element § € Q4 we choose a lifting
y € Qg CW(S)®w(r) P. Then we write:

1®y € Es @w(s) (W(S) @w(r) P) =Es @wr) P

With this notation the image of § by the second arrow of (180) is V ® Vw_ly - 1®y.
One may specialize this to the case of the pd—thickening S = W,,,(R) — R, and
then go to the projective limit W(R) = lim W (R). Then the universal extension

over W (R) takes the remarkable simple form:
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181
y— VoV ly-ley

3.3. Classification of p-divisible formal groups. — The following main the-
orem gives the comparison between Cartier theory and the crystalline Dieudonné
theory of Grothendieck and Messing.

Theorem 94. — Let P = (P,Q,F, V=) be a display over a ring R, such that p is
nilpotent in R. Let G = BT (P) be the associated formal p—divisible group. Then
there is a canonical isomorphism of crystals on the crystalline site of nilpotent pd-
thickenings over Spec R:

DP%DG

It respects the Hodge filtration on Dp(R) respectively Dg(R).

Let S — R be a pd-thickening with nilpotent divided powers. Assume we are given
a morphism W(R) — S of topological pd-thickenings of R. Then there is a canonical
isomorphism:

S Qwr) P = Da(S).

Remark: We will remove the restriction to the nilpotent crystalline site below
(corollary 97).

Proof. — In the notation of lemma 93 we find Dp(S) = P/IsP and this is also the
Lie algebra of the universal extension of G over S, which is by definition the value of
the crystal D¢ at S. O

Corollary 95. — Let S — R be a surjective Ting homomorphsim with nilpotent
kernel. Let P be a display over R and let G be the associated formal p-divisible group.
Let G be a formal p-divisible group over S, which lifts G. Then there is a lifting of
P to a display P over S, and an isomorphism BT(75) — G, which lifts the identity
BI'(P) — G.

Moreover let P’ be a second display over R, and let o : P — P’ be a morphism.
Assume we are given a lifting P’ over S of P'. We denote the associated formal
p-divisible groups by G’ respectively G'. Then the morphism « lifts to a morphism of
displays P — P', iff BI'(a) : G — G’ lifts to a homomorphsim of formal p- divisible
groups G — G

Proof. — Since S — R may be represented as a composition of nilpotent pd-thicke-
nings, we may assume that S — R itself is a nilpotent pd-thickening. Then the left
hand side of the isomorphism of theorem 94 classifies liftings of the display P by
theorem 48 and the right hand side classifies liftings of the formal p-divisible group
G by Messing [Me] Chapt V theorem (1.6). Since the constructions are functorial in
P and G the corollary follows: O
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Proposition 96. — Let P be a display over R. Let S — R be a pd-thickening with
nilpotent kernel a. Then the extension of lemma 93 is universal (i.e. in the sense of
the remark after Messing’s theorem 92).

Proof. — We denote by G the formal p-divisible group associated to P. Any lifting
G of G to S gives rise to an extension of Mg in the sense of definition 91:

0—>C(CLMé)—>Mé—>Mg—>O
With the notation of the proof of lemma 93 we claim that there is a unique morphism
of extensions N — M. Indeed, the last corollary shows that G is the p-divisible
group associated to a display 75((?) which lifts the display P. Hence 75(@) is of the
form (15, Q,F, V1), where (ﬁ, F,V~1) is the triple in the formulation of lemma 93.
But then the description of the Cartier module Mg in terms of the display gives
immediately a canonical morphism of Cartier modules N — Mg. Its kernel is C(L),
where L is the kernel of the map ]5/1315 — LieG, i.e. the Hodge filtration determined

by G. This shows the uniquenes of N — M.
Now let us consider any extension:

Using the argument (176), we see that there is a lifting G of G, such that the extension
above is obtained from

OHC(Ul)HNlﬂMG—)O

Let Q C P be the display which corresponds to G by the last corollary. Then by
lemma 93 the universal extension of Mg is :

0— C(Q/IsP) — N — Mg — 0

This gives the desired morphism N — Nj. It remains to show the uniqueness. But
this follows because for any morphism of extensions N — N;j the following diagram
is commutative:

N—>N1

l |

Indeed we have shown, that the morphism of extensions N — Mg is unique. O
Remark: Let P be the display of a p-divisible formal group G. Then we may

extend the definition of the crystal Dg to all pd-thickenings S — R (not necessarily
nilpotent) whose kernel is a nilpotent ideal, by setting:

D(;(S) = LieEs,

where Fg is the universal extension of G over S, which exist by the proposition above.
This construction is functorial in the following sense. Let P’ be another display over
R and denote the associated formal p-divisible group by G’. Then any homomorphism
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a : G — @ induces by the universality of the universal extension a morphism of
crystals:

]D)(a) : ]D)G — ]D)Gw.

Corollary 97. — If we extend D¢ to the whole crystalline site as above, the theorem
94 continues to hold, i.e. we obtain a canonical isomorphism of crystals:

(182) Dp — Dg

Proof. — This is clear. O

Proposition 98. — The functor BT from the category of displays over R to the
category of formal p— divisible groups over R is faithful, i.e. if P and P’ are displays
over R, the map

Hom(P,P") — Hom(BI'(P), B['(P'))
18 1njective.
Proof. — Let P = (P,Q,F, V=) and P’ = (P',Q',F,V~!) be the displays and G
and G’ the associated p—divisible groups. Assume « : P — P’ is a morphism of

displays. It induces a morphism a : G — G'.
But the last corollary gives a back if we apply to a the functor D:

Da(W(R)) — Da(W(R))
O

Proposition 99. — Let p be nilpotent in R and assume that the set of nilpotent
elements in R form a nilpotent ideal. Then the functor BT of proposition 98 is fully
faithful.

We need a preparation before we can prove this.

Lemma 100. — Let P and P’ be displays over R. Let a : G — G’ be a morphism of
the associated p— divisible groups over R. Assume that there is an injection R — S of
rings, such that ag : Gs — G is induced by a morphism of displays 3 : Ps — Pg.
Then a is induced by a morphism of displays a : P — P'.

Proof. — The morphism W (R) — R is a pd-thickening. By the corollary 97 a induces
a map « : P — P’  namely the map induced on the Lie algebras of the universal
extensions (181). Therefore v maps @ to Q’. By assumption the map 5 = W(S)®w (g,
a:W(S) @wry P — W(S) ®w gy P’ commutes with F and V~'. Then the same
is true for o because of the inclusions P C W(S) ®@w ) P, P’ C W(S) @w ) P’
Hence « is a morphism of displays. By proposition 98 BI'(«) is a. U

Proof. — (of the proposition): If R = K is a perfect field, the proposition is true
by classical Dieudonné theory. For any field we consider the perfect hull K c Kpet

and apply the last lemma. Next assume that R = [] K; is a product of fields. We
il
denote the base change R — K; by an index i. A morphism of p—divisible groups
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G — @, is the same thing as a family of morphisms of p—divisible groups G; — G}
over each K. Indeed, one can think of G in terms of systems of finite locally free
group schemes. Then one needs only to observe that any finitely generated projective
module L over R is of the form []L;, since it is a direct summand of R". Next
one observes that the same statements are true for morphisms of displays P — P/,
because W(R) = [[W(K;) etc. Hence the case where R is a product of fields is
established. Since a reduced ring may be embedded in a product of fields we may
apply the lemma to this case. The general case follows from corollary 95 if we divide
out the nilpotent ideal of nilpotent elements. O

We now give another criterion for the fully faithfulness of the functor BI', which
holds under slightly different assumptions.

Proposition 101. — Let R be an Fp-algebra. We assume that there exists a topo-
logical pd-thickening (S,a,) of R, such that the kernels of S/a, — R are nilpotent,
and such that S is a p-adic torsion free ring.

Then the functor BI' from the category of displays over R to the category of p-
divisible formal groups is fully faithful.

Proof. — Let P; and P, be displays over R, and let G; and Gy be the p-divisible
formal groups associated by the functor BI'. We show that a given homomorphism of
p-divisible groups a : G; — G4 is induced by a homomorphism of displays P; — Ps.

The homomorphism a induces a morphism of filtered F-crystals ap : Dg, — D¢, on
the crystalline site. Since we have identified (corollary 97) the crystals D and D on this
site, we may apply proposition 60 to obtain a homomorphism ¢ : P; — P5 of displays.
We consider the triples (P, F, V1) and (P, F, V'), which are associated to P; and
P», and the unique lifting of ¢ to a homomorphism ¢ of these triples. Then D¢, (S) is
identified with }51 / IS}:"Z- for i = 1,2. Let E; s and Ez s be the universal extensions of
G1 and Gg over S. By the proposition loc.cit. the homomorphism ap(S) : Lie E; ¢ —
Lie Eg g coincides with the identifications made, with the homomorphism induced by

¢:
¢: P /IsP, — Py/IsPy

Let us denote by b : G; — G2 the homomorphism BI'(¢). Then by theorem 94 b
induces on the crystals the same morphism as ¢.

The two maps E; s — Es g induced by a and b coincide therefore on the Lie
algebras. But then these maps coincide because the ring S is torsionfree. Hence we
conclude that a and b induce the same map Eq p — Eg g, and finally that a =b. O

Proposition 102. — Let k be a field. Then the functor BI' from the category of
displays over k to the category of formal p-divisible groups over k is an equivalence of
categories.

Proof. — By proposition 99 we know that the functor BI' is fully faithful. Hence
we have to show that any p-divisible formal group X over k is isomorphic to BI' (P)
for some display P over k. Let ¢ be the perfect closure of k. Let X = X, be the
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formal p-divisible group obtained by base change. By Cartier theory we know that
X = BI'(P) for some display P over /.

Now we apply descent with respect to the inclusion ¢ : £k — £. Let ¢; and g2 be
the two natural maps £ — ¢ ®y, £. Let X; respectively P; be the objects obtained by
base change with respect to ¢; for « = 1,2. Our result would follow if we knew that
the functor BT is fully faithful over ¢ ®; ¢. Indeed in this case the descent datum
X1 =2 X, defined by X would provide an isomorphism P; = P,. This isomorphism
would be a descent datum (i.e. satisfy the cocycle condition) because by proposition
98 the functor BT is faithful. Hence by theorem 37 it would give the desired display
P over k.

By proposition 101 it is enough to find a topological pd-thickening S — ¢®y ¢, such
that S is a torsion free p-adic ring. We choose a Cohen ring C of k and embedding
C — W(¢) [AC] IX, §2, 3. Then we consider the natural surjection:

(183) W) @c W(l) — L@y £

The ring A = W({) ®c W ({) is torsionfree because W (¢) is flat over C. The kernel
of (183) is pA. We define S as the p-adic completion:

S =1limA/p"A.

Then S is a torsionfree p-adic ring, such that S/pS = £ @y £. this follows by going to
the projective limit in the following commutative diagram:

0 —— A/prA —L— A/prtlA —— A/pA —— 0

! ! l-

0 —— A/pnt —r . AprA —— A/pA —— 0

But with the canonical divided powers on pS the topological pd-thickening S — ¢®y £
is the desired object. O

Theorem 103. — Let R be an excellent local ring or a ring such that R/pR is of
finite type over a field k. Then the functor Bl is an equivalence from the category of
displays over R to the category of formal p— divisible groups over R.

Proof. — We begin to prove this for an Artinian ring R. Since BT is a fully faithful
functor, we need to show that any p—divisible group G over R comes from a display
P. Let S — R be a pd-thickening. Since we have proved the theorem for a field, we
may assume by induction that the theorem is true for R. Let G be a p—divisible group
over R with BT'(P) = G. The liftings of G respectively of P correspond functorially
to the liftings of the Hodge filtration to

Dp(S) = Dg(5).

Hence the theorem is true for S.

More generally if S — R is surjective with nilpotent kernel the same reasoning
shows that the theorem is true for S, if it is true for R.

Next let R be a complete noetherian local ring. We may assume that R is reduced.
Let m be the maximal ideal of R. We denote by G, the p—divisible group G'r/mn»
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obtained by base change from G. Let P,, be the display over R/m"™, which correspond
to Gy. Then P = lim P, is a 3n-display over R. Consider the formal group H over

R which belongs to the reduced Cartier module M (P). Since P, is obtained by base
change from P and consequently M (P,,) from M (P) too, we have canonical isomor-
phisms H, = G,,. Hence we may identify H and G. Clearly we are done, if we show
the following assertion. Let P = (P,Q,F,V~!) be a 3n-display over R, such that
M(P) is the Cartier module of a p—divisible formal group of height equal to the rank
of P. Then P is nilpotent.

Indeed, it is enough to check the nilpotence of Pg over an arbitrary extension
S D R, such that p-S =0 (compare (15)). Since R admits an injection into a finite
product of algebraically closed fields, we are reduced to show the assertion above in
the case, where R is an algebraically closed field. In this case we have the standard
decomposition

P — Pnil ey Pet
where P! is a display and P°* is a 3n-display with the structural equations
Vﬁlei:ei, for ¢ =1---h.
Then

M (P = @ERQ (Ve; —e;),

is zero, because V — 1 is a unit in Ez. We obtain M (P) = M (P"!) = P!, Hence the
height of the p—divisible group G is rankz P™!. Our assumption heightG' = ranky P
implies P = P"!. This finishes the case, where R is a complete local ring.

Next we consider the case, where the ring R is an excellent local ring. As above
we may assume R is reduced. Then the completion R is reduced. Since the geometric
fibres of SpecR — SpecR, are regular, for any R— algebra L, which is a field, the ring
R® r L is reduced. Hence if R is reduced, so is R® R R. Consider the diagram:

Let G be a p—divisible formal group over R. It gives a descent datum on p*G = G, :
a:piGp — p5Gp.

We find a display P over R, such that BI'(P) = G . Since the functor BT is fully
faithful over R® R by proposition 99 the isomorphism a is induced by an isomorphism
a:piP — pyP
From the corollary 98 it follows that « satisfies the cocycle condition. By theorem
37 there is a display P over R, which induces (P, «). Since the application of the

functor BT gives us the descent datum for G, it follows by the usual descent theory
for p—divisible groups, that BI'(P) = G.
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Finally we consider the case of a finitely generated W (k)—algebra R. We form the
faithfully flat R—algebra S = [ Ry, where m runs through all maximal ideals of R.
Then we will apply the same reasoning as above to the sequence

pP1
R—S ., S®grSs.
P2
We have seen, that it is enough to treat the case, where R is reduced. Assume further
that SpecR is connected, so that G has constant height.

We see as in the proof of proposition 99, that to give a p—divisible group of height h
over [] Rm is the same thing as to give over each Ry, a p—divisible group of height h.
The same thing is true for displays. (One must show that the order N of nilpotence
in (15) is idenpendent of m. But the usual argument in linear algebra shows also in
p—linear algebra that N = h — d is enough.) Since each ring Ry, is excellent with
perfect residue field, we conclude that Gg = BT’ (ﬁ) for some display P over S. We
may apply descent if we prove that the ring S ®pg S is reduced. This will finish the
proof. Let us denote by Q(R) the full ring of quotients. Then we have an injection

(T 2) @ (T Rw) < (TTQ (Bw) ®am ([T @ (Bw)

The idempotent elements in Q(R) allows to write the last tensor product as

S@R ((IT @ (Ru/pRw)) @qr/pR) ([T @ (Rm/PRw)))
p minimal

We set K = Q(R/gR). Then we have to prove that for any index set I the tensor

product
(I1) o (11)

But any product of separable (= geometrically reduced) K —algebras is separable,

because [] commutes with the tensor product by a finite extension E of K. O
4. Duality
4.1. Biextensions. — Biextensions of formal group were introduced by Mumford

[Mu]. They may be viewed as a formalization of the concept of the Poincaré bundle in
the theory of abelian varieties. Let us begin by recalling the basic definitions (loc.cit.).

Let A, B,C be abelian groups. An element in Extl(B ®% O, A) has an interpreta-
tion, which is similiar to the usual interpretation of Ext'(B, A) by Yoneda.

Definition 104. — A biextension of the pair B,C by the abelian group A consists
of the following data:
1) A set G and a surjective map
m:G— BxC

2) An action of A on G, such that G becomes a principal homogenous space with
group A and base B x C.
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3) Two maps
+5:GxpG— G +¢:GxcG— G,
where the map G — B used to define the fibre product, is the composite of m
with the projection B x C' — B, and where G — C' is defined in the same way.
One requires that the following conditions are verified:

(i) The maps of 3) are equivariant with respect to the morphism A x A — A given
by the group law.
(iig) The map +p is an abelian group law of G over B, such that the following
sequence is an extension of abelian groups over B:

00— BxA — G ~, BxC —0
bxa — a—+0p (b)
Here 0 : B — G denotes the zero section of the group law +p and a + 05(b)
is the given action of A on G.
(iic) The same condition as (iig) but for C.
(#i7) The group laws +p and +¢ are compatible in the obvious sense:
Let z; ; € G,1 < 4,5 < 2 be four elements, such that prg(z;1) = pre(z;2) and
pro(z1i) = pro(xe,) fori=1,2. Then
(711 +B T12) +C (T21 +B T22) = (T11 +¢ T21) +B (P12 +C T22).
Remark: The reader should prove the following consequence of these axioms:
OB(bl) “+c OB(bQ) = OB(bl + b2)

The biextension of the pair B,C' by A form a category which will be denoted by
BIEXT!(B x C, A). If A — A’ respectively B’ — B and C’ — C are homomorphism
of abelian groups, one obtians an obvious functor

BIEXT!(B x C, A) — BIEXT!(B’' x C', A").

Any homomorphism in the category BIEXTl(B x C,A) is an isomorphism. The
automorphism group of an object G is canonically isomorphic of the set of bilinear
maps

(184) Bihom(B x C, A).
Indeed if « is a bilinear map in (184), the corresponding automorphism of G is given
by g = g+ a(m(g)).

If b € B, we denote by G} or Gpxc the inverse image of b x C' by m. Then +p
induces on Gy the structure of an abelian group, such that

0—A—G,—C—0

is a group extension. Similiarily one defines G, for ¢ € C.

A trivialization of a biextension G is a ”bilinear” section s : B x C — G, i.e.
mos =1idpxc, and s(b, —) for each b € B is a homomorphism C — G, and s(—,¢)
for each ¢ € C' is a homomorphism B — G¢. A section s defines an isomorphism of
G with the trivial biextension A x B x C.
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We denote by Biextl(B x C, A) the set of isomorphism classes in the category
BIEXT!(B x C, A). It can be given the structure of an abelian group (using cocycles
or Baer sum). The zero element is the trivial biextension.

An exact sequence 0 — B; — B — By — 0 induces an exact sequence of abelian
groups

0 — Bihom(Bs x C, A) — Bihom(B x C, A) — Bihom(B; x C, A) 2,
Biext!(By x C, A) — Biext! (B x C, A) — Biext!(B; x C, A)

The connecting homomorphism § is obtained by taking the push—out of the exact
sequence

0—>BxC—-Bx(C— ByxC—0,

by a bilinear map a : By x C' — A. More explicitly this push-out is the set A x B x C
modulo the equivalence relation:

(a, b1 +b,¢) = (a+ a(by,c),b,c), ac€A beBceC,b € B

If0—- A - A — Ay — 0 is an exact sequence of abelian groups, one obtains an
exact sequence:

0 — Bihom(B x C, A1) — Bihom(B x C, A) — Bihom(B x C, A3) >
Biext!(B x C, A;) — Biext! (B x C, A) — Biext' (B x C, Ay)
We omit the proof of the following elementary lemma:
Lemma 105. — If B and C are free abelian groups, one has
Biext'(B x C, A) = 0.
This lemma gives us the possibility to compute Biext! by resolutions:

Proposition 106. — (Mumford) Assume we are given exact sequences 0 — K; —
Ky— B —=0and0— Ly — Ly — C — 0. Then one has an exact sequence of
abelian groups

Bihom(Ko X Lo, A) — Bihom(Ko X L1, A) XBihom(leLl,A) Bihom(K1 X Lo, A)
— Biext!(B x C, A) — Biext! (Ko x Lo, A)

Proof. — One proves more precisely that to give a biextension G of B x C together
with a trivialization over Ky X Lg:

G\—>B><C
KOXLO

is the same thing as to give bilinear maps £ : Kg X Ly — A and p: K1 X Ly — A,
which have the same restriction on K7 x L. We denote this common restriction by
p: Ky x L — A
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Using the splitting Op of the group extension
0— A— Gpxo — B —0,
we may write
(185) s(ko,11) = 0p(bo) + &(ko, l1), for ko € Ko,ly € Ly,
where by is the image of ko in B and £(kg,l1) € A. This defines the bilinear map &.
Similiarly we define u:
(186) s(k1,lo) = 0c(co) + p(ky, lo),

for k; € K7 and ly € Ly, where ¢y € C is the image of ly. Clearly these maps are
bilinear, since s is bilinear. Since 05(0) = 0¢(0) their restrictions to K x Ly agree.

Conversely if £ and p are given, one considers in the trivial biextension A X Kg x Ly
the equivalence relation

(a, ko + kl, ZQ + ll) = (a + f(ko, ll) + ,U,(kl, l()) + f(kl, ll), ko, l())
Dividing out we get a biextension G of B x C' by A with an obvious trivialization.
d

The following remark may be helpful. Let [y € Ly be an element with image ¢ € C.
We embed K; — A x Ko by k1 — (—pu(k1,1l0), k1). Then the quotient (A x Ky)/K;
defines the group extension 0 - A — G, — B — 0.

Corollary 107 — There is a canonical isomorphism:

Ext' (B ®" C, A) — Biext'(B x C, A).
Proof. — If B and C are free abelian groups one can show that any biextension is
trivial (see (105)). One considers complexes Ko = ...0 — K; — Ko — 0... and

Ly =...0 > L; — Ly — 0... as in the proposition, where Ky and Ly are free
abelian groups. In this case the proposition provides an isomorphism

(187) H'(Hom (K, ® L, A)) = Biext' (K x L, A).

Let To =...0 =Ty, - Ty — Ty — 0... be the complex K, ® L,. Then the group
(187) above is simply the cokernel of the map

(188) Hom(TpA) — Hom (T /ImT5, A).

Let ...P;, - -+ - P, - K; — 0 be any free resolution. We set Py = K and
consider the complex Py, = --- — P; — ... P — Py — 0. The same process applied
to the L's yields Qo = -+ — Q1 — -+ — Q1 — Qo — 0. Let T = P, ® Q.. Then
the complex

...0—>T1/Imf2 —>f0 — ...
is identical with the complex
0T/ ImTy — Ty — ...
Therefore the remark (188) yields an isomorphism
H'(Hom(K, ® L,, A)) ~ H'(Hom(P, ® Q,, A)) = Ext'(B o C, A).
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O

The notion of a biextension has an obvious generalization to any topos. This theory
is developped in SGA7. We will consider the category Nilg with the flat topology.
To describe the topology it is convenient to consider the isomorphic category Augp
(see definition 50). Let (B,€) € Augp be an object, i.e. a morphism € : B — R of
R-algebras. We write BT = Ker ¢ for the augmentation ideal. We will often omit the
augmentation from the notation, and write B instead of (B, €).

If we are given two morphisms (B,e) — (A;,&;) for i = 1,2, we may form the
tensorproduct:

(A1,€1) ®(B,c) (A2,62) = (A1 ®p, Az,61 ® €2).
This gives a fibre product in the opposite category Aug}’™:
Spf A1 Xspe B Spf A2 = Spf(4; ®@p As).
Via the Yoneda embedding we will also consider Spf B as a functor on Nilg:
Spf B(N)) = Homyy (BT, N).

We equip Aug®® with a Grothendieck topology. A covering is simply a morphism
Spf A — Spf B, such that the corresponding ring homomorphism B — A is flat. We

note that in our context flat morphisms are automatically faithfully flat. We may

define a sheaf on Augy’® as follows.

Definition 108. — A functor F : Augp — Sets is called a sheaf, if for any flat
homomorphism B — A in Augp the following sequence is exact.

F(B) —» F(A) =2 F(A®B A).
Recall that a left exact functor G : Nilg — (Sets) is a functor, such that G(0)
consists of a single point, and such that each exact sequence in Nilg
0—=N =Ny = N3 =0
induces an exact sequence of pointed sets
0 = G(M) — G(N2) — G(N3),

ie. G(MNV) is the fibre over the point G(0) C G(N3). It can be shown that such a
functor respects fibre products in Nilg. We remark that any left exact functor on
Nilg is a sheaf.

A basic fact is that an exact abelian functor on Nilg has trivial Cech cohomology.

Proposition 109. — Let F : Nilg — (Ab) be a functor to the category of abelian
groups, which is exact. Then for any flat morphism B — A in Augp the following
complex of abelian groups is exact

F(B) — F(A) = F(A®p A) = F(A®p A®p A)Z -
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Proof. — Let N be a nilpotent B-algebra and B — C' be a homomorphism in Augp,.
then we define simplicial complexes:
(C™(N,B — A),om)
(189)
(c™(C,B— A),0")
for n > 0.
We set

C"N,B—A)=N@pA®p---®p A
C"(C,B—A)=CopA®p - ®p A,

where in both equations we have n + 1 factors on the right hand side. The operators
o7 : C"=! — O™ for i = 0,--- ,n are defined by the formulas:

0 (2 @0 @ Qap-1) =(TRa® - a1 Q1®a; - ® an_1),

where z € N or z € C.

One knows that the associated chain complexes with differential 6" = > (—1)%0"
are resolutions of A respectively C, if either B — A is faithfully flat or B — A has a
section s : A — B. In the latter case one defines

s":C”—>C"*1,s"(x®ao®~'®an):xa0®a1®~~®an.

If one sets C~1 = N respectively C~1 = C and 63 : C~! — C°,68(z) = 2 ® 1, one
has the formulas:

non idgn-1 , for i=0
(190) s"0i { 0P ts"t . for i>0 and n>1.

Let us extend the chain complex (C™, ™) by adding zeros on the left:

0 (SO

(191) 0—>-~-—>0—>C_16i> c° o

1
g o2

ENygl
Since by (190) we have s"6" + 6" 1s"~! = idgn-1, we have shown that this complex
is homotopic to zero.

If F: Nilp — (Ab) is a functor we can apply F' to the simplicial complexes (189),
because 6" are R-algebra homomorphisms. The result are simplicial complexes, whose
associated simple complexes will be denoted by

(192) C"(N,B — A,F) respectively C"(C,B — A, F).

Let us assume that B — A has a section. Then the extended complexes C™(F'),n €
Z are homotopic to zero by the homotopy F'(s™), since we can apply F' to the relations
(190).

Let now F be an exact functor and assume that B — A is faithfully flat. If N2 = 0,
each algebra C™(N, B — A) has square zero. In this case the 6" in (191) are algebra
homomorphisms. Therefore we have the right to apply F' to (191). This sequence is
an exact seugence in Nilg, which remains exact, if we apply F. Hence the extended
complex C*(N, B — A, F),n € Z is acyclic if N2 = 0.
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Any exact sequence 0 — K — M — N — 0 is Nilg, gives an exact sequence of
complexes.

0—-C"(K,B— A F)—C"M,B— A F)—C"(N,B— A F)—0.

Hence C™(N, B — A, F) is acyclic for any N € Nilg. Finally let a C B be the kernel
of the augmentation B — R. Then one has an exact sequence of complexes:

(193) 0 - C"(a,B— A, F)—-C"(B,B— A, F) - C"(B/a,B/a — A/a,F) — 0

The augmentation of A induces a section of B/a = R — A/a. Hence the last complex
in the sequence (193) is acyclic. Since we have shown C™(a, B — A, F') to be acyclic,
we get that C™(B, B — A, F') is acyclic. This was our assertion. O

We reformulate the result in the language of sheaf theory.

Corollary 110. — An exact functor F : Nilg — Ab is a sheaf on the Grothendieck
topology T = Augy®. For each covering Ty — Ts in T the Cech cohomology groups
HYTy/Ts, F) are zero for i > 1. In particular an F-torsor over an object of T is
trivial.

By SGAT one has the notion of a biextension in the category of sheaves. If F, K, L
are abelian sheaves a biextension in BIEXT!(K x L, F) is given by an F-torsor G
over K X L and two maps tx : G Xx G — G and t, : G x;, G — G, which satisfy
some conditions, which should now be obvious. If F' is moreover an exact functor,
then any F' torsor is trivial. Hence in this case we get for any N € Nilg, that G(N)
is a biextension of K(N) and L(N) is the category of abelian groups. This is the
definition Mumford [Mu] uses.

4.2. Two propositions of Mumford. — We will now update some proofs and
results in Mumford’s article. We start with some general remarks. Let F' be an exact
functor. Let G = H be any F-torsor is the category of sheaves on 7. If H = Spf A is
representable we know that 7 is trivial and hence smooth because F is smooth. (The
word smooth is used in the formal sense [Z1] 2.28.) If H is not representable, 7 is
still smooth since the base change of G by any Spf A — H becomes smooth.

More generally any F-torsor over H is trivial if H is prorepresentable in the fol-
lowing sense:

There is a sequence of surjections in Aug R :

e Apy — Ay — Ay,
such that
(194) H= h£1 Spf A;.
Then 7 has a section because it has a section over any Spf A; and therefore over H
as is seen by the formula:

Hom(H,G) = lim Hom(Spf 4;, G)

Hence we have shown:
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Lemma 111. — Let F : Nilg — (Ab) be an ezact functor. Then any F-torsor over
a prorepresentable object H is trivial.

For some purposes it is useful to state the first main theorem of Cartier theory in
a relative form. From now on R will be a Z,)-algebra.

Let B be an augmented nilpotent R—algebra. In order to avoid confusion we will
write Spf B instead of Spf B in the following. Let G : Nilg — (Sets) be a left exact
functor. There is an obvious functor Nilg — Nilgr. The composite of this functor
with G is the base change Gp.

Assume we are given a morphism 7 : G — Spfp B, which has a section o :
Spfr B — G. Then we associate to the triple (G, , o) a left exact functor on Nilp:

Let £ € Nilp and let B|£| = B @ L be the augmented B-algebra associated to it.
Then BJ|L]| is also an augmented R-algebra, with augmentation ideal BT & £. Then
we define the restriction Resp G(L£) of G to be the fibre over ¢ of the following map

Homspr B(Spr B|£|, G) — Homspr B(Spr B, G)

The functor G +— Resp G defines an equivalence of the category of triples (G, , o)
with the category of left exact funtors on Nilg. We will call the triple (G,m,0) a
pointed left exact functor over Spfy. It is useful to explain this formalism a little
more.

Let us start with a left exact functor F on Nilg. Then F x Spf B 2 Spf B is
naturally a pointed functor over Spf B. The restriction of this pointed functor is Fg:

Resp(F x Spf B) = Fp.

Suppose that the B-algebra structure on £ is given by a morphism ¢ : BY — L.
Then we have also a map of augmented R-algebras B|L| — R|L|, which is on the
augmentation ideals ¢ +id; : BT ® £ — L.

Lemma 112. — Let ¢ : BT — L be a morphism in Nilg. Via ¢ we may consider L
as an element of Nilg. Then Resg G(L) may be identified with the subset of elements
of G(L), which are mapped to ¢ by the morphism

7z 1 G(L) — Hom(B™, L).
Proof. — Consider the two embeddings of nilpotent algebras 1y : L — BT @ L =
B|IL|t, (1) =0@® !l and tp+ : Bt — Bt & L = B|L|T,15+(b) =b® 0. Let us denote
by G,(B* @ L) C G(B' @ L) = Hom(Spf B|L|, G) the fibre at ¢ of the map
(195) Hom(Spf B|L|,G) — Hom(Spf, B, G)
We have an isomorphism in Nilg:
B*@L = Btxc[
bl +— bx (p(b) +1)
Let G(BT @ L) — G(L) be the map induced by Bt & L — L,b® 1 — ¢(b) + L.
It follows from the isomorphism (196) and the left exactness of G, that this map
induces a bijection G, (BT @ £) = G(L). Hence we have identified G(£) with the

fibre of (195) at o. It remains to determine, which subset of G(L) corresponds to
Homsg,¢ 5(Spf B|L|, G). But looking at the following commutative diagram

(196)
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G(B* & L) G(L)

”B+@Ll lﬂ'g

Hom(B*, Bt @ £) —— Hom(B™, L)

LB+t ¥

we see that this subset is exactly the fibre of 7, at . O

Conversely given a functor H : Nilp — (Sets), such that H(0) = {point}. Then
we obtain a functor G : Nilp — (Sets) by:
GWN)= U H(N,) , N eNilg,

@:BT—N

where N, is N considered as a B-algebra via ¢. Then we have a natural projection
7 : G(N) — Hom(B*,N), which maps H(N,,) to ¢. The distinguished point in each
H(N,) defines a section o of .

In particular our remark shows that a group object in the category of arrows
G — Spf B, such that G is a left exact functor on Nilg is the same thing as a left
exact functor H : Nilg — (Ab).

In Cartier theory one considers the following functors on Nilg:

DN) =N,  AWN)=(1+tN]t])*, for N e Nilg.

Here ¢ is an indeterminate. The functor D is considered as a set valued functor, while
A takes values in the category (Ab) of abelian groups. We embed D into A by the
map n — (1 —nt) forn € N.

Theorem 113. — (Cartier): Let G = H be a morphism of functors on Nilg. As-
sume that G is left exact and has the structure of an abelian group object over H.
The embedding D C A induces a bijection.

Homgroups/H(A X Ha G) — Hompointed functors/H (D X H7 G) .

Proof. — If H is the functor H(N) = {point}, N € Nilg this is the usual formulation
of Cartier’s theorem [Z1]. To prove the more general formulation above, one first
reduces to the case H = Spf B. Indeed to give a group homomorphism A x H — G
over H is the same thing as to give for any morphism Spf B — H a morphism
A x Spf B — Spf B x g G of groups over Spf B.

Secondly the case H = Spf B is reduced to the usual theorem using the equivalence
of pointed left exact functors over Spf B and left exact functors on Nilg. O
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The following map is a homomorphism of abelian functors:

AW) — W),
(197) [T = 2it’) s (po,@pr, e T

If we compose this with D C [\, we obtain an inclusion D C W.
Let R be a Q-algebra. Then the usual power series for the natural logarithm
provides an isomorphism of abelian groups:

log : AN) = (1 +tNt]) T — tN1]

i>1

The formula &, (Z niti> = ankt”k. defines a projector e1 : tN[t] — tN[t]. Then
Cartier has shown that ; induces an endomorphism of A over any Zp)-algebra.
Moreover the homomorphism (197) induces an isomorphism:

61[\ = W
We use this to embed W into A.

Mumford remarked that Cartier’s theorem provides a section k of the natural
inclusion

(198) Homgroups/H(W X H, G) B Hompointed functors /H(VT/v X H> G)
Indeed,A let  : W x H— G be a map of pointed set-valued functors. We define
R(a): A x H — G to be the unique group homomorphism, which coincides with « on

D x H (use theorem 113 ). We get x(«a) as the composition of £(«) with the inclusion
WxHCAxH.

Proposition 114. — Let F : Nilgp — (Ab) be an ezact functor. Then
Ext!(W,F) =0,
where the Ext-group is taken in the category of abelian sheaves on T .

Proof. — By the remark (194) a short exact sequence 0 — F — G — W — 0 has a
set—theoretical section s : W — G. Then k(s) splits the sequence. O

Remark: It is clear that this proposition also has a relative version. Namely
in the category of abelian sheaves over any prorepresentable sheaf H in 7. we have:
Extyoups/ (W x H, F x H) =0,

if H is prorepresentable. Indeed consider an extension

(199) 0>FxH—GSWxH— 0.

Then G is an F torsor over W x H and hence trivial. Let o be any section of 7. Let
us denote by + : H — W x H and sg : H — G the zero sections of the group laws

relative to H. We obtain a morphism sg — ot : H — F. Let pry : W x H — H be
the projection. Then we define a new section of m by

(200) Onew = 0 + (8¢ — 0L) pry .
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Then o6y is @ morphism of pointed functors over H, i.e. it respects the sections sg
and ¢. Hence we may apply the section k of (198) t0 opew. This gives the desired
section of (199).

If G : Nilg — Ab is any functor, we set
(201) GT(N) = Ker(G(N) — G(0)).
Because of the map 0 — N we obtain a functorial decomposition
GN) =Gt (N) @ G(0),

which is then respected by morphisms of functors. If G is in the category of abelian
sheaves we find:

Extl,(W,G) = Extly,(W,G"),

which vanishes if GT is exact.
Cartier’s theorem applies to an abelian functor G, such that G is left exact:

Hom([\, G) ~ Hom(A, G") ~ GY(XR[X]),

where the Hom are taken in the category of abelian functors on Nilg. If F,G are
abelian sheaves on 7, the sheaf of local homomorphisms is defined as follows:
(202) Hom(F,G)(A") = Hom(Fa,Ga), A€ AugR.
202
Hom(F,G)*(A") = Ker(Hom(F4,G4) — Hom(Fg,GRr)).

Cartier’s theorem tells us that for a left exact functor G:

Hom(A, G)(A1) = G(X A[X])
(203) )

Hom™ (A, G)(A1) = G(XAT[X])

In particular the last functor Hom+(A, G) is exact if G is exact. Using the projector
€1 we see that Hom™ (W, G) is also exact.

Proposition 115. — (Mumford): Let F be an exact functor. Then
Biext! (W x W, F) = 0.

Proof. — We strongly recommend to read Mumford’s proof, but here is his argument
formulated by the machinery of homological algebra. We have an exact sequence

(SGAT):
0 — Ext' (W, Hom(W, F)) — Biext' (W x W, F) — Hom(W,Ext' (W, F)).

The outer terms vanish, by proposition (114) and because the functor Hom+(W, F)
is exact. O

Our next aim is the computation of Bihom(W x W, (Gm) Let us start with some
remarks about endomorphisms of the functors W and W.
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Let R be any unitary ring. By definition the local Cartier ring Er relative to p
acts from the right on W (N'). Explicitly this action is given as follows. The action
of W(R):

(204) W(N) x W(R) — W(N),

is induced by the multiplication in the Witt ring W (R|N|). The action of the opera-
tors F,V € Ep is as follows

(205) nF="Yn nV="n,

where on the right hand side we have the usual Verschiebung and Frobenius on the

> . o) .
Witt ring. An arbitrary element of E has the form Y V*&+ > ;i F7, &, nu; € W(R),
i=0 j=1
where lim p; = 0 in the V-adic topology on W(R) (see corollary 8). We may write
such an element (not uniquely) in the form: > V"a,, where a,, € W(R)[F].
By the following lemma we may extend the actions (204) and (204) to a right

action of Ex on W(N).
Lemma 116. — For anyn € W(N) there exists a number r such that ¥’ n = 0.

Proof. — Since n is a finite sum of elements of the form " [n], n € A it suffices to
show the lemma for n = [n]. This is trivial. O

We note that in the case, where p is nilpotent in R there is a number r, such that
F"W(N) = 0. Hence in this case the Cartier ring acts from the right on W (N/).
We write the opposite ring to Eg in the following form:

oo o0
(206) ‘Er = Zviﬁi + ZMij | &irpj € W(R),lim& =0

i=1 §=0

The limit is taken in the V-adic topology. The addition and multiplication is defined
in the same way as in the Cartier ring, i.e. we have the relations:

(207) FV = p
VEF = Ve
Fe = Fer
&vooo= Vi

Then we have the antiisomorphism
t: ER — tER,

which is defined by t(F) =V, ¢(V) = F and ¢(¢) = ¢ for £ € W(R). The ring ‘Eg
acts from the left on W(N) :

Fn="*n |, Vn=VYn

It is the endomorphism ring of W by Cartier theory.
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We define Ei to be the abelian group of formal linear combinations of the form:
(208) Er=4Y V&+> pFi.
i=1 §=0

There is in general no ring structure on Eg, which satisfies the relations (207). The
abelian group !'Epg is a subgroup of Er by regarding an element from the right hand
side of (206) as an element from the right hand side of (208). Obviously the left action

of 'Egr on W(N ) extends to a homomorphism of abelian groups

(209) Er — Hom(W,W).

We will write this homomorphism as
n— un

since it extends the left action of !Eg. We could also extend the right action of Ep :
n— nu.

Of course we get the formula
nu = ‘un.

The first theorem of Cartier theory tells us again that (209) is an isomorphism. By
the remark after lemma (116), it is clear that in the case where p is nilpotent in R
the homomorphism (209) extends to a homomorphism:

(210) Er — End(W)

The reader can verify that there exists a ring structure on Ex that satisfies (207), if
p is nilpotent in R. In this case the map ¢t : Eg — *Eg extends to an antiinvolution
of the ring Ez. Then (210) becomes a homomorphism of rings.

By Cartier theory we have an exact sequence:

(211) 0— W) EV W) B G, ) — 0
The second arrow is the right multiplication by (F —1) € Eg, and hex is the so called
Artin-Hasse exponential. For the following it is enough to take (211) as a definition
of G,,. But we include the definition of hex for completeness. It is the composition
of the following maps (compare (197)):

(212) W(N) 5 et AW) € AW) = (1+tN[E)* 55 (1+ M) %,

It is easy to produce a formula for hex but still easier if one does not know it. The
verification of the exactness of (211) is done by reduction to the case of a Q-algebra
N. We will skip this.

Proposition 117. — The Artin-Hasse exponential defines an isomorphism of abel-
1an groups:

(213) »: W(R) — Hom(W,G,,)
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An element § € W(R) corresponds to the following homomorphism s : W — Gn. If
u e W(N), we have:

se(u) = hex(§ - u).
Proof. — This is a well-known application of the first main theorem of Cartier theory
of p-typical curves. Let [X] = (X,0---0---) be the standard p-typical curve in
W(XK[X]). We have to show that hex(¢ - [X]) gives exactly all p-typical curves of
Gy, if € runs through W(R). We set 7,, = hex([X]). This is the standard p-typical

curve in G,,. It satisfies Fy = Ym by (211). By definition of the action of the
Cartier ring on the p-typical curves of G,, we have:

hex(§[XT) = &ym.-
If £ = Y ViEF! as elements of Eg we obtain:

Em =Y V& m.
=0

These are exactly the p-typical curves of Gm. O
From (201) we deduce the following sheafified version of the proposition:

Corollary 118. — The homomorphism (213) gives rise to an isomorphism of func-
tors on Nilg:
s : W(N) — Hom(W,G,n) (V).

We are now ready to classify the bilinear forms Bihom(W X W,Gm). To each
u € Er we associate the bilinear form 3, :

W) x W) — WWNV) x W) 2 W) 25 GLW)
£ xn — u x — (u)n
Proposition 119. — We have the relations:
ﬁu(ga 77) = ﬂ*’u(n? f)
hex(§u)n = hex &(un).

Proof. — Clearly the second relation implies the first one. For v € W(R) we have
(Eu)n = &(un). Hence the assertion is trivial.
First we do the case u = F':

hex(¢F)n = hex Vén = hex V(") =
hex(Fn)F = hex ¢ Ty = hex £(Fn).
The fourth equation holds because:
hex(W(N)(F —1)) =0
Secondly let u =V
hex(¢V)n = hex Fén =hex V(¥¢n) = hex¢ Vi = hex (V).
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Finally we have to treat the general case u = Z Viw; + E w_;F*. For a finite sum

=1
there is no problem. The general case follows from the followmg statement:
For given &, € W(N) there is an integer myg, such that for any w € W (R):

hex(§wF™)n = 0, hex(EV™w)n = 0.
Indeed, this is an immediate consequence of lemma 116. U
Proposition 120. — (Mumford) The map:
Er—Bihom(W x W,G,,),
u— Bu(§,n) = hex(§u)n

18 an isomorphism of abelian groups.

(214)

Proof. — One starts with the natural isomorphism.

Bihom(W x W, G,,) ~ Hom(W, Hom™ (W, G,,)).
The sheaf H0m+(W,Gm) is easily computed by the first main theorem of Cartier
theory: Let A = R ® N be an augmented nilpotent R-algebra. Then one defines a
homomorphism:
(215) W(N) — Hom™ (W, G,,)(N) € Hom(W,G,,,,),
as follows. For any nilpotent A-algebra M the multiplication A/ x M — M induces
on the Witt vectors the multiplication:
Hence any w € W(N) induces a morphism W (M) — G,,(M), € — hexwé. Since by
the first main theorem of Cartier theory:

W(A) — Hom(Wa, Gy ),

is an isomorphism. One deduces easily that (215) is an isomorphism. If we reinterprete
the map (214) in terms of the isomorphism (215) just described, we obtain:

(216) Er — Hom(W,W)

)
But this is the isomorphism (209). O
4.3. The biextension of a bilinear form of displays. — After this update of

Mumford’s theory we come to the main point of the whole duality theory: Let P and
P’ be 3n-displays over R. We are going to define a natural homomorphism:

(217) Bil(P x P',G,,) — Biext!(BTp x BTp:.G,,)

Let ( , ):PxP — W(R) be a bilinear form of 3n-displays (18). For N € Nilg
this induces a pairing

(218) (, ):PyxPy—WW),
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(Compare chapter 3 for the notation). More precisely, if © = £ ® u € Py =
W(N) @w(r) P and 2’ = & @u' € Py = W(N) @w(r) P, weset (¢, x) = &€ (u,u') €
W (N), where the product on the right hand side is taken in W (R|N]).

To define the biextension associated to (218), we apply a sheafified version propo-
sition 106 to the exact sequences of functors on Nilg:

~ 717i ~
00— Qn V—>dPN — BTp(N) — 0
A~ —17i ~
0— Q) "= Pl — BTp/(N) — 0.
The proposition 106 f:ombined with proposition 115, tells us that any element in
Biext! (BTp x BTp/,G,,) is given by a pair of bihomomorphisms
(N)
(W),

041:QN>< Pj/\/—> @m
agszx Qk—» @m

which agree on Qu x Qﬁv
In the following formulas an element y € Qs is considered as an element of Py by
the natural inclusion id. We set
(219) a1(y,2') =hex(V~1y,z’), for y€ Qu,a’ € P}
219
as(x,y’) = —hex(z,y’), for € Pyx,yc Q).

We have to verify that oy and as agree on Q N X Qj\/, i.e. that the following equation
holds:

ar(y, V7 —y) = a2V y —yy/).
This means that:
hex(V ™y, V7 ly' —y') = —hex(V 'y —y,y/),
which is an immediate consequence of (1.14):
hex(V =1y, V7ly) = hex V(V 71y, V1Y) = hex(y, ).

We define the homomorphism (217) to be the map which associates to the bilinear
form (, )€ Bil(P x P’,G) the biextension given by the pair aq, as.

Remark:  Consider the biextension defined by the pair of maps (; : Qn x ]5]’\/ —
W(N) and By : Py x Qs — Wi defined as follows:

ﬁl(%xl) = hex(yax/)a ) S QN7$I S pj/\/

Ba(x,y'") =—hex(z,V~—1y), x € Pyy € Qj\/

We claim that the biextension defined by (220) is isomorphic to the biextension de-
fined by (219). Indeed by the proposition 106 we may add to the pair (51, 32) the
bihomomorphism

(220)

hex( ):PNxle\f—>Gm(/\/)
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obtained from (218). One verifies readily:
ﬁl (y7 LL',) + heX(V_ly - Y .7}/) = al(y7 xl)

Bo(x,y') + hex(z,V 1y —¢) = aa(y, y).

Remark: Let G = B x C be a biextension by an abelian group A, with the
relative group laws +p5 and +¢. Let s : Bx C — C x B, (b,¢) — (¢, b) be the switch
of factors, and set 7° = sow. Then (G, 7%, 4+¢,+p) is an object in BIEXT(C x B, A).
We will denote this biextension simply by G*. Let us suppose that B = C. Then we
call a biextension G symmetric if G and G* are isomorphic.

Let us start with the bilinear form

(, ):PxP — Gpn.

We denote by G the biextension, which corresponds to the pair (219) of bihomomor-
phisms a7 and as. Clearly the biextension G* corresponds to the pair of bihomomor-
phisms af : Q) x Py — W(N) and a§ : P x Qx — W(N), which are defined by
the equations:

— hex(x,y’)
hex(Vy, z')

|
Q
[ V)
—~
&
<
—
|

iy, )
(221) o3(z', 1)

If we define a bilinear form:

|
Q
=

—
&
S

\_>
|

( , )S:P/XP—>gm,

by (2’ x)s = (z,2’), we see by the previous remark that the biextension defined
by (221) corresponds to the bilinear form —(a’,z);. We may express this by the
commutative diagram:

Bil(P x P',G) —— Biext (BTp x BTp:,G)

Bil(P’ x P,G) —— Biext!(BTp x BTp,G,,)
Let P = P’ and assume that the bilinear form ( , ) is alternating, i.e. the

corresponding bilinear form of W(R)-modules P x P — W (R) is alternating. Then it
follows that the corresponding biextension G in Biext! (BTp x BTp, G,) is symmetric.

4.4. The duality isomorphism. — Assume we are given a bilinear form ( , ):
P x P — G, as in definition 18. Let G = BTp and G’ = BTp/ be the formal

groups associated by theorem 81. The Cartan isomorphism Biext' (G x G',G,,) =
Ext'(G @ G¢',G,,) = Ext'(G, RHom(G’,G,,)) provides a canonical homomorphism

(222) Biext! (G x @', G,,) — Hom(G, Ext (G',Gn)).

Let us describe the element on the right hand side, which corresponds to the biex-
tension defined by the pair of bihomomorphisms «; and ag given by (219). For this
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purpose we denote the functor N +— Py simply by P, and in the same way we define
functors @, P’,Q’. We obtain a diagram of sheaves:

(223) Hom(P (Gm

TA v—l-id TA
0 0O ( )

Hence (V! —id)* is the homomorphism obtained from V~—id : Q' — P’ by applying
the functor Hom(—, G,,). The horizontal rows are exact. The square is commutative
because the restiction of oy to Q X Q’ agrees with the restriction of ay in the sense of
the inclusions defined by V~! —id. Hence (223) gives the desired G — Ext'(G”,G,,).

The functors in the first row of (222) may be replaced by their T-parts (see (201)).
Then we obtain a diagram with exact rows:

(224) Hom(P',G,n)t — Hom(Q', Gn)t — Ext’ (G, Gpn)t — 0
0 Q P G 0

The first horizontal arrow in this diagram is injective, if P’ is a display. Indeed, the
group G’ is p-divisible and by the rigidity for homomorphisms of p-divisible groups:

(225) Hom(G',G,n)* = 0.

Remark: Let :P/ be a display. The following proposition 121 will show that the
functor Ml(G’ ,G,) T is a formal group. We will call it the dual formal group. The
isomorphism (227) relates it to the dual display.

By the corollary 118 one obviously obtains an isomorphism
(226) W(N) @w(ry P' — Hom(P,G,,) " (V).

Here P* = Homyy(g)(P,W(R)) is the dual W(R)-module. Therefore the functor

Hom(P',G,,)" is exact, and the first row of (224) is by proposition 109 exact in the
sense of presheaves, if P’ is a display.

Proposition 121. — Let P be a display and Pt be the dual 3n-display. By definition
19 we have a natural pairing

<, > P xP—gG,

which defines by (217) a biextension in Biext'(BTp: x BTp,G,,). By (222) this
biextension defines a homomorphism of sheaves

(227) BTp. — Ext'(BTp,Gp)".

The homomorphism (227) is an isomorphism.
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Proof. — In our situation (224) gives a commutative diagram with exact rows in the
sense of presheaves:

(228) 0 — Hom(P,G,,)* — Hom(Q, G,,)* — Ext (@, G,,)* —0

0 pt Gt 0.

Here we use the notation G = BTp, G! = BTp:. Let us make the first commutative
square in (228) more explicit.
The bilinear pairing

(229) W(N) @w(ry P'x WN) @wry P — Gu(N),

f@xt x UR — hex(éu < 2%,z >)
provides by the corollary 118 an isomorphism of functors
(230) W(N) @w gy P — Hom(P,G,,) (V).
In order to express Hom(Q, @mﬁ in a similiar way, we choose a normal decomposition
P = L&T. Let us denote by L* = Homyy (g (L, W(R)) and T* = Homyy gy (T, W(R))
the dual modules. In terms of the chosen normal decomposition the dual 3n-display

Pt = (P!, Q! F,V~1) may be described as follows.
We set Pt = P* Q! = T* @ IgrL*. Then we have a normal decomposition

P =L'eT!
where Lt = T* and T = L*. To define F and V! for P! it is enough to define
F_linear maps:
vt —pt F:T"— P
We do this using the direct decomposition
P=W(RV 'LeW(R)FT
For 2t € L' = T* we set:
<Vt wFy >= wf <aty> weW(R),yeT

<V izt wV iz >= 0, rel
For y' € T* = L* we set:
< Fy', wFy >= 0, yeT

< FytwVle>= wf <tyxz> =zl
The bilinear pairing;:
WWN) @rwm T" X W(N) Qrwr) T — Gm(N)
E@a' x u®y +— hex(éu <ot y>)
defines a morphism

(231) W(N) @pwry T* — Hom(W @pwr) T,Gm)*(N),
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where W ® rw(r) T denotes the obvious functors on Nilg. The right hand side of
(231) may be rewritten by the isomorphism:

(232) Iv @wm T — WWN)@pwr T
Vu®y— u®y

The pairing (229) induces an isomorphism:

(233) W(N) @w gy L* — Hom(W ®w(g) L, Gn)T(N)

Taking the isomorphisms (231), (232) and (233) together, we obtain an isomorphism
of functors

Hom(Q, Gm) " (M) W(N) @pwr) T* & WN) @w(r) L*
WWN) @rwr) L' ® WWN) @wry T".

We use the decomposition P! = W (R)V " 'L'&W (R)FT" to rewrite the isomorphism
(230)

(234)

Hom(P, Gp)t (N)= W(N) @w(ry W(R)V L' @ W(N) @w(ry W(R)FT"

(235)
~ W(N) ®F,W(R) Lt @ W(N) ®F,W(R) Tt.
Here an element £ ® 2! ©7 ®y* from the last module of (237) is mapped to £V ~tat @

nFyt from the module in the middle.
We rewrite the first square in (228) using the isomorphism (234) and (235):

W) or e W) o T Y=Y W) er Lt e W) @ T
(236) ar do 1
W) e Lte W) er T V59 WM\ eLeWN) T

In this diagram all tensor products are taken over W (R). We have to figure out what
are the arrows in this diagram explicitly. We will first say what the maps are and
then indicate how to verify this.

o = F@idp: @ idW(N’)®F,W(R>Tt

The upper horizontal map in (236) is the map (V! —id)* = Hom(V ' —id, G,,) :
Hom(P,G,,) — Hom(Q,G,,). We describe the maps (V~1)* = Hom(V~!,G,,) and
id* = Hom(id, G,,). Let E@ 2zt @n@yt € W(N) @pw L' & W(N) @pw T? be an
element. Then we have:

(238) V(e oney)=¢os'e "ney'

Finally the map id* is the composite of the map (V~1)# @& F# : W(N) Qrw(r) L' ®
WWN)@rwr T" — W(N)®w g P' with the extension of —d; to the bigger domain
W(N) @wr) Pt = WWN) Qwr) L' ® W(N) Qw(r) T*. We simply write:

(239) id* = —a, (V" H)* @ F#).

If one likes to be a little imprecise, one could say (V~1)* =id and (id)* = VL.



116 THOMAS ZINK

Let us now verify these formulas for the maps in (238). &y is by definition (219)
the composition of V=1 : Q4 — Pk with the inclusion Pi, € W(N) ®w (r) P' =
Hom(P,G,,)T(N). Hence by the isomorphism (235) which was used to define the
diagram (236) the map ay is:

~ —1 —1\# #
a1 : Qly —— W) @wn P! ‘% WWN) @pwr) L' @ WWN) @pwr) T
Clearly this is the map given by (237).
Consider an element u®z* € W(N) @y (g) L*. This is mapped by & to an element
in Hom(Q, G) " (V) = Hom(I @w () T, Cp) ¥ (N) & Hom(W @ sy L, Gr) T (N),
whose component in the second direct summand is zero and whose component in the
first direct summand is given by the following bilinear form aa:

t

a(u®azt, V' @y) = —hex Y'u < 2',y >= —hexu/ Fu ¥

<t:B7y>.

Hence the image in the first direct summand is equal to the image of Fu ® z* by the
homomorphism (231).
Next we compute the map:

(V71" : WN) ®w (g P' = Hom(P, G,,) " (N) — Hom(Q, Gpp) (V).

Let use denote by ( , )p the bilinear forms induced by the homomorphism (231)
respectively (233). Let §® 2" € W(N) @w (r) P be an element, and let §@z Doy €
WWN) @wry LOWWN) @pwry T =~ WWN) @wr) L In @wr T = Q. Then
we have by definition of (V—1)*:
(VY (@e)uertvey), =
(240) ( )b
hex 0Fu < 28, V~lz > + hexfv < 2!, Fy > .

Since we use the isomorphism (235) we have to write # ® z! in the form ¢ @ V 1zt +
n® Fyt, where £, € W(N),zt € Lt,y* € T?. Then we find for the right hand side
of (240):
(241) hexFu < V=1l2t V=l > +hexév < V= lat Fy >
241

+hexnfu < Fyt,V=lz > +hexnv < Fyt, Fy >

By definition of the dual 3n-display the first and the last summand of (241) vanish.
Using (20) we obtain for (241):

hex éof < zty > +hexn Fu F <yt x >=
hex évf < oty > +hex Vu < yt, x> .

Since this is equal to the left hand side of (241), we see that (V ~1)*((é@V Lzt +na Fyt)
is the element in Hom(Q, G )" (N) induced by:

¢zt + Vnoy e WN) @pwr L' ® WWN) @w gy T
This is the assertion (238).
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Finally we compute id*. By the isomorphisms (230) and (234) the map id" identifies
with a map

(242) id* - W(N) QW (R) Pl — W(N) QF,W(R) L'® W(N) QW (R) T

The assertion of (239) is that this map is the extension of —as , if we identify the
left hand side of (242) with W(N) ®w(r) L' ® W(N) @w gy T" using our normal
decomposition.

Let @2t dn@y' € WN) Qwry L' 8 WN) Qugy T and u@ 2z @ Yo @y €
W(N) Qw(ry L @ Im Qwr) T = Qi for some N-algebra M. We obtain:

i@t eney)uere ey
=hex(¢ Yo < 2',y > +hexnu < y*, 2 >

=hexv F¢ P < 2ty > + hexnu < y',u >,
which proves that
id"(¢@a' +n@y) = o' +ney.
Alltogether we have verified that the diagram (236) with the maps described coincides

with the first square in (228). We may now write the first row of the diagram (228)
as follows:

(V= —ia*
_

0—W&pwr L' ®1Qwnr) T W ®pwr L' ®@W @wr) T'

!

(243) ml (G, Gm)Jr
0

Here we wrote W and [ for the functors N' +— W(N) and N +— In. We also used
the isomorphism (232) to replace W ®@pw (g) T* by I @w gy T". The map (V~1)* is
just the natural inclusion.

We know from (228), that Ext!(G,G,,)* is an exact functor on Nilg. We will now
compute the tangent space of this functor.

Let us assume that A is equipped with a pd-structure. Then the logarithmic
coordinates (48) define an isomorphism of W (R)-modules

N @ Iy ~W(N).
Hence we have an isomorphism of abelian groups:
N @wr) T' & Iy @wry T" — WWN) @wr) T
We extend id" to an endomorphism of W(N)® g w gy L' ®@W (N) Qw (r) T" by setting:
id" (N @w ) T =0.

We claim that id* is then a nilpotent endomorphism. First we verify this in the
case, where p- N = 0. Then we have FW(AN) = 0 and therefore the map as
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is zero on the first component. It follows from (239) that the image of id* lies in
06WWN)Qwr)T" € WN)@pwr) L' @ W (N)Qw ) T". Via the natural inclusion
and projection id* induces an endomorphism
id3, : W(N) @wr) T" — W(N) @wr) T".
By what we have said it is enough to show that id3, is nilpotent. The endomorphism
F:P=L'aT' — P =LoT",
induces via inclusion and projection an endomorphism
o:T" — T".
By the formula (239) we find for id3,:
idsy (n+ O @y') =@y,

where n € N, & € W(N), and y* € T*. But since P is a display the 3n-display P! is
F-nilpotent, i.e. there is an integer r, such that " (T%) C IgT?. Since W(N)-Ir =0
it follows that (id3,)" = 0. In the case where p is not necessarily zero, we consider
the filtration by pd-ideals

O=p'NcCcp Nc---CN.

Since the functors of (243) are exact on Nilg an easy induction on r yields the nilpo-
tency of id* in the general case. This proves our claim that id* is nilpotent if p- A = 0.
Since (V~1)* is the restriction of the identity of

W(WN) @pwr) L' @ WWN) @w gy T

it follows that (V~1)* —id* induces an automorphism of the last group. One sees
easily (compare (157) that the automorphism (V~1)* —id* provides an isomorphism
of the cokernel of (V~1)* with the cokernel of (V~1)* —id*. Therefore we obtain for
a pd-algebra A that the composition of the following maps:

N @wry Tt — WWN) @w(r) T* — Ext' (G, Gn) T (V)

is an isomorphism. This shows that the Ext' (G, G,,)" is a formal group with tangent
space Tt /IgT*" by definition 80. Moreover

G' — ml(Gv (G}m)Jr
is an isomorphism of formal groups because it induces an isomorphism of the tangent

spaces. This proves the proposition. O

Let P be a 3n-display and let P’ be a display. We set G = BTp, G’ = BTp:, and
(G")* = BT(p/y:. If we apply the proposition 121 to (222) we obtain a homomorphism:
(244) Biext! (G x @', G,,,) — Hom(G, (G')")

We note that this map is always injective, because the kernel of (222) is by the
usual spectral sequence Ext!'(G,Hom(G’,G,,)). But this group is zero, because
Hom(G',G,,)" = 0 (compare (225)). A bilinear form P x P’ — G is clearly the
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same thing as a homomorphism P — (P’)!. It follows easily from the diagram (224)
that the injection (244) inserts into a commutative diagram:

Bil(P x P',G) ——— Hom(P,(P')")
(245) J lBT
Biext'(G x G, G,,) —— Hom(G, (G")")

Theorem 122. — Let R be a ring, such that p is nilpotent in R, and such that the
set of nilpotent elements in R are a nilpotent ideal. Let P and P’ be displays over R.
We assume that P’ is F-nilpotent, i.e. the dual Sn-display (P')t is a display. Then
the homomorphism (217) is an isomorphism:

Bil(P x P',G) — Biext!(BTp x BTp/,Gy).

Proof. — By proposition 99 the right vertical arrow of the diagram (245) becomes an
isomorphism under the assumptions of the theorem. Since we already know that the
lower horizontal map is injective every arrow is this diagram must be an isomorphism.
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