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From E, Ren, and Vanden-Eijnden, Phys Chem B (2005) 
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Switching and complex energy landscapes 



Model 

Consider the energy  

where  is the d-dimensional flat torus with side-length L. 

We study this energy subject to the fixed mean constraint 

and in the scaling regime 
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For simplicity 



Stochastic nucleation of “droplets” 
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 Energetic preferences 

prefers  

u constant 

prefers  

u =§ 1 

 For LÀ1, bounded energy ) u¼§ 1 on most of [-L/2,L/2]d. 

 On the one hand, energy concentrates on boundary of u=+1. 
 

Energy and the regime 
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 On the other hand, the mean constraint leads to a “bulk” 

cost.  



Heuristic picture of regimes 

Two candidates for the global minimizer 
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Wins for Wins for 



Heuristics for energy landscape 

Energy as a function of “droplet radius” for different 

parameter values  
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Previous results on global min 

 Biskup, Chayes, and Kotecky (2002) 

 

 Carlen, Carvalho, Esposito, Lebowitz, and Marra (2006) 

 

 Bellettini, Gelli, Luckhaus, Novaga (2006) 

Maria G. Westdickenberg 8 

Critical constant  



Energy barrier around constant state 

 In the off-critical regime 

 

 

 In critical regime with  

 

 

    we obtain 

 

 

 Gives also a saddle point us with precisely that energy. 
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¡-limit 
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 Rescaled energy gap 

 Limit functional of the form 



Reflects the heuristic picture 
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Going beyond the constant state 
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Questions on the level of the CH model 

 
• Is there a local min with “volume” ºm? 

 

• What is the associated energy barrier? 

 

• Can we characterize the local min as a droplet? 

 

• The saddle point? 

 

Questions on the level of Gamma-limits 

 
• Info about limit ) info about original 

 

• Local minima 

 

• Saddle points? 

 



“Volume”-type functional 
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Local min 
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Ingredients 
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Sketch of proof of theorem 
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Energy barrier  
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Energy barrier (continued) 
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Problem and partial resolution 
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Properties of vol-constrained min 
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Proof similar to that for min 
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THE DROPLET SHAPE 

Part II   
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Isoperimetric inequalities 
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Isoperimetric on the torus 
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Sphericity 
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Sharp quantitative isoperimetric 

inequality 
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Application to Cahn-Hilliard 
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No EL eqn. 



STEINER 
SYMMETRIZATION 

Part III  
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Symmetrization on Rd and torus 
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Via progress on equality of gradients 

by Cianchi-Fusco (2006) 
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Consequences d ¸ 2 
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Additionally in d=2 
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Input into stochastic model? 
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a la Vanden-Eijnden and Westdickenberg, 

Rare events in stochastic partial differential equations on large  

spatial domains, (2008),  
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