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Parallel translation in R"

e 7v:[0,1] — R™ arbitrary (smooth) curve
e v: [0,1] — R"™ vector field along ~y

: o, dv
Then v is parallel, if v = 5 =
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Parallel translation on curved spaces

S C R™ oriented hypersurface (e.g. S? C R?)

e 1 unit normal vector along S

v:10,1] — S curve

v: [0,1] — R"™ vector field along 7 s.t.

v(t) e TypnS < (v(t),n(y(t))=0 Vvt (1)

(1) = wv can not be constant in t. The eqn © = 0 is replaced by

projrgé =0 & o — (d,n(y))n(y) = 0.

Differentiating (1) we obtain a first order ODE for parallel v:

0+ (v, Fn(y)n(y) =0
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Parallel transport

Parallel transport is a linear isomorphism
PWZ TW(O)S — T,y(l)S, Vo v(l)
where v is the solution of the problem

b+ (v, £n(y))n(y) =0, v(0) = vp.

P, is an isometry, since

v,w are parallel = (v(t),w(t)) is constant in ¢
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Holonomy group

s € S basepoint

Hols :={P, | v(0) =s=~(1)} C SO(TsS) based holonomy
group

Holg is conjugated to Hols (“Holonomy group does not
depend on the choice of the basepoint”)

Holonomy group is intrinsic to .S, i.e. depends on the
Riemannian metric on S but not on the embedding S C R"

e Ex: Hol(S?) = SO(2)

Properties:
o definition generalises to any Riemannian manifold (M, g)
¢ encodes both local and global features of the metric

o “knows” about additional structures compatible with metric

INTRODUCTION
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Classification of holonomy groups

Assume M is a simply—connected irreducible nonsymmetric Rie-
mannian mfld of dimension n. Then Hol(M) is one of the following:

Holonomy Geometry Extra structure
e SO(n)
e U(n/2) Kahler complex
e SU(n/2) Calabi—Yau complex + hol. vol.
e Sp(n/4) hyperKahler quaternionic
e Sp(1)Sp(n/4) quaternionic Kahler “twisted” quaternionic
o G (n=T7) exceptional “octonionic”
e Spin(7) (n=8) exceptional “octonionic”
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Plan

e General theory (torsion, Levi—Civita connection, Riemannian
curvature, holonomy)

e Proof of Berger's theorem (Olmos 2005)

e Properties of manifolds with non—generic holonomies (some
constructions, examples, curvature tensors. . . )
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LIE GROUPS

Smooth manifold comes equipped with a collection of charts
(Uqa, 9a), where {U,} is an open covering and the maps
pp o Pyt R" — R™ are smooth.

A Lie group G is a group which has a structure of a smooth mfld
such that the structure maps, i.e. m: G x G =G, -7 1: G = G,
are smooth.

g :=1.G is a Lie algebra, i.e. a vector space endowed with a map
[-,-]: A%2g — g satisfying the Jacobi identity:

G || GL,(R) | GLn(C) | SO(0) U(n)
g | EndR™ | EndCn | {A' = —A} | {A' = —A}

Ex.




LIE GROUPS

Identification: g = {left-invariant vector fields on G'}

e &1,...,&, a basis of g

® wi,...,w, dual basis

w= > w; ®E& € QY(G; g) canonical 1-form with values in g,
which satisfies the Maurer—Cartan equation

dw—l— w/\w Zdwﬂ?@& sz/\w] 61753]

VECTOR BUNDLES

Vector bundles

A vector bundle E over M satisfies:
e F is a manifold endowed with a submersion 7: £ — M
e VYm € M E,, := 7 '(m) has the structure of a vector space
eVmeM 3IUs>mst. 7 HU)2U x By,

['(F)={s: M — E | mos =1idy} space of sections of F

Ex.
B T'(E)
TM X(M) vector fields
AFT* M QF (M) differential k-forms

TV(M) := QR P TM @ QI T*M ? tensors of type (p, q)



VECTOR BUNDLES

de Rham complex

Exterior derivative d: Q% — QFt! is the unique map with the
properties:

e df is the differential of f for f € QY(M) = C*°(M)
e dlaNp)=daNB+ (—1)Pands, if a e QP
e d’>=0

Thus, we have the de Rham complex:
0 5t ... 5 Q" -0, n = dim M.

Betti numbers:

Kerd: QF — QFt1

— i k : — i
b, = dim H”(M;R) = dim T L OF

VECTOR BUNDLES

Lie bracket of vector fields

A vector field can be viewed as an R-linear derivation of the
algebra C*>°(M). Then X(M) is a Lie algebra:

wwl-f=v-(w-f)=w-(v-f)
The exterior derivative and the Lie bracket are related by

2dw(v,w) =v - w(w) —w - w) —w([v,w])

Rem. "2" is optional in the above formula.



VECTOR BUNDLES

Lie derivative

For v € X(M) let o, be the corresponding 1-parameter
(semi)group of diffeomorphisms of M, i.e.

d

E%(m) = v(pe(m)),

o = idp.

The Lie derivative of a tensor S is defined by

d .
Lo = @‘tzo%s

In particular, this means:

Lofm) = S| Fleum) = dim(o(m), i f € (M),

Lowlm) = 5| (g, wleulm)),

VECTOR BUNDLES

if we X(M)

Properties of the Lie derivative

Lyw = [v,w] for w € X(M)
[L?M EUJ} = [’[v,w]

Cartan formula

Low = 1pdw + d(2,w)

Ly, d] =0 on Q(M)

L,(SRT)=(L,S)@T+S® (L,T)

where w € Q(M).



VECTOR BUNDLES

Connections on vector bundles

Def. A connection on E is a linear map
V:T(F) - T'(T*M ® E) satisfying the Leibnitz rule:

V(fs)=df @ s+ fVs, VfeC*(M) andVse'(F)

For v € X(M) we write
Vs =v - Vs, where ” - ”is a contraction.

Then
vav(ﬁs) = OéVU(BS) = a(v . B)VUS + afBVys.

VECTOR BUNDLES

Curvature

Prop. Forv,w € X(M) and s € I'(E) the expression
VU(Vw ) - Vw(VvS) - V[fvﬂu]s

is C*°(M)—linear in v,w, and s.

Def. The unique section R = R(V) of A’T*M ® End(FE)
satisfying

R(V)(vAw®s) = Vy(Vis) = Vis(Vs) = Viy w8

is called the curvature of the connection V.



VECTOR BUNDLES

Choose local coordinates (x1,...,2y,) on M

v; 1= aii = [vi,v;] =0

Then R(vi,vj)s = Viy(Vws) — Vi (Vys)

Think of V,,s as “partial derivative” of s

Curvature measures how much “partial derivatives” of sections of E}

fail to commute.

VECTOR BUNDLES

Tunsted differential forms
Denote QF(E) :=T'(A¥T*M ® E)

Then V: QY(E) — Q(FE) extends uniquely to
dV: QF(E) — QFY(E) via the rule

AV (w®s) =dw®s+ (—1)"w A Vs

We obtain the sequence

0E) = olp) L 02(B) L 4 (k)
Then @V odV)o=R(V) 0o

Curvature measures the extend to which sequence (1) fails to be aJ

complex.




PRINCIPAL BUNDLES

Principal bundles

Let G be a Lie group
A principal bundle P over M satisfies:

e P is a manifold endowed with a submersion 7: P - M

G acts on P on the right and 7(p - g) = 7(p)

VYm € M the group G acts freely and transitively on
P, =7 1(m). Hence P,,, & G
Local triviality: YVme M 33U > mst. 7 Y ({U)=2U x G

PRINCIPAL BUNDLES

Ezxample: Frame bundle

Let £ — M be a vector bundle. A frame at a point m is a linear
isomorphism p: R¥ — E,,,.

Fr(F) = U{(m,p) | p is a frame at m}

m,p

(i) GL(k;R) = Aut(R¥) acts freely and transitively on Fr,,(E):

pP-g=pog.

(ii) A moving frame on U C M is a set {s1,..., s} of pointwise
linearly independent sections of E over U. This gives rise to a
section s of F'r(E) over U:

s(m)x = insi(m), r € R

By (i) this defines a trivialization of F'r(E) over U.
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Frame bundle: variations

If in addition E is

e oriented, i.e. A'PFE is trivial, F'r™(F) is a principal
GL* (k; R)-bundle
Euclidean Fr¢ is a principal O(k)-bundle

Hermitian Fry is a principal U(k)—-bundle
e quaternion—Hermitian is a principal Sp(k)-bundle

Def. Let G be a subgroup of GL(n;R), n =dim M. A
G—structure on M is a principal G—subbundle of Fry; = Fr(TM).

e orientation < GL™(n;R)-structure

e Riemannian metric & O(n)-structure

PRINCIPAL BUNDLES

Associated bundle

P — M principal G-bundle
V' G-representation, i.e. a homomorphism p: G — GL(V) is given

PxgV:=(PxV)/G,  action: (p,v)-g=(pg,p(g")v)
is called the bundle associated to P with fibre V.

Ex. For P=Fry, G=GL(n;R), and E = P XV we have
o FE=TM for V. =R" (tautological representation)
o E=T*M for V = (R")"
= A*T*M for V = A*(R")"

Sections of associated bundles correspond to equivariant maps:

{f+ P>V | flpg) =plg ") f(p)} =T(E
frsp, sp(m)=Ip, f(D)], pEPm



CONNECTIONS ON (G—BUNDLES

Connection as horizontal distribution

For £ € g the Killing vector at p € P is given by

d
Ke(p) := E‘tzo(p-eXptf)

V, = {Ke(p) | € € g} = g is called vertical space at p

Def. A connection on P is a subbundle H of T'P satisfying
(i) H is G—=invariant, i.e. Hpg = (Rg)«Hp
(ii) TP =V & H

H is called a horizontal bundle.

CONNECTIONS ON (G—BUNDLES

Connection as a 1—form

Given a connection on P, define w € Q(P;g) as follows
T,P—V,=g

w Is called the connection form and satisfies:

(a) w(Ke) =¢

(b) Ryw = ad,—1 w, where ad denotes the adjoint representation

Prop. Everyw € QY(P;g) satisfying (a) and (b) defines a connec-
tion via
H = Kerw.
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Horizontal [ift

Ker(mf)p =1),. Hence (7'('*) cHyp — Tﬂ(p)M is an isomorphism.
In particular, H = n*T' M. I-iuence, we have

Prop. For any w € X(M) there exists w € X(P) s.t.
(i) w is G—invariant and horizontal
(i) (m2) @ = w(n(p))

Vice versa, if w € X(P) is G—invariant and horizontal, then 3! w €
X(M) s.t. maw =w.

CONNECTIONS ON (G—BUNDLES

Invariant and equivariant forms

& € QF(P) is called basic if 1,& = 0 for any vertical vector field v.

Then Va € QF(M) the form & = m*« is G—invariant and basic.
On the other hand, any G—invariant and basic k—form & on P
induces a k—form on M. Notice: no connection required here.

V' is a representation of G
a € QF(P; V) is G—equivariant if R:a = p(g~')a.

Ex. Connection 1-form is an equivariant form for V = g.

For basic and equivariant forms we have the identification

Qg,bas(P, V)= QOFM; E), T a o
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Curvature tensor

Prop. Letw be a connection form. The 2~form F,, = dw+ % [wAw]
is basic and G—equivariant, i.e. R;F =adg,—1 F.

Cor. Denote ad P = P XGad 9. Then there exists ' ¢
O%(M;ad P) s.t. *F = F. J

The 2-form F' is called the curvature form of the connection w.
The defining equation for F' is often written as

dw=—3wAwl +F

and is called the structural equation.

CONNECTIONS ON (G—BUNDLES

Covariant differentiation

P — M G-bundle, p: G - GL(V), E:=P xgV,
f: P — V equivariant map, i.e. section of F.

Def. Vf=d"f=df|, is called the covariant derivative of f.

Rem. Denote 7 =dp.: g — gl(V) = EndV. Then for a vertical
vector K¢(p) we have: df (K¢(p)) = —7(§)f(p), that is all
information about df is contained in d"f.

Prop.
Vi=df+w-f

i1

Here means the action of g on V' via the map 7.
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Prop. Vf c QYP;V) is G-equivariant and basic form.

Thus V f can be interpreted as an element of Q!(M; E) and we
have a diagram

\Y

Map®(P;V) QG pas(P; V) fr——V{

vE
['(F) SfH—— VESf

Prop. V7 is a connection on E.

CONNECTIONS ON (G—BUNDLES

Bianchi identity

w connection on P, F' curvature
ad P has an induced connection V

dVEF =0

Proof. For ¢ € Q%(P;g) denote Dp = dp + [w A P

Step 1. For any ¢ € QF(M;ad P) we have cﬁ:p = Dg.

Can assume ¢ = s - g, where o € QF(M) and
T(ad P) > s e~ f € Map®(P;g).

Then df%:%/\gﬁoﬁL§-d@0

= (df + |w, f]) A b0+ f dpo

= d(fgo) + [w A fo
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Proof of the Bianchi identity (continued)
Step 2. DF =0, where F' = dw + $[w A w].

dF = 2 ([dw A w] = [w A dw])
= [dw A w]
= [F Aw] — 2w A w] Aw]

Jacobi identity = [[w Aw] Aw] =0
Thus, DF =0 <= dVF =0. O

HorLoNOoMY

Horizontal lift of a curve

v: [0,1] — M (piecewise) smooth curve, py € P, ().

Prop. [KN, Prop. 11.3.1] For any ~y there exists a unique horizontal
lift of ~y through pg, i.e. a curve I': [0,1] — P with the following
properties:

(i) T(t) € Hr) for any t € [0,1] (“T is horizontal”)
(1) T(0) = po
(iii) moT =~

Sketch of the proof. Let I'y be an arbitrary lift of v, I'g(0) = po.
Then I' =Ty - g for some curve g: [0,1] — G. Hence,

=19 -g+Tp-g =— w(F) = adg_1w(f’0) + ¢ 1.

Then there exists a unique curve g, g(0) = e, such that
g 'g+ad,w(lp) =0 <= w()=0. O
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Parallel transport

v: [0,1] = M, 7(0) =m, 7(1) =n
Parallel transport 11, : P, — P, is defined by

where T is the horizontal lift of v satisfying I'(0) = p.

Prop.
(1) IL, commutes with the action of G for any curve
(11) 1L, is bijective

(iii) Tyjsyy =1Ly, oIL,,, IL,-1 =1L

Y

HorLoNoMY

Holonomy group

Denote €2, := {piecewise smooth loops in M based at m}

Holy(w) :== {g € G| Iy ey st 1y(p) ng}

Prop.
(1) Holy is a Lie group
(it) Holpg = Ady—1(Holy)

Proof. Group structure follows from (iii) of the previous Prop.
For the structure of Lie group see [Kobayashi—-Nomizu, Thm 4.2].
Statement (ii) follows from the observation

I' is horizontal — Rg oI is also horizontal.
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Reduction of connections

Let H C G be a Lie subgroup and Q C P be a principal H-bundle
(“structure group reduces to H").

Def. A connection H on P reduces to Q) if H, C T,(Q Vq € Q.

Prop. A connection reduces to () <= 1*w takes values in |,
where 1: () — P.

Proof. (=): T,Q=H,®h (0, id)

b

A

w \
T, P ~ g
(«): +*w is a connection on @, hence TQ = H® @ h. Since
HO C HP and tk HE = dim M =tk H?, we obtain
HO =HP. O

HorLoNoMY

Reduction theorem

For pg € P define the holonomy bundle through pq as follows:
Q(po) := {p € P | 3 a horizontal curve ' s.t. T'(0) = pg, I'(1) = p}.

Put H = Hol,,(P,w). Then the following holds:
(i) Q is a principal H—bundle

(ii) connection w reduces to )

Proof. (i):pe @, ge H = pge@ (by the def of H).
Exercise: Show that Hol,(w) = H Vpe€ Q.

From the def of () follows, that H acts transitively on fibres.
Local triviality: Use parallel transport over coordinate chart U wrt
segments to obtain a local section of @) (see [KN, Thm 11.7.1] for
details).

(ii): Follows immediately from the def of Q. O
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Parallel transport and covariant derivative

Let I': [0, 1] — P be a horizontal lift of v

Ig(t) :=[[(t),v], veV, E=PxgV

I'5: [0,1] — E is called the horizontal lift of v to E
I;: E ) — Ep parallel transport in £, m = ~(0)

Lem. Vs = Im% (Hts(v( ) — s(m)), where w = §(0).

Proof. Let s «w f, i.e. [p, f(p)] = s(7(p)). First observe that
115 [p, v] = [IL,p, v].

Since [T'(t), £(T'(£))] = s(v(t)), we obtain
II;s = [p, f(T'(1))].

(X to be continued (3

HorLoNoMY

Lem. V,s=lim + (Hts( () — s(m)) where w = §(0).

t—)O

Proof. Let s «~ f, i.e. [p, f(p)] = s(7(p)). First observe that
[Z]p, o] = [ILyp, v].
Since [['(t), f(T(t))] = s(v(t)), we obtain
s = [ 7f(F(t)>]'
Then
Vs = [p, df (w)]
= [p’%|t of o L'(t)]
=t ([, F(T@)] — [p, /(0)])

t—>0

= lim + (Hts ( ) )

—>0

[
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Rem. Let w € X(M). If s «~ f, then Vs e~ df(0).

Lem. Lets e I'(FE), so = s(m). Assume Vs = 0. Then for any
loop v based at m we have Hffso = Sp.

Proof. Let I' be a horizontal lift of v. Then f o I' = const.
Hence Il;s(v(t)) = [p, f o I'] does not depend on ¢. ]

HorLoNoMY

V is a G-representation, H = Stab,,, where n € V.

(Q C P is a principal H-subbundle

The constant function ¢ — 1 can be extended to an equivariant
function n on P

w reduces to Q <+—= V¥Fpn=0.

Proof. (=): Vg € Q dn’,H = 0, since 7 is constant on () and
q
HCTQ.

(«<): For any ¢ € @ we have
lq,n] = Z[q,n] = [1yq,n] = [ag.7] = [g, p(g~")n].

Hence Hol,(w) C H. Then the holonomy bundle through ¢ is
contained in (). Therefore, w reduces to (). ]
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Ambrose=Singer theorem

Let Q be the holonomy bundle through py, F' € Q?(P:g) curvature
of w. Then

hO[pO — Spa’n{FQ(wlawz) ’ q € Q7 w1, W2 € Hq}

Sketch of the proof. Can assume () = P. Denote
g = span{pq(wl,wg) g € Q, wy,wy € ’Hq} Cg.

Further, S, :=H, & {K¢:(p) | £ € ¢g’'}. Then the distribution S is
integrable. If Py > pg is a maximal integral submanifold, then

Py = P, since each horizontal curve must lie in Fy. Then

dimg = dim P — dim M = dim Py — dim M = dim g’. Hence
g=g¢" O

TORSION

From now on P = F'r(M) is the principal G = GL,(R)-bundle of
linear frames

Def. A canonical 1-form § € Q'(P;R") is given by

0(v) = p~(dr(v)), v e T,P.

Rem. 0 is defined for bundles of linear frames only.

0 is G—equivariant in the following sense: R3 60 = g~ 10. Indeed, for
any v € T, P we have

R:0(v) = (pg) " (dr(Rgv)) = g~ 'p " (dn(v)) = g~ '0(v).



TORSION

Torsion

w is a connection on Fr(M). In particular, w is gl,,(R)—valued.
Thus, we have induced connections on TM, T*M, A*T*M ...

Def. © =df + i[w, 0] € Q*(Fr(M);R") is called the torsion
form of w.

Rem. [w,f](v,w) = w(v)f(w) — w(w)B(v).

Prop. © is horizontal and equivariant. Hence there exists T €
O*(M;TM) s.t. 20 = 7*T.

T can be viewed as a skew—symmetric linear map
TM ®TM — TM and is called the torsion tensor.

TORSION

For v,w € X(M) we have

T(v,w) = Vyw — Vv — [v, w]

Proof. Represent v, w by equivariant functions
fvs fw: Fr — R™. Then V,w is represented by df,, (7).

For the bundle of frames, f,, = 6(w). Hence V,w = p(7 - §(0)).
Therefore we obtain

b |

The last equality follows from [0, W] v, w)] (exercise). O
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Denote

T(T*M) s T(T*M ® T*M) =&

= O2(M), ar Alt(Va).

Alt(Va) =da—aoT

In particular, for torsion—free connections Alt(Va) = da.

Proof. This follows from the previous Thm with the help of the
formulae v - a(w) = Vy(a(w)) = (Vya)(w) + a(V,w). O
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TORSION LEVI-CIVITA CON—N DECOMPOSABLE METRICS SYMMETRIC SPACES BERGER THM

Recap of the previous lecture

Fr(M) = U{(m,p) | p: R" = T M } frame bundle;
m7p

0(v) = p 1 (dr(v)), v € T,Fr(M) canonical 1-form

© =df + :w,0] € Q*(Fr(M);R"), torsion form

3T € Q*(M;TM),s.t. 20 =T, torsion tensor

T(v,w) = Vyw— Vv — [v,w], v,weX(M)
Alt(Va) =da —aoT, «ac Q' (M)



TORSION

Curvature tensor

For P = Fr(M) we have ad P = End(T'M). Then the curvature
can be viewed as a skew—symmetric map

TM @ TM — End(TM), (v,w) = R(v,w).

R is called the curvature tensor.

For v,w,z € X(M) we have

R(v,w)x = [Vy, VT — Vi 4] T-

LEVI-CIVITA CON-N

For any G—bundle P the space A(P) of all connections is an affine
space modelled on Q'(M;ad P).

Proof. Pick an arbitrary connection w on P. Then for any

w' € A(P), the 1-form £ = w — ' is basic and ad—equivariant.
Vice versa, for any basic and equivariant 1-form &, the form

w' = w — & is a connection. Hence, the statement of the thm. [



LEVI-CIVITA CON—N

Assume G C GL,(R) and therefore g C gl,(R) = (R")* @ R".
Fr(M) D> Pis a G-bundle, w,uw’ € A(P), {=w-—u.

For any p € P, the map 0,: H,, — R" is an isomorphism.
Therefore we can write

& e (R ®@g, T, AR = A2, 22, R™.
Then
0 —-0=3[0 — (I,-Tp)xAy=35(&)y—&y)n).
Consider the G—equivariant homomorphism
§: (RMY*®g— (R")*® (R")* @ R" — A*(R")* @ R™.
Then, T! — T = 6¢.

Prop. P has a torsion—free connection if and only if T), € Im ¢ for
allp € P. J

LEVI-CIVITA CON-N

(M, g) Riemannian manifold (by default, M is oriented)

Fr(M) D P is the G = SO(n)-bundle of orthonormal oriented
frames

We have the commutative diagram of SO(n)-representations:
so(n) — gl,(R) = EndR"

- - (R™)* = R™.
AQRn c . R" ® R™

Prop. The map d4o(p): R"Q@A’R"” — A’2R*"Q@R" is an isomorphism.J

Proof. Fora =) a;jre; ® e; A e}, we have (exercise):

1
da = 5 Z(aijk — ajik)ei Nej eg.
Hence, if a € Kerd, then a;j, = aji, = —aji = —arji = Qpij =

Aikj = —Q4jk — a=0. L]



LEVI-CIVITA CON—N

The Levi—Chvita connection

Any SO(n)-subbundle of Fr(M) admits a unique torsion—free con-

nection.

v

For any Riemannian metric g there exists a unique torsion—free con-
nection on Fr(M) such that Vg = 0.

W

The unique connection in the “Fundamental thm" is called the
Levi—Civita (or Riemannian) connection. The corresponding
curvature tensor is called Riemannian curvature tensor.

LEVI-CIVITA CON-N

For any p € P we have
R,: A*R"™ =2 A*H,, — s0(n) = A°R™.

Ry(z,y)z + Rp(y, 2)x + Ry(z,2)y =0 for all x,y,z € R™.

Proof. df + [w,0] =0 =0 = [dw,0] — [w,dd] = 0. This
implies the first Bianchi identity:
(R, 6] = [dw, 0] + 5 [[w Aw], 0]
= [w, df] + %[[w /\w},@]
= —%[w, [w,@H + %[[w /\w],e]
= 0.
(R, 0)(pz, py,pz) = 0 <= algebraic Bianchi identity. O

Cor. (Ry(z,y)z,t) = (Ry(z,t)z,y), ie. R, € S*(A’R™).

Proof. Exercise. ]



LEVI-CIVITA CON—N

Observation: If V.= V1@ V5 as G—representation, then £ = E1 D Eo,
where F; := P xq V.

o

Determine irreducible components of the SO(n)-representation
R = {R € A*(R")* ®so(n) | R satisfies alg. Bianchi id.}.

We can decompose
EndR" = s0(n) & SymR" = so(n) & Symy R" & R,
where Symy R"” = Ker(tr: SymR"™ — R). In other words,
R" ® R" =2 A’R" @ SR" @ R. (1)

Prop. (1) is decomposition into irreducible components if n # 4.
For n = 4 we have in addition A*’R* = AZR* @ A2R*. J

Here: s: A™R?>™ — A™R?™ is the Hodge operator, *? = id
APR?™ are eigenspaces corresponding to A = 1.

LEVI-CIVITA CON-N

Think of ®*R" as the space of quadrilinear forms on (R™)*.
Consider the map

b(R) (e B,7,0) = 5 (R(er, 8,7,0) + R(B,7,,0) + R(y,0. 8,9))

(cyclic permutation in the first 3 variables; Bianchi map). Then
e bis SO(n)-invariant
e b2 =10
o b: S2(A?R"™) — S?(A%R")

Hence, we have

S2(A*R™) = Kerb @ Imb = R @ A'R™.



LEVI-CIVITA CON—N

The Ricci contraction is the SO(n)—equivariant map
c: S2(A*R™) — S°R", c¢(R)(x,y) =tr R(x,-,y,")

The Kulkarni-Nomizu product of h,k € S?R™ is the 4—tensor
h ® k given by

h o ko, B,7,6) = ho, 1)k (8, 8) + h(B, 6)k(

a, )
a,d).

Prop.
e hDk=kDh;
e h®k € Kerb=*R,
e ¢O q = 2idp2pn, Wwhere q =standard scalar product on R™.

Lem. [Ifn > 3, the map ¢ ® -: S?R™ — R is injective and its
adjoint is the restriction of the Ricci contraction c: /i — S?R™.

LEVI-CIVITA CON-N

Components of the Riemannian curvature tensor

We have the following decomposition:

R=RD SR W,

where VW = Kerc N Kerb. Ifn > 5, each component is irreducible.

v

Explicitly:
o Ltrc(R) + ¢(R)o are the components of R in R & S3R";
e the inclusions of the first two spaces are given by

R31—¢Dq, S2R™ 3 h+ q® h. (2)

Def. For the Riemannian curvature tensor R we define:
e Ric(R) = ¢(R) Ricci curvature,
e s =trc(R) scalar curvature, Ricg traceless Ricci curvature;
e W(R) € Kercn Kerb Weyl tensor.



LEVI-CIVITA CON—N

From (2) follows that R=Aq ® q + p Rico ® q + W. The

coefficients A, p can be determined from the equality
c(q® h) = (n—2)h+ (trh)q. Hence, we obtain

2n(n — 1)

s 1
R:—Q@q+mRiCQ@q+W

Observe: Ric is a symmetric quadratic form on the tangent bundle.

Def. A Riemannian mfld (M, g) is called Einstein, if there exists

A € R such that
Ric(g) = Ag.

LEVI-CIVITA CON-N

Local expressions

Choose local coordinates (z1,...,2y,) on M and write:
0 k o I 0 0 1)
VB/aa:i 31, — er Oz, ? gij — g(a_mia %)7 (g ) -
k

Local functions Fk are called Chistoffel symbols.

1
Ffj =3 Z 9" (0igij + 9594 — 019ij),
z
T(azw a%j) - Zaﬁ‘ﬂ' N Fki)a%
R(@xz’ 8:03 8xk Z ka ox;”’

Rl = (a Tk — 0klh) + ) (TRTY,

m

(gi5) "

=T To)




LEVI-CIVITA CON—N

Low dimensions

n = 2. The curvature tensor is determined by the scalar curvature:

S*(A°R*) =Rqmgq, R= Zq®q-

Notice: Einstein < constant sc. curvature

n = 3. The curvature tensor is determined by the Ricci curvature:

S2(A2R}) =R q® S2(R*) ®q, R= %q@q—l— Rico ® q.
n = 4. Recall: A’R* = Ai ® A%, Then

SERY 2 AT @A%, W= SHAL) D SH(A2).
Hence, the Weyl tensor splits: W = W+ + W=, W+ € S3(A2).

If we consider R as a linear symmetric map of A2R* = A% & A2,

we have
Wt id | Ric

R —
Ricy | W™+ fid

LEVI-CIVITA CON-N

Two Riemannian metrics g and ¢’ are conformally equivalent if
g = e¥g for some ¢ € C*°(M). The class [g] is called the
conformal class of g.

conformal class <= (CO(n) = O(n) x Ry—structure on M

Prop. The Weyl tensor is conformally invariant.

Proof. ¢ ~ g; W', w corresponding LC connections, w’ = w + £.
Recall: 0 =T — T = §¢, where
§: (R")* @ co(n) — A%2(R*)* @ R™, co(n) = so(n) ® R. Since
§: (R")* ® s0(n) — A?(R™)* @ R™ is an isomorphism, we have
¢ € Kerd = (R™)*. Then
F'—F=do —dw+ 3w Aw'] = 3w Aw]
=dg+[wng]+3[EN¢g]
= VE+ 3[E A€
Hence, R’ — R takes values in (R™)* ® (R™)* and thus belongs to
R & S2(R™). O



LEVI-CIVITA CON—N

Geodesics

Def. A curve v: R — M is called geodesic if V;;)(t) = 0 for all
t, i.e. if the vector field + is parallel along ~.

Choose local coordinates (x1,--- ,x,) and write v : x; = x;(t).

Vw)ﬁ(t) =0 <=

Cor. For any m € M and any v € T,,M there exists a unique
geodesic vy such that v(0) = m and %(0) = v.

Rem. ~ is not necessarily defined on the whole real line.

Def. (M,g) is called complete, if each geodesic is defined on the
whole R.

LEVI-CIVITA CON-N

Def (Exponential map). For m € M we define

exp: T,nM — M exp(tv) = Yy (t).

Rem. In general, exp is defined on B.(0) only.

Since exp, = id at m, exp is a diffeomorphism between some
neighbourhoods of 0 € T},, M and m € M.

Def (Normal coordinates). The map

—1
M= 7 M-SR p is an isometry,

defined in a neighbourhood of m is called normal coordinate
system.



LEVI-CIVITA CON—N

Jexp,, (v) ((eXpm)*Va (expm)*v) = gm(v,v), forallveT,M.

Recall: A solution to the equation
J+R(J, ) =0,  JeT(TM)

is called a Jacobi vector field along ~. If J; is the unique Jacobi
vector field satisfying J,,(0) = m, J,(0) = v, then

(expm)«v = Jy(1).

DECOMPOSABLE METRICS

Def. Holg = {g | IL,(p) = pyg, 7 is contractible } C Hol, is called
the restricted holonomy group at p € P.

Holg is the identity component of Hol,,.

Consider R™ as an H = Hol,—representation and write
R'=Vo Vi@ &V (3)

Here Vj is a trivial representation (may be 0), all V;, i > 1, are
irreducible. All V; are pairwise orthogonal.

Prop. Under (3), H' = Holg is isomorphic to a product

{e} x Hy X --- X Hy.




DECOMPOSABLE METRICS

Prop. Under (3), H° = Hol)) is isomorphic to a product

{e} x Hy x --+ X Hy.

Proof. Let P be the holonomy bundle through p € Fr(M).
Then, Vg € P and Vz,y € R™ we have R,(x,y) € h. Hence

Write x = > x;, y = >_ y; with z;,y; € V;. Then

< xyuv>—<Ruvacy> Z uvxz,yz>
:Z xihyi U,’U>,

i.e. R(x,y) =>_, R(x;,y;). By the Ambrose-Singer thm,
hb=0®h B - Dby, with h; C End V.
This implies the statement of the Proposition. []

DECOMPOSABLE METRICS

Prop. Under (3), M is locally isomorphic to a Riemannian product

Moy x My x -+ x M, where My is flat.

Proof. Denote F; := P xg V;, where P is the holonomy bundle.
Then TM = P, E;. Each distribution E; is integrable:

v,w e DN'(E;) = Vyw e T'(E;) = [v,w] = Vyw—V,v—0 € T'(E;).

From the Frobenius thm, in a neigbhd of m we may choose
coordinates

1 1, 1 T
L T L R
o _ _ 0
s.t. P is belongs to F;. If v = aj,w 8“27&5 then

Vw—V wU belongs to E, N E; = 0. Hence,
2eg( 25, 0 ) = g(Vurd ) + (o, Vi) = 0

5’le 83:12

provided s # 7. Hence, the restriction of g to E; depends on x*Z

only. []



DECOMPOSABLE METRICS

Def. Under the circumstances of the previous Proposition, M is
called locally reducible. M is called locally irreducible if the
holonomy representation is irreducible.

Cor. M is locally irreducible iff M is locally a Riemannian product.)

Let M be connected, simply connected, and complete. If the holon-
omy representation is reducible, then M is isometric to a Riemannian
product.

Proof. [KN, Thm. IV.6.1] O]

SYMMETRIC SPACES

Symmetric spaces

Def. (M, g) is called symmetric if Vm € M 3 an isometry s = s,
with the following properties:

s(m) =m, (S«)m = —id  on T}, M.

Prop. Let M be symmetric. Then

(i) sm is a local geodesic symmetry, i.e.
Sm(exp,,(v)) = exp,,(—v) whenever exp,, is defined on +v;

(ii) (M, g) is complete;

(iii) s2, =idyy.

Proof. (i): sy, is isometry =

Sm(exp,,(v)) = exp,,(sxv) = exp,,(—v).  (ii): If

v: (—e,e) = M, v(0) = m is a geodesic, then s,,,(v(t)) = v(—t)
= Sy(r/2) (V) =T =) = Sy(r/2) © sm(V(t)) = (T + 1)
whenever 7/2,t, 7+t € (—¢,¢€). Since s,(/2) © S is globally
defined, v extends to (0, +00). O



SYMMETRIC SPACES

Prop. A Riemannian symmetric space M is homogeneous, i.e. the
group of isometries acts transitively on M.

Proof. If v is a geodesic, then ~(t1) is mapped to ~(t2) by sm,
with m = (2£2).

For any (p,q) € M x M there exists a sequence of geodesic
segments put end to end which joins p and ¢ (in fact, there is a
single geodesic). Then the composition of reflections in the
corresponding middle points maps p to gq. []

Rem. In fact, we have shown, that the identity component G of
the isometry group acts transitively.

Pick m € M and denote K = Stab,, C G. Then M = G/K.
Observe, that GG is endowed with the involution

o: G — G, fr=>snofosn,

SYMMETRIC SPACES

(i) Let G be a connected Lie group with an involution o and a
left invariant metric which is also right—invariant under
K ={o(g) = g}. Let K be a closed subgroup of G s.t.
K°c K c K. Then M = G/K is a symmetric space with its
induced metric.

(i) Every symmetric space arises as in (i).

(ii1) We have the Cartan decomposition: g = ¢ + m with
[t e Cce [Em]Cm, [mm]Ce¢t

Moreover, T,,,M = m.
(iv) Hol,, C K.

Rem. Holonomy groups of Riemannian symmetric spaces were
classified by Cartan (see [Besse. Einstein mflds, 7.H, 10.K])




SYMMETRIC SPACES

For a Riemannian mfld M the following conditions are equivalent:
(i) VR =0;
(ii) the local geodesic symmetry s, is an isometry for any
m e M.

Def. (M, g) is called locally symmetric, if (i) < (ii) holds.

Proof. (ii)=(i):

Sm isometry = s, preserves VR. On the other hand, since VR is
of order 5, we must have s* (VR),, = —(VR),,. Hence,

(VR);, =0 Vm.

SYMMETRIC SPACES
VR=0 = s, Is isometry:

¥ = w geodesic through m, (e1,...,e,) orthonormal frame of
T, M. Define E; € T(v*TM) : Vs E; = 0, E;(0) = e;.
VR=0 = R(E;*)Y is parallel along v =

R(Ei, v)y = >_;rijEj with ri; = (R(E;, ¥)7, Ej), which is
constant in t.

Write J, (t) = Y a® (t)E;(t). Then a, satisfies ODE with
constant coefficients a, + ra, = 0.

Similarly, for ¥ = v_, put E; : VﬁEi =0, E;(0) = —e;;

J, =>_a FE;. Then a, + ra, = 0 (with the same matrix 7!).
Moreover, a,(0) =0 = ay(0) and a,(0) = @ (0). Hence
Jo(1) = Jy(1). Then

<Jv<1)7 Jv(1)> — <V7V> — <jv<1)7jv<1)>
((sm) v (1), (8m)xJv(1)).

[




BERGER THM

Berger theorem revisited

Assume M is a simply—connected irreducible not locally symmetric
Riemannian mfld of dimension n. Then Hol is one of the following:
Holonomy Geometry Extra structure

e SO(n)

e U(n/2) Kahler complex

o SU(n/2) Calabi—Yau complex + hol. vol.

e Sp(n/d) hyperKahler quaternionic

e Sp(1)Sp(n/4)  quaternionic Kahler “twisted” quaternionic

o Gy (n=7) exceptional “octonionic”

e Spin(7) (n=8) exceptional “octonionic”

BERGER THM

Comments to the Berger theorem

e The assumption (M) = 0 could be dropped by restricting
attention to Hol".

e M is locally symmetric = M is locally isometric to a
symmetric space. Holonomies of simply connected symmetric
spaces are known.

e Irreducibility could be dropped by taking all possible products
of the entries of the Berger list.

e In the theorem, Hol is not just an abstract group, but rather a
subgroup of SO(n), or, equivalently, comes together with an
irreducible n—dimensional representation.

Ex. For instance,

o= (42} c 0

is never a holonomy representation of an irreducible manifold (in
fact, this is never a holonomy representation of any Riemannian
manifold).
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FEquivalent formulation of the Berger theorem

By inspection, each group in Berger's list acts transitively on the
unit sphere. On the other hand, all groups acting transitively on
spheres were classified by Montgomery and Samelson in 1943. The
list consists of

U(1) - Sp(m), Spin(9),

and the groups from Berger's list. The first group never occurs as
a holonomy group (follows from the Bianchi identity). Alekseevsky
proved in 1968 that Spin(9) can occur as holonomy group of a
symmetric space only. Hence, the following theorem is equivalent
to Berger's classification theorem.

Assume that the holonomy group of an irreducible Riemannian man-
ifold does not act transitively on spheres. Then M is locally sym-
metric.




SUBMANIFOLDS

Second fundamental form

Let M be a Riemannian mfld, M C M.
Write TM = TM @& vM along M.

Vow = (?Ufw)T—k (vvw)L = Vyw+a(v,w), where v,w € X(M).

Prop.
e V is the Levi—Civita connection on M wrt the induced metric;
e a e(S*(TM)®vM).

« is called the second fundamental form of M.
M is called totally geodesic, if geodesic in M = geodesic in M.
Let v be a geodesic in M. Then V¥4 = 0+ a(5,). Hence,

M is totally geodesic <— a = 0.

SUBMANIFOLDS

Shape operator
Similarly, if v € X(M), £ € T'(vM), then

Vot = (V€)' + (V€)= —Agv + V£

A¢ is called the shape operator.

Let w € X(M). Then, differentiating equality g(w,£) = 0 in the
direction of v, we obtain

g(a(v, w), 5’) = g(Agv,w).



SUBMANIFOLDS

M cC M, l:[7 parallel transport of M.

Prop. M is totally geodesic if and only if ¥: [0,1] — M and
Yv € T'y(O)M HW,U € T,y(l)M.

Proof. (<) Let v =+, be a geodesic in M through m. Denote
by II, the parallel transport in M along ~(7),7 € [0,t]. Then

l:I’;v = projrus ﬁfyv = nyv = A(t),

i.e. v is a geodesic in M.

(=) [KN, Thm VI1.8.4] 0

G-ACTIONS

Let M be a smooth G-mfld, where G is a Lie gp acting properly.
G = {g | gm = m} isotropy subgroup.

Let G be cmpt. Form € M and H = G, there exist a unique H—
representation V' and a G—equivariant diffeomorphism ¢: Gx gV —
M onto an open neighbourhood of Gm s.t. ¢([g,0]) = gm.

V' is called the slice representation of M at m.

Observe: G — G/H is a principal H-bundle. Moreover,

G/H = G/Gp, = Gm. Since the zero—section of G xg V — G/H
is identified with the orbit Gm, we obtain v(Gm) 2 G xg V. In
particular, v,(Gm) 2 V.

On the other hand, H preserves Gm. The induced representation
of H on T,,(Gm) is called the isotropy representation.




G-ACTIONS

For subgroups H, K C G we write H ~ K if H is conjugate to K.
(H) conjugacy class of H.
(H) < (K) if H is conjugate to a subgroup of K.

Let G be a compact group. Assume M /G is connected. Then there
exists a unique isotropy type (H) of M such that M g is open and
dense in M. Each other isotropy type (K) satisfies (H) < (K).

Proof. [tom Dieck. Transformation groups. Thm. 5.14] O

BERGER THM

Strateqy of the proof of the Berger thm

Step 1. H = Hol,,, is not transitive on the sphere = for any
principal v there exists a family F,, of normal subspaces to
non—trivial orbits of H, which generates T,,, M.

Step 2. For any v € T, M, v # 0, the submfld
NV = exp,, (vy(Hv)) is totally geodesic.

Step 3. The normal holonomy group H+ of Hv C T,, M acts by
isometries on NV. Moreover, H+ D Hol(N?).

Step 4. Hol(NV) acts by isometries on NV = NV is locally
symmetric.

Step 5. Almost all geodesics through m are contained in a family
of loc. symmetric and totally geodesic submflds = M is locally
symmetric at m.




BERGER THM

Strateqy of the proof of the Berger thm

Step 5. Almost all geodesics through m are contained in a family
of loc. symmetric and totally geodesic submflds = M is locally
symmetric at m.

BERGER THM

Let M be a Riemannian mfld, m € M, p injectivity radius at m.

Vv € T,,M let F, be a family of subspaces of T, M s.t.
(i) ve W forany W € F,;
(11) exp,,(W,) is a totally geodesic and (intrinsically) loc. symm.

Assume that for any v in some dense Q0 C B,(0) the family F,
spans T,, M, where B,(0) C T},,M is the ball of radius p. Then the
local geodesic symmetry s,, is an isometry.

Proof. Let v € ), v = 7, is the geodesic through m. Choose a
frame (e1,...,e,) of T, M s.t. e; belongs to some W; € F,,. Let
(E1,...,Ey) be parallel vector fields along v with E;(0) = e;.

Then r;; = (R(E;, )%, E;) is constant in t. Indeed, 3W € F, s.t.
e; € W. Hence, E; is tangent to exp,, (W) and 7(t) € exp,,(W).
exp,, (W) is loc. symmetric = (V4 R)(E;,7) =0= 74 =0.

Thus, in the frame E;, Jacobi fields correspond to solutions of
a+ ra = 0, where » = const. Hence the statement. []



BERGER THM

Strategy of the proof of the Berger thm

Step 1. H = Hol,,, is not transitive on the sphere = for any
principal v there exists a family F,, of normal subspaces to
non-trivial orbits of H, which generates T,,, M.

BERGER THM

Assume a compact subgroup G C SO(n) does not act transitively
on S Let v be a principal vector of G. Then there exists
¢ € 1y,(G), € # v, s.t. the family of normal spaces v. ) (G(t))
spans R™, where y(t) = v+ t£, t € R.

v

Proof. [Olmos, A geometric proof..., Lemma 2.2] O

(i) NV is a totally geodesic submanifold of M
(ii) NV is (intrinsically) locally symmetric.

Proof. Will be sketched below. ]



BERGER THM

Assume that the holonomy group of an irreducible Riemannian man-
ifold does not act transitively on spheres. Then M is locally sym-
metric.

Proof. Pick m € M. Let O C T,, M be subset of principal
vectors. Then O is open and dense. Pick v € O.

Lemma A = Fy(t) = v+ t€ s.t. the family
Fo={v (#) 1 (G~(t)) | t € R} spans Tp, M.

Observe: £ € v, (Gv) = v € vyye(G(v+€)). Indeed,
G C SO(T,,M) = g C so(T,,M). Hence, for any A € g we have

0= (Av,v+ &) = —(v, A(v +€)).
The first equality follows from T, (Gv) = {Av | A € g}.

Therefore, v € v,y (G~(t)) for any t. Lemma B = assumptions
of the Gluing Lemma are satisfied. Then Gluing Lemma implies
that M is locally symmetric. [

BERGER THM

Strateqy of the proof of the Berger thm

Step 2. For any v € T, M, v # 0, the submfld
NV = exp,, (vy(Hv)) is totally geodesic.



BERGER THM

Let V. .C T,,M. Then exp,,(V,) is totally geodesic submanifold if
and only if the curvature tensor of M preserves the parallel transport
of V' along geodesics ~y, with ~,(0) =m,v € V.

U :=1I,V. Then "R preserves U" means: R.)(U,U)U C U.
Proof. [Berndt—Olmos—Console, Submflds and hol., Thm 8.3.1] [

BERGER THM

NV := exp,, (vy(Hv) N B,y(0)), where v € T, M \ {0}.

(i) NV is a totally geodesic submanifold of M.

Proof. Denote
R = span{ R(x,y) = H;lR(Hvx, Hvy)HV }
Then the Ambrose—Singer thm states that R = § C so(7,,M).
Eev(Hy) = 0= (R(z,y)v6) = (R,6)zy),

where 2,y € T}, M, and R € R are arbitrary. Hence, R(v,§) = 0.
Then, for any n € v,(Hv), the Bianchi identity yields:

R(&,m)v = —R(n,v)¢é — R(v,&)n = 0. Thus R(&,n) belongs to the
isotropy subalgebra and R(&,n)v,(Hv) C v,(Hv) =

R(I/U(H’U),VU(H’U))VU(H’U) C vy(Hv). (1)

Since (1) holds at any pt (after parallel transport), the hypotheses
of the Cartan Thm are satisfied. Hence the statement. ]




BERGER THM

Strategy of the proof of the Berger thm

Step 3. The normal holonomy group H+ of Hv C T,,M acts by
isometries on NV. Moreover, H+ D Hol(N?).

BERGER THM

Lem. Let ¢;: S — M be a smooth family of totally geodesic
submanifolds of M. If & = Owpr L i(S), then id: (S, ¢fg) —
(S, ¢fg) is an isometry.

Proof. Put S; = ¢(S) C M with its induced metric. Let 7, be a
geodesic of Sy through m, w € T,, M. Then

Lo((ee)ew, (e0)ew) = G9 (%] et (uls)). & ()
= 29(% & ot (), gt ((5)))

= 29(V| o g1 (ru(s), (1))

— —29 (Aft (@t)*w7 (th)*w)
= 0.

Therefore, g((¢¢)«w, (p¢)«w) does not depend on ¢. ]



BERGER THM

Lem. The normal holonomy group H+ of Hv C T,,M acts by
Isometries on NV.

Proof. Let c: [0,1] — Hwv, ¢(0) = v. Denote by II}- the normal
parallel transport along c|jg4. By Lemma B, (i)

Pt V’U(Hv) — Ma Pt = €XPyy, OH#

is a one—parameter family of totally geodesic submanifolds.

Put & = Oy Want to show & L Im ¢, = exp,, (Il (v, (Hv))).
It suffices to show that &y L exp,, (v, (Hv)) = NV, since for t > 0
the proof is obtained by replacing v by c(t).

0

For an arbitrary n € v,(Hv), J(s) = &(sn) = 5 |i=0 exp,, (sli-n)

is the Jacobi v.f. along v,(s). Initial conditions: 0 and
l—oIlin = —A,é(0) + VA = —A4,¢(0) L T, NY = v, (Hv).
Hence, &y(sn) L NV for all s. Hence, & 1L NV.

Therefore, ¢, induces an isometry NV — N¢®)_If ¢ is a loop, we
obtain an isometry NV — NV, [

BERGER THM

Assume a connected Lie gp H C SO(n) acts irreducibly on R".
Then the image of the connected component of the isotropy gp
(H,)o is contained in H.

Proof. [Berndt—Console—Olmos, Cor. 6.2.6] [

Prop. The holonomy gp H" of NV is contained in the image of
(Hy)o under the slice representation.

Proof. The proof is similar to the proof of the fact that NV is
totally geodesic. For details see [Olmos, p.586] O

Cor. H” C H. )




BERGER THM

Strateqy of the proof of the Berger thm

Step 4. Hol(NV) acts by isometries on NV = NV is locally
symmetric.

BERGER THM

Lem. Let M be a Riemannian mfld with the following property:
for any m € M each restricted holonomy transformation of T, M
extends via the exponential map to a local isometry. Then M is
locally symmetric.

Sketch of the proof. Can assume that H = Hol(M) acts
irreducibly. Denote K = {K | Lxkg =0, K € X(Up,)}. Then

Km ={K(m) | K € K} is a non-trivial H—-invariant subspace of
T,,M. Hence, IC,,, = T,,M.

Then, for each v € T, M there exists a unique K € K s.t.
K(m)=wv and (VK),, = 0. For such K, the integral curve

t — @ (m) through m is a geodesic. Moreover, the parallel
transport along this geodesic is given by (). This implies the
local symmetry. [

(ii) NV is (intrinsically) locally symmetric.




HorLoNnOMY AND COHOMOLOGY

Hodge theory in a nutshell

Let V' be an oriented Euclidean vector space, dim V' = n. Then
the Hodge operator *: A*V* — A"~ %V * is defined by the relation

a8 = {(a, B)vol, for all & € AFV*.

% is an SO(V)—equivariant isomorphism, 1 = (—=1)k("=k)y
Hence, for any oriented Riemannian manifold (M, g) we have a
well defined map *: A*T*M — A" FT*M.
Define d*: QF(M) — QF 1 (M) by d* = (—1)*F+D+ 4 g«
Then, if M is compact, Stokes' theorem implies that

<da76>L2 - <O£, d*5>L27 for any o < Qk_la B S Qk

A = dd* + d*d: QF — QF is called the Laplace operator. It is
second order elliptic PDO. Denote ./#* = Ker(A: QF — QF).

Every de Rham cohomology class contains a unique harmonic rep-
resentative and HZ}’R >~ ",

HoroNnOMY AND COHOMOLOGY

It is known, that all A*(R™)* are irreducible as
O(n)-representations. However, if G C O(n), then A*(R")* does
not need to be irreducible as G—-representation.

MODEL EXAMPLE: G = 50(4) C O(4)

x2 =id on A2(R*)* = A2(RH)* 2 A2 @ A? as
SO(4)-representation. Hence, for any oriented Riemannian
four-manifold we have A"T"M = AT T*M & A" T*M. Since
Ax = xA, we have % = A2 A2 by =by +b_.



HorLoNnOMY AND COHOMOLOGY

Let H = Hol and P be the holonomy bundle. Consider A*(R"™)*
as H-representation. Let

1€y,
be the decomposition into irreducible components. Then
APT*M = @O AT*M,  where AJT*M = P xy Af(R")".

1€},

Lem. Denote QF(M) = T(AFT*M). Then A(QF) C QF. Hence,

A= P A, =) b

1€l

This statement follows from the Weitzenbock formula for the
Laplacian [Besse. 1l, Lawson—Michelson. 11.8]

HoroNnOMY AND COHOMOLOGY

The refined Betti numbers b',‘; carry both topological and
geometrical information. They give obstructions to existence of
metrics with non—generic holonomy.

Ex. If M admits a Kahler metric, then odd Betti numbers of M
are even.

Another example of connection between holonomy groups and
cohomology gives the following consideration. If for some ¢
AR(R™)* is a trivial H—representation, then b¥ = dim A¥(R")*.
Indeed, each & € A¥(R™)* corresponds to a parallel £ € QF. Then
VE=0 = d¢ =0=d*¢. Hence, A§ = 0. On the other hand,
from the Weitzenbock formula one obtains A§ =0 = V¢ =0.
Therefore,

AF={E|VE=0}.
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ALGEBRAIC PRELIMINARIES

A complex structure on a real vector space V' (necessarily of even
dimension) is an endomorphism J s.t. J? = —1. This establishes
the correspondence

{real vector spaces equipped with J} = {complex vector spaces}
Notice: J* is a complex structure on V™.

Let V' be a real vector space. Then Vo =V ® C is a complex
vector space endowed with an antilinear map ~: Vg — V¢,
VR®Z—UVR Z.

Prop. LetV be a real vector space equpped with a complex struc-
ture. Then

o Vo =V VOl where VIV and VO! are eigenspaces of J
corresponding to eigenvalues +ti and —i respectively;

e VW =fy®1-Jvi|lveV}, Vil ={vel+Jv®i};
o = VIO — VOl s an (antilinear) isomorphism.
o VL0 = (v ), VOl =2 (V, —J).




ALGEBRAIC PRELIMINARIES

Similarly, V& = (V*)20 @ (V*)%1 and therefore
AFVE =~ @ APAY*, where APIV* = AP(V*)LOgAd(1*)01,
p+q=k

A Hermitian scalar product on (V. J) is a scalar product h on V
s.t. h(Jv,Jw) = h(v,w). Then w(v,w) = h(Jv,w) is
skew—symmetric. Since w(Jv, Jw) = w(v, w) we obtain w € AbL,

Consider the case (V,J) = (R?>™, Jy), where

B 0\—1m
JO‘(lm\ 0 )

Thus, (R?™, Jy) can be identified with C™. Then the standard
Euclidean scalar product is Hermitian and wo = 2 7, dx; A dy;.

ALGEBRAIC PRELIMINARIES

Denote

Sp(2m:R) = {A € GLom(R) | wo(A- A) = wo(-,-) < AJAT = o},
GLm(C) = {A € GLQm(R) | AoJy=Jyo A}

Then we have

U(m) = SO(2m) N Sp(2m;R)
= SO(2m) N GL,,(C)
= GLp(C)N Sp(2m;R).



ALGEBRAIC PRELIMINARIES

Representations of U(m)

Observe that APP is invariant subspace wrt the conjugation.
Hence, APP is the complexification of some real vector space:

APP =2 [APP]  C.
Namely, [APP], = {«a | & = a}. Similarly, if p # ¢
AP @ AP = [AP4), @ C.
In particular, we have
(R2™)* = [AL9),. AZ(R27™)* = [ALY, @ [A2],.
Since U(m) C SO(2m), we also have
A%(R*™)* 2 50(2m) = u(m) ® u(m)>.

Prop. u(m)=[AY],, u(m)* = [A%7],.

Proof. Exercise. ]

ALGEBRAIC PRELIMINARIES

Let (V,J, h) be a Hermitian vector space, w = h(J-,-). Consider
the map L: AVE — AV, L(a) = w A o, which is
U(V')—equivariant. Denote A = L*, B =[A, L]. Then

[B,L] = —2L and [B,A]=2A,

i.e. AV is an sly(C)-representation. This leads to the following
decomposition of AP'? into irreducible components.

For p+ ¢ < m, denote AD'? = L(AP~14=1)L It is called the space
of primitive (p, q)—forms.

For p > q and p + q < m there is a U(V')—invariant decomposition

Ap;q ) A%))?q @ Ag_:l,q_l @ .. @ Ag_q+1,1 @ Ap—q,o.

See [Wells. Differential analysis on cx mflds. 5.1] for details.



CoMPLEX MFLDS

Complex manifolds

For a real mfld M, a section I of End(T'M) s.t. I? = —id is called
an almost complex structure. If M admits an almost complex
structure, then M is necessarily orientable mfld of even dimension.
To each I, we associate the Nijenhuis tensor:

Ni(v,w) = [Iv, [w] — I[Tv,w] — I[v, Iw] — [v, w], v,we (M).

CoMPLEX MFLDS

Denote QP4(M) = T(APAT*M).

For an almost complex mfld the following statements are equivalent:
(Z) v, W E F(Tl’OM) = [U,w] c F(Tl’OM);

(ii) QM0 c Q20 4+ Qb1

(iii) dQP9 C QPTLa 4 Qpatl

(iv) Ni = 0.

Proof. (i) < (it) < (iii): Exercise.
To prove (i) < (iv) observe that v € T'(T1OM) < v = vy —ilvy,
vo € X(M), and similarly for w. Denote x = [v,w]. Then

2(x +ilx) = —N(vg,wp) — iI N (vg, wp).
Hence, 29! =0 < N(vg,wp) = 0. ]

Exercise. Let o € QM9(M). Show that (da)®? can be identified
with o o Nj.



CoMPLEX MFLDS

Newlander—Nirenberg Theorem

at,...,am € QYO(U), m = dimg M/2, M D U is open
Assume «; are closed and pointwise linearly independent. Then
N =0, since (da;)%? =20 for all j. After restricting to a possibly
smaller domain, all «; can be assumed to be exact:
aj =df;, fj =x; +yji: U— C. Then each f; is I-holomorphic,
i.e.

dfjol =idfj <= dfj € Q™.

Hence we obtain local holomorphic coordinates on M.

Rem. This reasoning shows that if N; # 0 usually there are no
holomorphic functions on M (even locally).

N1 =0 iff M is a complex mfld, i.e. admits an atlas whose transition
functions are holomorphic.

CoMPLEX MFLDS

Write
9 =dl: QP — Qptla 0 =d%: QP — Qpatl,
For complex mflds, d = 9 4+ 0. Hence,
*=0 <= 0°=0,0*=0, 00+ 090 =0. (1)

Any o € QP9 can be written locally as a sum of the following
forms: 0 = fdz; A--- Ndzj, NdzZg, N--- Ndzg,. Then

0 Of 71—
aﬁzza—idsz..., 86:28—%@]-/\...
j=1 j=1
From (1) we obtain that

apo O, et 9, 9, gpn
is a complex for any p. It is called Dolbeault complex.
.- ) ’ +1
v Ker(0: 0p1  qrat)
fm(9: Qpa-T — Q)

are called Dolbeault cohomology groups.




STRUCTURE FUNCTION

Structure function of an H—structure

Recall: Let P C F'rp; be an H—structure endowed with two
connections w and w’ = w — & Then T" — T = §£. Here
T.T7: P — A’R")*@R", £: P — (R")* @b are regarded as
H—-equivariant maps and

§: RY*®@bh— (R)* ® (R")* @ R" — A?(R™)* @ R".
For H = SO(n) the map ¢ is an isomorphism.

Consider
Ty: P -5 A2(R™)* @ R” — Coker§ = A2(R")* ® R"/Im 6.

By construction, Tj does not depend on the choice of connection
and is called the structure function of P. It is the obstruction to
the existence of a torsion—free connection on P.

STRUCTURE FUNCTION

Structure function of a G L,,(C)—structure

Let P C Fr be a GL,(C)—structure, i.e. M is an almost cx mfld.
Then P admits a connection, whose torsion is given by T' = %N :

Proof. [KN, Thm IX.3.4]. O]

Cor. The structure function of a G Ly, (C)—structure can be iden-
tified with the Nijenhuis tensor.




STRUCTURE FUNCTION

Assume that V' is an SO(n)-representation and
H = Stab,, n € V. Then

A2(R™)* = so(n) = h @ ht.

Since dgq(p) IS an isomorphism, we have
e 5: (RM*®bh — A%(R™)* ® R™ is injective;
o Cokerd = (Imd)* = (R")* ® h=.
Recall that 1 defines an equivariant map n: Frgo — V.

Prop. The obstruction Ty(p) to the existence of a torsion—free
H—connection can be identified with (V1)(p), and has values in the
space (R™)* ® h=.

STRUCTURE FUNCTION

Prop. The obstruction Ty(p) to the existence of a torsion—free
H—connection can be identified with (V1)(p), and has values in the
space (R™)* ® h=.

Proof. The obstruction Ty(p) is a component of the torsion of
any H—connection w’ on P C Frgo. Extend &’ to a connection on
P and denote { =w —w': P — (R")* ® s0(n), where w is the
Levi—Civita connection. Since T'= 0, T" is identified with &.
Observe

V=0 = Vi) =—-£(p)7. (2)

Consider the map v: s0(n) — End V. ——2» V, where the first
arrow is the infinitesimal SO(n)—action. Then Kerv = and

v: bt — V is an embedding. From (2), £(p)ii = To(p) has values
n (R")* ® h* and can be identified with V7. ]



KAHLER METRICS

Recall: U(m) = 50(2m) N Sp(2m; R)
= SO(2m) N GL,,(C)
= GLy(C)N Sp(2m;R).
Hence, a U(m)-structure on M is given by one of the following
piece of data
(i) A Rlemannlan metric 9 and an “almost symplectic form” w
s.t. TM —> T*M —> T'M is an almost cx structure;

(i) A Riemannian metric g and an orthogonal almost cx str. I;

(7i1) An almost complex structure I and an “almost symplectic
form” w s.t. w(-, I-) is positive—definite.
Recalling that u(m)+ = [A%2], we obtain

Prop.  The structure function Ty of a U(m)-structure can be
identified with Vw and takes values in

(RQm)* ® [AO’Q]T ~ [AO,l ® AO’Q]T D [A1’2]r-

KAHLER METRICS

Kahler metrics

A manifold M equipped with a U(m)-structure P is called Kahler
if the Levi—Civita connection reduces to P. This is equivalent to
any of the following conditions

(i) Vw = 0;

(i) VJ =0;
(i1i) Hol(M) C U(m);
(iv) P admits a torsion—free connection.

Prop. Let (M,g) be a Riemannian mfld equipped with an orthog-
onal integrable complex structure I. Denote w(I-,-). Then g is
Kahler iff

dov=0 < OJw=0.

Cor. Let M be Kahler and Z C M be a complex submanifold.
Then the induces metric on Z is also Kahler.




KAHLER METRICS

Prop. Let (M,g) be a Riemannian mfld equipped with an orthog-
onal integrable complex structure I. Denote w(-,-) = g(I-,-). Then
g is Kahler iff

dv=0 & Ow=0.

Proof. First observe that dw =0 < dw = 0, since w is a real
(1,1)=form and (dw)?3 = 0 = (dw)>" by the integrability of the
complex structure.

If g is Kahler, then Vw =0 = dw = 0.

Assume now dw = 0. First observe that the component of Vw
lying in [A®! ® A®2], can be identified with the structure function
of the corresponding G L,,(C)-structure and therefore vanishes.
dw is the image of Vw under the antisymmetrisation map:

AV 2 (A7) @ [A™], — A% = [A%F), @ [Ag"] @ [A%];.

Hence, the component of Vw in [A}?], is determined by (dw)!?
and therefore vanishes. [

KAHLER METRICS

Kahler potentials
Let f: C"™ — R. The Levi form of f

—i00f = —’LZ 5z, aka dz; N\ dzy,

is of type (1,1), real, and cIosed, since 99 = 1d(0 — 0). The Levi
form defines a Kahler metric iff it is positive definite. Conversely, a
real closed (1,1)—form w is locally expressible as —i9df for some
real function f. If w is a Kahler form, the function f is called a
Kahler potential.

Ex.
(i) f= ZT:1 24| is a Kahler potential of the flat metric on C™;
(ii) —log f: C™\ 0 — R determines a Kahler potential on
CP™ 1. This metric is called the Fubini-Study metric.

Cor. Any complex submanifold of CP™ is Kahler. |




KAHLER METRICS

C'ohomology of Kahler manifolds

Let (M, I,g,w) be an almost Kahler mfld. Then

H(v,w) = g(v,w) is a Hermitian scalar product on TcM, i.e. H is
a sesquilinear and positive-definite. The Hodge operator for
complexified forms is defined similarly to the real case:

a A3 = H(a, B)vol.

Hence, * is antilinear. Moreover, * : QP4 — QM~9™m~P By
analogy with the real case, define

"= —%x0x* and Agzéé*—l—é*é.

Then, just like for the de Rham cohomology, we have

Every Dolbeault cohomology class on a compact Hermitian mfld

has a unique Agz—harmonic representative and HP1 = HPI1 =
Ker(Ag: QP71 — QP9).

KAHLER METRICS

Prop. [If M is Kahler, then 2A5 = A. J

Hence, we obtain

Let M be a compact Kahler mfld. Then

H*(M;C)= @ H(M).
ptq=k

Moreover, HP4 = H9P and HP4 = (H™ P™m=49)* (Serre duality).

Serre duality: If a € HP4, then xa € H™ 9™7P, Since

[ an*a= [|a|?vol, the pairing

M M

HPE x H P — C, (o, ) — [ aA B is nondegenerate.
M

Hence, Hpaq ~ (H’ﬂ_p;n_Q)*.



KAHLER METRICS

Define the Hodge numbers h?¢ by hP? = dim HP*2(M). Then for
compact Kahler mflds we have

k
by = E :hjak?—J and  APY = p4P — pm—pm—q _ pm—gm—p
J=0

Cor. [If M is compact Kahler mfld, then odd Betti numbers of M
are even.

On a compact Kahler mfld M?™, there is a decomposition

min(p,q)
H'MR) =@ P H ™M), 0<k<m.
p+q=k r=0

Idea of the proof: The sly(C)-action on Q°(M, C) descents to
H*(M:;C) and respects bidegree and real structure. See [Wells] or
[Huybrechts, Complex geometry]| for details. O

KAHLER METRICS

Curvature of Kahler mflds

Recall: R = Ker(b: S?(A*(R")) — S*(A?R")) is the space of
algebraic curvature tensors, where b : S?(A?R"™) — A1R" is the
Bianchi map (full antisymmetrization).

Let P C F'rgo be a principal H-bundle equipped with a connection
©. then the curvature tensor takes values in fj. Hence, we obtain

Prop. For any p € P the curvature R(p) belongs to the space
R = Ker(b: S*h — 5°p)

and we have the commutative diagram

b
R —— SZ(A’R") — A'R"

ERH C 52[) A4Rn




KAHLER METRICS

Consider now the case H = U(m) and recall that u(m) = [A11],.
Hence,

S%(u(m)c) = S*(AM)
~ SQ(AI,O) ® S2(AO,1) D AQ(AI,O) ® AQ(AO,l)
~ 52,2 EBA2’2-
In analogy to the decomposition
A= N2 A @ C

we may write

$¥2 =B oAy @C,

where B¢ denotes the primitive component.

Prop. RV =B g [A)'], @R, RV =3, J
Proof. [Salamon, Prop. 4.7]. O
KAHLER METRICS
Riccr form

Observe: RU(™) c End(AM1).

Prop. For R € RY("™ denote r = ¢(R), where c is the Ricci
contraction. Then R(wp) =r(I-,-) =: p.

Proof. Let (ey, lgel, ..., em, loen) be an orthonormal basis of
R?™. Then
T(iﬁ,y) — Z<R 8]7 eja + Z 106]7 I()eja >
J
= > (R(ej, ) oe;;, on> — ) (R(ej, x)ej, Ioy)
J J
=Y (R(ej, loej)z, Toy),
J

where 1 < 5 < m and the last equality follows from the Bianchi
identity. The statement follows since wy is identified with

Zej N I()ej. L]



KAHLER METRICS

It M is Kahler with curvature tensor R, then the associated
(1,1)-form p is called the Ricci form.

Prop. The Ricci form is closed. J

Proof. The Ricci form is obtained as contraction of R and w.
Then dp = 0 follows from d¥YR = 0 and dw = 0. Il

Any 8 € [AY1], =2 u(m) can be viewed as a C-linear
endomorphism of C™. Then trc/S3 is purely imaginary.

Rem. If 3 is viewed as R-linear map of R?™, then trg3 = 0.

The proof of the previous Proposition shows that ip = trc R, where
R is viewed as a (1, 1)-form with values in Endc(7'M). Hence,

Prop. The first Chern class ci(M) is represented by 5-p

Cor. The curvature tensor of the canonical line bundle A™9T* M =
A™(T*M)'P equals ip.

KAHLER METRICS

Let M?™ be a Kihler mfld. Then Hol®(M) c SU(m) iff Ric = 0.

Proof. Let P be the holonomy bundle. Then Hol’(M) C SU(m)
iff for any p € P R(p) takes values in su(m). Observe that

su(m) = {A € u(m) | trc A = 0}.

Hence, R(p) € su(m) iff ip,,) = trc R(p) =0 &
Ric(p) = 0. ]

Hol(M) C SU(M) iff M admits a parallel (m,0)—form.




KAHLER METRICS

Recall:
R=RPSIR" W,

R= g4 0 q+ ;75 Rico ® g + W.
Tracing the identifications for Kahler mflds we can write

RV ~ R @ [AL], @ B,
R = 27‘22w®w+%w®p0+%pg®w+3,

where pg is the primitive component of p. In particular, we have
the diagram (m > 3):

RO~ R W @ SR"

3
=
2
I
=
&

B @ [Ay]
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CY AND KE MFLDS HYPERKAHLER MFLDS QUATERNION-KAHLER MFLDS

Some results from the previous lecture

Prop. The first Chern class c1(M) is represented by 5-p, where p
is the Ricci form.

Cor. The curvature tensor of the canonical line bundle K5 =
A™OT*M = A™(T* M)V equals ip.

Let M?™ be a Kahler mfid. Then Hol®(M) c SU(m) iff Ric = 0.

Hol(M) C SU(M) iff M admits a parallel (m,0)—form.

2/26



CY aND KE MFLDS

Calabi- Yau and Kahler-Einstein metrics
Let (M, I) be be a closed connected complex mfld.

Def. A Kahler metric g is said to be Kahler-Einstein if it is
Einstein, i.e. if there exists a constant \ such that

p=Aw. (1)

Rem.
(i) \: M - Rin (1) = \=const.
(ii) (1) <= RWw)=\w.

Def. A class c € H?(M;R) is said to be
e positive, if 33 € cN QY st. (-, 1) > 0;
e negative, if 33 € cN QY sit. B(-, 1) < 0.

3 /26

CY aNnp KE MFLDS

Mawn Theorems

Let p/ € 2w c1(M) be a closed real (1,1)-form. Then there exists a
unique Kahler metric ¢ on M with Kahler form w' cohomologous
to w and with Ricci form p'.

v

Cor. Ifci(M) =0, then M has a unique Ricci-flat Kahler metric
g with [W'] = [w]. J

Assume c1 (M) < 0. Then, up to a scaling constant, M has a unique
Kahler-Einstein metric (with negative Einstein constant) .

1 /26



CY aND KE MFLDS

On the proof of Calabi-Yau and Aubin-Calabi- Yau
theorems

Let QO € Q™O(U), where U C M is open. Write

VQ =9 ®Q,

where 9 is a local connection form of A™0T* M.

Observe: Q € Q™Y = 90 =0 = 00 =dQ2 =1 AQ. By
definition, © is holomorphic, if 9 = 0. Since Q is a complex
volume form,

N=0 = YPPrNQ=0 = yell

5/26

CY aNnp KE MFLDS

We have

1
122

1 _
E @le* +le?)
=1+ 1.

Q is holomorphic = ¢ = (d(log ||2]|?))*? = a(log [|||?).

d(log |2*) = d($2,€2)

Hence,_the curvature of A™OT*M is represented by
dip = 001log ||Q|?. In particular, di) is purely imaginary
(1,1)-form. Hence,

p=id = —iddlog | Q>

6 /26



CY aND KE MFLDS

Further, observe that

x() = a - (),
where a € C*. Hence, a-m!Q A Q = [|Q]|?w™. If ¢’ is another
K&hler metric s.t. [w'] = [w], then
(W)™ =el . wm
for some f : M — R. Therefore,

Q1 = e} =o' =p—id0f.

Vice versa, by the 90-Lemma, for any real closed (1,1)-form p/

cohomologous to p, there exists f: M — R s.t.
o —p=—idof.
Moreover, f is unique up to an additive constant. Similarly,

W —w =100, ©: M — R.

CY aNnp KE MFLDS

Thus, in the setting of the CY thm, we are looking for ¢ s.t.

(i) (w+i00p)™ = el -w™, (%)
(i1) w~+1i0dp > 0,
where f is a fixed function.

Claim. (i) = ()
Proof. [Ballmann. Lectures on Kahler mflds, p.90]. ]

Rem. For Kahler mflds, eqn Ric(g) = 0 is therefore equivalent to
(x). Notice that
e () is an eqn for a function rather than for a metric tensor,
e (%) is highly nonlinear (nonlinear in derivatives of the highest
order).

Claim. The Kahler-Einstein condition (under the setup of
Aubin-Calabi-Yau thm) is equivalent to the eqn

(w4 100p)™ = el A9 . ™,

where w is a suitably chosen Kahler metric on M.
Proof. [see Ballmann, p.91 for details]. O < a6



CY aND KE MFLDS

Idea of the proof of the Calabi-Yau thm

Uniqueness: Let @1, w2 be solutions of the eqn
(w—+ i 0Op)™ = PP ym,

It can be shown that

1
= [lerad(or - o)+

4+ /((’01 — ) (eF'Pe1) _ (eFPe2)yym < .

Hence, uniqueness follows from the (weak) monotonicity of F'in ¢
(for each fixed p € M).

Existence (by the continuity method): Consider the eqn
(w4 1i00p)™ = ef ™,

where ¢t € [0,1] is a parameter. Denote by 7 the set of those ¢, for
which there exists a solution. Then 7 > 0, hence T # (.
Moreover, T is open and closed. Hence, 1 € T.

9/26

CY aNnp KE MFLDS

Ezxamples of Calabi—Yau manaifolds

A compact (simply connected) Riemannian mfld with
Hol(M,g) C SU(m) is called Calabi-Yau. If w1(M) = {1} this is
equivalent to ¢ (M) = 0.

Ex.

1) Let M be a degree d hypersurface in CP". From the
adjunction formula we have

Ky = (Kgpy @ O(d))|,, = O(=N —1+4d)|,,.
Therefore, ¢1(Ky) =0 < d= N + 1. Hence, the Fermat
quartic M = {z3 + 2§ + 25 + 23 = 0} C CP® admits a metric
with holonomy SU(2).

2) Let M be a complete intersection:
M = My, N---N Mg CCPN. Then
aM)=0 & di+---+d,=N+1.

10 /26
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A non-compact example: Calabi metric

Let M be Kahler—Einstein with positive sc. curvature. Then there
exists a metric on the total space of Ky with Hol® € SU(m + 1).

Proof. Let P — M be the U(m)-structure. Since

u(m) = su(m) @ R, the Levi-Civita connection on P decomposes:
Ore = o + Yi. Observe that i is essentially the connection of
K. It follows that M is KE iff dyp = An*w, where m: P — M.
Consider 8 = dz + z1i € QY (P x C;C), where z is a coordinate
on C. Put p = |z|? = zz. With the help of

dB = (BNAY + Azm*w)i, dp=dz-Z+2dz=0-Z+ 20,

one easily shows that the 2-form

1 _
umtw — Xu’-z'ﬁ/\ﬁ

w
is closed, where u = u(p). 11/26

CY aNnp KE MFLDS

Proof of the Calabi theorem (continued)

Moreover, 0 = un*w — %u’ -iB8 A B is U(m)-invariant and basic
and therefore descends to a (1,1)-form @ on (P x C)/U(m) = K.
If both u and ' are positive, @ is also positive.

Recall that each p € P is a unitary basis of Tﬂ(p)M, i.e.
p=(p1,...,0m). Then Q =pi A--- ApZ, is a global complex
m-~form on P. Consider

Q=8N

Just like @, @ descends to an (m + 1,0)-form on K. Then Q is
parallel iff ||| = const = v"™u' = A(m + 1) =

u(p) = ()\,o—i—l)m;ﬂ. Hence we obtain an explicit metric on K with
Hol ¢ SU(m + 1), namely

g =u(p)migy ®u'(p)Re(B® B). ]

Rem. If the scalar curvature of M is negative, the Calabi metric
is defined on a neighbourhood of the zero section only.
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HYPERKAHLER MFLDS

HyperKahler manifolds

A quaternionic vector space is a real vector space V' equipped with
a triple (I1, I, I3) of endomorphisms s.t.

I?=-1, NLI,=1I3=—LI.
In other words, V' is an H-module.

V' is quaternion-Hermitian, if V' is equipped with an Euclidean
scalar product, which is Hermitian wrt each complex structure I,.
Denote w,.(+,+) = (I, ), w = w1i + waj + wsk.

Ex. V =H", I1(h) = hi, I(h) = hj, Is(h) = hk,

<I’L1, h2> = Re(hlhg). Then w(hl, hg) = Im(hlhg)

Put h = (-,-) +iw; and w. = ws + wsi. Then h is an Hermitian
scalar product and w,. is a complex symplectic form. Hence,

Sp(m) = {A € O(H")|AL = I,A, r=1,2,3}
= O(4n) N GL,(H)
== U(2n) N Sp(Zn; (C) 13 /26

HYPERKAHLER MFLDS

Assume M is endowed with with an Sp(m)-structure. In other
words, M is a Riemannian mfld equipped with a triple (I3, I2, I3) of
almost complex structures s.t. the metric is Hermitian wrt each I,.

Alternatively, M can be seen as an almost Hermitian mfld
equipped with a complex symplectic form w,. € Q%%(M).

M is called hyperKahler, if Hol(M) C Sp(m). This is equivalent to
one of the following conditions:

(Z) VIl = VIQ = Vlg = 0;
(ZZ) le = VUJQ = VW3 = O;

(iii) g is Kahler wrt each complex structure I,.

14 /26
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Prop. For an almost hyperKahler manifold the following holds: J

Vw; = Vwy = ng =0 < dwi = dwy = dw3 =0.

Proof. Need to show that each almost complex structure is
integrable. Observe: v € 3{}10(]\4) S ,we = 11,w3. Indeed,

iwwo = g(Ilav, ) = g(Ishv,-) = ws(l1v,-).

Then 1,wo = t1,w3 < [1v = .
Assume now v, w € %}1O(M) Then

Uv,w W2 = Ly(twws) — 1 (Lyw2)
= Ly(1pw2) — 2 (2pw2) (Cartan)
= Ly(11yw3) — 14y (12,w3)
= 12y, W3-

[

15 /26

HYPERKAHLER MFLDS

FEramples of hyperKdahler manaifolds

Ex.

(i) We have an exceptional isomorphism Sp(1) = SU(2), since
we € A2V9C? is a complex volume form. Hence, if dimp M = 4

Calabi-Yau = hyperKahler
Hence, there is a hK metric on the Fermat quartic.

(ii) Similar methods as in the proof of the fact that for KE M the
total space of Kj; has a Ricci-flat metric, also give that the
total space of T*CP™ has a complete metric with holonomy
Sp(m) for any m (this fact is also due to Calabi).

16 / 26
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Let M*™ be a compact Kahler with a complex sympl. form w,.
Then w!* trivializes Kjs and hence there exists a Ricci-flat Kahler
metric on M.

Observe that any closed (p, 0)—form on closed Ricci—flat Kahler
mfld must be parallel. This follows from the fact that the
Weitzenbock formula for (p, 0)—forms involves Ricci—curvature only.

Hence, with respect to the new Ricci—flat metric Vw,. = 0. Thus if
M is compact Kahler

hyperKahler = complex symplectic

This is used to show that there are compact 8-mflds with
holonomy Sp(2) by blowing-up the diagonal in My x M, and
quotening by the involution. Further generalization of this yields
compact mflds with holonomy Sp(m).

17 /26

HYPERKAHLER MFLDS

HyperKahler reduction

Let M be a hK mfld and assume G acts on M preserving hK
structure. Then for any £ € g

0= ,Cngr = ngdwr + dZngr =0+ degw,a,

where K¢ is the Killing v.f.
Assume there exists - (§) : M — R s.t. ig,wr = dpu,(§).
Construct a G-equivariant map

= p1i+ poj + pusk: M — g*@ImH,

which is called the hK moment map.

18 /26
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If M), G = p=1(7)/G is a mfld, where T € g* is central, then it is
hyperKahler (with respect to the induces metric).

Proof. For m € (1) put K, = {K¢(m) | € € g}. Since
dp, (&) = g(I, Kg, -), the orthogonal complement to

K;nEB]iK;nEB]éK;nEBIQK}n

can be identified with Tj,,,)(M //- G). Hence M Jj/_G is almost
hyperKahler. The corresponding 2-forms are closed, hence M J/; G
is hyperKahler. []

19 /26
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Further examples of hyperKdahler manaifolds

Ex.
1) St acts on H*™! by multiplication on the left. The moment
map is
n+1 n+1 n+1

p(z) = — prmp = iZ(|wp|2 - |Zp|2) - ka ZpWp,
p=1 p=1 p=1

where x,, = 2z, + jwp, zp, w, € C. Clearly,

L e
n+1
>{(zp,wp) € C*" 2| > " zpwp =0, (21,..., 2n41) # 0}/C*
p=1
~T*CP".
Hence, the total space of T*CP" is hK and the metric

obtained via the hK reduction coincides with the Calabi
metric. 20 / 26
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Ex.

2) T*Gr,(CP*1) is hK. This is also obtained as a hK reduction:
T*Gr,(CPta) = HPPH) jjT (p).

3) Let X% be a hK mfld. Pick a G-bundle P — X. Then the
space A(P) inherits a hK structure. The action of the gauge
gp G = AutP preserves this hK structure and the moment
map is

p:A—Ff e Q3 (X;ad P)
>T'(ad P) @ ImH =
>~ Tie(G)* @ Im H.

Hence, the moduli space of asd instantons
pH0)/G = {A| Fi =0}/G
is hyperKahler.

21 /26

QUATERNION KAHLER MFLDS

Quaternion-Kahler manaifolds
Consider the action of Sp(n) x Sp(1) on H™:

(A,q) - = Axq.

Obviously, (—1, —1) acts trivially and we define
Sp(n)Sp(1) = Sp(n) x Sp(1)/£1 C SO(4n).
Consider Al = R*" as Sp(n)Sp(1)-representation. Then
AL 2 E®c W,

where F denotes the complex tautological representation of
Sp(n) C SU(2n) of dimension 2n and W denotes the two
dimensional complex representation of Sp(1) = SU(2). Explicitly,

v — 10 ® (é) + Igvo’l 0% (2) .

22 /26
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Then s0(4n) = A?(R*™)* = A%[E @ W],
>~ [S’FE @ A*°W], @ [A*E ® S*W],
>~ sp(n) @ [A2E @ Wa,
>~ sp(n) @ sp(l) @ [ASE @ Wal,.

Here: W, = SPW is the irreducible (p 4 1)-dimensional
Sp(1)-representation. In particular, W1 = W, Wy = sp(1)c.
Consider the 4-form

Qo = w1 Awi + wa Awy + w3z A ws €A4(R4n)*,
which is Sp(n)Sp(1)-invariant.
Lem. Forn > 2, the subgp of GLy4y,(R) preserving €y is equal to
Sp(n)Sp(1).
Proof. [Salamon. Lemma 9.1] O

Rem. Hence, the 4-form )y determines the Euclidean scalar
pI’OdUCt. 23 /26

QUATERNION KAHLER MFLDS

An Sp(n)Sp(1)-structure on M4, n > 2 can be described by

Q € Q*(M), which is linearly equivalent to €y at each pt. Then
M is quaternion-Kahler, i.e. Hol(M) C Sp(n)Sp(1), iff VQ = 0.
In particular, d{2 = 0.

Ifdim M > 12, then VQ2 =0 & dQ2 = 0.

In contrast to hK mflds, gK mflds do not have global almost
complex structures but rather are endowed with rank 3 subbundle
of End(T M) admitting local trivialization (I1, I, I3) satisfying
quaternionic relations. This is apparent from the decomposition

s0(4n) = sp(n) ®sp(1) @ [AZE @ Wal,.
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Prop. The spaces of algebraic curvature tensors for gK and hK
mflds are given respectively by

RIPMSP) (G4 @ R,
RPN ~[G4 R,

Proof. Similar to the corresponding proof for Kahler mflds. For
details see [Salamon. Prop. 9.3]. ]

Cor. Any gK mfld is Einstein, and its Ricci tensor vanishes iff it is
locally hK, i.e. Hol" C Sp(n).

Ex. HP" = H"\{0} /H* = £7P0 o is a symmetric qK

mfld. All gK symmetric spaces were classified by Woff.

QUATERNION KAHLER MFLDS

Let M*" be a positive gK mfld with the corresponding Sp(n)Sp(1)-
structure P.  Then the total space of the bundle U(M) =
P X gpm)sp1) H*/ £ 1 carries a hK metric.

The construction of this hK metric is similar to the construction of
the Calabi metrics (Ricci—flat on Kj; and hK on T*CP").
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Groups Spin(3), Spin(4), and Sp(1)

Recall: For n > 3, Spin (n) is a connected simply connected group
fitting into the short exact sequence

0 — {+1} — Spin (n) — SO(n) — 0,
In other words, SO(n) = Spin (n)/ £ 1.

The group Sp(1) ={q € H | qg =1} actson ImH: ¢ -z = qzq.
Hence, we have the short exact sequence

0— {1} = Sp(1) = SO(3) — 0,
which establishes the isomorphism Spin (3) = Sp(1) = SU(2).

Consider also the action of Spy(1) x Sp_(1) on H:
(q+,q—) - * = qrxG—. This leads to the short exact sequence

0—{£l} = Sp+(1) x Sp_(1) — SO(4) — 0.
Hence, Spin (4) = Spy(1) x Sp_(1).



Ga

The group G
Put V = ImH, © H, = R7, which is considered as oriented
Euclidean vector space. SO(4) acts on V:
9+, 9-] - (z,y) = (¢-2q-, q+yq-).
Write
T dy A dy =wii + waj + wsk
=(dyo A\ dy1 — dyz2 A\ dys)i + (dyo A dy2 + dy1 A dysz)j+
+ (dyo A dys — dy1 A dya)k.
Notice that (w1, ws,ws3) is the standard basis of A2 (R*)*. Put
¢ = vol, — 3Re (dz A dy A dy)
= dx1 Ndxo Ndrs + dry N\ wi + dzo A wo + dars N\ ws.

Def. The stabilizer of ¢ in GL7(R) is called Ga.

© = vol, — %Re (dx N\ dy N dy).

Observe the following:

dyNdy =q_dyNdyq- = Re(dz AdyAdy) is
SO(4)-invariant = SO(4) C Ga.

e Write V= (R&C,)®C2, ,,.

xot + zJ + w1 + woj. Then

('CUOa 2y ’LUl,’lUQ) =

¢ = 3dzo Alm(dz A dz + dwy A diwg + dws A dia)
+ Re (dz A dwy A dws)

Hence, G2 D SU(3).

e SO(4) C Gg, SU(3) C G2 = G2N SO(7) acts transitively
on S°.



Ga

e For Q:V — ATV, Q(v) = (i,)? A ¢ we have
Q(e1) = |le1||*voly = Q(v) = ||v||*vol7 for all v € V.

* g€ G2 = g"Q(gv) = Q(v) = (detg) - [lgv]|* = [Jv|®
=detg=1, i.e. Gy C SO(7)

o {g€Gy|ger =er} = SU(3). Hence, we have that
topologically G5 is the fibre bundle

SU(S) > Gy

SG
In particular, dim G = 14; G is connected and simply

connected.
o AV* D GL7(R) - ¢ & GL7(R)/G2 has dimension
35 = dim A3V*. Hence, GL7(R) - ¢ is an open set in A3V*.

Fact. GG, is the automorphism group of octonions, i.e.

{9 € GLs(R) | g(ab) = g(a) - g(b)} = Ga.

Some representation theory of G
Consider V =2 R as a Go-representation via the embedding

Go C SO(7). Then V is irreducible.

Further A2V* contains the following Gs-invariant subspaces
o Af,V* =gy
o AM2V* ={iyp|lveV}xV

which are irreducible. By dimension counting,

A2V* =2 AT,V @ A2V,
Rem. The subspaces A2 and A%, can be described equivalently as
follows:
A2 ={a|*(pAa)=2a}
Ay ={a|*pra)=—a}



Ga

To decompose A3V*, consider
v:End(V) 2V oV — AV, v(a) = a*p.

Then Kery = go. Since dimIm~y =7 x 7 — dim Kerv = 35
= dim A3V*, v is surjective. Hence,

NV SV AV 2RSSV @V
and SgV* is irreducible. We summarize,
Lem.

AMVixg oV,
ANV ROV ® SV

G5 AS HOLONOMY GP

G as a structure group

A Go-structure on M7 is determined by a 3-form ¢, which is
pointwise linearly equivalent to the 3—form ¢ € A3(R7)*. In
particular, ¢ determines a Riemannian metric g, and an
orientation.

The following Lemma is auxiliary and will be proved in the next
lecture.

Lem. Denote by o : R™ ® AF(R™)* — A*=1(R™)* the contraction
map. Then, for any Riemannian mfld M, the map

vLC’

D(A*T*M) — T(T*M @ A*T* M) —Z T (A*1T* M)

coincides with d* : QF — QF—1.




GQ AS HOLONOMY GP

@ is parallel wrt the Levi-Vita connection of g, iff dp = 0 = d(*,¢).

Proof. Recall that the intrinsic torsion of the Go—structure can be
identified with V. In particular, Vi takes values in

ViRg 2V V2 (S2V*OR)@ (g2 V). Observe that dyp
and d(xp) can be obtained from V¢ by means of the algebraic
maps

VEQV SV @AV — AV 2NV 2Ra Ve SHV*
V*QV SV @AV —» A2V 2 g V.

One can show that both maps are surjective. Comparing
components of target spaces with the components of

V*QVESV*oRG g oV
we obtain that Vi = 0 <= dy = 0 = d(xp). N

GQ AS HOLONOMY GP

Curvature of a Go—manifold

Let ¢ : S?gy — S2V* be the Ricci contraction. Denote F' = Kerc.
This is an irreducible GGo-representation of dimension 77.

Recall that RE2 =2 Ker b N S2gs, where
b:S?(A2V*) = AV
is the Bianchi map. Notice that

S?g, 2 F o SEV* O R,
AMV* 2NV 2V o SV oR

The Bianchi map is injective on S3V* @ R. Hence R“2 = F. We
summarize

Prop. R% = F. A 7-mfld with holonomy in Gy is Ricci-flat.

)




Spin(T)

The group Spin(7)

Put U = H, @ H,. Let Spp(1) x Sp4+(1) x Sp_(1) act on U via

(90,9+,9-) - (z,y) = (0TG-, q+Yq—).

Define the Cayley 4-form Qg € Q*(V) by

Qo:volx—l—w}c/\w;—kwi/\wz—l—wg/\w;’—l—vol@/:

= vol, — Re(dz A dx N\ dy N\ dy) + vol,,.

Denote by K the stabilizer of 2y in GLg(R). The following facts
are obtained in a similar fashion as for the group Ga:

Qo =dxog N\ pg+ x40 — G2 IKQSO('?)

SU(4) C K

K C S50O(8)

K is a compact, connected and simply connected Lie group of
dimension 21 acting transitively on S7

Spin(T)

Consider U as a Ga-representation. Then
UZRAV = ANUZAN VeV =g,V V. By
dimension counting, K = go & V. Hence,

ANU > A &Y with dim &t =7,

Obviously, —1,; € K acts trivially on A?U. One can show
that the map
K/+1— SO(8h)

is an isomorphism. Hence,

K = Spin(7).

Rem. Unlike in the G2 case, the orbit of Qg in A*(R®)* is not
open.



Spin(7)

Spin(7) as a structure group

A Spin(7)-structure on M? is determined by Q0 € Q*(M), which is
pointwise linearly equivalent to the Cayley form.

Q) is parallel wrt the Levi-Civita connection of gq iff dS2 = 0.

Proof. [Salamon, Prop. 12.4]. O

Prop. RP™M7) = W, where W is an irreducible Spin(7)-
representation of dimension 168. In particular, an 8-mfld with holon-
omy in Spin(7) is Ricci-flat.

Proof. [Salamon, Cor. 12.6]. O

EXAMPLES

FExamples

Ex.
e Since SU(3) C Gy, for any Z with Hol(Z) C SU(3),
M = Z x R can be considered as G5-mfld
e First local examples were constructed by Bryant in 1987.

Let M be a positive self-dual Einstein four-manifold. Then there
exists a metric with holonomy in G on the total space of A2 T* M.

Sketch of the proof. Let P — M be the principal SO(4)-bundle.

Since s0(4) = s04(3) ® s0_(3) we can decompose the Levi-Vita

connection: 7 = 74 + 7_. Further, since Sp(1) = Spin(3) we have
s0(3) = spin(3) = sp(1) = Im H.

Hence, 7+ € Q' (P;ImH). Similarly, the canonical 1-form 6 can be
thought of as an element of Q!(P;H). 14/ 23



EXAMPLES

Consider the action of SO(4) = Sp4+(1) x Sp_(1)/ £+ 1 on
P x ImH,

[Q-i-aq—] ) (pax) - (p ) [Q-i-aq—]?q_xq_—)‘
Clearly, P x ImH/SO(4) = A2T*M.

Puta=dr+7_2—27_ € QY(P x ImH, ImH). It is easy to
check that the following forms are SO(4)-equivariant:

Y1 =a1 Aoz A as,
v2=—Re(aANOAO) =a; Awy + as Aws + az A ws,
e1 =gRe (O NG NOAG) =T voly,

eo =1Re(a AaAONG) =

=g Nag ANwi +az Aoy \Nwy +ap A ag A\ ws.

EXAMPLES

Moreover, for any functions f = f(|x|?), h = h(|z|?) without zeros
the symmetric tensor

g=f*(af + a3+ a3) + h*(05 + 07 + 05 + 05)
determines a metric on A2T*M. Then
o = 7+ fh*y
determines a Gy-structure on A2 T*M. We have also
k= hteq — f2h2€2_

With the help of the fact that M is positive, self-dual, and
Einstein, equations dp = 0 = d * ¢ essentially imply that

fr)y=(1+r)" h(r) = V2e(1 4 1)t

Here s = (sc.curv.)/12 > 0. O

16
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Rem. Hitchin showed that the only complete self-dual Einstein
A-mflds with positive sc. curvature are S* and CP? with their
standard metrics. For these 4-mflds the holonomy of the
Bryant-Salamon metric equals Go.

Using similar technique, Bryant and Salamon prove the following.

Let M3 be S3 or its quotient by a finite group. Then there exists
an explicite metric with holonomy G5 on M x R* (total space of
the spinor bundle).

Consider S* as HP!. Let S denote the tautological quaternionic
line bundle (the spinor bundle).

The total space of S carries an explicite metric with holonomy
Spin(7).

COMPACT EXAMPLE

Clalabi metric revisited

Recall: If ST acts on C* =2 H? via
M- (21, 22, w1, wa) = (Az1, Azg, Awy, AMws),
then the hyperKahler moment map is given by
p=—(21"+ |22 = [w1|* = [w2]*)i — 2k(z101 + z2w2).

In particular, the induced metric on p=1(7)/S! = T*CP! has
holonomy Sp(1) = SU(2).



COMPACT EXAMPLE

Want to study asymptotic properties of the Calabi metric. First
consider

5;8 }(:){ (w1>w2‘)a‘::a(122:_21)

Hence, the map C? — C*
(t17t2) = (tla t27t27 _tl)

induces a diffeomorphism C?/ 41 = ;~1(0)/St (away from the
singular pt). It is easy to see that in fact this is an isometry.

COMPACT EXAMPLE

Observe also that we have a commutative diagram

pH(=1) = p'(0)
/S /C*

TP X 2/ 41

where the map  is induced by the inclusion in the top row.
Moreover, x is holomorphic and

-1 . pt, < 7& 0
ce={ 8 7

i.e. x is a resolution of singularity.



COMPACT EXAMPLE

Prop. Let g denote the Calabi metric on T*CP'. Then

X' = G + O™ %),

where 1 is the radial function on C?/ 4 1.

A metric with asymptotics as in the Prop. above is called ALE
(asymptotically locally Euclidean).

The fact that the leading term is gy, follows from the following
observation. Denote by M, = u=!(—ip)/S!, where p € R. Clearly,
M, is diffeomorphic to T*CP! for any p. As p — 0, the metric 9p
tends to the flat metric on My = C?/ 4+ 1 (away from the
singularity).

21/23

COMPACT EXAMPLE

A sketch of the construction of a compact Go-mfld

Consider T” with its flat Go-structure (go, ©o). The group Z3 acts
on T7 via

Oé(il?l, v ,$7> — (xla X2,X3, —T4, —T5, —L6, —377)
1
ﬁ(xla S ,.CU?) — (Qfl, —x2, —X3,x4,T5, 5 — T, —337)
1 1
7(3717 <. 7:[;7) — (_xla X2, —I3,T4, 5 — X5, Te, 5 - 337)

Lem. The singular set S of T' /73 consists of 12 disjoint T3 with
singularities modelled on T3 x C?/ 4 1.

22 /23



COMPACT EXAMPLE

Since T*P! is asymptotic to flat C2/ £ 1, we can cut out a small
neihbourhood of each connected component of S and replace it
with T3 x T*P!. The metric on the resulting mfld, as well as a
(o-structure, is obtained by glueing the flat metric on T” to the
product (non-flat) metric on T3 x T*P!. The 3-form ¢ is not
parallel, but can be chosen so that dp =0 and d * ¢ is small.

Then Joyce proves that such (g, @) can be deformed into a metric
with holonomy Gs.

Examples of compact Spin(7)-mflds can be constructed in a
similar manner.
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CLIFFORD ALGEBRAS

Clifford algebras

Recall: For n > 3, Spin (n) is a connected simply connected group
fitting into the short exact sequence

0 — {£1} — Spin (n) — SO(n) — 0,

Aim: Construct spinor groups explicitly.
Let V' be a (real) finite dimensional vector space. Denote by TV
the tensor algebraof V: TV =RV & VRV &...

Def. Let q be a quadratic form on V. Then the Clifford algebra is
defined by
Cl(V,q) =TV/(v-v+q(v)).

In other words, the algebra Cl(V, q) is generated by elements of V'
and 1 subject to relations

v-v=—qv) <= v-wtw- -v=-2q9,w).

/28
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CLIFFORD ALGEBRAS

Rem. CI(V,q) is Z/2Z-graded: CI(V,q) = CI%(V,q) ® CI}(V,q).

From now on we assume that ¢ is positive definite for the sake of
simplicity.

Prop. There is a (canonical) vector space isomorphism AV —

Cl(V,q).
Proof. Choose an orthogonal basis (e1,...,e,) of V. Then
e; - ej = —e; - ¢; for all ¢, j. Hence, the map

w: AV — CU(V,q)
€y N Nej €y ... €5

is well-defined and surjective. This map is also injective
(excercise). ]

Cor. dimCIl(V,q) = 2", where n = dim V. |

CLIFFORD ALGEBRAS

Rem. AV and CI(V,q) are not isomorphic as algebras (unless
q =0).

In fact we have
Prop. With respect to the isomorphism CI(R™, qs) = A(R™)*,

Clifford multiplication between v € R™ and ¢ € A(R™)* can be
written as

V-0 =qst(v,-) N — iy

Proof. [Lawson, Michelsohn. Prop. 1.3.9] O

Let = be a unit in CI(V, q). Define
Ad, : CUV,q) — ClL(V,q), Adyy = ayx™!

Observe that each non-zero v € V- — CI(V, q) is a unit:

» 1
v = ———.
q(v)



CLIFFORD ALGEBRAS

Prop. For any non-zero v € V' the map Ad, preserves V and the
following equality holds:

q(v,w)

—Ad,w =w —2
q(v,v)

(i.e. —Ad, is the reflection in v ).

Proof.
Ad L L ( + 2¢( )
LW = — Vew-v = v-(v-w q(v, w
q(v,v) q(v,v)
P (0D
q(v,v)

[

Rem. Ad, preserves ¢ but not orientation (in general).
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CLIFFORD ALGEBRAS

Spin groups

Def. Spin(V,q) is the group generated by

{v-w]qv)=1=q(w)} C CI*(V,q).

It is well-known that the group O(V, q) is generated by reflections
(recall the normal form for orthogonal matrices and observe that
each rotation of the plane is a product of two reflections). Then
SO(V,q) is generated by compositions of even numbers of
reflections. In other words, the map

Ad: Spin(V,q) — SO(V,q)

IS surjective.
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Prop. Ker Ad = {£1}, i.e. we have the short exact sequence

0 — {£1} — Spin(V,q) — SO(V,q) — 0

Proof. Denote by ~ the automorphism of Cl generated by
TV TV, v = —v. Let

Adyw =7 -w-v, we Cl(V,q).
This induces a homomorphism
Ad : CIX(V, q) — GL(CI(V,q)).
Choose an ONB (eq,...,e,) of V. Suppose ¢ € CI1*(V,q)

—_—

belongs to Ker Ad : C1* — GL(V), i.e. ¢ -w =w - for all
w € V. Write o = ¢g + 1, where ¢; € CI*(V,q). Then

$o W =W - Yo

(¢0 — 1) (w0 +¢1) {_wl.w:w.m

CLIFFORD ALGEBRAS

Proof of Ker Ad = {£1} continued

Further, write g = 1o + e111, where 1), 11 are expressions in
€a,...,e, only. We have

e1(to +e1n) = (Yo +erpr)er (by (1) with w = e1)
= Ype1 + e1y1eq
= e19 — €11 (since ; € C1")

Hence, ¥1 =0 = g does not involve e; = g = A - 1.

A similar argument shows that ¢; does not involve any

€; = Y1 = 0.

Thus, Ker(:élvd : C1* — GL(V)) = R*. Therefore,

Ker(Ad : Spin(V,q) — SO(V)) = {£1}. Finally, Ad = Ad on
Spin(V,q).

(1)

[
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Prop. Spin(n) := Spin(R", qst) is a nontrivial double covering of
SO(n). J

Proof. It suffices to show that 1 and —1 can be joined by a path
in Spin(n). The path

~v(t) = (e1 cost + egsint)(egsint — ey cost) =

=cos2t-1+sin2t-ejes

does the job. Il

Cor. Spin(n) is connected and simply connected provided n > 3.)

Proof. Follows from the facts that SO(n) is connected and
m(S0(n)) = {£1}. ]

CLIFFORD ALGEBRAS

Ex. ("accidental isomorphisms in low dimensions”)
1) Spin(2) := U< ) = 51

2) Spin(3) = Sp(1) = SU(2)
8) Spin(4) = Sp()><5@()
4) Spin(5) = Sp(2)

To see this, consider the action of Sp(2) on Ms(H) by
conjugation. Then R® can be identified with the subspace of
traceless, quaternion-Hermitian matrices. Hence,

Sp(2)/ + 12 SO(5).
5) Spin(6) =2 SU(4)



C'l,, ~REPRESENTATIONS

Some facts from representation theory of Clifford
algebras and Spin groups

Let v, and vS denote the number of inequivalent irreducible real
and complex representations of Cl,, := CI(R",qs) and Cl, ® C
respectively. Then

2 = 1(mod 4
VnZ{ n = 1(mod 4),

C 2 n is odd,
1 otherwise

and v, = _
1 n IS even.

v

Proof. [Lawson, Michelsohn. Thm 1.5.7]. O]

C'l,, ~REPRESENTATIONS

Def. The real (complex) spinor representation of Spin(n) is the
homomorphism

A, : Spin(n) — Endgr(5), if real
AC: Spin(n) — Endg(S), if complex

given by restricting an irreducible real (complex) representation of
Cl, (Cl, ® C) to Spin(n).

Let W be a real Cl,-representation. Then there exists a scalar
product on W s.t. (v-w,v-w') = (w,w') Yo €V s.t. ||v|| =1.

11 /28

Cor. (v-w,w') = —(w,v-w). |
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SPIN STRUCTURES

Spin structures

Let P — M be a principal SO(n)-bundle, n > 3.

Def. The Spin-structure on P (equivalently, on

E = P Xgo(n) R") is a principal Spin(n)-bundle P — M together
with a Spin(n)-equivariant map & : P — P, which is (fiberwise) a
2-sheeted covering.

Thus, we have a commutative diagram

P 3 P
T s
M = M

SPIN STRUCTURES

From the short exact sequence
1 — {£1} — Spin(n) — SO(n) — 1
we obtain
H°(M;SO(n)) — HY(M;Zs) — H'(M; Spin(n)) —
— HY(M;SO(n)) > H2(M;Z,).

Then §[P] equals the second Stiefel-Whitney class, w2(P). Hence,
P admits a spin structure iff wy(P) = 0. If this is the case, all spin
structures are classified by H'(M,Zs) (assuming M is connected).

Def. A spin mfld is an oriented Riemannian mfld with a spin
structure on its tangent bundle.

Rem. Thus, M admits a spin structure iff wo(M) = 0. This is a
topological condition on M, not on the Riemannian metric.

Rem. Since fL}N’ — P is a covering, £*y.¢ is a (distinguished)
connection on P.
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SPIN STRUCTURES

For the spinor representation A: Spin(n) — End(S) the
associated spinor bundle

S == P Xgpin(m) S

is equipped with a connection and Euclidean scalar product.

Rem. For any m € M, the fibre S, is a module over CI(T,,M).

Denote by RY € Q%(M; End(S)) the induced curvature form.

Prop. Lete = (ey,...,ey,) be a local section of P = Pso. Then
R%(v,w)o = Z(R(v, w)e;, e5)€eqe; - o. (2)
i\ ]
Proof. [Lawson, Michelson. Thm 1.4.15] O
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PARALLEL SPINORS

Parallel spinors and holonomy groups

Assume M admits a nontrivial parallel spinor. Then M is Ricci—f/at.J

Proof. Assume i) € I'(S) is parallel. Then
dV(Vy) =dY -dVy = 0 <= R°(v,w) - = 0 for any
v,w € X(M). With the help of (2) with v = e; we obtain

0= Z eka €z>€]>6kez€j Y = Z €z>€j €k, >€i€j€k'¢

1,5,k 1,5,k

1
=— Z <R(6i, 6j)6k + R(ej, ek)ei + R(ek, ei)ej, w>e,-ejek X

3
i#jFkF
‘I‘Z 61763 €i, W 626362 ¢+Z 61763 €5, >€iej6j'w

:O+Z<R(€Z’ )6’1,76] e] ¢ Z 6]7 627ej>67: ¢
4, .,

:2Ric(w) -, 16 /28



PARALLEL SPINORS

Proof of VY =0, v #£0 = Ric=0 continued
Here Ric is viewed as a linear map T'M — T'M, namely
Ric(w) = > R(ej,w)e;. Hence

j=1

Ric(w) -4 =0 = Ric(w)? ¢ = —||Ric(w)||*y = 0.
Hence, Ric(w) = 0 for all w. ]

Clearly, if M admits a parallel spinor then M must have a
non-generic holonomy. Only metrics with the following holonomies

SU(3), Sp(q), G2, Spin(7) (3)

are Ricci-flat.

Let M be a complete, simply-connected, and irreducible Riemannian
spin mfld. Then M admits a not-trivial parallel spinor iff Hol(M) is
one of the four groups listed in (3).

PARALLEL SPINORS

Dirac bundles

Let P — M be the principal SO(n)-bundle of orthonormal
oriented frames. Then CI(M) := P X go(,) CI(R") is called the
Clifford bundle of M. Notice: Cl,,(M) = CI(T,,M).

Def. A Dirac bundle is a bundle S of left modules over CI(M)
equipped with an Euclidean scalar product and a connection s.t.
the following holds:

(v-01,v-09) = |[v]|*(01,02)
Vip-0)= (V) -0+ ¢ (Vo).
Here o, 0, € I'(S), v € X(M), and p € I'(CI(M)).

e Spinor bundle S is a Dirac bundle [See LM. 1.4 for details].

o AT*M = CIl(M) is a Dirac bundle (with the Levi-Civita
connection). Hence, the existence of Dirac bundles does not
require M to be spin.
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DIRAC OPERATORS

Dirac operators
Let S be a Dirac bundle.
Def. The map

D:T(S) = I(T*M ® S) <5 1(S)
is called the Dirac operator.

In terms of a local frame (ey,...,e,) of TM the Dirac operator is
given by

n

Do = Zei - (Ve,0).

=1
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DIRAC OPERATORS

Prop. D is elliptic and formally self-adjoint operator (wrt the Lo-
scalar product). J

Proof. Ellipticity: o¢(D) =1i&-: S — S is clearly invertible for any
§#0.

To prove that D is formally self-adjoint, choose a local orthonormal
basis e = (e1,...,e,) of TM s.t. (Ve;)py =0 for all i. Then

<DO‘1,O‘2>m = Z<€j : vej0'1702>m =
J
- Z<v€j017€j $02)m =
J

== (ej-{o1,€5-02) = (01,65 - Ve,09)) ..
j



DIRAC OPERATORS

Proof continued

Further, define v € X(M) by the condition
(v,w) = —(o1,w-o09) forall weX(M).
Then

div,, (v) = Z<Vejva€j>m
—~ Z(ej (v, €j))m
—Z {1165 T

Hence, (Doy,09) = div(v) + (01, Dog) pointwise. Hence, D is
formally self-adjoint. Il
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DIRAC OPERATORS

Eramples of Dirac operators

1) M =R2?. Then CI(R?) has a basis (1,e1,e2,e1-€2). Then we
have the isomorphism of vector spaces
CI(R?) = CI°(R*) @ CI'(R*) =2 C @ C.

Notice that the Clifford multiplication by v € R? is an
antidiagonal operator. Then

0 -9
35 0

2) Similarly, for M = R* one obtains

0 -2
D: o aq )
(a—q X )

where £ : O (R%; )—> C>®(R*; H),

8ch 8:50 , 8;1 —|—j + k 62 is the Fueter operator.
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FEramples of Dirac operators: continued
3) M is a Riemannian mfld, S = CI(M). Then
D=d+d: QM) QM)
This follows from the following two observations:
a) v-p=qu(v,’)Np—iyp if veR" peAR")"

b) d=> €AV, d'=-=) 1,V
J J

This is just a restatement of the facts that the sequences

Alt F(Ak:—i—lT*M)

k vice * k
T(APT* M) 2 T(T*M ® AT M)
k vic * k —contr. k—1rrx
T(AFT*M) X T(T*M ® APT*M) =<2 T(AR17* M)

represent d and d* respectively. Details concerning d* can be
found in [LM. Lemma 11.5.13].
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DIRAC OPERATORS

Weitzenbock formulae and Bochner technique

Assume M is a compact Riemannian mfld. Let & — M be an
Euclidean vector bundle equipped with a connection V. Define

V2w = Vu(Vs) = Vv, ws,
where s € I'(E), v, w € X(M). Notice that
Ve w— Vi, = R(v,w).
Hence, V2 eI(T*M @ T*M ® S).
Def. The map
V'V T(S) Vs (T M @ T*M © §) — T(S)
is called the connection Laplacian.

In terms of local orthonormal frames we have
ViVs=—)» VI s
VR
J

24
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DIRAC OPERATORS

Prop. The operator V*V is formally self-adjoint and satisfies

<V*V81, 82>L2 = <V81, V82>L2.

In particular, V*V is non-negative.

Proof. Similar to the proof of the fact that D is formally
self-adjoint. For details see [LM. Prop. 11.2.1.]. O]

Let S be a Dirac bundle. If R € Q%(M;End(S)) is the curvature
form, define R € I'(End(S)) by

R(s) = 3 Z ejer - R(ej,ex)(s).

gk
DIRAC OPERATORS
D?=V*V+R
Proof. Choose a local frame (ey,...,e,) of TM s.t.

(Ve;)m = 0. Then
D2 — Zeﬂ' Ve, (ex - Vey")

Ik
—Z€j€k°v€J(v6k )
Ik
— , 2
= Z ejer - Ve o
Ik
— 2 E : ' 2 2
- Z €j,€5 + €jCk (ve‘7 er Vek ej)
J J<k
=V'V+R

El 26 /28



CLIFFORD ALGEBRAS C'l,,~REPRESENTATIONS SPIN STRUCTURES PARALLEL SPINORS DIRAC OPERATORS

Cor. Let A = dd* + d*d be the Hodge Laplacian and V*V be the
connection Laplacian on T*M. Then

A = V*V + Ric

This follows from the previous thm for D = d + d*, which acts on
CIl(M) = AT*M. The computation of R in this case follows the
same lines as the proof of the implication

V=0 =— Ric(w)- -9y =0.

[LM. Cor. 11.8.3].

Theorem (Bochner)

Ric>0 — bl(M):O.
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Theorem (Lichnerowicz)
Let M be spin and suppose S is a spinor bundle. Then

D*=V*'V+2,

where s is the scalar curvature.

Proof. [LM. Thm. 11.8.8]. O

Cor
s>0 — KerD =0.

Theorem (Hitchin)

In every dimension n > 8, n = 1(mod8) or n = 2(mod8), there
exist compact mflds, which are homeomorpic to S™, but which do
not admit any Riemannian metric with s > 0.
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