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Some results from the previous lecture

Prop. The first Chern class c1(M) is represented by 5-p, where p
is the Ricci form.

Cor. The curvature tensor of the canonical line bundle K5 =
A™OT*M = A™(T* M)V equals ip.

Let M?™ be a Kahler mfid. Then Hol®(M) c SU(m) iff Ric = 0.

Hol(M) C SU(M) iff M admits a parallel (m,0)—form.
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Calabi- Yau and Kahler-Einstein metrics
Let (M, I) be be a closed connected complex mfld.

Def. A Kahler metric g is said to be Kahler-Einstein if it is
Einstein, i.e. if there exists a constant \ such that

p=Aw. (1)

Rem.
(i) \: M - Rin (1) = \=const.
(ii) (1) <= RWw)=\w.

Def. A class c € H?(M;R) is said to be
e positive, if 33 € cN QY st. (-, 1) > 0;
e negative, if 33 € cN QY sit. B(-, 1) < 0.
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Mawn Theorems

Let p/ € 2w c1(M) be a closed real (1,1)-form. Then there exists a
unique Kahler metric ¢ on M with Kahler form w' cohomologous
to w and with Ricci form p'.

v

Cor. Ifci(M) =0, then M has a unique Ricci-flat Kahler metric
g with [W'] = [w]. J

Assume c1 (M) < 0. Then, up to a scaling constant, M has a unique
Kahler-Einstein metric (with negative Einstein constant) .
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On the proof of Calabi-Yau and Aubin-Calabi- Yau
theorems

Let QO € Q™O(U), where U C M is open. Write

VQ =9 ®Q,

where 9 is a local connection form of A™0T* M.

Observe: Q € Q™Y = 90 =0 = 00 =dQ2 =1 AQ. By
definition, © is holomorphic, if 9 = 0. Since Q is a complex
volume form,

N=0 = YPPrNQ=0 = yell
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We have

1
122

1 _
E @le* +le?)
=1+ 1.

Q is holomorphic = ¢ = (d(log ||2]|?))*? = a(log [|||?).

d(log |2*) = d($2,€2)

Hence,_the curvature of A™OT*M is represented by
dip = 001log ||Q|?. In particular, di) is purely imaginary
(1,1)-form. Hence,

p=id = —iddlog | Q>
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Further, observe that

x() = a - (),
where a € C*. Hence, a-m!Q A Q = [|Q]|?w™. If ¢’ is another
K&hler metric s.t. [w'] = [w], then
(W)™ =el . wm
for some f : M — R. Therefore,

Q1 = e} =o' =p—id0f.

Vice versa, by the 90-Lemma, for any real closed (1,1)-form p/

cohomologous to p, there exists f: M — R s.t.
o —p=—idof.
Moreover, f is unique up to an additive constant. Similarly,

W —w =100, ©: M — R.

CY aNnp KE MFLDS

Thus, in the setting of the CY thm, we are looking for ¢ s.t.

(i) (w+i00p)™ = el -w™, (%)
(i1) w~+1i0dp > 0,
where f is a fixed function.

Claim. (i) = ()
Proof. [Ballmann. Lectures on Kahler mflds, p.90]. ]

Rem. For Kahler mflds, eqn Ric(g) = 0 is therefore equivalent to
(x). Notice that
e () is an eqn for a function rather than for a metric tensor,
e (%) is highly nonlinear (nonlinear in derivatives of the highest
order).

Claim. The Kahler-Einstein condition (under the setup of
Aubin-Calabi-Yau thm) is equivalent to the eqn

(w4 100p)™ = el A9 . ™,

where w is a suitably chosen Kahler metric on M.
Proof. [see Ballmann, p.91 for details]. O < a6
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Idea of the proof of the Calabi-Yau thm

Uniqueness: Let @1, w2 be solutions of the eqn
(w—+ i 0Op)™ = PP ym,

It can be shown that

1
= [lerad(or - o)+

4+ /((’01 — ) (eF'Pe1) _ (eFPe2)yym < .

Hence, uniqueness follows from the (weak) monotonicity of F'in ¢
(for each fixed p € M).

Existence (by the continuity method): Consider the eqn
(w4 1i00p)™ = ef ™,

where ¢t € [0,1] is a parameter. Denote by 7 the set of those ¢, for
which there exists a solution. Then 7 > 0, hence T # (.
Moreover, T is open and closed. Hence, 1 € T.
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Ezxamples of Calabi—Yau manaifolds

A compact (simply connected) Riemannian mfld with
Hol(M,g) C SU(m) is called Calabi-Yau. If w1(M) = {1} this is
equivalent to ¢ (M) = 0.

Ex.

1) Let M be a degree d hypersurface in CP". From the
adjunction formula we have

Ky = (Kgpy @ O(d))|,, = O(=N —1+4d)|,,.
Therefore, ¢1(Ky) =0 < d= N + 1. Hence, the Fermat
quartic M = {z3 + 2§ + 25 + 23 = 0} C CP® admits a metric
with holonomy SU(2).

2) Let M be a complete intersection:
M = My, N---N Mg CCPN. Then
aM)=0 & di+---+d,=N+1.
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A non-compact example: Calabi metric

Let M be Kahler—Einstein with positive sc. curvature. Then there
exists a metric on the total space of Ky with Hol® € SU(m + 1).

Proof. Let P — M be the U(m)-structure. Since

u(m) = su(m) @ R, the Levi-Civita connection on P decomposes:
Ore = o + Yi. Observe that i is essentially the connection of
K. It follows that M is KE iff dyp = An*w, where m: P — M.
Consider 8 = dz + z1i € QY (P x C;C), where z is a coordinate
on C. Put p = |z|? = zz. With the help of

dB = (BNAY + Azm*w)i, dp=dz-Z+2dz=0-Z+ 20,

one easily shows that the 2-form

1 _
umtw — Xu’-z'ﬁ/\ﬁ

w
is closed, where u = u(p). 11/26

CY aNnp KE MFLDS

Proof of the Calabi theorem (continued)

Moreover, 0 = un*w — %u’ -iB8 A B is U(m)-invariant and basic
and therefore descends to a (1,1)-form @ on (P x C)/U(m) = K.
If both u and ' are positive, @ is also positive.

Recall that each p € P is a unitary basis of Tﬂ(p)M, i.e.
p=(p1,...,0m). Then Q =pi A--- ApZ, is a global complex
m-~form on P. Consider

Q=8N

Just like @, @ descends to an (m + 1,0)-form on K. Then Q is
parallel iff ||| = const = v"™u' = A(m + 1) =

u(p) = ()\,o—i—l)m;ﬂ. Hence we obtain an explicit metric on K with
Hol ¢ SU(m + 1), namely

g =u(p)migy ®u'(p)Re(B® B). ]

Rem. If the scalar curvature of M is negative, the Calabi metric
is defined on a neighbourhood of the zero section only.
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HyperKahler manifolds

A quaternionic vector space is a real vector space V' equipped with
a triple (I1, I, I3) of endomorphisms s.t.

I?=-1, NLI,=1I3=—LI.
In other words, V' is an H-module.

V' is quaternion-Hermitian, if V' is equipped with an Euclidean
scalar product, which is Hermitian wrt each complex structure I,.
Denote w,.(+,+) = (I, ), w = w1i + waj + wsk.

Ex. V =H", I1(h) = hi, I(h) = hj, Is(h) = hk,

<I’L1, h2> = Re(hlhg). Then w(hl, hg) = Im(hlhg)

Put h = (-,-) +iw; and w. = ws + wsi. Then h is an Hermitian
scalar product and w,. is a complex symplectic form. Hence,

Sp(m) = {A € O(H")|AL = I,A, r=1,2,3}
= O(4n) N GL,(H)
== U(2n) N Sp(Zn; (C) 13 /26
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Assume M is endowed with with an Sp(m)-structure. In other
words, M is a Riemannian mfld equipped with a triple (I3, I2, I3) of
almost complex structures s.t. the metric is Hermitian wrt each I,.

Alternatively, M can be seen as an almost Hermitian mfld
equipped with a complex symplectic form w,. € Q%%(M).

M is called hyperKahler, if Hol(M) C Sp(m). This is equivalent to
one of the following conditions:

(Z) VIl = VIQ = Vlg = 0;
(ZZ) le = VUJQ = VW3 = O;

(iii) g is Kahler wrt each complex structure I,.
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Prop. For an almost hyperKahler manifold the following holds: J

Vw; = Vwy = ng =0 < dwi = dwy = dw3 =0.

Proof. Need to show that each almost complex structure is
integrable. Observe: v € 3{}10(]\4) S ,we = 11,w3. Indeed,

iwwo = g(Ilav, ) = g(Ishv,-) = ws(l1v,-).

Then 1,wo = t1,w3 < [1v = .
Assume now v, w € %}1O(M) Then

Uv,w W2 = Ly(twws) — 1 (Lyw2)
= Ly(1pw2) — 2 (2pw2) (Cartan)
= Ly(11yw3) — 14y (12,w3)
= 12y, W3-

[
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FEramples of hyperKdahler manaifolds

Ex.

(i) We have an exceptional isomorphism Sp(1) = SU(2), since
we € A2V9C? is a complex volume form. Hence, if dimp M = 4

Calabi-Yau = hyperKahler
Hence, there is a hK metric on the Fermat quartic.

(ii) Similar methods as in the proof of the fact that for KE M the
total space of Kj; has a Ricci-flat metric, also give that the
total space of T*CP™ has a complete metric with holonomy
Sp(m) for any m (this fact is also due to Calabi).
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Let M*™ be a compact Kahler with a complex sympl. form w,.
Then w!* trivializes Kjs and hence there exists a Ricci-flat Kahler
metric on M.

Observe that any closed (p, 0)—form on closed Ricci—flat Kahler
mfld must be parallel. This follows from the fact that the
Weitzenbock formula for (p, 0)—forms involves Ricci—curvature only.

Hence, with respect to the new Ricci—flat metric Vw,. = 0. Thus if
M is compact Kahler

hyperKahler = complex symplectic

This is used to show that there are compact 8-mflds with
holonomy Sp(2) by blowing-up the diagonal in My x M, and
quotening by the involution. Further generalization of this yields
compact mflds with holonomy Sp(m).
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HyperKahler reduction

Let M be a hK mfld and assume G acts on M preserving hK
structure. Then for any £ € g

0= ,Cngr = ngdwr + dZngr =0+ degw,a,

where K¢ is the Killing v.f.
Assume there exists - (§) : M — R s.t. ig,wr = dpu,(§).
Construct a G-equivariant map

= p1i+ poj + pusk: M — g*@ImH,

which is called the hK moment map.
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If M), G = p=1(7)/G is a mfld, where T € g* is central, then it is
hyperKahler (with respect to the induces metric).

Proof. For m € (1) put K, = {K¢(m) | € € g}. Since
dp, (&) = g(I, Kg, -), the orthogonal complement to

K;nEB]iK;nEB]éK;nEBIQK}n

can be identified with Tj,,,)(M //- G). Hence M Jj/_G is almost
hyperKahler. The corresponding 2-forms are closed, hence M J/; G
is hyperKahler. []
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Further examples of hyperKdahler manaifolds

Ex.
1) St acts on H*™! by multiplication on the left. The moment
map is
n+1 n+1 n+1

p(z) = — prmp = iZ(|wp|2 - |Zp|2) - ka ZpWp,
p=1 p=1 p=1

where x,, = 2z, + jwp, zp, w, € C. Clearly,

L e
n+1
>{(zp,wp) € C*" 2| > " zpwp =0, (21,..., 2n41) # 0}/C*
p=1
~T*CP".
Hence, the total space of T*CP" is hK and the metric

obtained via the hK reduction coincides with the Calabi
metric. 20 / 26
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Ex.

2) T*Gr,(CP*1) is hK. This is also obtained as a hK reduction:
T*Gr,(CPta) = HPPH) jjT (p).

3) Let X% be a hK mfld. Pick a G-bundle P — X. Then the
space A(P) inherits a hK structure. The action of the gauge
gp G = AutP preserves this hK structure and the moment
map is

p:A—Ff e Q3 (X;ad P)
>T'(ad P) @ ImH =
>~ Tie(G)* @ Im H.

Hence, the moduli space of asd instantons
pH0)/G = {A| Fi =0}/G
is hyperKahler.
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Quaternion-Kahler manaifolds
Consider the action of Sp(n) x Sp(1) on H™:

(A,q) - = Axq.

Obviously, (—1, —1) acts trivially and we define
Sp(n)Sp(1) = Sp(n) x Sp(1)/£1 C SO(4n).
Consider Al = R*" as Sp(n)Sp(1)-representation. Then
AL 2 E®c W,

where F denotes the complex tautological representation of
Sp(n) C SU(2n) of dimension 2n and W denotes the two
dimensional complex representation of Sp(1) = SU(2). Explicitly,

v — 10 ® (é) + Igvo’l 0% (2) .
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Then s0(4n) = A?(R*™)* = A%[E @ W],
>~ [S’FE @ A*°W], @ [A*E ® S*W],
>~ sp(n) @ [A2E @ Wa,
>~ sp(n) @ sp(l) @ [ASE @ Wal,.

Here: W, = SPW is the irreducible (p 4 1)-dimensional
Sp(1)-representation. In particular, W1 = W, Wy = sp(1)c.
Consider the 4-form

Qo = w1 Awi + wa Awy + w3z A ws €A4(R4n)*,
which is Sp(n)Sp(1)-invariant.
Lem. Forn > 2, the subgp of GLy4y,(R) preserving €y is equal to
Sp(n)Sp(1).
Proof. [Salamon. Lemma 9.1] O

Rem. Hence, the 4-form )y determines the Euclidean scalar
pI’OdUCt. 23 /26
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An Sp(n)Sp(1)-structure on M4, n > 2 can be described by

Q € Q*(M), which is linearly equivalent to €y at each pt. Then
M is quaternion-Kahler, i.e. Hol(M) C Sp(n)Sp(1), iff VQ = 0.
In particular, d{2 = 0.

Ifdim M > 12, then VQ2 =0 & dQ2 = 0.

In contrast to hK mflds, gK mflds do not have global almost
complex structures but rather are endowed with rank 3 subbundle
of End(T M) admitting local trivialization (I1, I, I3) satisfying
quaternionic relations. This is apparent from the decomposition

s0(4n) = sp(n) ®sp(1) @ [AZE @ Wal,.
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Prop. The spaces of algebraic curvature tensors for gK and hK
mflds are given respectively by

RIPMSP) (G4 @ R,
RPN ~[G4 R,

Proof. Similar to the corresponding proof for Kahler mflds. For
details see [Salamon. Prop. 9.3]. ]

Cor. Any gK mfld is Einstein, and its Ricci tensor vanishes iff it is
locally hK, i.e. Hol" C Sp(n).

Ex. HP" = H"\{0} /H* = £7P0 o is a symmetric qK

mfld. All gK symmetric spaces were classified by Woff.

QUATERNION KAHLER MFLDS

Let M*" be a positive gK mfld with the corresponding Sp(n)Sp(1)-
structure P.  Then the total space of the bundle U(M) =
P X gpm)sp1) H*/ £ 1 carries a hK metric.

The construction of this hK metric is similar to the construction of
the Calabi metrics (Ricci—flat on Kj; and hK on T*CP").
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