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1. Let I' = (V, E) be a simple, connected, locally finite graph. The diameter of I' = (V| F) is defined
by
diamT = sup d(z,y).
z,yeVv
(a) Prove that I is finite if and only if diamI" < co.
(b) Prove that I' is a complete graph if and only if diamT" = 1.

(¢) Prove that, for any vertex x and for any positive integer n < % diam T, there is a vertex y € V
such that d (z,y) = n.

Solution. (a) If I' is finite then

d(z,y) = max d (z,y) < co.
z,yeV

Assume that T is infinite. Fix a point zp € V and consider the balls
B, ={z eV :d(z,z9) <n}.
Since I is locally finite, the sets B,, are finite. Hence, V' \ B,, is non-empty for any n. This means

that, for any n, there is z € V such that d (x,z¢) > n, which implies diamI" = oo

(b) Since in K, we have = ~ y for all distinct vertices x,y, it follows that d (z,y) = 1 and, hence,
diam K,, = 1. Conversely, let diamT' = 1. By part (a), I" is finite, let |V| = n. Also, diamT' =1
implies that d (x,y) can take only two values: 0 (if z = y) and 1 (if = # y). Hence, d(z,y) =1 for
any two distinct points, which means x ~ y and I' = K,,.

(c) Let us first show that there is z € V such that d(x,z) > n. Assume from the contrary that
d(x,z) <n for all z € V. Then, for any two points z1,29 € V,

d(z1,2) < d(z1,2) +d(z, 22) < 2n.
If the graph is finite then this implies that

diamI' = max d(z1,d2) < 2n

z1,22€V
which contradicts the assumption that n < %diam I'. If graph I is infinite then

sup d(z1,22) = diamT = oo
21,22€V

which contradicts d (21, z2) < 2n.

Now fix a point z with the property that m := d(x,z) > n and chose a shortest path {z;},.,
connecting x and z. Since
T=Tog~YT1~ .. ¥VTmym—-1"~Y Ty =2,



it follows that = and x,, are connected by a path of length n, whence d (x, z,) < n. We claim that
d (z,x,) = n (this will finish the proof). Indeed, if d (z,z,) < n then by the triangle inequality we
obtain

d(z,y) <d(z,z,) +d(xn,2) <n+(m—mn)=m,

which contradicts d (z,y) = m.

2. Let (V, E) be a simple finite graph.

(a) Assume that there exists a vertex path on (V) E) that contains every edge exactly once (an
Euler walk). Prove that the set

M ={deg(z):x eV}

either contains no odd number or contains exactly two odd numbers.

(b) Show that the graph on Fig. 1 has no Euler walk.

Figure 1: The graph of Konigsberg bridges

Solution. (a) Let {z};;_, be an Euler walk, so that the sequence of edges {zj_12;};_; contains
every edge of the graph exactly once. Let x be one of the vertices zp. If z # x¢ and = # x,, then
deg (z) must be even. Indeed, let ki, ..., k; be all the numbers such that

T =T =Ty = ... = Ty (1)
Then all the edges adjacent to x are
Tg,—1Tk, and xpxp4, =1,..,1 (2)

that is, deg (x) = 21.

Similarly, if x = xo = x,, then deg (z) is even. Consider the case x = xy # z,,. Let ki, ..., k; be all
positive numbers such that (1) holds. Then (2) gives all the edges adjacent to = except for zox.
Hence, deg (z) = 20 + 1. Similarly, deg (z) is odd in the case © = x,, # x¢. Combining all the cases,
we see that deg (z) is either always even or odd at two vertices, which finishes the proof.

(b) This graph contains 4 vertices with odd degree. Hence, it has no Euler walk.

3. A simple connected graph is called bipartite if it admits a coloring of its vertices into two colors,
say, black and white, so that the vertices of the same color are not connected by an edge (for
example, the set of fields of a chessboard is a bipartite graph). Prove that a simple connected
graph is bipartite if and only if it contains no cycle C,, with odd n.

Hint: Chose the color of a vertex x depending on the distance d (x, z) where xq is a fixed vertex.

Solution. Chose an arbitrary vertex xy and color any vertex x as follows: it is white if d (x, zg) is
even, and black otherwise. Let us prove that if z,y two vertices of the same color then they are not
connected. Let for certainty x and y be white so that both distances a = d (x, zg) and b = d (y, x¢)



are even. Then there exists path {zy};_, connecting ¢ and z, and a path {yk}zzo connecting xg
and y. If x ~ y then we obtain a closed path

Lo~ L1~ e ¥YTg =T ~Y=Yp~ Ybp—-1"~ ... ~ Yo = X0,

that is, a cycle of length a + b+ 1. However, a + b+ 1 is an odd number, and the graph contains
no cycles of this length. Hence, x ¢ y, which was to be proved. The case when x and y are both
black is similar.

. A graph (V1, Ey) is said to be a subgraph of (V,E) if Vi C V and E; C E. Two graphs (Vi, Ey)
and (Va, E9) are said to be isomorphic if there is a bijection ¢ : V; < V5 that preserves edges, that
is, (p(x),¢(y)) € Eq if and only if (x,y) € Ej. Given two graphs I' = (V, E) and I'y = (V1, E})
denote by N (I',T'1) the number of distinct subgraphs of I" that are isomorphic to I';. For example,
let K,, be a complete graph with n vertices and C), be a cycle with n vertices. Then N (T', K;) is
the number of vertices of graph I, N (I', K3) is the number of edges of I, N (I", K3) is the number

of complete triangles A to be found in I, N (', Cy) is the number of 4-cycles ]:] to be found
inI".
Evaluate N (K,,Cy) for all n > k > 3.

Solution. Let zixs...x; be a k-cycle in K,,. The point x; can be chosen in n ways, the point
x9 - in n — 1 ways, etc. Hence, there are n(n —1)...(n — k + 1) choices altogether. However, in
this argument we have counted each cycle 2k times. Indeed, let x1...x; and y;...yx be two identical
cycles. Then y; may be equal to any of the points z1, ..., ;. Having identified y; with some z;, we
have left with two possibilities for yo: this must be either x;_; or z;+;. Having identified y; and
y2 with z; and x;, all other points y3, ..., yx have unique identifications with x;’s. Hence, the above
number of labeled cycles has to be divided by 2k so that
nn—1)..(n—k+1)

N (K,,Cy) = 5% .

. Let Ky, ;n, be a complete bipartite graph. Evaluate N (K, ,,,, Cy) for all & > 3.

Solution. Let V; and V5 be the partition of K, ,, so that |Vi| = n, |Va| = m and two vertices z,y
are connected if and only if they belong to different parts V;. Any cycle zizs...x is a sequence of
vertices such that z; ~ z;11 and zp ~ 1. Equivalently, z; and z;1 must belong to different parts,
and so do z; and xg. This implies that the number k of vertices in the cycle must be even. That
is, if k is odd then N (K, m, Ck) = 0. Assume further that k is even. By renaming the vertices of
a cycle, we can always assume that x1 € Vi, then z9 € Vo, 3 € Vi,..., x; € Vo. It follows that each
part V; contains k/2 elements of the cycles. Hence, we must have the inequality

min (n,m) > k/2. (3)

In other words, if £/2 > min (n,m) then N (K, Ci) = 0. We proceed under the assumption (3).
The value of x1 can be chosen in n ways, the value of x2 - in m ways, then the value of 3 -inn—1
ways (because x7 is already chosen in V}), etc. Therefore, altogether the number of choices is

nm(n—1)(m-1)n-2)(m—-2)...(n—k/2+1)(m—k/24+1).

However, some of the cycles counted this way may be the same. For examples, the cycles z1xs....7,
and x3x4....xET12T2 are obviously the same but each of them was counted separately in the above
argument. Suppose we have two cycles xj...xx and y;...yr constructed as above. When do they
coincide? Since y; € Vi, the point y; may coincide with any of the points x1,x3,..,xr_1, which



gives k/2 possibilities. Let y; = x;. Then the point yy can coincides with x; 41 or z;—1 which gives
two possibilities. Once we have identified the points y; and y» with z; and z;, the rest points
Y3, ..., Yr have unique identifications with x;’s. Hence, each cycle was counted above 2 - k/2 = k
times. Therefore,

nmn—1)(m-1)n-2)(m—-2)..(n—k/2+1)(m—k/2+1)

N (Knm,Ck) = 2 .

. A complete m-partite graph K, . p,. is defined as follows. It has n; + ... + n,, vertices that are
split into m groups Vi, ..., V;,, such that |Vi| = ng, and two vertices x,y are connected if and only
if they belong to different groups V. Prove that if n; = ... = n,, = n then the graph K, , is a
Cayley graph.

Solution. Consider the group Z,, X Z,, and denote its elements by («a, i) where a € Z,, and i € Z,y,.
Then (a,i) ~ (0,7) if and only if i # j, which can be stated as follows: («,i) ~ (3, 7) if and only if

(Oé,i) - (ﬁ’]) €S
where S = Zp X (Zy, \ {0}) . Hence, Ky, ..., n is the Cayley graph of Z;, x Z,, with the edge generating
——

set S.

. Prove that the numbers a; = N (Ky, ... n,,, K;) satisfy the following identity:

(z—mn)=2"—a12" T+ az" 2 + . 4+ (=) ap,

s

i=1

for all complex z.

Solution. Any complete graph K; that is a subgraph of K, . ., has j vertices in different
partitions Vi. If we fix j partitions V;,,..., Vi, where i3 < ip < ... < i; then they give rise to
MiyNiy...n;; complete graphs. Hence, the total number of K; subgraphs is

aj = E nilni2...nij.

i1<i2<...<i;
For example, a; = nj + ... + ny, (the number of vertices),
az = (ning + ning + ... + niny,) + (nans + nong + ... + nangy) + oo + N1
(the number of edges),
ag = (ningns + ... + ninang,) + .. + Np—2Nm—1Mm

(the number of triangles), etc, and
Ay = N1... Ty,

is the number of subgraphs K. By Viete’s formulas, the coefficients of the polynomial of z, that
has the roots ny, ..., ny,, are exactly (—1)" a;, which proves the claim.

. A subset S of a group G is called generating if any element x € G can be represented in the form
T = S1%So%...% 8y

for some positive integer n and with some s; € S. Prove that if S is a symmetric generating subset
of G then the Cayley graph (G, S) is connected. (A graph (V, E) is called connected if, for any two
vertices z,y € V, there is an edge path in (V, E') connecting = and y.)

4



Solution. For any two vertices x,y € GG, we need to construct a path connecting = and y in (G, S).
The group element ! % y can be represented in the form

xil*y:81*82*...*3n
for some positive integer n and s € S. It follows that
Y = T % S % S9 % ... % Sp.

Consider a sequence {zj};_, defined by

g = X

r1T = T *81

o = T *81%89

Tp = T XS *...%S8Spy.

Clearly, 41 = Tr*Sg+1 whence x;l*xkﬂ = Sg+1 € S sothat xy ~ zp41. Since xg = x and z,, =y,
we have obtained a path connecting = and y, which means that the graph (G, .S) is connected.

A graph (V, E) is called regular if deg(z) is the same for all x € V. The following graphs are
obviously regular: all Cayley graphs, cycles C,,, complete graphs K,,, complete multipartite graphs
K. n, and their products.

(a) List all connected regular graphs with at most 6 vertices. Show that every such graph is a
Cayley graph. Show that every such graph belongs to one of the families

Cna Kn» KnDKma Kn,..,n- (4)

(b) Give an example of a connected regular graph with 7 vertices that is non-Cayley and that does
not belong to any of the families (4).

Solution. (a) All regular graphs with < 6 vertices are as follows:

o Zy = Koy,

* 73 = Ks,

(Zg,{£1}) = Cs = Koo = K>20K>,
(Z4,{£1,2}) = K4 (tetrahedron),
(Zs,{+1}) = Cs,

{Zs,{£1, £2}} = K5,

(Zg, {£1}) = Cs,

(Zg,{%1,+£2}) = Kg 22 (octahedron),
(Zg, {£1,£2,3}) = Kg,
(
(

Zg X ZQ, {(0, 1) s (:l:l, 1)}) = K373,
Zg X ZQ, {(0, 1) 5 (:l:l,O)}) = K3|:|K2.
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Figure 2: A 4-regular graph with 7 vertices

The last graph can also being seen as (D3, {r, s}) where D3 is a dihedral group, that is, the group
of symmetries of an equilateral triangle, and r refers to a rotation, s — to a mirror symmetry.

(b) Fig. 2 contains a 4-regular graph with 7 vertices, that is not a Cayley graph.

Its edges form three cycles 1 ~2~3~4~5~6~1,0~1~3~5~0and 0~2~6~4~0.
This graph is not Cayley because there are three triangles with the vertex 1, namely, 126, 123,102
while there are only two triangles with the vertex 0: 054 and 012. Clearly, this graph is neither C,,
nor K, nor K, . (the latter because 7 is a prime).

Let P,@Q be Markov kernels on a finite or countable set V. Consider a function Po @ on V x V
that is defined by

(POQ) (xvy) = ZP(%‘,Z)Q(Z,Z/)

zeV

(a) Prove that P o @ is a Markov kernel.
(b) Prove that if R is a Markov kernel then

(PoQ)oR=Po(QoR).

(¢) Prove that if P and @ are reversible with respect to the same function p () and Po@Q = Qo P
then P o @ is also reversible with respect to u ().

Solution. (a) Clearly, P o @ (x,y) > 0. We need to verify that

ZPOQ(CE,y):l.

yeVv

Indeed, we have

ZPOQ(:U,y) = ZZP(x,z)Q(z,y)

yev yeV zeV

= ZZP(%,Z)Q(Z,y)

zeV yeV

= > [P@2) Qky

zeV yev

= ZP(x,z)

zeV
= 1.



11.

(b) We have

(PoQ)oR(x,y) = Y (PoQ)(z,2)R(zy)

yev

- Z <Z P(z,u)Q (u,z)> R(z,y)
yeV \ueV

— Z ZP(LE,U)Q(U,Z)R(Zvy)
yeV ueV

= ZP(az,u) ZQ(%Z)R(Z:ZU)
ueV yev

= ZP(x,u) (QoR)(u,y)
ueV

= Po(QoR)(z,y).

(c) If
p(x) P(x,y) = p(y) P(y,)

and the same is true for () then

p(@)(PoQ)(zy) = Y nl(@)P(r,2)Q(2y)

zeV

= Y 1) P(z2)Q(zy)

zeV

zeV

= S QW) P(za)

zeV

= u(D Q2 P(zx)

zeV

= p(y)(QoP)(y,z)
w(y) (PoQ)(y,x),

where in the last line we have used that PoQ = Q o P.

Let (V,E) be a finite graph without loops and let p be a simple weight on (V, E). Prove that
trace A, = —|V].

Solution. The Laplace operator has the form
Apf(@)=——=> W)y — (),
yev

and it acts in the space F of all functions on V. Denote the vertices of V' by 1,2,...,m, where
m = |V|. Then every function f on V is identifies with the sequence {f1,..., f;n} where fr = f (k).
With this identification, the space F is linear isomorphic to R™. With this notation, we have

(Auf); = i Zﬂz‘jfj — Ji
Hi 53



12.

13.

so that the matrix A of the operator A, in the canonical basis of R" is given by

A =4 w .
{ W 1F ]
where we have used that p,; = 0. Hence,

trace A, = trace A = —m.

Let I' be a simple graph with m > 3 vertices and n edges.

(a) Prove that if n > LmTQJ + 1 then N (I', K3) > 1.
(b) For any m > 3, give and example of a graph I" with n = [mTQJ edges such that N (T, K3) = 0.

(c¢) Prove that if n > LmTQJ + 1 then, in fact, N (I', K3) > | 2].

Solution. (a) is a theorem of Mantel, (¢) is its improvement.

Consider the Petersen graph as on Fig 3.

Figure 3: Petersen graph

Prove that this graph is not a Cayley graph.

Solution. Assume that the Petersen graph is a Cayley graph of a group G with the edge generating
set S. Observe first that the Petersen graph does not contain any 4-cycle, which implies that any
two distinct elements a,b € S do not commute. Indeed, if ab = ba then we obtain a 4-cycle

e~an~ab~b~e.

Since the graph has 10 vertices, we have |G| = 10 so that the degree of each group element is 2, 5
or 10. If G contains an element of degree 10 then G is cyclic and, hence, commutative, which is
not possible. Hence, G may contain only elements of degree 5 and 2.

Since the graph is 3-regular, for the set S there are two possibilities: either it consists of one element
of degree 2 and one element of degree 5, or it consists of 3 elements of degree 2 each.

Consider the first case and denote by a an element of S of degree 5 and by b an element of degree
2. Then we have a chain
e~ b~ ba. (5)

On the other hand, by inspection of the graph, we see that any chain of two edges can be continued
by three more edges to be closed to a 5-cycle. In other words, the vertex ba can be obtained from
e by a chain of three edges:

e~x~yn~ba, (6)



where x and y are not equal to e, b, ba. Logically there are the following possibilities for the latter

chain:

e ~ an~a’~ba

e ~ a~ab~ba

e ~ al~a?

e ~ at~a'h~ ba.

~ ba

In the case (7), a® ~ ba is only possible if
a®b = ba.
In the case (8), ab ~ ba is only possible if aba~! = ba that is,
ab = ba?.
In the case (9), a=2 ~ ba is only possible if
a®b = ba.
In the case (10), a='b ~ ba is only possible if a='ba~! = ba, that is,
a”tb = ba.

By renaming a~! into a, we obtain
ab = ba’.

Let us bring to contradiction (11) and (13). Rewrite each of them in the form
ba = a"b,
where r = 2 or 3. Observe first that
abab = a (ba)b = a (a"b) b= a" 1.

Next, we have
ababab = (abab) ab = (a"*') ab = a’2b

and

ababab = ab(abab) = aba™™! = a (ba) a” = a (a"b)a"
_ ar+1bar — arJrl (ba) arfl — ar+1 (arb) arfl
_ a2r+1bar—l _ a2r+1 (ba) ar—2 _ a2r+l (arb) ar—?

a3r+1bar—2 - T+1)T+1b.

. =a/
Comparing with (15), we obtain that
ar+2 — ar2+7‘+1

that is,

rP4+r+1 = r+2mod5
r? = 1modb,

3

~—~ —~
© 0o
O —

(11)

(12)

(13)

(14)



14.

which is not the case for » = 2,3. Similarly, one brings to contradiction (12) and (14).

Consider now the second case when S consists of three elements a, b, c each of the degree 2. Con-
sidering again the chains (5) and (6), we see that there are only the following two possibilities for

(6):

e ~ a~ac~ba

e ~ ¢~ cb~ ba.

The first case is only possible if
ba = acb (16)

and the second case — if
ba = cbe (17)

(the case ba = cbb = ¢ is not possible since we obtain a 3-cycle e ~ b ~ ¢ ~ ¢e). In the case (37), we
have
abab = a (ba)b = a (ach) b = c.

It follows that
ababab = ab (abab) = abc

and
ababab = (abab) ab = cab,

that is,
abc = cab.

Hence, we obtain the following 6-cycle:
e~an~ab~abc=cab~ ca~c~ e,
which is impossible on the Petersen graph. In this case (17), we have similarly
bebebe = beb (ebe) = bebba = bea

and
bebebe = b (ebe) be = bbabe = abe,

so that
abc = bea.

Hence, we obtain a 6-cycle
e~ an~ ab~ abc=bca ~bc~Db~ e,
which finishes the proof.

Let A4 be the group of even permutations of the sequence {1,2,3,4}. Consider the cyclic permu-
tations a = (234) and b = (123) as well as the product of two transpositions ¢ = (12) (34).

(a) Verify that a® = b = ¢ = id and ba = a?b* = c.
(b) Prove that A is isomorphic to the group of rotations of a regular tetrahedron in R3.

(c) Consider a symmetric set S = {a, a”l,b, bil,c} and prove that the Cayley graph (A4, S) is
isomorphic to the icosahedron graph on Fig. 4.

Solution. (a) and (b) are straightforward. Solution of (¢) is contained on Fig. 5.

10



Figure 5: Icosahedron as the Cayley graph (Ay, S)

15. Prove the following identities for arbitrary functions f,g on a weighted graph (V, u):

(@) Vay (f9) = (Vayf) 9+ (Vayg) f + (Vayf) (Vayg) -
(b) Au(fg) = (Auf) g+ (Aug) f+ ﬁ Zng (Vayf) (Vayg) My

Solution. (a) We have

Vay (f9) = fWaly) — f(z)g(z)
= (f)—f@)gy)+f(x)gy) —f(x)g(x)
= (Vayf) (9 (y) — g () + (Vayf) g (x) + (Vayg) f (2)
(

v
= (Vayf) (Vayg) + (Vayf) g (2) + (Vayg) f (x)

(b) Using the Markov kernel P (z,y) = 5(15), we obtain

Au(fg) = (Auf)g—(Bug) f
= > Play)f@al) —f(@)g)
)

11



- (ZP(w)f(y) - f(a:)) o ()
- (Zp(w,y)g(y) —g(rr)> f (x)

= > Play)fWaw)—fWg@ —g@f@)+f()g =)

= > Pay)lf W) —f g —g)f@)+f(2)g@)
Yy

= > Pla,y)(fy) - F@)(gy) —g(x)),

which finishes the proof.

16. Consider the equation A,u = f on a finite connected weighted graph (V,u). Here f is a given
function whereas u is an unknown function.

(a) Prove that if one solution u exists then all other solutions are u + const .
(b) Prove that if a solution wu exists then

S F @) ut) =o. (18)

eV
(c) Prove that if (18) is satisfied the a solution u exists.

Solution. (a) If u; is another solution then A, (u; — u) = 0. It follows that u; —u = const, whence
u1 = u + const .

(b) Using the Green formula

> M@ @) () = 5 3 (Vayu) (Vayo) iy

zeV z,yeV

with v = 1, we obtain

S f@p) = Y Awu(z)v(z)p()

zeV zeV

_ _% ST (@) —u(y) (v (@) — v () iy
T,yeVv
= 0.

(¢) The operator A,, : F — F has the one-dimensional kernel {const} . By the rank-nullity theorem,
we have
dimker A, + dimimage A, = dim F

whence
dimimage A, = dim F — 1.

The image of A, is contained in the space of functions f € F satisfying (18). The latter space
has also dimension dim F — 1, whence we obtain the identity of these two spaces. In other words,
A, u = f has a solution u if and only if f satisfies (18), which was to be proved.

12



17. Let {X,,} be a simple random walk on Z, and set
vp () =Py (X, =)
(a) Prove that

(19)

vp (x) =

1 n —

= (atn), T =mn mod2

2 (%)
0, otherwise,

where (:@) is the binomial coefficient that is defined by

m/) ] 0, otherwise.

2
vn(O)N\/%aanoo.

Hint: Use the Stirling formula n! ~ +/27n (%)n as n — oo.

Solution. (a) Induction in n. Since vy (z) = 1 for z = 0 and v (z) = 0 for = # 0, we see that (19)
is satisfied for n = 0. To make the inductive step from n to n + 1, let us use the forward equation

1
Un, (:U) = —Un (y) Mgy
o zy: e

1
= i(vn(m—1)+vn(a:+1)).

(b) Prove that, for even n,

If zt =n+1mod2 then x £ 1 = nmod 2 whence

Unt1(2) = 5 (on(z = 1)+ v (z+1))

1 n—+1
~ gn+l x+72z+1 )

which finishes the proof. We have used here the following property of binomial coefficients:

< - > <n> <n+1)
+ = :
m—1 m m
If x 2 n+ 1mod2 then v, (z —1) = v, (x +1) = 0 and, hence, v,41 () = 0, which was to be

proved.

(b) If x =0 and n is even, then we obtain from (19) that

w0 - (7

1 n!
2" ((n/2)1)?
1 VIR ()"

2" 2T (2)"

™

13



18. Let F be the space of real-valued functions on a finite weighted graph (V, i), endowed by the inner

product
=Y f@)g @) p().

Set || f|l = v/ (f, f). Let P be the Markov operator of (V, ) and £ be the positive definite Laplace
operator of (V, ).

(a) Prove that, for any f € F, (Pf)2 < P (f?)
(

)
b) Prove that, for any f € F, [|Pf|| < ||f||-
(c) Use (b) to show that spec P € [—1,1].
(d) Conclude that spec £ C [0,2].

Remark: This gives an alternative proof of the fact that all the eigenvalues of £ are contained in
[0, 2].

Solution. (a) Using Cauchy-Schwarz inequality, we obtain, for any = € V,

2
<ZP (z,y) f (y)>
Yy

2
ZP(w,y)1/2P(w,y)1/2f(y)>

-

< (ZHWJ)) (ZP(:E,Z/) F? (y)>
ZyP (z,9) f* (y) y

- P,

(b) Tt follows from (a) that
PP = D Pf(x)p(x)

< Ei:ZP(x,y)f?(y)u(x)
= Zzy:P(y,x)ﬂ(y)u(y)
= ZfZ = |I£1%,

where we have used the reversibility of P (z,y) and that ) P (y,z) = 1.

(c¢) Since P is a symmetric operator in F, its spectrum is real. If « is an eigenvalue of P with
eigenfunction f, then Pf = af whence ||Pf|| = |a|||f||. Since ||Pf]| < ||f]|, it follows that |a| < so
that spec P C [—1,1]. Since £ =id —P, it follows that

spec L =1 —spec P C [0,2].
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19.

20.

21.

Prove that if (X, E1) and (Y, E2) are two connected graph then the graph (V, E) = (X, E1) O (Y, E2)
is also connected.

Solution. Indeed, if we need to connect by a path the vertices (x,y) and (2/,y') in (V, E) then
first connect = to 2’ in By by a path x = 29 ~ 21 ~ ... ~ z, = 2’ and y to ¥ in FE5 by a path
Y=1Yo~ Y1~ ... ~Ym =1y and form the path

(J")y) = (:Ean) ~ (xlay) e (I/)y) = ($/>?JO) ~ (‘r/?yl) ~ ... (l‘/uy/) )
that connects (z,y) and (2/,y').
Let (X, E1) and (Y, E3) be two finite connected graphs with more than one vertex. Prove that their
product (X, Eq) O (Y, Es) is bipartite if and only if both (X, Ey) and (Y, E2) are bipartite.

Solution. Set (V,E) = (X, E1)d(Y, E2). Let a be a simple weight on (X, E1) and b be a simple
weight on (Y, E2). Consider the product of weighted graphs

(Vip) = (X,a)Opq (Y, b)
with some fixed parameters p,q > 0 (for example, can take p = ¢ = 1). Note that the set of edges

FE on V is compatible with the weight p.

Let {ax} be the sequence of the eigenvalues of the Markov operator on (X,a) and {3;} be the
sequence of the eigenvalues of the Markov operator on (Y,b), both with multiplicities. Then the
eigenvalues of the Markov operator on the product graph (V, u) are %. We use the fact that
a graph is bipartite if and only if its Markov operator has eigenvalue —1. If (X, a) and (Y,b) are
bipartite then for some k,! we have o = —1 and (3; = —1 whence

pag + g

— 1, 20
b d (20)

so that (V,u) is also bipartite. Conversely, if (V,u) is bipartite then (20) holds for some k,I.
However, we have aj, > —1 and 3, > —1 so that (20) is only possible when «y = 3; = —1. Hence,
both (X, a) and (Y,b) are bipartite.

Another solution can be obtained using Exercise 3

Let P be the Markov kernel of a locally finite weighted graph (V) u) and E be the corresponding
set of edges.

(a) Fix a positive integer n, and consider two vertices z,y € V. Prove that P, (x,y) > 0 if and
only if there is a path of length n in the graph (V, E) that connects x and y.

(b) Define a new set of edges E,, on V as follows: (z,y) € E, if P, (z,y) > 0. Prove that if (V, E)
bipartite then (V) E2) is disconnected.

(¢) Let (V, E) be finite, connected and non-bipartite. Prove that (V, E,) is complete for some n.

Solution. (a) Iterating the identity

Py(z,y) = Y P(,21) Poo1 (21,9)
1€V

we obtain

P, (z,y) = Z P (x,21) P (z1,22) Ph—2 (z2,y)

r1,22€V

15



22.

— > P(wz) P(z1,2) P (zn1,y).

$17---7xn—lev
Note that the term P (x,xz1) P (z1,22) ...P (zn—1,y) is strictly positive if and only if
Ty =XT YT ~YTa~~Y ...V Ip—1 Y =Ty

that is, if the sequence {zy},_, is a path connecting = and y. Hence, if such a path exists then
P, (z,y) > 0. If such path does not exist then all the terms in the above sum vanish, and P, (z,y) =
0.

(b) Let V* and V™ be the bipartition of V, so that  ~ y implies that x and y are contained in
different sets V',V ~. Assuming that x € V* and y € V~, we have

Py(z,y) = Y P(z,2)P(zy)

zeV

= > P(,2)P(zy)+ Y P(z,2)P(zy)
zeV+ 2€V—

= 0,

because in the first sum P (x, z) = 0 while in the second some P (z,y) = 0. Hence, there is no edges
in (V, Ey) between vertices in V1 and V', and (V, E») is disconnected.

(¢) We have, for all g,z € V and n > 1,

n | B(2)
1 (o)

Y

(z)

where p € (—1,1). Since the functions % and &)

(o)
constants and p" — 0 as n — oo, we obtain that P, (xg,x) > 0 for large enough n and for all

xo,z € V. By (a) it follows that z¢ ~ x in (V, E,,), which was to be proved.

are uniformly bounded between positive

Let (V, u) be a bipartite finite connected weighted graph. Let V', V™ be a bipartition of V.

(a) For any function f on V, consider the function fon V that takes two values as follows:

Fooy 2 {Zyewf(y)ﬂ(y), zeVT,
dyev-fWply), zeV.

Prove that if n is even and n — oo then P"f (x) — f (z) for all z € V.

(b) Consider the distribution vy, (x) = Py, (X,, = x) of the random walk on (V, u). Prove that if
2o € VT and n is even then as n — oo

2p(x) +
Un (x) — wV)”> eV ’
0, rxeV™.

Solution. (a) Let |V| = N and {vo, ..., uy—1} be an orthonormal basis in the space F of functions
on V that consists of eigenfunctions of P, with eigenvalues

l=ag>a1 >..>ay_o>any_1=—1.

Note that the eigenvalues ag = 1 and ay—1 = —1 are simple, and their eigenfunctions are as follows:
Vo = ¢g for some constant ¢ and

c, reVT
N1 (@) = —c, x€eV™

16



also for a constant c¢. Using the normalization conditions ||vg|| =1 = ||luny—1]|, we obtain that

1
n(V)

CO:C:

Given a function f on V, represent it in the form

N-1
F=Y aw
k=0
where ap = (f,vr). Then

N-1
P*f = Qg agvg
k=0
N—2
= agvo + (—1)"an_1on_1 + E Qpa V.
k=1
Set
= max (697
p 1§k§N72’ |

and observe that p < 1. It follows that

N—2
|P"f = agvo — (—1)" an—1vn—1® < p™ Y af < p™ |1 £]7.
k=1
Assuming that n is even and letting n — oo, we obtain that

P"f — agvg + an_1vN_1.
Next,

agvo = (f,vo) vo = ngze;f W) = S fwnly

and, for x € VT,

while for x € V—

an-1vN-1(2) = — (f,on-1) c= " lv) ( = f W) ey + Z f @) e (y)

Hence, if x € VT then

-+ a0 (o) = s PRCEUENE
and if z € V~ then
aov0 + an_1ux -1 (z) = % §Vj F W) =)



23.

Finally, we obtain P"f — fas n — oo and n is even, which was to be proved. Moreover, we have
proved that

Remark. Note that always p (V) = p (V") = 11 (V) because

p(Vr) = Z plx) = Z Z Py = Z Z Py =1 (V7)) -

zeV+ €V yeV— yeV— zeV+

P.f = F| <om 151

Note also that on bipartite graphs the sequence of eigenvalues {ay} is symmetric at 0, that is,

AN-1-k = —CQf.
In particular, this means ay_o = —a; and, hence,
= max |ap|=a1=1-X)\
p= max  |ax| :

where \A; is the first positive eigenvalue of the Laplace operator.

b) Apply (a) with f = 1y, y. Using that
{wo}

~ { 2u(wo) T € V+

= u(V)
/(@) 0, xeV™

and u, () := P"f = %, we obtain

whence

which was to be proved. In fact, we have

2
5 (0 @) 0 - F@)) o) < P )

zeV

whence for all x € VT

~ 2u(x) o | k()
o) = | = o)
and for all x € V—
n | k()

Prove that the positive definite Laplace operator £ on a complete bipartite graph K, ,, (where
n+m > 2) with a simple weight has the following eigenvalues: 0, 1,2. What are their multiplicities?

Solution. The value 0 is always a simple eigenvalue, and since K, ,, is bipartite, the value 2—0 = 2
is also a simple eigenvalue. Let A be any other eigenvalue and f be its eigenfunction, so that

18



24.

Lf = Af, which is equivalent to Pf = af where P = id —L is the Markov operator and a =
1-Xe(—1,1). For any x € V, we have
=> P(xy) f ()

yev

Let the partition of K, ,, be V* and V~, where |V| =n and |[V~| = m. Then, for z € VT,

af (@)=Y P(z,y) f(y). (21)

yevV -
Since P (z,y) = degl( y = %, we see that the right hand side is independent of x. If o # 0 then we
obtain that f = ¢y on VT for some constant ¢, and similarly f = c_ on V~. Then (21) implies
acy = c_ and similarly ac_ = ¢, whence we conclude that o> = 1 and o = +1. However, we are

considering only eigenvalues o € (—1, 1) which means that we must have oo = 0 and, hence, A = 1.
Since the total sum of multiplicities of all eigenvalues must be |V| = n + m and the eigenvalues
A =0 and A = 2 have multiplicities 1, it follows that the multiplicity of A =11is n+m — 2.

Remark. An interesting particular case of K, ,, is a “star” graph K, 1.

Fix integers m,n > 2. Prove that the positive definite Laplace operator £ on a complete m-partite
graph Kp n, ... n (cf. Exercises 6 and 9) with simple weight has the following eigenvalues: 0,1,
——

—-. What are their multiplicities?

Observing that Kj 99 is isomorphic to the octahedron (Fig. 6), evaluate the eigenvalues of the
Laplacian on the octahedron.

Figure 6: Octahedron

Solution. The value 0 is always a simple eigenvalue of £. Let A > 0 be any other eigenvalue and
[ be its eigenfunction, so that Lf = Af. Let V1,..,Vp, be an m-partition of V' = Kp_n, ... n. For
—_——

m

any x € Vi, we have

(=N (@)= Py fly)= deg Zf (22)

y¢ Vi

Since deg (z) = (m — 1) n = const on V4, it follows that the right hand side is a constant function
with respect to x € V. It follows that either A =1 or f (z) = const on Vj. Consider first the case
A = 1. Then the above equation is equivalent to

Y fly=

yEVi,
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25.

Since this has to be true for any k = 1, ..., m, we obtain m equations that define all eigenfunctions
of the eigenvalue A = 1. Hence, the multiplicity of A =1 is

[V|—m=(n—-1)m.

Let now A # 1 so that function f must be a constant on each Vi; let f = ¢ on Vj. Consider now
the sets V1, ..., Vi, as vertices in a new graph V. Then function f gives rise to a function ' on V as
follows: F' (Vi) = c. Rewrite (22) as follows:

(1—A>F(Vk>=ﬁ%F(Vj)n:m—{D%F(vj»

It follows that F' is the eigenfunction of the Laplace operator on V considered as a complete graph
with simple weight. The complete graph K, has the eigenvalues 0 and "5 the latter being with
multiplicity m — 1. Hence, we obtain that A = ™5 is also an eigenvalue for V' with the same
multiplicity. So, the answer is: A = 0 is simple, A\ = 1 has multiplicity (n —1)m, A = ™3 has

multiplicity m — 1.

Note that the octahedron on Fig. 6 is isomorphic to the graph K> 2 o with the 3-partition {1, 3},{2,4},{0,5} .

Hence, the eigenvalues of £ on the octahedron are 0 (simple), 1 (triple) and 3 (double).

Alternatively, one could try to compute these eigenvalues by a brute force. Indeed, enumerating
the vertices of the octahedron as on Fig. 6, we obtain that £ is given by a 6 x 6 matrix

1 1 1 1
_1l 14 _i 04 _i _Ol
_i 1 14 1 04 _le
_i 04 _1 14 _1 _le
_i 1 ()4 1 14 _Z_ll
()4 _il 1 _il 1 14
4 4 4 4

The eigenvalues of this matrix can be computed using an appropriate software, which gives, of
course, the same result as above.

(The Dirichlet principle) Let Q be a finite set of vertices on a connected weighted graph (V, u) such
that Q€ is non-empty. Consider the Dirichlet problem

{ Ayu(z) =0 forall z e, (23)

u(z) =g (x) forall z € Q°,
where ¢ is a given function on €.

(a) Prove that a solution u of the Dirichlet problem (23) has the smallest value of the Dirichlet

integral
1 2
D (U) = 5 Z (vau) wa?
m,yeﬁ
among all other functions u that satisfy the same boundary condition u = ¢ in Q°. Here Q is

the union of 2 with all its neighbors.

(b) Prove that if © minimizes the Dirichlet integral among all functions with the boundary condi-
tion u = ¢ in Q¢ then w is solves (23).

(¢) Prove that there exists a function u that minimizes the Dirichlet integral among all functions
with the boundary condition v = g in 2°. Remark: This provides an alternative proof of the
existence of solution of (23).
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Solution. (a) It suffices to prove that
D(u+wv) =D (u)

for any v that vanishes in (2°. Note that

D(U+U) = _Z Ty U—|—U /j’xy
z,yeQ
= 5 Z $yu Macy+ Z «Tyu JJyU :uacy+ Z nyv Mwy
x,yeN z,yeQ z,y€Q
whence

D(utv) D) > 3 (Vayu) (Vayo) fy-
x,yeﬁ

By the Green formula, we have

Z (Vayt) (Vayv) pgy, = —2 Z Ay (z )+2 Z Z Vayw) v () figy-

z,y€Q T€Q zeQyeQ’

If £ € Q then Ayu(x) =0. If z ¢ Q then v (x) = 0 so that Ay u(z)v (x) = 0. In the last sum, one
can restrict summation to neighboring x and y. Since y is outside (), every x ~ y must be outside
), whence v () = 0. Hence, the both sums on the right hand side vanishes, and we obtain

D (u+wv)—D(u) >0.
(b) By the above argument, we have always
D(u+v)—D(u) = —2ZAuu (x)v )+ = Z Vayv) ,uwy.
zeQ z,yeQ
Replacing v by tv
2
D (u+tv)— D (u) = -2t Z Ayu(z)v () p(x) + bl Z (Vayv)? My
z€Q z,yeQ
If Aju(xo) > 0 at some point zg € 2, then consider a function v = 1y, so that
S Ay () (@) 1 () = Ay (a0) v () 20) > 0.
z€Q
Taking t to be small enough and positive, we obtain that
D(u+tv)—D(u) <0

which contradicts the minimality of D (u). In the same way, if A, u(z9) <0 then use v = 1y, .
Hence, Aju (z) = 0 for all z € Q.

(¢) The set of functions u on {2 forms a finite dimensional vector space Fg over R, and D (u) can
be considered as a continuous function on Fg. Set

Dmin:inf{D(u):uefﬁ, u:gonﬁﬁ},
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where 00 = Q\ ©, and let {u,} be a sequence of functions from Fg such that D (u,) — Din
as n — oo. Let us show that the sequence {u,} is bounded!. If this is known already, then by
Bolzano-Weierstrass theorem {u,} has a convergent subsequence, say u,, — uw as k — co. Then
D (up, ) — D (u) whence it follows that D () = Dpin and u is a minimizer.

We are left to show that the sequence {uy,} is bounded, that is, the sequence of the norms {|u,|}
is bounded. We can choose any norm ||-|| here. Consider the following norm in Fg:

lull = v/ D (u) + max fu (y)]

Indeed, maxy,ecpq |u (y)| and /D (u) are seminorms, so that their sum is also a seminorm. If [ju|| =0
then u (y) = 0 for all y € 99Q¢, and D (u) = 0. Any vertex x € Q can be connected to some vertex
y € 090 by a path, say, {zy}_,, that is contained in . For this path we have

N-1

D(u) 2 Y (u(@pn) = w(@r)® oy,
k=0

which implies that u (xg+1) = u (z) for all k, whence u (z) = u (y) = 0 for all z € Q., that is, u =0
as an element of Fg. This proves that |-|| is indeed a norm.

Finally, since the sequence {D (uy)} is bounded and maxyq |u,| = maxapq |g| is independent of n
and, hence, also is bounded, we obtain that the sequence {||u,|} is bounded.

26. Let (V,u) be a finite connected weighted graph without loops, and let A\g = 0 < A\ < ... < Ay
be the eigenvalues of the Laplace operator £ on (V,u). Assume that, for some positive integer k,
there are k + 1 functions fi, fa,..fx+1 on V such that:

(i) their supports A; = {z € V : f; (x) # 0} are disjoint and not connected, that is, if x € A; and
y € Aj with i # j then x # y and = £ y.

(73) R(fi) < a for some real a and for all i = 1,2, ...,k + 1.

Prove that A\, < a.

Solution. Let F be the space of all real-valued functions on V. Denote by F' the subspace F
that consist of all linear combinations of functions fi,..., fx+1. Observe first that (i) + (i) imply
that R(f) < a also for any f € F, which follows from f;f; = 0 and (Lf;) f; = 0 for all i # j.
Consider the subspace E of F spanned by all eigenfunctions of the eigenvalues A\; with ¢ > k. Then
dimFE =N — k and dim F = k + 1 so that £ and F must intersect on a non-zero vector f. Since
f € F, we have R (f) < a. However, if we assume that A\; > a, then f € E implies R (f) > a. This
contradiction shows that A\p < a.

27. Let D be the diameter of the graph (V, i), that is,

D= d .
max (z,y)

Prove that, for any k& < [D/2], we have A\ < 1.

Hint: Use Exercise 26.

Solution. Choose x,y € V so that d (z,y) = D and let {$k}kD:0 be a path of length D that connects
x and y. Note that if |k —m| > 1 then zy # z,, and xy ¢ x,, because otherwise by skipping some

vertices we could obtain a shorter path between z,y. Hence, choosing the vertices xq,z2, x4 etc
on the above path, we obtain a sequence of [%] + 1 distinct vertices that are not connected each

Tn any finite dimensional space (in particular, in Fg) all norms are equivalent. Hence, when speaking about boundedness
or convergence of sequences in Fq, one can use any norm.
b
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28.

29.

to other by an edge. Denoting the chosen vertices by z;, i = 0,1, ..., [%], consider the functions
fi = 14,3 so that we have [%] + 1 functions f; with R(f;) < 1. Obviously, the supports of the
functions f;, being {z;}, are disjoint and not connected. Using Exercise 26, we conclude that A\ <1
whenever k < [2].

Evaluate the eigenvalues and eigenfunctions of the Markov operator on a path graph (V,E) with
simple weight, that is, V' = {0,1,..., N — 1} and the edges are defined by

O~1~..~N-—1.

Solution. This graph is always bipartite so that —1 and 1 are simple eigenvalues. Let o € (—1,1)
be an eigenvalue with an eigenfunction f. Then f satisfies the equation Pf = a.f, where

V(=14 f(k+1) 1<k<N-2
Pf(ky =1 7)), k=0
fN-2), k=N-1

Hence, the equation Pf = af becomes:

flk+1)—2af(k)+f(k—1) = 0 fork=1,..,N—2 (24)
f@) = af(0) (25)
fIN=-2) = aof(N-1) (26)

The difference equation (24) has in Z solutions f (k) = Cjcoskf + Cysinkf where 0 € (0,7) is
determined by cos @ = a. Choose C; and C5 to satisfy (25) and (26):

Cicosf + Cysinf = aCy
Circos (N —2)0+ Caysin(N —2)8 = «a(Cicos(N —1)0+ Casin(N —1)0)

Since cosf = a and sin 6 # 0, the first equation gives Cy = 0. Hence, the second equation becomes
cos (N —2)0 =cosfcos (N —1)6.
Since cos (N —2) 6 = cosfcos (N — 1) 0 +sinfsin (N — 1) 6, we obtain the equivalent equation
sin(N—-1)0=0
whence 6 = N”—ll with [ = 1,2, ..., N — 2. Therefore, we obtain N — 2 eigenvalues

7l
N -1

Qp = cos (27)
where [ =1,...,N — 2. The previously known eigenvalues +1 can also be written in this form for
Il =0and ! = N—1, respectively, Hence, (27) gives a full set of N eigenvalues where [ = 0,1, ..., N—1,
all the eigenvalues being simple.

Let (V, ) be a finite connected weighted graph with N > 1 vertices. Let P be the Markov operator
on (V,pu), {vk}kN;Ol be an orthonormal basis of eigenfunctions of P with eigenvalues aj, where
l=ag>a1 >as>..>ay_1. Fixa point zog € V and set f = 120

(a) Assume that there is a constant ¢ such that |vg ()] < cforall z € V and k = 1,..., N — 1.
Prove that

n
< Pulwo) Y Jog|"
k=1

for all x € V' and positive integers n.



(b) Prove that if (V, u) is a cycle graph Cy = Zy with an odd N and with a simple weight p then

1 4 1

’ N Ne%—l

for all x € V and positive integers n. Conclude that the mixing time 7" admits the estimate
T ~ N2

7Z2

Hint: Use the explicit eigenvalues and eigenfunctions of Zy and the inequality 0 < cosz < e 2
for z € (0,7/2).

Solution. (a) We have the identity

P'f(x) - f= Z o agvk (@

where f = ’:L((J{/?)) and ay, = (f,vg) = vg (zo) 1 (xo). Since |vg| < c and, hence, |ax| = |vi (xo) i (z0)]| <

cp (zp), we obtain

N-1
1P f () = | < Pplxo) > Jowl”
k=1
(b) For a cycle graph Cn with odd N, we have have o; = cos 2;? where [ = 1,. %, and each

eigenvalue is double. Moreover, the eigenfunctions are ¢; cos 2]’\71" and ¢] sin 2]7\?33 Where the constant

¢, ¢ are determined by

-1 -1

27l , - 27l
€ = ||cos and ¢; = ||sin N7
We have
o2l 1 N‘1CO82 orl 1 NZ‘:IS. , 2l
—z = — —r=— in“ —=x

N N N N N
1 =/, om g2 2 1
= — cos* —x +sin” —zx | = =
2N pord N N 2

whence ¢; = V2 = ¢. It follows that all the eigenfunctions are bounded by the constant V2. Using
part (a), we obtain

— 22 4 2ml
Prf) -7 < (vV2) & > ol =5 3 cos - (28)
We claim that the right hand side here is equal to
N-1
4 k
N 2 cos” % (29)

(note that 75\5" € (0,7/2) and cos’Zr\'f > 0). Indeed, if in (28) 2 € [1,%] then set k = 2[. If

2l € [N“ N — ] then set k=N — 2l € [1, %] . In the first case, k runs over all even numbers
in the range [1, %], and in the second case k runs over all odd numbers in the same range. In
2ml

the both cases, we have cos 2& = + cos 2%, whence (29) follows.

24



Use the following inequalities: if z € (0,7/2) then
0<cosz < e 2,

It follows that if # € (0,1/2) then

7T2
0 <cosmf < 6_792 < 6_492.
Therefore,
N1
_ 4 S~ ar?
P =T £ Y e
k=1
4 S _am
< SYe
k=1
_4n
4 evr 4 1
- Ny 6_%_N6%—1
Finally, f = N, whence
1 4 1
Pif@)- |~ —-
N Ne% -1

If n > N2 then the right hand side < %@1_—1 < 1(+N so that the error of approximation P"f (z) ~
becomes significantly smaller than %, so that indeed the mixing time is of the order N2.

L
N

30. Let (V, i) be a finite connected weighted graph with N > 1 vertices. Let P be the Markov operator
n (V,p), {vk}kN:_Ol be an orthonormal basis of eigenfunctions of P with eigenvalues «j, where
l=ayg>a1 >as>..>ay_1. Fixa point zog € V and set f = 120}

(a) Prove that for any positive integer n,

N—
n xo n
‘P f-£ ) kz af"vf (z0) 1 (20) (30)

(b) Assume in addition that (V) u) is vertex transitive, that is, for any two vertices x,y € V, there
is an graph isomorphism ¢ : V' — V, that is, a bijection that preserves weight pu, such that
¢ () = ¢ (y). Prove that

Solution. (a) We use the identity

| =TI = 3" ot
k=1

where a;, = (f,vg) and f =

ar = Z f (@) v () o () = g (w0) 1 (0)

zeV
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which implies (30).
(b) We have
Y z z

Since for all z,y there is an isomorphism ¢ such that ¢ (z) = y, we obtain that u () = const and,

in particular, 5 ((é)) = + for all . Next, we have

Plo(@),0(y) = muwwy) = Lo~ Py,

It follows that

(PH(p(x) = Y Ple@),y) f)=Y_Pp(),0(2) f((2)
Y z
= Y P(x,2) fop(2)=P(foyp)(x),

that is, (Pf) o ¢ = P (f o). By induction, the same is true for P". Consider the function

e = X (Pre-5)

zeV
_ 1 nr(e _M(xo) g z
- u(m)x;(”” L) e
— 1 n _,U,(.%'()> 2

1 (zo) n(V)

N-1
— 3 a3 (o) i (w0)

k=1

where we have used (30). We have

R = X (P -8

eV

- Y (rusaw-x)

zeV
= Fp(p(0)).

Since there is ¢ that maps ¢ to any other point, it follows that F;, = const. Therefore,

Fn(xO) = 37 Z Fn(xO)
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31.

32.

Let (V, E) be a finite connected k-regular graph. Let a,b € V be two distinct vertices of V' such
that  ~ a implies x ~ b. Prove that the following function on V/

1, z=a
flx)y=<2 =1, =50
0, otherwise

is an eigenfunction of the Laplace operator £ on (V, E) (with a simple weight). What is its eigen-
value?

Solution. We have

LF@)=f@) -2 3 F ).

Yy~

Assume first  # a and = # b so that f(z) = 0. If among vertices y ~ z there is a then there is
also b so that

> fly)=o0. (31)

Yy~

If among y ~ x there is neither a nor b then (31) holds again. Hence, in the both cases Lf (x) = 0.
Consider next two cases:

Case 1. a ~ b. If z = a then among y ~ a there is y = b whence

d fly)=-1

Y~

and Lf (a) =1+ } = 5L Similarly, if 2 = b then £f (b) = —EL. Hence, we obtain

kE+1
i@ =" @)
for all x € V.
Case 2. a ¢¢ b. Then we obtain that £f (a) =1 and Lf (b) = —1 so that Lf = f.

Hence, in the both case, f is an eigenfunction, and the eigenvalue is either % or 1.

Let (V,u) be a finite connected weighted graph and i be a weight preserving involution of (V, u),
that is, a non-identical mapping i : V' — V such that i*> = id and Hi(z)i(y) = Hay for all z,y € V.

(a) Prove that there exists a non-constant eigenfunction f (x) of the Laplace operator £ on (V, u)
such that foi= —f.

(b) Prove that if there exist vertices 1,2 € V such that the four vertices x1,z2,i (1), (z2) are
all distinct then there exists a non-constant eigenfunction f (z) of the Laplace operator £ on
(V, ) such that foi= f.
Solution. It follows from the hypotheses that

Y z z

whence

Therefore,

P(foi)(z) = Y Plxy)(foi)(y)=) Py f(iy) =) Pxi()f(2)



33.

= Y Pli(x),2) f(z) = (Pf) (i (2)).

(a) Let J be a subspace of F that consists of all functions f with the property foi = —f. Since i
is not identical, the space J is non-trivial. Indeed, if i (xg) # xo for some z¢p € V' then define

1,z =29
flx)=4q —1z=i(x)

0, otherwise

so that f € J. For any f € J we have
Pf(i(z))=P(foi)(z)=-Pf(z),

that is, (Pf)oi = —Pf and Pf € J. Hence, J is an invariant space of P and, hence, P has an
eigenfunction in J, and it will be also an eigenfunction of £. This eigenfunction is non-constant
because 1 ¢ J.

(b) Let K be a subspace of F that consists of functions f with the properties foi = f and fL11
(that is, (f,1) = 0). As above, we have, for any f € K,

Pf(i(x)) =P (foi)(zx) =Pf(z),
and
(Pf,)y=(f—-Lf,1)=(f,1)—(Lf,1)=0.
Hence, Pf € K and K is an invariant space for P. The space K contains a non-zero function,

because the function

1 . .
=11 orz=1i(xy)

f(x)= — @) if v =29 or x =i (x9)
0, otherwise

belongs to K. Hence, K contains an eigenfunction of P, which is also an eigenfunction of L.

Evaluate the eigenvalues of the Laplace operator of the graph on Fig. 7 with a simple weight.

—
V%

2

Figure 7: A 4-regular graph with 7 vertices

Hint: Use Exercises 31 and 32 to build various eigenfunctions of the Laplace operator.

Solution. Note that the graph in question is regular with degree k¥ = 4. A function fy = 1 is
always an eigenfunction with eigenvalue 0. A pair 0, 3 satisfies the condition of Exercise 31 so that
we obtain eigenfunction f; defined by

1,z=0
file)=¢ =1,z =3
0, otherwise,
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34.

and similarly we obtain an eigenfunction fo from the pair 0,6. Both f; and fo have eigenvalues 1
because 0 £ 3 and 0 £ 6.
5

Also, pairs 1,2 and 4, 5 give in the same way eigenfunctions f3, f4 with eigenvalues % = 7 because
1~2and4~5.

To use Exercise 32, define involution i : V' — V as permutation (15) (24) (that is, ¢ swaps 1 with
5 and 2 with 4, leaving the points 0, 3,6 fixed). Then £ has an eigenfunction f with the property
foi = —f, which means that f (0) = f(3) = f(6) =0,a:=f(1)=—f(5)and B := f(2) = —f (4).

We only have to determine, for which values o and g this function is an eigenfunction. We have
Lr@) =
Lf(2) =

0= LU O+ 7@+ FE)+F(O)=a- 35
GO+ 7B +1(6) =0 o

then similar identities holds for = 4 and 5, while for x = 0, 3,6 we have Lf (z) =0 = f(z). To
have Lf (z) = Af (z) for all z, it suffices to have it for z = 1 and x = 2, which amounts to

1

a—zlﬁ = A
1
5—101 = A8

that is, (1 — A) = 28 and (1 — ) B = %a, which yields (1 — 2?2 = 4% and, hence, (1 —\) = £1.
In the case 1 — A = —%L we obtain A = % that is the same eigenvalue as in the previous argument.
In the case 1 — A = %, we obtain a new eigenvalue A = % with eigenfunction f5 that is defined as

above with a = 8 = 1.

and 2. we obtain the last seventh

Finally, having found six eigenvalues 0, 1 (double), 2 (double) 1

eigenvalue A\ from the condition that trace £ = 7, that is,
7
A=7—(0+1-2+5/4-2+3/4) =71

Obviously, this eigenvalue has to be simple. Note that the eigenfunction fg of A = % has to satisfy
fe 01 = fg but we do not need to compute fg.

Alternatively, one can find all the eigenvalues of £ by a brute force computation of the roots of the
characteristic polynomial of £ (that is a 7-th order polynomial) using software packages like Maple.
The matrix of the Laplace operator is

11 _711 _% O1 _% _%1 01

B SR BN

4 411L 1 4 1 1 4

01 K 11 _1;1 1 01

B SRR ST N

04 1 _1 04 _i _1 14
4 4 4 4

whence one obtains the same eigenvalues as above.

Evaluate the eigenvalues of the Laplace operator on the Petersen graph from Exercise 13.
Solution. Let us enumerate the vertices of the Petersen graph as on Fig. 8.

To use Exercise 32, define involution i : V' — V as permutation

i = (13)(04) (68) (59) ,
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Figure 8: The Petersen graph

thus living the points 2 and 7 fixed. By Exercise 32, there exists an eigenfunction f such that
foi=—f. It follows that

f2)=r1()=

a:=f(1)=-f03)

B:=10)=~-f4) (32)
vi=1(6)=—-f(8)

§:=f(5)=-1(09),

where a, 3,7, are to be determined. The equation Lf (z) = \f () at x = 1,0,6,5 yields

Aa = Af(l)=Ef(1)=f(1)—1(f(O)+f(2)+f(6))=04—E(B+’Y)

3 3
A3 = AFO0)=LF(0)=F(0) = 5 (F () +F () + () =5~ (a— 5 +9)
M= MO =L )= F6) 5 (F D+ B+ @) =75 @70
A0 = Af(5)=£f(5)=f(5)—%(f(O)+f(7)+f(8))=<5—%(B—w)-
Hence, we obtain
9—1)a+4§ﬁ+§17:0
sa+(A=3)B+30=0
%a+(1A—§)y—§5:0 (33)
gﬁ—§7+(/\—1)(5=0
Since the determinant of this linear system is
A-1 3 3 0
i a-4 0 i 4 4.5 23, 140, 100
R T A A R TR Y
0 3 -3 A-1

1 2 2
= —(3)\—2) (3)\—5) ,

wlot

we obtain the double eigenvalues A\ = % and A =

Considering another involution

J = (03)(58) (67) (12)

with fixed points 4 and 9, we obtain the same eigenvalues, but with different eigenfunctions. Indeed,
if an eigenfunction f of one of the eigenvalues A satisfies both foi=—f and foj = —f then

foioj=F.
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35.

On the other hand, i o j acts as follows: ¢0j:1+— 2 —3 — 4 — 0 — 1, which implies that

fFO)=f)=f2)=fB)=r4).

Comparing with (32), we conclude that « = § = 0, and substituting into (33) yields also v =
6 = 0. Hence, the involutions i and j give different eigenfunctions, which implies that each of the
2 and g has already 4 independent eigenfunctions. Since A = 0 is also an eigenvalue,

eigenvalues £
0t eigenvalue can be found

we have obtained thus 9 independent eigenfunctions. The remaining 1
from trace £ = 10, which yields the value

2 5 2
10— (0+24+2.4) =2,
<+3 T3 ) 3

Hence, the eigenvalues of the Petersen graphs are 0 (simple), §

4).

The same result can be obtain by computing directly the eigenvalues of the matrix of £ which is

(multiplicity 5) and 2 (multiplicity

1 1 1
1 -+ 0 0 -2 -2 0 0 0 O
-1 -4 0 0 0 -+ 0 0 O
o -+ 1 -+ 0 0 0 -1 0 0
o 0 -+ 1 - 0 0 0 -1 0
—% o 0 -1 1 0 0 0 0 -3
-2 0 0 0 o0 1 o0 -% —% 0
0o -+ 0 0 0 0 1 0 -% —%
0 0 -3 0 0 —% 0 1 0 -3
o 0 0 —-% 0 -% —% 0 1 0
o 0 0 0 -1 0 -3 -3 0 1

Let (V,p) be a finite connected weighted graph. Prove that if the diameter of the graph is D > 1
then there exist at least D + 1 distinct eigenvalues of the Laplace operator.

Solution. It suffices to prove the same for the eigenvalues of the Markov operator P. Let f be a
non-negative function on V. Set A=supp f ={x €V : f(x) # 0} and B = supp Pf.

Claim. The set B\ A consists exactly of those points € V'\ A that are connected to A.

Indeed, if z is not connected to A then

Pf(x)=)Y Py f)= >, Py fy=0

y~z yE Ay~

while if z is connected to A then

Pf(x)=>Y Py fy)= Y, Plzy f(y)>0

Yy~ yEAy~x

Let o, yo be two points such that d (zo,y0) = D. Start with function f = 1,y and consider the
sequence f = PFf. Also, set

By ={z eV :d(z,z9) <k} and Sp={zeV:d(x,x9)=k}.
Let us prove by induction in k that

Sy C supp P*f C By. (34)
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36.

Indeed, the inductive basis for k = 0 is trivial as So = By = {xo}. If (34) holds for some k < D
then supp PFH1 P By11 because V'\ By is not connected to By. If x € Sk then z is connected
to Sy and is outside By. Hence,  belongs to V' \ supp P*f and z is connected to supp P* f, which
implies by the above Claim that x € supp P*T!f.

For any k£ < D, the set Sy is non-empty. This implies that the functions
f? Pf? A PDf

are linearly independent. Indeed, if for some constants cg

D

> aPFf=0

k=0

then choose maximal j with ¢; # 0. Then supp PJ f contains S; while supp PEf ¢ Bj_; for all
k < j. This means that, for any « € S,

D
Z e PR f (x) = ¢;PIf (z) # 0.
k=0

Finally, let us show that P has only simple eigenvalues. Let P have distinct eigenvalues say
AL, ..o, Am. Consider the polynomial

FOA) =M =A) (A= Am)

of degree m. Then F' (P) = 0 (which is obvious in the eigenfunction basis) which means that the
operators id, P, P?, ..., P™ are linearly dependent. However, we have shown above that this is not
the case if m < D. Therefore, m > D + 1, which was to be proved.

Let (V, u) be a finite connected weighted graph. Prove that, for any subset Q C V,

1 (92) p (92°)
p(Vy)y

where A; is the smallest positive eigenvalue of the Laplace operator on (V, u).

1% (69) >\

Solution. If © or Q¢ is empty then the inequality is trivial. Otherwise, rewrite it in the form
Q
< O]
o (€2) p (92°)
Hence, it suffices to construct a non-zero function f_L1 such that
o) u(V
R () < MONRV)
o (€2) p (29)

Consider the following function
1, x €

ro={", roo

where a is chosen so that f11, that is, u (Q) = ap (2¢) whence

We have
()= F@?ple)=pnQ)+du(Q) =(1+a)u(Q)

zeV
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37.

and

(LF.) = 530 @)~ F ) g
T,y

= ) (@S W) pay

e, yee

= (1+a)° Y iy

T€Q,yeNe
— (140 u(99).
Hence,

(1+a)* 1 (99)

which was to be proved.

Let (V,u) be a finite connected weighted graph with N > 1 vertices. Fix a positive integer r and
define the expansion factor F, of the graph by

WA X) (V)
B 3 o xe

where X, = {z € V :d(x,X) <r}. Prove that

AN-1— A1 > 2

F.>1-
- <)\N1+)\1

where \; and Ay_; are the eigenvalues of the Laplace operator on (V, u).

Solution. Assume without loss of generality that p (V) = 1 and set @ = pu(X) and b = p(X,).

Then we have
by — 1 ¢
1+ a+(1-a)s*

where § = H It follows that
a—aQ—(a—aQ)(SQT
X1\ X)=b—a>
l"L( 1\ ) a’— a+(1_a)52r
whence
pXAX)u(V) 1 a-da?—(a—a% ¥
w (X)) p(Xe) ~ a(l—a) a+(1—a)é*

— 1_52r

 a+(1—a)é*

Z 1_527”’

which proves the claim.
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38. Let (V, E) be a simple connected graph of diameter D > 2, and let u be a simple weight on (V| E).
Set

k= d .
max deg (z)

(a) Fix xg € V and define for any non-negative integer r a set F, of edges as follows:
E.={ay e E: d(x,x9)=r, d(y,zo) =r+1}.

Prove that
[Brl < (k= 1) |E,|
for all non-negative integers r < R.

(b) Fix a positive integer R and consider the following function on V:

1, T =Ty
flx)=14 e =D ifr:=d(z,x0) € [1,R]
0, ifr >R,

where a = 3 1n (k — 1) . Prove that

R(f)S1E(11> !

k R) kR

(c) Let {)\m}ﬁ;é be an increasing sequence of the eigenvalues of the Laplace operator £ on (V, i)
counted with multiplicities, where N = |V|. Prove that if 4m < D then

)\mSI—Q—VIZ_l<1 1> 1

where

Remark: If R is large then the main part of this estimate is given by the term 1 — 2—”2_1. There
are k-regular graphs with arbitrarily large diameters and with

VE=T1
—.

Ap>1-2

Such graphs are called Ramanujan graphs.

Solution. (a) Introduce the following notation, for any r =0, 1, ...:
Sy ={x e X :d(xg,x) =r}.

Then we have
E.={aycE:xe€ S andy € Sr41}.

Note that |S,4+1| < |E,| and each vertex x € S, gives < k — 1 edges to S,42. Hence,
’Er-i-l’ < (k - 1) ‘Sr+1| < (k - 1) ’ET’ .

Then by induction we obtain
|Er| < (k=1 B,

for all r < R. Note that the connectedness of (V, E) and D > 2 imply that k > 2.
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(b) Observe that

1, T €8y
f(x)y=1¢ e =D z¢cS8, withr € [l,R]
0, r € S, with r > R.

Also, we have, for any r > 1,

p(Sr) = deg(e) 2 | B + | B
.TEST

because }_ .5 deg(z) is the number of all edges coming out of S, and this set of edges contains
FE,_1 and E,. It follows

L) = Y f@n(

zeV

R
= Y > f@’u
r=0z€S,
R
— o)+ Y e 0D (s,)

r=1

R

> S e (B | +|E))
r=1
& k

> Zefza(rfl)mmA

r=1
where in the last line we have used that |E,_1| > k—il |Ey|.

To estimate (Lf, f) = %way (f (z) — f (y))? observe first that if 2 ~ y and = € S, then y belongs
to one of the sets S,_1,S,,S,41. If y € S, then f(x) — f(y) = 0 so that such edges (z,y) can
be excluded from the summation. If y € S,_; then swap the notation z and y and rename r — 1
to r. Hence, we can restrict summation to x € S, and y € S,1. If r = 0 or r > R then again
f(z) — f(y) = 0 so that the range of r can be restricted to [1, R]. Hence, we have

WE

(Lf.f) = > (f@-f)

€Sy, YESr 41,2~y

\3
Il

1
1

=

2
_ (e—a(r—l) - e—ar) ‘Er’ + €—2a(R—1) ’ER’

ﬁ
I
—

I
WE

(efa(rfl) B efar)Q B, + [eQa(Rl) B (efa(R—l) _ eaR>2:| \En|.

%
I
-

Noticing that
(e—a(r—l) N e—ar>2 _ (1 B 6-@)2 e—2a('r—1)

and

26711(25{71) - eanR

o—2a(R-1) _ (efa(Rfl) _ 67(11%)2

—_ [26_a _ e—2a] e—2a(R—1)
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we obtain

R
(ﬁf, f) _ Z (1 _ e—a)2 e—ZCL(T—l) ‘Er‘ 4 [2€_a _ e—Qa] e—QG(R—l) |ER| . (35)
r=1

Comparing with the above lower bound of (f, f) we obtain

& 2 _9q(r—1 2k—1
Do (=) e IIE < (1= ™) = (£.1).

r=1

To estimate the second term in (35) we use part (a) and the identity 2a = In (k — 1) which yields

672a(R71) ‘ER‘ ‘ER‘
eV NER] _ gy [Brl
e=20(r=1) |E,| ( ) |Ey| —
Hence,
1 & 1k—1
—2a(R-1) Enl < = —2a(r—1) E.l < -t .

Combining the above estimates, we obtain

(£f7f)§(1— —a)Qk—l [Qe—a_e—ZG]lk_l

RO =55 ot Bk

1 2k -1 2 1 1k—1
E—1 k k-1 k—1)R k

< 1 2 >k—1 12vVE—-1-1

1 ki) kR k
_ 1_2¢F?T+ggv??3—1
k R k
2¢E?T<l 1> 1
k R kR’

1

(¢) Fix xg,yo such that d (xg,yo) = D, and let {Zi}igo be a shortest path connecting xg and yg. To
obtain an upper bound for \,,, we need to construct m + 1 functions fy, ..., f, with disjoint, not
connected supports with controlled R (f;). Let R = [%] — 1. Then choose a sequence {z;};~ of
vertices as follows:

Li = Z(2R+2)i-

Since (2R +2)m < D, we can indeed choose such a sequence. Construct f; as above using z;
instead of xg. Then supp f; is located in R-neighborhood of z;, and since d (z;, z;1+1) = 2R + 2, we
see that supp f; and supp f;11 are disjoint and not connected. By part (b), we have

(1)

- k
for all ¢t = 0,1,...,m — 1 whence the required estimate for A, follows.
Fix a positive integer N and consider the following subset Q of Z?:

Q={(,0):5=12..,N}.

Evaluate all the eigenvalues and eigenfunctions of the Dirichlet Laplace operator Lgq.
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Solution. It will be more convenient to evaluate the eigenvalues and eigenfunctions of Po = id —Lq.
Let f be a function on © that is extended to Z? by setting f = 0 outside €. Since deg (x) = 4 for
any x € Z?, we have

1
PR =7 (F(h=1)+ (k4 1),
for any integer k €  (for simplicity, we denote the elements of Q2 by k rather than (k,0)). Since
Paof = Pf on Q, the equation Pof = af for the eigenfunctions of Py becomes

i(f(k—l)Jrf(kJrl)):af(k), k=1...N, (36)

with additional condition that f (k) =0if £ <0or k > N + 1. Let us solve first (36) for all k € Z
and then select solutions that satisfy the conditions

fO)=f(N+1)=0. (37)

Those f will be eigenfunctions of Pg.

Search solutions to (36) in the form f (k) = r* where r is to be found. Substituting into (36), we
obtain the equation for r:
r? —dar+1=0.

So solve this quadratic equation, we first assume that || < 1/2 so that the roots are imaginary:

r=2a+iv1—4a2

(as we will see, already imaginary roots give us all eigenfunctions so that we do not need to consider
the case |a| > 1/2). Since |r| = 1, we can represent r in the form r = e where 0 is determined

by two conditions
cosf =2a and sinf =+/1—4a2. (38)

Assuming in addition 6 € (0,7) we see that (38) define a bijection between the values of 6 € (0, )
and a € (—1/2,1/2). Hence, we obtain two complex solutions of (36) in Z:

fi(k) = €% =coskf +isinke
2 (k) = e % — cos kO — isin k6
fa(

which yields the following family of real solutions:
f (k) =C1cosk® + Cysin kb

where Cy and Cy are arbitrary real constants. This solution satisfies (37) provided C; = 0 and
sin (N 4+ 1) 8 = 0. The latter is equivalent to

(N+1)0=mnl forleZ,

that is,
wl
0= .
N—+1

The restriction 6 € (0, 7) is equivalent to 1 <1 < N. Hence, we obtain N values for 6:

wl

0, = l=1,...,.N
l N + 17 PREES)

and N corresponding solutions



40.

41.

which are the eigenfunctions of P with the eigenvalues

o = 3 cos 0.

Since dim Fg = N and we have found N independent eigenfunctions of Pq, there is no other
eigenfunction. The eigenfunctions of Lq are also fj, the eigenvalues of L are

7l
N+1°

1
)\lzl—ozlzl—gcos

Let (V, E) be a connected locally finite infinite graph without loops. A finite or infinite sequence
{z)} of vertices on V is called a geodesic if d (x, z,) = |k — n| for all indices k, n. Prove that there
is an infinite geodesic starting at any given vertex =z € V.

Solution. Observe that every two distinct points x,y € V' can be connected be a shortest path of
length d (x,y), and this path is necessarily a geodesic. Since the graph is infinite and connected,
there are hence the geodesics coming out of x of arbitrarily large length. Consider the family G,
of all geodesic coming out of z. We need to prove the existence of an infinite geodesic in G,.
Assume that G, contains only finite geodesics. Since the length of them is unbounded, the number
of geodesics in GG is infinite. It follows that there is an edge xzx; that belongs to an infinite number
of geodesics from G; denote this family of geodesics by G.z,. Then there is an edge z1x2 that
belong to infinite number of geodesics from Gz, , denote this family Gz, 4,, etc. In the end, we
construct an infinite path x,x1, zo, ... so that for any index n, we have £ ~ x1 ~ ... ~ x, and the
family of geodesics Gz, .2, that starts from the path x ~ z1 ~ ... ~ z,, is infinite. Of course,
the path z ~ 1 ~ ... ~ x, itself is a geodesic. It follows that the infinite sequence {x} is also a
geodesic, which finishes the proof.

In all the remaining questions, (V, ) is an infinite, locally finite, connected weighted graph, P is
the corresponding Markov kernel, p, (x,y) is the heat kernel, and Q is a finite non-empty subset of
V.

Prove that if

(f?f)

for some non-zero function f € Fq then f is an eigenfunction of Lg with the eigenvalue A; (£2).

Solution. Let {gok};cvzl be an orthonormal basis in Fq that consists of the eigenfunctions of Lg.
Let the eigenvalue of ¢, be Ay = A\ (2). Any function f € Fq can be expanded in the basis {¢}}
as f =), arpy, with some coefficients ay. Then Lof = )", axArp;, and

(Laf.f) _ Xpnai
(fa f) Zk az ‘

Since (ﬂ(?]})f ) — A, it follows that

Z )\ka% = )\ Z a,2€,
k

k

N
> (—M)a; = 0.

k=1

It follows that if Ay > A1 then ap = 0. Hence, f is a linear combination of some eigenfunctions ¢
all of them having the eigenvalue A;. Hence, f is also an eigenfunction with the eigenvalue ;.
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42. Let the weight p be simple and (V, E') be m-regular. Let € be a finite non-empty subset of V' such
that every vertex of 2 has at most k neighbors in 2 where 2 < k < m (for example, if 2 is a path
or a cycle then k = 2). Prove that

Solution. Let U be any non-empty subset of ). Any vertex x € U has at most two neighbors in U.
Hence, it has at least m —k > 0 neighbors outside U. Hence, the total number of edges that has one
end in U and the other end outside U is at least (m — k) [U|. It follows that p (0U) > (m — k) |U] .
Since p (U) = m|U|, we obtain that

,LL((?U)>m—l<:
p@ = m’

whence h (Q) > mT_k By the Cheeger inequality, A\ () > %h2 = (m_—k)2

D=

43. For any positive integer r set 2, = U, (2). Prove that

Q,
A (@) < “2(”—(;;))

Solution. Consider the following function on V

f(a) = (r—d(z,Q), .
If z ¢ Q, then d (z,) > r so that f (x) = 0. Hence, f can be considered as a function on €2, that
is extended by 0 to Q. Let us estimate R (f). Since f|q = r, we have
(L= Payu@) =) fa)p) 2 r?u(Q).
zeV €2

For arbitrary vertices x,y € V, that are connected by an edge, we have |f (z) — f (y)| < 1. Indeed,
using the obvious inequality |a+ — by| < |a — b, we obtain

[f (@) = f )] < d(2,Q) —d(y, Q)] < d(x,y) = 1.

Hence,

(Lafif) = 5 > (F@) = f )ty

z,yeV

Z (f (CC) - f(y))ZMxy

m,yEQT+1

ST gy

z,y€Qr 11

IN

IN

K (QT‘+1) :

N~ N~ N~ N

It follows that

R(f) = (Lof f) o 1 p(Qs1)

(fsf) —2r p()

whence the claim follows.
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44. Let B, = {zx € Z™ : d(x,0) < r} be the ball of radius r in Z™. Prove that
C

r2

)\1 (Br) <

and
M (By) < C'p(B,)~2m

where C' and C’ are constants depending only on m.

Solution. The number of vertices in a cube
=<dx €Z™: max |zr| <n
Qn { 1§k§m| k| = }

is equal to (2n 4+ 1)™ ~ n™. Note that

m
BT:{xGZm:Z|xk|§T.}

k=1

Since the ball B, can be squeezed between two cubes

Qr/m < Br < er

it follows that u (B;) ~ r"™. By Exercise 43, we have
1 (2r+1)™

1 p(Bars1)
M (B) < ———"7-2X< t—
1(Br) = 2r2 uw(B,) ~ Const T m

¢

S 92

<

2/m

Finally, since 72 ~ pu (B,)?/™, we obtained the second claim.

45. Consider the Dirichlet problem Lqou = f where f and w are functions from Fq. Prove the following
inequalities:

(a) flull = 3 1I£1-
(b) Nlull < 5y I

(c) Let Q1 = U; (). Then
1
Vayt)? tay < a7 117
P T

1

Solution. (a) We have
11 = 1£aull < l[Lallllull = An (@) lull < 2][ull,

because Ay is the maximal eigenvalue of L and it is bounded by 2.

(b) Similarly, one obtains from u = ,Cg_zl f that

1
ull = |25 | < 125 =——

Jull =171 < 128" 1151 = 5 141
because the eigenvalues of LEI are ﬁ, - ﬁ(ﬂ)’ so that the maximal eigenvalue is m
(¢) From Lqou = f we obtain

1 2
L = < < .
(am) = (£.0) < 7]l < 55 1
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On the other hand, by the Green formula, we have
1

(Lowu) =2 > (Vayt)” gy,
z,y€N
whence the claim follows.
. Set

Prove that, for any function f € Fq and for any point xy € €2, the following inequality holds:

C

(Laf. f) > Wf(xo)z-

Hint: Consider a path {xj};_, connecting z¢ to the nearest point from Q¢ and use the sum
et (f @) = F (@)

Solution. Let {xy},_, be the shortest path connecting zy to a vertex outside 2 so that n =
d (x0,Q°), z, € Q°, and x,—1 € Q (see Fig. 9). It follows that =, € Q; := U; ().

Figure 9: Path {z};_,

Using the Green formula for the operator Lg, we obtain

(ﬁﬂfmf) = % Z (vmyf)zlu’a:y

z,y€Q

NE

(f(l'k—l) - f(l‘k’))Q'U“mk,lxk

k=1
n 2
> - (k F () f(xm)
s fo_°
~ n d(zg, Q)

where we have used that p,, > ¢, the Cauchy-Schwarz inequality and the inequality

D 1 f@ho1) = flan)] = |f (o) = flan)| = 1.
k=1
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47. Let Q be connected and f be an eigenfunction of Lo with the eigenvalue A; (Q2) .

(a) Prove that if f > 0 then f > 0 in Q.

(b) Prove that fy and f_ are also the eigenfunctions of A1 (2), provided they do not vanish
identically. Here fi = max(f,0) and f- = —min(f,0) so that f = f, — f_. Hint: Use
Exercise 41.

(c) Prove that either f > 01in Q or f < 0 in Q. Hint: Assume the contrary and use (b).

(d) Prove that Aj () is a simple eigenvalue. Hint: Assuming that there exist two linearly inde-
pendent eigenfunctions, consider their linear combination that vanishes at some vertex, and
use (c) .

Solution. Denote for simplicity A = A; (©2) so that Lof = Af and
Pof = (1= N /. (39)
(a) If f(z) =0 at some x € Q then (39) gives at x that

> P(x,y) f(y) =0,

y~zx

which implies that f(y) = 0 for all y ~ z. Arguing as in Exercise 7?7, we conclude that f = 0,
which contradicts the definition of an eigenfunction.

(b) By Exercise 41, it suffices to prove that R (fy+) = R (f-) = A where

(Log,9)
R(g) = —5".
gl
Since A is the smallest eigenvalue, we have a priori that R (¢g) > A for all non-zero functions g € Fgq,

in particular, for g = f1 and g = f_, while R (f) = A. Assume that R (fy) > A or R(f-) > A and
show that it implies that R (f) > A, which will be a contradiction. Using f = fy — f_, we obtain

(Lo (fy—f) . f+— )
If — F-I
(Lafy, f+)+ (Laf-, f-) = (Lafs, f-) — (Laf-, f+)
L+ I IP = 2 (f £-)

Note that if fy () > 0 then f () > 0 and, hence, f_ (z) = 0. Therefore, fy f_ = 0and (f}, f-) = 0.
Let us show that

R(f) =

(40)

(Laf+ f-) <0 (41)
and in the same way (Lqf—, f+) < 0. Indeed, by the Green formula we have

(Lafif) = D Lfy (@) f- () p(x)

z€Q

- % Z (Vayf+) (Vayf-) tay — Z (Vay f+) f- (%) figy-

z,yeq) e, yefle

The summand in the first sum is equal to

(Vayf+) (Vayf-) = (f+ @) = f+ (@) (f- (v) = f- (2))
= f+ @) f- @)+ [+ (@) f- (@) = f+ (2) [- () = f+ (v) [~ (@)
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48.

= —fi (@) f-(y) — f+ () [- (=)

< 0.
Since in the second sum y € Q¢ we have f (y) = 0 and
(Vayfe) f- () = —f4 () f- () = 0.
Hence, (41) follows. Using that
(Cofefe) 2 M, (Lafes f2) 2 M-
and that one of these inequalities is strict, we obtain from (40) and (41) that

MNP+ M1
1%+ 111

R(f) >

)

which finishes the proof.

(c) Assume that f takes both positive and negative values so that fi and f_ are not identical
zeros. By (b), both fi and f_ are the eigenfunctions with the eigenvalue A. Since both f; and
f— are non-negative, by (a) they cannot take value 0. However, fy = 0 on supp f_ which is a
contradiction. Therefore, either f > 0 in Q or f < 0 in Q. By (a), we conclude that either f > 0
inQor f<0in Q.

(d) Let f1 and fo be two linearly independent eigenfunctions of A. By (c¢), we can assume that both
f1 and fy are strictly positive (if f; < 0 then replace f; by —f;). Fix a point € € and choose
positive constants C7, Cy so that

Cifi(z) =Cof2(2).
Then the function f = C;f1 — Cafs also satisfies the equation Lof = Af and f (z) = 0. By (¢),
f cannot be an eigenfunction, which means that f = 0. This implies that f; and fs are linearly
dependant, which means that the eigenvalue A is simple.

Let f be a function on V with a finite support. Set
up (z) = P" f (2).

(a) Prove that sup, |u, (x)| is a decreasing function of n.
(b) Prove that [|u,]|| is a decreasing function of n.

(c) Prove that the heat kernel po, (z,z) is a decreasing function of n, for any fixed vertex x.

Solution. (a) We have u,.1 = P"*1f = P(P"f) = Pu,, whence

> P (x,y) un (y)
Yy

whence sup |up4+1| < sup |up|.
(b) Since [|P|| <1, we have [un 1]l = [[Punll < [ P||{lun]l = [Ju]-
(¢) For any fixed x € V', we have

2y) =Y P (y:2) 1y (2) = Y paly,2 1{3“"} ()Z)M(Z) =P, f(y)

[un+1 (z)| =

<D P(@.y) |un ()] < sup fug| Y P (2,) = sup [uy]
y Y

zeV z€V
where f = #(m)l{m} It follows that,
p2n an x y )_HPan
yeVv

Since || P, f|| is decreasing, it follows that pa, (x, ) is also decreasing.
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49.

50.

Assume that p () > 1 for all z € V' and that the heat kernel on (V, ) satisfies
pn (z,2) < Cn™¢

for all x € V and all positive integers n, where C,«a > 0. Prove that, for any 0 < ¢ < «, for all
x,y € V and all positive integers n,

! 2
pn (z,y) < C, exp (—0M>
ne—¢ n

where C’, ¢ > 0.

Hint: Prove first that p, (z,y) < constn™ for all x,y and n, and then combine this estimate with
the estimate of Carne-Varopoulos.

Solution. Since

Pk (2, y) < /D2 (2, 2) pak (¥, 9),

it follows that
pok (z,y) < C (2k)™°
For n = 2k + 1 we have

P2k ( ZPQk (@, 2)p(2,y) u(z) < C(2k)" ZP (zy)p(2) =C(2k)" <0272k +1)7°

Combining the above two estimates together, we obtain that
Pn (2,y) <2°Cn™"

for all x,y and n. On the other hand, by Carne-Varopoulos estimate,

P (2,y) < mexp <—W) < 2exp @#) ‘

Combining these two estimates, we obtain

)lfs/a )s/a

Pn(z,y) = pu(z,y Pn (2, Yy

2
< (Qacn—a)l—e/a oe/a exp <_%>

2
C2a+1n—(a—€) exp <—Cd ($, y)>
mn

where ¢ = £/2a, which finishes the proof.

IN

Prove that if (V, u) is a Cayley graph with the exponential volume growth then the heat kernel of
(V, ) admits the following estimate

2
pn (x,y) < Cexp <_M _ Cn1/3) 7
4n

for all =,y € V, positive integers n, and some constants C,c > 0.

Solution. For Cayley graphs with exponential volume growth, we have

pn (7,y) < Crexp <—C1n1/3) )

By Carne-Varopoulos estimate, we have also

pn (2,y) < 2exp <_d2(2_9;y)> |

Multiplying these inequalities and taking square root, we obtain the claim.
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51. Assume that there exists a constant pg > 0 such that
P (z,y) > po for all z ~ y.

(a) Prove that deg () < 1/pg for any vertex = € V.
(b) Prove that, for all z,y € V,
n(@) > 5o ()
(c) Prove that any ball B (z,7) contains at most C" vertices where C' = C (py) .
(d) Prove that, for any finite set A C V and for any positive integer r,

p(Ur (A) < K (A)
where K = K (pg).

Solution. (a) We have

ZP(az,y) =1.

Yy~
Since P (z,y) > po, it follows that
podeg () = 1,

whence the claim follows.

(b) Let © ~ y. Since P(x,y) = :(Txy) and f1,,, < pu(y), the hypothesis P (x,y) > po implies popu(r) <

w(y). Similarly, pou(y) < p(zx). Iterating the last inequality, we obtain, for arbitrary x and y,
d )
Po " uly) < pla). (42)

(c) It follows from (a) that, for any non-negative integer r,
1
B (z,r +1)] = [B(z,r)| < ) deg(y) < —|B(z,7)],
Do
yeB(z,r)
where |A| denotes the number of vertices in a set A. Hence,
|B (z,7+1)| < C|B(z,r)]
where C =1+ pio, which implies by induction that

|B (x,r)] < C".
(d) By (42), any point y € B(x,r) has measure < p," u(x), whence we obtain

p(Bz,r)= > py) <p n@)|B@r)|<C¥u().
yEB(z,r)

Since

Ur(A)= U B(z,r),

T€EA

we obtain

(U () < S u(Ba,r) < 3 C¥p(a) = C¥pu(4).

TEA T€A

Setting K = C?, we finish the proof.
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52.

53.

Assume that p(x) > 1 for all z € V,
4 (By (2)) < Cr°

for all x € V' and positive integers r, and that

C &> (z,y)
P (@,y) < —75 exp (_CT>

for all x,y € V and positive integers n, where C,c,a > 0 (for example, all these hypotheses hold
on Z™ with m = « or, more generally, on any Cayley graph of polynomial volume growth). Prove
that, for all x € V' and for all positive even integers n,

with some constant ¢ > 0.

Solution. Let us use the inequality
& (z,y) / r?
Y d7 < — | .
Z exp( o )u(y)_CeXp( 2n>7‘
yEB(z,r)°

It follows that

C// 7“2
<= ) e
3 pn<x,y>u<y>_na/2exp< 2n)r

yeB(x,r)°

Choose r = v2Kn with some constant K. Then

1
Yo pal@y)n(y) € — exp(~K) (2Kn)*/? = C" exp (~K) K%,
na
yEB(z,r)°

If K is large enough then the right hand side is < %, so that

DN =

> pa(zy)uly) <

yeB(z,r)°

It follows that
1/4

p(B(z,r))’

which implies po, (z,x) > ¢n~%/2, which was to be proved.

DPon (1:7 13) 2

Let u3, be a weight on V' that is associated with the Markov kernel P (z,y), that is,

M;y:P2($7y)M(x)

Then (V, u*) is a weighted graph. Let us mark by = all quantities related to (V, 1*) as opposed to
those of (V, ).

(a) Prove that for all x € V, pu* (z) = p (z) .
(b) Prove that, for any finite subset Q C V,

where U = U; (12) .
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(c) Prove that
1(2) =M (U).

Solution. (a) By definition,

pr(a) = ph, =Y P(zy)p) =p()d Przy) =p(x).
) ) Yy

(b) By definition, the kernel Py (x,y) is obtained from P (z,y) by setting it to be 0 outside 2. In
operator terms, P is obtained by restricting P to the class Fq of functions on €2, that are regarded
as 0 outside 2. We have

Pi(zy) = P (x,9)10(z) 10 (y)
= Py(z,y)1q(z)la(y)
= > P(x,2)P(2,y)1g () 10 (y)

zeV

= Y P(2,2)P(2,9) 1o (z) 1o (y)

zeU
= (Pr)*(z,y) 1o (z) 1a (y)

Hence, restricting operator (PU)2 to Fq, we obtain Fj. Note that it is not true in general that
Py = (Po)%.

(c) Denote by amax (A) the maximal eigenvalue of an operator A, and by amin (A) - the minimal
eigenvalue. Then it suffices to prove that

Omax (sz) < Omax (PU) ’
Since restricting an operator to a subspace can only diminish its maximal eigenvalue, we have by
(b)
Omax (Pé) = ((PU)2 ‘Q) < Qmax ((PU)2> .
It remains to prove that
Omax (P[2]) < pax (PU) .
Observe that that
®max (Pl%') = max {a?nax (PU) ) O‘?nin (PU)}

so that it suffices to verify the two inequalities

argnax (PU) < Omax (PU)
in (Pr) < otmax (PU) -

Indeed, they follow from auax (Pr) € [0,1] and amin (Pr) € [—@max (Pr) , amax (Pr)] respectively.
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