EQUIVALENCE CONDITIONS FOR ON-DIAGONAL UPPER BOUNDS OF HEAT KERNELS ON SELF-SIMILAR SPACES

ALEXANDER GRIGOR’YAN, JIAXIN HU, AND KA-SING LAU

Abstract. We obtain the equivalence conditions for an on-diagonal upper bound of heat kernels on self-similar measure energy spaces. In particular, this upper bound of the heat kernel is equivalent to the discreteness of the spectrum of the generator of the Dirichlet form and to the global Poincaré inequality. The key ingredient of the proof is obtaining the Nash inequality from the global Poincaré inequality. We give two examples of families of spaces where the global Poincaré inequality is easily derived. These are the post-critically finite (p.c.f.) self-similar sets with harmonic structure and the products of self-similar measure energy spaces.

Contents

1. Introduction 1 2. Main results 2 3. Global Poincaré inequality 9 4. Examples 12 4.1. Post-critically finite self-similar fractals 12 4.2. Products of self-similar spaces 14 References 16

1. Introduction

The heat kernel plays an important role in studying the dynamical properties of fractals. Significant effort has been made by a number of authors to establish the existence and bounds of the heat kernels on fractals (see [1], [2], [17], and references therein). Typically, the heat kernel p (t, x, y) on a fractal set K satisfies the following estimate t^{− αβ} Φ_1 � t^{− 1β} d(x, y) � ≤ p(t, x, y) ≤ t^{− αβ} Φ_2 � t^{− 1β} d(x, y) � , (1.1)

for almost all x, y ∈ K and all 0 < t < t_0, where Φ_i(i = 1, 2) are positive decreasing functions on [0, ∞), d is a metric on K, and α, β are positive parameters.

Note that the estimate (1.1) holds for the classical Gauss-Weierstrass heat kernel in R^n with α = n, β = 2, and

Φ_1 (s) = Φ_2 (s) = 1 (4π)^{n/2} exp � − s^2 4 � . Date: April 7, 2005.

JH was supported by NSFC Grant No. 10371062 and by a visiting grant of the London Mathematical Society. KSL was partially supported by the HKRGC Grant in CUHK. 1

2 ALEXANDER GRIGOR’YAN, JIAXIN HU, AND KA-SING LAU

For certain classes of fractals, the estimates (1.1) hold with the functions

Φ_i(s) = c^′_i exp(−c^{′′}_i s^{γi} ), (1.2)

where γ_i, c^′_i and c^{′′}_i are positive constants. Such estimates were proved by Barlow and Perkins [3] for the Sierpinski gasket, by Fitzsimmons, Hambly, and Kumagai [10] for the affine nested fractals, by Barlow and Bass [2] for the (generalized) Sierpinski carpets, and by Hambly and Kumagai [17] and Kumagai and Sturm [21] for p.c.f. fractals with regular harmonic structures. On-diagonal upper and lower bounds for p.c.f. fractals were obtained earlier by Kigami [20].

The parameter α in (1.1) is in fact the Hausdorff dimension of K, whereas β is the walk dimension of the heat kernel p(t, x, y), which can be characterized as the largest index of non-trivial Besov spaces on K (see, for example, [15], [19], [26]). See also [28] for function spaces on fractals.

The purpose of the present paper is to obtain a number of equivalent conditions for the heat kernel upper bound of the form

p (t, x, y) ≤ Ct^{−θ}, (1.3)

for almost all x, y ∈ K and all 0 < t < t_0. For general measure spaces with Dirichlet forms, several equivalent conditions for (1.3) are well known. These are the Sobolev inequality [30], the Nash inequality [6], log-Sobolev inequality [9], and the Faber-Krahn inequality [7], [8], [13], [14]. In the present paper, we emphasize those equivalent conditions for (1.3), which depend on self-similarity of the underlying space.

In Section 2, we introduce the notion of a self-similar measure energy space (K, {F_i} , μ, E), where K is a compact metric space, {F_i}^N_{i=1} is an iterated function system on K, μ is a self-similar probability measure on K with weight {ρ_i}, and (E, F) is a self-similar Dirichlet form with weight {r^{−1}_i }. Our main result (Theorem 2.2) gives a number of equivalent conditions for the existence of the heat kernel on this space satisfying (1.3). Surprisingly enough, the heat kernel bound (1.3) is equivalent to the discreteness of the spectrum of the generator H of the Dirichlet form (E, F). Obviously, self-similarity is important for the validity of this kind of result.

Another equivalent condition for (1.3) is the global Poincaré inequality. In Section 3 we provide a convenient sufficient condition for the global Poincaré inequality, which, in particular, can be applied on p.c.f. fractals with harmonic structures.

Finally, in Section 4, we consider two kinds of examples of self-similar measure energy spaces – p.c.f. fractals with harmonic structures and product spaces.

2. Main results

Let K be a compact metric space. Let N ≥ 2 be an integer, set S = {1, 2, · · · , N}, and let {F_i}_{i∈S} be a family of contractions on K such that K = � i∈S F_i(K). (A0)

A couple (K, {F_i}) is called a self-similar space. Typically, self-similar spaces arise as follows. Let G be a complete metric space and let {F_i}_{i∈S} be a family of contractions

HEAT KERNELS ON SELF-SIMILAR SPACES 3

on G. Then there exists a unique non-empty compact subset K of G satisfying (A0) (see [18]). Clearly, restricting the mappings F_i to K, we obtain a self-similar space.

Let K be a self-similar space and μ be a measure on K. We say that μ is selfsimilar if μ is a regular Borel measure with total mass 1, which satisfies the identity μ(A) = � i∈S ρ_i μ(F^{−1}_i (A)), (A1)

for any Borel set A ⊂ K, where {ρ_i}_{i∈S} is a fixed sequence of positive numbers such that � i∈S ρ_i = 1.

Such a measure μ always exists on K (see [18]). We refer to the sequence {ρ_i}_{i∈S} as the weight of μ.

For any Borel function f and any 1 ≤ p < ∞, set

‖f‖_p := � K |f(x)|^pdμ(x)

�_{1/p}

and consider the Lebesgue space L^p(μ) := L^p(K, μ).

Set K_i := F_i(K) for i ∈ S. We further assume that the sets {K_i}_{i∈S} do not overlap in the sense that μ (K_i ∩ K_j ) = 0 for all distinct i, j ∈ S. (A2) Note that (A2) is satisfied if the open set condition holds, see for example [22]. For any m ≥ 1, any word ω := i_1 · · · i_m ∈ S^m, and any function f : K → R, define F_ω = F_{i1} ∘ · · · ∘ F_{im} , K_ω = F_ω (K) , ρ_ω = ρ_{i1} · · · ρ_{im} , f_ω = f ∘ F_ω.

For the empty word ω, set F_ω = id.

It follows from (A1) and (A2) that μ(K_ω) = ρ_ω . (2.1) Moreover, for any f ∈ L^1 (μ) and any m ≥ 1, we have � K f(x) dμ(x) = � ω∈S^m

ρ_ω � K f_ω(x) dμ(x) (2.2)

(see [1, Theorem 5.28, p.73]).

Fix some 0 < λ < 1 and q := (q_1, q_2, · · · , q_N ) with 0 < q_i < 1, and define a partition Λ, associated with the data (λ, q), as follows Λ := {ω = i_1 · · · i_m : q_{i1} · · · q_{im−1} ≥ λ > q_{i1} · · · q_{im} }.

Then it is easy to see that K = � ω∈Λ K_ω, and μ(K_ω ∩ K_τ ) = 0 if ω ≠ τ ∈ Λ,

which implies the following extension of the identity (2.2): � K f(x) dμ(x) = � ω∈Λ ρ_ω � K f_ω (x) dμ(x), (2.3)

4 ALEXANDER GRIGOR’YAN, JIAXIN HU, AND KA-SING LAU

for any f ∈ L^1(μ).

Let (E, F) be a Dirichlet form^1 on L^2(μ). We say that (E, F) is self-similar if, for any f ∈ F, the functions f ∘ F_i are also in F for each i ∈ S, and

E(f) = � i∈S r^{−1}_i E(f ∘ F_i), (A3)

where {r_i}_{i∈S} is a fixed sequence of positive numbers. The sequence {r^{−1}_i }_{i∈S} is referred to as the weight of E.

By induction it follows from (A3) that, for any partition Λ,

E(f) = � ω∈Λ (r_ω )^{−1} E(f_ω ). (2.4)

Definition 2.1. Any quadruple (K, {F_i} , μ, E) satisfying the conditions (A0)-(A3) is called a self-similar measure energy space.

By the closedness of (E, F), the space F is a Hilbert space with the inner product

E_1(u, v) := (u, v) + E(u, v).

Any Dirichlet form (E, F) has a generator H, which is a non-negative definite selfadjoint operator in L^2 (μ). Denote by λ_{ess} (H) the bottom of the essential spectrum^2 of H. The operator H gives rise to the heat semigroup

P_t = exp (−tH) ,

where t ≥ 0. If the operator P_t has an integral kernel for any t > 0, then the latter is called the heat kernel of (E, F), and is denoted by p (t, x, y). Recall that a Dirichlet form (E, F) is called irreducible, if 1 ∈ F and E(u) = 0 if and only if u is constant.

Out main result is the following theorem.

Theorem 2.2. Let (K, {F_i}, μ, E) be a self-similar measure energy space, and let the Dirichlet form (E, F) be irreducible. Assume that

η := max_{i∈S} {ρ_ir_i} < 1. (2.5)

Then the following conditions are equivalent.

(1) (Global Poincaré inequality): There exists a constant c > 0 such that, for all f ∈ F,

‖f‖^2 ≤ cE(f) + � K fdμ �_2

. (2.6)

(2) (Nash inequality): There exist constants c, θ > 0 such that, for all f ∈ F, ‖f‖^2

(1+^1_θ ) 2 ≤ c � E(f) + ‖f‖^2 � ‖f‖^{2θ}_1 , (2.7)

1We refer the reader to [12] for the definition and properties of the Dirichlet form and related topics._2

The essential spectrum is the part of the spectrum of H which is complement of the discrete spectrum of H.

HEAT KERNELS ON SELF-SIMILAR SPACES 5

(3) (Diagonal upper bound): The heat kernel p(t, x, y) of the Dirichlet form (E, F) exists, and satisfies the estimate

p(t, x, y) ≤ c max(t^{−θ} , 1), (2.8)

for all t > 0 and almost all x, y ∈ K, and for some c, θ > 0. (4) (Trace of heat semigroup): The trace Trace(P_t) of the heat semigroup admits the estimate

Trace(P_t) ≤ c max(t^{−θ}, 1), (2.9)

for all t > 0 and some c, θ > 0.

(5) (Eigenvalue estimates): The spectrum of the generator H is discrete and consists of a countable sequence 0 = λ_0 < λ_1 ≤ λ_2 ≤ ... ≤ λ_k ≤ ... of eigenvalues counted with multiplicity. Furthermore,

λ_k ≥ c k^{1/θ}, (2.10)

for all k ≥ 0 and for some c, θ > 0.

(6) (Discrete spectrum): The spectrum of the generator H is discrete, that is λ_{ess} (H) = +∞.

(7) (Positivity of the essential spectrum): λ_{ess} (H) > 0.

Since the discreteness of the spectrum of H is known to be equivalent to the compactness of the embedding F → L^2 (μ), we obtain the following corollary.

Corollary 2.3. (Compact Embedding Theorem) Under the hypotheses of Theorem 2.2, each of the conditions (1)-(7) is equivalent to the fact that the identical embedding F → L^2 (μ) is a compact operator.

The fact that the heat kernel bound (2.8) implies the compactness of the embedding F → L^2 (μ) was also proved in [15, Theorem 4.12].

Proof. The proof of Theorem 2.2 will follow the diagram:

(1) ⇒ (2) ⇒ (3) ⇒ (4) ⇒ (5) ⇒ (6) ⇒ (7) ⇒ (1).

The implications (5)⇒(6)⇒(7) are trivial. The fact that (2)⇒(3) was proved in [6, Theorem (2.1), p. 251] (see also [14]). In the sequel we denote by c a positive constant, whose value is unimportant and may change at different occurrences.

(1)⇒(2). The proof given here is motivated by [1, p. 107], see also [20, p. 173]. Let q_i = ρ_ir_i where 1 ≤ i ≤ N. By the hypothesis (2.5), we have 0 < q_i < 1. For any fixed 0 < λ < 1, consider the partition Λ associated with (λ, q). It follows from

6 ALEXANDER GRIGOR’YAN, JIAXIN HU, AND KA-SING LAU

(2.3) and (2.6) that, for any f ∈ F,

‖f‖^2 = � τ∈Λ ρ_τ � K f_τ (x)^2 dμ(x)

≤ � τ ∈Λ

ρ_τ � cE(f_τ ) + � K f_τ dμ

�_2�

≤ c � τ∈Λ (ρ_τ r_τ ) r^{−1}_τ E(f_τ ) + � τ ∈Λ

ρ^{−1}_τ � ρ_τ � K |f_τ | dμ

�_2

≤ c max_{τ ∈Λ} {ρ_τ r_τ } � τ ∈Λ

r^{−1}_τ E(f_τ ) + � min_{τ∈Λ} {ρ_τ }

�_{−1} �

τ ∈Λ

ρ_τ � K |f_τ | dμ

�_2

≤ c � λE(f) + λ^{−θ}‖f‖^2_1 � , (2.11) where θ = max_{i∈S} � log ρ_i log ρ_ir_i � . (2.12) Here we have used the fact that, for any τ ∈ Λ, ρ_τ r_τ < λ ≤ a^{−1}_0 ρ_τ r_τ , a_0 = min_{i∈S} {ρ_ir_i}, and, by ρ_τ r_τ < 1,

ρ_τ = (ρ_τ r_τ )^{log ρτlog(ρτ rτ )} ≥ (ρ_τ r_τ )^{maxi∈S}

log ρi log(ρiri ) ≥ (a

0λ)^θ .

Clearly (2.11) implies ‖f‖^2 ≤ c � λ � E(f) + ‖f‖^2 � + λ^{−θ} ‖f‖^2_1 � (0 < λ < 1). (2.13) Note that (2.13) also holds for any λ ≥ 1, so it is true for all λ > 0. Choosing an optimal value of λ, for example, λ = � ‖f‖^2_1 E(f) + ‖f‖^2

� 1_{θ+1} , we arrive at (2.7).

(3)⇒(4). By definition, we have Trace (P_t) = � k (P_tv_k, v_k) , (2.14)

where {v_k} is an orthonormal basis in L^2(μ), and this definition does not depend on the choice of the basis. Let us show that Trace (P_{2t}) = � K � K p (t, x, y)^2 dμ (y) dμ (x) . (2.15) Noticing that P_tv (x) = � K p (t, x, y) v (y) dμ (y) = (p (t, x, ·) , v) ,

HEAT KERNELS ON SELF-SIMILAR SPACES 7

we obtain from (2.14) and P_{2t} = P^2_t that

Trace(P_{2t}) = � k � P^2_t v_k, v_k � = � k (P_tv_k, P_tv_k) = � k � K (p (t, x, ·) , v_k)^2 dμ (x) . (2.16)

Expanding p (t, x, ·) in the basis {v_k} we obtain

p (t, x, ·) = � k (p (t, x, ·) , v_k) v_k (2.17)

whence by the Parseval identity � k (p (t, x, ·) , v_k)^2 = ‖p (t, x, ·) ‖^2. (2.18)

Hence, it follows from (2.16) and (2.18) that

Trace(P_{2t}) = � K ‖p (t, x, ·) ‖^2dμ (x) , (2.19)

giving (2.15). Since E is irreducible, we have that � K p(t, x, y)dμ(y) = 1 (t > 0, x ∈ K), (2.20)

see for example [1, Lemma 4.10]. Finally, using (2.8) and (2.20), we obtain from (2.15) that

Trace (P_{2t}) ≤ sup_{x,y∈K} p (t, x, y) � K � K p (t, x, y) dμ (y) dμ (x)

≤ c max � t^{−θ}, 1 � , proving (2.9).

(4)⇒(5). It is a general fact that if a positive-definite self-adjoint operator in a Hilbert space has a finite trace, then its spectrum is discrete away from 0, see for example [5]. Hence, the spectrum of the operator P_t = e^{−tH} consists of a discrete part and possibly 0. By the spectral mapping theorem, if λ ∈ Spec (H), then e^{−tλ} ∈ Spec (P_t). Since e^{−tλ} is positive, it belongs to the discrete spectrum of P_t, whence we conclude that λ belongs to the discrete spectrum of H. This proves that all the spectrum of H is discrete.

Now let {λ_k}^∞_{k=0} be the eigenvalues with eigenfunctions φ_k which forms an orthonormal basis of L^2(μ). Using (2.14) and the fact that

p(t, x, y) = � k e^{−λk t}φ_k (x)φ_k (y)

for all t > 0 and μ-almost all x, y ∈ K, we have

Trace(P_t) = � k (P_tφ_k, φ_k) = � k � e^{−λk t}φ_k, φ_k � = � k e^{−λk t}.

8 ALEXANDER GRIGOR’YAN, JIAXIN HU, AND KA-SING LAU

Therefore, by the hypothesis (2.9) we see that, for all t > 0, ∞� k=0 e^{−λk t} ≤ c max(t^{−θ} , 1) =: h (t) .

Assuming that the sequence {λ_k} is enumerated in an increasing order, we obtain that, for any k ≥ 1, ke^{−λk t} ≤ h(t), which yields that λ_k ≥ 1 t log k h(t)

, t > 0.

For k large enough, choose t so that k = e c t^{−θ} and t < 1. For such a t, we have h (t) = ct^{−θ} = k/e, and so λ_k ≥ c^′k^{1/θ}, (2.21) where c^′ > 0. Now (2.21) is true for large enough k, but by adjusting the value of c^′, we see that this inequality holds for all k ≥ 0.

(7)⇒(1). The irreducibility of (E, F) implies that 0 is a simple eigenvalue of H with eigenfunction 1. Therefore, the rest of the spectrum of H coincides with the spectrum of H restricted to the subspace Q of L^2(μ), which is the orthogonal complement of 1, that is

Q = {f ∈ L^2(μ) : � K f(x)dμ(x) = 0}.

Hence, we see that

inf {λ : λ ∈ Spec (H) \ {0}} = inf_{f ∈F∩Q\{0}}

E(f) ‖f‖^2

. (2.22)

The Poincaré inequality means exactly that the right hand side of (2.22) is positive. Thus it is enough to show that the left hand side of (2.22) is positive. Indeed, since λ_{ess} = λ_{ess} (H) > 0, it suffices to show that inf � λ : λ ∈ Spec (H) ∩ � 0, 1 2 λ_{ess} � > 0. (2.23)

However, by the definition of λ_{ess}, we see that the spectrum of H inside the interval [0, λ_{ess}) is discrete. Hence, the spectrum inside (0,^1_2 λ_{ess}) consists of a finite number of eigenvalues with finite multiplicity. Therefore, we see that 0 is not a limit point of the spectrum, proving (2.23). □

Remark. The hypothesis of self-similarity (including (2.5)) is used only for the implication (1)⇒(2). Without this hypothesis, the following equivalences hold in the general setting:

(2) ⇔ (3), (4) ⇔ (5), (1) ⇔ (7).

Indeed, (1)⇒(7) is obvious from the spectral theory and (2)⇔(3) was proved in [6]. With a certain amount of effort, we can prove that (5)⇒(4) is true (we omit the detail).

HEAT KERNELS ON SELF-SIMILAR SPACES 9

Remark. Note that the equivalence (2)⇔(3) holds in general with the same value of θ (see [6]). The equivalence (4)⇔(5) also holds with the same value of θ. However, there are examples of p.c.f. fractals where the best value of θ in (3) is different from the best value of θ in (5) (see [16, Theorem 3.4] and [20, p.179]). Remark. A. Bendikov and L. Saloff-Coste (private communication) constructed an example of a Dirichlet form on an infinite dimensional torus T^∞ with 0 < λ_{ess} (H) < ∞. Hence, in general the implication (7)⇒(6) fails. Another example of a Dirichlet form on T^∞ gives a discrete spectrum with eigenvalues λ_k growing logarithmically in k (see [4]). Hence, the implication (6)⇒(5) fails either.

3. Global Poincaré inequality Let (K, {F_i}, μ, E) be a self-similar measure energy space with the weights {ρ_i}_{i∈S} and {r^{−1}_i }_{i∈S} , as defined in Section 2. Fix a point q_0 ∈ K, set Q := {F_1(q_0), F_2 (q_0) , ..., F_N (q_0)} and consider the following condition: there exists c_0 > 0 such that |f(q) − f(q_0)|^2 ≤ c_0E(f) for all f ∈ F and q ∈ Q. (A4) Lemma 3.1. Assume that (A4) holds. Then, for any sequence of positive numbers {a_l}^∞_{l=0} satisfying ∞� l=0 a^{−1}_l < ∞, (3.1)

there exists a constant c such that, for any k ≥ 1 and all f ∈ F, � τ∈S^k

μ(K_τ )(f_τ (q_0) − f(q_0))^2 ≤ c k−1� l=0 a_lη^lE(f), (3.2)

where η is defined in (2.5).

Proof. Fix f ∈ F, k ≥ 1 and consider τ := i_1i_2 · · · i_k ∈ S^k. Set x_0 = q_0 and x_l = F_{i1···il} (q_0) for 1 ≤ l ≤ k.

Observing that F_{il+1} (q_0) ∈ Q, we apply (A4) with the function f ∘ F_{i1···il} to obtain that, for any 0 ≤ l ≤ k − 1, (f(x_{l+1}) − f(x_l))^2 = (f ∘ F_{i1···il+1} (q_0) − f ∘ F_{i1···il} (q_0))^2 = (f ∘ F_{i1···il} (F_{il+1} (q_0)) − f ∘ F_{i1···il} (q_0))^2 ≤ c_0E(f ∘ F_{i1···il} ). (3.3)

10 ALEXANDER GRIGOR’YAN, JIAXIN HU, AND KA-SING LAU

Set c_1 :=

�_∞ l=0 a^{−1}_l < ∞. It follows from (3.3) that (f_τ (q_0) − f(q_0))^2 = (f(x_k ) − f(x_0))^2 = �_{k−1} � l=0 a^{−1/2}_l a^{1/2}_l (f(x_l) − f(x_{l+1}))

�_2

≤ �_∞ � l=0 a^{−1}_l

�_{k−1} � l=0 a_l(f(x_l) − f(x_{l+1}))^2

≤ c_1c_0 k−1� l=0 a_l E(f ∘ F_{i1···il} ). (3.4)

Summing up in τ ∈ S^k, we obtain that � τ ∈S^k

μ(K_τ )(f_τ (q_0) − f(q_0))^2 ≤ c_1c_0I_k(f), (3.5)

where I_k(f) := � τ=i_1 ...i_k ∈S^k

μ(K_τ ) k−1� l=0 a_l E(f ∘ F_{i1···il} ).

Noting that μ(K_{i1···ik} ) = ρ_{i1} · · · ρ_{ik} and � i∈S ρ_i = 1, we have

I_k(f) = � i_1,··· ,i_k∈S

μ(K_{i1···ik} ) k−1� l=0 a_l E(f ∘ F_{i1···il} )

= k−1� l=0 � a_l � i_1,··· ,i_l∈S

ρ_{i1} · · · ρ_{il} E(f ∘ F_{i1···il} ) �

≤ k−1� l=0 a_lη^lE(f), (3.6)

where the last inequality follows from � i_1 ,··· ,i_l∈S

ρ_{i1} · · · ρ_{il} E(f ∘ F_{i1···il} ) = � τ ∈S^l

(ρ_τ r_τ ) (r_τ )^{−1} E(f ∘ F_τ )

≤ η^l � τ ∈S^l

(r_τ )^{−1} E(f ∘ F_τ )

= η^l E(f).

Finally, (3.5) and (3.6) yield (3.2). □ Theorem 3.2. Let (K, {F_i}, μ, E) be a self-similar measure energy space. Assume further that the Dirichlet form (E, F) is regular and satisfies (A4). If (2.5) holds, then the global Poincaré inequality (2.6) holds with a constant c = c(c_0, η).

Consequently, under the hypotheses of Theorem 3.2, all conditions (1)-(7) of Theorem 2.2 hold as well.

HEAT KERNELS ON SELF-SIMILAR SPACES 11

Proof. Fix a function f ∈ F ∩ C(K) and k ≥ 1. By the hypothesis (A2), when τ varies in S^k , the cells K_τ form a partition of K up to a set of μ-measure 0. Therefore, for μ-almost all x ∈ K, there exists exactly one τ ∈ S^k such that x ∈ K_τ . For such an x, set f_k(x) := f_τ (q_0). Obviously, the function f_k(x) is defined for μ-almost all x ∈ K, and is constant on any cell K_τ .

Set a_l = η^{−l/2} and observe that the sequence {a_l}^∞_{l=0} satisfies (3.1) since η < 1. Thus, we obtain from (3.2) that � K (f_k(x) − f(q_0))^2 dμ(x) = � τ∈S^k � K_τ

(f_τ (q_0) − f(q_0))^2 dμ(x) = � τ∈S^k

μ(K_τ )(f_τ (q_0) − f(q_0))^2

≤ c k−1� l=0 a_lη^lE(f) ≤ c E(f). (3.7)

Since f is continuous, K is compact, and F_i’s are contractive, it is easy to see that f_k(x) → f(x) for μ-almost all x ∈ K as k → ∞. Hence, letting k → ∞ in (3.7), we see that � K (f(x) − f(q_0))^2 dμ(x) ≤ cE(f),

for all f ∈ F ∩ C(K). Thus, upon setting

f̄ = � K f(x) dμ(x),

we obtain that� K f^2 dμ − (f̄ )^2 = � K (f − f̄ )^2 dμ = inf_{ξ∈R} � K (f − ξ)^2 dμ ≤ cE(f),

whence (2.6) follows. Finally, by the regularity of (E, F), the set F ∩ C(K) is dense in F, which allows to extend (2.6) to all f ∈ F. □

Given a Dirichlet form (E, F) on K, define an effective resistance R(x, y) for any two points x, y ∈ K by

R(x, y) = sup

f ∈F,E(f )≠0

|f(x) − f(y)|^2

E(f)

. (3.8)

The hypothesis (A4) means that R(q, q_0) ≤ c_0 for any q ∈ Q, that is, R is assumed to be bounded on a finite set of points in K. It was shown in [20, Lemma 3.3.7, p.86] that, for a p.c.f. self-similar fractal K with a harmonic structure, the estimate sup_{x,y∈K} R(x, y) < ∞ (3.9)

holds if and only if the harmonic structure is regular (see the next section for details). If (3.9) holds, then the Poincaré inequality (2.6) trivially follows from |f(y) − f(x)|^2 ≤ sup_{x,y∈K} R(x, y) E(f),

12 ALEXANDER GRIGOR’YAN, JIAXIN HU, AND KA-SING LAU

see [17, Lemma 3.1, p. 438-439]. However, for non-regular harmonic structures, the Poincaré inequality cannot be obtained in this way, whereas Theorem 3.2 still can be applied.

4. Examples

In this section, we consider two ways of constructing self-similar measure energy spaces. The first example is p.c.f. fractals with harmonic structure and the second is products of self-similar measure energy spaces.

4.1. Post-critically finite self-similar fractals. Let G be a complete metric space and {F_i}_{i∈S} be a family of contractions in G, where S = {1, ..., N} and N ≥ 2. Fix a finite set V_0 = {p_1, · · · , p_D} ⊂ G which consists of D ≥ 2 distinct points. For any m ≥ 1, define the sets V_m ⊂ G by induction as follows

V_m = � i∈S F_i(V_{m−1}).

Assume that V_0 ⊂ V_1, (B1) which implies that the sequence {V_m}_{m≥1} is increasing.

Consider the set V_1 as a graph: two points x, y ∈ V_1 are neighbors in V_1 if there exists i ∈ S such that x, y ∈ F_i (V_0). We say that V_1 is connected if, for any pair x, y in V_1, there exists a finite sequence x = x_0, x_1, ..., x_k = y such that x_{l−1} and x_l are neighbors for any l = 1, ...k. In the sequel, assume that V_1 is connected. (B2) Let us introduce a quadratic form E_0 on V_0 as follows. Fix a symmetric D × D matrix (c_{ij} ) of non-negative reals and, for any function f : V_0 → R, set

E_0(f) = D� i,j=1

c_{ij} (f(p_i) − f(p_j ))^2. (4.1)

The numbers c_{ij} are termed the conductances of the graph V_0. Assume that E_0 is irreducible, that is E_0(f) = 0 implies f ≡ const on V_0. (B3) Given E_0, we inductively define a quadratic form E_m on V_m by

E_m(f) = � i∈S r^{−1}_i E_{m−1}(f ∘ F_i), (4.2)

for every function f on V_m, where r_i are positive constants. By (4.2), we have

E_m(f) = � ω∈S^m

(r_ω)^{−1} E_0(f_ω) (4.3)

for all m ≥ 1, where r_ω = r_{i1} · · · r_{im} for ω = i_1 · · · i_m.

The irreducibility of E_0 implies that of E_1. Together with the connectivity of V_1, this yields that there exists a constant c_0 > 0 that, for any function f on V_1 and for any two points p, q ∈ V_1, (f(p) − f(q))^2 ≤ c_0E_1(f). (4.4)

HEAT KERNELS ON SELF-SIMILAR SPACES 13

Assume further that, for any function f on V_1,

E_1(f) ≥ E_0(f). (B4) Set V_∗ = ∞� m=0 V_m,

and observe that V_∗ = � i∈S F_i(V_∗). (4.5)

For any function f on V_∗, we have by (4.2)

E_{m+1}(f) − E_m(f) = � i∈S r^{−1}_i (E_m(f ∘ F_i) − E_{m−1}(f ∘ F_i)) .

Therefore, the condition (B4) implies that the sequence {E_m(f)}^∞_{m=1} is increasing in m by induction. Thus, for any function f : V_∗ → R, we can define

E(f) = lim_{m→∞} E_m(f) (4.6)

(where so far we allow E(f) = +∞). It follows from (4.4) that, for any function f on V_∗, (f (p) − f (q))^2 ≤ c_0E (f) for all p, q ∈ V_1. (4.7) Let K be the closure of V_∗ in G. It is obvious from (4.5) that K satisfies (A0). It is easy to verify that K is compact; hence K is a self-similar space. For any function f on K, define E (f) = E (f|_{V∗} ) and set

F := {f ∈ C (K) : E (f) < ∞} . (4.8)

It follows from (4.1) that (E, F) satisfies the Markov property: if f ∈ F then g = (0 ∨ f) ∧ 1 is also in F and E (g) ≤ E (f). Clearly (E, F) is irreducible. Moreover (4.2) and (4.7) imply that (E, F) satisfies the conditions (A3) and (A4).

Finally, for any sequence {ρ_i}_{i∈S} of positive numbers such that � i∈S ρ_i = 1, there exists a Borel regular measure μ on K satisfying (A1).

In order to conclude that (K, {F_i} , μ, E) is a self-similar measure energy space, we still need to verify the condition (A2), and to ensure that the form (E, F) is closed with F dense in L^2 (μ). This can be done under additional conditions as follows.

A particularly interesting case of the above construction is p.c.f. fractals introduced by Kigami, see the details in [20, Chapter 1]. Let (K, {F_i}) be a connected p.c.f. fractal with the boundary V_0 := {p_1, p_2, · · · , p_D} (D ≥ 2). We may introduce a sequence of quadratic forms E_m on V_m exactly as above. We say that K possesses a harmonic structure, if there exist a D × D matrix J := (c_{ij} ) and a vector r := (r_1, r_2, · · · , r_N ) such that

inf_g {E_1(g, g) : g = f on V_0} = E_0(f) (4.9)

for all f : V_0 → R. The harmonic structure (J, r) is said to be regular if r_i < 1 for all i ∈ S. It is easy to verify that the harmonic structure is regular if and only if η < 1 and θ < 1 where η and θ are defined by (2.5) and (2.12), respectively.

It is still an open question whether or not a general p.c.f. fractal possesses a harmonic structure although a positive answer was obtained for certain classes of p.c.f. fractals, see [23, 24, 27]. Assuming that (J, r) is a harmonic structure on

14 ALEXANDER GRIGOR’YAN, JIAXIN HU, AND KA-SING LAU

(K, {F_i}). Then the condition (4.9) implies that E_1 ≥ E_0 and hence one can obtain the quadratic form (E, F) on K as above.

Definition 4.1. We say that a collection (K, {F_i} , μ, E) is a harmonic p.c.f. fractal if (K, {F_i}) is a connected p.c.f. fractal with contractions F_i, and μ is a self-similar measure on K, and the quadratic form E is associated with a harmonic structure as above.

For a harmonic p.c.f. fractal, the assumptions (A0) − (A3) in Section 2 hold; in particular, (A2) follows from

F_i(K) ∩ F_j (K) = F_i(V_0) ∩ F_j (V_0) (i ≠ j),

see [20, Prop. 1.3.5, p.19]. In general, (E, F) is not necessarily a closable form. At this point, a harmonic p.c.f. fractal is not included into the variational fractal introduced by Mosco [25]. However, Kigami [20, Theorem 3.4.6, p.92] proved that, for a harmonic p.c.f. fractal (K, {F_i} , μ, E) with weights {ρ_i} and � r^{−1}_i � , there exists a subspace ~F ⊂ L^2(μ) that contains F, such that (E, ~F ) is a local regular Dirichlet form on L^2(μ) with a core F, provide that (2.5) holds. In fact, Kigami has obtained ~F (which he denoted by F) by constructing a certain injective mapping ι from functions on V_∗ with finite energy to functions in L^2 (μ), hence defining ~F as the image of ι. If f ∈ F then ι (f|_{V∗} ) = f, which implies that F = ~F ∩ C (K).

Therefore, a harmonic p.c.f. fractal satisfying (2.5) is a self-similar measure energy space satisfying (A4). Thus, the global Poincaré inequality follows by Theorem 3.2, which implies also conditions (2)-(7) of Theorem 2.2. In particular, we obtain the existence of the heat kernel satisfying (2.8). The latter result was obtained in [20, Theorem 5.3.1, p.172], where the on-diagonal lower bound of p(t, x, y) was also proved by using a probabilistic approach.

4.2. Products of self-similar spaces. Let � K, {F_i}_{i∈S} , μ, E � be a self-similar measure energy space with the weights {ρ_i}, � r^{−1}_i � . We say that the weights of this space are homogeneous with coefficient η if

ρ_ir_i = η for all i ∈ S.

Let now (K^′, {F^′_i } , μ^′, E^′) and � K^{′′}, {F^{′′}_j }, μ^{′′}, E^{′′} � be two self-similar measure energy spaces, respectively, with the weights {ρ^′_i}, {(r^′_i)^{−1}} and {ρ^{′′}_j }, {(r^{′′}_i )^{−1}}. Consider the product space K := K^′ × K^{′′}.

Clearly K is a self-similar space with the family of contractions

{F_{ij} } := {F^′_i ⊗ F^{′′}_j },

because K = � i,j (F^′_i ⊗ F^{′′}_j )(K).

Consider the product measure on K

μ := μ^′ ⊗ μ^{′′}.

HEAT KERNELS ON SELF-SIMILAR SPACES 15

It is not hard to see that μ is a self-similar measure on K with the weight {ρ^′_iρ^{′′}_j }, and so the conditions (A1) − (A2) hold.

Define an energy form E on K by

E(f) := � K^{′′}

E^′(f(·, x^{′′})) dμ^{′′}(x^{′′}) + � K^′

E^{′′}(f(x^′, ·)) dμ^′(x^′) (4.10)

for f ∈ L^2(μ), and set F = {f ∈ L^2(μ) : E(f) < ∞}.

Proposition 4.2. Let (K^′, {F^′_i } , μ^′, E^′) and � K^{′′}, {F^{′′}_j }, μ^{′′}, E^{′′} � be two self-similar measure energy spaces with the weights {ρ^′_i} , {(r^′_i)^{−1}} and {ρ^{′′}_j }, {(r^{′′}_j )^{−1}}, respectively, and let the forms (E^′, F^′) and (E^{′′}, F^{′′}) be irreducible. Assume that the both pairs of weights are homogeneous with the same coefficient η, that is,

ρ^′_ir^′_i = ρ^{′′}_j r^{′′}_j = η for all i and j. (4.11)

Then the energy form E defined in (4.10) is self-similar with weight {η(r^′_ir^{′′}_j )^{−1}}, that is E(f, g) = � i,j η(r^′_ir^{′′}_j )^{−1}E(f ∘ (F^′_i ⊗ F^{′′}_j ), g ∘ (F^′_i ⊗ F^{′′}_j )) (4.12)

for f, g ∈ F. Moreover (E, F) is an irreducible Dirichlet form on L^2(μ), and (K, {F_{ij} } , μ, E) is a self-similar measure energy space, whose weights are homogeneous with the same coefficient η.

Note that the homogeneity of the weights of the forms (E^′, F^′), (E^{′′}, F^{′′}) is essential for the self-similarity of (E, F).

Proof. The self-similarity of E was proved in [29, Lemma 2.2]. The Markov property and the irreducibility of E follow directly from the definition (4.10). The closedness of (E, F) was proved in [11] (see also [29, Corollary 2.7] for the case of discrete spectrum). Hence, (E, F) is an irreducible Dirichlet form. The weights {ρ^′_iρ^{′′}_j } and {η(r^′_ir^{′′}_j )^{−1}} of the product space are also homogeneous with the same coefficient η because ρ^′_iρ^{′′}_j (η^{−1}r^′_ir^{′′}_j ) = η^{−1}(ρ^′_ir^′_i)(ρ^{′′}_i r^{′′}_i ) = η. □ In the view of Proposition 4.2, the procedure of taking products can be iterated.

Namely, if � (K^{(n)}, {F^{(n)}_i }, μ^{(n)}, E^{(n)}) � is a finite sequence of a self-similar measure energy spaces with homogeneous weights with the same coefficient η, then the prod- uct K := K^{(1)} × ... × K^{(n)} has also the structure of a self-similar measure energy space defined as above.

Note that the products of fractals are infinitely ramified fractals, and hence they are not p.c.f. fractals. This gives examples of self-similar measure energy spaces which are not p.c.f. fractals.

As an example of applications of the above results, let us prove the following statement.

16 ALEXANDER GRIGOR’YAN, JIAXIN HU, AND KA-SING LAU

Corollary 4.3. Let � (K^{(n)}, {F^{(n)}_i }, μ^{(n)}, E^{(n)}) � be a finite sequence of p.c.f. fractals with homogeneous weights with the same coefficient η < 1. Then their product (K, {F_i}, μ, E) satisfies all the conditions (1)-(7) of Theorem 2.2.

Proof. By Theorem 3.2, each space K^{(n)} satisfies the global Poincaré inequality. By Theorem 2.2, the generator of E^{(n)} has discrete spectrum. Then, it is easy to see that the generator of the form E on the product space has also discrete spectrum. By Proposition 4.2, the product space (K, {F_i}, μ, E) has homogeneous weights with the same coefficient η < 1. Hence, Theorem 2.2 applies and yields the claim. □

Corollary 2.3 implies then that, under the above conditions, the compact embedding theorem holds on the product space, too. The latter was also proved by Strichartz for the product of two p.c.f. fractals with regular harmonic structure (see [29, Corollary 2.7]).

Acknowledgement. The authors would like to thank J. Kigami for comments that led to the improvement of this paper, T. Kumagai for pointing out the reference [11], and L. Saloff-Coste for the example of a space with 0 < λ_{ess} (H) < ∞.

References

[1] M.T. Barlow, Diffusions on fractals, Lectures on Probability Theory and Statistics, Lect.

Notes Math., Springer, 1690(1998), 1-121.

[2] M.T. Barlow and R.F. Bass, Brownian motion and harmonic analysis on Sierpínski carpets, Canadian J. Math., 51(1999), 673-744.

[3] M.T. Barlow and E.A. Perkins, Brownian motion on the Sierpinski gasket, Probab. Theory Related Fields 79 (1988), 543-623.

[4] A. Bendikov and L. Saloff-Coste, Elliptic diffusions on infinite products, J. Reine Angew.

Math. 493 (1997), 171-220.

[5] M. Birman and M.Z. Solomjak, Spectral theory of selfadjoint operators in Hilbert space, Mathematics and its Applications (Soviet Series), D. Reidel Publishing Co., Dordrecht, 1987.

[6] E.A. Carlen and S. Kusuoka and D.W. Stroock, Upper bounds for symmetric Markov transition functions, Ann. Inst. Heri. Poincarė-Probab. Statist. 23 (1987), 245-287.

[7] G. Carron, Inégalités isopérimétriques de Faber-Krahn et conséquences, in: Actes de la table ronde de géométrie différentielle (Luminy, 1992) Collection SMF Séminaires et Congrès, 1 (1996), 205–232.

[8] T. Coulhon, Ultracontractivity and Nash type inequalities, J. Funct. Anal. 141 (1996), 510- 539.

[9] E.B. Davies, Heat kernels and spectral theory, Cambridge University Press, 1989. [10] P.J. Fitzsimmons, B.M. Hambly and T. Kumagai, Transition density estimates for Brownian motion on affine nested fractals, Comm. Math. Phys. 165 (1994), 595-620.

[11] M. Fukushima and Y. Oshima, On the skew product of symmetric diffusion processes, Forum Math. 1 (1989), 103-142.

[12] M. Fukushima, Y. Oshima and M. Takeda, Dirichlet forms and symmetric Markov processes, de Gruyter, Berlin, 1994.

[13] A. Grigor’yan, Heat kernel upper bounds on a complete non-compact manifold, Revista Matemática Iberoamericana, 10 (1994), 395-452.

[14] A. Grigor’yan, Heat kernels and exit time, preprint.

[15] A. Grigoryan, J. Hu and K.-S. Lau, Heat kernels on metric-measure spaces and an application to semilinear elliptic equations, Trans. Amer. Math. Soc. 355 (2003), 2065–2095.

[16] B.M. Hambly, J. Kigami and T. Kumagai, Multifractal formalisms for the local spectral and walk dimensions, Math. Proc. Cambridge Phil. Soc. 132 (2002), 555–571.

HEAT KERNELS ON SELF-SIMILAR SPACES 17

[17] B.M. Hambly and T. Kumagai, Transition density estimates for diffusion processes on post critically finite self-similar fractals, Proc. London Math. Soc. (3) 79 (1999), 431-458.

[18] J. Hutchinson, Fractals and self similarity, Indiana Univ. Math. J. 30 (5) (1981), 713-747. [19] A. Jonsson, Brownian motion on fractals and function spaces, Math. Zeitschrift, 222 (1996), 495-504.

[20] J. Kigami, Analysis on Fractals, Cambridge University Press, 2001.

[21] T. Kumagai and K.T. Sturm, Construction of diffusion processes on fractals, d-sets, and general metric measure spaces, J. Math. Kyoto Univ. (to appear ).

[22] K.S. Lau, Iterated function systems with overlaps and multifractal structure, Trends in probability and related analysis (Taipei, 1998), 35–76, World Sci. Publishing, River Edge, NJ, 1999.

[23] T. Lindstrøm, Brownian motion on nested fratals, Mem. Amer. Math. Soc. 420 (1990). [24] V. Metz, Renormalization contracts on nested fractals, J. Reine Angew. Math. 480 (1996), 161-175.

[25] U. Mosco, Lagrangian metrics on fractals, Proc. Symp. Appl. Math. 54 (1998), 301-323. [26] K. Pietruska-Pałuba, On function spaces related to fractional diffusion on d-sets, Stochastics and Stochastics Reports, 70 (2000), 153-164.

[27] C. Sabot, Existence and uniqueness of diffusions on finitely ramified self-similar fractals, Ann.

Sci. Ecole Norm. Sup. 30 (1997), 605-673.

[28] R.S. Strichartz, Function spaces on fractals, J. Funct. Anal. 198(2003), 43-83. [29] R.S. Strichartz, Analysis on products of fractals, Trans. Amer. Math. Soc. 357 (2005), 571– 615.

[30] N.Th.Varopoulos, Hardy-Littlewood theory for semigroups, J. Funct. Anal. 63 (1985), 240- 260.

Department of Mathematics, Imperial College, London SW7 2AZ, UK and Institute of Mathematical Sciences, Chinese University of Hong Kong, Shatin, N.T., Hong Kong.

E-mail address: a.grigoryan@ic.ac.uk

Department of Mathematical Sciences, Tsinghua University, Beijing 100084, China E-mail address: hujiaxin@mail.tsinghua.edu.cn

Department of Mathematics, Chinese University of Hong Kong, Shatin, N.T., Hong Kong.

E-mail address: kslau@math.cuhk.edu.hk