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Abstract

Let (X,d,u) be a metric measure space satisfying the volume doubling condition. We
introduce a new critical inde® of the metric measure space, which is defined to be the supre-
mum of all possible values @gfsuch that there exists a stochastically complete continuous heat
kernel on K, d, i) satisfyingtwo-sidedstable-like estimate of inde& This critical indexs*
is proved to be invariant undguasi-isometryof two metric measure spaces. To achieve this,
we prove thap* can be equivalently defined by means of a cerfsidres-Barlow condition
Moreover, for eveng < ¥, there exists a stochastically complete continuous heat kernel satis-
fying the two-sided stable-like estimate of inggxvhile for everys > s* such heat kernel does
not exist. In contrast to that, a heat kernel, satisfying agerstable-like estimate of index
B, exists for anys € (0, ). We construct such a heat kernel by using a dyadic decomposition
of the spaceX and the associated ultra-metric. Further, using adjacent dyadic decompositions,
we prove that, for ang € (0, ), there exists a finite family of heat kernels & such that
their sum satisfies the two-sided stable-like estimate of ifdex well as all other properties
of a heat kernel except the semigroup property. In addition, we shovgtheatincides with
another critical indeg* defined by means @esov spacess well as with the walk dimension
dw provided there exists a heat kernel satisfying the two-ssddGaussian estimat&his in-
dicates thag* could be a good candidate for the walk dimension in future attempts to construct
a diffusion process oAX.
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1 Introduction

In this paper we are concerned with construction of stable-like heat kernels on metric measure
spaces and stability of the critical index of the heat kernel. Recall tht the fractional Laplace
operator £A)?? with 8 € (0,2) has a heat kernép}-o that satisfies the following stable-like
estimate: for alt > 0 andx,y € R",

’

L (g, =y

whereA = Z?:l (’))z(j and the sigr= means that the ratio of the both sides is bounded from above and
below by positive constants for the specified range of variables. In thispgasg) coincides with

the transition density of the symmetric stable Levy process of the id&lote also that{A)*/2

is an integral operator of the form

(—AY2E(x) (ﬂ”/zr(l—’—é) P.V. L o dy

for a certain class of functionsonR".
Let (X, d) be a separable metric space. We always assume that all metric balls

B(x,r):={ye X:d(xy) <r}

are precompact. In the case when dim co, we assume thaX is compact. Lej be a Radon
measure oX with full support. In particular, the volume function

V(X r) = u(B(xr)) (1.1
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is finite and positive for alk € X andr € (0, +0). We refer to X, d, u) as ametric measure space
By a heat kernel{pi}-0 on (X, d, u) (or simply, onX) we mean thap(x,y) is defined for all
t > 0 andx,y € X and satisfies the following properties, for all values of the arguments involved:

(P1) for anyt > 0, pi(x,y) is a measurable non-negative function xfy), and
fx Pr(X,y) du(y) < 1; (1.2)

(P2) symmetryp(x,y) = pi(Y, X);
(P3) the semigroup identity:

fX Pe(% 2Ps(z.Y) (@) = Pras(X.Y):

(P4) approximation of identity: for anf € L%(X) := L%(X, ),

fX o) ) duly) - f ast -0,

where the convergence is in the norm.3{X).

The heat kernel is said to Istochastically completéthe integral in (L.2) is equal to 1 for alt > 0
andx € X.
Assume first that the measyteis a-regular for somea € (0, =), that is, for allx € X and
r>0,
V(X r) =~r?. (1.3)

Let us ask the following question: does there exist a heat képarlo on X that satisfies the
following stable-likeestimate for somg > 0:

1 ( d(x,y) )—(a+ﬁ)

forallt > 0 andx,y € X? And, what is the range of the indgxor which (1.4) is possible?

The following approach to construct Dirichlet forms has been widely used in the liter@tlre [
Example 1.2.4]. Given a non-negative symmetric Borel funcfipgy) on X x X (that is called a
jump kernel, consider the following bilinear form

&(f.g) = f f (F0) — F(1))(O0) — gy))I%.y) du(x) )

XxX

in the domain
Fi={f e LX(X): &(f, ) < oo}

Assume in prior that&, 7) is a regular Dirichlet form oh?(X). Let £ be its (non-negative definite)

generator an®, = e"£, t > 0, be the associated heat semigroup acting’{). Then one can ask
if the operatoP; has for anyt > 0 the integral kernep;(x, y) satisfying the estimatel(4). Since
_ i P Y)
‘J(X’ y) - ll_r;% Zt s
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the estimateX.4) implies that
1

J(xy) = a0y’

which is, hence, a necessary condition far4l. Chen and Kumagai stated iaq] that, when
0 < B < 2, itis easy to check that the bilinear for@, ) with the jump kernel1.5) is a regular
Dirichlet form, and then proved the heat kernel 8f ) exists and satisfied (4).

However, there are many examplesfiactal metric measure spaces where the same is true
also for a certain range ¢f > 2. Indeed, it is known that, on many families of fractals, there
exists a strongly local regular Dirichlet form with the heat kere):-o satisfying the following

sub-Gaussiaestimate »
_C d(x,y) |3
pr(X,y) = —z exp[—c( R ) ) (1.6)

with the walk dimension g > 2 (see, for exampled| 6, 9, 36, 37] and etc.). The sigrx means
that both< and> are valid, but with diferent values of positive constar@sc.

In this case pi(X,y) coincides with the transition density of afflision process o&X. Using
the subordination techniques, one easily constructs heat kernels of jump processes satigjying (
with anyg < dy,. Besides, it is known that g > d,, then there exists no heat kernel satisfyifigl(
(see R3, Theorem 5.2]).

In order to describe the results of the present paper, we relax the assunm@jas (follows. A
metric measure spac&(d, 1) is said to satisfy theolume doubling conditiofivVD) if there exists
a positive constar€p such that, for alk € X andr > 0,

(1.5)

V(x, 2r) < CpV(x,T). (1.7)

The volume doubling conditiorMD) is equivalent to the following: there exist positive constants
Cp anda, such that, foralk, y e X and 0<r < R< oo,

V(x,R) , (d(x,y) + R\™*
Vo <o)

The triple (X, d, u) is said to satisfy theeverse volume doubling conditigiRVD) if there exist
positive constant€rp andae_ such that, for alk € X and O< r < R < diam(X),

V(x,R) R\
V(X,r) ZCRD(?) ' (1.9)

If (X, d,u) is connected and satisfiegld), then we have byd1, Proposition 5.2] thatgVD) holds.

Metric measure spaces satisfying) are usually referred to agoubling metric measure
spaces Such spaces occur frequently in analysis and include, in particular, the Euclidean®&paces
with measures from a certain large class, Riemannian manifolds of non-negative Ricci curvature,
nilpotent Lie groups with polynomial growth, many fractals, and etc. (see, for instéi&,18,

19, 20, 22, 30, 31, 32, 36, 40, 41]).

Under the condition\(D), we pose the question of the existence of a heat k¢mklo on X

satisfying the following stable-like estimate for soghe O:

1 R caYy
V(x, 18 + d(x,y)) t1/8

(1.8)

B
pr(X,y) =~ ) forall t e (0,00) and x,y € X. (1.10)
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For anyg € (0, «), we refer to {.10 as(ULE), (Upper and Lower Estimaje We also say that
(UE); (resp.(LE),) is satisfied, if the upper (resp. lower) estimatelirl() holds.

Clearly, if u is a-regular, then 1.10 is equivalent to 1.4). Note that there are heat kernels
{pt}=0 satisfying (.10 even on bounded metric measure spaces (for example, fractals).

Definition 1.1. Define thecritical indexthat relates the possible valuesgah (ULE); as follows:

B = g%X,d,u) := sugd B> 0 : there exists a stochastically complete
continuous heat kerngp}t-o on X satisfying(ULE),}.

Here continuity means that for amy- O, pi(X, y) is jointly continuous in X, y) € X x X.

The following theorem gives an equivalent conditior(th.E); and a new characterization of
B¢ via theAndres-Barlowcondition(AB), (see Definitior8.2 below for its precise definition).

Theorem 1.2. Assume thafX, d, u) satisfie{VD) and(RVD). Given any3 > 0, the following two
conditions are equivalent:

(i) The Andres-Barlow conditioAB); holds;
(i) There exists a stochastically complete continuous heat képriglo on X satisfying(ULE),.

Consequently, the critical index satisfies
BHX.d,u) =sud B> 0: (AB)g is satisfied or{X, d, ) }. (1.12)

The Andres-Barlowcondition (AB)s ensures the existence of certain diifonctions in the
metric measure spacg&(d, ). Note that(AB); is always satisfied whef < 2, which, together
with (1.11), implies thaig” > 2. If (X, d, ) is an ultra-metric space satisfyingd) and RVD),
thenp! = .

Let us remark that Theorem.2 improves the result in12]. Indeed, the result in12] also
shows that (ii) implies (i) in Theorerh.2 but under the condition th&p;}i-o is the heat kernel of
someregular Dirichlet form of pure jump type. Now, this condition is not needed in Theotein
Undoubtedly, the proof of Theorefin2 relies on a very deep theory which basically says that the
upper estimat@UE); implies the regularity of the associated Dirichlet form of the heat kernel. The
precise statement of this latter result is presented in The@rgbelow, and the whole Sectidhis
devoted to the proof of Theoreinl, via using both probability and analytic methods, respectively.
With help of Theoren?.1, we then prove Theoreth2in SubsectiorB.3.

An important consequence of Theordm2 is that the critical inde)§” is invariant undeguasi-
isometryof two metric measure spaces. In this paper, we say &ial, (1) is quasi-isometric to
(X,d,u)ifand only ifd ~ d’ andu = u’.

Theorem 1.3. Let(X, d, u) satisfy(VD) and(RVD). If the two metric measure spadg$, d, ) and
(X,d’, i) are quasi-isometric, then

BHX,d, ) = (X, ', 1),
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This stability property ofs* will be proved in SubsectioB.4, which is indeed a consequence
of Theoreml.2and Definition1.1

Obviously, if3 > 8%, then there does not exist a stochastically complete continuous heat kernel
on X satisfying(ULE),;. The main issue for the following theorem is that the sei sfO for which
there exists a stochastically complete continuous heat kern¥lsatisfying(ULE); is an interval.
Indeed, its proof follows from the subordination theory and is given in Subsettidrelow.

Theorem 1.4. Assume thaiX, d, x) satisfiegVD). Then, for any8 € (0, 5%), there exists a stochas-
tically complete continuous heat kernel &rsatisfying(ULE).

Let us comparg” with the followingcritical exponeng* of Besov space{s(\g’/ i(X)}[;>0, where
B = sup{ﬁ >0: Ag’/fo(/\’) is dense irLZ(X)}. (1.12)

The precise definition of the Besov spat:?i()() is given in Definition3.1 below. Assuming for
simplicity that the metric measure spa@é, @, ) is a-regular. Then the critical exponegt in
(1.12 is exactly the walk dimensiod,, that appears in the sub-Gaussian heat kernel estih#@e (
(see B3, Section 5.1]). The identityl(12 can therefore always be used as the definition of the
walk dimension, even if there is no sub-Gaussian heat kern&l on

Applying Theoreml.4 and the subordination theory of heat kernels, we can get the following
relationship betweeg# ands*.

Theorem 1.5. Assume thafX, d, u) satisfieqVD). If there is a stochastically complete continuous
heat kernelq}i-o on X satisfying the following sub-Gaussian estimg@&), with d > 1.

dw
dw-1
QX y) = d(x’y)) ) forall t e (0,c0) and xyeX, (1.13)

C
V(x, Y% + d(x, y)) eXp(_C( {1/
then
B =dy =5 (1.14)

We will show Theorend.5in Subsectiort.2 Its proof is divided into two parts: the first part
is to apply Theorem..4to proves” = dy; the second part is to apply the idea #8[ Section 5.1]
to provedy = S*.

According to Theoremd.3 and 1.5, we remark that the critical indeg” could be a good
candidate for the walk dimension in future attempts to constructtasitbn process oX. Or,
one can ask whether or not there exists a sub-Gaussian heat §gfneglsatisfying(SG),, when
dy = B*. On the other hand, it would also be interesting to construct an example of a doubling
space withs* < g*. By Theoreml.5, such spaces can not have a sub-Gaussian heat kernel. Spaces
without sub-Gaussian heat kernels are knowrLBj.[

In contrast to Theorerh.4and the two-sided conditiofLE), that is used in the definition of
B%, we show in the next theorem that for ghg (0, o) there always exists a non-trivial heat kernel
satisfying only theupperestimatgUE),.
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Theorem 1.6.Assume thaiX, d, u) satisfiegVD). Then, for any > 0, there exists a stochastically
complete heat kernép;}~o0 on X satisfying the upper estimate

C d(xy)\”
1 1.1
PO < o a1 ) (L.15)
as well as the on-diagonal estimate
(X, X) =~ _1 (1.16)
pt d - V(X,tl/ﬁ), .

forallt >0and xy e X.

Let us emphasize that Theordn®does not require any upper boungBoHence, the necessity
of the restriction8 < g* for the existence of a stable-like heat kernel is dictated byjfhdiagonal
lower bound of the heat kernel and, possibly, by continuity. Note also that if a stochastically
complete heat kernel comes fromegular Dirichlet formand satisfiegULE); thenitis continuous;
see [L6, Theorem 1.13 and Lemma 5.6] ar&#l] Theorem 1.12].

The proof of Theorenmi..6 is given in Subsectio.3 (see Theoren®.6). It uses the dyadic
decomposition of metric spaces frod) B3, 35] and the construction of heat kernels frof@] on
ultra-metric spaces.

In addition to Theorem..6, we prove the following curious result abdamiliesof heat kernels
that is based oadjacentsystems of dyadic decompositions fro&88] (see also Subsectidn4).

Theorem 1.7. Assume thafX, d, u) satisfieqVD). Then, for anys > 0, there exists a finite family
{{pgk)}bo . k = 1,...,K} of stochastically complete heat kernels &nsatisfying the two-sided
estimate

K B
® N 1 d(x, Y))
k; PEY) = ST+ dixy) (1 T )

where K is a natural number that depends on the doubling constarn QD).

Theoreml.7will be proved in Subsectiof.5(see Theorerb.9below). In fact, all heat kernels
{{pﬁk)}bo - k=1,...,K} here satisfy both1(.15 and (L.16). Clearly, if3 > * then each individual
heat kerne[p§k)}t>o does not satisfy the stable-likg-diagonal lowerbound, but their sum does.
In addition, observe that the function

K
ai(x,y) = %Z pgk)(x, y) forall te (0,00) and x,y € X
k=1

satisfieslULE); and all properties of a stochastically complete heat kernel, except the semigroup
property.
Notation. We use the following notation throughout the paper.

e ForaseE C X, denote byeC := X \ E.

e For anyp € (0,00], let LE(X) := {f € LP(X) : suppf is compadt, where suppf is the
complement of the largest open set in whick 0 u-a.e.
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e C(X) is the space of all continuous functions ah andC¢(X) is the subspace af(X)
consisting of functions with compact supports. DenoteChyX) the subspace af(X)
consisting continuous functions vanishing at infinity, that is,

Cw(X) :={ue C(X) : foranye > 0,34 compactK s.t.|u(X)| < £ foranyx ¢ K}.
In the case when diail < o, since we have assumed tidts compact, it follows that

Coo(X) = Ce(X) = C(X). (1.17)

e For a function or a numbear, setu, := uVv 0 := maxu, 0} andu_ := uA 0 := —max-u, 0}.

e The letter<C andc are used to denote positive constants that are independent of the variables
in question, but may vary at each occurrence. The relatianv (resp.,u = V) between
functionsu andv means that < Cv (resp.,u > Cv) for a positive constant and for a
specified range of the variables. We wiite: vif u v s u.

2 Regqularity of Dirichlet forms under heat kernel upper estimates

A symmetric bilinear form& with domain Domég) is called aDirichlet form on L?(X) if
Dom(&) is a dense subspaceldi(X) and& is not onlyclosedbut alsoMarkovian Endow Domg)
with the norm

IUIZ, = Iulifz + E(u. u) =: Ex(u, u). (2.1)

A subset in Domg) N Cc(X) is called acore of & if it is dense in Domg§) with respect to the
norm|| - |lg, and also dense i@¢(X) with respect to sup-norm (or, uniform norm). The Dirichlet
form (&, Dom(E)) is calledregular if it possesses a core. In particular, for a regular Dirichlet form,
Dom(€) N C¢(X) is a core. We refer the reader @1] for more information on Dirichlet forms.

Let {pt}=0 be a heat kernel o, and{P;}:.o be the associated heat semigroup defined by

Pef(x) = f;{ (% Y) f(y) duy). (2.2)

It is known that{P;}i-q is a strongly continuous Markovian semigroup actind #GX). According
to [21, Lemma 1.3.2(ii) and Theorem 1.3.1], the heat semigrd®p.o determines uniquely a
Dirichlet form (&, Dom(€)) (see R1, Theorem 1.4.1]). In fact, by2P, Section 4 and Theorem 5.2],
we have

{S(U, V) = lim¢_o %(u - Pw,v) forall u,ve Dom(E); 2.3)

Dom(€) = {u € LX) : &(u,u) < co}.
The main goal of this section is to drive the regularity of such a Dirichlet form under some very
mild assumptions of heat kernel upper estimates.

Theorem 2.1. Assume thafVD) is satisfied ang € (0, «). Let{P¢}i.o be the semigroup defined
in (2.2), with {p;}+>0 being a stochastically complete heat kernelbsatisfying

C
V(X tV8 + d(x,y))

0< p(xy) < forall t € (0,0) and xye X, (2.4)
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and
ti/B

Y
f pr(X, y) du(y) < C(—) forall t,r € (0,0) and xe X, (2.5)
B(x,r)C r

for some constants € 0 andy > 0. If, for any t> 0 and xe X, pi(X, ) is continuous orX, then
the Dirichlet form(&, Dom(E)) given by(2.3) is regular.

Remark 2.2. Given a heat kerndlp}i.o on X that satisfiegUE),, it satisfies bothZ.4) and @.5);
see the proof of Propositidh 9 below.

Remark 2.3. Let {pt}1-0 be a heat kernel oX satisfying(UE);. Assume that\(D) is satisfied and
foranyt > 0 andx € X, pi(X, -) is continuous. Them(X, Y) is jointly continuous inX,y) € X x X.
Indeed, fixx,y € X andt > 0. Considex’ € B(x, t¥#) andy’ € B(y, t'/%). Note that

1P2t(X, ¥) = P2(X, Y < [P2t(X,Y) = P2a(X, Y)I + [P2r(X, y) = paa(X, Y =0 11 + L.
By the assumption, we have

lim I1=0.
X' —X

For I, by the semigroup property, we write
25 [ PO 2IP(EY) - P&y di(d) (2.6)

Sinced(x, X') < tY8, we havet? + d(x', 2) < 2tY# + d(x, 2) < 3t¥8 + d(x, 2) and then, by1.8),

V(x,tY8 + d(x, 2)) <C (d(X, X) + 2tY8 + d(x,2)\** <1
V(X,tYB +d(x,2) ~ P t18 + d(x', 2) ~

Hence, by(UE);, we have

1/8 ;AP 1/8 B
B(X.2) < 1 (t +d(x,z)) - 1 (t +d(x,z))

V(x,t16 + d(x, 2) t1/p V(X t18 + d(x, 2) t1/p
In a similar way, by the fact that(y, y') < t*/#, we also have

1 1
< )
V(y, tY8 + d(y,2)) = V(y, t1/F)

Note that by ¥D) and direct computation, the function

Ip(zy) - p(zY)l <

. 1 tY8 + d(x, 2) )ﬁ 1
V(x, tY8 + d(x, 2)) tV/B V(y, t1/h)

is integrable. Then, by2(6) and dominated convergence theorem, we obtain that

lim 1,=0.
(.y)= ()

Finally, combining the estimates bf andl- yields

lim  [p2a(xy) = p2u(X,Y)l = 0.
(x.y)—(xy)

Thus, eachp(x, y) is jointly continuous in X, y) € X x X.
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We will prove Theoren.1 by using three dierent methods, which are presented in Sub-
sections2.2-2.4-2.5, respectively. For the third method in Subsectibf, we need an additional
non-collapsing conditiogNC), that is,

inf \/(x, 1) > O. 2.7)
xeX

Remark 2.4. Let T > 0. By the arguments in the proofs (see Subsect®2.4-2.5) of Theorem
2.1, if both (2.4) and @.5) hold only for allt € (0, T) and if for anyt € (0, T) andx € X, p(X, ") is
continuous, then the conclusion of Theorgrstill holds.

2.1 Preparations: consequences of heat kernel upper estimates

Let us begin with the notion of cufibfunctions.

Definition 2.5. Let U be an open set of andA be any Borel set of). A function¢ € C¢(X) is
called acutgf functionof the pair @, U) if it satisfies the following properties (see Figure

() 0<p<lonX; (i) ¢=10nA (i) ¢=00onUC.

Denote by cutfi(A, U) the collection of all cutfi functions of the pairA, U).

Figure 1: A cutdt function¢ of a pair @, U).

Now, we recall the following regularity result fron@1, p.29, Lemma 1.4.2(i)].

Lemma 2.6([21]). The Dirichlet form(&, Dom(&)) on L2(X) is regular provided that the following
hold:

(i) Dom(&E) N Cw(X) is dense iIrC(X) with respect to the uniform norm;
(i) Dom(&E) N C(X) is dense irbom(&) with respect to the norr- ||g, in (2.1).

Remark 2.7. Regarding Lemma&.6(i), we observe that the following three statements are equiva-
lent:

(i) Dom(&E) N C¢(X) is dense iIrC:(X) with respect to the uniform norm;
(i) Dom(&E) N Cw(X) is dense IrC(X) with respect to the uniform norm;

(iif) For any compact se and open sdt) with K € U, Dom(€) n cutof (K, U) # 0.
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Indeed, it is obvious that “(i3> (ii)” becauseC¢(X) is a dense subspace®f,(X) (by multiplying
a cutdt function) with respect to the uniform norm. The proofs of “& (iii)” and “(iii) = (i)”
are contained inl2, Proposition 4.1] andl]2, Proposition 3.8], respectively.

Next, we show the following list of properties of the heat semigroup associated with a heat
kernel satisfyingZ.4) and @.5), which are the key ingredients for the proof of Theor2rh

Proposition 2.8. Under the hypothesis of Theoréhd, the following assertions are true:
() If f € LP(X) for some p= [1, ), then Rf € C(X) forall t > 0.

(ii) If f € LY(X) has bounded support, thenfPe C..(X) for all t > 0.

(i) If f € Coo(X), then R € Cuo(X) for all t > 0 andlimi_o[IP¢f — fllL=(x) = O.

Proof. To show (i), we fixx € X, t > 0 andf € LP(X). By the Hblder inequality (with respect to
the measurgx(x, 2 — p:(Y, 2)| du(2)) and stochastic completeness of the heat kernel, we obtain that
foranyy € X,

IPf(X) - Pef(y)l = ’fX(Pt(X, 2 - p(y.2)f @ du(@

< |mma—nmamma%l 1Pe(%.2) = pe(y, 21T (2P du(2)
fl ) ( )

<o ( fX IPr(x.2) - pt(y,z)nf(znpdu(z))ﬁ. (2.8)

For anyy € B(x, t¥/#), by (VD) (see also1.8)), we see that
V(x tYP) = V(y, t'P),

which, along with 2.4), implies

1 1
+ ~ .
V(x, tVE) — V(y,thE)  V(x, tYF)

Ip(%,2 - pe(y, DI

Hence, byf € LP(X) and the fact thap(-, 2) is continuous orX, we apply the dominated conver-
gence theorem for2(8) to prove that

lim P () ~ Pef(3)l = 0,

that is,P; f € C(X) sincex € X can be arbitrary.

Now we show (ii). Fixt > 0 andf € L(X) such that supgd € B(xo, R) for some pointx, € X
andR € (0, ). According to (i), we know thaP;f € C(X). Under the case diaii < co, we have
by (1.17 thatP; f € C(X) = C(X). So, it remains to validate th& f vanishes at infinity in the
case when dian¥ = oo. To this end, for ally € B(x,, R) andx € B(xo, 2R)C, we have

d(x.y) > d(xo. X) — d(x.y) > %d(xo, ¥ >R
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which impliesB(x,, R) € B(x, R)C and, by ¥D) and @.4),

R SN SN
Vi d(xy)  Vdxy) T VLR V(xR

pe(Xy) <

Now, for anyn € N, set
fn = f1)f1<n)s

which is supported irB(xo, R). Clearly, the sequendgdi}na converges taf both in L1(X) and
pointwise. By these an@(5), for anyx € B(Xo, 2R)C, we obtain

P < fB i POYITO) ~ 0 0 + f

Pe(X, V)| fn(y)| du(y)
B(Xo0, R)

1
< " lfa = fllugy + Ialleegy f

< X, y)d
Vo R - Pr(x, y) du(y)

e )7 (2.9)

1
< mﬂfn = fllLsy + R

Note that the implicit constants in the estima2ed] are independent of € B(Xo, 2R)C, n,t,Rand
Xo- S0, in both sides of29), first lettingR — oo and then lettingh — oo, we conclude that

lim sup [P:f(X)|=0,
R0 s eB(%,2R)C

that is,P; f € Coo(X).

It remains to verify (iii). Fixf € C(X) andt > 0. For anys > 0, there exists a compact set
K € X such thatf(x)| < e forall x € KC. By this property and the stochastic completeness of the
heat kernel, we have for alle X that

IPe(f1c) ()] < fK o PN du(y) < & fK o Py du(y) < & (2.10)
and, hence, forany,y € X,

IPef(X) — Pef(y)l < IP(f1c)(¥) — Pe(f L)) + [Pe(f L )OI + [Pe(F L0 )(Y)!
< [P(f1k)(X) = Pe(f1) ()l + 2e.

Sincef 1k € LY(X) has compact support, by (i), we obtain tiRaf 1) € Coo(X). Combining this
and the above inequality yields

lim sup|P; f(X) — P f(y)| < 2e.

y—X

Sinces > 0 is arbitrary, we have proved thBif € C(X).
Again, using the facP;(f1lk) € C~(X), we find that for any > 0, there exists a compact set

Ky € X such thatPy(f1c)(¥)| < & for all x e K&, By this and .10, we see that for a € K,
IPEOII < [P(f L) (X)) + [Pe(f L c)(X)] < [Pe(fL)(X)] + & < 2,

which alternatively says th& f € C(X).
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Note thatf € C(X) implies thatf is bounded and uniformly continuous &h With the latter
fact, we have that for any > 0, there is5 > 0 such that for alk, y € X with d(x,y) < 6,

) -t <e
Then, it follows from the stochastic completenes$mfi.o and .5) that
PO = (9] = ’ | penion - 1o du(v)‘
< [ PO yITE) - 11ty
X

- (fB(Xﬁ) ’ fB(x,é)C) POCY)ITQY) = T ()1 du(y)

tl/ﬂ Y
<e+2C (T) 1 llLe(x)s
which implies that lin,o [Pt f — f|lL~(x) = 0 sinces > 0 is arbitrary. O

2.2 Proof of Theorem2.1: a probability method

Theorem 2.9. Let{T}=0 be a strongly continuous Markov semigroup #(X). Assume that
(@) for any fe Cuo(X), Tt € Cuo(X) for any t> 0 andlim_o [[T¢f = fllLeqy = O;
(b) Ty(LA(X)) € Co(X) for any t> 0.

Then, the Dirichlet forn{&, Dom(E)) determined by
&(f,g) := limeo +(f — T¢f,g) forall f,g e Dom(); (2.11)
Dom(©) := {f € L3(X) : &(f, f) < oo}, ‘

is regular.

Proof. To obtain the regularity of, Dom(&)), it suffices to validate the two items stated in Lemma
2.6.

For anyf € Cw(X) andt € (0, ), it follows from [21, Lemma 1.3.3(i)] thaf;f € Dom(E).
This, together with (a), shows that afiy C.,(X) can be approximated by functions in Da(
Coo(X) with respect td| - [|L~(x). Thus, Lemm&.§(i) holds.

Now, we will employ a probabilistic argument to verify that Lem&(ii) holds. It is clear
that{T}i>0 determines a sub-Markov transition functidifx, A) on (X, 8(X)) with To(X, ) = ox(*),
whereB(X) denotes the Borel sets oXi anddx is the Dirac measure at the point Hence, by
condition (a), it follows from 11, Theorem 9.4, p. 46] that there exists a Hunt prodgsgth state
space X, 8(X)) and the transition functiom(x, A).

Moreover, it follows from B, Remark (ii), p. 247] that any Hunt process isght process See
also the following flowchart for relations among various processes.
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\ Hunt processeslp, Definition A.1.23, p.405]‘

\ Borel standard right processeisi] Definition A.1.23, p.405]‘

‘ Borel right processed i, Definition A.1.17, p.401]‘

by [14, Theorem A.1.37, p. 410]

| right processesi, Definition A.1.36, p410]|

Then, it follows from the second part of4, Theorem 1.5.3, p. 35] 08B, Theorem 6.7, p. 142]
that the Dirichlet form & Dom(€)) in (2.11) of Y; is quasi-regular(see the definition of quasi-
regular Dirichlet forms in 14, Definition 1.3.8, p. 26]). It remains to prove thd, Dom(&)) is
actually regular (not only quasi-regular).

Indeed, by the definition of quasi-regular Dirichlet forms, for any functicn Dom(€), there
is a sequence of functiori$,}n-1 € Dom(E) with compact supports such that

im [y = flle, = 0.

Note also that each, € L2(X). Hence, by condition (b) and the fal(L2(X)) € Dom(€) (see 1,
p. 22, Lemma 1.3.3(i)]), we have thatf, € Cs(X) N Dom(E) for anyt > 0 andn > 1. Moreover,
by [21, p. 22, Lemma 1.3.3(iii)], we have

lim|T¢f = f =0.
t|—>0|| tTh nlle,

Combining the above two formulae, we obtain tfiat Dom(E) can be approximated by functions
T f, with respect to th&;-norm. Thus, we obtain that Lemn2a6(ii) holds. O

Proof of Theoren2.1 To obtain the regularity o, Dom(&)) in (2.3), we are about to apply The-
orem2.9with Ty = Py.

Indeed, it follows directly from PropositioB.§(iii) that condition (a) of Theoren2.9 holds.
Moreover, by Propositior2.§(ii) and the fact that.2(X) ¢ L(X), we see that condition (b) of
Theorem2.9also holds. This finishes the proof of Theoré&rii by Theoren?.9. O

2.3 Weakly regular Dirichlet forms

In this subsection, we introduce the notiomafakly regulamDirichlet forms and build a general
theory that ensures weakly regular Dirichlet forms to be regular (see Propdsitimelow), which
will not only yield an alternative proof of Theorefhl but also has its own interest.

Definition 2.10. Let (&, Dom(&)) be a Dirichlet form orl.2(X). We say that&, Dom(g)) is weakly
regular if it satisfies:

(i) Dom(&) N Cc(X) is dense irC.(X) with respect to the uniform norm; (2.12)
(i) Dom(&) N C(X) is dense in Don&) with respect to the normh- |lg, in (2.1). (2.13)
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Remark 2.11. Based on Lemma.6 and Remark2.7, if C(X) in (2.13 is replaced byC.(X) or
C(X), then weakly regular Dirichlet forms will become regular. In particular, any regular Dirichlet
form is weakly regular. Under the case didmk oo, it follows from (1.17) that a Dirichlet form is
weakly regular if and only if it is regular.

Suppose thag, Dom(&)) is a Dirichlet form andJ C X is a non-empty open set. Let

F(U) := Dom@) n Co(U) ", (2.14)
where we recall thaf1(u, v) = E(u, V) + (u, V) for all u,v e Dom(&). Clearly,7(U) € Dom(€).

Proposition 2.12. Under the conditior{2.12), for any non-empty open setd X, (&, F(U)) is a
regular Dirichlet form on [2(U).

Proof. We shall prove that Dor&l) N Cc(U) is dense both i€:(U) and# (U). This will automati-
cally imply that7 (U) is dense ir.2(U) since so iCc(U).

Indeed, it follows from the definition2(14) that DomE) N Cc(U) € F(U) N Cc(V) is dense in
¥ (U) with respect t&;.

Now, let us show that Donl) N C¢(U) is dense irC¢(U). Fix u € C¢(U) ande > 0. Suppose
thatK = suppu. It follows from (2.12) that there exists € Dom(&) N C¢(X) such that

lu—VllL=x) < e&.
In particular,|v(X)| < & for all x ¢ K. Moreover, it follows from 1, Theorem 1.4.2(iv), p. 28] that
V) = v = ((=€) V V) A € € Dom(E) N C(X).
Note thatvt¥)(x) = 0 for all x ¢ K and
IV =Vl < &
Hence, we obtain that®) € C¢(U) and
U=Vl < U= Vil + IV = Vs < 2s.
Sincee can be arbitrary, we have proved that Dé&n( C¢(U) is dense irCc(U). m|

Let U C X be a non-empty open set. Und@ri2), we denote byP{ }i»o the associated heat
semigroup of the regular Dirichlet forn&(# (U)). According to R1, Lemma 1.3.4], the domain
¥ (V) of the Dirichlet form €, ¥ (U)) satisfies

F(U) = {u e L3U) : limtHu - PYu,u) < oo}. (2.15)
However, even under the cade= X, we remark that it might happen that
PY % Py

The following proposition strengtheng9, Lemma 4.4], in which instead of regularity of
Dirichlet forms we now use only the weakly regular.
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Proposition 2.13. Let (&, Dom(&)) be a weakly regular Dirichlet form. For any non-empty open
set UC X and for any ue Dom(E), the followings are equivalent:

(i) uy e F(U);
(ii) u<vforsome e 7(U).

Proof. To obtain (i)= (ii), one can takes = |u|, which is inF(U) whenevemu € #(U). To prove
(ii) = (i), via taking somev € ¥ (U) such thau < v, we divide the proof ofi, € ¥ (U) into three
cases.

Case 1:u € Dom(€) N C(X) andv € F(U) N C¢(U). In this case, we have hy< v that
U, <vy and uy € DomE) N C(X).
Moreover,u, (x) = 0 for all x ¢ suppv, which shows thatl, € C¢(U), that s,
u, € Dom(E) N Cc(U) € F(U).

Case 2:u € Dom(€) andv € 7(U) N Cc(U). In this case, it follows fromZ4.13 that there

exists a sequende,} € Dom(E) N C(X) such that
lim [jun = ulle, = 0.

The resultinCase 1shows that eachug Av).. € F(U) sinceu, Av e Dom(E)NC(X) andup AV < V.

Moreover, for anyn € N, by the normal contraction and bilinear properties of the Dirichlet form
(see R1, pp. 3-5]) property, we have

E((Un A V)4, (Un AV)4) S E(Un AV, Un AV)
<EU AV, Un AV) +E(Un VYV, Uy V V)
1
= 5 (E(Un +V, Un + V) + &(Jun = W, [t = V1))
< E(Un, Up) + E(V, V)
and, hence,
sSup&E((un A V)4, (Un A V)4) < supE(un, Up) + E(V, V) < co.
neN neN
Further, from the fact thauf A v), — (U A V), = u, in L2(X) asn — oo and B8, Lemma 2.12, p.
21], it follows that
(Up AV)y > U, weakly with respect t&; asn — .
Since¥F (U) is also weakly closed, we obtain that € F(U).

Case 3:u € Dom(€) andv € F(U). In this case, by4.14), there exists a sequenp&}nen <
Dom(&) N C¢(U) such that
lim [lvn = Vilg, = 0.

The result inCase 2shows that eachu(a vi)+ € F(U) sinceu A v, € Dom(E) andu A v, < vy With
Vh € F(U) N Cc(V).

Similar to the arguments iBase 2 we also obtain that((A v,)+ — (UA V), = u, weakly with
respect ta&; asn — co. Again, sincef (U) is weakly closed, we obtain that € 7(U). O
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Proposition 2.14. Let (8, Dom(E)) be a weakly regular Dirichlet form. For any non-empty open
set UC X, if both ue Dom(E) and¢ € F(U) are bounded functions, theiu € F(U).

Proof. Sinceu e Dom(€) and¢ € F(U) € Dom(E) are bounded functions, it follows fron21,
Theorem 1.4.2(ii), p. 28] thatu € Dom(&). Observing that

gu < |oul < [lullL=x)lol € F(U),

we then derive from Propositich13that (@u), € F(U).
Similar arguments also show thaiuj_ € ¥ (U). Finally, we havepu € F(U). O

Let us now recall the notions &ubcaloricandcaloric functions. Letl be an interval irR.
A functionu : | — L?(X) is said to beweakly diferentiableatt < |, if for any ¢ € L?(X), the
function U(-), ¢) is differentiable at, that is, the limit

ut+e) —u(t)
im0 )

lim
E

exists. In this case, by the principle of uniform boundedness, there existsvg@Tie?(X) such
that for anyp € L2(X),
mﬂﬁt%;%lﬁzm@. (2.16)

-0

The functionw is called theweak derivativeof u att, and we writediu = w or U’(t) = w. In this
case, we have

sup & u(t + &) — u(t)ll 2y < oo,
£€(0,1]

which also implies
n%w+@:w)m8m) (2.17)

Definition 2.15. For an open subs& C X, a functionu : | — Dom(&) is calledsubcaloricin
| x Qif uis weakly diferentiable inL2(X) at anyt € | and if, for anyt € | and any non-negative
¢ € F(Q),

(Otu, @) + E(u(t,-), ) < 0.

A functionu is said to becaloricin | x Q if the above inequality is replaced by equality, that is,
(atuv ()0) + S(U(t’ ')’ ‘p) = o
In a similar manneny is said to besupercaloricin | x Q if —uis subcaloric.

Remark 2.16. If uis a subcaloric or supercaloric functionlisx Q, then it follows from 2.17) that
there exists a sequengs jnay C (0, 1) such that

Iirr}) ut+en,X) =u(t,x) up-a.axeQ. (2.18)
n—

Note that for anyf € L2(Q), the functionu(t, -) = P f(-) is caloric in (Q ) x Q. In this case, there
exists a sequenden}nen C (0, 1) such that2.18) is true foru(t, ) = PR f(-).
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The following parabolic maximal principle comes fro20[ Proposition 4.11, p. 117], whose
proof doesNOT use regularity of the corresponding Dirichlet form. Hence, it is true for all (not
necessarily regular) Dirichlet forms.

Proposition 2.17([29]). Fix T € (0, o] and an open se&® C X. Assume thatu (0, T) - Dom(&)
is a subcaloric function if0, T) x Q such that the following hold:

) u.t,)) e F(Q) forallt € (0,T), where u(t,-) := maxu(t, -), 0};
(i) uu(t,”) = 0inL%(Q)ast— O.
Then t,x) < Oforallt € (0, T) andu-a.a. xe Q.

Applying Proposition2.132.14-2.17, we are about to show the following comparison esti-
mates for subcaloric and supercaloric functions, which exte?@d pmmas 4.16 and 4.18] since
now we relax the regularity assumption of the Dirichlet form.

Proposition 2.18. Let (&, Dom(E)) be a weakly regular Dirichlet form. Let |¢ X be an open set,
K c U be a compact set ar@i< f € L2(U).

(i) Assume thatw (0,) — Dom(€) is a non-negative supercaloric function (@, o) x U
satisfying:

2
wit,) =9 f() ast— 0. (2.19)
Then, for any € (0, ) andu-a.a x€ X,

w(t, X) > PP f(x). (2.20)

(i) Assume that u (0, ) - Dom(€) is a bounded subcaloric function {0, ) x U satisfying
(2.19. Then, for any & (0, «0) andu-a.a x€ X,

u(t, x) < PP f(x) + sup esupu(s, 2). (2.21)
SE(O!t] ZEKC

Proof. We first show (i). For any € (0, o) andx € X, let
v(t, X) == PP f(X) — w(t, X).

Sincew is a supercaloric function in (6) x U, it follows thatv is subcaloric in (Qc0) x U.
According to P1, p. 22, Lemma 1.3.3(i)], it holds th& f € 7(U). By this andw > 0, we have

v(t,) < PYf e F(U),
which implies thaw, (t, ) € #(U) by Propositior2.13 Moreover, noting that
Vit ) S IPYFC) = FOI+IFC) = wit, )l

we deduce fromZ.19 and P1, p. 22, Lemma 1.3.3(iii)] thav,(t,-) — 0 in L?(U) ast — O.
Finally, by the parabolic maximal principle in Propositiarl7, we conclude thatX.20 holds.
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Now, we are about to prove (ii). L€} be a precompact open set such that
KcQcQcu.

By (2.12 and Remark.7(iii), we can find¢ € Dom(E) N cutaf(Q, U). Fix T € (0, ). For any
te (0, T)andx e X, let

m:= sup esupu(s,2) and Wt X) := p(X)u(t, X) — mp(x) — P f(x).
s€(0,T] zekC

Note thatP f € 7 (U) ¢ Dom() (see RP1, p. 22, Lemma 1.3.3(i)]). Moreover, sincét, ) €
Dom(&) is bounded, it follows from Propositich 14that¢(-)u(t, ) € Dom(E), so doesf(t, -).

e Let0< y € F(Q). SinceP! f is caloric andu is subcaloric in (0T) x Q, it follows from the
definition ofv and the fact thap = 1 onQ that for anyt € (0, T),

(Bv(t. ). w) + EV(L. ). ) = (goru(t. ). w) — (PP . ) - E(PY T, v) + E(gu(t. ) — e, )
= (G, ), v) + &(gut,-) - mp, y)
= (Act, ), v) + &(ut, ), v) + &((¢ - ut, ) — mg, v)
<&((¢ - Du(t.) - mg, y). (2.22)

Due to the continuity o and the fact that supp C Q, we havep = 1 onQ and, hencep = 1
on suppy. Thus, for anyt > 0, we have

((¢ - Du(t.) - mp, ) = ~(m, v).
which, along with {.2) andy > 0, implies that for anys > 0,
((¢ = Dult. ) = mg — Ps((¢ — Du(t. ) = mg). v) = (- m= Ps((¢ - Du(t.) - my). v)
< (= mPsL - Ps((¢ - 1u(t, -) - mp), )

=~ (Po((¢ - D(ut.) - m). v)
<0.

This last inequality follows from the facts that> 0 and

_ 3 C.
{(¢ 1)ut,)-m >0 onKEC; (2.23)

(- )ut,)-m =0 onK.
Hence, by 2.3), we obtain
(6~ Dutt.) — s, v) = lim 2((¢ - DU ) ~ Mo - P((6 — Dt ) — ), 0) <O,

and then, byZ.22), vis subcaloric in (0T) x Q.
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e Takeg € Dom(E) N cutaf (K, Q) € F(). Similarly to (2.23, by the definition ofmand the fact
that¢ € cutaof(Q, U), we have

(¢ -)(ut,)-m) <0 onK?C;
(¢-¢)ut,)-m=0 onkK.

This, combined wittP{ f > 0 and Propositior2.14 yields that for altt € (0, T),
V(t, ) = (u(t, ) - m) - PP f < g(ult, ) — m) < (ut, ) - m) € F(Q).
Hence, it follows from Propositio@.13thatv, (t,-) € #(Q) forallt € (O, T).

e By the definition ofv and the fact thap = 1 onQ, we write for anyt € (0, T) andx € Q,

V(t, %) = ¢OI(u(t, X) ~ F()) ~ (PP f(x) — f(x)) — mp(x),

which implies
V4 (1 %) < ¢(lu(t, X) = F] + PP F(x) — F(X)]-

From [21, p. 22, Lemma 1.3.3(iii)], it follows tha®{ f — f in L2(U) ast — 0. By this,Q c U
and .19, we then derive that, (t,-) — 0 in L%(Q) ast — 0.

Therefore, by using Propositich17, we obtain that/(t, x) < O forallt € (0, T) andu-a.a.x € Q.
Because = 1 onQ, this amounts to saying that for ale (0, T) andu-a.a.x € Q,

u(t,x) < PY f(x) + sup esupu(s, 2). (2.24)
s€(0,T] zeKC

Due to .18, via lettingt — T in (2.24), we obtain thatZ.24) is valid for u-a.a. x € Q at the
endpointt = T. In addition, note thata.21) is trivial for x € QC andT is arbitrary. Thus, we finish
the proof of .27) . O

As a consequence of Propositichd2and2.18 we give a stficient condition that ensures a
weakly regular Dirichlet form to be regular.

Proposition 2.19. Let (&, Dom(E)) be a weakly regular Dirichlet form, anfP;}.o be the associ-
ated heat semigroup. Fix X. Suppose that{ is a dense subset of [X) := {f € L2(X) : f >
0} such that for all fe H and te (0, o),

lim sup esup Psf(2) =0. (2.25)
R0 s2(0.1] 2eB(xy, R)C

Then,(&, Dom(&)) is regular.

Proof. Since €, Dom(g)) is weakly regular, by takinty = X in Proposition2.12 we deduce that
(&, F (X)) is a regular Dirichlet form om.?(X) and, moreoverf (X) can be characterized bg.05).
We will obtain the regularity of&, Dom(&)) by proving Dom€) = F(X). And, by a comparison
of (2.15 and @.3), this can be achieved by proving tiat= P{ for all t € (0, o), where{P{ o
is the associated heat semigroup&®f£ (X)).
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Let 0 < f € L?(X). By Remark2.16 the functionw(t, ) := P;f(x) is a non-negative caloric
function in (Q ) x X. Moreover, it follows from R1, p. 22, Lemma 1.3.3(iii)] thaP;f — f in
L2(X) ast — 0, which implies thatZ.19 holds withU = X therein. So, byZ.20 we obtain that
forallt > 0 andu-a.a.x € X,

PYf(X) < w(t, x) = P f(X). (2.26)

Assume in addition that & f € L?(X) is bounded, which implies th&;f is bounded. In a
similar manner, but now we apply Q1) to the caloric functionu(t, x) := P;f(x), thereby leading
to that for any compact sét C X, for allt > 0 andu-a.a.x € X,

Pif(X) < PXf(X) + sup esupPsf(2). (2.27)
s€(0.t] zekC
Moreover, by the standard approximation arguments, we can prove that the above inequality holds
forall 0 < f € L?(X) (not necessary for boundéd(X)-functions).
In (2.26 and @.27), we takef € H. Also, take the compact s&t := B(x,, R) in (2.27) for
R € (0, ). Then, combiningZ.26) and @.27) yields that for allt € (0, «0) andu-a.a.x € X,

PYf(x) < P f(X) < PXf(X)+ sup esup Psf(2).
se(0.t] zeB(xo, R)C

Applying (2.25 to the above inequality, we obtain that for ahyg H andt > O,
Pif =PYf p-a.e. onX.

SinceH is dense inL2(X), it follows that the above identity holds for all € L2(X), and hence,
for all f € L2(X). This proves the desired identity Bf = Pf forallt € (0, ). Thus, we complete
the proof of Propositio2.19 O

2.4 Proof of Theorem?2.1 an analytic method

As a consequence of Propositiar8, we show that the Dirichlet form in TheorePnlis weakly
regular.

Proposition 2.20. Under the hypothesis of Theore&r, the Dirichlet form(E, Dom(E)) given by
(2.9 is weakly regular.

Proof. Let f € Co(X) andt € (0, ). By [21, Lemma 1.3.3(i)], eacP;f € Dom(&). Meanwhile,
by Propositior?.§iii), every Pif € Coo(X) and lim_o I[P f — fllL~(x) = 0. Thus, Domg) N Co(X)
is dense irC.(X) with respect td| - [|L~(x). This, combined with Remark.7, gives @.12).

Let f e Dom(€). Then Propositior2.§(i) says that every; f € C(X). According to R1, p. 22,
Lemma 1.3.3(i) and (iii)], every: f € Dom(E) and

lim ||f ~ Pflle, = 0.
This proves that§, Dom(€)) satisfies2.13. So, we obtain thaif, Dom(E)) is weakly regular. o

Now, applying the theory of weakly regular Dirichlet forms in SubsecBdwe give the sec-
ond analytic proof of Theorer 1without referring to the deep connection between right processes
and quasi-regular Dirichlet forms.



22 Jun Cao, ALEXANDER GRIGOR’ YAN, ErRYAN HU aND LiGuang L1u

Proof of Theoren2.1 As was proved in PropositioR.20 the Dirichlet form €, Dom(E)) given
by (2.3) is weakly regular.

In order to obtain that&, Dom(g)) is regular, by PropositioB.19 it suffices to prove that the
semigroup P;}-o satisfies 2.25. Indeed, we fixx, € X and choose

H ={f eCe(X): >0}

Let f € H such that supd < B(X,, R) for some largeR > 0. For anyz € B(Xo, 2R)C and
y € B(%, R), observing that

B(Xo, R) € Bz R,

we then derive fromZ.5) that for any O< s< t,

esup [Psf(2= esup f ps(z y) f(y) du(y)‘
2eB(Xo, 2R)C 2eB(Xo, 2R)C 1V B(Xo, R)
<|IfllLexy esup Ps(z y) du(y)

zeB(%o, 2R)C VB(ZR)

tl/ﬁ Y
< (F) 11l (x)-

This induces Z.25 by lettingR — 0. Further, an application of Propositidhl9 yields that
(&, Dom(©)) is regular. O
2.5 Proof of Theorem?2.1: a simpler analytic method under (NC)

In this subsection, under the additional condit{d{C), we give a third proof of Theorerd. 1
This proof is simpler than the second one, and unlike the first one as it does not use a deep theory
related to stochastic processes.

Theorem 2.21. Under the hypothesis of Theoreirl, assume further thafNC) holds. Then the
following statements hold:

(i) Pf € Co(X) forall f e LY(X) and te (0, );
(i) (& Dom(&)) given by(2.3) is a regular Dirichlet form.

Proof. Let us show (i) and (ii) in turn.
Proof of (i). Fix f € LY(X) andt € (0, ). By Proposition2.8(i), we have thaPf € C(X).
Thus, it sdfices to prove thaP; f vanishes at infinity.
Fix xo € X andR € (0, ). If t € (0, 1), then we have byMD) (see (.8)) and(NC) that
CHV(x tH) > t7/Pv(x, 1) > ct™+/P,
whereCy anda, are as in {.8), andc is the constant given ir(7). If t > 1, then by(NC),

V(x tY) > V(x, 1) > c.
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Combining the above two formulae, we then derive fr@wl)that

1
<
V(x, t18) = min{1, to+/8}

pi(%Y) forall te (0,00) and x,y € X,

thereby leading to that
1
xy)fy)ld s.—f [T (y)l du(y). 2.28
[ g POVION ) < s | 1)) (2.28)

Next, for anyn € N, we setf, := 1<y, which converges td both in L1(X) and pointwise as
n — oo. As it has been proved ir2(9), for all t € (0, ) andx ¢ B(X,, 2R), we still have

f oY) F ()] ducy) < f BOCYIY) = Fa)] ducy) + f
B(xo, R) B(xo, R)

Pt (X, Y)| fa(y)| dee(y)
B(x0, R)

<

tl/ﬁ Y
) (2.29)

1fn = Fllae) + n(—

V(%o, R) R

Combining .28 and .29, we deduce that for alt ¢ B(Xo, 2R) andt € (0, ),

POl < ( [ s [ N R)C) 0% )1 (Y)I)
/B 1

1 2
Voo Rlf—1 — |t fy)ld
SV R ”“(X)m( R) " min(L, to /B fs(xo,R)c' W),

which implies

lim sup [Pf(X)]=0

Roeo XeB(Xo, 2R)C
by first lettingR — oo and the lettingh — co. This proves thaP; f vanishes at infinity and, hence,
Pif € Coo(X).

Proof of (ii). Asinthe first part of the proof of Propositi@2Q we can derive from Proposition
2.g(iii), [ 21, Lemma 1.3.3(i)] and Rematk 7 that DomE) N Cc(X) is dense irC¢(X) with respect
to|l - [lL~(x). Based on this and Lemn2a6, we only need to show that any function in Ddthcan
be approximated by functions @ (X) N Dom(&) with respect td| - ||, .

Letu e Dom(&). By [21, p. 22, Lemma 1.3.3(iii)], we know thd®;u € Dom(E) andP;u — u
with respect td| - ||, ast — 0. Sinceu € L?(X), it follows from Propositior2.§(i) that Pyu € C(X)
for all t > 0. Moreover, for anyt > 0 andx € X, by the Hlder inequality with respect to the
measure (X, 2) du(2) and the stochastic completeness of the heat kernel, we obtain

1/2

1/2
P < fx pt<x,z)|u(z)|du(z)s( fx pt(X,Z)du(Z)) ( fX D DU @)| = VPO,

Using (NC) and the fact that® € L1(X), we then derive from (i) tha;(u?) € C(X). Hence, the
last inequality implies thaPiu vanishes at infinity, that if;u € Co(X).

Altogether, given any € Dom(E), we obtain thaPiu — u with respect td| - ||s, ast — 0, with
everyPiu € Co(X) N Dom(E). This ends the proof of (ii). O
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3 Stability of the critical index

Our aim in this section is to prove Theoreh® and1.3. In Subsectior8.1, we present some
preliminary materials including the definition of the conditi@gkB)sz. Further, in Subsectio8.2,
we show that if a heat kernel satisfidSLE); then the associated Dirichlet form is regular by
Theorem2.1and is also of pure jump type. With these, the proof of Theotedis presented in
Subsectior8.3. As a consequence of Theordn®, we then show Theoremh3in Subsectior8.4.

3.1 Condition (AB), and the jump kernel

Let (X, d, u) be a metric measure space satisfyid@]. We introduce some necessary notions.
Set

V(xy) = V(x.d(xy)) + V(y.d(x.Y))

and, for anys € (0, +0), consider thestandard jump kernel

1
V(x.y)d(x y)F
By (VD), we haveV(x,y) = V(x,d(x,¥)) = V(y, d(x,Y)), whence

J(xy) = (3.)

1
V(x d(x, y)d(x, )"

Note that ifu is a-regular therV(x, y) ~ d(x, y)* and, hence,

Jp(X,y) =~

1

Jg(X,y) = W

Based on the standard jump kernel 311j, we give the definitions of Besov spaces.

Definition 3.1. For s € (0, ), thehomogeneous Besov spade}z({\’) andAS (X) are respec-
tively defined to be the collection of all locally integrable functidnen X such that

1/2
g0 =[] 1109 - 100PRste o cuty] <o

and

f(x) — f(y)l2 1z
IIfIIAZm(X) = ( sup L(V(i r l(X)rT(y)l d,u(y)) d,u(x)) < 0.

re(0,00) B(x,r)

Moreover, define the correspondimiiomogeneous Besov spaces

A3 o(X) = {f € LAX) & I1fllag 0 = Ifllegy + IFllas 0 < 00}

and
A3 (X)) = {f € LAX) : 1Ifllas v = Nfllzg + IfllAs @ < 00}.
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Itis obvious thath$ ,(X) € AS _(X) andAS ,(X) € A _(X).

Let us state the conditiofAB)s that was introduced in24]. This condition is named after
Andres and Barlow, because they first introduced3hd similar condition forlocal Dirichlet
forms. That condition, denoted lmytgf Sobolev inequality in annylivas a simplified version of
the cutdf Sobolev inequality introduced by Barlow and Bass (S&8)]).

Definition 3.2. For any giverg € (0, ), we say that the conditiofAB)z holds, if there exist > 0
andC > 0 such that, for any function

u € (A5/5(X) + {const) N LV(X),
and for any three concentric balls
Bo = B(x0,R), B=B(Xp,R+r1), Q=B(X,R), (3.2)

with xop € X and 0< R< R+ r < R < diam(X), there exists a functiog € cutaf(Bop, B) such that
f fg  UOOPH09 = ) J0x) ) duy)
<[] 00700 - UL G ) + 5 [ WP, (33)

Figure 2: BallsBy, B, Q and a cutff function¢.

It was proved in 12, Lemma 2.2 and Remark 2.3] thgkB); always holds when & g < 2
(by using a standard bump functigrof two concentric balls); see alsdf, Remark 1.7], 24, the
proof of Corollary 2.12] and46, Example 4.2]. However, so far there is no regular method for a
direct proof of(AB)s wheng > 2, except for the following example (see al&6[Example 4.1]).

Example 3.3. Let (X, d) be anultra-metricspace, that ig] satisfies the ultra-metric inequality
d(x,y) < max@d(x,2),d(y,2) forallx,y,zeX. (3.4)

A typical example of an ultra-metric space is fhadic field (see, for examplel(, 42, 43)).

Suppose that is a measure on the ultra-metric spa¥ed) satisfying D). Consider the three
concentric balldp, BandQ as in 8.2). Let¢ := 15 be the characteristic function of the bBll By
the properties of ultra-metric, this function is continuous and, hence, is ff twniation of the pair
(Bo, B). Let us verify @.3). In fact, it sufices to prove the following inequality:

iu}o N ¢(%) = SO Ip(x,Y) du(y) < 1 7. (3.5)
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Indeed, ifx € B, then, by ¥D) and a direct computation (se27 Proposition 3.1] or]2, Lemma
2.1]), we have

sup [ 16(X) — ¢(y)I2Is(x,y) du(y) = sup 6(x) — (y)2Ip(x, y) duly) < 7P
xeB JX xeB JB(x, R+r)C

If x¢ Bandy € Bthen
1 1

R+ V(y.d(xy))  TPu(B)

Js(x,y) <

and hence, we have
1 _
sup | [6(x) ~ pM)IPIs(x.y) du(y) = sup | Js(xy) duy) < f S du =17
xeBC VX xeBC VB B MPu(B)

Combining the above two cases, we obtdrbf and then

f f UOIRI6(X) — ()2I5(%, ) da(X) duy) < sup f 8(2) — By)PIs(x.y) du(y) f UG du(X)
QxQ zeX JX Q

1 2
S —= Ud’
rﬁfgu u

which is 3.3 (with £ = 0 therein). Hence, on a doubling ultra-metric space, the condii@)s
is satisfied for alp € (0, +0).

Remark 3.4. In view of Example3.3and Theoreni.2, we see that ifX, d, u) is an ultra-metric
measure space satisfyindg) and RVD), theng? = .
3.2 Jump type Dirichlet forms

We start with the following definition.

Definition 3.5. For anys > 0, we say that the jump kerné(x, y) satisfies the conditio(@); if

‘](X’ y) = ‘],B(X’ y)’ (36)

whereJs is the standard jump kernel defined B1). We also say thal(x, y) satisfiegJ<)s (resp.
(J-)p) if the upper (resp. lower) bound iB8.©) is satisfied.

Lemma 3.6. Assume thafX, d, x) is a metric measure space satisfyidD). Let(E,F) be a
regular Dirichlet form where the jump part is given by the jumping measu(g, g)j If the heat
kernel p(x,y) of (&, F) exists and satisfig&JE); (that is, (L.19), then the jump kernel

dj(x.y)
J(XY) = ————— 3.7
"= G au) &)
exists and satisfie§ ). If the heat kernel satisfies the two-sided estinfalieE); then the jump
kernel Ix,y) in (3.7) satisfiegJ). If in addition (&, 7) is stochastically complete then it is of pure

jump type.
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Proof. By the Beurling-Deny decomposition (se¥l] Theorem 3.2.1, Lemma 4.5.2]), we have
E=&"+8&+ &,
where&' is the local partgK is the killing part, ands? is the jump part:
&(1.9)= [ [ (10916009 - g dice). (3.9)
For any functiond, g € ¥ we have by 2.3) (see alsoZ1, Eq. (1.3.17), p. 23]) that
£(1,9) = lim 2(F ~ T ). (3.9)

Given any two disjoint precompact open sai8in X, let f,g € ¥ N Cc(X) supported il andB,
respectively. Then, by3(9), we have

&(t.9) = ~1m [ [ 10900)Px Y ) chty)

and, by 8.9),
&(f.g) = E(F.g) = -2 fA fB F(g) dj(x,y).

In other words, ift — 0, then

f f 10000 25 a3 duy) - f f £(00) di(x.y). (3.10)
By (UE);, we have for alt € (0, ) andx,y € X that
pxy) _ c ( 1 )ﬁ < C (3.11)
2t T VY +d(xy) \tYB +d(x,y)) T V(X y)d(x, Y’ '

which implies from 8.10 that

C
dj(xy) < T—aro o du(x) duy)
V(x y)d(x y)y’
and, hence, the Radon-Nikodym derivati{g; y) in (3.7) exists and satisfiegk)s. See alsoZs,
Lemma 10.3(2) for = oo] for that (UE),; implies the existence of jump kern&(x, y) and(J<)g.
If in addition the lower bound ifLE), is satisfied, then, for ak,y € X,

o PXY) c 1 P
“rtn—fc?f 2t “m—J(?f V(x tY8 + d(x,y)) (tl/ﬁ + d(x, y))

> —,
V(x, y)d(x, y)?

which, together with3.10 and the Fatou lemma, implies that for non-negative functifyigse
F N Ce(X),

[ [rosemrdien > [ [ a0 timint 25 gy cuty
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(o
> fA fB 990y 09 B

This provegJ.)s. See also5, Lemma 8.8, p. 763] for thqt E),; implies ().
In conclusion, the above arguments not only show (b&tE), implies (J)s, but also implies
from (3.11) and(J.)s that

pt(;t’ Y <cixy) forall te (@) and xye X,

for a universal constar@@ > 0. If, in addition, €, 7) is stochastically complete, the&f = 0 and
the formula in 8.9) implies that for anyf € F,

et =1m [ [1109- 100225 6y duty)
Combining the above two formulae yields that for ang 7,
&(f, f) < C&(1, 1),
thereby leading to
EH(f, f) = &(f, ) - E(F, ) - EX(F, ) < C&(H, ). (3.12)

Let us use3.12 to prove&E" = 0. Indeed, denote dy(u, u) theenergy measuref E- for a bounded
functionu € . By the arguments i3, p. 389], we have for alp,u € ¥ N L*(X) anda > 0,

2 [ 2
A j;( ¢=dI'(u, u) + j;( dr’(e, ¢)
= &-(¢ cos@u), ¢ cos@u)) + E-(¢ sin(Au), ¢ sin(u))

< &(¢ cos(u). ¢ cosQu)) + E’(¢ sin(au). g sin(w)  (by (3.12)

= fx j;( (¢2(x) + ¢2(y) — 26(X)¢(y) cosQu(x) - u(y)))) 3% y) du(¥) du(y)

- fX fx (1809 = 6 + 26()p(y)(1 — cosQ(U(X) - u(y))))) I(%. y) dpu(x) dua(y)
S j{; j;{ (|¢(X) — p()I? + 2 (A2|u(x) — u(y)® A 2)) 306 ) du(X) ducy).

Dividing both sides of the above inequality By and passing to the limit as — oo, we obtain
thath¢2 dr'(u,u) = 0. Sinceg, u are arbitrary, it follows thag&- = 0, that is,& is of pure jump
type. ]
3.3 Proof of Theorem1.2

Let us return to a general setting. Given a symmetric non-negative jump k¥mg) on X,
define the bilinear form

&) = fX fX (U0 — U (V(X) — V) I, ) () duy) (3.13)
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with domain
F :={ue L%(X): &u.u) < ). (3.14)

It follows from the Fatou lemma th&t is complete with respect to the noitm||s, given in .1);
see alsoq1, Example 1.2.4, p. 14]. Note thaf,(F) becomes a Dirichlet form only if the domain
¥ is dense in_?(X, u).

The following theorem plays an essential role in the proof of Thedreéin

Theorem 3.7([12]). Assume thafVD) and (RVD) are satisfied. Then, for ang € (0, =), the
following two conditions are equivalent:

(i) (AB)s

(i) For anysome jump kernel J satisfyirid)s, the bilinear form(&, ) given by(3.13-(3.14 is
a regular Dirichlet form whose heat kernel exists and satigfiisE) ;.

Moreover, if(i) or (i) holds, then the heat kernéb;}i.o of (&, ) is stochastically complete and
jointly continuous onX x X for any t> 0.

Remark 3.8. Let > 0 andJg be the standard jump kernel i8.(). Consider the bilinear form

Es(U.N) = fX fX (U(X) — U(Y))(V(X) — V()T Y) c(y) dha() (3.15)
with the domain
Fp = {ue LX) : Ex(u.u) < oo} = AYS(X). (3.16)

By Theorem3.7, the hypothesi$AB); is equivalent to the fact that the bilinear foré@g(¥5) is a
regular Dirichlet form whose heat kernel exists and satigfies),.

We give the following regularity result, which is a consequence of The@.ém

Proposition 3.9. Assume thafVD) is satisfied angs,y € (0, ). Let{P}o be the semigroup
defined in(2.2), with {pt}~0 being a stochastically complete continuous heat kerne&X satisfying

( d(x.y)
VOB dxy) |t

-y
0<pi(xy) < ) forall t € (0,0) and xye X, (3.17)
for some constant C 0. Then, the Dirichlet form(&, Dom(E)) given by(2.3) is regular. In
particular, this last statement is true provided that}:.o satisfieUE)s.

Proof. Note that(UE); implies @.17). So, it sufices to show the regularity o&(Dom(€)) under
(3.17). To this end, we need to apply Theor@m via verifying that 8.17) implies 2.4) and @.5).

Itis obvious that8.17) implies 2.4). By a direct computation, it follows fronMD) and @3.17)
that for anyx € X andt,r > 0,

1 ey
) d < d
fsw)c P Y) duy) fa(mc VoA + d0y) (tl/ﬂ+d(x,y)) &

{18\ 2 1 {18 3
(5 [ vew . du(y)
r) Jx VO tV8 + d(x,y)) \tV2 + d(x. y)
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t1/B\ 2
S (_) )
r
which gives the desired conditio.). O

Proof of Theorenl.2 By Theorem3.7, it suffices to prove that (ii) implies (i).

Suppose thag > 0 and there exists a stochastically complete continuous heat kerhel on
X satisfying(ULE);. Let (€, Dom(&)) be the Dirichlet form determined by the heat kerfigl-o
(given in @.3)). It follows from Propositior8.9 (see also Theorei 1) that (€, Dom(E)) is regular.
Moreover, it follows from Lemm&.6that €, Dom(€)) is of pure jump type, and the jump kernel
J(x,y) exists and satisfie§l)s. In particular, € Dom(E)) coincides with that in §.13-(3.14).
Therefore, TheorerB.7(ii) is satisfied, which impliegAB)s. This finishes the proof of Theorem
1.2 O

By Theorems3.7and1.2, we have the following characterizations of the critical index.

Corollary 3.10. Assume thatvD) and(RVD) are satisfied oifX, d, ). Thens? := g#(X, d, u) has
the following equivalent expressions:

,8‘i =sup{B > 0: (Ez, F3) in (3.19-(3.16 is a regular Dirichlet form, whose heat
kernel is stochastically complete, continuous and satigfies),}
=sup{B > 0 : there exists a regular pure jump type Dirichlet form, whose jump
kernel exists and satisfi¢3); and whose heat kernel is stochastically
complete, continuous and satisf{&i E),}.

3.4 Proof of Theorem1.3

In this subsection, we will utilize Theoreh?2 to prove Theoreni.3, that is, to prove the
quasi-isometric invariance of the critical indgk

Proof of Theoreni..3. Let (X, d’, 1) be a metric measure space that is quasi-isometri¥ id, (1),
that is, there exists > 1 such that

cld<d<cd and clc< 3—5 <c (3.18)

For anyx € X andr > 0, denote byBy(x,r) and By (X, r) the metric balls in X, d) and (X, d),
respectively.

Let us first show that, ift ~ 4 but the metric is unchanged, thghis invariant. By the second
formulain @.18, we have

(X,d,p) satisfiesYD) and RVD) & (X,d,u’) satisfiesYD) and RVD).

In this case, note th@AB); holds on {, d, i) if and only if it holds on £, d, »"). This, along with
(1.1) in Theoreml.2, yields

BH(X, d,u) = (X, d, 1). (3.19)
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Next, we show that itl ~ d’ but the measure is unchanged, tifris also invariant. We use
the notation

diam(X, d) := supd(x,y) : X,y € X}.
In a similar manner, we define diaAy(d’). Sinced ~ d’, it follows that
Ry :=diamX,d) <o & Ry :=diam,d) < o

and, by the first formula in3, 18,
¢ 'Ry < Ry < cRy.

Since (X, d, u) satisfies D) (see als01.8)), for anyx € X andr > 0, we have

,u(Bd/(X,ZI’)) < /’t(Bd(X’zcr)) <
H(By(x,1) ~ u(Ba(x, c7ir)) T

Letx € X and O<r < R< Ry. Since {, d, u) satisfies RVD), if cr < ¢!R, thenc 'R < ¢ Ry <
Ry and

(3.20)

#(By (X R) | #(By(xc'R) (B)"" (3.21)

u(Ba(x,1)) ~  u(Ba(x,cr)) r
wherec_ is the same constant as iR\{(D). If cr > ¢!R, thenR ~ r, so that 8.21) still holds since

HEBOR) (R
u(Ba (1) = |

Due to the symmetry, the above formul&20-(3.20)-(3.22 imply that

(3.22)

(X,d,p) satisfiesYD) and RVD) & (X,d',pu) satisfiesYD) and RVD).

Lets < B%(X, d, ) such that there exists a stochastically complete continuous heat kajpglon

(X, d, u) satisfying(ULE),. Itis obvious thaipt}t-o is also stochastically complete and continuous
on (X,d’,u). Moreover, usingl ~ d’ and volume doubling property oX(d’, .), we obtain that
{Pt}=0 also satisfiegULE); on (X, d’, u) (that is, replacing the metrig¢in (ULE); with d’). From
this and the definition g8*(X, d’, ), it follows thats < g#(X, d’, 1), and hence

BHX.d, ) < (X, O, o).

The opposite inequality can be proved via exchanging the roldsafid’. Therefore, we obtain

BHX,d, ) = (X, d', o). (3.23)

Finally, first using 8.19, and then using3.23 (with u therein taken to bg’), we arrive at the
identity
BH(X.d, ) = BH(X,d, i) = (X, d' ).

This finishes the proof of Theorefn3. O
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4 Relations between the critical index and the walk dimension

The aim of this section is to show Theorefhd and1.5, whose proofs will rely on the subor-
dination theory of heat kernels that are basically fr@a p3].

4.1 Proof of Theoreml1.4

This subsection is mainly motivated b7, Section 5.4] (see als@8, Section 4.3]), which
deals with thex-regular metric measure space but now we assume the general doubling condition
(VD).

Suppose thatp )0 is a heat kernel. For arye (0, 1), Iet{n@}bo be as-stable subordinatar
that is, for anyt > 0, nﬁ‘” is a positive function defined on (&) such that

et = f n(s)estds forall A € [0, ).
0
Then, by the functional calculus, the function

p@(x,y):f 7(s)ps(x.y)ds forall te (0,0) and x,y € X, (4.1)
0

defines a new heat kernel an(see, for example 2R, Section 5.4]). We cal{Ip§‘5)}t>o the subordi-
nated heat kernel top;}i-o. It follows from (2.2) and @.3) that the heat kerneb@}bo determines
uniquely a Dirichlet form &, Dom(E®)), which is called thesubordinated Dirichlet form

Proposition 4.1. Let (X, d, z) be a metric measure space satisfy(Mip). Assume thattp,}i-o is a
stochastically complete heat kernel satisfy{lti E); for somegs € (0, o). Then, for any € (0, 1)
the subordinated heat kerne|:b§5)}t>0 determined by4.1) is also a stochastically complete heat
kernel satisfyindULE), with 8" := 6B, that is, for all te (0,c0) and Xy € X,

(4.2)

1 d(x, xd
PO (x,y) = (1+ ( y)) .

V(x, tYF + d(x,y)) t1/p
If, in addition, the heat kerndlp;}i~q is continuous, thenﬁ? is also continuous.

Proof. If (X, d,u) is a-regular, then4.2) has been proved irRp, Lemma 5.4]. Now, we assume

only (VD).
It is known that (see44] or [22, Section 5.4]) the subordinat@7§5)}t>o satisfies the scaling

property
1 S
1 = 71 (tﬁ) for all s € (0, o), (4.3)

and the fast decay property at infinity

fo S—yn(15)(s)ds<oo for all y € (0, o), (4.4)
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as well as the estimates

t
(9 < g forall ste(0,x), (4:5)

and

Oy o L 15
n(s) = oo when s > t*°. (4.6)
Also, {n§5>}t>0 satisfies that for all € (0, ),
f 7(s)ds=1. 4.7)
0

From @.1) and @.7), it follows that if {pi}i0 is Stochastically complete, then s i§§‘5)}t>0.
The remaining proof is divided into three steps.

Step 1: proof of the lower estimate of(4.2). For anyt € (0, ) andx,y € X, we set
r=tY9 4+ d(x y).
By this, the lower estimaté E); and /D), we derive that for ang € [r, 2r] andx,y € X,
1 (1 , 9 y))‘ﬁ
V(x, sY£ + d(x,Y)) sl/p

N 1 ( L, 9 y))ﬁ
V(X r/8 +d(x,y)) ri/p

N 1

~V(x, riB)’

Applying (4.9), (4.1), (4.6) and (VD), we derive that for any € (0, o) andx,y € X,

pS( X, y) R

(4.8)

2r
pO(x.y) > f 1O(9ps(x.y)ds (by @.1)

>fr2r L1 4s (by@s)

~ ) S V(x, riB) y &
o1

© I V(x, rl/A)

Lt ! (by (VD))
Tt d(x Y V(X Y+ d(x,y)) Y

N 1 S\ '

T V(X YA+ d(x,Y)) ti/p '

(4.9)

Step 2: proof of the upper estimate 0f(4.2). By (UE)g, for all s € (0, ) andx,y € X, we
have

Ps(X.Y) < (4.10)

_ 1
V(x, st/h)



34 Jun Cao, ALEXANDER GRIGOR’ YAN, ErRYAN HU aND LiGuang L1u

If s> t9, then it follows fromtY/©8) = /A’ that
V(x, sP) > V(x, tY/©P)),

If s<t9, then we haves'/# < t1/(%%) = tY/F" which, together with1.8), implies
/B
V(x s%f) > (Ch)” (1/5) V(x, tY/0A)y,

Substituting the last two estimates inth10 gives that for alls € (0, o) andx,y € X,

t1/6 a/B
(? \Y 1) . (4.11)

Whent > d(x, y)¥', combining ¢.11), (4.1), (4.7), (4.3) and @.4), we derive

t1/0 )
P (xy) = ( [+ M)nﬁ‘”(s)ps(x, y)ds

tl/()

- 1 ©) tl/ﬁ ay 1 g 1 00 ©) g ov (4.3

~ b e (tl/a) S V(x, t1/(95)) S+ V(6B Juss n (s)ds  (by (4.9)
1 1

< m (f T (6)(7') ds+ 1) (by (47))

(by (4.9). (4.12)

Ps(X,Y) < m

< -
~V(x, t1A)

In the opposite case < d(x,y)®, we obtain by 4.5), (VD), (UE); and a change of variables
7 =d(x,y)/s"?, that

o © ot 1 d(x,y)\”
A(x,y) < f(; S V(xS 1 d(xy) (1 * B ) ds (by (4.5 and(UE),)

t d(xy)\”
sV(x,ol(x,y»fo sH( * sl/ﬂ) ds

1 t foo 58-1 -8
~ T 1+7)"dr
VO dy) Aoy ? Jo T FT)

N 1 t
V(% d(x,y)) dOx, Y)Y

~ 1 dixy)\”
TV YA +d(x,Y))) (1 * E ) (by (VD)).

Hence, in all cases we obtain the desired upper estimate 2f (

Step 3: proof of the continuity of pi®. Fix t € (0, o) andx, X', Y,y € X with d(x, X') < t¥(©8),
The inequality 4.117) yields that for alls € (0, ),

1 1 t1/6 (1+/B
IPs(x.Y) = Ps(X,Y)| < (V(x, wem) V(x',t1/<5ﬁ>)) (? Y 1)
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1 t1/8 a./B
<y (5 vl - Gvoo)

Moreover, by the computation id (12, we see that the function
1/8 /B
) 1 L
s (S)V(x,t1/<6ﬁ>)( 5V 1)

is integrable over () with respect tadsuniformly iny,y’. Thus, by using the dominated con-
vergence theorem and continuity @f we have

lim D y)— pD,y) < lim foo ) (9)|ps(x,y) = ps(X,y)| ds= 0.
(x’,y’)—>(x,y)|pt( Y) - R (XL Y) oMoy Jo T (91ps(x.Y) = ps(X, Y

This implies the continuity opﬁ‘s). Thus, we complete the proof of Propositiéri. O
With the subordination of heat kernels in Propositéofy, we now prove Theorerh.4.

Proof of Theorem..4. Fix anys’ € (0, 8%). By the definition of3*, we can choosg ¢ (8’, 5%) such
that there exists a stochastically complete continuous heat Kegitxeb on X satisfying(ULE)g.
Hence, it follows from Propositiod.1 with 6 := B8/B € (0, 1) that thes-subordinated heat kernel
{p§5) }t-0 is @ stochastically complete continuous heat kerneXaatisfying(ULE)g . The proof is
completed. O

4.2 Proof of Theoreml1.5

Proposition 4.2. Assume thafvD) is satisfied. Letq:}i-o be a stochastically complete continuous
heat kernel satisfying the two-sided sub-Gaussian estimate

C oo o2y
VT8 + d(xy) P =\ T

B
1
gi(x,y) =< )/f J forall t € (0,0) and xye X. (4.13)

Then, for any € (0, 1), the subordinated heat kernkejf‘s) =0 determined byq;}o in (4.1) satisfies
all conclusions of Propositiod. L

Proof. Since @.13 holds, it follows tha{q:}t-o satisfie{UE),. Thus, the arguments Btep 2and
Step 3of the proof of Propositiod.1 remain valid. In other words, the subordinated heat kernel
{qﬁ‘s)}bo satisfies the upper estimate %) and, moreover, is jointly continuous.
Concerning the arguments Btep 1of the proof of Propositiot.1, for anyt € (0, ) and
X,y € X, we again set
r:= @Y% + d(x, y/)/8.

Instead of 4.8), we now use the lower estimate of.{3 to derive that for anys € [r,2r] and
Xy e X,

Pt
as(6y) 2 dex y)) ]

1
VxS + d(x y)) eXp[_C( S8
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B
1 (A
= V(x17P + d(xy) eXp[ C( (176 ) ]
w1
CV(x, riBy

so that the calculation i(9) can be proceeded as before, thereby leading to

d(x, xd
(xy) 2 ( y)) :

+
V(77 + d(x, ) ( {7
ThuS,{qEé) h=0 Satisfies the lower estimate iA.9). This concludes the proof. O

Now, by Theorenil.4 and Propositiort.2, we are about to prove the first identity ih.{4) of
Theoreml.5.

Proof of g = dy, in Theoreml.5. Let {qi}1-0 be a stochastically complete continuous heat kernel
on X satisfying the sub-Gaussian estimgi&), (see (.13). For anyg € (0,dy), upon setting

6 = p/dy € (0,1), we derive from Propositiod.2 that the subordinated heat kerriq[‘s)}bo
determined by{q:}i-o (in the way of @.1)) is a stochastically complete continuous heat kernel on
X satisfying(ULE)g, which implies by definition of” thats < g and, hence,

dw < . (4.14)
It remains to prove that,, is not strictly smaller thag”. Suppose on the contrary that
dw < B*. (4.15)

Then we will deduce a contradiction in the following three steps.

Step 1: define two regular Dirichlet forms (80, DomE®)) with i = 1,2. As in (2.3,
let (D, DomEMD)) be the Dirichlet form determined by the heat kerfmglio. Invoking the
stochastically completeness{gf}i-o, We then derive fromZ.3) that

EM(u,v) = lim % f (U(x) = u(y)(V(X) = v(y))a(x, y) du(x) du(y) (4.16)
XxX

for all u,v e DomED), with
DomEW) = {u e LA(X) : eM(u,u) < oo}. (4.17)

It follows from (SG), that

(4.18)

~dy
SODPRS S5}

V(x, tYdw + d(x,y)) t1/dw

holds uniformly int > 0 andx,y € X. Then, sincéq;}i-o is stochastically complete and continuous,
we have by PropositioB.9that the Dirichlet form &%), Dom(EW)) is regular.
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Since we have assumel), < g% in (4.19, it follows form Theoreml.4 that there exists
a stochastically complete continuous heat kermel-o on X satisfying (ULE)y,. Again, let
(&@, Dom(E@)) be the Dirichlet form determined by the heat kerfil) in the way of @.3),
which yields that

9y = lim 2 ([ W0 - U)K - DP9 c)  (4.29)
XxX

wheneveuw, v e Dom(E®@), with
DomE®@) = {u e L%(X) : EP(u,u) < o). (4.20)

By Propositior3.9, (@, Dom(E®)) is regular.

Step 2: prove that (8, Dom@E®)) is strongly local. By the general theory of Dirichlet
forms, €W, DomEW)) can be decomposed into two parts: the strongly local part and the jump
part associated with a Radon measiif¢ on X x X \ diag. Moreover, following the arguments
that lead to 8.10), we obtain that for any two disjoint precompact open ge88 C X, and for any
non-negative function$, g € Dom(E®) N C¢(X) supported inA andB, respectively, it holds that

(% y) : +
[ [ 10000352 quyaun - [ [ 1w icxy) ast— 0

Again, by the upper bound i(5G),, , we obtain that for anx € A andy € B (note thatd(x,y) > 0
sinceAN B = 0),

dw
< &0y ctt d(x,y) | &1 .
S~ V(X tl/dW+d(X ) exp|—c P —-0 ast—0".

Combining the above two formulae and using the Fatou lemma, we obtain

f f F0gW) dj(xy) < f f im 1990 252 au(x) duty) = 0

SinceA, B, f, g are arbitrary, we see thatj = 0. In other words, &, DomE®D)) is a strongly
local, regular Dirichlet form om.?(X).

Step 3: obtain a contradiction. Since{p}i-o satisfieJULE)y, , we have by4.18) that
g(xy) s pe(xy) forallt>0 andx,ye X.
Consequently, by4.16-(4.17) and @.19-(4.20), we obtain that
EB(u,u) < cEBD(u,u) forall ue LX), (4.21)
for some constar® > 0, which implies

Dom(E®@) ¢ DomEW).
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Moreover, by 4.21) and the arguments followin@(12) in the proof of Lemm&3.6, we obtain that
ED(u,u) =0 forall ue DomE®@) N L*(X).

Fix u e Dom(E®) N L*(X). Since

&0 = 5 [ 106 - ulen(x ) ety

for all t > 0, it follows from the lower estimate dfSG), that|u(x) — u(y)l = O for u x u-a.a.
(x,y) € X x X, which implies thau is an almost everywhere constant function\anThus,

Dom(E@) N L*(X) = {constant functions

which is not possible since Do@@)) N L®(X) is dense in_2(X) by the fact that Don&®) is the
domain of the regular Dirichlet forn&{?), Dom(E®@)).

Therefore, it is not possible to hadg < g#. Combining this and4.14) yieldsd,, = g, as
desired. O

Next, we show the second identity ih.{4) of Theoreml.5, by using the idea ing3, Section
5.1].

Proof of d, = 8* in Theoreml.5. To simplify the notation, we rewrite the regular Dirichlet form
(EW, DomEW)) defined in 4.16-(4.17) as €, Dom(&)). For anyu € L%(X) andt > 0, set

(U u) = f f 6RO YU — U(y)P ca(X) cu(y). (4.22)

We first prove thatl, < 8. Forr > 0, lett := r%. For anyu € Dom(&), by the lower bound of
gt in (SG),,, (VD) and @.22), we obtain

1 U9 — uy)P? 1 u(X) — u(y)P?
fX (V(X’ r) Jewn rdw dﬂ(y)) ) = t fx fl;(x,tl/dw) V(L) Auly) A9

= _ 2
s 2t L jl;(x,tl/dw) 0 (X, Y)IU(X) — uy)I* due(x) duy)
< 8({) (u’ U).

Since&y(u,u) T E(u, u) ast | 0 (see P3)), this last formula shows that for alle Dom(€),

2
IuliXavz ) < EU ).

Hence, we have Dorélj C Agw(foz(X). Because&, Dom()) is a regular Dirichlet form, we see that

Dom(&) is dense irL2(X), so does the Besov spaA%W(foZ(X). This leads taly, < 8.

To obtain the opposite inequality, > g, it suffices to prove that whef > d, the Besov
spaceA}’? (X) is not dense in.(X). We will prove this by verifying that il € A5'2 (X) then
&(u,u) = 0. To this end, for any > 0 andr > 0, we decompos&)(u, u) as follows:

Eoe.) = 5 [ [ ay)ut) - U chty)
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_1 o
2 fxfs(x,r)c GO0 VIUCK) — U1 du(x) du(y)

1
o [ by - us)Pdud duty)
X JB(xr)
=: At) + B(t). (4.23)
By (VD) and the upper bound of(x,y) in (SG),,, we have that for anx € X, t > 0 andr > 0,

dw
> ¢ dex y))dw—l
X, d < f ex —C(— d

fB(X* e A HO) Z‘ B(x, 20+1r)\B(x, 20r) V(% /% + d(x, Y)) p[ {1/ k()
dw

3 C 2r )qN_l

= —— eXp| —C| —5 d

nZ: L(x 2n+1r)\B(x, 2Mr) V(X 2nr) p[ (tl/dw ] :u(y)

dw
V(x, 2" 1r) 20 \@w-1
< CnZ:;J V2T exp _C(tl/dw)

S ZO 22nd,vr2dw’
n=

which implies
AO = [ [ 00 a0 dut) 0
2 [ o
< fx 0 (sup [ a2y

~ 2dW||u“|-2(X)
Similarly, by (VD) and the upper bound of(x,y) in (SG) , we have that for any> 0 andr > 0,

_1is U2
50 =205 [, fyr 20y KO0~ PO 69
a -n-1 a%
> ZEZeXp[_C(Ztl/dwr) } f S U(X) = u(y)I® du(x) du(y)

x V(% 27"1r) Jge 2
dw

S o oEr N [ L o

~ t P t1/dw V(X,27r) Jgix2nry  (277r)P

n=0
- o (278 21y i
S e B (vl I [P

du(x) du(y)

n=0
o H- 1/dy \B+0w)/2
<Z(2 b ulf?
T4 2-n-1r A5Z(X)
- ,
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~ |

u
W5

where in the last step we used the assumpgiond,,. Combining é.23 and the estimates &(t)
andB(t), we obtain that for any > 0 andr > 0,

/3

;‘w
+r Zdw

Ew (uu) <

Ul + 415 2

From this and the fact tha(u, u) T &(u, u) ast | 0 (see p3)), it follows that if u € A2 (X) then
E(u,u) = lirrg) Ew(u,u) =0,

thereby leading to that, for any> 0,

0=28(u,u) > Eg(u,u) = f f 0 (% Y)IU(X) = u(y)I du(x) da(y) = O.

Sinceq(x,y) > 0 by the lower bound od; in (SG),, we deduce thgt(x) — u(y)| = 0 for u x u-a.a.
(%, y) € X x X. In other wordsp equals to a constant almost everywhereXoiT his gives

A3/2 (X) = {constant functions

Thus,A’zi/fo(X) can not be dense i’(X). Hence, we havg > g* for all 8 > dy, which implies
dy > 5"
The proof ofd,, = 8* is completed. O

5 Heat kernel construction by means of an ultra-metric

The main aim of this section is to show Theoretm@and1.7. To this end, we use a systeth
of dyadic cubes oKX (see SubsectioB.1) and the family of adjacent dyadic cubes (see Subsection
5.4). The key point is that) induces an ultra-metridy on X (see Definition5.3 in Subsection
5.2below). Next, we apply the method df(] of heat kernel construction on general ultra-metric
spaces to prove Theorein6in Subsectiorb.3. Applying Theoreml.6, we show Theorem.7in
Subsectiorb.5.

5.1 Dyadic cubes and quadrants
In the Euclidean spad®” there is a standard system of dyadic cubes
D:={2%([0.1)" +a): ke Z acZ"}

that possesses the following properties: (i) all the cubes with the same side-length form a partition
of R"; (ii) any two different cubes are either disjoint or one of them is contained in another. Con-
struction of an analogous system of dyadic cubes on metric measure spaces satdb)ineaé
done in a seminal work of ChrisLf]. Christ's construction was improved id,[33, 34, 35, in a
very general setting of the so-callgdometric doublingnetric spaces.

In the next theorem we collect necessary for us properties of the dyadic cubes on metric mea-
sure spaces (see e.g3[ Theorem 2.2]).
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Theorem 5.1([33]). Let(X,d,u) be a metric measure space satisfy{(MpP). Fix some positive
constants ¢ < Cgp andé < 1 such thatl2Cy6 < ¢g. Then there exists a family

(Q: keZ ac Ay

of Borel subsets oX that are called dyadic cubes (wheg is an index set at most countable),
which satisfies the following properties:

(i) for any ke Z, the dyadic cubefQX}qe, are disjoint, andX = Jyeq, QX;
(ii) any two dyadic cubesand q@ with j < k are either disjoint or ¢y C Q[j,;
(iii) for any ke Z anda € Ay, there existsze QK such that
B(2;. c16) € Qf < B(Z, C16Y).
where g = 1co and G = 2Co.
If Qg” c QK, then QE+1 is called achild of Q, while QX is called theparentof QE” (see
Figure3). Each dyadic cube has finitely many children (which follows from (iii) avi®}) and at

most one parent (which follows from (i) and (ii)). It also follows from (i) and (ii) that, for any cube
QX and anyj < k, there exists a uniqyee A; such thaiQX ¢ Qé.

o
G

&)

Figure 3: Dyadic cubes

Denote by
D:={Q: keZ ae A

the system of all dyadic cubes aN,(d, 1). For anyk € Z, let
Dy :={QX 1 @ e A,

that is, D is the set of all dyadic cubes &fth generation. The séD has a natural structure of a
directed tree, where the vertices are the dyadic cubes, and arrows go from parents to children. The
setsDy are naturally identified as levels of this tree (see Fighjre
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| //ﬁQ\\ e

NN S

Q7

Figure 4: The tree structure dd

The system of dyadic cubeB gives rise to the notion of gquadranton X: for anyQ € D, the
set

cQ:=J@ (5.1)
73

is called aquadrantof X containingQ. In other words(C(Q) is the union of all ancestors @).
According to [L, Lemma 2.2], the quadrants have the following properties.

Lemma 5.2 ([1]). Let (X, d,u) be a metric measure space satisfyiM). Suppose thaD is
a dyadic system as in Theorebril. Then the family of quadrants defined (1) satisfies the
following properties:

(i) for each quadrant, the triple(C, d, u) satisfieqVD);
(i) any two intersecting quadrants coincide;
(iii) X is a disjoint union of finitely many quadrants

(iv) if u(X) < oo thenX coincides with one quadran, whereC coincides with some dyadic
cube Qe D;

(v) if u(X) = oo then for every quadrar@ we haveu(C) = co.

If two pointsx, y belong to the same dyadic cube then, clearly, they belong to one quadrant. The
converse is also true: K,y belong to the same quadranthen there is a dyadic cube containing
both x,y. Indeed, ifx,y € C thenx € Q" andy € Q” for some dyadic cube®’, Q” from C (cf.

(5.1). Since by definition of a quadra@ andQ” have a non-empty intersection then one of them
contains the other, whence the claim follows.

5.2 An ultra-metric induced by the dyadic structure

Recall that a metrip on X is called an ultra-metric (see als®.{)) if it satisfies the following
stronger version of the triangle inequality: for axyy, z € X,

p(X,y) < max{p(x,2),p(z )} . (5.2)

Of course, any ultra-metric is a metric. Usually a metric must take non-negative real values, but we
will allow an ultra-metric to take also the valueo.
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The dyadic systenD on (X, d, u) that is stated in Theore®.1 determines naturally an ultra-
metricdyp on X as follows. For any two distinct pointsy € X that belong to the same quadrant,
denote byQ,, the smallest dyadic cube from containing bothx andy; then denote by the

unique integek such thaQyy € Dy.

Figure 5: Cub&yy

If X,y do not belong to the same quadrant then wekggt= —co. Finally, if x = y then we set
kx’y = 400,

Definition 5.3. For anyx, y € X, set
dp(X,y) 1= 5%, (5.3)

In particular, ifx = ythendp(x, X) = 0, and ifx, y do not belong to one quadrant theég(x, y) =
00,

Lemma 5.4. dy is an ultra-metric onX.

Proof. Itis easy to see thaly is non-negative and symmetric. Let us verify thatsatisfies §.2).
By (5.3 it suffices to prove that
Ky = min(Ky z, Ky.2). (5.4)

If eitherky, = —co orky, = —co, then 6.2) is trivially satisfied. Otherwise each of the paky
andy, z belongs to one quadrant, that is, all the pointg, z belong to the same quadrant, which
will be assumed in the sequel.

The cubesQy, and Qy, contain the point, that is, they have non-empty intersection. By
Theoremb.1, one of them contains the other, for example Qg C Q, so thatky, > ky,. Then
y belongs taQy z, which impliesQxy € Qy; and, hencekyy > ky,. This proves$.4). O

Remark 5.5. Let us discuss some properties of the ultra-metlyjc
(i) It follows from Theorem5.1(iii) and the definition §.3) of dyp that

d(x,y) < dp(xy), (5.5)

becauseyy C B(z C16%) and, hencegl(x,y) < 2C16%v, while dp(x,y) = 6. In gen-
eral, the converse inequality may fail because that it can happen that two poinfienerdi
guadrants are very close to each other sodltaty) is very small butdp(X,y) = oo.
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(i) Foranyx e X andr € (0, ), let

Bop(x, 1) :={ye X : dp(y,x) <r} (5.6)

be a closed metric ball afp. Choosek € Z to satisfys* < r < 6k~ and letQy, € Dy be the
unigue dyadic cube dé-th generation that contains By (5.3), we obtain that

yEBp(Xr) & v <r o ky>k © yeQy
thatis,

Bp(X.1) = Qu. (5.7)

Hence, the dyadic cubes coincide with closed ultra-metric balls. Besides, applying Theorem
5.1(iii) and the doubling propertyMD), we obtain from %.7) that

#(Bo(x,1) = u(Qxr) = u(B(z;,6) = u(B(x, 1)) = V(X 1). (5.8)

(iii) Suppose that the metrid itself is an ultra-metric. Then, by the property of ultra-metric, any
two balls of the same radius are either disjoint or coincide. Hence, forleaclk, there

exists a family of ball§B(ZX, 6¥)} <4, Which forms a partition o, whereAy is an at most
countable index set. It is easy to check that the family

7 = {Q =B, : keZ aec A

satisfies all the claims of Theorenl Thus,Z forms a dyadic system orX(d, u), which
further generates an ultra-metdg by (5.3). Itis easy to see that in this cagéd, < d < dy.

5.3 Heat kernel generated by the ultra-metricdy
In this subsection we prove Theordn®, which, in fact, is covered by the following theorem.
Theorem 5.6. Let (X, d, 1) be a metric measure space satisfy{iMiD). Let dy be the ultra-metric

generated by a dyadic systefhon (X,d,u) as in(5.3). Then, for anyB € (0, =), there exists a
stochastically complete heat kerrigf}1.o on X such that, for all te (0, 0) and xy € X,

dp(x.y)\”
D N D
Pr(X,Y) = VX tl/ﬂ+dp(x,y))( = ) (5.9)
Consequently, for all € (0, ) and xy € X,
C dxy)\”
0<pP(xy) < VO TP £ d00Y) (1+ ey ) (5.10)

and

P (% %)

= V(x, Ay’ (®.11)
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Let us emphasize that the volume functidnin (5.9)-(5.10-(5.11)) is taken with respect to the
original metricd, that is, as in1.1). Sinced < dgp by (5.5), the estimatess(10 and £.11) are easy
consequences 05(9).

Proof of Theorenb.6. Now we prove the existence of a heat kernel satisfym§)( For that, we
use a construction fromLp] of heat kernels on ultra-metric measure spaces. Since the ultra-metric
in [10] has to be finite, we can apply the results d@][in any quadrant, endowed by the metric
dop.

Leto : [0,] — [0, 1] be adistance distribution functigrthat is,o is a strictly monotone
increasing continuous function such tlk&D) = 0 ando(c0) = 1. It follows from [10, Theorem
2.2] that the following formula determines in a quadr@rd stochastically complete heat kernel:

o (T do(r)
““Wikmm%mm (542

forallt € (0, 0) andx, y € C, whereBy(x, ) is a closed ultra-metric ball as defined k).
In particular, let us take here, for alke (0, o),

o(r) = exp(1/rf), (5.13)

and prove that the resulting heat kerfipf}i-o satisfies $.9). For that we need the following
Lemmab.7. In addition, we say that a functiovi : (0, ) — (0, ) is doublingprovided that
V(2r) < V(r)forallr € (0, o).

Lemma5.7. Let V and¥ be positive monotone increasing functiong0n-). Assume tha¥ has
the inverseéP~! that is also defined ofD, ), and let the functions V and~* be doubling. Then,
forall R,t > 0, we have

f"" dexp(=t/¥(r)) _ 1 t
R

Vi V)T 544
wherer := max{t, ¥(R)} .

Assuming Lemmab.7 for the moment, we apply it to continue the proof of Theorgré
Substituting the value af from (5.13 into (5.12 and using .8), we obtain that

ptD(x,y) ~ foo w

dp(xy)  V(XT)

Applying Lemma5.7 with ¥(r) = r andV(r) = V(x,r) and observing that =~ t + dp(x, )’ we
1 t

obtain
) G ot yPI) L ol g

which is equivalent t05.9) provided thatx, y in the same quadragt
Now let us extend this heat kernel to ally € X by setting

(5.15)

pP(xy) =0

provided thatx andy are not in the same quadrant|f one of the point, y lies inC and the other
is not inC thendyp(X,y) = o, so that the estimat®& (19 is trivially satisfied.
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Finally, we construcp?(x, y) for all pointsx,y € X. The resulting function is a stochastically
complete heat kernel that satisfiés1® for all x,y € X, which completes the proof of Theorem
5.6 O

Proof of Lemmab.7. Let us first make the change of variabkes ¥(r) in the integral and obtain
f“’ dexp(-t/'¥(r)) _ f"" dexp(-t/s) _ f"" texp(—t/s)d
R V(r) ¥R VP L(9) T sK(

where
T =¥(R) and F(s) = sV(¥(9)).

Observe also that = max{t, T} and

1ttt
Vi) F(r)
Hence, it sifices to prove that
“exp(-t/s) , 1
fT SFS ds= Fo)' (5.16)

The lower bound here is easy: using tRds) is monotone increasing and doubling, we obtain

* exp(-t/s) 2T exp(-t/s) expet/ty 1
fT SF(9 dszf, sFe U5 ZFen R

To prove the upper bound (6, consider first the caske > %7. Using thatF(s)/sis monotone
increasing, we obtain

< expt/9) < expt/9) 0 ds
fT SF( oS f SFi9 o f FO/S

2

S 1
SWLT?Z%. (5.17)

LetT < 37. Thent = T and we obtain

f‘x’ exp(—t/s)ds<f exp( t/s) f f exp( t/s)
T SRS T Jo SR ) sK(s
The second integral here is estimated a$ia?). In the first integral we make a chande- ¢ and

obtain
Yexp(-t/s) . (texp(-1/€) exp(-1/€) F (1)
fo SF(9 ds‘fo Tt e f FO F

Since by the doubling properties ¥fand¥ 1,
FO _C
Ft8) ™ ¢

for some positive constan@andN, it follows that

f ! exp(-t/9) f exp(- 1/5) 1
o SK(9 h F(t) N+t I:( )’

which completes the proof 06(16 and, hence,5.14). This ends the proof of Lemn&a?7. O
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5.4 Adjacent dyadic cubes

Concerning the system of dyadic cul#®@sonstructed in Theore® 1, let us observe that even
if two points X,y € X are very close to each other, there may exist no dyadic cube containing
them both. This is the reason for why there is no stable-like lower estimate (with resphaifto
{pP}t=0 in Theorem5.6. To overcome this defect, we use the adjacent dyadic systems 8&m [
Theorem 4.1 and Proposition 4.3] (see Figye

2k
- Qa

Q¢

1k
Qa

Figure 6: Adjacent dyadic cubes

Theorem 5.8([33]). Let(X,d,u) be a metric measure space satisfy{iMpP). Suppose thad <
Co < Cp < o0 andé € (0,1) such that
96Cy0 < Cp.

Given a fixed point xe X, there exists a finite collection of famili¢®™ : r =1,2,...,K}, where
K € N depends only on the doubling constary @ (VD), and eachD" is a collection of dyadic
cubes

D :={Qk: keZ ae A

satisfying the following:
(i") for any ke Z, the dyadic cube§ QX} ez, are disjoint, andX = (Jyen, "Q¥;
(i”) any two dyadic cube=Q¥ andTQ; with j < k are either disjoint of QX ¢ TQ[’;;
(ii”) forany ke Z anda € Ay, there exist§Z¢ € QX such that
B("Z, 6 'coo*) € TQK < B("Z, 4Co0").
Moreover, the following properties hold:

(a) foranyr € {1,2,...,K} and ke Z, there exists ar € Ay such that ¥ = "Z;

(b) for any ball BC X of radius r e (0, ), there exist some € {1,2,...,K} and Qe D such
that B Q anddiam(@) < Cr, where C is a positive constant depending only grCg, &
and G.
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To have a better understanding of the adjacent dyadic systerXs let us take a look at the
case wheiX is the Euclidean spad”. Then, for the standard dyadic system

D= {2‘k([0,1)”+a): kez, an”},

its 3'-translations form the adjacent dyadic systems
1 1)\"
i 0, =, —-=
{D TE{ 3 3} }

D = {2_k([0,1)n+0/+7'): k ez, an”}.

where eactD)" is defined by

One may easily verify that all properties in Theoréri are satisfied.

5.5 The sum of adjacent heat kernels

In this subsection we prove Theorehv. For that, we refine the heat kernel construction in
Subsectiorb.3to obtain a family of heat kernels with the required lower bound for their sum. The
main method is to “shift” the dyadic system and get a family of adjacent dyadic systems

(D7 re{l,2,...,K}},

whereK is a constant determined b¥(d, ) and eachy" is a collection of dyadic systems dh
In this way, every ball of a metric measure space is contained in a dyadic cube of comparable size
from one of the adjacent dyadic cube systems.

By the result from Subsectidh 3, we obtain an adjacent family of stochastically complete heat
kernels

(o N0 T=12.....K}, (5.18)

where each ptD }=0 is the heat kernel associated with the dyadic structdffes in Theorenb.6.
The next theorem shows that the sum of adjacent heat kezﬁfglsp?r satisfies the desired two-
sided stable-like estimate and, hence, contains Thetrém

Theorem 5.9. Let (X, d, u) be a metric measure space satisfy{iMP). For anyg € (0, =), there
is a family(5.18 of stochastically complete heat kernels such that

N4 ¢ dexy)\”
D s )
TZ:;L P (ey) = V(x, t18 + d(x,y)) (1 * tl/B ) (5.19)

forallt € (0,) and xy € X.

Proof. Fix a parameteB € (0, ). For anyr € {1,2,...,K}, let D" be the collection of adjacent
dyadic cubes as in Theore®B. For anyk € Z, thek-th generatiory, is defined by

= {TQK @ e A
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For each dyadic syste”, we have by Theorents.6that there is a stochastically complete heat
kernel{p? }-o satisfying that for alt € (0, o) andx, y € X,

(5.20)

T dpr X, B
ptD (X,y)ﬁ D( y)) ,

V(X tl/ﬁ+dz>r(x,y))( T TR

wheredy- is the ultra-metric induced b$™ in the same way as in Definitidh 3.

Now let us prove the required estimat 19 for the sum of these heat kernels. The upper
bound in .19 follows from (5.10 in Theorenb.6. Let us prove the lower bound iB.(19. Given
any two pointsx, y € X, by Theorenb.g8b), there exist somey € {1,2,..., K} and a dyadic cube
Qxy € D™ such thafx,y} € Qyy and diamQyy) < d(Xx,y). By this and Definitiorb.3, we have

dpro(X,y) < diamQxy) < d(xy).

For suchrg, we again apply%.20 and /D) to derive

K
3PP (%) = P pr(xy)
=1

~ 1 1+ dpro(x.Y)\ "
V(x, tY8 + dpro (X, Y)) ti/e
-B
> 1 14 d(x,y) ’
V(x, tYF + d(x,y)) tL/B

which was to be proved. O
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