
Existence of stable-like heat kernels and stability of the
critical index on metric measure spaces

Jun Cao, Alexander Grigor’yan, Eryan Hu and Liguang Liu

Abstract

Let (X,d, μ) be a metric measure space satisfying the volume doubling condition. We
introduce a new critical indexβ] of the metric measure space, which is defined to be the supre-
mum of all possible values ofβ such that there exists a stochastically complete continuous heat
kernel on (X,d, μ) satisfyingtwo-sidedstable-like estimate of indexβ. This critical indexβ]

is proved to be invariant underquasi-isometryof two metric measure spaces. To achieve this,
we prove thatβ] can be equivalently defined by means of a certainAndres-Barlow condition.
Moreover, for everyβ < β], there exists a stochastically complete continuous heat kernel satis-
fying the two-sided stable-like estimate of indexβ, while for everyβ > β] such heat kernel does
not exist. In contrast to that, a heat kernel, satisfying onlyupperstable-like estimate of index
β, exists for anyβ ∈ (0,∞). We construct such a heat kernel by using a dyadic decomposition
of the spaceX and the associated ultra-metric. Further, using adjacent dyadic decompositions,
we prove that, for anyβ ∈ (0,∞), there exists a finite family of heat kernels onX, such that
their sum satisfies the two-sided stable-like estimate of indexβ as well as all other properties
of a heat kernel except the semigroup property. In addition, we show thatβ] coincides with
another critical indexβ∗ defined by means ofBesov spaces, as well as with the walk dimension
dw provided there exists a heat kernel satisfying the two-sidedsub-Gaussian estimate. This in-
dicates thatβ] could be a good candidate for the walk dimension in future attempts to construct
a diffusion process onX.
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1 Introduction

In this paper we are concerned with construction of stable-like heat kernels on metric measure
spaces and stability of the critical index of the heat kernel. Recall that inRn the fractional Laplace
operator (−Δ)β/2 with β ∈ (0,2) has a heat kernel{pt}t>0 that satisfies the following stable-like
estimate: for allt > 0 andx, y ∈ Rn,

pt(x, y) '
1

tn/β

(

1+
|x− y|
t1/β

)−(n+β)

,

whereΔ =
∑n

j=1 ∂
2
xj

and the sign'means that the ratio of the both sides is bounded from above and
below by positive constants for the specified range of variables. In this casept(x, y) coincides with
the transition density of the symmetric stable Levy process of the indexβ. Note also that (−Δ)β/2

is an integral operator of the form

(−Δ)β/2 f (x) =



β2β−1Γ(n+β

2 )

πn/2Γ(1− β
2)


 P.V.

∫

Rn

f (x) − f (y)
|x− y|n+β

dy

for a certain class of functionsf onRn.
Let (X,d) be a separable metric space. We always assume that all metric balls

B(x, r) := {y ∈ X : d(x, y) < r}

are precompact. In the case when diamX < ∞, we assume thatX is compact. Letμ be a Radon
measure onX with full support. In particular, the volume function

V(x, r) := μ(B(x, r)) (1.1)
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is finite and positive for allx ∈ X andr ∈ (0,+∞). We refer to (X,d, μ) as ametric measure space.
By a heat kernel{pt}t>0 on (X,d, μ) (or simply, onX) we mean thatpt(x, y) is defined for all

t > 0 andx, y ∈ X and satisfies the following properties, for all values of the arguments involved:

(P1) for anyt > 0, pt(x, y) is a measurable non-negative function of (x, y), and
∫

X
pt(x, y) dμ(y) ≤ 1; (1.2)

(P2) symmetry:pt(x, y) = pt(y, x);

(P3) the semigroup identity:
∫

X
pt(x, z)ps(z, y) dμ(z) = pt+s(x, y);

(P4) approximation of identity: for anyf ∈ L2(X) := L2(X, μ),

∫

X
pt(∙, y) f (y) dμ(y)→ f as t → 0,

where the convergence is in the norm ofL2(X).

The heat kernel is said to bestochastically completeif the integral in (1.2) is equal to 1 for allt > 0
andx ∈ X.

Assume first that the measureμ is α-regular for someα ∈ (0,∞), that is, for allx ∈ X and
r > 0,

V(x, r) ' rα. (1.3)

Let us ask the following question: does there exist a heat kernel{pt}t>0 on X that satisfies the
following stable-likeestimate for someβ > 0:

pt(x, y) '
1

tα/β

(

1+
d(x, y)

t1/β

)−(α+β)

, (1.4)

for all t > 0 andx, y ∈ X? And, what is the range of the indexβ for which (1.4) is possible?
The following approach to construct Dirichlet forms has been widely used in the literature [21,

Example 1.2.4]. Given a non-negative symmetric Borel functionJ(x, y) onX × X (that is called a
jump kernel), consider the following bilinear form

E( f ,g) :=
"

X×X

( f (x) − f (y))(g(x) − g(y))J(x, y) dμ(x) dμ(y)

in the domain
F :=

{
f ∈ L2(X) : E( f , f ) < ∞

}
.

Assume in prior that (E,F ) is a regular Dirichlet form onL2(X). LetL be its (non-negative definite)
generator andPt = e−tL, t ≥ 0, be the associated heat semigroup acting inL2(X). Then one can ask
if the operatorPt has for anyt > 0 the integral kernelpt(x, y) satisfying the estimate (1.4). Since

J(x, y) = lim
t→0

pt(x, y)
2t

,
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the estimate (1.4) implies that

J(x, y) '
1

d(x, y)α+β
, (1.5)

which is, hence, a necessary condition for (1.4). Chen and Kumagai stated in [15] that, when
0 < β < 2, it is easy to check that the bilinear form (E,F ) with the jump kernel (1.5) is a regular
Dirichlet form, and then proved the heat kernel of (E,F ) exists and satisfies (1.4).

However, there are many examples offractal metric measure spaces where the same is true
also for a certain range ofβ ≥ 2. Indeed, it is known that, on many families of fractals, there
exists a strongly local regular Dirichlet form with the heat kernel{pt}t>0 satisfying the following
sub-Gaussianestimate

pt(x, y) �
C

tα/dw
exp


−c

(
d(x, y)

t1/dw

) dw
dw−1


 (1.6)

with thewalk dimension dw ≥ 2 (see, for example, [5, 6, 9, 36, 37] and etc.). The sign� means
that both≤ and≥ are valid, but with different values of positive constantsC, c.

In this case,pt(x, y) coincides with the transition density of a diffusion process onX. Using
the subordination techniques, one easily constructs heat kernels of jump processes satisfying (1.4)
with anyβ < dw. Besides, it is known that ifβ > dw then there exists no heat kernel satisfying (1.4)
(see [23, Theorem 5.2]).

In order to describe the results of the present paper, we relax the assumption (1.3) as follows. A
metric measure space (X,d, μ) is said to satisfy thevolume doubling condition(VD) if there exists
a positive constantCD such that, for allx ∈ X andr > 0,

V(x,2r) ≤ CDV(x, r). (1.7)

The volume doubling condition (VD) is equivalent to the following: there exist positive constants
C′D andα+ such that, for allx, y ∈ X and 0< r ≤ R< ∞,

V(x,R)
V(y, r)

≤ C′D

(
d(x, y) + R

r

)α+
. (1.8)

The triple (X,d, μ) is said to satisfy thereverse volume doubling condition(RVD) if there exist
positive constantsCRD andα− such that, for allx ∈ X and 0< r ≤ R< diam(X),

V(x,R)
V(x, r)

≥ CRD

(R
r

)α−
. (1.9)

If (X,d, μ) is connected and satisfies (VD), then we have by [31, Proposition 5.2] that (RVD) holds.
Metric measure spaces satisfying (VD) are usually referred to asdoubling metric measure

spaces. Such spaces occur frequently in analysis and include, in particular, the Euclidean spacesRn

with measures from a certain large class, Riemannian manifolds of non-negative Ricci curvature,
nilpotent Lie groups with polynomial growth, many fractals, and etc. (see, for instance, [5, 6, 18,
19, 20, 22, 30, 31, 32, 36, 40, 41]).

Under the condition (VD), we pose the question of the existence of a heat kernel{pt}t>0 onX
satisfying the following stable-like estimate for someβ > 0:

pt(x, y) '
1

V(x, t1/β + d(x, y))

(

1+
d(x, y)

t1/β

)−β
for all t ∈ (0,∞) and x, y ∈ X. (1.10)
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For anyβ ∈ (0,∞), we refer to (1.10) as(ULE)β (Upper and Lower Estimate). We also say that
(UE)β (resp.(LE)β) is satisfied, if the upper (resp. lower) estimate in (1.10) holds.

Clearly, if μ is α-regular, then (1.10) is equivalent to (1.4). Note that there are heat kernels
{pt}t>0 satisfying (1.10) even on bounded metric measure spaces (for example, fractals).

Definition 1.1. Define thecritical index that relates the possible values ofβ in (ULE)β as follows:

β# := β#(X,d, μ) := sup
{
β > 0 : there exists a stochastically complete

continuous heat kernel{pt}t>0 onX satisfying(ULE)β
}
.

Here continuity means that for anyt > 0, pt(x, y) is jointly continuous in (x, y) ∈ X × X.

The following theorem gives an equivalent condition to(ULE)β and a new characterization of
β] via theAndres-Barlowcondition(AB)β (see Definition3.2below for its precise definition).

Theorem 1.2. Assume that(X,d, μ) satisfies(VD) and(RVD). Given anyβ > 0, the following two
conditions are equivalent:

(i) The Andres-Barlow condition(AB)β holds;

(ii) There exists a stochastically complete continuous heat kernel{pt}t>0 onX satisfying(ULE)β.

Consequently, the critical index satisfies

β#(X,d, μ) = sup
{
β > 0 : (AB)β is satisfied on(X,d, μ)

}
. (1.11)

The Andres-Barlowcondition (AB)β ensures the existence of certain cutoff functions in the
metric measure space (X,d, μ). Note that(AB)β is always satisfied whenβ < 2, which, together
with (1.11), implies thatβ# ≥ 2. If (X,d, μ) is an ultra-metric space satisfying (VD) and (RVD),
thenβ] = ∞.

Let us remark that Theorem1.2 improves the result in [12]. Indeed, the result in [12] also
shows that (ii) implies (i) in Theorem1.2 but under the condition that{pt}t>0 is the heat kernel of
someregular Dirichlet form of pure jump type. Now, this condition is not needed in Theorem1.2.
Undoubtedly, the proof of Theorem1.2 relies on a very deep theory which basically says that the
upper estimate(UE)β implies the regularity of the associated Dirichlet form of the heat kernel. The
precise statement of this latter result is presented in Theorem2.1below, and the whole Section2 is
devoted to the proof of Theorem2.1, via using both probability and analytic methods, respectively.
With help of Theorem2.1, we then prove Theorem1.2 in Subsection3.3.

An important consequence of Theorem1.2is that the critical indexβ# is invariant underquasi-
isometryof two metric measure spaces. In this paper, we say that (X,d, μ) is quasi-isometric to
(X,d′, μ′) if and only if d ' d′ andμ ' μ′.

Theorem 1.3.Let (X,d, μ) satisfy(VD) and(RVD). If the two metric measure spaces(X,d, μ) and
(X,d′, μ′) are quasi-isometric, then

β#(X,d, μ) = β#(X,d′, μ′).
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This stability property ofβ] will be proved in Subsection3.4, which is indeed a consequence
of Theorem1.2and Definition1.1.

Obviously, ifβ > β], then there does not exist a stochastically complete continuous heat kernel
onX satisfying(ULE)β. The main issue for the following theorem is that the set ofβ > 0 for which
there exists a stochastically complete continuous heat kernel onX satisfying(ULE)β is an interval.
Indeed, its proof follows from the subordination theory and is given in Subsection4.1below.

Theorem 1.4.Assume that(X,d, μ) satisfies(VD). Then, for anyβ ∈ (0, β#), there exists a stochas-
tically complete continuous heat kernel onX satisfying(ULE)β.

Let us compareβ# with the followingcritical exponentβ∗ of Besov spaces{Λβ/2
2,∞(X)}β>0, where

β∗ := sup
{
β > 0 : Λ

β/2
2,∞(X) is dense inL2(X)

}
. (1.12)

The precise definition of the Besov spaceΛ
β/2
2,∞(X) is given in Definition3.1below. Assuming for

simplicity that the metric measure space (X,d, μ) is α-regular. Then the critical exponentβ∗ in
(1.12) is exactly the walk dimensiondw that appears in the sub-Gaussian heat kernel estimate (1.6)
(see [23, Section 5.1]). The identity (1.12) can therefore always be used as the definition of the
walk dimension, even if there is no sub-Gaussian heat kernel onX.

Applying Theorem1.4and the subordination theory of heat kernels, we can get the following
relationship betweenβ] andβ∗.

Theorem 1.5.Assume that(X,d, μ) satisfies(VD). If there is a stochastically complete continuous
heat kernel{qt}t>0 onX satisfying the following sub-Gaussian estimate(SG)dw

with dw > 1:

qt(x, y) �
C

V(x, t1/dw + d(x, y))
exp


−c

(
d(x, y)

t1/dw

) dw
dw−1


 for all t ∈ (0,∞) and x, y ∈ X, (1.13)

then

β] = dw = β∗. (1.14)

We will show Theorem1.5 in Subsection4.2. Its proof is divided into two parts: the first part
is to apply Theorem1.4 to proveβ# = dw; the second part is to apply the idea in [23, Section 5.1]
to provedw = β∗.

According to Theorems1.3 and 1.5, we remark that the critical indexβ# could be a good
candidate for the walk dimension in future attempts to construct a diffusion process onX. Or,
one can ask whether or not there exists a sub-Gaussian heat kernel{pt}t>0 satisfying(SG)dw

when
dw = β#. On the other hand, it would also be interesting to construct an example of a doubling
space withβ# < β∗. By Theorem1.5, such spaces can not have a sub-Gaussian heat kernel. Spaces
without sub-Gaussian heat kernels are known in [13].

In contrast to Theorem1.4and the two-sided condition(ULE)β that is used in the definition of
β], we show in the next theorem that for anyβ ∈ (0,∞) there always exists a non-trivial heat kernel
satisfying only theupperestimate(UE)β.
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Theorem 1.6.Assume that(X,d, μ) satisfies(VD). Then, for anyβ > 0, there exists a stochastically
complete heat kernel{pt}t>0 onX satisfying the upper estimate

pt(x, y) ≤
C

V(x, t1/β + d(x, y))

(

1+
d(x, y)

t1/β

)−β
, (1.15)

as well as the on-diagonal estimate

pt(x, x) '
1

V(x, t1/β)
, (1.16)

for all t > 0 and x, y ∈ X.

Let us emphasize that Theorem1.6does not require any upper bound ofβ. Hence, the necessity
of the restrictionβ < β# for the existence of a stable-like heat kernel is dictated by theoff-diagonal
lower bound of the heat kernel and, possibly, by continuity. Note also that if a stochastically
complete heat kernel comes from aregular Dirichlet formand satisfies(ULE)β then it is continuous;
see [16, Theorem 1.13 and Lemma 5.6] and [24, Theorem 1.12].

The proof of Theorem1.6 is given in Subsection5.3 (see Theorem5.6). It uses the dyadic
decomposition of metric spaces from [4, 33, 35] and the construction of heat kernels from [10] on
ultra-metric spaces.

In addition to Theorem1.6, we prove the following curious result aboutfamiliesof heat kernels
that is based onadjacentsystems of dyadic decompositions from [33] (see also Subsection5.4).

Theorem 1.7. Assume that(X,d, μ) satisfies(VD). Then, for anyβ > 0, there exists a finite family
{{p(k)

t }t>0 : k = 1, . . . ,K} of stochastically complete heat kernels onX satisfying the two-sided
estimate

K∑

k=1

p(k)
t (x, y) '

1

V(x, t1/β + d(x, y))

(

1+
d(x, y)

t1/β

)−β
,

where K is a natural number that depends on the doubling constant CD in (VD).

Theorem1.7will be proved in Subsection5.5(see Theorem5.9below). In fact, all heat kernels
{{p(k)

t }t>0 : k = 1, . . . ,K} here satisfy both (1.15) and (1.16). Clearly, ifβ > β# then each individual
heat kernel{p(k)

t }t>0 does not satisfy the stable-likeoff-diagonal lowerbound, but their sum does.
In addition, observe that the function

qt(x, y) :=
1
K

K∑

k=1

p(k)
t (x, y) for all t ∈ (0,∞) and x, y ∈ X

satisfies(ULE)β and all properties of a stochastically complete heat kernel, except the semigroup
property.

Notation. We use the following notation throughout the paper.

• For a setE ⊆ X, denote byE{ := X \ E.

• For anyp ∈ (0,∞], let Lp
c (X) := { f ∈ Lp(X) : supp f is compact}, where suppf is the

complement of the largest open set in whichf = 0 μ-a.e.
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• C(X) is the space of all continuous functions onX, andCc(X) is the subspace ofC(X)
consisting of functions with compact supports. Denote byC∞(X) the subspace ofC(X)
consisting continuous functions vanishing at infinity, that is,

C∞(X) :=
{
u ∈ C(X) : for anyε > 0,∃ compactK s.t. |u(x)| < ε for anyx < K

}
.

In the case when diamX < ∞, since we have assumed thatX is compact, it follows that

C∞(X) = Cc(X) = C(X). (1.17)

• For a function or a numberu, setu+ := u∨ 0 := max{u,0} andu− := u∧ 0 := −max{−u,0}.

• The lettersC andc are used to denote positive constants that are independent of the variables
in question, but may vary at each occurrence. The relationu . v (resp.,u & v) between
functionsu andv means thatu ≤ Cv (resp.,u ≥ Cv) for a positive constantC and for a
specified range of the variables. We writeu ' v if u . v . u.

2 Regularity of Dirichlet forms under heat kernel upper estimates

A symmetric bilinear formE with domain Dom(E) is called aDirichlet form on L2(X) if
Dom(E) is a dense subspace ofL2(X) andE is not onlyclosedbut alsoMarkovian. Endow Dom(E)
with the norm

‖u‖2E1
:= ‖u‖2L2 + E(u,u) =: E1(u,u). (2.1)

A subset in Dom(E) ∩ Cc(X) is called acore of E if it is dense in Dom(E) with respect to the
norm ‖ ∙ ‖E1 and also dense inCc(X) with respect to sup-norm (or, uniform norm). The Dirichlet
form (E,Dom(E)) is calledregular if it possesses a core. In particular, for a regular Dirichlet form,
Dom(E) ∩ Cc(X) is a core. We refer the reader to [21] for more information on Dirichlet forms.

Let {pt}t>0 be a heat kernel onX, and{Pt}t>0 be the associated heat semigroup defined by

Pt f (x) =
∫

X
pt(x, y) f (y) dμ(y). (2.2)

It is known that{Pt}t>0 is a strongly continuous Markovian semigroup acting inL2(X). According
to [21, Lemma 1.3.2(ii) and Theorem 1.3.1], the heat semigroup{Pt}t>0 determines uniquely a
Dirichlet form (E,Dom(E)) (see [21, Theorem 1.4.1]). In fact, by [22, Section 4 and Theorem 5.2],
we have 



E(u, v) = limt→0

1
t (u− Ptu, v) for all u, v ∈ Dom(E);

Dom(E) = {u ∈ L2(X) : E(u,u) < ∞}.
(2.3)

The main goal of this section is to drive the regularity of such a Dirichlet form under some very
mild assumptions of heat kernel upper estimates.

Theorem 2.1. Assume that(VD) is satisfied andβ ∈ (0,∞). Let {Pt}t>0 be the semigroup defined
in (2.2), with {pt}t>0 being a stochastically complete heat kernel onX satisfying

0 ≤ pt(x, y) ≤
C

V(x, t1/β + d(x, y))
for all t ∈ (0,∞) and x, y ∈ X, (2.4)
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and ∫

B(x,r){
pt(x, y) dμ(y) ≤ C

(
t1/β

r

)γ
for all t, r ∈ (0,∞) and x∈ X, (2.5)

for some constants C> 0 andγ > 0. If, for any t> 0 and x∈ X, pt(x, ∙) is continuous onX, then
the Dirichlet form(E,Dom(E)) given by(2.3) is regular.

Remark 2.2. Given a heat kernel{pt}t>0 onX that satisfies(UE)β, it satisfies both (2.4) and (2.5);
see the proof of Proposition3.9below.

Remark 2.3. Let {pt}t>0 be a heat kernel onX satisfying(UE)β. Assume that (VD) is satisfied and
for anyt > 0 andx ∈ X, pt(x, ∙) is continuous. Thenpt(x, y) is jointly continuous in (x, y) ∈ X ×X.

Indeed, fixx, y ∈ X andt > 0. Considerx′ ∈ B(x, t1/β) andy′ ∈ B(y, t1/β). Note that

|p2t(x, y) − p2t(x
′, y′)| ≤ |p2t(x, y) − p2t(x

′, y)| + |p2t(x
′, y) − p2t(x

′, y′)| =: I1 + I2.

By the assumption, we have
lim
x′→x

I1 = 0.

For I2, by the semigroup property, we write

I2 ≤
∫

X
pt(x

′, z)|pt(z, y) − pt(z, y
′)| dμ(z). (2.6)

Sinced(x, x′) < t1/β, we havet1/β + d(x′, z) ≤ 2t1/β + d(x, z) ≤ 3t1/β + d(x′, z) and then, by (1.8),

V(x, t1/β + d(x, z))

V(x′, t1/β + d(x′, z))
≤ C′D

(
d(x, x′) + 2t1/β + d(x, z)

t1/β + d(x′, z)

)α+
. 1.

Hence, by(UE)β, we have

pt(x
′, z) .

1

V(x′, t1/β + d(x′, z))

(
t1/β + d(x′, z)

t1/β

)β
.

1

V(x, t1/β + d(x, z))

(
t1/β + d(x, z)

t1/β

)β
.

In a similar way, by the fact thatd(y, y′) < t1/β, we also have

|pt(z, y) − pt(z, y
′)| .

1

V(y, t1/β + d(y, z))
.

1

V(y, t1/β)
.

Note that by (VD) and direct computation, the function

z 7→
1

V(x, t1/β + d(x, z))

(
t1/β + d(x, z)

t1/β

)β
1

V(y, t1/β)

is integrable. Then, by (2.6) and dominated convergence theorem, we obtain that

lim
(x′,y′)→(x,y)

I2 = 0.

Finally, combining the estimates ofI1 andI2 yields

lim
(x′,y′)→(x,y)

|p2t(x, y) − p2t(x
′, y′)| = 0.

Thus, eachpt(x, y) is jointly continuous in (x, y) ∈ X × X.
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We will prove Theorem2.1 by using three different methods, which are presented in Sub-
sections2.2-2.4-2.5, respectively. For the third method in Subsection2.5, we need an additional
non-collapsing condition(NC), that is,

inf
x∈X

V(x,1) > 0. (2.7)

Remark 2.4. Let T > 0. By the arguments in the proofs (see Subsections2.2-2.4-2.5) of Theorem
2.1, if both (2.4) and (2.5) hold only for all t ∈ (0,T) and if for anyt ∈ (0,T) andx ∈ X, pt(x, ∙) is
continuous, then the conclusion of Theorem2.1still holds.

2.1 Preparations: consequences of heat kernel upper estimates

Let us begin with the notion of cutoff functions.

Definition 2.5. Let U be an open set ofX andA be any Borel set ofU. A functionφ ∈ Cc(X) is
called acutoff functionof the pair (A,U) if it satisfies the following properties (see Figure1):

(i) 0 ≤ φ ≤ 1 onX; (ii) φ = 1 onA; (iii) φ ≡ 0 onU{.

Denote by cutoff(A,U) the collection of all cutoff functions of the pair (A,U).

Figure 1: A cutoff functionφ of a pair (A,U).

Now, we recall the following regularity result from [21, p.29, Lemma 1.4.2(i)].

Lemma 2.6([21]). The Dirichlet form(E,Dom(E)) on L2(X) is regular provided that the following
hold:

(i) Dom(E) ∩ C∞(X) is dense inC∞(X) with respect to the uniform norm;

(ii) Dom(E) ∩ C∞(X) is dense inDom(E) with respect to the norm‖ ∙ ‖E1 in (2.1).

Remark 2.7. Regarding Lemma2.6(i), we observe that the following three statements are equiva-
lent:

(i) Dom(E) ∩ Cc(X) is dense inCc(X) with respect to the uniform norm;

(ii) Dom(E) ∩ C∞(X) is dense inC∞(X) with respect to the uniform norm;

(iii) For any compact setK and open setU with K ⊆ U, Dom(E) ∩ cutoff(K,U) , ∅.
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Indeed, it is obvious that “(i)⇒ (ii)” becauseCc(X) is a dense subspace ofC∞(X) (by multiplying
a cutoff function) with respect to the uniform norm. The proofs of “(ii)⇒ (iii)” and “(iii) ⇒ (i)”
are contained in [12, Proposition 4.1] and [12, Proposition 3.8], respectively.

Next, we show the following list of properties of the heat semigroup associated with a heat
kernel satisfying (2.4) and (2.5), which are the key ingredients for the proof of Theorem2.1.

Proposition 2.8. Under the hypothesis of Theorem2.1, the following assertions are true:

(i) If f ∈ Lp(X) for some p∈ [1,∞), then Pt f ∈ C(X) for all t > 0.

(ii) If f ∈ L1(X) has bounded support, then Pt f ∈ C∞(X) for all t > 0.

(iii) If f ∈ C∞(X), then Pt f ∈ C∞(X) for all t > 0 and limt→0 ‖Pt f − f ‖L∞(X) = 0.

Proof. To show (i), we fixx ∈ X, t > 0 and f ∈ Lp(X). By the Ḧolder inequality (with respect to
the measure|pt(x, z)− pt(y, z)| dμ(z)) and stochastic completeness of the heat kernel, we obtain that
for anyy ∈ X,

|Pt f (x) − Pt f (y)| =

∣∣∣∣∣∣

∫

X
(pt(x, z) − pt(y, z)) f (z) dμ(z)

∣∣∣∣∣∣

≤

(∫

X
|pt(x, z) − pt(y, z)| dμ(z)

) p−1
p

(∫

X
|pt(x, z) − pt(y, z)|| f (z)|p dμ(z)

) 1
p

≤ 2
p−1

p

(∫

X
|pt(x, z) − pt(y, z)|| f (z)|p dμ(z)

) 1
p

. (2.8)

For anyy ∈ B(x, t1/β), by (VD) (see also (1.8)), we see that

V(x, t1/β) ' V(y, t1/β),

which, along with (2.4), implies

|pt(x, z) − pt(y, z)| .
1

V(x, t1/β)
+

1

V(y, t1/β)
'

1

V(x, t1/β)
.

Hence, byf ∈ Lp(X) and the fact thatpt(∙, z) is continuous onX, we apply the dominated conver-
gence theorem for (2.8) to prove that

lim
y→x
|Pt f (x) − Pt f (y)| = 0,

that is,Pt f ∈ C(X) sincex ∈ X can be arbitrary.
Now we show (ii). Fixt > 0 and f ∈ L1(X) such that suppf ⊆ B(xo, R) for some pointxo ∈ X

andR ∈ (0,∞). According to (i), we know thatPt f ∈ C(X). Under the case diamX < ∞, we have
by (1.17) that Pt f ∈ C(X) = C∞(X). So, it remains to validate thatPt f vanishes at infinity in the
case when diamX = ∞. To this end, for ally ∈ B(xo, R) andx ∈ B(xo,2R){, we have

d(x, y) ≥ d(xo, x) − d(x, y) ≥
1
2

d(xo, x) ≥ R,
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which impliesB(xo, R) ⊆ B(x,R){ and, by (VD) and (2.4),

pt(x, y) .
1

V(x,d(x, y))
'

1
V(y,d(x, y))

.
1

V(y,R)
'

1
V(xo,R)

.

Now, for anyn ∈ N, set
fn := f 1{| f |≤n},

which is supported inB(xo, R). Clearly, the sequence{ fn}n∈N converges tof both in L1(X) and
pointwise. By these and (2.5), for anyx ∈ B(xo,2R){, we obtain

|Pt f (x)| ≤
∫

B(xo,R)
pt(x, y)| f (y) − fn(y)| dμ(y) +

∫

B(xo,R)
pt(x, y)| fn(y)| dμ(y)

.
1

V(xo,R)
‖ fn − f ‖L1(X) + ‖ fn‖L∞(X)

∫

B(x,R){
pt(x, y) dμ(y)

.
1

V(xo,R)
‖ fn − f ‖L1(X) + n

(
t1/β

R

)γ
. (2.9)

Note that the implicit constants in the estimate (2.9) are independent ofx ∈ B(xo,2R){, n, t,R and
xo. So, in both sides of (2.9), first lettingR→ ∞ and then lettingn→ ∞, we conclude that

lim
R→∞

sup
x∈B(xo,2R){

|Pt f (x)| = 0,

that is,Pt f ∈ C∞(X).
It remains to verify (iii). Fix f ∈ C∞(X) andt > 0. For anyε > 0, there exists a compact set

K ⊆ X such that| f (x)| < ε for all x ∈ K{. By this property and the stochastic completeness of the
heat kernel, we have for allx ∈ X that

|Pt( f 1K{)(x)| ≤
∫

K{
pt(x, y)| f (y)| dμ(y) ≤ ε

∫

K{
pt(x, y) dμ(y) ≤ ε (2.10)

and, hence, for anyx, y ∈ X,

|Pt f (x) − Pt f (y)| ≤ |Pt( f 1K)(x) − Pt( f 1K)(y)| + |Pt( f 1K{)(x)| + |Pt( f 1K{)(y)|

≤ |Pt( f 1K)(x) − Pt( f 1K)(y)| + 2ε.

Since f 1K ∈ L1(X) has compact support, by (ii), we obtain thatPt( f 1K) ∈ C∞(X). Combining this
and the above inequality yields

lim sup
y→x

|Pt f (x) − Pt f (y)| ≤ 2ε.

Sinceε > 0 is arbitrary, we have proved thatPt f ∈ C(X).
Again, using the factPt( f 1K) ∈ C∞(X), we find that for anyε > 0, there exists a compact set

K1 ⊆ X such that|Pt( f 1K)(x)| < ε for all x ∈ K{1 . By this and (2.10), we see that for allx ∈ K{1 ,

|Pt f (x)| ≤ |Pt( f 1K)(x)| + |Pt( f 1K{)(x)| ≤ |Pt( f 1K)(x)| + ε < 2ε,

which alternatively says thatPt f ∈ C∞(X).
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Note thatf ∈ C∞(X) implies thatf is bounded and uniformly continuous onX. With the latter
fact, we have that for anyε > 0, there isδ > 0 such that for allx, y ∈ X with d(x, y) < δ,

| f (x) − f (y)| ≤ ε.

Then, it follows from the stochastic completeness of{pt}t>0 and (2.5) that

|Pt f (x) − f (x)| =

∣∣∣∣∣∣

∫

X
pt(x, y)( f (y) − f (x)) dμ(y)

∣∣∣∣∣∣

≤
∫

X
pt(x, y)| f (y) − f (x)| dμ(y)

≤

(∫

B(x,δ)
+

∫

B(x,δ){

)

pt(x, y)| f (y) − f (x)| dμ(y)

≤ ε + 2C

(
t1/β

δ

)γ
‖ f ‖L∞(X),

which implies that limt→0 ‖Pt f − f ‖L∞(X) = 0 sinceε > 0 is arbitrary. �

2.2 Proof of Theorem2.1: a probability method

Theorem 2.9. Let {Tt}t≥0 be a strongly continuous Markov semigroup in L2(X). Assume that

(a) for any f ∈ C∞(X), Tt f ∈ C∞(X) for any t> 0 and limt→0 ‖Tt f − f ‖L∞(X) = 0;

(b) Tt(L2
c(X)) ⊆ C∞(X) for any t> 0.

Then, the Dirichlet form(E,Dom(E)) determined by




E( f ,g) := limt→0

1
t ( f − Tt f ,g) for all f ,g ∈ Dom(E);

Dom(E) := { f ∈ L2(X) : E( f , f ) < ∞},
(2.11)

is regular.

Proof. To obtain the regularity of (E,Dom(E)), it suffices to validate the two items stated in Lemma
2.6.

For any f ∈ C∞(X) andt ∈ (0,∞), it follows from [21, Lemma 1.3.3(i)] thatTt f ∈ Dom(E).
This, together with (a), shows that anyf ∈ C∞(X) can be approximated by functions in Dom(E) ∩
C∞(X) with respect to‖ ∙ ‖L∞(X). Thus, Lemma2.6(i) holds.

Now, we will employ a probabilistic argument to verify that Lemma2.6(ii) holds. It is clear
that{Tt}t≥0 determines a sub-Markov transition functionTt(x,A) on (X,B(X)) with T0(x, ∙) = δx(∙),
whereB(X) denotes the Borel sets onX andδx is the Dirac measure at the pointx. Hence, by
condition (a), it follows from [11, Theorem 9.4, p. 46] that there exists a Hunt processYt with state
space (X,B(X)) and the transition functionTt(x,A).

Moreover, it follows from [2, Remark (ii), p. 247] that any Hunt process is aright process. See
also the following flowchart for relations among various processes.
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Hunt processes [14, Definition A.1.23, p.405]

Borel standard right processes [14, Definition A.1.23, p.405]

Borel right processes [14, Definition A.1.17, p.401]

right processes [14, Definition A.1.36, p.410]

by [14, Theorem A.1.37, p. 410]

Then, it follows from the second part of [14, Theorem 1.5.3, p. 35] or [38, Theorem 6.7, p. 142]
that the Dirichlet form (E,Dom(E)) in (2.11) of Yt is quasi-regular(see the definition of quasi-
regular Dirichlet forms in [14, Definition 1.3.8, p. 26]). It remains to prove that (E,Dom(E)) is
actually regular (not only quasi-regular).

Indeed, by the definition of quasi-regular Dirichlet forms, for any functionf ∈ Dom(E), there
is a sequence of functions{ fn}n≥1 ⊆ Dom(E) with compact supports such that

lim
n→∞
‖ fn − f ‖E1 = 0.

Note also that eachfn ∈ L2
c(X). Hence, by condition (b) and the factTt(L2

c(X)) ⊆ Dom(E) (see [21,
p. 22, Lemma 1.3.3(i)]), we have thatTt fn ∈ C∞(X)∩Dom(E) for anyt > 0 andn ≥ 1. Moreover,
by [21, p. 22, Lemma 1.3.3(iii)], we have

lim
t→0
‖Tt fn − fn‖E1 = 0.

Combining the above two formulae, we obtain thatf ∈ Dom(E) can be approximated by functions
Tt fn with respect to theE1-norm. Thus, we obtain that Lemma2.6(ii) holds. �

Proof of Theorem2.1. To obtain the regularity of (E,Dom(E)) in (2.3), we are about to apply The-
orem2.9with Tt = Pt.

Indeed, it follows directly from Proposition2.8(iii) that condition (a) of Theorem2.9 holds.
Moreover, by Proposition2.8(ii) and the fact thatL2

c(X) ⊆ L1
c(X), we see that condition (b) of

Theorem2.9also holds. This finishes the proof of Theorem2.1by Theorem2.9. �

2.3 Weakly regular Dirichlet forms

In this subsection, we introduce the notion ofweakly regularDirichlet forms and build a general
theory that ensures weakly regular Dirichlet forms to be regular (see Proposition2.19below), which
will not only yield an alternative proof of Theorem2.1but also has its own interest.

Definition 2.10. Let (E,Dom(E)) be a Dirichlet form onL2(X). We say that (E,Dom(E)) is weakly
regular if it satisfies:

(i) Dom(E) ∩ Cc(X) is dense inCc(X) with respect to the uniform norm; (2.12)

(ii) Dom(E) ∩ C(X) is dense in Dom(E) with respect to the norm‖ ∙ ‖E1 in (2.1). (2.13)



Stable-like heat kernels 15

Remark 2.11. Based on Lemma2.6 and Remark2.7, if C(X) in (2.13) is replaced byCc(X) or
C∞(X), then weakly regular Dirichlet forms will become regular. In particular, any regular Dirichlet
form is weakly regular. Under the case diamX < ∞, it follows from (1.17) that a Dirichlet form is
weakly regular if and only if it is regular.

Suppose that (E,Dom(E)) is a Dirichlet form andU ⊆ X is a non-empty open set. Let

F (U) := Dom(E) ∩ Cc(U)
‖ ∙ ‖E1 , (2.14)

where we recall thatE1(u, v) = E(u, v) + (u, v) for all u, v ∈ Dom(E). Clearly,F (U) ⊆ Dom(E).

Proposition 2.12. Under the condition(2.12), for any non-empty open set U⊆ X, (E,F (U)) is a
regular Dirichlet form on L2(U).

Proof. We shall prove that Dom(E)∩Cc(U) is dense both inCc(U) andF (U). This will automati-
cally imply thatF (U) is dense inL2(U) since so isCc(U).

Indeed, it follows from the definition (2.14) that Dom(E) ∩ Cc(U) ⊆ F (U) ∩ Cc(U) is dense in
F (U) with respect toE1.

Now, let us show that Dom(E) ∩ Cc(U) is dense inCc(U). Fix u ∈ Cc(U) andε > 0. Suppose
thatK = suppu. It follows from (2.12) that there existsv ∈ Dom(E) ∩ Cc(X) such that

‖u− v‖L∞(X) < ε.

In particular,|v(x)| < ε for all x < K. Moreover, it follows from [21, Theorem 1.4.2(iv), p. 28] that

v(ε) := v− ((−ε) ∨ v) ∧ ε ∈ Dom(E) ∩ C(X).

Note thatv(ε)(x) = 0 for all x < K and

‖v− v(ε)‖L∞(X) < ε.

Hence, we obtain thatv(ε) ∈ Cc(U) and

‖u− v(ε)‖L∞(X) ≤ ‖u− v‖L∞(X) + ‖v− v(ε)‖L∞(X) < 2ε.

Sinceε can be arbitrary, we have proved that Dom(E) ∩ Cc(U) is dense inCc(U). �

Let U ⊆ X be a non-empty open set. Under (2.12), we denote by{PU
t }t≥0 the associated heat

semigroup of the regular Dirichlet form (E,F (U)). According to [21, Lemma 1.3.4], the domain
F (U) of the Dirichlet form (E,F (U)) satisfies

F (U) =
{
u ∈ L2(U) : lim

t→0
t−1(u− PU

t u,u) < ∞
}
. (2.15)

However, even under the caseU = X, we remark that it might happen that

PXt , Pt.

The following proposition strengthens [29, Lemma 4.4], in which instead of regularity of
Dirichlet forms we now use only the weakly regular.
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Proposition 2.13. Let (E,Dom(E)) be a weakly regular Dirichlet form. For any non-empty open
set U⊆ X and for any u∈ Dom(E), the followings are equivalent:

(i) u+ ∈ F (U);

(ii) u ≤ v for some v∈ F (U).

Proof. To obtain (i)⇒ (ii), one can takev = |u|, which is inF (U) wheneveru ∈ F (U). To prove
(ii) ⇒ (i), via taking somev ∈ F (U) such thatu ≤ v, we divide the proof ofu+ ∈ F (U) into three
cases.

Case 1:u ∈ Dom(E) ∩ C(X) andv ∈ F (U) ∩ Cc(U). In this case, we have byu ≤ v that

u+ ≤ v+ and u+ ∈ Dom(E) ∩ C(X).

Moreover,u+(x) = 0 for all x < suppv, which shows thatu+ ∈ Cc(U), that is,

u+ ∈ Dom(E) ∩ Cc(U) ⊆ F (U).

Case 2: u ∈ Dom(E) andv ∈ F (U) ∩ Cc(U). In this case, it follows from (2.13) that there
exists a sequence{un} ⊆ Dom(E) ∩ C(X) such that

lim
n→∞
‖un − u‖E1 = 0.

The result inCase 1shows that each (un∧v)+ ∈ F (U) sinceun∧v ∈ Dom(E)∩C(X) andun∧v ≤ v.
Moreover, for anyn ∈ N, by the normal contraction and bilinear properties of the Dirichlet form
(see [21, pp. 3-5]) property, we have

E((un ∧ v)+, (un ∧ v)+) ≤ E(un ∧ v, un ∧ v)

≤ E(un ∧ v, un ∧ v) + E(un ∨ v, un ∨ v)

=
1
2

(E(un + v, un + v) + E(|un − v|, |un − v|))

≤ E(un,un) + E(v, v)

and, hence,
sup
n∈N
E((un ∧ v)+, (un ∧ v)+) ≤ sup

n∈N
E(un,un) + E(v, v) < ∞.

Further, from the fact that (un ∧ v)+ → (u∧ v)+ = u+ in L2(X) asn→ ∞ and [38, Lemma 2.12, p.
21], it follows that

(un ∧ v)+ → u+ weakly with respect toE1 asn→ ∞.

SinceF (U) is also weakly closed, we obtain thatu+ ∈ F (U).

Case 3:u ∈ Dom(E) andv ∈ F (U). In this case, by (2.14), there exists a sequence{vn}n∈N ⊆
Dom(E) ∩ Cc(U) such that

lim
n→∞
‖vn − v‖E1 = 0.

The result inCase 2shows that each (u∧ vn)+ ∈ F (U) sinceu∧ vn ∈ Dom(E) andu∧ vn ≤ vn with
vn ∈ F (U) ∩ Cc(U).

Similar to the arguments inCase 2, we also obtain that (u∧ vn)+ → (u∧ v)+ = u+ weakly with
respect toE1 asn→ ∞. Again, sinceF (U) is weakly closed, we obtain thatu+ ∈ F (U). �
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Proposition 2.14. Let (E,Dom(E)) be a weakly regular Dirichlet form. For any non-empty open
set U⊆ X, if both u∈ Dom(E) andφ ∈ F (U) are bounded functions, thenφu ∈ F (U).

Proof. Sinceu ∈ Dom(E) andφ ∈ F (U) ⊆ Dom(E) are bounded functions, it follows from [21,
Theorem 1.4.2(ii), p. 28] thatφu ∈ Dom(E). Observing that

φu ≤ |φu| ≤ ‖u‖L∞(X)|φ| ∈ F (U),

we then derive from Proposition2.13that (φu)+ ∈ F (U).
Similar arguments also show that (φu)− ∈ F (U). Finally, we haveφu ∈ F (U). �

Let us now recall the notions ofsubcaloricandcaloric functions. LetI be an interval inR.
A function u : I → L2(X) is said to beweakly differentiableat t ∈ I , if for any ϕ ∈ L2(X), the
function (u(∙), ϕ) is differentiable att, that is, the limit

lim
ε→0

(
u(t + ε) − u(t)

ε
, ϕ

)

exists. In this case, by the principle of uniform boundedness, there exists somew ∈ L2(X) such
that for anyϕ ∈ L2(X),

lim
ε→0

(
u(t + ε) − u(t)

ε
, ϕ

)

= (w, ϕ). (2.16)

The functionw is called theweak derivativeof u at t, and we write∂tu = w or u′(t) = w. In this
case, we have

sup
ε∈(0,1]

ε−1‖u(t + ε) − u(t)‖L2(X) < ∞,

which also implies

lim
ε→0

u(t + ε) = u(t) in L2(X). (2.17)

Definition 2.15. For an open subsetΩ ⊆ X, a functionu : I → Dom(E) is calledsubcaloricin
I × Ω if u is weakly differentiable inL2(X) at anyt ∈ I and if, for anyt ∈ I and any non-negative
ϕ ∈ F (Ω),

(∂tu, ϕ) + E(u(t, ∙), ϕ) ≤ 0.

A functionu is said to becaloric in I × Ω if the above inequality is replaced by equality, that is,

(∂tu, ϕ) + E(u(t, ∙), ϕ) = 0.

In a similar manner,u is said to besupercaloricin I × Ω if −u is subcaloric.

Remark 2.16. If u is a subcaloric or supercaloric function inI ×Ω, then it follows from (2.17) that
there exists a sequence{εn}n∈N ⊆ (0,1) such that

lim
n→0

u(t + εn, x) = u(t, x) μ-a.a.x ∈ Ω. (2.18)

Note that for anyf ∈ L2(Ω), the functionu(t, ∙) = PΩ
t f (∙) is caloric in (0,∞)×Ω. In this case, there

exists a sequence{εn}n∈N ⊆ (0,1) such that (2.18) is true foru(t, ∙) = PΩ
t f (∙).
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The following parabolic maximal principle comes from [29, Proposition 4.11, p. 117], whose
proof doesNOT use regularity of the corresponding Dirichlet form. Hence, it is true for all (not
necessarily regular) Dirichlet forms.

Proposition 2.17([29]). Fix T ∈ (0,∞] and an open setΩ ⊆ X. Assume that u: (0,T)→ Dom(E)
is a subcaloric function in(0,T) × Ω such that the following hold:

(i) u+(t, ∙) ∈ F (Ω) for all t ∈ (0,T), where u+(t, ∙) := max{u(t, ∙), 0};

(ii) u+(t, ∙)→ 0 in L2(Ω) as t→ 0.

Then u(t, x) ≤ 0 for all t ∈ (0,T) andμ-a.a. x∈ Ω.

Applying Propositions2.13-2.14-2.17, we are about to show the following comparison esti-
mates for subcaloric and supercaloric functions, which extends [29, Lemmas 4.16 and 4.18] since
now we relax the regularity assumption of the Dirichlet form.

Proposition 2.18. Let (E,Dom(E)) be a weakly regular Dirichlet form. Let U⊆ X be an open set,
K ⊆ U be a compact set and0 ≤ f ∈ L2(U).

(i) Assume that w: (0,∞) → Dom(E) is a non-negative supercaloric function in(0,∞) × U
satisfying:

w(t, ∙)
L2(U)
−→ f (∙) as t→ 0. (2.19)

Then, for any t∈ (0,∞) andμ-a.a x∈ X,

w(t, x) ≥ PU
t f (x). (2.20)

(ii) Assume that u: (0,∞)→ Dom(E) is a bounded subcaloric function in(0,∞)×U satisfying
(2.19). Then, for any t∈ (0,∞) andμ-a.a x∈ X,

u(t, x) ≤ PU
t f (x) + sup

s∈(0, t]
esup
z∈K{

u(s, z). (2.21)

Proof. We first show (i). For anyt ∈ (0,∞) andx ∈ X, let

v(t, x) := PU
t f (x) − w(t, x).

Sincew is a supercaloric function in (0,∞) × U, it follows that v is subcaloric in (0,∞) × U.
According to [21, p. 22, Lemma 1.3.3(i)], it holds thatPU

t f ∈ F (U). By this andw ≥ 0, we have

v(t, ∙) ≤ PU
t f ∈ F (U),

which implies thatv+(t, ∙) ∈ F (U) by Proposition2.13. Moreover, noting that

v+(t, ∙) ≤ |PU
t f (∙) − f (∙)| + | f (∙) − w(t, ∙)|,

we deduce from (2.19) and [21, p. 22, Lemma 1.3.3(iii)] thatv+(t, ∙) → 0 in L2(U) as t → 0.
Finally, by the parabolic maximal principle in Proposition2.17, we conclude that (2.20) holds.
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Now, we are about to prove (ii). LetΩ be a precompact open set such that

K ⊆ Ω ⊆ Ω ⊆ U.

By (2.12) and Remark2.7(iii), we can findφ ∈ Dom(E) ∩ cutoff(Ω,U). Fix T ∈ (0,∞). For any
t ∈ (0,T) andx ∈ X, let

m := sup
s∈(0,T]

esup
z∈K{

u(s, z) and v(t, x) := φ(x)u(t, x) −mφ(x) − PU
t f (x).

Note thatPU
t f ∈ F (U) ⊆ Dom(E) (see [21, p. 22, Lemma 1.3.3(i)]). Moreover, sinceu(t, ∙) ∈

Dom(E) is bounded, it follows from Proposition2.14thatφ(∙)u(t, ∙) ∈ Dom(E), so doesv(t, ∙).

• Let 0 ≤ ψ ∈ F (Ω). SincePU
t f is caloric andu is subcaloric in (0,T) × Ω, it follows from the

definition ofv and the fact thatφ = 1 onΩ that for anyt ∈ (0,T),

(
∂tv(t, ∙), ψ

)
+ E(v(t, ∙), ψ) =

(
φ∂tu(t, ∙), ψ

)
−

(
∂tP

U
t f , ψ

)
− E(PU

t f , ψ) + E
(
φu(t, ∙) −mφ, ψ

)

=
(
∂tu(t, ∙), ψ

)
+ E

(
φu(t, ∙) −mφ, ψ

)

=
(
∂tu(t, ∙), ψ

)
+ E

(
u(t, ∙), ψ

)
+ E

(
(φ − 1)u(t, ∙) −mφ, ψ

)

≤ E
(
(φ − 1)u(t, ∙) −mφ, ψ

)
. (2.22)

Due to the continuity ofφ and the fact that suppψ ⊆ Ω, we haveφ = 1 onΩ and, hence,φ = 1
on suppψ. Thus, for anyt > 0, we have

(
(φ − 1)u(t, ∙) −mφ, ψ

)
= −(m, ψ),

which, along with (1.2) andψ ≥ 0, implies that for anys> 0,

(
(φ − 1)u(t, ∙) −mφ − Ps((φ − 1)u(t, ∙) −mφ), ψ

)
=

(
−m− Ps((φ − 1)u(t, ∙) −mφ), ψ

)

≤
(
−mPs1− Ps((φ − 1)u(t, ∙) −mφ), ψ

)

= −
(
Ps((φ − 1)(u(t, ∙) −m)), ψ

)

≤ 0.

This last inequality follows from the facts thatψ ≥ 0 and




(φ − 1)(u(t, ∙) −m) ≥ 0 onK{;

(φ − 1)(u(t, ∙) −m) = 0 onK.
(2.23)

Hence, by (2.3), we obtain

E
(
(φ − 1)u(t, ∙) −mφ, ψ

)
= lim

s→0

1
s

(
(φ − 1)u(t, ∙) −mφ − Ps((φ − 1)u(t, ∙) −mφ), ψ

)
≤ 0,

and then, by (2.22), v is subcaloric in (0,T) × Ω.
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• Takeφ̃ ∈ Dom(E)∩ cutoff(K,Ω) ⊆ F (Ω). Similarly to (2.23), by the definition ofmand the fact
thatφ ∈ cutoff(Ω,U), we have




(φ − φ̃)(u(t, ∙) −m) ≤ 0 onK{;

(φ − φ̃)(u(t, ∙) −m) = 0 onK.

This, combined withPU
t f ≥ 0 and Proposition2.14, yields that for allt ∈ (0,T),

v(t, ∙) = φ(u(t, ∙) −m) − PU
t f ≤ φ(u(t, ∙) −m) ≤ φ̃(u(t, ∙) −m) ∈ F (Ω).

Hence, it follows from Proposition2.13thatv+(t, ∙) ∈ F (Ω) for all t ∈ (0,T).

• By the definition ofv and the fact thatφ = 1 onΩ, we write for anyt ∈ (0,T) andx ∈ Ω,

v(t, x) = φ(x)(u(t, x) − f (x)) − (PU
t f (x) − f (x)) −mφ(x),

which implies
v+(t, x) ≤ φ(x)|u(t, x) − f (x)| + |PU

t f (x) − f (x)|.

From [21, p. 22, Lemma 1.3.3(iii)], it follows thatPU
t f → f in L2(U) ast → 0. By this,Ω ⊆ U

and (2.19), we then derive thatv+(t, ∙)→ 0 in L2(Ω) ast → 0.

Therefore, by using Proposition2.17, we obtain thatv(t, x) ≤ 0 for all t ∈ (0,T) andμ-a.a.x ∈ Ω.
Becauseφ = 1 onΩ, this amounts to saying that for allt ∈ (0,T) andμ-a.a.x ∈ Ω,

u(t, x) ≤ PU
t f (x) + sup

s∈(0,T]
esup
z∈K{

u(s, z). (2.24)

Due to (2.18), via letting t → T in (2.24), we obtain that (2.24) is valid for μ-a.a. x ∈ Ω at the
endpointt = T. In addition, note that (2.21) is trivial for x ∈ Ω{ andT is arbitrary. Thus, we finish
the proof of (2.21) . �

As a consequence of Propositions2.12and2.18, we give a sufficient condition that ensures a
weakly regular Dirichlet form to be regular.

Proposition 2.19. Let (E,Dom(E)) be a weakly regular Dirichlet form, and{Pt}t>0 be the associ-
ated heat semigroup. Fix xo ∈ X. Suppose thatH is a dense subset of L2

+(X) := { f ∈ L2(X) : f ≥
0} such that for all f∈ H and t∈ (0,∞),

lim
R→∞

sup
s∈(0,t]

esup
z∈B(xo,R){

Psf (z) = 0. (2.25)

Then,(E,Dom(E)) is regular.

Proof. Since (E,Dom(E)) is weakly regular, by takingU = X in Proposition2.12, we deduce that
(E,F (X)) is a regular Dirichlet form onL2(X) and, moreover,F (X) can be characterized by (2.15).
We will obtain the regularity of (E,Dom(E)) by proving Dom(E) = F (X). And, by a comparison
of (2.15) and (2.3), this can be achieved by proving thatPt = PXt for all t ∈ (0,∞), where{PXt }t≥0

is the associated heat semigroup of (E,F (X)).



Stable-like heat kernels 21

Let 0 ≤ f ∈ L2(X). By Remark2.16, the functionw(t, x) := Pt f (x) is a non-negative caloric
function in (0,∞) × X. Moreover, it follows from [21, p. 22, Lemma 1.3.3(iii)] thatPt f → f in
L2(X) ast → 0, which implies that (2.19) holds withU = X therein. So, by (2.20) we obtain that
for all t > 0 andμ-a.a.x ∈ X,

PXt f (x) ≤ w(t, x) = Pt f (x). (2.26)

Assume in addition that 0≤ f ∈ L2(X) is bounded, which implies thatPt f is bounded. In a
similar manner, but now we apply (2.21) to the caloric functionu(t, x) := Pt f (x), thereby leading
to that for any compact setK ⊆ X, for all t > 0 andμ-a.a.x ∈ X,

Pt f (x) ≤ PXt f (x) + sup
s∈(0,t]

esup
z∈K{

Psf (z). (2.27)

Moreover, by the standard approximation arguments, we can prove that the above inequality holds
for all 0 ≤ f ∈ L2(X) (not necessary for boundedL2(X)-functions).

In (2.26) and (2.27), we take f ∈ H . Also, take the compact setK := B(xo, R) in (2.27) for
R ∈ (0,∞). Then, combining (2.26) and (2.27) yields that for allt ∈ (0,∞) andμ-a.a.x ∈ X,

PXt f (x) ≤ Pt f (x) ≤ PXt f (x) + sup
s∈(0,t]

esup
z∈B(xo,R){

Psf (z).

Applying (2.25) to the above inequality, we obtain that for anyf ∈ H andt > 0,

Pt f = PXt f μ-a.e. onX.

SinceH is dense inL2
+(X), it follows that the above identity holds for allf ∈ L2

+(X), and hence,
for all f ∈ L2(X). This proves the desired identity ofPt = PXt for all t ∈ (0,∞). Thus, we complete
the proof of Proposition2.19. �

2.4 Proof of Theorem2.1: an analytic method

As a consequence of Proposition2.8, we show that the Dirichlet form in Theorem2.1is weakly
regular.

Proposition 2.20. Under the hypothesis of Theorem2.1, the Dirichlet form(E,Dom(E)) given by
(2.3) is weakly regular.

Proof. Let f ∈ C∞(X) andt ∈ (0,∞). By [21, Lemma 1.3.3(i)], eachPt f ∈ Dom(E). Meanwhile,
by Proposition2.8(iii), every Pt f ∈ C∞(X) and limt→0 ‖Pt f − f ‖L∞(X) = 0. Thus, Dom(E)∩C∞(X)
is dense inC∞(X) with respect to‖ ∙ ‖L∞(X). This, combined with Remark2.7, gives (2.12).

Let f ∈ Dom(E). Then Proposition2.8(i) says that everyPt f ∈ C(X). According to [21, p. 22,
Lemma 1.3.3(i) and (iii)], everyPt f ∈ Dom(E) and

lim
t→0
‖ f − Pt f ‖E1 = 0.

This proves that (E,Dom(E)) satisfies (2.13). So, we obtain that (E,Dom(E)) is weakly regular. �

Now, applying the theory of weakly regular Dirichlet forms in Subsection2.3, we give the sec-
ond analytic proof of Theorem2.1without referring to the deep connection between right processes
and quasi-regular Dirichlet forms.
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Proof of Theorem2.1. As was proved in Proposition2.20, the Dirichlet form (E,Dom(E)) given
by (2.3) is weakly regular.

In order to obtain that (E,Dom(E)) is regular, by Proposition2.19, it suffices to prove that the
semigroup{Pt}t>0 satisfies (2.25). Indeed, we fixxo ∈ X and choose

H = { f ∈ Cc(X) : f ≥ 0}.

Let f ∈ H such that suppf ⊆ B(xo, R) for some largeR > 0. For anyz ∈ B(xo, 2R){ and
y ∈ B(xo, R), observing that

B(xo, R) ⊆ B(z,R){,

we then derive from (2.5) that for any 0< s< t,

esup
z∈B(xo,2R){

|Psf (z)| = esup
z∈B(xo,2R){

∣∣∣∣∣∣

∫

B(xo,R)
ps(z, y) f (y) dμ(y)

∣∣∣∣∣∣

≤ ‖ f ‖L∞(X) esup
z∈B(xo,2R){

∫

B(z,R){
ps(z, y) dμ(y)

.

(
t1/β

R

)γ
‖ f ‖L∞(X).

This induces (2.25) by letting R → ∞. Further, an application of Proposition2.19 yields that
(E,Dom(E)) is regular. �

2.5 Proof of Theorem2.1: a simpler analytic method under (NC)

In this subsection, under the additional condition(NC), we give a third proof of Theorem2.1.
This proof is simpler than the second one, and unlike the first one as it does not use a deep theory
related to stochastic processes.

Theorem 2.21. Under the hypothesis of Theorem2.1, assume further that(NC) holds. Then the
following statements hold:

(i) Pt f ∈ C∞(X) for all f ∈ L1(X) and t∈ (0,∞);

(ii) (E,Dom(E)) given by(2.3) is a regular Dirichlet form.

Proof. Let us show (i) and (ii) in turn.

Proof of (i). Fix f ∈ L1(X) andt ∈ (0,∞). By Proposition2.8(i), we have thatPt f ∈ C(X).
Thus, it suffices to prove thatPt f vanishes at infinity.

Fix xo ∈ X andR ∈ (0,∞). If t ∈ (0,1), then we have by (VD) (see (1.8)) and(NC) that

C′DV(x, t1/β) ≥ tα+/βV(x,1) ≥ ctα+/β,

whereC′D andα+ are as in (1.8), andc is the constant given in (2.7). If t ≥ 1, then by(NC),

V(x, t1/β) ≥ V(x,1) ≥ c.
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Combining the above two formulae, we then derive from (2.4) that

pt(x, y) .
1

V(x, t1/β)
.

1

min{1, tα+/β}
for all t ∈ (0,∞) and x, y ∈ X,

thereby leading to that
∫

B(xo,R){
pt(x, y) | f (y)| dμ(y) .

1

min{1, tα+/β}

∫

B(xo,R){
| f (y)| dμ(y). (2.28)

Next, for anyn ∈ N, we setfn := f 1{| f |≤n}, which converges tof both in L1(X) and pointwise as
n→ ∞. As it has been proved in (2.9), for all t ∈ (0,∞) andx < B(xo,2R), we still have

∫

B(xo,R)
pt(x, y)| f (y)| dμ(y) ≤

∫

B(xo,R)
pt(x, y)| f (y) − fn(y)| dμ(y) +

∫

B(xo,R)
pt(x, y)| fn(y)| dμ(y)

.
1

V(xo,R)
‖ fn − f ‖L1(X) + n

(
t1/β

R

)γ
. (2.29)

Combining (2.28) and (2.29), we deduce that for allx < B(xo,2R) andt ∈ (0,∞),

|Pt f (x)| ≤

(∫

B(xo,R)
+

∫

B(xo,R){

)

pt(x, y)| f (y)|dμ(y)

.
1

V(xo,R)
‖ fn − f ‖L1(X) + n

(
t1/β

R

)γ
+

1

min{1, tα+/β}

∫

B(xo,R){
| f (y)| dμ(y),

which implies
lim

R→∞
sup

x∈B(xo,2R){
|Pt f (x)| = 0

by first lettingR→ ∞ and the lettingn→ ∞. This proves thatPt f vanishes at infinity and, hence,
Pt f ∈ C∞(X).

Proof of (ii). As in the first part of the proof of Proposition2.20, we can derive from Proposition
2.8(iii), [ 21, Lemma 1.3.3(i)] and Remark2.7that Dom(E) ∩ Cc(X) is dense inCc(X) with respect
to ‖ ∙ ‖L∞(X). Based on this and Lemma2.6, we only need to show that any function in Dom(E) can
be approximated by functions inC∞(X) ∩ Dom(E) with respect to‖ ∙ ‖E1.

Let u ∈ Dom(E). By [21, p. 22, Lemma 1.3.3(iii)], we know thatPtu ∈ Dom(E) andPtu→ u
with respect to‖ ∙ ‖E1 ast → 0. Sinceu ∈ L2(X), it follows from Proposition2.8(i) that Ptu ∈ C(X)
for all t > 0. Moreover, for anyt > 0 andx ∈ X, by the Ḧolder inequality with respect to the
measurept(x, z) dμ(z) and the stochastic completeness of the heat kernel, we obtain

|Ptu(x)| ≤
∫

X
pt(x, z)|u(z)| dμ(z) ≤

(∫

X
pt(x, z) dμ(z)

)1/2 (∫

X
pt(x, z)|u(z)|2 dμ(z)

)1/2

=
√

Pt(u2)(x).

Using(NC) and the fact thatu2 ∈ L1(X), we then derive from (i) thatPt(u2) ∈ C∞(X). Hence, the
last inequality implies thatPtu vanishes at infinity, that is,Ptu ∈ C∞(X).

Altogether, given anyu ∈ Dom(E), we obtain thatPtu→ u with respect to‖ ∙ ‖E1 ast → 0, with
everyPtu ∈ C∞(X) ∩ Dom(E). This ends the proof of (ii). �
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3 Stability of the critical index

Our aim in this section is to prove Theorems1.2and1.3. In Subsection3.1, we present some
preliminary materials including the definition of the condition(AB)β. Further, in Subsection3.2,
we show that if a heat kernel satisfies(ULE)β then the associated Dirichlet form is regular by
Theorem2.1 and is also of pure jump type. With these, the proof of Theorem1.2 is presented in
Subsection3.3. As a consequence of Theorem1.2, we then show Theorem1.3 in Subsection3.4.

3.1 Condition (AB)β and the jump kernel

Let (X,d, μ) be a metric measure space satisfying (VD). We introduce some necessary notions.
Set

V(x, y) := V(x,d(x, y)) + V(y,d(x, y))

and, for anyβ ∈ (0,+∞), consider thestandard jump kernel

Jβ(x, y) :=
1

V(x, y) d(x, y)β
. (3.1)

By (VD), we haveV(x, y) ' V(x,d(x, y)) ' V(y,d(x, y)), whence

Jβ(x, y) '
1

V(x,d(x, y))d(x, y)β
.

Note that ifμ is α-regular thenV(x, y) ' d(x, y)α and, hence,

Jβ(x, y) '
1

d(x, y)α+β
.

Based on the standard jump kernel in (3.1), we give the definitions of Besov spaces.

Definition 3.1. For s ∈ (0,∞), thehomogeneous Besov spacesΛ̇s
2,2(X) andΛ̇s

2,∞(X) are respec-
tively defined to be the collection of all locally integrable functionsf onX such that

‖ f ‖Λ̇s
2,2(X) :=

("

X×X
| f (x) − f (y)|2J2s(x, y) dμ(x) dμ(y)

)1/2

< ∞

and

‖ f ‖Λ̇s
2,∞(X) :=


 sup
r∈(0,∞)

∫

X

(
1

V(x, r)

∫

B(x,r)

| f (x) − f (y)|2

r2s
dμ(y)

)

dμ(x)



1/2

< ∞.

Moreover, define the correspondinginhomogeneous Besov spaces

Λs
2,2(X) =

{
f ∈ L2(X) : ‖ f ‖Λs

2,2(X) := ‖ f ‖L2(X) + ‖ f ‖Λ̇s
2,2(X) < ∞

}

and
Λs

2,∞(X) =
{

f ∈ L2(X) : ‖ f ‖Λs
2,∞(X) := ‖ f ‖L2(X) + ‖ f ‖Λ̇s

2,∞(X) < ∞
}
.
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It is obvious thatΛ̇s
2,2(X) ⊆ Λ̇s

2,∞(X) andΛs
2,2(X) ⊆ Λs

2,∞(X).
Let us state the condition(AB)β that was introduced in [24]. This condition is named after

Andres and Barlow, because they first introduced in [3] a similar condition forlocal Dirichlet
forms. That condition, denoted bycutoff Sobolev inequality in annuli, was a simplified version of
the cutoff Sobolev inequality introduced by Barlow and Bass (see [7, 8]).

Definition 3.2. For any givenβ ∈ (0,∞), we say that the condition(AB)β holds, if there existζ ≥ 0
andC > 0 such that, for any function

u ∈
(
Λ
β/2
2,2(X) + {const}

)
∩ L∞(X),

and for any three concentric balls

B0 = B(x0,R), B = B(x0,R+ r), Ω = B(x0,R
′), (3.2)

with x0 ∈ X and 0< R< R+ r < R′ < diam(X), there exists a functionφ ∈ cutoff(B0, B) such that
"

Ω×Ω
|u(x)|2|φ(x) − φ(y)|2 Jβ(x, y) dμ(x) dμ(y)

≤ ζ
"

B×B
|φ(x)|2|u(x) − u(y)|2Jβ(x, y) dμ(x) dμ(y) +

C

rβ

∫

Ω

|u(x)|2 dμ(x). (3.3)

Figure 2: BallsB0, B,Ω and a cutoff functionφ.

It was proved in [12, Lemma 2.2 and Remark 2.3] that(AB)β always holds when 0< β < 2
(by using a standard bump functionφ of two concentric balls); see also [16, Remark 1.7], [24, the
proof of Corollary 2.12] and [26, Example 4.2]. However, so far there is no regular method for a
direct proof of(AB)β whenβ ≥ 2, except for the following example (see also [26, Example 4.1]).

Example 3.3. Let (X,d) be anultra-metricspace, that is,d satisfies the ultra-metric inequality

d(x, y) ≤ max(d(x, z),d(y, z)) for all x, y, z ∈ X. (3.4)

A typical example of an ultra-metric space is thep-adic field (see, for example, [10, 42, 43]).
Suppose thatμ is a measure on the ultra-metric space (X,d) satisfying (VD). Consider the three

concentric ballsB0, B andΩ as in (3.2). Letφ := 1B be the characteristic function of the ballB. By
the properties of ultra-metric, this function is continuous and, hence, is a cutoff function of the pair
(B0, B). Let us verify (3.3). In fact, it suffices to prove the following inequality:

sup
x∈X

∫

X
|φ(x) − φ(y)|2Jβ(x, y) dμ(y) . r−β. (3.5)
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Indeed, ifx ∈ B, then, by (VD) and a direct computation (see [27, Proposition 3.1] or [12, Lemma
2.1]), we have

sup
x∈B

∫

X
|φ(x) − φ(y)|2Jβ(x, y) dμ(y) = sup

x∈B

∫

B(x,R+r){
|φ(x) − φ(y)|2Jβ(x, y) dμ(y) . r−β.

If x < B andy ∈ B then

Jβ(x, y) ≤
1

(R+ r)βV(y,d(x, y))
≤

1
rβμ(B)

,

and hence, we have

sup
x∈B{

∫

X
|φ(x) − φ(y)|2Jβ(x, y) dμ(y) = sup

x∈B{

∫

B
Jβ(x, y) dμ(y) ≤

∫

B

1
rβμ(B)

dμ = r−β.

Combining the above two cases, we obtain (3.5) and then
"

Ω×Ω
|u(x)|2|φ(x) − φ(y)|2Jβ(x, y) dμ(x) dμ(y)≤ sup

z∈X

∫

X
φ(z) − φ(y)|2Jβ(x, y) dμ(y)

∫

Ω

|u(x)|2 dμ(x)

.
1
rβ

∫

Ω

|u|2 dμ,

which is (3.3) (with ζ = 0 therein). Hence, on a doubling ultra-metric space, the condition(AB)β
is satisfied for allβ ∈ (0,+∞).

Remark 3.4. In view of Example3.3 and Theorem1.2, we see that if (X,d, μ) is an ultra-metric
measure space satisfying (VD) and (RVD), thenβ] = ∞.

3.2 Jump type Dirichlet forms

We start with the following definition.

Definition 3.5. For anyβ > 0, we say that the jump kernelJ(x, y) satisfies the condition(J)β if

J(x, y) ' Jβ(x, y), (3.6)

whereJβ is the standard jump kernel defined in (3.1). We also say thatJ(x, y) satisfies(J≤)β (resp.
(J≥)β) if the upper (resp. lower) bound in (3.6) is satisfied.

Lemma 3.6. Assume that(X,d, μ) is a metric measure space satisfying(VD). Let (E,F ) be a
regular Dirichlet form where the jump part is given by the jumping measure d j(x, y). If the heat
kernel pt(x, y) of (E,F ) exists and satisfies(UE)β (that is, (1.15)), then the jump kernel

J(x, y) :=
d j(x, y)

dμ(x) dμ(y)
(3.7)

exists and satisfies(J≤)β. If the heat kernel satisfies the two-sided estimate(ULE)β then the jump
kernel J(x, y) in (3.7) satisfies(J)β. If in addition(E,F ) is stochastically complete then it is of pure
jump type.
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Proof. By the Beurling-Deny decomposition (see [21, Theorem 3.2.1, Lemma 4.5.2]), we have

E = EL + EJ + EK ,

whereEL is the local part,EK is the killing part, andEJ is the jump part:

EJ( f ,g) =
∫

X

∫

X
( f (x) − f (y))(g(x) − g(y)) d j(x, y). (3.8)

For any functionsf ,g ∈ F we have by (2.3) (see also [21, Eq. (1.3.17), p. 23]) that

E( f ,g) = lim
t→0

1
t
( f − Pt f ,g). (3.9)

Given any two disjoint precompact open setsA, B in X, let f ,g ∈ F ∩ Cc(X) supported inA andB,
respectively. Then, by (3.9), we have

E( f ,g) = − lim
t→0

1
t

∫

A

∫

B
f (x)g(y)pt(x, y) dμ(x) dμ(y),

and, by (3.8),

E( f ,g) = EJ( f ,g) = −2
∫

A

∫

B
f (x)g(y) d j(x, y).

In other words, ift → 0, then
∫

A

∫

B
f (x)g(y)

pt(x, y)
2t

dμ(x) dμ(y)→
∫

A

∫

B
f (x)g(y) d j(x, y). (3.10)

By (UE)β, we have for allt ∈ (0,∞) andx, y ∈ X that

pt(x, y)
2t

≤
C

V(x, t1/β + d(x, y))

(
1

t1/β + d(x, y)

)β
≤

C

V(x, y)d(x, y)β
, (3.11)

which implies from (3.10) that

d j(x, y) ≤
C

V(x, y)d(x, y)β
dμ(x) dμ(y)

and, hence, the Radon-Nikodym derivativeJ(x, y) in (3.7) exists and satisfies(J≤)β. See also [28,
Lemma 10.3(2) forq = ∞] for that (UE)β implies the existence of jump kernelJ(x, y) and(J≤)β.

If in addition the lower bound in(LE)β is satisfied, then, for allx, y ∈ X,

lim inf
t→0

pt(x, y)
2t

≥ lim inf
t→0

c

V(x, t1/β + d(x, y))

(
1

t1/β + d(x, y)

)β

≥
c

V(x, y)d(x, y)β
,

which, together with (3.10) and the Fatou lemma, implies that for non-negative functionsf ,g ∈
F ∩ Cc(X),

∫

A

∫

B
f (x)g(y) d j(x, y) ≥

∫

A

∫

B
f (x)g(y) lim inf

t→0

pt(x, y)
2t

dμ(x) dμ(y)
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≥
∫

A

∫

B
f (x)g(y)

c

V(x, y)d(x, y)β
dμ(x) dμ(y).

This proves(J≥)β. See also [25, Lemma 8.8, p. 763] for that(LE)β implies(J≥)β.
In conclusion, the above arguments not only show that(ULE)β implies (J)β, but also implies

from (3.11) and(J≥)β that

pt(x, y)
2t

≤ CJ(x, y) for all t ∈ (0,∞) and x, y ∈ X,

for a universal constantC > 0. If, in addition, (E,F ) is stochastically complete, thenEK ≡ 0 and
the formula in (3.9) implies that for anyf ∈ F ,

E( f , f ) = lim
t→0

∫

X

∫

X
| f (x) − f (y)|2

pt(x, y)
2t

dμ(x) dμ(y).

Combining the above two formulae yields that for anyf ∈ F ,

E( f , f ) ≤ CEJ( f , f ),

thereby leading to

EL( f , f ) = E( f , f ) − EJ( f , f ) − EK( f , f ) ≤ CEJ( f , f ). (3.12)

Let us use (3.12) to proveEL ≡ 0. Indeed, denote byΓ(u,u) theenergy measureof EL for a bounded
functionu ∈ F . By the arguments in [39, p. 389], we have for allφ, u ∈ F ∩ L∞(X) andλ ≥ 0,

λ2
∫

X
φ2dΓ(u,u) +

∫

X
dΓ(φ, φ)

= EL(φ cos(λu), φ cos(λu)) + EL(φ sin(λu), φ sin(λu))

. EJ(φ cos(λu), φ cos(λu)) + EJ(φ sin(λu), φ sin(λu)) (by (3.12))

=

∫

X

∫

X

(
φ2(x) + φ2(y) − 2φ(x)φ(y) cos(λ(u(x) − u(y)))

)
J(x, y) dμ(x) dμ(y)

=

∫

X

∫

X

(
|φ(x) − φ(y)|2 + 2φ(x)φ(y)(1− cos(λ(u(x) − u(y))))

)
J(x, y) dμ(x) dμ(y)

.
∫

X

∫

X

(
|φ(x) − φ(y)|2 + ‖φ|2L∞(λ2|u(x) − u(y)|2 ∧ 2)

)
J(x, y) dμ(x) dμ(y).

Dividing both sides of the above inequality byλ2 and passing to the limit asλ → ∞, we obtain
that

∫
X
φ2 dΓ(u,u) = 0. Sinceφ, u are arbitrary, it follows thatEL ≡ 0, that is,E is of pure jump

type. �

3.3 Proof of Theorem1.2

Let us return to a general setting. Given a symmetric non-negative jump kernelJ(x, y) onX,
define the bilinear form

E(u, v) :=
∫

X

∫

X
(u(x) − u(y))(v(x) − v(y))J(x, y) dμ(x) dμ(y) (3.13)
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with domain
F :=

{
u ∈ L2(X) : E(u,u) < ∞

}
. (3.14)

It follows from the Fatou lemma thatF is complete with respect to the norm‖ ∙ ‖E1 given in (2.1);
see also [21, Example 1.2.4, p. 14]. Note that (E,F ) becomes a Dirichlet form only if the domain
F is dense inL2(X, μ).

The following theorem plays an essential role in the proof of Theorem1.2.

Theorem 3.7([12]). Assume that(VD) and (RVD) are satisfied. Then, for anyβ ∈ (0,∞), the
following two conditions are equivalent:

(i) (AB)β

(ii) For any/some jump kernel J satisfying(J)β, the bilinear form(E,F ) given by(3.13)-(3.14) is
a regular Dirichlet form whose heat kernel exists and satisfies(ULE)β.

Moreover, if(i) or (ii) holds, then the heat kernel{pt}t>0 of (E,F ) is stochastically complete and
jointly continuous onX × X for any t> 0.

Remark 3.8. Let β > 0 andJβ be the standard jump kernel in (3.1). Consider the bilinear form

Eβ(u, v) :=
∫

X

∫

X
(u(x) − u(y))(v(x) − v(y))Jβ(x, y) dμ(y) dμ(x) (3.15)

with the domain
Fβ :=

{
u ∈ L2(X) : Eβ(u,u) < ∞

}
= Λ

β/2
2,2(X). (3.16)

By Theorem3.7, the hypothesis(AB)β is equivalent to the fact that the bilinear form (Eβ,Fβ) is a
regular Dirichlet form whose heat kernel exists and satisfies(ULE)β.

We give the following regularity result, which is a consequence of Theorem2.1.

Proposition 3.9. Assume that(VD) is satisfied andβ, γ ∈ (0,∞). Let {Pt}t>0 be the semigroup
defined in(2.2), with {pt}t>0 being a stochastically complete continuous heat kernel onX satisfying

0 ≤ pt(x, y) ≤
C

V(x, t1/β + d(x, y))

(

1+
d(x, y)

t1/β

)−γ
for all t ∈ (0,∞) and x, y ∈ X, (3.17)

for some constant C> 0. Then, the Dirichlet form(E,Dom(E)) given by(2.3) is regular. In
particular, this last statement is true provided that{pt}t>0 satisfies(UE)β.

Proof. Note that(UE)β implies (3.17). So, it suffices to show the regularity of (E,Dom(E)) under
(3.17). To this end, we need to apply Theorem2.1via verifying that (3.17) implies (2.4) and (2.5).

It is obvious that (3.17) implies (2.4). By a direct computation, it follows from (VD) and (3.17)
that for anyx ∈ X andt, r > 0,

∫

B(x, r){
pt(x, y) dμ(y) .

∫

B(x, r){

1

V(x, t1/β + d(x, y))

(
t1/β

t1/β + d(x, y)

)γ
dμ(y)

.

(
t1/β

r

) γ
2
∫

X

1

V(x, t1/β + d(x, y))

(
t1/β

t1/β + d(x, y)

) γ
2

dμ(y)
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.

(
t1/β

r

) γ
2

,

which gives the desired condition (2.5). �

Proof of Theorem1.2. By Theorem3.7, it suffices to prove that (ii) implies (i).
Suppose thatβ > 0 and there exists a stochastically complete continuous heat kernel{pt}t>0 on

X satisfying(ULE)β. Let (E,Dom(E)) be the Dirichlet form determined by the heat kernel{pt}t>0

(given in (2.3)). It follows from Proposition3.9(see also Theorem2.1) that (E,Dom(E)) is regular.
Moreover, it follows from Lemma3.6 that (E,Dom(E)) is of pure jump type, and the jump kernel
J(x, y) exists and satisfies(J)β. In particular, (E,Dom(E)) coincides with that in (3.13)-(3.14).
Therefore, Theorem3.7(ii) is satisfied, which implies(AB)β. This finishes the proof of Theorem
1.2. �

By Theorems3.7and1.2, we have the following characterizations of the critical index.

Corollary 3.10. Assume that(VD) and(RVD) are satisfied on(X,d, μ). Thenβ] := β](X,d, μ) has
the following equivalent expressions:

β] = sup
{
β > 0 : (Eβ,Fβ) in (3.15)-(3.16) is a regular Dirichlet form, whose heat

kernel is stochastically complete, continuous and satisfies(ULE)β
}

= sup
{
β > 0 : there exists a regular pure jump type Dirichlet form, whose jump

kernel exists and satisfies(J)β and whose heat kernel is stochastically

complete, continuous and satisfies(ULE)β
}
.

3.4 Proof of Theorem1.3

In this subsection, we will utilize Theorem1.2 to prove Theorem1.3, that is, to prove the
quasi-isometric invariance of the critical indexβ].

Proof of Theorem1.3. Let (X,d′, μ′) be a metric measure space that is quasi-isometric to (X,d, μ),
that is, there existsc > 1 such that

c−1d′ ≤ d ≤ cd′ and c−1 ≤
dμ
dμ′
≤ c. (3.18)

For anyx ∈ X and r > 0, denote byBd(x, r) andBd′(x, r) the metric balls in (X,d) and (X,d′),
respectively.

Let us first show that, ifμ ' μ′ but the metric is unchanged, thenβ] is invariant. By the second
formula in (3.18), we have

(X,d, μ) satisfies (VD) and (RVD) ⇔ (X,d, μ′) satisfies (VD) and (RVD).

In this case, note that(AB)β holds on (X,d, μ) if and only if it holds on (X,d, μ′). This, along with
(1.11) in Theorem1.2, yields

β#(X,d, μ) = β#(X,d, μ′). (3.19)
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Next, we show that ifd ' d′ but the measure is unchanged, thenβ] is also invariant. We use
the notation

diam(X,d) := sup{d(x, y) : x, y ∈ X}.

In a similar manner, we define diam(X,d′). Sinced ' d′, it follows that

Rd := diam(X,d) < ∞ ⇔ Rd′ := diam(X,d′) < ∞

and, by the first formula in (3.18),
c−1Rd ≤ Rd′ ≤ cRd.

Since (X,d, μ) satisfies (VD) (see also (1.8)), for anyx ∈ X andr > 0, we have

μ(Bd′(x,2r))
μ(Bd′(x, r))

≤
μ(Bd(x,2cr))
μ(Bd(x, c−1r))

. 1. (3.20)

Let x ∈ X and 0< r ≤ R< Rd′ . Since (X,d, μ) satisfies (RVD), if cr ≤ c−1R, thenc−1R< c−1Rd′ ≤
Rd and

μ(Bd′(x,R))
μ(Bd′(x, r))

≥
μ(Bd(x, c−1R))
μ(Bd(x, cr))

&
(R

r

)α−
, (3.21)

whereα− is the same constant as in (RVD). If cr ≥ c−1R, thenR' r, so that (3.21) still holds since

μ(Bd′(x,R))
μ(Bd′(x, r))

≥ 1 '
(R

r

)α−
. (3.22)

Due to the symmetry, the above formulae (3.20)-(3.21)-(3.22) imply that

(X,d, μ) satisfies (VD) and (RVD) ⇔ (X,d′, μ) satisfies (VD) and (RVD).

Let β < β#(X,d, μ) such that there exists a stochastically complete continuous heat kernel{pt}t>0 on
(X,d, μ) satisfying(ULE)β. It is obvious that{pt}t>0 is also stochastically complete and continuous
on (X,d′, μ). Moreover, usingd ' d′ and volume doubling property of (X,d′, μ), we obtain that
{pt}t>0 also satisfies(ULE)β on (X,d′, μ) (that is, replacing the metricd in (ULE)β with d′). From
this and the definition ofβ#(X,d′, μ), it follows thatβ ≤ β#(X,d′, μ), and hence

β#(X,d, μ) ≤ β#(X,d′, μ).

The opposite inequality can be proved via exchanging the roles ofd andd′. Therefore, we obtain

β#(X,d, μ) = β#(X,d′, μ). (3.23)

Finally, first using (3.19), and then using (3.23) (with μ therein taken to beμ′), we arrive at the
identity

β#(X,d, μ) = β#(X,d, μ′) = β#(X,d′, μ′).

This finishes the proof of Theorem1.3. �
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4 Relations between the critical index and the walk dimension

The aim of this section is to show Theorems1.4and1.5, whose proofs will rely on the subor-
dination theory of heat kernels that are basically from [22, 23].

4.1 Proof of Theorem1.4

This subsection is mainly motivated by [22, Section 5.4] (see also [23, Section 4.3]), which
deals with theα-regular metric measure space but now we assume the general doubling condition
(VD).

Suppose that{pt}t>0 is a heat kernel. For anyδ ∈ (0,1), let {η(δ)
t }t>0 be aδ-stable subordinator,

that is, for anyt > 0, η(δ)
t is a positive function defined on (0,∞) such that

e−tλδ =

∫ ∞

0
η(δ)

t (s)e−sλ ds for all λ ∈ [0,∞).

Then, by the functional calculus, the function

p(δ)
t (x, y) =

∫ ∞

0
η(δ)

t (s)ps(x, y) ds for all t ∈ (0,∞) and x, y ∈ X, (4.1)

defines a new heat kernel onX (see, for example, [22, Section 5.4]). We call{p(δ)
t }t>0 thesubordi-

nated heat kernel to{pt}t>0. It follows from (2.2) and (2.3) that the heat kernel{p(δ)
t }t>0 determines

uniquely a Dirichlet form (E(δ), Dom(E(δ))), which is called thesubordinated Dirichlet form.

Proposition 4.1. Let (X,d, μ) be a metric measure space satisfying(VD). Assume that{pt}t>0 is a
stochastically complete heat kernel satisfying(ULE)β for someβ ∈ (0,∞). Then, for anyδ ∈ (0,1)

the subordinated heat kernel{p(δ)
t }t>0 determined by(4.1) is also a stochastically complete heat

kernel satisfying(ULE)β′ with β′ := δβ, that is, for all t∈ (0,∞) and x, y ∈ X,

p(δ)
t (x, y) '

1

V(x, t1/β′ + d(x, y))

(

1+
d(x, y)

t1/β′

)−β′

. (4.2)

If, in addition, the heat kernel{pt}t>0 is continuous, then p(δ)t is also continuous.

Proof. If (X,d, μ) is α-regular, then (4.2) has been proved in [22, Lemma 5.4]. Now, we assume
only (VD).

It is known that (see [44] or [22, Section 5.4]) the subordinator{η(δ)
t }t>0 satisfies the scaling

property

η(δ)
t (s) =

1

t1/δ
η(δ)

1

( s

t1/δ

)
for all s ∈ (0,∞), (4.3)

and the fast decay property at infinity

∫ ∞

0
s−γη(δ)

1 (s) ds< ∞ for all γ ∈ (0,∞), (4.4)
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as well as the estimates

η(δ)
t (s) .

t

s1+δ
for all s, t ∈ (0,∞), (4.5)

and

η(δ)
t (s) '

t

s1+δ
when s≥ t1/δ. (4.6)

Also, {η(δ)
t }t>0 satisfies that for allt ∈ (0,∞),

∫ ∞

0
η(δ)

t (s) ds= 1. (4.7)

From (4.1) and (4.7), it follows that if {pt}t>0 is stochastically complete, then so is{p(δ)
t }t>0.

The remaining proof is divided into three steps.

Step 1: proof of the lower estimate of(4.2). For anyt ∈ (0,∞) andx, y ∈ X, we set

r := t1/δ + d(x, y)β.

By this, the lower estimate(LE)β and (VD), we derive that for anys ∈ [r,2r] andx, y ∈ X,

ps(x, y) &
1

V(x, s1/β + d(x, y))

(

1+
d(x, y)

s1/β

)−β

'
1

V(x, r1/β + d(x, y))

(

1+
d(x, y)

r1/β

)−β

'
1

V(x, r1/β)
. (4.8)

Applying (4.8), (4.1), (4.6) and (VD), we derive that for anyt ∈ (0,∞) andx, y ∈ X,

p(δ)
t (x, y) ≥

∫ 2r

r
η(δ)

t (s)ps(x, y) ds (by (4.1))

&
∫ 2r

r

t

s1+δ

1

V(x, r1/β)
ds (by (4.6))

'
t

rδ
1

V(x, r1/β)

'
t

t + d(x, y)β′
1

V(x, t1/β′ + d(x, y))
(by (VD))

'
1

V(x, t1/β′ + d(x, y))

(

1+
d(x, y)

t1/β′

)−β′

. (4.9)

Step 2: proof of the upper estimate of(4.2). By (UE)β, for all s ∈ (0,∞) andx, y ∈ X, we
have

ps(x, y) .
1

V(x, s1/β)
. (4.10)



34 Jun Cao, Alexander Grigor’yan, Eryan Hu and Liguang Liu

If s> t1/δ, then it follows fromt1/(δβ) = t1/β
′
that

V(x, s1/β) ≥ V(x, t1/(δβ)).

If s≤ t1/δ, then we haves1/β ≤ t1/(δβ) = t1/β
′
, which, together with (1.8), implies

V(x, s1/β) ≥ (C′D)−1
( s

t1/δ

)α+/β
V(x, t1/(δβ)).

Substituting the last two estimates into (4.10) gives that for alls ∈ (0,∞) andx, y ∈ X,

ps(x, y) .
1

V(x, t1/(δβ))

(
t1/δ

s
∨ 1

)α+/β
. (4.11)

Whent > d(x, y)β
′
, combining (4.11), (4.1), (4.7), (4.3) and (4.4), we derive

p(δ)
t (x, y) =




∫ t1/δ

0
+

∫ ∞

t1/δ


 η

(δ)
t (s)ps(x, y) ds

.
∫ t1/δ

0

1

t1/δ
η(δ)

1

( s

t1/δ

) ( t1/β

s

)α+ 1

V(x, t1/(δβ))
ds+

1

V(x, t1/(δβ))

∫ ∞

t1/δ
η(δ)

t (s) ds (by (4.3))

.
1

V(x, t1/β′)

(∫ 1

0
τ−α+η(δ)

1 (τ) ds+ 1

)

(by (4.7))

.
1

V(x, t1/β′)
(by (4.4)). (4.12)

In the opposite caset ≤ d(x, y)β
′
, we obtain by (4.5), (VD), (UE)β and a change of variables

τ = d(x, y)/s1/β, that

p(δ)
t (x, y) .

∫ ∞

0

t

s1+δ

1

V(x, s1/β + d(x, y))

(

1+
d(x, y)

s1/β

)−β
ds (by (4.5) and(UE)β)

.
t

V(x,d(x, y))

∫ ∞

0

1
s1+δ

(

1+
d(x, y)

s1/β

)−β
ds

'
1

V(x,d(x, y))
t

d(x, y)δβ

∫ ∞

0
τδβ−1(1+ τ)−β dτ

'
1

V(x,d(x, y))
t

d(x, y)β′

'
1

V(x, t1/β′ + d(x, y)))

(

1+
d(x, y)

t1/β′

)−β′

(by (VD)).

Hence, in all cases we obtain the desired upper estimate of (4.2).

Step 3: proof of the continuity of p(δ)
t . Fix t ∈ (0,∞) andx, x′, y, y′ ∈ X with d(x, x′) < t1/(δβ).

The inequality (4.11) yields that for alls ∈ (0,∞),

|ps(x, y) − ps(x
′, y′)| .

(
1

V(x, t1/(δβ))
+

1

V(x′, t1/(δβ))

) (
t1/δ

s
∨ 1

)α+/β
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.
1

V(x, t1/(δβ))

(
t1/δ

s
∨ 1

)α+/β
. (by (VD))

Moreover, by the computation in (4.12), we see that the function

s 7→ η(δ)
t (s)

1

V(x, t1/(δβ))

(
t1/δ

s
∨ 1

)α+/β

is integrable over (0,∞) with respect todsuniformly in y, y′. Thus, by using the dominated con-
vergence theorem and continuity ofpt, we have

lim
(x′,y′)→(x,y)

|p(δ)
t (x, y) − p(δ)

t (x′, y′)| ≤ lim
(x′,y′)→(x,y)

∫ ∞

0
η(δ)

t (s)|ps(x, y) − ps(x
′, y′)| ds= 0.

This implies the continuity ofp(δ)
t . Thus, we complete the proof of Proposition4.1. �

With the subordination of heat kernels in Proposition4.1, we now prove Theorem1.4.

Proof of Theorem1.4. Fix anyβ′ ∈ (0, β#). By the definition ofβ#, we can chooseβ ∈ (β′, β#) such
that there exists a stochastically complete continuous heat kernel{pt}t>0 onX satisfying(ULE)β.
Hence, it follows from Proposition4.1 with δ := β′/β ∈ (0,1) that theδ-subordinated heat kernel
{p(δ)

t }t>0 is a stochastically complete continuous heat kernel onX satisfying(ULE)β′ . The proof is
completed. �

4.2 Proof of Theorem1.5

Proposition 4.2. Assume that(VD) is satisfied. Let{qt}t>0 be a stochastically complete continuous
heat kernel satisfying the two-sided sub-Gaussian estimate

qt(x, y) �
C

V(x, t1/β + d(x, y))
exp


−c

(
d(x, y)

t1/β

) β
β−1


 for all t ∈ (0,∞) and x, y ∈ X. (4.13)

Then, for anyδ ∈ (0,1), the subordinated heat kernel{q(δ)
t }t>0 determined by{qt}t>0 in (4.1) satisfies

all conclusions of Proposition4.1.

Proof. Since (4.13) holds, it follows that{qt}t>0 satisfies(UE)β. Thus, the arguments inStep 2and
Step 3of the proof of Proposition4.1 remain valid. In other words, the subordinated heat kernel
{q(δ)

t }t>0 satisfies the upper estimate in (4.2) and, moreover, is jointly continuous.
Concerning the arguments inStep 1of the proof of Proposition4.1, for any t ∈ (0,∞) and

x, y ∈ X, we again set
r := (t1/δ + d(x, y)β)/8.

Instead of (4.8), we now use the lower estimate of (4.13) to derive that for anys ∈ [r,2r] and
x, y ∈ X,

qs(x, y) &
1

V(x, s1/β + d(x, y))
exp


−c

(
d(x, y)

s1/β

) β
β−1



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'
1

V(x, r1/β + d(x, y))
exp


−c

(
d(x, y)

r1/β

) β
β−1




'
1

V(x, r1/β)
,

so that the calculation in (4.9) can be proceeded as before, thereby leading to

q(δ)
t (x, y) &

1

V(x, t1/β′ + d(x, y))

(

1+
d(x, y)

t1/β′

)−β′

.

Thus,{q(δ)
t }t>0 satisfies the lower estimate in (4.2). This concludes the proof. �

Now, by Theorem1.4and Proposition4.2, we are about to prove the first identity in (1.14) of
Theorem1.5.

Proof ofβ# = dw in Theorem1.5. Let {qt}t>0 be a stochastically complete continuous heat kernel
onX satisfying the sub-Gaussian estimate(SG)dw

(see (1.13)). For anyβ ∈ (0,dw), upon setting

δ := β/dw ∈ (0,1), we derive from Proposition4.2 that the subordinated heat kernel{q(δ)
t }t>0

determined by{qt}t>0 (in the way of (4.1)) is a stochastically complete continuous heat kernel on
X satisfying(ULE)β, which implies by definition ofβ# thatβ ≤ β# and, hence,

dw ≤ β
#. (4.14)

It remains to prove thatdw is not strictly smaller thanβ#. Suppose on the contrary that

dw < β
#. (4.15)

Then we will deduce a contradiction in the following three steps.

Step 1: define two regular Dirichlet forms (E(i),Dom(E(i))) with i = 1,2. As in (2.3),
let (E(1),Dom(E(1))) be the Dirichlet form determined by the heat kernel{qt}t>0. Invoking the
stochastically completeness of{qt}t>0, we then derive from (2.3) that

E(1)(u, v) = lim
t→0

1
2t

"

X×X

(u(x) − u(y))(v(x) − v(y))qt(x, y) dμ(x) dμ(y) (4.16)

for all u, v ∈ Dom(E(1)), with

Dom(E(1)) = {u ∈ L2(X) : E(1)(u,u) < ∞}. (4.17)

It follows from (SG)dw
that

qt(x, y) .
1

V(x, t1/dw + d(x, y))

(

1+
d(x, y)

t1/dw

)−dw

(4.18)

holds uniformly int > 0 andx, y ∈ X. Then, since{qt}t>0 is stochastically complete and continuous,
we have by Proposition3.9that the Dirichlet form (E(1),Dom(E(1))) is regular.
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Since we have assumeddw < β# in (4.15), it follows form Theorem1.4 that there exists
a stochastically complete continuous heat kernel{pt}t>0 on X satisfying (ULE)dw

. Again, let
(E(2),Dom(E(2))) be the Dirichlet form determined by the heat kernel{pt} in the way of (2.3),
which yields that

E(2)(u, v) = lim
t→0

1
2t

"

X×X

(u(x) − u(y))(v(x) − v(y))pt(x, y) dμ(x) dμ(y) (4.19)

wheneveru, v ∈ Dom(E(2)), with

Dom(E(2)) = {u ∈ L2(X) : E(2)(u,u) < ∞}. (4.20)

By Proposition3.9, (E(2),Dom(E(2))) is regular.

Step 2: prove that (E(1),Dom(E(1))) is strongly local. By the general theory of Dirichlet
forms, (E(1),Dom(E(1))) can be decomposed into two parts: the strongly local part and the jump
part associated with a Radon measurej(1) onX × X \ diag. Moreover, following the arguments
that lead to (3.10), we obtain that for any two disjoint precompact open setsA, B ⊆ X, and for any
non-negative functionsf ,g ∈ Dom(E(1)) ∩ Cc(X) supported inA andB, respectively, it holds that

∫

A

∫

B
f (x)g(y)

qt(x, y)
2t

dμ(x) dμ(y)→
∫

A

∫

B
f (x)g(y) d j(x, y) as t → 0+.

Again, by the upper bound in(SG)dw
, we obtain that for anyx ∈ A andy ∈ B (note thatd(x, y) > 0

sinceA∩ B = ∅),

0 ≤
qt(x, y)

2t
≤

Ct−1

V(x, t1/dw + d(x, y))
exp


−c

(
d(x, y)

t1/dw

) dw
dw−1


→ 0 as t → 0+.

Combining the above two formulae and using the Fatou lemma, we obtain
∫

A

∫

B
f (x)g(y) d j(x, y) ≤

∫

A

∫

B
lim
t→0

f (x)g(y)
qt(x, y)

2t
dμ(x) dμ(y) = 0.

SinceA, B, f ,g are arbitrary, we see thatd j ≡ 0. In other words, (E(1),Dom(E(1))) is a strongly
local, regular Dirichlet form onL2(X).

Step 3: obtain a contradiction. Since{pt}t>0 satisfies(ULE)dw
, we have by (4.18) that

qt(x, y) . pt(x, y) for all t > 0 and x, y ∈ X.

Consequently, by (4.16)-(4.17) and (4.19)-(4.20), we obtain that

E(1)(u,u) ≤ CE(2)(u,u) for all u ∈ L2(X), (4.21)

for some constantC > 0, which implies

Dom(E(2)) ⊆ Dom(E(1)).
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Moreover, by (4.21) and the arguments following (3.12) in the proof of Lemma3.6, we obtain that

E(1)(u,u) = 0 for all u ∈ Dom(E(2)) ∩ L∞(X).

Fix u ∈ Dom(E(2)) ∩ L∞(X). Since

E(1)(u,u) ≥
1
2t

"

X×X
|u(x) − u(y)|qt(x, y) dμ(x) dμ(y)

for all t > 0, it follows from the lower estimate of(SG)dw
that |u(x) − u(y)| = 0 for μ × μ-a.a.

(x, y) ∈ X × X, which implies thatu is an almost everywhere constant function onX. Thus,

Dom(E(2)) ∩ L∞(X) = {constant functions},

which is not possible since Dom(E(2)) ∩ L∞(X) is dense inL2(X) by the fact that Dom(E(2)) is the
domain of the regular Dirichlet form (E(2),Dom(E(2))).

Therefore, it is not possible to havedw < β#. Combining this and (4.14) yields dw = β#, as
desired. �

Next, we show the second identity in (1.14) of Theorem1.5, by using the idea in [23, Section
5.1].

Proof of dw = β∗ in Theorem1.5. To simplify the notation, we rewrite the regular Dirichlet form
(E(1),Dom(E(1))) defined in (4.16)-(4.17) as (E,Dom(E)). For anyu ∈ L2(X) andt > 0, set

E(t)(u,u) :=
1
2t

∫

X

∫

X
qt(x, y)|u(x) − u(y)|2 dμ(x) dμ(y). (4.22)

We first prove thatdw ≤ β∗. For r > 0, let t := rdw. For anyu ∈ Dom(E), by the lower bound of
qt in (SG)dw

, (VD) and (4.22), we obtain

∫

X

(
1

V(x, r)

∫

B(x,r)

|u(x) − u(y)|2

rdw
dμ(y)

)

dμ(x) =
1
t

∫

X

∫

B(x,t1/dw)

|u(x) − u(y)|2

V(x, t1/dw)
dμ(y) dμ(x)

.
1
2t

∫

X

∫

B(x,t1/dw)
qt(x, y)|u(x) − u(y)|2 dμ(x) dμ(y)

. E(t)(u,u).

SinceE(t)(u,u) ↑ E(u,u) ast ↓ 0 (see [23]), this last formula shows that for allu ∈ Dom(E),

‖u‖2
Λ̇

dw/2
2,∞ (X)

. E(u,u).

Hence, we have Dom(E) ⊆ Λ
dw/2
2,∞ (X). Because (E,Dom(E)) is a regular Dirichlet form, we see that

Dom(E) is dense inL2(X), so does the Besov spaceΛdw/2
2,∞ (X). This leads todw ≤ β∗.

To obtain the opposite inequalitydw ≥ β∗, it suffices to prove that whenβ > dw the Besov
spaceΛβ/2

2,∞(X) is not dense inL2(X). We will prove this by verifying that ifu ∈ Λ
β/2
2,∞(X) then

E(u,u) = 0. To this end, for anyt > 0 andr > 0, we decomposeE(t)(u,u) as follows:

E(t)(u,u) =
1
2t

∫

X

∫

X
qt(x, y)|u(x) − u(y)|2 dμ(x) dμ(y)
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=
1
2t

∫

X

∫

B(x, r){
qt(x, y)|u(x) − u(y)|2 dμ(x) dμ(y)

+
1
2t

∫

X

∫

B(x, r)
qt(x, y)|u(x) − u(y)|2 dμ(x) dμ(y)

=: A(t) + B(t). (4.23)

By (VD) and the upper bound ofqt(x, y) in (SG)dw
, we have that for anyx ∈ X, t > 0 andr > 0,

∫

B(x, r){
qt(x, y) dμ(y) ≤

∞∑

n=0

∫

B(x,2n+1r)\B(x,2nr)

C

V(x, t1/dw + d(x, y))
exp


−c

(
d(x, y)

t1/dw

) dw
dw−1


 dμ(y)

≤
∞∑

n=0

∫

B(x,2n+1r)\B(x,2nr)

C
V(x,2nr)

exp


−c

(
2nr

t1/dw

) dw
dw−1


 dμ(y)

≤ C
∞∑

n=0

V(x,2n+1r)
V(x,2nr)

exp


−c

(
2nr

t1/dw

) dw
dw−1




.
∞∑

n=0

t2

22ndwr2dw
,

which implies

A(t) ≤
1
t

∫

X

∫

B(x, r){
(u(x)2 + u(y)2)qt(x, y) dμ(y) dμ(x)

≤
2
t

∫

X
u(x)2

(

sup
z∈X

∫

B(z, r){
qt(z, y) dμ(y)

)

dμ(x)

.
t

r2dw
‖u‖2L2(X).

Similarly, by (VD) and the upper bound ofqt(x, y) in (SG)dw
, we have that for anyt > 0 andr > 0,

B(t) =
1
2t

∞∑

n=0

∫

X

∫

B(x,2−nr)\B(x,2−n−1r)
qt(x, y)|u(x) − u(y)|2 dμ(x) dμ(y)

≤
C
2t

∞∑

n=0

exp


−c

(
2−n−1r

t1/dw

) dw
dw−1




∫

X

1
V(x,2−n−1r)

∫

B(x,2−nr)
|u(x) − u(y)|2 dμ(x) dμ(y)

.
∞∑

n=0

(2−nr)β

t
exp


−c

(
2−n−1r

t1/dw

) dw
dw−1




∫

X

1
V(x,2−nr)

∫

B(x,2−nr)

|u(x) − u(y)|2

(2−nr)β
dμ(x) dμ(y)

.
∞∑

n=0

(2−nr)β

t
exp


−c

(
2−n−1r

t1/dw

) dw
dw−1


 ‖u‖

2
Λ̇
β/2
2,∞(X)

.
∞∑

n=0

(2−nr)β

t

(
t1/dw

2−n−1r

)(β+dw)/2

‖u‖2
Λ̇
β/2
2,∞(X)

.
∞∑

n=0

2−
n(β−dw)

2 r
β−dw

2 t
β−dw
2dw ‖u‖2

Λ̇
β/2
2,∞(X)
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. r
β−dw

2 t
β−dw
2dw ‖u‖2

Λ̇
β/2
2,∞(X)

,

where in the last step we used the assumptionβ > dw. Combining (4.23) and the estimates ofA(t)
andB(t), we obtain that for anyt > 0 andr > 0,

E(t)(u,u) .
t

r2dw
‖u‖2L2(X) + r

β−dw
2 t

β−dw
2dw ‖u‖2

Λ̇
β/2
2,∞(X)

.

From this and the fact thatE(t)(u,u) ↑ E(u,u) ast ↓ 0 (see [23]), it follows that if u ∈ Λβ/2
2,∞(X) then

E(u,u) = lim
t→0
E(t)(u,u) = 0,

thereby leading to that, for anyt > 0,

0 = E(u,u) ≥ E(t)(u,u) =
1
2t

∫

X

∫

X
qt(x, y)|u(x) − u(y)|2 dμ(x) dμ(y) ≥ 0.

Sinceqt(x, y) > 0 by the lower bound ofqt in (SG)dw
, we deduce that|u(x)−u(y)| = 0 for μ×μ-a.a.

(x, y) ∈ X × X. In other words,u equals to a constant almost everywhere onX. This gives

Λ
β/2
2,∞(X) = {constant functions}.

Thus,Λβ/2
2,∞(X) can not be dense inL2(X). Hence, we haveβ ≥ β∗ for all β > dw, which implies

dw ≥ β
∗.

The proof ofdw = β∗ is completed. �

5 Heat kernel construction by means of an ultra-metric

The main aim of this section is to show Theorems1.6and1.7. To this end, we use a systemD
of dyadic cubes onX (see Subsection5.1) and the family of adjacent dyadic cubes (see Subsection
5.4). The key point is thatD induces an ultra-metricdD onX (see Definition5.3 in Subsection
5.2below). Next, we apply the method of [10] of heat kernel construction on general ultra-metric
spaces to prove Theorem1.6 in Subsection5.3. Applying Theorem1.6, we show Theorem1.7 in
Subsection5.5.

5.1 Dyadic cubes and quadrants

In the Euclidean spaceRn there is a standard system of dyadic cubes

D :=
{
2−k (

[0,1)n + α
)

: k ∈ Z, α ∈ Zn
}

that possesses the following properties: (i) all the cubes with the same side-length form a partition
of Rn; (ii) any two different cubes are either disjoint or one of them is contained in another. Con-
struction of an analogous system of dyadic cubes on metric measure spaces satisfying (VD) was
done in a seminal work of Christ [17]. Christ’s construction was improved in [4, 33, 34, 35], in a
very general setting of the so-calledgeometric doublingmetric spaces.

In the next theorem we collect necessary for us properties of the dyadic cubes on metric mea-
sure spaces (see e.g. [33, Theorem 2.2]).
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Theorem 5.1([33]). Let (X,d, μ) be a metric measure space satisfying(VD). Fix some positive
constants c0 ≤ C0 andδ < 1 such that12C0δ ≤ c0. Then there exists a family

{Qk
α : k ∈ Z, α ∈ Ak}

of Borel subsets ofX that are called dyadic cubes (whereAk is an index set at most countable),
which satisfies the following properties:

(i) for any k∈ Z, the dyadic cubes{Qk
α}α∈Ak are disjoint, andX =

⋃
α∈Ak

Qk
α;

(ii) any two dyadic cubes Qkα and Qj
β with j ≤ k are either disjoint or Qkα ⊆ Qj

β;

(iii) for any k∈ Z andα ∈ Ak, there exists zkα ∈ Qk
α such that

B(zk
α, c1δ

k) ⊆ Qk
α ⊆ B(zk

α,C1δ
k),

where c1 = 1
3c0 and C1 = 2C0.

If Qk+1
β ⊆ Qk

α, thenQk+1
β is called achild of Qk

α, while Qk
α is called theparentof Qk+1

β (see
Figure3). Each dyadic cube has finitely many children (which follows from (iii) and (VD)) and at
most one parent (which follows from (i) and (ii)). It also follows from (i) and (ii) that, for any cube
Qk
α and anyj < k, there exists a uniqueβ ∈ A j such thatQk

α ⊆ Qj
β.

Figure 3: Dyadic cubes

Denote by

D := {Qk
α : k ∈ Z, α ∈ Ak}

the system of all dyadic cubes on (X,d, μ). For anyk ∈ Z, let

Dk := {Qk
α : α ∈ Ak},

that is,Dk is the set of all dyadic cubes ofk-th generation. The setD has a natural structure of a
directed tree, where the vertices are the dyadic cubes, and arrows go from parents to children. The
setsDk are naturally identified as levels of this tree (see Figure4).
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Figure 4: The tree structure onD

The system of dyadic cubesD gives rise to the notion of aquadrantonX: for anyQ ∈ D, the
set

C(Q) :=
⋃

Q′∈D
Q′⊇Q

Q′ (5.1)

is called aquadrantof X containingQ. In other words,C(Q) is the union of all ancestors ofQ.
According to [1, Lemma 2.2], the quadrants have the following properties.

Lemma 5.2 ([1]). Let (X,d, μ) be a metric measure space satisfying(VD). Suppose thatD is
a dyadic system as in Theorem5.1. Then the family of quadrants defined in(5.1) satisfies the
following properties:

(i) for each quadrantC, the triple(C,d, μ) satisfies(VD);

(ii) any two intersecting quadrants coincide;

(iii) X is a disjoint union of finitely many quadrants;

(iv) if μ(X) < ∞ thenX coincides with one quadrantC, whereC coincides with some dyadic
cube Q∈ D;

(v) if μ(X) = ∞ then for every quadrantC we haveμ(C) = ∞.

If two pointsx, y belong to the same dyadic cube then, clearly, they belong to one quadrant. The
converse is also true: ifx, y belong to the same quadrantC then there is a dyadic cube containing
both x, y. Indeed, ifx, y ∈ C thenx ∈ Q′ andy ∈ Q′′ for some dyadic cubesQ′,Q′′ from C (cf.
(5.1)). Since by definition of a quadrantQ′ andQ′′ have a non-empty intersection then one of them
contains the other, whence the claim follows.

5.2 An ultra-metric induced by the dyadic structure

Recall that a metricρ onX is called an ultra-metric (see also (3.4)) if it satisfies the following
stronger version of the triangle inequality: for anyx, y, z ∈ X,

ρ(x, y) ≤ max{ρ(x, z), ρ(z, y)} . (5.2)

Of course, any ultra-metric is a metric. Usually a metric must take non-negative real values, but we
will allow an ultra-metric to take also the value+∞.
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The dyadic systemD on (X,d, μ) that is stated in Theorem5.1 determines naturally an ultra-
metricdD onX as follows. For any two distinct pointsx, y ∈ X that belong to the same quadrant,
denote byQx,y the smallest dyadic cube fromD containing bothx andy; then denote bykx,y the
unique integerk such thatQx,y ∈ Dk.

Figure 5: CubeQx,y

If x, y do not belong to the same quadrant then we setkx,y = −∞. Finally, if x = y then we set
kx,y = +∞.

Definition 5.3. For anyx, y ∈ X, set

dD(x, y) := δkx,y. (5.3)

In particular, ifx = y thendD(x, x) = 0, and ifx, y do not belong to one quadrant thendD(x, y) =
∞.

Lemma 5.4. dD is an ultra-metric onX.

Proof. It is easy to see thatdD is non-negative and symmetric. Let us verify thatdD satisfies (5.2).
By (5.3) it suffices to prove that

kx,y ≥ min(kx,z, ky,z). (5.4)

If eitherkx,z = −∞ or ky,z = −∞, then (5.2) is trivially satisfied. Otherwise each of the pairsx, y
andy, z belongs to one quadrant, that is, all the pointsx, y, z belong to the same quadrant, which
will be assumed in the sequel.

The cubesQy,z and Qx,z contain the pointz, that is, they have non-empty intersection. By
Theorem5.1, one of them contains the other, for example, letQy,z ⊆ Qx,z, so thatky,z ≥ kx,z. Then
y belongs toQx,z, which impliesQx,y ⊆ Qx,z and, hence,kx,y ≥ kx,z. This proves (5.4). �

Remark 5.5. Let us discuss some properties of the ultra-metricdD.

(i) It follows from Theorem5.1(iii) and the definition (5.3) of dD that

d(x, y) . dD(x, y), (5.5)

becauseQx,y ⊆ B(z,C1δ
kx,y) and, hence,d(x, y) ≤ 2C1δ

kx,y, while dD(x, y) = δkx,y. In gen-
eral, the converse inequality may fail because that it can happen that two points in different
quadrants are very close to each other so thatd(x, y) is very small butdD(x, y) = ∞.
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(ii) For anyx ∈ X andr ∈ (0,∞), let

BD(x, r) := {y ∈ X : dD(y, x) ≤ r} (5.6)

be a closed metric ball ofdD. Choosek ∈ Z to satisfyδk ≤ r < δk−1 and letQx,r ∈ Dk be the
unique dyadic cube ofk-th generation that containsx. By (5.3), we obtain that

y ∈ BD(x, r) ⇔ δkx,y ≤ r ⇔ kx,y ≥ k ⇔ y ∈ Qx,r

thatis,

BD(x, r) = Qx,r . (5.7)

Hence, the dyadic cubes coincide with closed ultra-metric balls. Besides, applying Theorem
5.1(iii) and the doubling property (VD), we obtain from (5.7) that

μ(BD(x, r)) = μ(Qx,r ) ' μ(B(zk
α, δ

k)) ' μ(B(x, r)) = V(x, r). (5.8)

(iii) Suppose that the metricd itself is an ultra-metric. Then, by the property of ultra-metric, any
two balls of the same radius are either disjoint or coincide. Hence, for eachk ∈ Z, there
exists a family of balls{B(zk

α, δ
k)}α∈Ak which forms a partition ofX, whereAk is an at most

countable index set. It is easy to check that the family

D :=
{
Qk
α := B(zk

α, δ
k) : k ∈ Z, α ∈ Ak

}

satisfies all the claims of Theorem5.1. Thus,D forms a dyadic system on (X,d, μ), which
further generates an ultra-metricdD by (5.3). It is easy to see that in this caseδdD ≤ d ≤ dD .

5.3 Heat kernel generated by the ultra-metricdD

In this subsection we prove Theorem1.6, which, in fact, is covered by the following theorem.

Theorem 5.6. Let (X,d, μ) be a metric measure space satisfying(VD). Let dD be the ultra-metric
generated by a dyadic systemD on (X,d, μ) as in (5.3). Then, for anyβ ∈ (0,∞), there exists a
stochastically complete heat kernel{pDt }t>0 onX such that, for all t∈ (0,∞) and x, y ∈ X,

pDt (x, y) '
1

V(x, t1/β + dD(x, y))

(

1+
dD(x, y)

t1/β

)−β
. (5.9)

Consequently, for all t∈ (0,∞) and x, y ∈ X,

0 ≤ pDt (x, y) ≤
C

V(x, t1/β + d(x, y))

(

1+
d(x, y)

t1/β

)−β
(5.10)

and

pDt (x, x) '
1

V(x, t1/β)
. (5.11)
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Let us emphasize that the volume functionV in (5.9)-(5.10)-(5.11) is taken with respect to the
original metricd, that is, as in (1.1). Sinced . dD by (5.5), the estimates (5.10) and (5.11) are easy
consequences of (5.9).

Proof of Theorem5.6. Now we prove the existence of a heat kernel satisfying (5.9). For that, we
use a construction from [10] of heat kernels on ultra-metric measure spaces. Since the ultra-metric
in [10] has to be finite, we can apply the results of [10] in any quadrantC, endowed by the metric
dD.

Let σ : [0,∞] → [0,1] be adistance distribution function, that is,σ is a strictly monotone
increasing continuous function such thatσ(0) = 0 andσ(∞) = 1. It follows from [10, Theorem
2.2] that the following formula determines in a quadrantC a stochastically complete heat kernel:

pDt (x, y) :=
∫ ∞

dD(x,y)

dσ(r)t

μ(BD(x, r))
(5.12)

for all t ∈ (0,∞) andx, y ∈ C, whereBD(x, r) is a closed ultra-metric ball as defined in (5.6).
In particular, let us take here, for allr ∈ (0,∞),

σ(r) = exp(−1/rβ), (5.13)

and prove that the resulting heat kernel{pDt }t>0 satisfies (5.9). For that we need the following
Lemma5.7. In addition, we say that a functionV : (0,∞) → (0,∞) is doublingprovided that
V(2r) ≤ V(r) for all r ∈ (0,∞).

Lemma 5.7. Let V andΨ be positive monotone increasing functions on(0,∞). Assume thatΨ has
the inverseΨ−1 that is also defined on(0,∞), and let the functions V andΨ−1 be doubling. Then,
for all R, t > 0, we have ∫ ∞

R

dexp(−t/Ψ(r))
V(r)

'
1

V(Ψ−1(τ))
t
τ
, (5.14)

whereτ := max{t,Ψ(R)} .

Assuming Lemma5.7 for the moment, we apply it to continue the proof of Theorem5.6.
Substituting the value ofσ from (5.13) into (5.12) and using (5.8), we obtain that

pDt (x, y) '
∫ ∞

dD(x,y)

dexp(−t/rβ)
V(x, r)

.

Applying Lemma5.7 with Ψ(r) = rβ andV(r) = V(x, r) and observing thatτ ' t + dD(x, y)β we
obtain

pDt (x, y) '
1

V(x, (t + dD(x, y)β)1/β)

t

t + dD(x, y)β
, (5.15)

which is equivalent to (5.9) provided thatx, y in the same quadrantC.
Now let us extend this heat kernel to allx, y ∈ X by setting

pDt (x, y) := 0

provided thatx andy are not in the same quadrantC. If one of the pointsx, y lies inC and the other
is not inC thendD(x, y) = ∞, so that the estimate (5.15) is trivially satisfied.
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Finally, we constructpDt (x, y) for all pointsx, y ∈ X. The resulting function is a stochastically
complete heat kernel that satisfies (5.15) for all x, y ∈ X, which completes the proof of Theorem
5.6. �

Proof of Lemma5.7. Let us first make the change of variabless= Ψ(r) in the integral and obtain
∫ ∞

R

dexp(−t/Ψ(r))
V(r)

=

∫ ∞

Ψ(R)

dexp(−t/s)
V(Ψ−1(s))

=

∫ ∞

T

t exp(−t/s)
sF(s)

ds,

where
T = Ψ(R) and F(s) = sV(Ψ−1(s)).

Observe also thatτ = max{t,T} and

1
V(Ψ−1(τ))

t
τ
=

t
F(τ)

.

Hence, it suffices to prove that ∫ ∞

T

exp(−t/s)
sF(s)

ds'
1

F(τ)
. (5.16)

The lower bound here is easy: using thatF(s) is monotone increasing and doubling, we obtain
∫ ∞

T

exp(−t/s)
sF(s)

ds≥
∫ 2τ

τ

exp(−t/s)
sF(s)

ds≥
exp(−t/τ)
2τF(2τ)

τ '
1

F (τ)
.

To prove the upper bound in (5.16), consider first the caseT ≥ 1
2τ. Using thatF(s)/s is monotone

increasing, we obtain
∫ ∞

T

exp(−t/s)
sF(s)

ds≤
∫ ∞

1
2τ

exp(−t/s)
sF(s)

ds≤
∫ ∞

1
2τ

ds

s2(F(s)/s)

≤
1

F(1
2τ)/(

1
2τ)

∫ ∞

1
2τ

ds

s2
'

1
F(τ)

. (5.17)

Let T < 1
2τ. Thent = τ and we obtain

∫ ∞

T

exp(−t/s)
sF(s)

ds≤
∫ ∞

0

exp(−t/s)
sF(s)

ds≤




∫ t

0
+

∫ ∞

1
2τ




exp(−t/s)
sF(s)

ds.

The second integral here is estimated as in (5.17). In the first integral we make a changes
t = ξ and

obtain ∫ t

0

exp(−t/s)
sF(s)

ds=
∫ 1

0

exp(−1/ξ)
tξF(tξ)

tdξ =
∫ 1

0

exp(−1/ξ)
ξF(t)

F (t)
F (tξ)

dξ.

Since by the doubling properties ofV andΨ−1,

F (t)
F (tξ)

≤
C

ξN

for some positive constantsC andN, it follows that
∫ t

0

exp(−t/s)
sF(s)

ds≤
C

F(t)

∫ 1

0

exp(−1/ξ)

ξN+1
dξ '

1
F(τ)

,

which completes the proof of (5.16) and, hence, (5.14). This ends the proof of Lemma5.7. �
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5.4 Adjacent dyadic cubes

Concerning the system of dyadic cubesD constructed in Theorem5.1, let us observe that even
if two points x, y ∈ X are very close to each other, there may exist no dyadic cube containing
them both. This is the reason for why there is no stable-like lower estimate (with respect tod) of
{pDt }t>0 in Theorem5.6. To overcome this defect, we use the adjacent dyadic systems from [33,
Theorem 4.1 and Proposition 4.3] (see Figure6).

Figure 6: Adjacent dyadic cubes

Theorem 5.8([33]). Let (X,d, μ) be a metric measure space satisfying(VD). Suppose that0 <

c0 ≤ C0 < ∞ andδ ∈ (0,1) such that
96C0δ ≤ c0.

Given a fixed point xo ∈ X, there exists a finite collection of families{Dτ : τ = 1,2, . . . ,K}, where
K ∈ N depends only on the doubling constant CD in (VD), and eachDτ is a collection of dyadic
cubes

Dτ := {τQk
α : k ∈ Z, α ∈ Ak}

satisfying the following:

(i′) for any k∈ Z, the dyadic cubes{τQk
α}α∈Ak are disjoint, andX =

⋃
α∈Ak

τQk
α;

(ii ′) any two dyadic cubesτQk
α andτQj

β with j ≤ k are either disjoint orτQk
α ⊆

τQj
β;

(iii ′) for any k∈ Z andα ∈ Ak, there existsτzk
α ∈ Qk

α such that

B
(
τzk
α, 6−1c0δ

k
)
⊆ τQk

α ⊆ B
(
τzk
α, 4C0δ

k
)
.

Moreover, the following properties hold:

(a) for anyτ ∈ {1,2, . . . ,K} and k∈ Z, there exists anα ∈ Ak such that xo = τzk
α;

(b) for any ball B⊆ X of radius r ∈ (0,∞), there exist someτ ∈ {1,2, . . . ,K} and Q∈ Dτ such
that B⊆ Q anddiam(Q) ≤ Cr, where C is a positive constant depending only on c0,C0, δ
and CD.
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To have a better understanding of the adjacent dyadic systems onX, let us take a look at the
case whenX is the Euclidean spaceRn. Then, for the standard dyadic system

D :=
{
2−k (

[0,1)n + α
)

: k ∈ Z, α ∈ Zn
}
,

its 3n-translations form the adjacent dyadic systems

{

Dτ : τ ∈

{

0,
1
3
, −

1
3

}n}

,

where eachDτ is defined by

Dτ :=
{
2−k (

[0,1)n + α + τ
)

: k ∈ Z, α ∈ Zn
}
.

One may easily verify that all properties in Theorem5.8are satisfied.

5.5 The sum of adjacent heat kernels

In this subsection we prove Theorem1.7. For that, we refine the heat kernel construction in
Subsection5.3 to obtain a family of heat kernels with the required lower bound for their sum. The
main method is to “shift” the dyadic system and get a family of adjacent dyadic systems

{
Dτ : τ ∈ {1,2, . . . ,K}

}
,

whereK is a constant determined by (X,d, μ) and eachDτ is a collection of dyadic systems onX.
In this way, every ball of a metric measure space is contained in a dyadic cube of comparable size
from one of the adjacent dyadic cube systems.

By the result from Subsection5.3, we obtain an adjacent family of stochastically complete heat
kernels {

{pD
τ

t }t>0 : τ = 1,2, . . . ,K
}
, (5.18)

where each{pD
τ

t }t>0 is the heat kernel associated with the dyadic structureDτ as in Theorem5.6.
The next theorem shows that the sum of adjacent heat kernels

∑K
τ=1 pD

τ

t satisfies the desired two-
sided stable-like estimate and, hence, contains Theorem1.7.

Theorem 5.9. Let (X,d, μ) be a metric measure space satisfying(VD). For anyβ ∈ (0,∞), there
is a family(5.18) of stochastically complete heat kernels such that

K∑

τ=1

pD
τ

t (x, y) '
C

V(x, t1/β + d(x, y))

(

1+
d(x, y)

t1/β

)−β
(5.19)

for all t ∈ (0,∞) and x, y ∈ X.

Proof. Fix a parameterβ ∈ (0,∞). For anyτ ∈ {1,2, . . . ,K}, letDτ be the collection of adjacent
dyadic cubes as in Theorem5.8. For anyk ∈ Z, thek-th generationDτ

k is defined by

Dτ
k := {τQk

α : α ∈ Ak}.
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For each dyadic systemDτ, we have by Theorems5.6 that there is a stochastically complete heat
kernel{pD

τ

t }t>0 satisfying that for allt ∈ (0,∞) andx, y ∈ X,

pD
τ

t (x, y) '
1

V(x, t1/β + dDτ(x, y))

(

1+
dDτ(x, y)

t1/β

)−β
, (5.20)

wheredDτ is the ultra-metric induced byDτ in the same way as in Definition5.3.
Now let us prove the required estimate (5.19) for the sum of these heat kernels. The upper

bound in (5.19) follows from (5.10) in Theorem5.6. Let us prove the lower bound in (5.19). Given
any two pointsx, y ∈ X, by Theorem5.8(b), there exist someτ0 ∈ {1,2, . . . ,K} and a dyadic cube
Qx,y ∈ Dτ0 such that{x, y} ⊆ Qx,y and diam(Qx,y) . d(x, y). By this and Definition5.3, we have

dDτ0 (x, y) . diam(Qx,y) . d(x, y).

For suchτ0, we again apply (5.20) and (VD) to derive

K∑

τ=1

pD
τ

t (x, y) ≥ τ0 pt(x, y)

'
1

V(x, t1/β + dDτ0 (x, y))

(

1+
dDτ0 (x, y)

t1/β

)−β

&
1

V(x, t1/β + d(x, y))

(

1+
d(x, y)

t1/β

)−β
,

which was to be proved. �

References

[1] H. Aimar, A. Bernardis, and B. Iaffei. Multiresolution approximations and unconditional
bases on weighted Lebesgue spaces on spaces of homogeneous type.J. Approx. Theory,
148(1):12–34, 2007.

[2] S. Albeverio and Z. M. Ma. A general correspondence between Dirichlet forms and right
processes.Bull. Amer. Math. Soc. (N.S.), 26(2):245–252, 1992.

[3] S. Andres and M. T. Barlow. Energy inequalities for cutoff functions and some applications.
J. Reine Angew. Math., 699:183–215, 2015.

[4] P. Auscher and T. Hytönen. Orthonormal bases of regular wavelets in spaces of homogeneous
type. Appl. Comput. Harmon. Anal., 34(2):266–296, 2013.

[5] M. T. Barlow. Diffusions on fractals. InLectures on probability theory and statistics (Saint-
Flour, 1995), volume 1690 ofLecture Notes in Math., pages 1–121. Springer, Berlin, 1998.

[6] M. T. Barlow and R. F. Bass. Brownian motion and harmonic analysis on Sierpinski carpets.
Canad. J. Math., 51(4):673–744, 1999.



50 Jun Cao, Alexander Grigor’yan, Eryan Hu and Liguang Liu

[7] M. T. Barlow and R. F. Bass. Stability of parabolic Harnack inequalities.Trans. Amer. Math.
Soc., 356(4):1501–1533, 2004.

[8] M. T. Barlow, R. F. Bass, and T. Kumagai. Stability of parabolic Harnack inequalities on
metric measure spaces.J. Math. Soc. Japan, 58(2):485–519, 2006.

[9] M. T. Barlow and E. A. Perkins. Brownian motion on the Sierpiński gasket.Probab. Theory
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