Heat kernel on manifolds with ends

Alexander Grigor’yan^∗ Department of Mathematics University of Bielefeld 33501 Bielefeld Germany

Laurent Saloff-Coste^† Department of Mathematics Cornell University Ithaca, NY, 14853-4201 USA December 2006

Contents

1 Introduction 2 1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.2 Description of the results in model cases . . . . . . . . . . . . . . . . . . . . . . . 5 1.3 Guide for the paper . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2 Preliminaries 10 2.1 Weighted manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.2 Connected sum of manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3 Gluing techniques for heat kernels 14

4 Upper bound 21 4.1 Faber-Krahn inequalities and the heat kernel . . . . . . . . . . . . . . . . . . . . 21 4.2 Hitting probability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 4.3 Initial upper bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 4.4 Full upper bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 4.5 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

5 Lower bounds 31 5.1 Parabolic Harnack inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 5.2 Dirichlet heat kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 5.3 Hitting probability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 5.4 Full lower bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 5.5 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

6 The mixed case 42 6.1 Harmonic functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 6.2 Doob’s transform . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 6.3 Full two-sided bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

∗Research supported by SFB 701 of German Research Council †Research supported by NSF grant DMS 9802855, DMS 0102126, DMS 0603886

6.4 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

7 The homogeneous parabolic case 55

8 One-dimensional Schrödinger operator 58

9 Appendix - the list of conditions 63

1 Introduction

1.1 Motivation

Because of its intrinsic interest and its many applications in various areas of mathematics, the heat diffusion equation on manifolds has been studied intensively. In particular, during the past 30 years many authors attacked the problem of describing the global behavior of the heat diffusion kernel p (t, x, y) on various Euclidean domains and manifolds. See for instance [3, 7, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 26, 30, 31, 32, 33, 34, 48, 52, 56, 55, 60, 61, 62, 63, 64].

Since p (t, x, y) represents the temperature at point y at time t starting with a unit amount of heat concentrated at x at time 0, one of the most basic questions one might ask concerns the behavior of the functions p (t, x, y), sup_y′ p (t, x, y^′), and sup_x′_{,y}′ p (t, x^′, y^′) as t tends to +∞. Another fundamental question is to describe the location of the approximate hot spot, that is, of the set {y : p (t, x, y) ≥ ε sup_{y′} p � t, x, y^′ � }, where ε ∈ (0, 1), a starting point x and temperature t are fixed. The latter question is rather difficult since it calls for precise global two sided bounds of the heat kernel.

The aim of this paper is to prove satisfactory estimates for the heat kernel on complete manifolds with finitely many ends. These estimates were announced in [37]. The proofs are quite involved and, in particular, make use of results from [38], [39], [40] and [41] (in fact, these works were largely motivated by the applications presented here). Our main result, Theorem 6.6, allows us to answer the questions mentioned above and applies to a large class of manifolds including the catenoid-like surface in Fig. 1, the three dimensional body (with the Neumann boundary condition) in Fig. 2, and all non-parabolic manifolds with non-negative sectional curvature outside a compact set. It seems likely that the techniques introduced here will be essential to make further progress in our understanding of the heat kernel on manifolds that contain parts with different geometric characteristics.

To the best of our knowledge, the large time behavior of the heat kernel on manifolds with ends has been considered only in a handful of papers where some very partial results were obtained. Among them are the papers by Benjamini, Chavel, Feldman [5], Chavel and Feldman [9], and Davies [25], which have been a great source of motivation and insight for us. More recently, Carron, Coulhon, and Hassell [8] obtained precise asymptotic results for manifolds with a finite number of Euclidean ends.

It is well established that the long time behavior of the heat kernel reflects, in some way, the large scale geometry of the manifold. Still, the number of situations for which satisfactory upper and lower global bounds are known is very limited. If one excepts a few specific cases of symmetric spaces (see [1]) and the case of fractal like manifolds (see [4]), all the known global

Figure 1: Catenoid as a manifold with two ends

Figure 2: A domain in R^3 with three ends: conical, planar, cylindrical two-sided estimates of the heat diffusion kernel p(t, x, y) have the form

c_1 V (x, √ t) exp � −C_1 d^2(x, y) t � ≤ p(t, x, y) ≤

C_2 V (x, √ t) exp � −c_2 d^2(x, y) t � (1.1)

where V (x, r) is the volume of the ball of radius r around x and d(x, y) is the distance between x and y. Such a two-sided bound indicates that the heat diffusion on M is controlled by the volume growth of balls and by a universal Gaussian factor that reflects a simple distance effect (see [29, 21, 34]). In terms of the hot spot problem, (1.1) indicates that the approximate hot spot at time t starting from x is roughly described by the ball of radius √ t centered at x.

Examples where (1.1) holds are complete manifolds having non-negative Ricci curvature [48], manifolds which are quasi-isometric to those with non-negative Ricci curvature [31, 56] and manifolds that cover a compact manifold with deck-transformation group having polynomial volume growth [55, 57]. In fact, the two-sided estimate (1.1) is rather well understood, since it is known to be equivalent to the conjunction of the following two properties:

(V D) the doubling volume property which asserts that there exists a finite constant C such that, for all x ∈ M and r > 0,

V (x, 2r) ≤ CV (x, r).

(P I) the Poincaré inequality on balls, which asserts that there exists a positive constant c such that, for any ball B = B(x, r) ⊂ M

λ^{(N )}_2 (B) ≥ c r^2

, (1.2)

where λ^{(N )}_2 (B) is the second Neumann eigenvalue of B (note that λ^{(N )}_1 (B) = 0).

It is known that (1.1) is also equivalent to the validity of a uniform parabolic Harnack inequality for positive solutions of the heat equation in cylinder of the form (s, s + r^2) × B(x, r). See [31, 55] and Section 5.1 below.

Typically, manifolds with ends do not satisfy (1.1). An example that was first considered by Kuz’menko and Molchanov [46], is the connected sum of two copies of R^3, that is, the manifold M obtained by gluing together two punctured three-dimensional Euclidean spaces through a small three dimensional cylinder. This manifold has two ends and its volume growth function is comparable to that of R^3, that is, V (x, r) ≈ r^3. However, as was shown in [5], the lower bound in (1.1) fails on M. Indeed, if x and y are in different ends and far enough from the compact cylinder, then p(t, x, y) should be significantly smaller than predicted by (1.1), at least for some range of t > 0, because all paths from x to y must go through the cylinder^1. In other words, there should be a bottleneck effect which must be accounted for if one wants to obtain precise heat kernel estimates on M.

The manifolds on Fig. 1 and 2 do not satisfy (1.1) either. This is easy to see for the Euclidean body in Fig 2 because the volume doubling property fails in this case. For the catenoid in Fig. 1, the volume doubling property is true but one can show that the Poincaré inequality (1.2)

1Another way to see that the lower bound in (1.1) fails is to disprove the uniform Harnack inequality. Indeed, as was shown in [46], the connected sum of two copies of R^n, n > 2, admits a non-constant bounded harmonic function, which contradicts the uniform Harnack inequality. The upper bound in (1.1) still holds on the manifold in question (see Section 4.1). Hence, the lower bound fails.

fails. Sharp two sided estimates for the heat kernel on the catenoid follow from Theorem 7.1 below.

The goal of this paper is to develop tools that lead, in some generality, to upper and lower bounds taking into account the bottleneck effect. In order to describe some of our results, let us introduce the following terminology. Let M be a complete non-compact Riemannian manifold. Let K ⊂ M be a compact set with non-empty interior and smooth boundary such that M \ K has k connected components E_1, . . ., E_k and each E_i is non-compact. We say in such a case that M has k ends E_i with respect to K. We will refer to K as the central part of M.

In many cases (in fact, in full generality if one admits as we will manifolds with boundary), each E_i is isometric to the exterior of a compact set in another manifold M_i. In such case, we write M = M_1#M_2#...#M_k

and refer to M as a connected sum of the manifolds M_i. For instance, the example considered above can be described in this notation as R^3#R^3.

1.2 Description of the results in model cases

To obtain a rich class of elementary examples, fix a large integer N (which will be the topological dimension of M) and, for any integer m ∈ [1, N], define the manifold R^m by

R^1 = R_+ × S^{N −1}, R^m = R^m × S^{N −m}, m ≥ 2. (1.3)

The manifold R^m has topological dimension N but its “dimension at infinity” is m in the sense that V (x, r) ≈ r^m for r ≥ 1. Thus, for different values of m, the manifolds R^m have different dimension at infinity but the same topological dimension N. This enables us to consider finite connected sums of the R^m’s. In particular, for n ≠ m, R^n#R^m is well-defined whereas R^n#R^m does not make sense in the category of manifolds.

Fix N and k integers N_1, N_2, ..., N_k ∈ [1, N] and consider the manifold

M = R^{N1} #R^{N2} #...#R^{Nk} . (1.4)

From the viewpoint of this paper, this is already an interesting class of examples for which we would like to obtain global, two-sided, heat kernel estimates. This class of manifolds is also useful for testing the validity of various geometric and analytic properties.

We now describe how the results obtained in this paper apply to the manifold M at (1.4) when each N_i is larger than 2. This hypothesis means that all the ends of M are non-parabolic and we set n := min_{1≤i≤k} N_i > 2. (1.5)

Let K be the central part of M and E_1, . . .E_k be the ends of M so that E_i is isometric to the complement of a compact set in R^{Ni} . With some abuse of notation, we write E_i = R^{Ni} \ K. Thus x ∈ R^{Ni} \ K means that the point x ∈ M belongs to the end associated with R^{Ni} . For any point x ∈ M, set |x| := sup_{z∈K} d(x, z) .

Observe that since K has non-empty interior, |x| is separated from 0 on M and |x| ≈ 1+d (x, K).

In the following estimates we always assume that t ≥ t_0 (where t_0 > 0 is fixed), x, y are points on M and d = d(x, y) is the geodesic distance in M. We follow the convention that C, C_1, . . . denote large finite positive constants whereas c, c_1, . . . are small positive constants

(these constants may depend on M but do not depend on the variables x, y, t). Given two non-negative functions f, g defined on a domain I, we write

f ≈ g

to signify that there are constants 0 < c ≤ C < ∞ such that, on I, cf ≤ g ≤ Cf.

1. Let us first consider the simplest case k = 2, i.e., M at (1.4) has two ends. To simplify notation, set M = R^n#R^m where 2 < n ≤ m. Assume that x ∈ R^n \ K and y ∈ R^m \ K. Then we claim that^2

p(t, x, y) ≤ C_1 � 1 t^{m/2} |x|^{n−2} + 1 t^{n/2} |y|^{m−2} � exp � −c_1 d^2 t � (1.6) and p(t, x, y) ≥ c_2 � 1 t^{m/2} |x|^{n−2} + 1 t^{n/2} |y|^{m−2} � exp � −C_2 d^2 t � . (1.7)

Figure 3: Points x and y on R^n#R^m

In particular, if x and y are fixed and t → ∞ then (1.6) and (1.7) yield

p(t, x, y) ≈ 1 t^{n/2}

, (1.8)

that is, the smallest end R^n determines the long term behavior of the heat kernel. This phenomenon was observed by E.B.Davies [25] for a weighted one-dimensional complex.

If we allow x, y, t to vary in the range — call it the long time asymptotic regime —

|x| ≤ η(t), |y| ≤ η(t) (1.9)

where η denotes a positive function going to infinity slower than any positive power of t then we obtain p(t, x, y) ≈ q(x, y) t^{n/2}

, (1.10)

where q(x, y) = � |y|^{2−m} , m > n, |x|^{2−n} + |y|^{2−n} , m = n.

(1.11)

2In fact, the upper bound (1.6) holds also when n ∈ {1, 2}, m ≥ n. However, the lower bound (1.7) fails in this case.

If instead we consider the medium time asymptotic regime

|x| ≈ |y| ≈ √ t and t → ∞, (1.12)

(1.6)-(1.7) implies p(t, x, y) ≈ 1 t^{(n+m)/2−1}

. (1.13)

Clearly, the decay of the heat kernel given by (1.13) is much faster than that of (1.8). This is the bottleneck effect that was alluded to earlier. As far as we know, even the basic estimate (1.13) is new, not to mention the full inequalities (1.6) and (1.7). Benjamini, Chavel and Feldman [5] showed, for n = m and assuming (1.12), that

p(t, x, y) ≤

C_ϵ t^{n−1−ε}

, ∀ε > 0,

whereas (1.13) gives a better estimate

p(t, x, y) ≈ 1 t^{n−1} . 2. Let k ≥ 3 be any integer. Assume that x ∈ R^{Ni} \ K and y ∈ R^{Nj} \ K where i ≠ j. Then, for all t ≥ t_0,

p(t, x, y) ≤ C_1 � 1 t^{n/2} |x|^{Ni−2} |y|^{Nj −2} + 1 t^{Nj /2} |x|^{Ni−2} + 1 t^{Ni /2} |y|^{Nj −2} � exp � −c_1 d^2 t � (1.14) and p(t, x, y) ≥ c_2 � 1 t^{n/2} |x|^{Ni −2} |y|^{Nj −2} + 1 t^{Nj /2} |x|^{Ni −2} + 1 t^{Ni /2} |y|^{Nj −2} � exp � −C_2 d^2 t � . (1.15)

The last two terms in (1.14) and (1.15) are the same as the terms in (1.6) and (1.7), respectively. There is also an additional effect due to the presence of at least three ends which is reflected in the first term 1 t^{n/2} |x|^{Ni−2} |y|^{Nj −2}

. (1.16)

Recall that n is the smallest of the numbers N_1, N_2, ..., N_k. If n = N_i or n = N_j , then the term (1.16) is majorized by the other two terms in (1.14) and (1.15) (in particular, (1.14) and (1.15) formally hold also for k = 2 in which case they are equivalent to (1.6) and (1.7), respectively).

Assuming (1.9), (1.14) and (1.15) give (1.10) with

q(x, y) = � � � � �

|y|^{2−Nj} , n = N_j < N_i, |x|^{2−Ni} , n = N_i < N_j , |x|^{2−n} + |y|^{2−n} , n = N_i = N_j , |x|^{2−Ni} |y|^{2−Nj} , n < min(N_i, N_j).

(1.17)

Note that the power of t in the long time asymptotic is again determined by the smallest end R^n. In the last case in (1.17) when n < min(N_i, N_j), we see that the term (1.16) becomes the leading term provided t is large enough, and we have

p(t, x, y) ≈ 1 t^{n/2} |x|^{Ni−2} |y|^{Nj −2}

. (1.18)

Each factor in this asymptotic has a heuristic interpretation in terms of the Brownian motion (X_t)_{t≥0} on the manifold M which we now explain.

a) |x|^{−(Ni−2)} is roughly the probability that the process X_t started at x ever hits K;

b) t^{−n/2} is roughly the probability of making a loop from K to K through the smallest end (i.e. the end R^n) in a time of order t;

c) |y|^{−(Nj −2)} is roughly the probability of getting from K to y.

In particular, (1.18) says that the most probable way of going from x to y in a very long time t involves visiting the smallest end.

Figure 4: The most probable trajectories from x to y go through the smallest end R^n

3. Finally, assume that both x, y ∈ R^{Ni} \ K. Then, for all t ≥ t_0,

p(t, x, y) ≤

C_1 t^{Ni /2} e^{−c1 d2 /t} +

C_1 t^{n/2} |x|^{Ni−2} |y|^{Ni−2} e^{−c1 (|x|2+|y|2 )/t} (1.19) and p(t, x, y) ≥ c_2 t^{Ni /2} e^{−C2 d2/t} + c_2 t^{n/2} |x|^{Ni−2} |y|^{Ni−2} e^{−C2 (|x|2+|y|2 )/t}. (1.20)

Assuming (1.9), we obtain (1.10) with

q(x, y) = � 1, n = N_i, |x|^{2−Ni} |y|^{2−Ni} , n < N_i.

In particular, if n < N_i then we obtain again (1.18), for t large enough.

Next, let us briefly discuss the mixed case where the restriction n = min_i N_i > 2 is relaxed to max_i N_i > 2. The word “mixed” refers to the fact that in this case M has both parabolic and non-parabolic ends. A detailed discussion is given in Section 6 where full two-sided bounds are obtained. Here we present selected results to give a flavour of what can occur:

1. Let M = R^1#R^3. Then, for large enough t, we have

p(t, x, y) ≈ 1 t^{3/2}

, sup_y p (t, x, y) ≈ 1 t , sup_{x,y} p (t, x, y) ≈ 1 t^{1/2} .

2. In the case M = R^2#R^3, we have

p(t, x, y) ≈ 1 t log^2 t

, sup_y p (t, x, y) ≈ 1 t log t

, sup_{x,y} p (t, x, y) ≈ 1 t 3. In the case M = R^1#R^2#R^3, we have

p(t, x, y) ≈ 1 t log^2 t

, sup_y p (t, x, y) ≈ 1 t , sup_{x,y} p (t, x, y) ≈ 1 t^{1/2}

(1.21)

The estimates (1.21) also apply to the Euclidean body of Fig. 2.

Finally, heat kernel estimates for the manifold M = R^2#R^2 follow from the results of Section 7. We prove that, for large time,

p (t, x, y) ≈ sup_y p (t, x, y) ≈ sup_{x,y} p (t, x, y) ≈ 1 t whereas in the medium time asymptotic regime (1.12),

p(t, x, y) ≈ � t^{−1} if x, y are in the same end (t log t)^{−1} if x, y are in different ends.

The same estimates apply to the catenoid of Fig. 1.

The examples described above clearly show that the presence of more than one end brings in interesting and somewhat complex new phenomena as far as heat kernel bounds are concerned. The tools developed in this paper allows us to analyze much more general situations than (1.4). For instance, we obtain a complete generalization of the above results (i.e., global matching upper and lower heat kernel bounds) for the connected sum M = M_1#M_2#...#M_k provided each M_i is a non-parabolic complete Riemannian manifold satisfying the hypotheses (V D) and (P I) stated at the beginning of this introduction (see Theorems 4.9 and 5.10). In particular, this result applies whenever each M_i has non-negative Ricci curvature.

1.3 Guide for the paper The structure of the paper is as follows. Section 2 introduces notation and basic definitions.

Section 3 develops gluing techniques for which the key result is Theorem 3.5. These techniques enable us to obtain bounds on the heat kernel p(t, x, y) on a manifold M with ends E_1, . . ., E_k and central part K in terms of:

(a) The size of p(t, u, v) where u, v ∈ K. Roughly speaking, for large t, this can be thought of as a function of t alone but it depends on the global geometry of M and, in particular, of all the ends taken together.

(b) Quantities that depend only on the geometry of the ends taken separately. One such quantity is the Dirichlet heat kernel in E_i (i.e., the transition function of Brownian motion killed as it exits E_i). Another such quantity is the probability that Brownian motion started at x ∈ E_i hits K before time t. In both cases, it is clear that these quantities involve only the end E_i.

Section 4 is devoted to heat kernel upper bounds on manifolds with ends. It starts with background on various results that are used in a crucial way in this paper. Several of these results were in fact developed by the authors with the applications presented here in mind. Faber-Krahn inequalities on manifolds with ends are studied in [41] where a rough initial upper bound of the heat kernel on manifolds with ends is derived. Hitting probabilities are studied in detail in [39]. Using these ingredients and the gluing techniques of Section 3, we prove sharp heat kernel upper bounds on manifolds with ends under the basic assumption that each end satisfies a certain relative Faber-Krahn inequality (other situations, e.g. flat Faber-Krahn inequalities, can be treated by the same technique – see [42]). The main result of Section 4 is Theorem 4.9.

Section 5 is devoted to heat kernel lower bounds on M = M_1#M_2#...#M_k. These lower bounds match (in some sense) the upper bounds of Section 4 but they require stronger hypotheses. Namely, we assume that each M_i is a non-parabolic manifold satisfying (V D) and (P I). Here the key ingredients are a lower bound for hitting probabilities that is taken from [39] and a lower bound on the Dirichlet heat kernels of the different ends which is taken from [38]. Both the lower bound on hitting probability and the lower bound on the Dirichlet heat kernels depend crucially on the hypothesis that each end is non-parabolic. The main Theorem of Section 5 is Theorem 5.10.

Sections 4 and 5 both ends with examples illustrating Theorems 4.9 and 5.10 respectively. In particular, these examples cover the case of the manifolds M = R^{N1} # . . .#R^{Nk} with n = min_{1≤i≤k} N_i > 2, discussed earlier in this introduction.

Section 6 treats the mixed case, that is, the case when at least one end is non-parabolic but parabolic ends are also allowed. The main result of this section (as well as that of the whole paper) is Theorem 6.6. In order to treat the mixed case, we use a Doob’s transform technique that turns the original manifold into a weighted manifold all of whose ends are non-parabolic. The difficulty here is to verify that the ends of this weighted manifold still satisfy (V D) and (P I). This follows from a result of [40] provided the manifolds M_i satisfy (V D), (P I) and an additional property labeled by (RCA) (the relative connectedness of certain annuli in M_i). Theorem 6.6 applies to all manifolds of type (1.4) with max_i N_i > 2. These examples are discussed in detail at the end of Section 6.

Section 7 deals with a restricted class of parabolic manifolds where all the ends have comparable volume growth. This allows us to treat the case of R^2#R^2. The general treatment of parabolic manifolds with ends including R^1#R^2 require different additional arguments and is postponed to the forthcoming paper [43].

Finally, Section 8 gives a perhaps surprising application of the main results (Theorems 4.9, 5.10) to the study of the one-dimensional Schrödinger operator with a positive potential of at least quadratic decay at ∞.

Acknowledgements. The authors are grateful to Gilles Carron for useful discussions and to the unnamed referee for careful reading of the manuscript.

2 Preliminaries

2.1 Weighted manifolds

Let N be a positive integer and M = (M, g) be an N-dimensional Riemannian manifold with boundary δM (which may be empty). Given a smooth positive function σ on M, we define a measure μ on M by dμ(x) = σ^2(x)dx where dx is the Riemannian measure. The pair (M, μ) is called a weighted manifold and it will be the main underlying space for our considerations. Let us recall some standard definition from Riemannian geometry.

For x, y ∈ M, denote by d(x, y) the Riemannian distance induced by the metric g. Let

B(x, r) = {y ∈ M | d(x, y) < r}

be the geodesic ball with center x ∈ M and radius r > 0 and let

V (x, r) := μ(B(x, r))

be its μ-volume. For any set A ⊂ M, denote by A_δ the δ-neighborhood of A.

The manifold M is called complete if the metric space (M, d) is complete. Equivalently, M is complete if all metric balls are precompact. If δM = ∅ then M is complete if and only if M is geodesically complete.

The Riemannian metric induces the notion of gradient. For any smooth enough function f and vector field X on M, the gradient ∇f is the unique vector field such that g(∇f, X) = df(X). In a coordinate chart x_1, x_2, ...x_N , the gradient ∇f is given by

(∇f)^i = N� j=1 g^{ij} ∂f ∂x_j ,

where g_{ij} are the matrix entries of the Riemannian metric g and g^{ij} are the entries of the inverse matrix ‖g_{ij} ‖^{−1}.

A weighted manifold possesses a divergence div_μ which is a differential operator acting on smooth vector fields and which is formally adjoint to ∇ with respect to μ. Namely, for any smooth enough vector field F , the divergence div_μF is a function which, in any coordinate chart, is given by

div_μF := 1 σ^2 √ g N� i=1 ∂ ∂x_i � σ^2 √ gF^i � , where g := det ‖g_{ij} ‖ . The weighted Laplace operator L on M is defined by

Lu := div_μ(∇u) = σ^{−2}div(σ^2∇ u),

for any smooth function u on M. When σ ≡ 1, div_μF is the Riemannian divergence div F and L coincides with the Laplace-Beltrami operator Δ = div ∘ ∇.

Consider the Hilbert space L^2(M, μ) and the Dirichlet form

D(u, v) = � M (∇u, ∇v)dμ

defined for all u, v ∈ C^∞_0 (M), where C^∞_0 (M) is the set of smooth functions on M with compact support (note that functions in C^∞_0 (M) do not have to vanish on δM). The integration-by-parts formula for the operator L implies

D(u, v) = − � M uLvdμ − � δM u ∂v ∂ν dμ^′, (2.1)

where ν is the inward unit normal vector field on δM and μ^′ is the measure with density σ^2 with respect to the Riemannian measure of codimension 1 on any smooth hypersurface, in particular, on δM. Clearly, the operator L is symmetric on the subspace of C^∞_0 (M) of functions with vanishing normal derivative on δM. It follows that the operator L initially defined on this subspace, admits a Friedrichs extension L which is a self-adjoint non-positive definite operator on L^2(M, μ).

The associated heat semigroup P_t = e^{tL} has a smooth integral kernel p(t, x, y) which is called the heat kernel of (M, μ). Alternatively, the heat kernel can be defined as the minimal positive solution u(t, x) = p(t, x, y) of the Cauchy problem � � � (∂_t − L)u = 0 on (0, ∞) × M u(0, x) = δ_y (x) ∂u ∂ν � � �_{δM} = 0.

(2.2)

(see [12], [28], [54]). Note that the heat kernel is symmetric in x, y, that is,

p (t, x, y) = p (t, y, x) .

The operator L generates a diffusion process (X_t)_{t≥0} on M. Denote by P_x the law of (X_t)_{t>0} given X_0 = x ∈ M and by E_x the corresponding expectation. The heat kernel coincides with the transition density for X_t with respect to measure μ, that is, for any Borel set A ⊂ M,

P_x (X_t ∈ A) = � A p(t, x, y)dμ(y).

Note that the Neumann boundary condition corresponds to the fact that the process X_t is reflected on the boundary δM. A weighted manifold (M, μ) is called parabolic if �_∞ 1 p (t, x, y) dt ≡ ∞

for some/all x, y ∈ M, and non-parabolic otherwise. It is known that the parabolicity of M is equivalent to the recurrence of the associated diffusion X_t (see, for example, [35]).

Any open set Ω ⊂ M (equipped with the restriction of μ to Ω) can be consider as a weighted manifold with boundary^3 δΩ = Ω ∩ δM. The weighted Laplace operator L_Ω on Ω generates a diffusion in Ω which is killed on ∂Ω and reflected on δΩ. Let p_Ω(t, x, y) be the heat kernel in (Ω, μ). It is convenient to extend p_Ω (t, x, y) to M by setting p_Ω (t, x, y) = 0 if one of the points x, y is outside Ω.

We say that an open set Ω ⊂ M has smooth boundary if the topological boundary ∂Ω is a smooth submanifold of M of dimension N − 1, which is transversal to δM (the latter condition being void if δM is empty). If Ω has smooth boundary then p_Ω (t, x, y) satisfies the Dirichlet boundary condition on ∂Ω \ δM and the Neumann boundary condition on δΩ.

2.2 Connected sum of manifolds

Let {M_i}^k_{i=1} be a finite family of non-compact Riemannian manifolds. We say that a Riemannian manifold M is a connected sum of the manifolds M_i and write

M = M_1#M_2# · · ·#M_k (2.3)

if, for some non-empty compact set K ⊂ M (called a central part of M), the exterior M \ K is a disjoint union of open sets E_1, E_2, . . ., E_k, such that each E_i is isometric to M_i \ K_i, for some compact K_i ⊂ M_i; in fact, we will always identify E_i and M_i \ K_i (see Fig. 5).

3Recall that, by the definition of a manifold with boundary, any point of δM is an interior point of M. For the same reason, any point of δΩ is an interior point of Ω. Hence, the boundary δΩ of Ω as a manifold with boundary is disjoint from the topological boundary ∂Ω of Ω as a subset of the topological space M.

Figure 5:

If (M, μ) and (M_i, μ_i) are weighted manifolds then the isometry is understood in the sense of weighted manifolds, that is, it maps the measure μ to μ_i. Of course, taking connected sums is not a uniquely defined operation. Without loss of generality, we will always assume that K is the closure of an open set with smooth boundary.

Conversely, let M be a non-compact manifold and K ⊂ M be a compact set with smooth boundary such that M\K is a disjoint union of a finitely many connected open sets E_1, E_2, . . ., E_k that are not precompact. We say that the E_i’s are the ends of M with respect to K. Consider the closure E_i as manifold with boundary. Then by definition of a connected sum we have M = E_1#E_2# · · ·#E_k. Sometimes it will be convenient to choose a precompact open set E_0 ⊂ M with smooth boundary containing K, so that M is covered by the open sets E_0, E_1, ..., E_k.

Example 2.1 Say that a complete non-compact Riemannian manifold M (without boundary) has asymptotically non-negative sectional curvature if there exists a point o ∈ M and a continuous decreasing function k : (0, ∞) → (0, ∞) satisfying �_∞ sk(s)ds < ∞

and such that the sectional curvature Sect(x) of M at x ∈ M satisfies Sect(x) ≥ −k(d(o, x)). Such manifolds were studied in [47, 45] and include, of course, all manifolds with non-negative sectional curvature outside a compact set. The catenoid of Fig 1 is also a manifold with asymptotically non-negative curvature.

All such manifolds have a finite number of ends and thus can be written as a connected sum M = M_1# . . .#M_k of complete manifolds; furthermore, each manifold M_i satisfies the properties (V D) and (P I) as well as the property (RCA)^4 (see [40, Sect. 7.5] and references therein). Hence, our main Theorem 6.6 applies to all non-parabolic manifolds with asymptotically nonnegative sectional curvature.

Example 2.2 Let M be a complete non-compact Riemannian manifold (without boundary), and assume that M has non-negative Ricci curvature outside a compact set. Then M has

4(RCA) stands for ”relative connectedness of annuli” – see Section 6 for the definition.

finitely many ends ([6, 47]) and it can be written has has a connected sum M = M_1# . . .#M_k, where each M_i corresponds to an end of M. These M_i’s should be thought of as manifolds with non-negative Ricci curvature outside a compact set having exactly one end (strictly speaking, even so M has no boundary, we may have to allow the M_i’s to have a (compact) boundary). It is known that if an end M_i satisfies (RCA) then it satisfies also (V D) and (P I) (see [40, Propositions 7.6, 7.10]). Hence, our main Theorem 6.6 applies to all non-parabolic manifolds with non-negative Ricci curvature outside a compact set, provided each end satisfies (RCA).

3 Gluing techniques for heat kernels

We start with general inequalities which relate the heat kernel with hitting probabilities on an arbitrary weighted manifold (M, μ) . These inequalities will be one of the main technical tools we introduce here to handle heat kernel estimates on manifolds with ends. However, in this section we do not make any a priori assumption about the manifold in question.

For any closed set Γ ⊂ M define the first hitting time by

τ_Γ = inf{t ≥ 0 : X_t ∈ Γ}.

Let us set ψ_Γ(t, x) := P_x(τ_Γ ≤ t). (3.1) In other words, ψ_Γ(t, x) is the probability that the process hits Γ by time t. Observe that ψ_Γ(t, x) is an increasing function in t, bounded by 1, and ψ(x, t) = 1 if x ∈ Γ. We will denote by ψ^′_Γ the time derivative of ψ_Γ(t, x).

Lemma 3.1 Let Γ ⊂ M be a closed set and Ω ⊂ M be an open set such that ∂Ω ⊂ Γ. Then for all x ∈ Ω, y ∈ M, and t > 0

p(t, x, y) ≤ p_Ω(t, x, y) + sup_{0≤s≤t} z∈Γ p(s, z, y) ψ_Γ(t, x). (3.2)

Furthermore, we have

p(t, x, y) ≤ p_Ω(t, x, y) + sup_{t/2≤s≤t} z∈Γ p(s, z, y) ψ_Γ( t 2 , x) + sup_{t/2≤s≤t} ψ^′_Γ(s, x) t/2� 0 sup_{z∈Γ} p(θ, z, y)dθ (3.3) and p(t, x, y) ≥ p_Ω(t, x, y) + inf_{t/2≤s≤t} z∈Γ p(s, z, y) ψ_Γ( t 2 , x) + inf_{t/2≤s≤t} ψ^′_Γ(s, x) t/2� 0 inf_{z∈Γ} p(θ, z, y)dθ . (3.4)

Remark 3.2 Inequality (3.2) will not be used in the main part of the paper. However, its proof is instructive since it contains the main idea of the proof of the more involved inequalities (3.3), (3.4) as well as other inequalities presented below.

Proof. By hypothesis any continuous path from x to y either intersects Γ or stays in Ω (the latter can happen only in the case y ∈ Ω). Set τ = τ_Γ. The strong Markov property yields

p(t, x, y) = p_Ω(t, x, y) + E_x � 1_{{0≤τ ≤t}}p(t − τ, X_τ , y) � (3.5)

= p_Ω(t, x, y) + E_x � 1{_{0≤τ ≤} t_2 }p(t − τ, X_τ , y) � (3.6)

+E_x � 1{ t_{2 <τ ≤t}}p(t − τ, X_τ , y) � (3.7)

(see Fig. 6).

Figure 6: A path between points x, y

The identity (3.5) implies

p(t, x, y) ≤ p_Ω(t, x, y) + sup_{z∈Γ}

0≤θ≤t

p(t − θ, z, y)P_x {0 ≤ τ ≤ t}

which is exactly (3.2).

To prove (3.3) and (3.4) we will use (3.6)-(3.7). The second term in (3.6) can be estimated as above. This gives

E_x � 1{_{0≤τ ≤} t_2 }p(t − τ, X_τ , y) � ≤ sup_{z∈Γ}

0≤θ≤^t_2

p(t − θ, z, y)ψ_Γ( t 2 , x). (3.8)

To estimate the term in (3.7), let us denote by ν the joint distribution of (τ, X_τ ) on (0, ∞) × Γ. Then we have

E_x � 1{ t_{2 <τ ≤t}}p(t − τ, X_τ , y) � = t� t/2 � Γ p(t − s, z, y)dν(s, z)

≤ t� t/2 sup_{z∈Γ} p(t − s, z, y) � Γ dν(s, z)

= t� t/2 sup_{z∈Γ} p(t − s, z, y)∂_sψ_Γ(s, x)ds

≤ sup_t

2 ≤s≤t

ψ^′_Γ(s, x) t� t/2 sup_{z∈Γ} p(t − s, z, y)ds

whence (3.3) follows.

To prove (3.4) note that the second term in (3.6) is bounded below by

inf_{z∈Γ}

0≤θ≤t/2

p(t − θ, z, y)P_x (0 ≤ τ ≤ t/2) = inf_{z∈Γ}

t/2≤s≤t

p(s, z, y)ψ_Γ(t/2, x) .

Finally, the term in (3.7) is estimated from below by writing

E_x � 1{ t_{2 <τ ≤t}}p(t − τ, X_τ , y) � ≥ t� t/2 inf_{z∈Γ} p(t − s, z, y) � Γ dν(s, z)

= t� t/2 inf_{z∈Γ} p(t − s, z, y)∂_sψ_Γ(s, x)ds

≥ inf_{t/2≤s≤t} ψ^′_Γ(s, x) t� t/2 inf_{z∈Γ} p(t − s, z, y)ds.

Inequality (3.4) follows.

Lemma 3.3 Let Ω_1 and Ω_2 be two open sets in M with the topological boundaries Γ_1 and Γ_2 respectively. Assume that Γ_2 separates Ω_2 from Γ_1. Then for all x ∈ Ω_1, y ∈ Ω_2, and t > 0 we have

2p(t, x, y) ≥ p_{Ω1} (t, x, y) + inf_{t/2≤s≤t}

v∈Γ_1

p(s, v, y) ψ_{Γ1} ( t 2 , x) + inf_{t/2≤s≤t}

w∈Γ_2

p(s, w, x) ψ_{Γ2} ( t 2 , y) (3.9)

and p(t, x, y) ≤ p_{Ω1} (t, x, y) + sup_{t/2≤s≤t}

v∈Γ_1

p(s, v, y) ψ_{Γ1} ( t 2 , x) + sup_{t/2≤s≤t}

w∈Γ_2

p(s, w, x) ψ_{Γ2} ( t 2 , y) . (3.10)

Furthermore, the following refinement of (3.10) takes places:

p(t, x, y) ≤ p_{Ω1} (t, x, y) + sup_{t/2≤s≤t}

v∈Γ_1

p(s, v, y) ψ_{Γ1} ( t 2 , x) + sup_{t/2≤s≤t}

w∈Γ_2

^p_{Ω1} (s, w, x) ψ_{Γ2} ( t 2 , y) , (3.11)

where ^p_{Ω1} (s, w, x) := p (s, w, x) − p_{Ω1} (s, w, x) . (3.12)

Remark 3.4 The hypothesis that Γ_2 separates Ω_2 from Γ_1 means that either Ω_1 and Ω_2 are disjoint or Ω_2 ⊂ Ω_1 (see below Fig. 7 and 8 respectively). Note that in the former case the term p_{Ω1} (t, x, y) vanishes.

Proof. Applying (3.4) with Ω = Ω_1, Γ = Γ_1 we obtain

p(t, x, y) ≥ p_{Ω1} (t, x, y) + inf_{t/2≤s≤t}

v∈Γ_1

p(s, v, y) ψ_{Γ1} ( t 2 , x)

and similarly p(t, x, y) ≥ p_{Ω2} (t, x, y) + inf_{t/2≤s≤t}

w∈Γ_2

p(s, w, x) ψ_{Γ2} ( t 2 , y).

Adding up these inequalities, we obtain (3.9).

For the upper bound (3.10) we need some preparation. Fix some T > 0 and consider P_x as a measure in the space Ω_T of all continuous paths ω : [0, T ] → M. Note that P_x sits in Ω_{T,x} := {ω ∈ Ω_T : ω (0) = x}. For any μ-measurable set A ⊂ M with μ (A) < ∞ define a measure P_A in Ω_T by P_A (A) = � A P_x (A) dμ (x) , (3.13) where A is an event in Ω_T . For any two such sets A, B ⊂ M define a probability measure P_{T,A,B} in Ω_T by P_{T,A,B} (A) :=

P_A (A ∩ (X_T ∈ B)) P_A (X_T ∈ B) . For any paths ω ∈ Ω_T denote by ω^∗ the path obtained from ω by the time change t → T − t, that is ω^∗ (t) = ω(T − t). Respectively, for any event A ⊂ Ω_T set A^∗ = {ω^∗ : ω ∈ A}. Then we claim that P_{T,A,B} (A) = P_{T,B,A} (A^∗) . (3.14) Indeed, observe that by the symmetry of the heat kernel

P_A (X_T ∈ B) = � A P_x (X_T ∈ B) dμ (x) = � A � B p (T, x, y)dμ (y) dμ (x) = P_B (X_T ∈ A) . (3.15)

Hence, (3.14) will follow if we show that P_A (A ∩ (X_T ∈ B)) = P_B (A^∗ ∩ (X_T ∈ A)) . (3.16) It suffices to prove (3.16) for an elementary event A, that is for A = (X_{t1} ∈ E_1, X_{t2} ∈ E_2, ..., X_{tn} ∈ E_n) where 0 < t_1 < t_2 < ... < t_n < T and E_k are measurable sets in M. For this A, we have

P_A (A ∩ (X_T ∈ B)) = � A P_x (X_{t1} ∈ E_1, X_{t2} ∈ E_2, ..., X_{tn} ∈ E_n, X_T ∈ B) dμ (x) ,

where the right hand side is equal to � B � E_n ... � E_1 � A p (t_1, x, z_1) p (t_2 − t_1, z_1, z_2) ...p (T − t_n, z_n, y) dμ (x) dμ (z_1) ...dμ (z_n) dμ (y) .

(3.17) Similarly, we have

P_B (A^∗ ∩ (X_T ∈ A)) = � B P_y (X_{T −tn} ∈ E_n, ..., X_{T −t1} ∈ E_1, X_T ∈ A) dμ (y) ,

where the right hand side is equal to � A � E_1 ... � E_n � B p (T − t_n, y, z_n) p (t_n − t_{n−1}, z_n, z_{n−1}) ...p (t_1, z_1, x) dμ (y) dμ (z_n) ...dμ (z_1) dμ (x) .

(3.18) Comparing (3.17) and (3.18) we obtain (3.16).

Now we are in position to prove (3.10). For any path ω ∈ Ω_T , denote by τ_i (ω) the first time the path ω hits Γ_i, provided ω does intersect Γ_i. Fix sets A ⊂ Ω_1 and B ⊂ Ω_2 and observe that the measure P_{T,A,B} sits on the set Ω_{T,A,B} of paths ω such that ω (0) ∈ A and ω (T ) ∈ B. Clearly, for any ω ∈ Ω_{T,A,B}, either ω stays in Ω_1 (which is only possible in the case Ω_2 ⊂ Ω_1) or both τ_1 (ω) and τ_2 (ω^∗) are defined and τ_1 (ω) + τ_2 (ω^∗) ≤ T . Hence, in the latter case we have either τ_1 (ω) ≤ T/2 or τ_2 (ω^∗) ≤ T/2 (see Fig. 7 and 8).

Figure 7: The case Ω_1 and Ω_2 are disjoint. Any path from x to y crosses Γ_1 and Γ_2.

Figure 8: The case Ω_2 ⊂ Ω_1. Any path from x to y either stays in Ω_1 or crosses Γ_1 and Γ_2

Therefore, we obtain

1 ≤ P_{T,A,B} (ω ⊂ Ω_1) + P_{T,A,B} (τ_1 (ω) ≤ T/2) + P_{T,A,B} (τ_2 (ω^∗) ≤ T/2) . (3.19)

By (3.14) we have P_{T,A,B} (τ_2 (ω^∗) ≤ T/2) = P_{T,B,A} (τ_2 (ω) ≤ T/2) .

Substituting into (3.19) and multiplying (3.19) by P_A (X_T ∈ B) = P_B (X_T ∈ A) we obtain � A � B p (T, x, y)dμ (y) dμ (x) ≤ P^{Ω1}_A (X_T ∈ B)+P_A (τ_1 ≤ T/2, X_T ∈ B)+P_B (τ_2 ≤ T/2, X_T ∈ A) .

(3.20)

Clearly, we have P^{Ω1}_A (X_T ∈ B) = � A � B p_{Ω1} (T, x, y)dμ (y) dμ (x) ,

whereas by the strong Markov property and (3.8)

P_A (τ_1 ≤ T/2, X_T ∈ B) = � A � B E_x � 1_{{τ 1 ≤T /2}}p(T − τ_1, X_{τ 1} , y) � dμ (y) dμ (x)

≤ � A � B ψ_{Γ1} ( T 2 , x) sup

T /2≤s≤T

v∈Γ_1

p (s, v, y) dμ (y) dμ (x) .

Similarly, we obtain

P_B (τ_2 ≤ T/2, X_T ∈ A) ≤ � B � A ψ_{Γ2} ( T 2 , x) sup

T /2≤s≤T

w∈Γ_2

p (s, w, x) dμ (x) dμ (y) . (3.21)

Substituting into (3.20), dividing by μ (A) μ (B) and contracting the sets A and B to the points x and y, respectively, we finish the proof of (3.10).

Finally, let us prove (3.11). If Ω_1 and Ω_2 are disjoint then p_{Ω1} (s, w, x) = 0 because x ∈ Ω_1 and w /∈ Ω_1. Therefore, by (3.12) ^p_{Ω1} (s, w, x) = p (s, w, x) so that (3.11) is identical to (3.10). Assuming now that Ω_2 ⊂ Ω_1. The last term in (3.19) can be replaced by

P_{T,A,B} (τ_2 (ω^∗) ≤ T/2 and ω^∗ crosses ∂Ω_1) = P_{T,B,A} (τ_2 (ω) ≤ T/2 and ω crosses ∂Ω_1) = P_{T,B,A} (τ_2 (ω) ≤ T/2) − P_{T,B,A} (τ_2 (ω) ≤ T/2 and ω does not cross ∂Ω_1) .

Multiplying by P_B (X_T ∈ A) we obtain that the last term in (3.20) can be replaced by

P_B (τ_2 ≤ T/2, X_T ∈ A) − P_B (τ_2 ≤ T/2, X_t /∈ ∂Ω_1 for all t ∈ [0, T ], X_T ∈ A) = � B � A � E_y � 1_{{τ 2≤T /2}}p(T − τ_2, X_{τ2} , x) � − E_y � 1_{{τ 2 ≤T /2}}p_{Ω1} (T − τ_2, X_{τ 2} , x) � dμ (x) dμ (y)

≤ � B � A ψ_{Γ2} ( T 2 , y) sup

T /2≤s≤T w∈Γ_2

^p_{Ω1} (s, w, x)dμ (x) dμ (y) ,

where ^p_{Ω1} is defined by (3.12). Using this estimate instead of (3.21) we obtain (3.11).

The next statement is the main result of this section.

Theorem 3.5 Let Ω_1 and Ω_2 be two open sets in M with boundaries Γ_1 and Γ_2 respectively. Assume that Γ_2 separates Ω_2 from Γ_1. Write for simplicity ψ_i(t, x) = ψ_{Γi} (t, x), i = 1, 2, and set

G(t) := t� 0 sup v∈Γ_1,w∈Γ_2

p(s, v, w)ds and G(t) := t� 0 inf v∈Γ_{1,}w∈Γ_2

p(s, v, w)ds . (3.22)

Then, for all x ∈ Ω_1, y ∈ Ω_2, and t > 0,

p(t, x, y) ≤ p_{Ω1} (t, x, y) + 2 � sup s∈[t/4,t] sup v∈Γ_1 ,w∈Γ_2

p(s, v, w) � ψ_1(t, x)ψ_2(t, y)

+G(t) � sup s∈[t/4,t]

ψ^′_1(s, x) � ψ_2(t, y) + G(t) � sup s∈[t/4,t]

ψ^′_2(s, y) � ψ_1(t, x) (3.23) and 2p(t, x, y) ≥ p_{Ω1} (t, x, y) + 2 � inf s∈[t/4,t] inf v∈Γ_{1,} w∈Γ_2

p(s, v, w) � ψ_1( t 4 , x)ψ_2( t 4 , y) (3.24) +G( t 4 ) � inf s∈[t/4,t]

ψ^′_1(s, x) � ψ_2( t 4 , y) + G( t 4 ) � inf s∈[t/4,t]

ψ^′_2(s, y) � ψ_1( t 4 , x).(3.25)

Proof. By (3.11) and the monotonicity of ψ_i (t, x) in t we have

p(t, x, y) ≤ p_{Ω1} (t, x, y) + sup_{t/2≤s≤t}

v∈Γ_1

p(s, v, y) ψ_1(t, x) + sup_{t/2≤s≤t}

w∈Γ_2

^p_{Ω1} (s, w, x) ψ_2(t, y) . (3.26)

Applying (3.3) with Ω = Ω_1 and Γ = Γ_1 we obtain, for all w ∈ Γ_2 and s > 0,

^p_{Ω1} (s, w, x) = p (s, x, w) − p_{Ω1} (s, x, w)

≤ sup

s/2≤θ≤s z∈Γ_1

p(θ, z, w) ψ_1(s, x) + sup_{s/2≤θ≤s} ψ^′_1(θ, x) s� 0 sup_{z∈Γ1} p(θ, z, w)dθ .

Set q (θ) := sup

z_1 ∈Γ_1,z_2∈Γ_2

p (θ, z_1, z_2) .

As ψ_i (t, x) is increasing in t, the above inequality gives, for s ∈ [t/2, t],

^p_{Ω1} (s, w, x) ≤ sup_{θ∈[t/4,t]} q (θ) ψ_1 (t, x) + sup_{θ∈[t/4,t]} ψ^′_1 (θ, x)

�_t 0 q (θ) dθ.

Similarly, as p_{Ω2} (s, y, v) = 0, (3.3) with Ω = Ω_2 and Γ = Γ_2 implies that, for any v ∈ Γ_1 and s ∈ [t/2, t], p (s, v, y) ≤ sup_{θ∈[t/4,t]} q (θ) ψ_2 (t, y) + sup_{θ∈[t/4,t]} ψ^′_2 (θ, y)

�_t 0 q (θ) dθ.

Using these two estimates in (3.26) yields (3.23).

The lower bound (3.24)-(3.25) is proved in a similar way. Indeed, by (3.9) we have

2p(t, x, y) ≥ p_{Ω1} (t, x, y) + inf_{t/2≤s≤t}

v∈Γ_1

p(s, v, y) ψ_1( t 4 , x) + inf_{t/2≤s≤t}

w∈Γ_2

p(s, w, x) ψ_2( t 4 , y). (3.27)

Setting q (t) := inf

z_1 ∈Γ_1,z_2∈Γ_2

p (θ, z_1, z_2)

and using (3.4) we obtain for any w ∈ Γ_2 and s ∈ [t/2, t]

p(s, x, w) ≥ inf_{t/4≤θ≤t} q (θ) ψ_1( t 4 , x) + inf_{t/4≤θ≤t} ψ^′_1(θ, x) t/4� 0 q (θ) dθ,

and a similar inequality for p (s, y, v). Substituting into (3.27) finishes the proof.

Remark 3.6 Since ψ_i(t, x) is the P_x-probability of X_t hitting Γ_i by time t, the function ψ_i(t, x) is fully determined by the intrinsic geometry of the set Ω_i, and so is p_{Ωi} . Thus, the estimates of p(t, x, y) given by Theorem 3.5 are determined by the intrinsic geometries of Ω_i and by estimates of p(t, v, w) where v ∈ Γ_1 and w ∈ Γ_2. To obtain the latter, we will use different techniques for upper and for lower bounds – see Sections 4.3 and 5.4.

4 Upper bound

4.1 Faber-Krahn inequalities and the heat kernel

Let (M, μ) be a non-compact complete weighted manifold, possibly with boundary. For any region Ω ⊂ M, set

λ_1(Ω) := inf_{ϕ∈C∞0 (Ω)} � Ω |∇ϕ|^2 dμ � Ω ϕ^2dμ . In words, λ_1(Ω) is the smallest eigenvalue of L in Ω satisfying the Dirichlet condition on ∂Ω and the Neumann condition on δΩ.

The classical Faber-Krahn theorem says that, for any open set Ω ⊂ R^N and L = Δ,

λ_1(Ω) ≥ c_N μ(Ω)^{−2/N} , (4.1)

where μ is the Lebesgue measure in R^N (the constant c_N is such that equality is attained for balls; however, the exact value of c_N is of no importance for our purpose). For an arbitrary manifold, (4.1) may not be true. However, as balls in M are precompact, a compactness argument implies that for any ball B (x, r) there exists b (x, r) > 0 such that for any open set Ω ⊂ B(x, r)

λ_1(Ω) ≥ b(x, r)μ(Ω)^{−2/N} .

If we know the function b(x, r) then we can control the heat kernel on M as follows.

Theorem 4.1 ([32, Theorem 5.2]) Assume that (M, μ) is a complete weighted manifold such that, for any ball B(x, r) and any open set Ω ⊂ B(x, r),

λ_1(Ω) ≥ b(x, r)μ(Ω)^{−α}, (4.2)

where b(x, r) > 0 and α > 0. Then, for all x, y ∈ M and t > 0,

p(t, x, y) ≤

C exp � −c^{d2 (x,y)}_t � � t^2b(x, √ t)b(y, √ t) �_{1/(2α)} .

One particular case of (4.2) will be frequently used so that we separate it out as the following condition:

(RF K) The relative Faber-Krahn inequality: there exist α > 0 and c > 0 such that, for any ball B(x, r) ⊂ M and for any precompact open set Ω ⊂ B(x, r),

λ_1(Ω) ≥ c r^2 � V (x, r) μ(Ω)

�_α

. (4.3)

In other words, the condition (RF K) means that (4.2) holds with

b(x, r) = c r^2

V (x, r)^α.

For example, (RF K) holds with α = 2/N if M is a complete Riemannian manifold with nonnegative Ricci curvature (see [31, Theorem 1.4]).

Note that if (4.3) holds for some α = α_0 then it is satisfied also for any smaller value α < α_0 because μ (Ω) ≤ V (x, r) .

Consider also the following properties which in general may be true or not.

(V D) The volume doubling property: for all x ∈ M and r > 0, V (x, 2r) ≤ CV (x, r). (4.4)

For a later reference, we also note that (V D) implies that for any ε > 0 and for all x, y ∈ M, t > 0, V (y, √ t) V (x, √ t) ≤ � 1 + d (x, y) √ t �_C ≤ C_ε exp � ε d^2(x, y) t � . (4.5)

(UED) The on-diagonal upper estimate of the heat kernel: for all x ∈ M and all t > 0,

p(t, x, x) ≤ C V (x, √ t) . (4.6)

(UE) The off-diagonal upper estimate of the heat kernel: for all x, y ∈ M and all t > 0,

p(t, x, y) ≤ C V (x, √ t) exp � −c d^2(x, y) t � . (4.7)

Theorem 4.2 ([32, Proposition 5.2]) For any complete weighted manifold (M, μ), the following equivalences take place (RF K) ⇐⇒ (V D) + (UED) ⇐⇒ (V D) + (UE) .

Proposition 4.3 ([35, Theorem 11.1]) Let (M, μ) be a complete weighted manifold satisfying (RF K). Then (M, μ) is non-parabolic if and only if �_∞ ds V (x, √ s) < ∞. (4.8)

4.2 Hitting probability Given a complete weighted manifold (M, μ), fix a compact set K with non-empty interior and a reference interior point o ∈ K. Set |x| := sup_{y∈K} d (x, y) , x ∈ M, and H_∗(x, t) := min � 1, |x|^2 V (o, |x|) + �_t

|x|^2 ds V (o, √ s) � + � , (4.9)

where (·)_+ is the positive part, that is, max(·, 0). Note that H_∗ (x, t) in increasing in t. The following result is a combination of Proposition 4.3 and Corollary 4.2 from [39]. Theorem 4.4 Let (M, μ) be a complete non-compact manifold satisfying (RF K), K ⊂ M be a compact set, o ∈ K be an interior point of K, and δ > 0. Then, for all x ∈ M \ K_δ and t > 0,

ψ_K (t, x) ≤ CH_∗ (x, t) exp � −c |x|^2 t � (4.10) and ∂_tψ_K (t, x) ≤ C V (o, √ t) exp � −c |x|^2 t � . (4.11)

Note that the function H used in [39, Corollary 4.2] is slightly different from the function H_∗ defined above, and this is why the present estimates require also Proposition 4.3 from [39].

4.3 Initial upper bound In this and the next section, we assume that M = M_1#...#M_k and will use the notation from Section 2.2. In particular, let us recall that M is the disjoint union of the central part K and the ends E_1, ...E_k with respect to K. Each E_i is identified with the complement of a compact set in M_i.

Geodesic balls are denoted by B(x, r) in M and by B_i(x, r) in M_i. We also set V (x, r) = μ(B(x, r)) and V_i(x, r) = μ_i(B_i(x, r)). Observe that if B_i(x, r) ⊂ E_i then B_i(x, r) = B(x, r) and V_i(x, r) = V (x, r). For each index i ≥ 1, fix a reference point o_i ∈ ∂E_i, and set

V_i(r) = V_i(o_i, r), V_0(r) = min_{1≤i≤k} V_i(r). (4.12)

It will also be useful to set V_0 (x, r) ≡ V_0 (r) for all x ∈ M. If all functions V_i (r) satisfy the doubling property then so does V_0 (r).

For any x ∈ M, r > 0, set

F (x, r) := � V (x, r) , if B (x, r) ⊂ E_i, i ≥ 1, V_0(r), otherwise.

(4.13)

Note that if r stays bounded and x varies in a compact neighbourhood of K then V_i(x, r) ≈ r^N . For this range of x and r we have also

F (x, r) ≈ V_0(r) ≈ r^N ≈ V (x, r) . (4.14)

Theorem 4.5 ([41, Proposition 3.6]) Assume that for each i = 1, ..., k, the manifold (M_i, μ_i) satisfies (RF K). Then there exists α > 0 and c > 0 such that for any ball B = B(x, r) ⊂ M and for any open set Ω ⊂ B λ_1 (Ω) ≥ c r^2 � F (x, r) μ (Ω)

�_α . Combining with Theorem 4.1 we obtain the following result.

Corollary 4.6 Assume that for each i = 1, ..., k, each manifold (M_i, μ_i) satisfies (RF K). Then the heat kernel on (M, μ) satisfies

p(t, x, y) ≤ C � F (x, √ t)F (y, √ t) exp � −c d^2(x, y) t � , (4.15)

for all x, y ∈ M and t > 0, where F is defined at (4.13).

Corollary 4.7 Let E_0 be a precompact open set with smooth boundary containing K. Referring to the setting of Corollary 4.6, we have:

(i) For any positive finite t_0, for all x, y ∈ M and 0 < t < t_0,

p(t, x, y) ≤ C � V (x, √ t)V (y, √ t) exp � −c d^2(x, y) t � . (4.16)

(ii) For all x, y ∈ E_0 and t > 0,

p(t, x, y) ≤ C V_0( √ t) exp � −c d^2(x, y) t � . (4.17)

Proof. (i) It suffices to show that, for all x ∈ M and 0 < r < r_0 := t^2_0,

F (x, r) ≈ V (x, r) .

If B (x, r) is in some end E_i then F (x, r) = V (x, r) by definition. Otherwise, the condition r < r_0 implies that x belongs to K_{r0} and the claim follows from (4.14).

(ii) It suffices to show that for all x ∈ E_0 and r > 0,

F (x, r) ≥ cV_0 (r) .

If B (x, r) is in E_i then r has a bounded range and hence the claim follows from (4.14). Otherwise, we have F (x, r) = V_0 (r) by definition.

Remark 4.8 The inequality (4.16) is equivalent to say that, for all x, y ∈ M and 0 < t < t_0,

p(t, x, y) ≤ C V (x, √ t) exp � −c d^2(x, y) t � . (4.18)

Indeed, (4.18) implies (4.16) by switching x, y in (4.18) and using the symmetry of the heat kernel. Conversely, (4.16) implies (4.18). To see this, observe that the function V satisfies V (x, 2r) ≤ CV (x, r) for all x ∈ M and all r ∈ (0, r_0). It follows (see, e.g., [58, Lemma 5.2.7]) that V (x, √ t) V (y, √ t) ≤ exp � C d(x, y) √ t �

which easily shows that (4.16) implies (4.18).

4.4 Full upper bounds For any x ∈ M set i_x = � i, if x ∈ E_i, i ≥ 1, 0, if x ∈ K.

Set also |x| = sup_{y∈K} d (x, y)

and notice that |x| is bounded away from 0. Define the function H(x, t) by

H(x, t) = min � 1, |x|^2 V_{ix} (|x|) + �_t

|x|^2 ds V_{ix} ( √ s) � + � . (4.19)

Clearly, H (x, t) is bounded away from 0 when |x| is bounded from above. Let us spell out explicitly the simple relationship between H and the functions H^i_∗ obtained on each M_i by considering a compact set K_i such that E_i = M_i \ K_i and applying Definition (4.9). Setting for convenience H^0_∗ (x, t) = 1, we have

H(x, t) ≈ H^{ix}_∗ (x, t). (4.20)

Indeed, for bounded x, we have H(x, t) ≈ 1 ≈ H^{ix}_∗ (x, t) whereas, if x ∈ E_i with i ∈ {1, . . ., k}, then the volume functions used in (4.9) and (4.19) are comparable and thus H(x, t) ≈ H^i_∗(x, t).

In the case the function V_{ix} (r) satisfies in addition the condition

V_{ix} (R) V_{ix} (r) ≥ c � R r �_{2+ε}

for all R > r ≥ 1,

with some c > 0 and ε > 0, one easily obtains from (4.19) that

H(x, t) ≈

|x|^2 V_{ix} (|x|)

(4.21)

(cf. the proof of Corollary 4.5 in [39]).

For x, y ∈ M, let us set

d_+(x, y) = inf{ length (γ) : γ(0) = x, γ(1) = y, γ ∩ K ≠ ∅}, (4.22)

where the infimum is taken over all curves γ : [0, 1] → M connecting x, y and passing through K. Let us define also

d_∅(x, y) = inf{ length (γ) : γ(0) = x, γ(1) = y, γ ∩ K = ∅ }, (4.23)

where the infimum is taken over all curves γ[0, 1] → M connecting x, y, without intersecting K.

Note that always d_+(x, y) ≥ d(x, y) and d_∅(x, y) ≥ d(x, y), and, moreover, one of these inequalities must in fact be an equality. For example, if x ∈ E_i ∪ K, y ∈ E_j ∪ K and i ≠ j, then d_∅(x, y) = ∞ whence d_+(x, y) = d(x, y). If x, y ∈ E_i then the elementary argument with the triangle inequality shows that

|x| + |y| − 2diamK ≤ d_+ (x, y) ≤ |x| + |y| (4.24) and d (x, y) ≤ d_∅ (x, y) ≤ d (x, y) + C_K (4.25) where C_K is a constant depending on K.

The next theorem is one of the main results of this paper.

Theorem 4.9 Assume that (M, μ) is a connected sum of complete non-compact weighted manifolds (M_i, μ_i), i = 1, 2, ..., k, each of which satisfies (RF K). Assume further that (M, μ) is non-parabolic. Then, for all x, y ∈ M and t > 0, the heat kernel on M is bounded by

p(t, x, y) ≤ C � H(x, t)H(y, t) V_0( √ t) + H(y, t) V_{ix} ( √ t) + H(x, t) V_{iy} ( √ t) � exp � −c d^2_+(x, y) t � (4.26)

+ C � V_{ix} (x, √ t)V_{iy} (y, √ t) exp � −c d^2_∅(x, y) t � . (4.27)

Each term in (4.26)-(4.27) has a geometric meaning and corresponds to a certain way a Brownian particle may move from x to y. To start with, the term (4.27) estimates the probability of getting from x to y without touching K. This may happen only if x, y belong to the same end E_i, and the term (4.27) comes from estimating p_{Ei} . The third (and, similarly, the second) term in (4.26) estimates the probability that starting from x, the particle hits K before time t and then reaches y in time of order t. The first term in (4.26) estimates the probability that the particle hits K before time t, loops from K to K in time of order t and finally reaches y in time smaller than t. It is natural to use the distance d_+ in (4.26) since the corresponding events involve trajectories from x to y passing through K. Using the distance d_∅ in (4.27) reflects the fact that the trajectories from x to y, corresponding to that term, avoid K.

Remark 4.10 If x ∈ E_i ∪ K and y ∈ E_j ∪ K with i ≠ j then d_∅ (x, y) = ∞ so that the term (4.27) vanishes, whereas d_+ (x, y) in (4.26) can be replaced by d (x, y).

If x, y belong to the same end E_i and t ≥ t_0 > 0 then, by (4.24), d_+ (x, y) in (4.26) can be replaced by |x| + |y| and, by (4.25), d_∅ (x, y) in (4.27) can be replaced by d (x, y).

Remark 4.11 If k = 2 and x ∈ E_1 ∪ K, y ∈ E_2 ∪ K then the term^{H(x,t)H(y,t)}_{V0(}√_{t)} in (4.26) is dominated by the two other terms and, hence, can be neglected.

Remark 4.12 An equivalent heat kernel estimate is obtained by replacing the volume functions V_{ix} �√ t � and V_{iy} �√ t � in (4.26) by V_{ix} � x, √ t � and V_{iy} � y, √ t � , respectively. Indeed, if x ∈ K then i_x = 0 and V_0 � x, √ t � = V_0 �√ t � . If i_x = i ≥ 1 and |x| is large enough then, by (4.5), for any ε > 0,

V_i �√ t � V_i � x, √ t � = V_i � o_i, √ t � V_i � x, √ t � ≤ C_ε exp � ε d^2_i (x, o_i) t � ≤ C_ε exp � εC d^2_+ (x, y) t � . (4.28)

If |x| is bounded then (4.28) holds again because

V_i �√ t � = V_i � o_i, √ t � ≈ V_i � x, √ t � . Indeed, for small t all these functions are of the order t^{N/2} and, for large t, (V D) applies. In the same way, we obtain

V_i � x, √ t � V_i �√ t � ≤ C_ε exp � ε d^2_i (x, o_i) t � ≤ C_ε exp � εC d^2_+ (x, y) t � . Choosing ε small enough proves the claim.

Remark 4.13 Note that the term in (4.27) can be replaced by C V_{ix} (x, √ t) exp � −c d^2_∅(x, y) t � or by C V_{iy} (y, √ t) exp � −c d^2_∅(x, y) t � , which can be seen by an argument similar to that of the previous remark.

Remark 4.14 Observe that the non-parabolicity of (M, μ) is equivalent to the fact that one of the manifolds (M_i, μ_i) is non-parabolic (see [35, Proposition 14.1]). However, the estimate (4.26)-(4.27) is sharp only if all (M_i, μ_i) are non-parabolic (see Sections 5.4 and 6).

Proof of Theorem 4.9. Set δ = diamK and let K^′ and K^{′′} be compact sets with smooth boundaries such that K ⊂ K^′ ⊂ K^{′′} and d � ∂K, ∂K^′ � ≥ 2δ and d � ∂K^′, ∂K^{′′} � ≥ 2δ.

Since the estimate (4.26)-(4.27) is symmetric in x, y, there are three essentially different cases:

1. x, y ∈ K^{′′}.

2. x ∈ E_i \ K^′ and y ∈ E_j \ K^{′′} where i, j > 0 may be the same or not.

3. x ∈ K^′ and y ∈ E_j \ K^{′′} for some j > 0.

Case 1. Let x, y ∈ K^{′′}. By Corollary 4.7, we have

p(t, x, y) ≤ C V_0( √ t) exp � −c d^2(x, y) t � . (4.29)

If d_+(x, y) = d(x, y) then (4.29) implies

p(t, x, y) ≤ C V_0( √ t) exp � −c d^2_+(x, y) t � ≤ C H(x, t)H(y, t)

V_0( √ t) exp � −c d^2_+(x, y) t � , (4.30)

(because H (x, t) and H (y, t) are separated from 0 for x, y ∈ K^{′′}), which in turn yields (4.26)- (4.27). Moreover, if d_+(x, y) ≤ √ t then the same argument works because the Gaussian factor in (4.30) is comparable to 1.

Assume now that d_+(x, y) > d(x, y) and d_+(x, y) > √ t. Then x and y belong to the same end E_i, i ≥ 1, and d_∅(x, y) = d(x, y). Also, t is bounded by 4diam^2 (K^{′′}) whence

V_0( √ t) ≈ t^{N/2} ≈ � V_i(x, √ t)V_i(y, √ t). Therefore, the right hand side of (4.29) is majorized by the term (4.27).

Before we consider the other two cases, let us set

J := ∞� 0 sup v,w∈K^{′′} d(v,w)≥δ

p(s, v, w)ds. (4.31)

It follows from (4.29) and from the condition d (v, w) ≥ δ that the integral (4.31) converges at 0. The fact that M is non-parabolic, ensures the convergence of the integral (4.31) at ∞. Hence, J < ∞. The number J will enter the heat kernel upper bounds as a constant.

Case 2. (“the main case”) Let x ∈ E_i \ K^′ and y ∈ E_j \ K^{′′} (see Fig. 9 when i ≠ j).

Figure 9: Case x ∈ E_i \ K^′ and y ∈ E_j \ K^{′′}, i ≠ j

By Theorem 3.5 with Ω_1 = E_i and Ω_2 = E_j \ K^′ we obtain

p(t, x, y) ≤ p_{Ei} (t, x, y) + � � sup

s∈[t/4,t]

sup_{v∈∂K}

w∈∂K^′

p(s, v, w) � �ψ_K (t, x)ψ_{K′} (t, y) (4.32)

+ t� 0 sup_{v∈∂K}

w∈∂K^′

p(s, v, w)ds � sup s∈[t/4,t]

ψ^′_K (s, x) � ψ_K′ (t, y) (4.33)

+ t� 0 sup_{v∈∂K}

w∈∂K^′

p(s, v, w)ds � sup s∈[t/4,t]

ψ^′_K′ (s, y) � ψ_K (t, x). (4.34)

If i ≠ j then p_{Ei} (t, x, y) = 0 whereas for i = j Theorem 4.2 yields

p_{Ei} (t, x, y) ≤ p_{Mi} (t, x, y) ≤ C � V_i � x, √ t � V_i � y, √ t � exp � −c d^2_∅ (x, y) t � ,

where we have used the fact that d_{Mi} (x, y) ≈ d_∅ (x, y) for all x, y ∈ E_i \ K^′.

As x ∈ E_i \ K^′, the hitting probability ψ_K (t, x) depends only on the intrinsic properties of the manifold (M_i, μ_i). Since (M_i, μ_i) satisfies (RF K), Theorem 4.4 and (4.20) yield

ψ_K (t, x) ≤ C H(x, t) exp � −c |x|^2 t � (4.35) and ψ^′_K (t, x) ≤ C V_i(x, √ t) exp � −c |x|^2 t � . (4.36)

Since x ∈ E_i \ K^′, we have d_i (x_i, o_i) ≈ |x| and, by Remark 4.12,

ψ^′_K (t, x) ≤ C V_i( √ t) exp � −c |x|^2 t � . (4.37)

Similar estimates take place for ψ_K′ (t, y) and its time derivative for y ∈ E_j \ K^{′′}. By (4.29), we have for all v, w ∈ K^′ sup s∈[t/4,t]

p(s, v, w) ≤ C V_0( √ t) . (4.38)

Finally, each integral in (4.33) and (4.34) is bounded from above by the constant J defined by (4.31) because d (v, w) ≥ δ. Substituting the above estimates into (4.32)-(4.34) and observing that |x|^2 + |y|^2 ≈ d^2_+(x, y), we obtain (4.26)-(4.27).

Case 3. Let x ∈ K^′ and y ∈ E_j \ K^{′′} for some j > 0. Ω be an open subset of E_j containing E_j \ K^{′′} but such that d (∂Ω, K^′) ≥ δ (see Fig. 10). By inequality (3.3) of Lemma 3.1 for this Ω and for Γ = ∂Ω we have

p(t, x, y) ≤ sup_{t/2≤s≤t} z∈Γ p(s, z, x) ψ_Γ(t, y) + sup_{t/2≤s≤t} ψ^′_Γ(s, y) t� 0 sup_{z∈Γ} p(θ, z, x)dθ . (4.39)

Figure 10: Case x ∈ K^′ and y ∈ E_j \ K^{′′}

By (4.29) we obtain, for all x ∈ K^′, z ∈ Γ, and s ∈ [t/2, t],

p(s, z, x) ≤ C V_0( √ t) . The integral in (4.39) is bounded from above by the constant J because d (x, z) ≥ δ. The functions ψ_Γ(t, y) and ψ^′_Γ(s, y) are estimated as in (4.35) and (4.37), respectively. From (4.39) we obtain p(t, x, y) ≤ C � H(y, t) V_0( √ t) + 1 V_j ( √ t) � exp � −c |y|^2 t � , (4.40)

which implies (4.26)-(4.27) because H(x, t) ≈ 1 and |y| ≈ d_+ (x, y).

Remark 4.15 Alternatively, Case 3 can be obtained directly from Case 2 by extending the range of x using a local Harnack inequality argument (see Section 5.1 below).

Theorem 4.9 provides a heat kernel upper bound for all x, y ∈ M and t > 0. Still, it may be useful and convenient to write more explicit estimates for certain ranges of x, y, t.

Corollary 4.16 Let E_0 be a precompact open set with smooth boundary containing K. Referring to the setting of Theorem 4.9, we have the following estimates:

0. For any fixed t_0 >0, if t ≤ t_0 and x, y ∈ M then

p(t, x, y) ≤ C V (x, √ t) exp � −c d^2(x, y) t � . (4.41)

1. If x, y ∈ E_0 then, for all t > 0,

p(t, x, y) ≤ C V_0( √ t) exp � −c d^2(x, y) t � . (4.42)

2. If x ∈ E_i, i ≥ 1, and y ∈ E_0 then, for all and t > 0,

p(t, x, y) ≤ C � H(x, t) V_0( √ t) + 1 V_i( √ t) � exp � −c d^2(x, y) t � . (4.43)

3. If x ∈ E_i, y ∈ E_j , i ≠ j, i, j ≥ 1, then, for all t > 0,

p(t, x, y) ≤ C � H(x, t)H(y, t) V_0( √ t) + H(y, t) V_i( √ t) + H(x, t) V_j( √ t) � exp � −c d^2(x, y) t � . (4.44)

4. If x, y ∈ E_i, i ≥ 1, then, for all t > 0,

p(t, x, y) ≤ C

H(x, t)H(y, t) V_0( √ t) exp � −c |x|^2 + |y|^2 t �

+ C V_i(x, √ t) exp � −c d^2(x, y) t � . (4.45)

Proof. Parts 0,1 follow from Corollary 4.7 and Remark 4.8.

Part 2. If |x| is bounded then the result follows as in Part 1, so we can assume in the sequel that |x| is large enough. If y ∈ K then using i_y = 0, H(y, t) ≈ 1 and d_+(x, y) ≥ d(x, y) in (4.26)-(4.27), we obtain (4.43). Assume now y ∈ E_0 \ K. Then, for j = i_y, we have y ∈ E_j ∩ E_0, and (4.26)-(4.27) yields

p(t, x, y) ≤ C � H(x, t) V_0( √ t) + 1 V_i( √ t) + H(x, t) V_j ( √ t) � exp � −c d^2(x, y) t � (4.46) + C � V_i(x, √ t)V_j (y, √ t) exp � −c d^2_∅(x, y) t � . (4.47)

Since V_0 �√ t � ≤ V_j �√ t � , the third term in (4.46) can be absorbed into the first one. If j ≠ i then the term in (4.47) vanishes and (4.43) follows. Assuming now i = j, we have

d_∅ (x, y) ≥ d (x, y) ≈ |x|

and, by Remark 4.12, the term (4.47) is dominated by the middle term in (4.46).

Part 3. Inequality (4.44) coincides with (4.26)-(4.27) since in this case d_∅(x, y) = ∞ and d_+(x, y) = d(x, y).

Part 4. Assume first that |x| and |y| are bounded. If also t is bounded then the last term in (4.45) is comparable with the right hand side of (4.42) and the claim follows from Part 1. If t is large enough then the first term in (4.45) is comparable with the right hand side of (4.42) and the claim again follows from Part 1.

If one of |x|, |y| is bounded and the other is large enough then the claim follows from Part 2. Now let us assume that both |x| and |y| are large enough. We always have d_∅(x, y) ≥ d(x, y) and in the present case d_+(x, y) ≈ |x| + |y|. Thus, the first term in (4.26) and the term (4.27) are dominated by the right hand side of (4.45).

To finish the proof, it suffices to show that the second term (and similarly, the third term) in (4.26) is dominated by the last term of (4.45), that is

H(y, t) V_i( √ t) exp � −c d^2_+(x, y) t � ≤ C V_i(x, √ t) exp � −c^′ d^2(x, y) t � . As H (y, t) ≤ 1, this follows from Remark 4.12.

4.5 Examples Let us assume, under the hypotheses of Theorem 4.9, that

V_i(r) ≈ � r^{Ni} , if r > r_0 r^N , if r ≤ r_0 , where all N_i > 2. By definition (4.12), we have

V_0(r) ≈ � r^n, if r > r_0 r^N , if r ≤ r_0 , where n := min_i N_i > 2.

By definition (4.19) we have, for any x ∈ E_i,

H(x, t) ≈ 1 |x|^{Ni−2} . Thus, the estimates (4.44) and (4.45) yield, for t > t_0 := r^2_0, x ∈ E_i, y ∈ E_j ,

p(t, x, y) ≤ C � 1 t^{n/2} |x|^{Ni−2} |y|^{Nj −2} + 1 t^{Ni /2} |y|^{Nj −2} + 1 t^{Nj /2} |x|^{Ni−2} � exp � −c d^2(x, y) t � (4.48)

when i ≠ j, i, j ≥ 1, and

p(t, x, y) ≤ C t^{n/2} |x|^{Ni−2} |y|^{Ni−2} exp � −c |x|^2 + |y|^2 t � + C t^{Ni /2} exp � −c d^2(x, y) t � (4.49)

when i = j ≥ 1. These upper bounds yield the estimates (1.14) and (1.19) of the Introduction.

Note that if N_i or N_j is equal to n (which is the case when M has only two ends), then (4.48) simplifies to

p(t, x, y) ≤ C � 1 t^{Ni /2} |y|^{Nj −2} + 1 t^{Nj /2} |x|^{Ni−2} � exp � −c d^2(x, y) t � . This gives (1.6).

5 Lower bounds

5.1 Parabolic Harnack inequality Fix R_0 ∈ (0, +∞] and consider the following property of a weighted manifold (M, μ), which in general may be true or not:

(P H_{R0} ) The parabolic Harnack inequality (up to scale R_0): there exists C > 0 such that any positive solution u(t, x) of the heat equation ∂_tu = Lu in a cylinder

Q = (τ, τ + 4T ) × B(x_0, 2R),

Figure 11: Cylinders Q_+ and Q_−

where x_0 ∈ M, 0 < R < R_0, T = R^2, and τ ∈ (−∞, +∞), satisfies the inequality

sup_{Q−} u(t, x) ≤ C inf_{Q+} u(t, x) , (5.1)

where

Q_− = (τ + T, τ + 2T ) × B(x_0, R), Q_+ = (τ + 3T, τ + 4T ) × B(x_0, R).

For simplicity, we will write (P H) for (P H_∞). For example, (P H) holds for Riemannian manifolds with non-negative Ricci curvature (see [48]). Moreover, (P H) still holds if the weighted manifold M is quasi-isometric to a manifold of non-negative Ricci curvature and σ, σ^{−1} are uniformly bounded on M (see [31, 55]). Other examples are described in [55] and [57].

Consider also the following properties of M which, in general, may be true or not.

(P I) The Poincaré inequality: for any x ∈ M, r > 0 and for any function f ∈ C^1(B(x, 2r)) � B(x,2r)

|∇f|^2 dμ ≥ c r^2 inf_{ξ∈R} � B(x,r)

(f − ξ)^2 dμ . (5.2)

(ULE) The upper and lower estimate of the heat kernel: for all x, y ∈ M, t > 0,

c_2 V (x, √ t) exp(−C_2 d^2 t ) ≤ p(t, x, y) ≤

C_1 V (x, √ t) exp(−c_1 d^2 t ) , (5.3)

where d = d(x, y).

The following theorem combines results of [31] and [55]. For this statement, recall that (V D) and (RF K) are defined Section 4.1.

Theorem 5.1 Let (M, μ) be a complete weighted manifold. Then the following is true:

1. (V D) + (P I) ⇐⇒ (P H) ⇐⇒ (ULE).

2. (V D) + (P I) =⇒ (RF K).

Remark 5.2 Clearly, assertion 2 follows from assertion 1 and Theorem 4.2.

Theorem 5.1 admits an extension treating (P H_{R0} ) with R_0 < ∞. In this case, (V D) and (P I) are also restricted to balls of radii < R_0, and (ULE) holds for all x, y ∈ M and t < R^2_0 (see [2, 53, 31, 33, 55, 57] or [58, Section 5.5.1]).

The following standard consequence of (P H_{R0} ) will be useful (see [58, Corollary 5.4.4]).

Lemma 5.3 Assume that M satisfies (P H_{R0} ) for some R_0 > 0 and let u (t, x) be a positive solution to the heat equation ∂_tu = Lu in (0, ∞) × M. Then, for all positive ρ, c, C there exists a constant a = a (ρ, c, C) > 0 such that

u(t, x) ≥ au(s, y) if t > s ≥ cρ^2 , cρ^2 ≤ t − s ≤ Cρ^2 , d(x, y) ≤ Cρ. (5.4)

5.2 Dirichlet heat kernel For any open set Ω of a complete weighted manifold (M, μ), the Dirichlet heat kernel p_Ω in Ω satisfies p_Ω(t, x, y) ≤ p(t, x, y). (5.5) The next theorem provides for non-parabolic manifolds a lower bound for p_Ω, which matches the upper bound (5.5).

Theorem 5.4 ([38, Theorem 3.3])Let (M, μ) be a non-parabolic, complete weighted manifold. Assume that the parabolic Harnack inequality (P H) holds on (M, μ). Let K ⊂ M be a compact set and Ω := M \ K. Then there exists δ > 0 and, for each t_0 > 0, there exist positive constants C and c such that, for all t ≥ t_0 and all x, y /∈ K_δ,

p_Ω(t, x, y) ≥ c V (x, √ t) exp � −C d^2(x, y) t � . (5.6)

Remark 5.5 Recall that (P H) implies the upper bound (ULE). Thus, under the hypotheses of Theorem 5.4, inequality (5.5) implies that, for all x, y /∈ K and t > 0,

p_Ω(t, x, y) ≤ C V (x, √ t) exp � −c d^2(x, y) t � . (5.7)

Hence the lower bound (5.6) is, in a sense, optimal. Furthermore (5.6) means that the Dirichlet heat kernel p_Ω(t, x, y) is essentially of the same order of magnitude than the global heat kernel p(t, x, y). This hangs on the transience of the process X_t which escapes to infinity without touching K, with a positive probability. Therefore, the influence of the killing condition on the boundary ∂K becomes negligible in the long term. If, instead, the process X_t is recurrent then p_Ω may be substantially smaller than p (see [43]).

Remark 5.6 Since the heat kernel p_Ω(t, x, y) is symmetric in x, y, (5.6) implies also the symmetric inequality p_Ω(t, x, y) ≥ c V (y, √ t) exp � −C d^2(x, y) t � . (5.8)

5.3 Hitting probability Theorem 4.4 gives an upper bound for the hitting probability ψ_K (t, x). Here we will also need a lower bound.

Theorem 5.7 ([39, Theorem 4.4]) Let (M, μ) be a complete non-compact non-parabolic weighted manifold satisfying (P H), and let K be a compact subset of M with non-empty interior. Then, for any δ > 0 and for all x /∈ K_δ , t > 0,

cH_∗(x, t) exp � −C |x|^2 t � ≤ ψ_K (t, x) ≤ CH_∗(x, t) exp � −c |x|^2 t � , (5.9)

where |x| and H_∗(x, t) are as in Section 4.2.

For the application of this theorem, we will need the following elementary lemma.

Lemma 5.8 On an arbitrary manifold M, we have, for all x ∈ M and t > 0,

H_∗(x, 2t) ≤ 2H_∗(x, t).

Proof. We have (see definition (4.9) of H_∗)

H_∗(x, t) := min � 1, r^2 V (r) + �_t

r^2 ds V ( √ s) � + � , where V (r) := V (o, r), o ∈ K is a fixed point, and r = |x| > 0. It suffices to show

r^2 V (r) + �_{2t}

r^2 ds V ( √ s) � + ≤ 2r^2 V (r) + 2 �_t

r^2 ds V ( √ s) � + . (5.10)

We will use only the fact that the function V (r) is increasing. If t ≤ r^2 then (5.10) follows from �_{2t}

r^2 ds V ( √ s) ≤ r^2 V (r) . If t > r^2 then, by change of variable s = ξ/2, we obtain 2 �_t

r^2 ds V ( √ s) ≥ �_{2t}

2r^2 dξ V ( √ ξ) and �_{2t}

r^2 ds V ( √ s) − 2 �_t

r^2 ds V ( √ s) ≤ �_{2t}

r^2 ds V ( √ s) − �_{2t}

2r^2 ds V ( √ s) = �_{2r}2

r^2 ds V ( √ s) ≤ r^2 V (r) , whence (5.10) follows.

5.4 Full lower bounds

This section applies the results of Section 3, 5.2, and 5.3 to obtain global lower bounds for the connected sum M = M_1#M_2#...#M_k. We start with a simple lemma dealing with the small time behavior of the heat kernel.

Lemma 5.9 Assume that (M, μ) is a connected sum of complete non-compact weighted manifolds (M_i, μ_i), i = 1, 2, ..., k, each of which satisfies (P H). Then, for all x, y ∈ M and t > 0, For any finite R_0, the manifold M satisfies (P H_{R0} ). Moreover, for any finite t_0 there exist positive constants c, C such that for 0 < t ≤ t_0 and all x, y ∈ M, c V (x, √ t) exp � −C d^2(x, y) t � ≤ p(t, x, y) ≤ C V (x, √ t) exp � −c d^2(x, y) t � . (5.11)

Proof. Let first R_0 be so small that any ball of radius 2R_0 on M lies either in one of the ends E_i or in E_0. Then one can apply either the Harnack inequality from M_i or the one from E_0 which holds just due to the compactness of E_0. By a standard chaining argument, (P H_{R0} ) holds to any finite R_0. The estimate (5.11) follows then from Theorem 5.1 and Remark 5.2. Note that no hypotheses concerning the parabolicity/non-parabolicity of the ends are required for Lemma 5.9.

In the rest of this section we use the same notation as in Sections 2.2, 4.3, and 4.4. In particular, the function H on M is defined at (4.19).

Theorem 5.10 Assume that (M, μ) is a connected sum of complete non-compact weighted manifolds (M_i, μ_i), i = 1, 2, ..., k, each of which satisfies (P H). Assume further that each (M_i, μ_i) is non-parabolic. Then, for all x, y ∈ M and t > 0,

p(t, x, y) ≥ c � H(x, t)H(y, t) V_0( √ t) + H(y, t) V_{ix} ( √ t) + H(x, t) V_{iy} ( √ t) � exp � −C d^2_+(x, y) t � (5.12)

+ c � V_{ix} (x, √ t)V_{iy} (y, √ t) exp � −C d^2_∅(x, y) t � . (5.13)

Remark 5.11 Since (P H) implies (RF K) and the non-parabolicity of one end (M_i, μ_i) implies the non-parabolicity of (M, μ) (see [35, Proposition 14.1]), the heat kernel upper bound (4.26)- (4.27) of Theorem 4.9 applies in the present setting. The upper bound (4.26)-(4.27) matches the lower bound (5.12)-(5.13).

Remark 5.12 In (5.12) one can replace V_{ix} ( √ t) and V_{iy} ( √ t) respectively by V_{ix} (x, √ t) and V_{iy} (y, √ t) (see Remark 4.12).

Remark 5.13 The term � V_{ix} (x, √ t)V_{iy} (y, √ t) in (5.13) can be replaced by either V_{ix} (x, √ t) or V_{iy} (y, √ t) – see Remark 4.13.

We precede the proof by a series of lemmas in which the hypotheses of Theorem 5.10 are always implicitly assumed. It will be useful to choose the neighborhood E_0 of K as follows. By Theorem 5.4 applied to M_i, there exists δ_i > 0 such that, for all x, y ∈ E_i \ K_{δi} and t ≥ t_0

p_{Ei} (t, x, y) ≥ c V_i(x, √ t) exp � −C d^2_i (x, y) t � , (5.14) where t_0 > 0 is arbitrary. Set δ = max_{1≤i≤k} δ_i

and choose E_0 so that it contains K_δ.

Lemma 5.14 Fix t_0 > 0. For all x, y ∈ E_i, i ≥ 1, and t ≥ t_0,

p(t, x, y) ≥ c V_i(x, √ t) exp � −C d^2(x, y) t � . (5.15)

Proof. Observe that, for all x, y ∈ E_i and t > 0,

p(t, x, y) ≥ p_{Ei} (t, x, y), (5.16)

where p_{Ei} is the Dirichlet heat kernel of E_i. For x, y ∈ E^′_i := E_i \ K_δ, we have d (x, y) ≈ d_i (x, y). Hence, for such x, y, (5.15) follows from (5.14) and (5.16).

In general, for x, y ∈ E_i and t ≥ t_0, find the points x^′ ∈ E^′_i and y^′ ∈ E^′_i such that d(x, x^′) ≤ 2δ and d(y, y^′) ≤ 2δ.

Figure 12: Points x, y ∈ E_i and x^′, y^′ ∈ E^′_i

By Lemma 5.9, M satisfies (P H_{R0} ) for any finite R_0. Setting t^′ = t − t_0/4 and t^{′′} = t − t_0/2 and applying (5.4) twice, we obtain

p(t, x, y) ≥ cp(t^′, x^′, y) ≥ c^′p(t^{′′}, x^′, y^′) ≥ c V_i(x^′, √ t^{′′}) exp � −C d^2(x^′, y^′) t^{′′} � , where we have used (5.15) for p(t^{′′}, x^′, y^′). Inequality (5.15) for p(t, x, y) follows from t^{′′} ≈ t,

d^2(x^′, y^′) ≤ C(d^2(x, y) + δ^2), and V_i(x^′, √ t^{′′}) ≤ CV_i(x, √ t), (5.17) which is a consequence of (V D).

Lemma 5.15 Fix t_0 > 0. For all x, y ∈ E_0 and all t ≥ t_0,

p(t, x, y) ≥ c V_0( √ t) . (5.18)

Proof. Fix t ≥ t_0 and choose i ≥ 1 so that (see the definition of V_0 at (4.12))

V_0( √ t) = V_i( √ t). Fix a point z ∈ E_i ∩ E_0. Using (5.4) observe that, for all x, y ∈ E_0 and t ≥ t_0,

p(t, x, y) ≥ cp(t^′, z, z),

where t^′ = t − t_0/2. By Lemma 5.14 and the doubling property (V D) in M_i, we have

p(t^′, z, z) ≥ c V_i(z, √ t^′) ≥ c^′ V_i(z, √ t) . Applying again the doubling property (V D) in M_i, we get

V_i(z, √ t) ≤ CV_i(o_i, √ t) = CV_i �√ t � = CV_0 �√ t � . Combining the above three estimates, we obtain (5.18).

Lemma 5.16 Fix t_0 > 0. For all x, y ∈ M and t ≥ t_0, we have

p(t, x, y) ≥ cH(x, t)H(y, t) V_0( √ t) exp � −C |x|^2 + |y|^2 t � . (5.19)

Proof. Case 1. Assume x, y ∈ K. Then (5.19) follows from Lemma 5.15 and H ≤ 1. By symmetry, we can now assume y /∈ K.

Case 2. Assume that x ∈ E_i and y ∈ E_j (where i, j ≥ 1 may be equal or not) and apply Theorem 3.5 with Ω_1 = E_i and Ω_2 = E_j (see Fig. 13). Using also Theorem 5.7, Lemma 5.8, (4.20) and Lemma 5.15, we obtain, for t ≥ t_0/2,

p(t, x, y) ≥ � inf s∈[t/4,t]

inf_{v,w∈K} p(s, v, w) � ψ_K (t/4, x)ψ_K (t/4, y) ≥ c V_0( √ t) H(x, t)H(y, t) exp � −C |x|^2 + |y|^2 t � .

Figure 13: Points x ∈ E_i and y ∈ E_j

Case 3. Finally, assume x ∈ K and y ∈ E_j, j ≥ 1. Let x^′ be a fixed point in E_j ∩ E_0 (hence at bounded distance from x). By Case 2, for t ≥ t_0 and t^′ := t − t_0/2, we have p � t^′, x^′, y � ≥ c V_0( √ t) H(x, t)H(y, t) exp � −C |x|^2 + |y|^2 t � , where we have used H (x^′, t) ≈ H (x, t) ≈ 1 and |x^′| ≈ |x| ≈ 1. By the local Harnack inequality (5.4), we have p (t, x, y) ≥ cp � t^′, x^′, y � , whence (5.19) follows.

Lemma 5.17 Fix t_0 > 0. For all x, y ∈ M and t ≥ t_0, we have

p(t, x, y) ≥ cH(x, t) V_{iy} ( √ t) exp � −C |x|^2 + |y|^2 t � . (5.20)

Proof. Case 1. Assume y ∈ E_0. Then (5.20) follows from (5.19) because H (y, t) ≈ 1 and V_{iy} �√ t � ≥ V_0 �√ t � . Case 2. Assume that x, y /∈ E_0. Then, for some i, j ≥ 1, we have x ∈ E^′_i := E_i \ K_δ and y ∈ E^′_j. Lemma 3.1 with Γ = K and Ω = M \ K gives

p(t, x, y) ≥ inf_{t/2≤s≤t} z∈K p(s, z, y)ψ_K (t/2, x).

Figure 14: Points y ∈ E^′_j , z ∈ K and z^′ ∈ E_0 ∩ E^′_j

Fix z^′ ∈ E_0 ∩ E^′_j . As z^′ ∈ E_0 and z ∈ K (see Fig. 14), the local Harnack inequality (5.4) yields p(s, z, y) ≥ cp(s^′, z^′, y),

for all s ≥ t_0/2 and s^′ = s − t_0/4. Since

p(s^′, z^′, y) ≥ p_{Ej} (s^′, z^′, y),

we obtain, for all t ≥ t_0,

p(t, x, y) ≥ c inf_{t/4≤s′≤t} p_{Ej} (s^′, z^′, y)ψ_K (t/2, x). (5.21)

As x ∈ E^′_i, Theorem 5.7 gives the lower bound for ψ_K (t/2, x). As y and z^′ are in E^′_j , Theorem 5.4 gives the lower bound for p_{Ej} (s^′, z^′, y). Using also s^′ ≈ t and d_j (y, z^′) ≤ C |y|, (5.21) gives

p(t, x, y) ≥ cH(x, t/2) V_j (y, √ t) exp � −C |x|^2 + |y|^2 t � . Finally, by Remark 4.12, Lemma 5.8 and (4.20), we obtain (5.20).

Case 3. Assume x ∈ E_0 and y /∈ E_0. Fix a point x^′ in M \ E_0. By the local Harnack inequality (5.4), we have p (t, x, y) ≥ cp � t^′, x^′, y � where t^′ = t − t_0/2. Using the previous case to estimate p (t^′, x^′, y) and noticing that H (x, t) ≈ H (x^′, t) ≈ 1, we finish the proof.

Proof of Theorem 5.10. Fix t_0 > 0 and let E_0 be large enough so that is contains K^√_{t0} . Let us assume t ≤ t_0 and deduce the estimate (5.12)-(5.13) from the lower bound in (5.11) of Lemma 5.9 and its symmetric version in x, y. Since H ≤ 1, d(x, y) ≤ d_+(x, y), it suffices to prove

V (x, √ t) ≤ CV_{ix} (x, √ t) and V (x, √ t) ≤ C_εV_0( √ t) exp � ε d_+(x, y)^2 √ t � , ∀ε > 0. (5.22)

If x ∈ E_0 then all the functions V (x, √ t), V_0( √ t), V_{ix} (x, √ t) are of the order t^{N/2}. Assume that x ∈ E_i \ E_0 for some i ≥ 1. Then B(x, √ t) ⊂ E_i and

V (x, √ t) = V_i(x, √ t), which proves the first inequality in (5.22). Next, by (4.5) we have

V (x, √ t) V_i(o_i, √ t) = V_i(x, √ t) V_i(o_i, √ t) ≤ C_ε exp � ε d^2_i (x, o_i) √ t � ≤ C_ε exp � Cε d^2_+ (x, y) √ t � . Finally, since V_i � o_i, √ t � ≈ V_0 �√ t � ≈ t^{N/2}, (5.22) follows.

Let now t ≥ t_0. Note that d_∅ (x, y) is finite only when x, y are in the same end, say E_i. This is the only case when we need to prove (5.13), and it follows from Lemma 5.14, its symmetric version in x, y, and d (x, y) ≤ d_∅ (x, y). We are left to prove (5.12). If both x, y ∈ E_0 then this follows from Lemma 5.15. If one of the points x, y is outside E_0 then d_+ (x, y) ≈ |x| + |y|, and (5.12) follows by adding up the inequalities (5.19) of Lemma 5.19, (5.20) of Lemma 5.17 and its symmetric version in x, y.

The next corollary gives lower bounds for x, y in different regions of M. Taken together, they are equivalent to the lower bound of Theorem 5.10 but are more explicit. These lower bounds match case by case the upper bounds of Corollary 4.16.

Corollary 5.18 Referring to the setting of Theorem 5.10, the following estimates of p(t, x, y) hold.

0. For any fixed t_0 > 0, if t ≤ t_0 and x, y ∈ M then

p(t, x, y) ≥ c V (x, √ t) exp � −C d^2(x, y) t � .

1. If x, y ∈ E_0, then, for all t > 0,

p(t, x, y) ≥ c V_0( √ t) exp � −C d^2 (x, y) t � .

2. If x ∈ E_i, i ≥ 1, y ∈ E_0 then, for all t > 0,

p(t, x, y) ≥ c � H(x, t) V_0( √ t) + 1 V_i( √ t) � exp � −C d^2 (x, y) t � .

3. If x ∈ E_i, y ∈ E_j , i ≠ j, i, j ≥ 1 then, for all t > 0,

p(t, x, y) ≥ c � H(x, t)H(y, t) V_0( √ t) + H(x, t) V_j( √ t) + H(y, t) V_i( √ t) � exp � −C d^2 (x, y) t � .

4. If x, y ∈ E_i, i ≥ 1, then, for all t > 0,

p(t, x, y) ≥ cH(x, t)H(y, t) V_0( √ t) exp � −C |x|^2 + |y|^2 t � + c V_i(x, √ t) exp � −C d(x, y)^2 t � . (5.23)

Proof. Part 0 coincides with the lower bound of Lemma 5.9. This lemma implies also Part 1 for t ≤ t_0 because V_0 �√ t � ≈ V � x, √ t � for bounded x and t. For t > t_0, Part 1 follows from Lemma 5.15.

In Part 2, if |x| is bounded then the estimate follows from Part 1. If |x| is large enough then d_+ (x, y) ≈ d (x, y), and the estimate follows from Theorem 5.10 and H (y, t) ≈ 1.

Part 3 also follows from Theorem 5.10 because in this case d_+ (x, y) = d (x, y). Part 4 for t ≥ t_0 follows by adding up the estimates of Lemmas 5.14 and 5.16. If t < t_0 then the second term in (5.23) dominates because by (4.5)

V_i � x, √ t � V_0 �√ t � ≈ V_i � x, √ t � V_i �√ t � ≤ C_ε exp � ε d^2_i (x, o_i) t � ≤ C_ε exp � ε |x|^2 t �

and |x| + |y| ≥ d (x, y). Then (5.23) follows from Part 0 and the first inequality in (5.22).

Remark 5.19 In the proofs in this section, we have used some lower bounds for the heat kernel obtained in Section 3, namely, the middle term in (3.4) (Lemma 3.1) and the last term in (3.24) (Theorem 3.5). Alternatively, we could have used the full estimate (3.24)-(3.25) of Theorem 3.5. However, this would require using the lower estimates of the time derivative ψ^′_K (t, x) obtained in [39]. These estimates are more involved than the estimates of ψ_K (t, x) given by Theorem 5.7.

5.5 Examples Assume that each M_i is a complete non-compact Riemannian manifold of non-negative Ricci curvature equipped with its Riemannian measure μ_i. Assume in addition that �_∞ dt V_i(x, √ t) < ∞ so that each M_i is non-parabolic. Then all hypotheses of Theorem 5.10 are satisfied, and we have the heat kernel lower bounds on M = M_1#M_2#...#M_k implied by this theorem. For the case when V_i(r) ≈ � r^N , r ≤ 1, r^{Ni} , r > 1

with N_i > 2, the upper bounds for p were considered in Example 4.5. Now Theorem 5.10 yields the matching lower bounds, which proves the estimates (1.15), (1.20) of the Introduction.

Another source of examples are domains in Euclidean space with ends isometric to convex domains of revolution. For instance, in R^3 with coordinates x = (x_1, x_2, x_3), set x^i = (x_j , x_k), i, j, k ∈ {1, 2, 3}, i ∉ {j, k}, j < k, and ‖x^i‖ = � x^2_j + x^2_k. For i = 1, 2, 3, consider the (closed) domains of revolution

D_i = {x = (x_1, x_2, x_3) : x_i ≥ 0, ‖x^i‖ ≤ f_i(x_i)}

where the functions f_i are smooth, concave with f_i(0) = 0 and all derivatives equal to +∞ at 0. Let M be the closure of a domain in R^3 such that there exists a compact K ⊂ M for which M \ K has 3 connected components E_1, E_2, E_3 with E_i isometric to the complement of a compact set in D_i. Thus, M = D_1#D_2#D_3. Convex domains in R^n satisfy (V D), (P I) and (P H). Hence Theorems 4.9 and 5.10 apply and yield matching upper and lower bounds for the heat kernel on M. Assume for instance that for each i and r ≥ 1, f_i(r) ≤ r. Then, in the notation of Theorems 4.9 and 5.10, for i = 1, 2, 3 and r ≥ 1, we have

V_i(r) ≈

�_r 0 f_i(s)^2ds ≈ rf_i(r)^2.

In particular, if f_i(r) = � r log^α_i (2 + r), α_i > 0, then for r large enough

V_i(r) ≈ r^2 log^{αi} r.

Of course, examples with more than 3 ends are easily constructed in a similar fashion.

More generally, consider a weighted manifold M = M_1# . . .#M_k satisfying the hypothesis of Theorem 5.10 and such that for all i = 1, 2, ...k,

V_i(r) ≈ r^2 log^{αi} r , ∀r > 2, (5.24)

where α_i > 1. Set α = min_i α_i. Clearly, by (4.12) we have,

V_0(r) ≈ r^2 log^α r , ∀r > 2.

Therefore, by Theorems 4.9 and 5.10, the long term behavior of the heat kernel is given by

p(t, x, y) ≈ 1 V_0( √ t) ≈ 1 t log^α t

, t → ∞.

Let us compute H(x, t) assuming x ∈ E_i and |x| > 2. Definition (4.19) of H gives

H(x, t) ≈ log^{−αi} |x| + � log^{1−αi} |x|^2 − log^{1−αi} t � + . (5.25)

In particular, one has H(x, t) ≈ log^{−αi} |x| if |x| ≥ c √ t (5.26) and H(x, t) ≈ log^{1−αi} |x| if |x| ≤ Ct^ε, ε < 1/2. (5.27) Suppose now that x ∈ E_i, y ∈ E_j , i ≠ j, i, j ≥ 1, and

|x| ≤ C √ t and |y| ≤ C √ t. (5.28)

Hence, Corollary 4.16(3) and Corollary 5.18(3) yield

p(t, x, y) ≈

H(x, t) t log^{αj} t + H(y, t) t log^{αi} t + H(x, t)H(y, t) t log^α t

. (5.29)

Let t be large enough. For |x| ≈ |y| ≈ √ t, (5.26) and (5.29) give

p(t, x, y) ≈ 1 t log^{αi+αj} t . For |x| ≤ Ct^ε and |x| ≤ Ct^ε with ε < 1/2, (5.29) and (5.27) give

p(t, x, y) ≈ 1 t log^{αj} t log^{αi−1} |x| + 1 t log^{αi} t log^{αj −1} |y| + 1 t log^α t log^{αi −1} |x| log^{αj −1} |y| . In particular, if |x| ≈ |y| ≈ t^ε with ε < 1/2 then

p(t, x, y) ≈ 1 t log^{αi+αj −1} t . Remark 5.20 In the examples above, the ends can easily be ordered according to their volume growth and, in particular, one can identify the “smallest ” end (or ends). However, in the settings of Theorems 4.9 and 5.10, it is well possible that no such ordering exists. Indeed, one can construct two pointed manifolds (M_1, o_1), (M_2, o_2), both satisfying (P H) and such that the volume functions V_i(r) = V_i(o_i, r) satisfy

lim sup r→∞ V_1(r) V_2(r)

= lim sup r→∞ V_2(r) V_1(r)

= ∞.

Nevertheless, Theorems 4.9 and 5.10 yield matching upper and lower bounds for the heat kernel of M_1#M_2.

6 The mixed case

This section is devoted to heat kernel estimates on connected sums M = M_1# . . .#M_k when manifold M is nonparabolic but some of the ends M_i’s are parabolic (recall that M is nonparabolic if and only if at least one of the M_i’s is non-parabolic [35, Proposition 14.1]) The case when M is parabolic (i.e., all M_i’s are parabolic) will be treated in a forthcoming paper [43] (a special case is considered in Section 7 below).

6.1 Harmonic functions

Let (M, μ) be a weighted manifold. We say that a function u defined in a region Ω ⊂ M is harmonic if Δ_μu = 0 in Ω. If the boundary δM is non-empty, then we require in addition that u satisfies the Neumann boundary condition on δΩ := Ω ∩ δM, that is ∂u ∂n � � �_{δΩ} = 0. (6.1)

For the purposes of this section, we need to be able to construct a harmonic function in an exterior domain with a controlled rate of growth at infinity. For that, we introduce a new geometric assumption. Fix a reference point o ∈ M and consider the following condition that in general may be true or not:

(RCA) Relative connectedness of the annuli: there exists A > 1 such that, for all R large enough and for any two points x, y ∈ M both at distance R from o, there is a continuous path γ connecting x to y and staying in the annulus B(o, AR) \ B(o, R/A) (see Fig. 15).

Figure 15: A path γ connecting x and y in the annulus

In particular, M has property (RCA) if the annuli B(o, AR)\B(o, R/A) are connected. Note that, although property (RCA) is defined for a pointed manifold (M, o), the role of the pole o is very limited. Indeed, (M, o) has property (RCA) if and only if (M, o^′) has it for some other point o^′ (the value of the constant A may change, as well as how large R has to be before the relevant connectedness property holds true).

Note that R^n satisfies (RCA) if and only if n ≥ 2. The manifolds R^n introduced above satisfy (RCA) for all n ≥ 1. It is easy to see that any two-dimensional convex surface in R^3 satisfies (RCA) provided it is complete and unbounded. It was shown in [51] that any complete weighted manifold M satisfying the Poincaré inequality (P I), the doubling volume property (V D), and the condition V (o, r) V (o, s) ≥ c �r s �_N , for some point o ∈ M, and all r > s > 1, where c > 0 and N > 2, satisfies (RCA) (see also a previous result of [44, Proposition 4.5]).

The following statement is a consequence of [38, Lemma 4.5].

Lemma 6.1 If a complete weighted manifold M satisfies (P H) and (RCA) then, for any nonempty compact set K ⊂ M with smooth boundary, there exists a non-negative continuous function u on M such that u = 0 on K, u is positive and harmonic in M \ K and satisfies the following estimate

u(x) ≈

�_r2 1 ds V (o, √ s) , for all large enough r = d (x, o).

Note that in the case when M is non-parabolic, the function u is bounded while in the parabolic case u (x) → ∞ as x → ∞.

From now on, let M = M_1#...#M_k be a connected sum as in Section 2.2. As before, let K be the central part of M, that is, a compact set with smooth boundary such that M \ K is the disjoint union of k connected components E_1, ...E_k (the ends with respect to K), and each end E_i is identified with the complement of a compact set in M_i. Define a subset I ⊂ {1, . . ., k} by

i ∈ I ⇐⇒ M_i is parabolic. (6.2)

The structure of various spaces of harmonic functions on complete Riemannian manifolds with finitely many ends has been studied in [59], and these results are easily extended to weighted manifolds. The following statement is a consequence of [59, Lemma 3.1 and Proposition 2.7].

Proposition 6.2 Let M = M_1# . . .#M_k be a connected sum of complete weighted manifolds (M_i, μ_i), and assume that M is non-parabolic. For each i ∈ I, let u_i be a non-negative continuous function on M which vanishes on M \ E_i and is harmonic on E_i. Then there exists a positive harmonic function h defined on all of M and such that |h − � i∈I u_i| is uniformly bounded on M. Note that the assumption that M is non-parabolic cannot be omitted. It is known (see [59] and the references therein) that each parabolic end E_i, i ∈ I, admits a continuous nonnegative harmonic function u_i vanishing on the boundary ∂E_i and such that sup_{Ei} u_i = ∞. Thus, Proposition 6.2 produces an unbounded positive harmonic function on M, whereas on any parabolic manifold any positive harmonic function is constant.

In what follows, we will use property (RCA) as one of our basic assumption on the components M_i of M. From this viewpoint, (RCA) is a very natural assumption. It implies that the ends E_i are connected at infinity, i.e., that M has exactly k “true ends”. Furthermore, it prohibits the situation when M_i consists of two “nearly” disjoint unbounded parts connected only by a rare sequence of small tubes.

Proposition 6.3 Let M = M_1# . . .#M_k be a connected sum of complete weighted manifolds (M_i, μ_i). Assume that M is non-parabolic and that, for each i = 1, . . ., k, M_i satisfies (P H). Assume further that, for each i ∈ I, M_i satisfies (RCA). Then there exists a positive harmonic function h on M such that, for all x ∈ M,

h(x) ≈ 1 +

�_{|x|2} 1 ds V_{ix} ( √ s) � + .

Remark 6.4 It follows from the above estimate of the function h that h(x) ≈ 1 if x stays in any non-parabolic end whereas h(x) → ∞ if x → ∞ within a parabolic end.

Proof. For each i ∈ I, manifold M_i satisfies the hypotheses of Lemma 6.1. Hence, there is a continuous function u_i on M that vanishes on M \ E_i, is positive and harmonic on E_i, and satisfies the estimate

u_i(x) ≈

�_{|x|}2 1 ds V_i( √ s) . for all x ∈ E_i and |x| large enough. Applying Proposition 6.2, we obtain a desired harmonic function h.

6.2 Doob’s transform Let (M = M_1# . . .#M_k, μ) be a connected sum of complete non-compact weighted manifolds (M_i, μ_i). Let h be an arbitrary positive harmonic function on M. We can then consider the new weighted manifold ~M = (M, ~μ) where

d~μ = h^2dμ.

Moreover, by restricting h to E_i = M_i \ K_i and extending the resulting function smoothly to a function h_i defined on M_i, i ∈ {1, . . ., k}, we obtain new weighted manifolds ~M_i = (M_i, ~μ_i) where d~μ_i = h^2_i dμ_i and such that

~M = ~M_1# . . .# ~M_k .

As h is harmonic on M, the weighted Laplacian ~L = L_{~μ} = h^{−2}div_μ(h^2∇)

of ~M is related to the weighted Laplacian L of M by the formula ~L = h^{−1} ∘ L ∘ h.

This implies that the heat kernels on M and ~M are related exactly by

~p(t, x, y) = p(t, x, y) h(x)h(y)

. (6.3)

Thus, in this situation, any estimate of ~p(t, x, y) translates easily into an estimate of p(t, x, y).

Proposition 6.5 Let M = M_1# . . .#M_k be a connected sum of complete non-compact weighted manifolds (M_i, μ_i). Assume that M is non-parabolic and that, for each i = 1, . . ., k, M_i satisfies (P H). Assume further that, for each i ∈ I, M_I satisfies (RCA). Let h be the harmonic function from Proposition 6.3 and let ~M_i = (M_i, ~μ_i), i = 1, . . ., k, be the corresponding weighted manifolds constructed as above. Then each ~M_i, i = 1, . . ., k, is non-parabolic and satisfies (P H).

Proof. This is essentially [38, Lemma 4.8]. More precisely, if i is such that M_i is nonparabolic then h_i ≈ 1. It then follows that ~M_i is still non-parabolic and satisfies (P H) (see Theorem 5.1). If instead i is such that M_i is parabolic, that is, i ∈ I, then

h_i(x) ≈ 1 +

�_{|x|2} 1 ds V_i( √ s) � + . In this case, the hypothesis that M_i satisfies (RCA) and (P H) (hence (V D)) together with [40, Theorem 5.7] shows that ~M_i satisfies (P H). A classical argument (see, e.g., the proof of [38, Lemma 4.8]) shows that ~M_i is non-parabolic.

6.3 Full two-sided bounds For a connected sum M = M_1# . . . #M_k satisfying the hypotheses of Proposition 6.5, let ~M, ~M_i, i ∈ {1, . . ., k} be the weighted manifolds constructed in Section 6.2 using the function h of Proposition 6.3. We will use a tilde ~ to denote objects relative to the manifold ~M. In particular, ~H denotes the function defined at (4.19) relative to ~M.

Proposition 6.5 allows us to apply Theorems 4.9 and 5.10 to ~M. This yields two-sided heat kernel estimates for ~p(t, x, y) which we can transfer to the heat kernel p(t, x, y) of M using (6.3). The resulting estimates are recorded in the following Theorem that gathers in one statement all the main results of this paper, that is, the upper bounds of Theorems 4.9 and the lower bounds of 5.10. Recall that I defined by (6.2), is the set of indices i such that M_i is parabolic.

Theorem 6.6 Let M = M_1# . . .#M_k be a connected sum of complete non-compact weighted manifolds M_i. Assume that M is non-parabolic and that each M_i, i = 1, . . ., k, satisfies (P H). Assume further that, for each i ∈ I, M_i satisfies (RCA). Referring to the weighted manifolds ~M_i introduced above, the heat kernel p(t, x, y), t > 0, x, y ∈ M, of the weighted manifold M satisfies

p(t, x, y) ≤ Ch(x)h(y) � ~H(x, t) ~H(y, t)

~V_0(√t) + ~H(x, t) ~V_{iy} (√t) + ~H(y, t) ~V_{ix} (√t) � exp � −c d^2_+(x, y) t �

+ Ch(x)h(y) � ~V_{ix} (x, √t) ~V_{iy} (y, √t) exp � −c d^2_∅(x, y) t �

and p(t, x, y) ≥ ch(x)h(y) � ~H(x, t) ~H(y, t)

~V_0(√t) + ~H(x, t) ~V_{iy} (√t) + ~H(y, t) ~V_{ix} (√t) � exp � −C d^2_+(x, y) t �

+ ch(x)h(y) � ~V_{ix} (x, √t) ~V_{iy} (y, √t) exp � −C d^2_∅(x, y) t �

Remark 6.7 In the estimates above one can replace ~V_{ix} ( √ t) and ~V_{iy} ( √ t) respectively by ~V_{ix} (x, √t) and ~V_{iy} (y, √t) (see Remarks 4.12 and 5.12). Similarly, � ~V_{ix} (x, √t) ~V_{iy} (y, √t) can be replaced by either ~V_{ix} (x, √ t) or ~V_{iy} (y, √ t) (see Remarks 4.13 and 5.13).

Remark 6.8 Any geodesically complete non-compact manifold M with asymptotically nonnegative sectional curvature can be written as M = M_1# . . .#M_k where each end M_i satisfies (P H) and (RCA) (cf. Example 2.1). Thus, Theorem 6.6 yields heat kernel bounds on any such manifold as long as it is non-parabolic. The same applies to manifolds with non-negative Ricci curvature outside a compact set, provided each end satisfies (RCA) (cf. Example 2.2).

Let us give some general formulas for computing the various terms in Theorem 6.6. For i = 0, 1, . . ., k, set

η_i(r) := 1 +

�_{r2} 1 ds V_i( √ s) � + (6.4)

and note that h(x) ≈ η_{ix} (|x|) ≥ c

|x|^2 V_{ix} (|x|)

. (6.5)

By [38, Lemma 4.8], we have, for x ∈ E_i, i = 0, 1, . . ., k,

~V_i(x, r) ≈ (η^2_i (|x|) + η^2_i (r))V_i(x, r). (6.6)

Hence ~V_i(r) ≈ η^2_i (r)V_i(r). (6.7) and ~H(x, t) ≈ |x|^2 η^2_{ix} (|x|)V_{ix} (|x|) + 1 η_{ix} (|x|) η_{ix} �√ t � �_t

|x|^2 ds V_{ix} ( √ s) � + . (6.8)

When comparing (6.8) with Definition 4.19 note that, by (6.5), the right-hand side of (6.8) is always bounded above so that there is no need to take the minimum with 1.

The following statement follows by inspection from the estimates of Theorem 6.6.

Corollary 6.9 Under the hypotheses and notation of Theorem 6.6, we have, for any fixed x, y ∈ M and all large enough t,

sup_{x′,y′} p � t, x^′, y^′ � ≈ max_i 1 V_i �√ t � sup_{y′} p � t, x, y^′ � ≈ max_i 1 V_i �√ t � η_i �√ t � p (t, x, y) ≈ max_i 1 V_i �√ t � η^2_i �√ t �. In particular, if I = ∅ then, for any fixed x, y ∈ M and all large t,

p (t, x, y) ≈ sup_{y′} p � t, x, y^′ � ≈ sup_{x′,y′} p � t, x^′, y^′ � ≈ max_i 1 V_i �√ t �. Using the parabolicity test (4.8) and its consequence that η_i (r) → ∞ as r → ∞ on any parabolic end, one can prove that if I ≠ ∅ then

lim inf t→∞ p (t, x, y) sup_y′ p (t, x, y^′)

= 0 and lim inf_{t→∞} sup_y′ p (t, x, y^′) sup_x′_{,y}′ p (t, x^′, y^′)

= 0.

Using the remarks from Section 2.2, we obtain the following.

Corollary 6.10 Let M be a complete non-parabolic Riemannian manifold without boundary. Assume that either M has asymptotically non-negative sectional curvature, or M has nonnegative Ricci curvature outside a compact set and each end satisfies (RCA). Then M has a parabolic end if and only if for some/any x, y ∈ M,

lim inf t→∞ p(t, x, y) sup_x′_{,y}′ p(t, x^′, y^′)

= 0.

6.4 Examples Example 6.11 Let M_1 = R^1 := R_+ × S^{N −1}, M_2 = R^3 and consider the connected sum M = R^1#R^3. We have, for r > 1,

V_1(r) ≈ r and V_2(r) ≈ r^3.

By (6.4), we obtain, for r > 1,

η_1(r) ≈ r and η_2(r) ≈ 1.

Then, by (6.7), ~V_i satisfies ~V_1(r) ≈ r^3 and ~V_2(r) ≈ r^3,

whence ~V_0(r) = min( ~V_1(r), ~V_2(r)) ≈ r^3.

Using (6.8) to compute ~H(x, t), we find that ~H(x, t) ≈ η_1(|x|)^{−1} if x ∈ E_1 and ~H(x, t) ≈ |x|^2/V_2(|x|) if x ∈ E_2. It follows that, for all x ∈ M and all t > 0, ~H(x, t) ≈ |x|^{−1}.

Hence, Theorem 6.6 yields the following estimates:

1. For x ∈ E_0 ∪ E_1, y ∈ E_0 ∪ E_2 and t ≥ 1, c t^{3/2} � 1 + |x| |y| � e^{−Cd2 (x,y)/t} ≤ p(t, x, y) ≤ C t^{3/2} � 1 + |x| |y| � e^{−cd2 (x,y)/t}. (6.9)

2. For x, y ∈ E_0 ∪ E_1 and t ≥ 1,

p(t, x, y) ≥ c |x| |y| � t(t + |y|^2)(t + |x|^2) e^{−Cd2 (x,y)/t} and p(t, x, y) ≤

C |x| |y| � t(t + |y|^2)(t + |x|^2) e^{−cd2 (x,y)/t}. (6.10)

Note that for |x| ≥ |y| ≥ √ t, the above two estimates reduce to c t^{1/2} e^{−Cd(x,y)2 /t} ≤ p(t, x, y) ≤ C t^{1/2} e^{−cd(x,y)2 /t}

as it should whereas for |x| ≈ √ t ≥ 1 and |y| ≈ t^ϵ, ϵ ∈ [0, 1/2], we get p(t, x, y) ≈ t^{−(1−ϵ)}.

3. For x, y ∈ E_0 ∪ E_2, and t ≥ 1, c t^{3/2} e^{−C d(x,y)} 2 t ≤ p(t, x, y) ≤ c t^{3/2} e^{−C d(x,y)} 2 t . (6.11)

In (6.9), the contributions of both ends R^1 and R^3 to the long time behavior of the heat kernel on M are of the same order t^{−3/2}. This may seem surprising in view of the heat kernel estimates (1.6)-(1.7) for the manifold R^n#R^m with n, m > 2, which contains both terms t^{−n/2} and t^{−m/2}. The explanation is that what counts for the manifold R^1#R^3 is the heat kernel long time behavior on ~R^1 rather than that on R^1. On ~R^1, we have ~V_1(r) ≈ r^3 and therefore a heat kernel behavior of order t^{−3/2}. This effect was first observed by E.B.Davies [25] in a model situation of a one-dimensional complex.

Example 6.12 Let us now generalize the previous example and describe a situation where the formulas (6.4), (6.7) and (6.8) can be simplified. Assume that, for r large enough and i ∈ I (i.e., E_i is a parabolic end), �_r2 1 ds V_i( √ s) ≈ r^2 V_i(r)

. (6.12)

Then, for r large enough, we have

η_i(r) ≈ r^2 V_i(r)

, ~V_i(r) ≈ r^4 V_i(r) ~V_{ix} (x, r) ≈ � |x|^4 V_i(|x|)^2 + r^4 V_i(r)^2 � V_{ix} (x, r)

~H(x, t) ≈ |x|^{−2} V_{ix} (|x|).

For example, (6.12) holds if V_i(r) ≈ r^{αi} with 0 < α_i < 2 in which case we obtain

η_i(r) ≈ r^{2−αi} , ~V_i(r) ≈ r^{4−αi} = r^{α∗i} ~V_{ix} (x, r) ≈ �|x|^{4−2α}ix + r^{4−2α}ix � V_{ix} (x, r)

≈ (|x|^{2α∗i}x^{−4} + r^{2α∗i}x^{−4})V_{ix} (x, r) ~H(x, t) ≈ |x|^αi^{−2} = |x|^{2−α∗}i

where α^∗_i := 4 − α_i.

We see that ~V_i(r) and ~H(x, t) behave like the corresponding functions on a non-parabolic manifold with volume growth r^{α∗i} . Hence, to some extent, the parabolic manifold with volume growth r^{αi} can be regarded as dual to the non-parabolic manifold with volume growth r^{α∗}i . This leads to the following statement.

Corollary 6.13 Referring to the setting of Theorem 6.6, assume further that for each manifold M_i there is a positive real n_i ≠ 2 such that V_i(r) ≈ r^{ni} for r ≥ 1. Set

n^∗_i := � 4 − n_i, n_i < 2 n_i, n_i > 2 and n := min_{1≤i≤k} n^∗_i .

1. If x ∈ E_0 ∪ E_i, y ∈ E_0 ∪ E_j , 1 ≤ i ≠ j ≤ k, and t ≥ 1 then

p(t, x, y) ≤ C � 1 t^{n/2} |x|^{n∗i −2} |y|^{n∗j −2} + 1 t^{n∗j /2} |x|^{n∗i −2} + 1 t^{n∗}i^{/2} |y|^{n∗j −2} �

× |x|^{(2−ni )+} |y|^{(2−nj )+} exp � −c d^2(x, y) t � (6.13) and p(t, x, y) ≥ c � 1 t^{n/2} |x|^{n∗i −2} |y|^{n∗j −2} + 1 t^{n∗j /2} |x|^{n∗i −2} + 1 t^{n∗}i^{/2} |y|^{n∗j −2} �

× |x|^{(2−ni )+} |y|^{(2−nj )+} exp � −C d^2(x, y) t � . (6.14)

2. If x, y ∈ E_i, 1 ≤ i ≤ k, and t ≥ 1 then

p(t, x, y) ≤

C(|x||y|)^{(2−ni)−} t^{n/2} exp � −c |x|^2 + |y|^2 t � (6.15) + � C |x| |y| (|x| + √ t)(|y| + √ t) �_{(2−ni )+} 1 � V_i(x, √ t)V_i(y, √ t) exp � −c d^2(x, y) t �

and p(t, x, y) ≥ c(|x||y|)^{(2−ni)−} t^{n/2} exp � −C |x|^2 + |y|^2 t � (6.16) + � c |x| |y| (|x| + √ t)(|y| + √ t) �_{(2−ni )+} 1 � V_i(x, √ t)V_i(y, √ t) exp � −C d^2(x, y) t � .

In particular, (6.13)-(6.14) gives (1.6)-(1.7) and (1.14)-(1.15) for the manifold

R^{N1} #R^{N2} #...#R^{Nk}

when all N_i are larger than 2. The estimate (6.9) for the manifold R^1#R^3 is also a straightforward consequence of (6.13)-(6.14). Similarly, (6.15)-(6.16) gives (1.19)-(1.20). It also gives (6.10)-(6.11) for R^1#R^3 although in that case there are additional simplifications due to the similarity of the behavior of both ends.

The long time asymptotic in Corollary 6.13 is determined by the term t^{−n/2} where n = min_i n^∗_i . This was noticed by Davies [25] for an one-dimensional complex, modelling manifolds with ends. If n_i > 2 for all i = 1, . . .k then n/2 can be interpreted as the exponent of the largest heat kernel of the M_i’s. However, in general this is not true. It turns out that t^{−n∗}i^{/2} is the long time decay rate of the Dirichlet heat kernel of E_i, that is, the heat kernel on E_i with the vanishing boundary condition on ∂E_i. Therefore, the term t^{−n/2} is determined in general by the largest Dirichlet heat kernel on the E_i’s. In fact, we have used precise estimates of the Dirichlet heat kernel on each E_i as crucial tools for the proof of the results described above.

Assume that x ∈ E_i, y ∈ E_j , 1 ≤ i ≠ j ≤ k. Consider the long time asymptotic regime |x| ≤ η(t), |y| ≤ η(t) where η is a positive function going to infinity slower than any positive power of t (see (1.9)). In this case, Corollary 6.13 gives

p(t, x, y) ≈ q(x, y) t^{n/2}

with

q(x, y) = |x|^{(2−ni)+} |y|^{(2−nj )+} × � � � � �

|y|^{2−n∗j} if n = n^∗_j < n^∗_i , |x|^{2−n∗i} if n = n^∗_i < n^∗_j |x|^{2−n∗i} + |y|^{2−n∗j} if n = n^∗_i = n^∗_j , |x|^{2−n∗i} |y|^{2−n∗j} if n < min{n^∗_i , n^∗_j }.

This generalizes (1.17) which treats the case where all n_i are greater than 2.

Next consider the medium time asymptotic regime when |x| , |y| ≈ √ t and t → ∞. In this case Corollary 6.13 gives

p(t, x, y) ≈ t^{[(2−ni )++(2−nj )+−n∗i −n∗j +2]/2}. (6.17)

If both n_i, n_j are greater than 2 then (6.17) gives p(t, x, y) ≈ t^{−(ni +nj )/2+1} as in (1.13). Similarly, if both n_i, n_j are less than 2 (in this case there must be another end that is non-parabolic) then (6.17) becomes p(t, x, y) ≈ t^{−(n∗i +n∗j )/2+1}. However, if n_i < 2 and n_j > 2 then (6.17) gives p(t, x, y) ≈ t^{−nj /2}. Thus, in this third case, the medium time asymptotic is determined only by the larger end, in contrast to the previous two cases where both ends contribute.

However, the most interesting paradoxical effect in (6.13)-(6.14) occurs if n_i < 2, n_j > 2, |x| ≈ √ t, and |y| ≈ 1. In this case, the middle term in (6.13)-(6.14) dominates and gives

p(t, x, y) ≈ t^{−1}, (6.18)

regardless of the exponents n_i, n_j ! Therefore, if x moves away at the rate √ t in a parabolic end and y stays in E_0, then p(t, x, y) ≈ t^{−1} is larger than p(t, y, y) ≈ p(t, u, v), u, v ∈ E_0, since the latter satisfies p(t, u, v) ≈ t^{−n/2}. Note that p(t, x, x) ≈ t^{−ni /2} in this situation. The explanation is that if x and y are close to the central part and t is large then the process X_t started at x tends to escape to infinity within the larger end so that its chances to loop back to y are relatively small. On the contrary, if X_t starts at the point x located at the smaller end at the distance √ t from the central part, then it cannot escape to infinity within this end because of its parabolicity. Hence, it moves towards the central part and hits y in time t with a higher probability. Note that, in this type of heuristic explanation, it is easy to forget that p(t, x, y) is symmetric!

To describe what the above estimates say concerning the approximate hot spot for fixed x and large t, consider the function

H(y) = p(t, x, y) sup_y′ p(t, x, y^′) . • If all manifolds M_i are non-parabolic then H (y) ≈ 1 on the set

{|y| ≈ 1} ∪ � {i:n_i =m} � y ∈ E_i : |y| ≤ C √ t �

where m = min n_i (see Fig. 16). Moreover, in this region

p (t, x, y) ≈ 1 V_0 �√ t � ≈ 1 t^{m/2}

≈ p (t, x, x) .

• If some M_i are parabolic and some non-parabolic then H (y) ≈ 1 on the set � {i∈I:n_i=m} � y ∈ E_i : |y| ≈ √ t � ,

where m = min n_i (see Fig. 17). Moreover, in this region

p (t, x, y) ≈ 1 t ≫ 1 t^{n/2}

≈ p (t, x, x) .

Example 6.14 Let us take M_1 = R^2 and M_2 = R^3. For r > 2 and |x| > 2, we have

V_1(r) ≈ r^2, V_2(r) ≈ r^3,

Figure 16: Non-parabolic case: the highest temperature (up to a constant factor) is attained in the shaded area.

Figure 17: Mixed case: the highest temperature (up to a constant factor) is attained in the shaded area.

h_1(x) ≈ log(1 + |x|), h_2(x) ≈ 1, ~V_1(r) ≈ r^2 log^2(2 + r), ~V_2(r) ≈ r^3, ~V_0(r) = min( ~V_1(r), ~V_2(r)) ≈ r^2 log^2(2 + r), and ~V_1(x, r) ≈ [log^2(2 + |x|) + log^2(2 + r)]r^2, ~V_2(x, r) ≈ r^3.

We first discuss the case where x ∈ E_1, y ∈ E_2. Then, for t > 1, we have ~H(y, t) ≈ |y|^{−1} whereas ~H(x, t) ≈ 1

log^2(1 + |x|) + � 1 2 log(1 + |x|) − 1 log(1 + t) � + . Hence, for such x, y, t, we obtain

p(t, x, y) ≤ C � log(1 + |x|) |y| t log^2(1 + t) + 1 t^{3/2} � 1 log(1 + |x|) + � 1 2 − log(1 + |x|) log(1 + t) � + � e^{−c d}

2 (x,y) t ,

p(t, x, y) ≥ c � log(1 + |x|) |y| t log^2(1 + t) + 1 t^{3/2} � 1 log(1 + |x|) + � 1 2 − log(1 + |x|) log(1 + t) � + � e^{−C d}

2 (x,y) t . In particular, for fixed x, y, the long time asymptotic is given by

p(t, x, y) ≈ 1 t log^2 t . The medium time asymptotic when |x| ≈ |y| ≈ √ t is given by

p(t, x, y) ≈ 1 t^{3/2} log t . If instead |x| ≈ √ t and |y| ≈ 1 then (compare with (6.18))

p(t, x, y) ≈ 1 t log t . Next, assume that x, y ∈ E_1 with |x|, |y| ≤ C √ t. Then we have

p(t, x, y) ≈ log(1 + |x|) log(1 + |y|) t log^2 t . Finally, if x, y ∈ E_2 and |y| ≤ |x| ≤ C √ t, then

p(t, x, y) ≈ 1 |y|t log^2 t + 1 t^{3/2} . Example 6.15 Our last example is M = R^1#R^2#R^3 (this is essentially the same as the manifold with boundary on Fig. 2). For this example, we will only write down the long time and medium time estimates. The various functions entering the inequalities of Theorem 6.6 have been already computed in the previous examples. The long time asymptotic for any fixed x, y ∈ M is given by p(t, x, y) ≈ 1 t log^2 t .

Setting M_i = R^i, we obtain for the medium time regime |x| ≈ |y| ≈ √ t, that

p(t, x, y) ≈ � � � � � t^{−1/2} if x, y ∈ E_1 t^{−1} if x, y ∈ E_2 (t log t)^{−1} if x ∈ E_1 ∪ E_3, y ∈ E_2 t^{−3/2} if x ∈ E_1 ∪ E_3, y ∈ E_3 .

If |x| ≈ 1 and |y| ≤ C √ t, we get

p(t, x, y) ≈ � � � �

1 t �_1

log^2 t +

|y|√ t � if y ∈ E_1

1+log|y| t log^2 t if y ∈ E2 1 t �_{1√}

t +^1_{|y| log2 t} � if y ∈ E_3.

This proves the estimates (1.21) from the Introduction and allows to allocate the approximate hot spots as follows. For fixed x, t, set again

H (y) = p (t, x, y) sup_y′ p (t, x, y^′) . Then, for large enough t, we have the following (see Fig. 18):

• H (y) ≈ 1 occurs only in the annulus E_1 ∩ � |y| ≈ √ t � so that the approximate hot spot contains such an annulus and is contained in one.

• H (y) ≈^1_{log t} on E_1 ∩ � |y| ≈ √ t log t � and on E_2 ∩ {log y ≈ log t} (for y ∈ E_2 this is the approximate maximal value of H).

• H (y) ≈^1_{log2 t} on {|y| ≈ 1} (for y ∈ E_3 this is the approximate maximal value of H).

Figure 18: The approximate hot spot (darkest shade) and other relatively hot regions on the manifold R^1#R^2#R^3.

7 The homogeneous parabolic case

In this section we consider a very restricted class of parabolic manifolds with ends for which the results from [38], [39], and Theorem 3.5 suffice to obtain sharp two-sided bounds (an example of such a manifold is the catenoid). Let M = M_1# . . . #M_k be a connected sum of complete noncompact weighted manifolds. We assume that each M_i satisfies (P H), (RCA) and is parabolic. We assume further that M is homogeneous in the sense that, for any i, j ∈ {1, . . ., k} and all r > 0, we have V_i(r) ≈ V_j (r) ≈ V_0(r). (7.1)

Thus all the ends M_i of M have essentially the same volume growth. In this case, set

η(r) = 1 +

�_{r2} 1 ds V_0( √ s) � + ,

Q(x, t) =

|x|^2 η(|x|)V_0(|x|) + 1 η( √ t) �_t

|x|^2 ds V_0( √ s) � + , and D(x, t) = η(|x|) η(|x|) + η( √ t) . With this notation, we have the following result.

Theorem 7.1 Let M = M_1# . . .#M_k be a connected sum of complete non-compact weighted manifolds. Assume that M is parabolic and that each M_i satisfies (P H), (RCA). Assume further that M satisfies (7.1). Referring to the notation introduced above, the heat kernel on M satisfies, for all x, y ∈ M and t > 0,

p(t, x, y) ≤ C V_0( √ t) (Q(x, t)Q(y, t) + Q(x, t)D(y, t) + D(x, t)Q(y, t))exp � −c d_+(x, y)^2 t �

+ CD(x, t)D(y, t) � V (x, √ t)V (y, √ t) exp � −c d_∅(x, y)^2 t �

and p(t, x, y) ≥ c V_0( √ t) (Q(x, t)Q(y, t) + Q(x, t)D(y, t) + D(x, t)Q(y, t))exp � −C d_+(x, y)^2 t �

+ cD(x, t)D(y, t) � V (x, √ t)V (y, √ t) exp � −C d_∅(x, y)^2 t � .

Proof. For any fixed t_0 and t ∈ (0, t_0) these bounds reduce to the two-sided estimate given by Lemma 5.9. For t > t_0, using the local Harnack inequality provided by Lemma 5.9, it suffices to consider the case where |x|, |y| are large enough. In this case, we either have d(x, y) ≈ d_+(x, y) ≈ |x| + |y| or d(x, y) ≈ d_∅(x, y) depending on whether or not x, y are in different ends.

In order to use Theorem 3.5, we need two-sided estimates for the following quantities:

1. p(t, u, v) when |u|, |v| are bounded;

2. ψ(t, x) when |x| is large enough;

3. ψ^′(t, x) when |x| is large enough.

4. p_{Ei} (t, x, y) when |x|, |y| are large enough, x, y ∈ E_i.

Here ψ is the hitting probability for the central part K of M and p_{Ei} is the Dirichlet heat kernel in the end E_i.

We start with point 1. Because, by hypothesis, the volume functions V_i, i ∈ {1, . . ., k} are all comparable, Theorems 5.1(2) and 4.5 show that the manifold M has the doubling volume property (V D) and satisfies the relative Faber-Krahn inequality (4.3) for some α > 0. In particular, it follows from Theorem 4.1 that, for all t > t_0 and |u|, |v| bounded,

p(t, u, v) ≤ C V_0( √ t) . (7.2)

By [18, Theorem 7.2], we also have the matching lower bound

p(t, u, v) ≥ c V_0( √ t) . (7.3)

Note that the above argument strongly uses the homogeneity hypothesis, i.e., the fact that all ends have comparable volume growth. Without this hypothesis, Theorem 4.5 does not provide a sharp central upper bound when M is parabolic. Under the present hypotheses, (7.2)-(7.3) takes care of point 1 above.

For points 2 and 3, i.e., two-sided bounds on ψ(t, x) and ψ^′(t, x), observe that the problem is localized to each of the different ends, separately. The desired two-sided bounds are given in [39, Theorem 4.6].

Finally, a two-sided bound on the Dirichlet heat kernel of each end is provided by [38, Theorem 4.27], taking care of point 4.

Given those results, the rest of the proof of Theorem 7.1 reduces to bookkeeping and we omit the details.

We will illustrate Theorem 7.1 with two different examples.

Example 7.2 Consider the connected sum R^2#R^2 of two Euclidean planes (the same estimates apply to the catenoid). The hypotheses of Theorem 7.1 are satisfied and η(r) ≈ log(2+r). Hence,

Q(x, t) ≈ 1 log(2 + |x|) + � 1 2 − log(2 + |x|) log(2 + t) � + and D(x, t) ≈ log(2 + |x|) log(2 + |x|) + log(2 + t) . For all t > 0, and x, y in the same end E_i ∪ E_0, i = 1 or 2, we obtain c t exp � −C d(x, y)^2 t � ≤ p(t, x, y) ≤ C t exp � −c d(x, y)^2 t � . Indeed, for t ∈ (0, 1), this follows from Lemma 5.9. Fix ϵ ∈ (0, 1/2). If t ≥ 1 and |x|, |y| ≥ t^ϵ, then the term involving d_∅ dominates (essentially) and gives the desired two-sided bound. If |x| ≤ t^ϵ and |y| ≥ t^ϵ then Q(x, t) ≈ 1 ≈ D(y, t) whereas if |x|, |y| ≤ t^ϵ then D(x, t) ≈ 1 ≈ D(y, t). In these two cases, the term involving d_+ dominates (essentially) and gives the desired result.

For t ≥ 1, x ∈ E_1, y ∈ E_2 and |x|, |y| ≤ C √ t, we have

p(t, x, y) ≈ C t (Q(x, t)D(y, t) + D(x, t)Q(y, t) + Q(x, t)Q(y, t)).

In particular, for t ≥ 1, x ∈ E_1, y ∈ E_2 and |x|, |y| ≈ √ t, we have

p(t, x, y) ≈ 1 t log t

because D(x, t) ≈ D(y, t) ≈ 1, Q(x, t) ≈ Q(x, t) ≈ 1 log(2 + t) . For t ≥ 1, x ∈ E_1, |y| ∈ E_2 and |x| ≈ √ t, |y| ≈ t^ϵ, ϵ ∈ [0, 1/2), we have

p(t, x, y) ≈ 1 t because Q(y, t) ≈ 1 and D(x, t) ≈ 1.

Example 7.3 In our second example, we assume that the function V_0 satisfies the following additional condition �_{r2} 1 ds V_0( √ s) ≤ C r^2 V_0(r)

. (7.4)

In particular, (7.4) is satisfied when V_0(r) ≈ r^α, r > 1, for a real α ∈ (0, 2).

Corollary 7.4 Under the hypotheses of Theorem 7.1, assume further that V_0 satisfies (7.4). Then, for all x, y ∈ M and t > 0, the heat kernel satisfies (ULE), that is, c V (x, √ t) exp � −C d(x, y)^2 t � ≤ p(t, x, y) ≤ C V (x, √ t) exp � −c d(x, y)^2 t � . (7.5)

and M satisfies the parabolic Harnack inequality (P H).

Proof. Although (7.5) can be proved by inspection of the upper and lower bound in Theorem 7.1, it is simpler to first observe that the upper bound immediately follows from Corollary 4.6. Indeed, under the hypothesis that each M_i satisfy the volume doubling property and that (7.1) holds, the function F defined at (4.13) satisfy

F (x, r) ≈ V (x, r).

Indeed, if the ball B(x, r) is contained in one of the ends E_i then F (x, r) = V (x, r) by definition. If not, then B(x, r)∩K ≠ ∅ and it follows that F (x, r) = V_0(r) ≈ V (x, r) because of the doubling property. Now the upper bound in (7.5) follows immediately from (4.5) and Corollary 4.6. Note that we have not used the additional hypothesis (7.4) to prove this upper bound.

For t ≤ t_0, the matching lower bound follows from Lemma 5.9.

To prove the matching lower bound for t ≥ t_0 we use Theorem 7.1. Observe that (7.4) implies η(r) ≈ 1 + r^2 V (r)

, Q(x, t) ≈ 1.

By Theorem 7.1, this implies that for |x| ≤ √ t p(t, x, y) ≥ c V_0( √ t) exp � −c |x|^2 + |y|^2 t � . By the volume inequality (4.5), this gives

p(t, x, y) ≥ c V (x, √ t) exp � −C |x|^2 + |y|^2 t � . As d(x, y) ≥ |y|^2 − |x|^2 − diam(K), the last inequality implies (7.5) if |x| ≤ √ t. By symmetry, we can now assume that |x| and |y| are larger than √ t and thus D(x, t) ≈ D(y, t) ≈ 1. If x, y are in the same end, then d_∅(x, y) ≈ d(x, y) whereas if they are in different ends, d_+(x, y) ≈ d(x, y) ≈ |x| + |y|. In the first case, the lower bound in (7.5) follows directly from the bounds of Theorem 7.1 using the term involving d_∅. In the second case, it follows from (4.5) and Theorem 7.1, using the term involving d_+. This finishes the proof of (7.5).

The fact that M satisfies (P H) follows from (7.5) and Theorem 5.1. The statement of Corollary 7.4 was proved by a different method in [40, Theorem 7.1].

8 One-dimensional Schrödinger operator

In this section we apply our main result to estimate the heat kernel q (t, x, y) of the operator

d^2 dx^2 − Φ in R where Φ is a smooth non-negative function on R. Assume that there is a smooth

positive function h in R satisfying the equation h^{′′} − Φh = 0. Let λ be the Lebesgue measure in R and μ be a measure in R defined by

dμ = h^2dλ. (8.1)

It is easy to verify the following identity

d^2 dx^2

− Φ = h ∘ L ∘ h^{−1} (8.2)

where L = 1 h^2 d dx � h^2 d dx �

is the Laplace operator for the weighted manifold (R, μ) (cf. the discussion in Section 6.2). This implies that the operator^{d2}_{dx2} −Φ in L^2 (R, λ) is unitary equivalent to the operator L in L^2 (R, μ). Consequently, if p (t, x, y) is the heat kernel for L then we have the identity

q (t, x, y) = p(t, x, y)h (x) h (y) . (8.3)

The manifold (R, μ) can be considered as a connected sum of (R_+, μ) and (R_−, μ). If (R_+, μ) and (R_−, μ) satisfy (P H) and are non-parabolic, then the heat kernel p (t, x, y) can be estimated by Theorems 4.9 and 5.10. This and (8.3) lead to the desired estimates of q (t, x, y).

A particularly interesting case, which received attention in literature is when Φ (x) = c |x|^{−2} for large x (see, e.g., [27], [49], [50], [65]). In this case, as we will see below, the exponent of the long time decay of q (t, x, y) depends on c. In R^n, n ≥ 2, this problem is actually easier and the result is simpler than in R^1 because R^n satisfies (RCA) and the gluing techniques are not necessary (see [36, Section 10.4]).

We start with the following lemma.

Lemma 8.1 Let Φ (x) be a smooth function on R such that

0 ≤ Φ (x) ≤ C_0 |x|^{−2} ,

for some C_0 > 0 and for all x ∈ R. Then the solution h of the initial value problem

h^{′′} − Φh = 0

h (0) = 1 h^′ (0) = 0

is a smooth positive function on R, and there exists a constant C = C (C_0) > 1 such that

C^{−1} ≤ h (x) h (y)

≤ C (8.4)

for all x, y ∈ R of the same sign such that 1 2 |y| ≤ |x| ≤ 2 |y| . (8.5)

If in addition Φ (0) > 0 then there there exists a constant δ > 0 such that

h (x) h (y) ≥ δ |x| |y| (8.6)

for all x, y of the same sign such that |x| ≥ |y| ≥ 1.

Proof. Note that if h is positive on some interval then h is convex on this interval, due to the equation h^{′′} = Φh. Since h is positive in a neighborhood of 0, there is a maximal open interval I containing 0 where h is positive. It follows that h is convex in I and since h^′ (0) = 0, h increases in the positive part of I and decreases in the negative part of I. Hence, if I has a finite end, then h will have a non-zero limit at that end, which contradicts the maximality of I. Thus, I = R which finishes the proof of the positivity of h.

To prove (8.4), let us consider the function g =^{h′}_h . It suffices to show that, for some constant A, |g (x)| ≤ A |x| (8.7)

because then we have, for positive x, y satisfying (8.5), ln h (x) h (y) = �_x y g (t) dt ≤ A ln x y ≤ A ln 2

whence (8.4) follows. Negative x, y are handled similarly.

We will prove (8.7) with A being the unique positive root of the equation

A^2 − A = C_0.

Assume that (8.7) is not true for some x > 0. Since (8.7) holds for x = 0, there is the minimal a > 0 such that g (a) =^A_a and g (x) >^A_x in a right neighborhood of a, say in (a, b). It is easy to see that g satisfies the equation g^′ + g^2 = Φ. (8.8)

It follows that in the interval (a, b)

g^′ (x) = Φ (x) − g^2 (x) ≤

C_0 − A^2 x^2 = − A x^2 . Integrating this differential inequality from a to x ∈ (a, b), we obtain

g (x) − g (a) ≤ −A � 1 a − 1 x � , whence g (x) ≤ A x + g (a) − A a = A x , which contradicts the choice of the interval (a, b).

If Φ (0) > 0 then h^′ (0) = 0 implies that h^′ (x) > 0 for x > 0. Hence, also g (x) > 0 for x > 0. It follows from (8.8) that in (0, +∞) g^′ g^2

+ 1 ≥ 0.

Integrating this differential inequality, we obtain, for x ≥ 1, 1 g (x) − 1 g (1)

≤ x − 1

whence g (x) ≥ 1 x + α

where α =

�_1

g(1) − 1 � + . Using g = (ln h)^′ and integrating again, we obtain, for all x ≥ y ≥ 1,

h (x) h (y) ≥ x + α y + α ≥ δ x y where δ =^1_{1+α} . The case x ≤ y ≤ −1 is handled similarly.

To state the next result, we will use the notation f ≍ g_{c,C} , which means that both inequalities f ≤ g_{c,C} and f ≥ g_{c,C} hold but with different values of the positive constants c, C.

Theorem 8.2 Let Φ (x) be a smooth function on R such that

0 ≤ Φ (x) ≤ C_0 |x|^{−2} ,

for some C_0 > 0 and for all x ∈ R and Φ (0) > 0, and let h (x) be defined as in Lemma 8.1. Then the heat kernel q (t, x, y) of the operator^{d2}_{dx2} − Φ satisfies the estimates:

0. For all x, y ∈ R and 0 < t ≤ 1,

q(t, x, y) ≍ C √ t exp � −c |x − y| t 2� .

1. For all x ≤ 1, y ≥ −1, t ≥ 1,

q (t, x, y) ≍ C √ t � h (y) (1 + |x|) h (x) h^2 �√ t � + h (x) (1 + |y|) h (y) h^2 � − √ t � � exp � −c |x − y|^2 t � .

2. For all x, y of the same sign σ such that |x| , |y| ≥ 1 and for all t ≥ 1,

q(t, x, y) ≍ C √ t |x| |y| h (x) h (y) � 1 h^2 �√ t � + 1 h^2 � − √ t � � exp � −c |x|^2 + |y|^2 t �

+ Ch (x) h (y) √ th � x + σ √ t � h � y + σ √ t � exp � −c |x − y|^2 t � .

Proof. Define measure μ on R by (8.1). The main point of this proof is to estimate the heat kernel p (t, x, y) of the weighted manifold (R, μ) and use it to estimate q (t, x, y) by (8.3).

Set M_1 = M_2 = [0, +∞) so that R = M_1#M_2 where we follows the agreement that M_1 maps to the positive half-line of R and M_2 maps to the negative half-line. Let the central part be K = [−1, 1].

Define on M_i the function h_i by

h_1 (x) = h (x) , h_2 (x) = h (−x) .

Then (R, μ) is a connected sum of (M_1, μ_1) and (M_2, μ_2) where dμ_i = h^2_i dλ.

Since (M_i, λ), i = 1, 2, satisfies (P H) and (RCA), the weighted manifold (M_i, μ_i) also satisfies (P H) because the function h is increasing in |x| and satisfies (8.4) (see [40, Theorem 5.7] and [38, Theorem 2.11]). The volume function V_i (x, r) on (M_i, μ_i) is estimated by

V_i (x, r) ≈ rh^2_i (x + r) , (8.9)

where the factor r comes from the volume of balls in (M_i, λ). It follows from (8.6) that h_i (r) ≥ cr for r ≥ 1 whence V_i (x, r) ≥ cr^3 for r ≥ 1. By Proposition 4.3, this implies that (M_i, μ_i) is nonparabolic.

Hence, all the hypotheses of Theorems 4.9, 5.10 are satisfied and we can apply these theorems to estimate the heat kernel p (t, x, y) of (R, μ). Using the notation of Section 4.3, we have

V_i (r) ≈ rh^2_i (r) , i = 1, 2 and V_0 (r) ≈ r min (h_1 (r) , h_2 (r))^2 .

Due to (8.6), we have V_i (R) V_i (r) ≥ c � R r �_3

for R ≥ r ≥ 1. Therefore, the function H (x, t) defined in Section 4.4, can be estimated by (4.21) as follows: H (x, t) ≈ x^2 V_i (|x|) ≈ |x| h^2 (x) if |x| > 1 and x ∈ M_i, and H (x, t) ≈ 1 if |x| ≤ 1.

Applying Corollaries 4.16, 5.18 for the cases 0 and 2 and Theorems 4.9, 5.10 for the case 1 (cf. Remark 4.10), we obtain estimates for p (t, x, y), which by (8.3) imply the desired estimates for q (t, x, y).

Corollary 8.3 Let Φ (x) ≥ 0 for all x, Φ (0) > 0, and

Φ (x) = � α_+ |x|^{−2} , x > x_0, α_− |x|^{−2} , x < −x_0,

where x_0 > 0 and α_+, α_− are non-negative constants. Set

β_± = 1 2 + � 1 4 + α_± . (8.10)

Then the heat kernel q (t, x, y) of the operator^{d2}_{dx2} − Φ (x) satisfies the estimates:

0. For all x, y ∈ R and 0 < t ≤ 1,

q(t, x, y) ≍ C √ t exp � −c |x − y| t 2� .

1. For all x ≤ 1, y ≥ −1, t ≥ 1,

q (t, x, y) ≍ C � ⟨x⟩^{1−β−} ⟨y⟩^{β+} t^{β++1/2} + ⟨x⟩^{β−} ⟨y⟩^{1−β+} t^{β−+1/2} � exp � −c |x − y|^2 t � . where ⟨·⟩ = 1 + |·| .

2. For all x, y ≥ 1 and all t ≥ 1,

q(t, x, y) ≍ C

|x|^{1−β+} |y|^{1−β+} t^{β+1/2} exp � −c |x|^2 + |y|^2 t �

+ C t^{1/2} � 1 + √ t |x| �_{−β+} � 1 + √ t |y| �_{−β+} exp � −c |x − y|^2 t � , where β = min � β_+, β_− � . A similar estimate holds for x, y ≤ −1 with β_− instead of β_+.

Proof. Consider function f (x) = x^γ for x > 0. It is easy to see that f^{′′}/f = γ (γ − 1) x^{−2}. Therefore, if γ^2 − γ = α then f satisfies f^{′′} − αx^{−2}f = 0. For α > 0 this quadratic equation has two roots γ_1 = 1 2 + � 1 4 + α and γ_2 = 1 2 − � 1 4 + α and γ_1 > 0 > γ_2. It follows that any solution to the equation u^{′′} − αx^{−2}u = 0 on an interval (a, +∞) is a linear combination of the functions x^{γ1} and x^{γ2} . This implies that either u (x) ∼ cx^{γ1} or u (x) ∼ cx^{γ2} as x → +∞.

As a consequence, we obtain that the function h (x) from Lemma 8.1 satisfies

h (x) ≈ x^{β+} on [1, +∞) and h (x) ≈ |x|^{β−} on (−∞, 1],

where β_+, β_− are defined by (8.10). Substituting into Theorem 8.2, we finish the proof.

9 Appendix - the list of conditions

(RF K) - relative Faber-Krahn inequality, Section 4.1, (V D) - volume doubling, Introduction and Section 4.1, (P I) - Poincaré inequality, Introduction and Section 5.1, (P H) - parabolic Harnack inequality, Section 5.1, (ULE) - upper and lower estimates of the heat kernel, Section 5.1, (RCA) - relative connectedness of annuli, Section 6.1.

References

[1] Anker J-Ph., Ostellari P., The heat kernel on noncompact symmetric spaces, in: “Lie groups and symmetric spaces”, Amer. Math. Soc. Transl. Ser. 2, 210, (2003) 27–46.

[2] Aronson D.G., Bounds for the fundamental solution of a parabolic equation, Bull. Amer. Math. Soc., 73 (1967) 890-896.

[3] Auscher P., Coulhon T., Grigor’yan A., ed., “Heat kernels and analysis on manifolds, graphs, and metric spaces”, Contemporary Mathematics 338, AMS, 2003.

[4] Barlow M.T., Diffusions on fractals, in: “Lectures on Probability Theory and Statistics, Ecole d’été de Probabilités de Saint-Flour XXV - 1995”, Lecture Notes Math. 1690, Springer, 1998. 1-121.

[5] Benjamini I., Chavel I., Feldman E.A., Heat kernel lower bounds on Riemannian manifolds using the old ideas of Nash, Proceedings of London Math. Soc., 72 (1996) 215-240.

[6] Cai M., Ends of Riemannian manifolds with nonnegative Ricci curvature outside a compact set, Bull. Amer.

Math. Soc., 24 (1991) 371-377.

[7] Carlen E.A., Kusuoka S., Stroock D.W., Upper bounds for symmetric Markov transition functions, Ann. Inst. H. Poincaré, Prob. et Stat., (1987) suppl. au no.2, 245-287.

[8] Carron G., Coulhon T., Hassell A., Riesz transform and L^p-cohomology for manifolds with Euclidean ends, Duke Math. J., 133 (2006) no.1, 59–93.

[9] Chavel I., Feldman E.A., Isoperimetric constants, the geometry of ends, and large time heat diffusion in Riemannian manifolds, Proc London Math. Soc., 62 (1991) 427-448.

[10] Chavel I., Feldman E.A., Modified isoperimetric constants, and large time heat diffusion in Riemannian manifolds, Duke Math. J., 64 (1991) no.3, 473-499.

[11] Cheeger J., Gromov M., Taylor M., Finite propagation speed, kernel estimates for functions of the Laplace operator, and the geometry of complete Riemannian manifolds, J. Diff. Geom., 17 (1982) 15-53.

[12] Cheeger J., Yau S.-T., A lower bound for the heat kernel, Comm. Pure Appl. Math., 34 (1981) 465-480. [13] Cheng S.Y., Li P., Yau S.-T., On the upper estimate of the heat kernel of a complete Riemannian manifold, Amer. J. Math., 103 (1981) no.5, 1021-1063.

[14] Coulhon T., Noyau de la chaleur et discrétisation d’une variété riemannienne, Israël J. Math., 80 (1992) 289-300.

[15] Coulhon T., Iteration de Moser et estimation Gaussienne du noyau de la chaleur, J. Operator Theory, 29 (1993) 157-165.

[16] Coulhon T., Dimensions at infinity for Riemannian manifolds, Potential Anal., 4 (1995) no.5, 335-344. [17] Coulhon T., Ultracontractivity and Nash type inequalities, J. Funct. Anal., 141 (1996) no.2, 510-539. [18] Coulhon T., Grigor’yan A., On-diagonal lower bounds for heat kernels on non-compact manifolds and Markov chains, Duke Math. J., 89 (1997) no.1, 133-199.

[19] Coulhon T., Saloff-Coste L., Minorations pour les chaînes de Markov unidimensionnelles, Prob. Theory Relat. Fields, 97 (1993) 423-431.

[20] Davies E.B., Explicit constants for Gaussian upper bounds on heat kernels, Amer. J. Math., 109 (1987) 319-334.

[21] Davies E.B., Gaussian upper bounds for the heat kernel of some second-order operators on Riemannian manifolds, J. Funct. Anal., 80 (1988) 16-32.

[22] Davies E.B., “Heat kernels and spectral theory”, Cambridge University Press, 1989. [23] Davies E.B., Heat kernel bounds, conservation of probability and the Feller property, J. d’Analyse Math., 58 (1992) 99-119.

[24] Davies E.B., The state of art for heat kernel bounds on negatively curved manifolds, Bull. London Math.

Soc., 25 (1993) 289-292.

[25] Davies E.B., Non-Gaussian aspects of heat kernel behaviour, J. London Math. Soc., 55 (1997) no.1, 105-125.

[26] Davies E.B., Pang M.M.H., Sharp heat kernel bounds for some Laplace operators, Quart. J. Math., 40 (1989) 281-290.

[27] Davies E.B., Simon B., L^p norms of non-critical Schrödinger semigroups, J. Funct. Anal., 102 (1991) 95-115.

[28] Dodziuk J., Maximum principle for parabolic inequalities and the heat flow on open manifolds, Indiana Univ. Math. J., 32 (1983) no.5, 703-716.

[29] Gaffney M.P., The conservation property of the heat equation on Riemannian manifolds, Comm. Pure Appl. Math., 12 (1959) 1-11.

[30] Grigor’yan A., On the fundamental solution of the heat equation on an arbitrary Riemannian manifold, (in Russian) Mat. Zametki, 41 (1987) no.3, 687-692. Engl. transl. Math. Notes, 41 (1987) no.5-6, 386-389.

[31] Grigor’yan A., The heat equation on non-compact Riemannian manifolds, (in Russian) Matem. Sbornik, 182 (1991) no.1, 55-87. Engl. transl. Math. USSR Sb., 72 (1992) no.1, 47-77.

[32] Grigor’yan A., Heat kernel upper bounds on a complete non-compact manifold, Revista Matemática Iberoamericana, 10 (1994) no.2, 395-452.

[33] Grigor’yan A., Heat kernel on a manifold with a local Harnack inequality, Comm. Anal. Geom., 2 (1994) no.1, 111-138.

[34] Grigor’yan A., Gaussian upper bounds for the heat kernel on arbitrary manifolds, J. Diff. Geom., 45 (1997) 33-52.

[35] Grigor’yan A., Analytic and geometric background of recurrence and non-explosion of the Brownian motion on Riemannian manifolds, Bull. Amer. Math. Soc., 36 (1999) 135-249.

[36] Grigor’yan A., Heat kernels on weighted manifolds and applications, Contemporary Mathematics, 398 (2006) 93-191.

[37] Grigor’yan A., Saloff-Coste L., Heat kernel on connected sums of Riemannian manifolds, Math. Research Letters, 6 (1999) no.3-4, 307-321.

[38] Grigor’yan A., Saloff-Coste L., Dirichlet heat kernel in the exterior of a compact set, Comm. Pure Appl. Math, 55 (2002) 93-133.

[39] Grigor’yan A., Saloff-Coste L., Hitting probabilities for Brownian motion on Riemannian manifolds, J.

Math. Pures et Appl., 81 (2002) 115-142.

[40] Grigor’yan A., Saloff-Coste L., Stability results for Harnack inequalities, Ann. Inst. Fourier, Grenoble, 55 (2005) no.3, 825-890.

[41] Grigor’yan A., Saloff-Coste L., Surgery of Faber-Krahn inequalities and applications to heat kernel upper bounds on manifolds with ends, in preparation.

[42] Grigor’yan A., Saloff-Coste L., Heat kernel upper bounds on manifolds with ends, in preparation. [43] Grigor’yan A., Saloff-Coste L., Heat kernel on manifolds with parabolic ends, in preparation. [44] Hajłasz P., Koskela P., “Sobolev Met Poincaré”, Memoirs of the AMS 688, 2000. [45] Kasue A., Harmonic functions with growth conditions on a manifold of asymptotically nonnegative curvature I., in: “Geometry and Analysis on Manifolds (Katata/Kyoto, 1987)”, Lecture Notes Math. 1339, Springer, 1988. 158-181.

[46] Kuz’menko Yu.T., Molchanov S.A., Counterexamples to Liouville-type theorems, (in Russian) Vestnik Moskov. Univ. Ser. I Mat. Mekh., (1979) no.6, 39-43. Engl. transl. Moscow Univ. Math. Bull., 34 (1979) 35-39.

[47] Li P., Tam L.F., Green’s function, harmonic functions and volume comparison, J. Diff. Geom., 41 (1995) 277–318.

[48] Li P., Yau S.-T., On the parabolic kernel of the Schrödinger operator, Acta Math., 156 (1986) no.3-4, 153-201.

[49] Liskevich V., Sobol Z., Estimates of integral kernels for semigroups associated with second-order elliptic operators with singular coefficients, Potential Analysis, 18 (2003) 359–390.

[50] Milman P.D., Semenov Yu.A., Global heat kernel bounds via desingularizing wieghts, J. Funct. Anal., 212 (2004) 373-398.

[51] Minerbe V., Weighted Sobolev inequalities and Ricci flat manifolds, to appear in GAFA [52] Molchanov S.A., Diffusion processes and Riemannian geometry, (in Russian) Uspekhi Matem. Nauk, 30 (1975) no.1, 3-59. Engl. transl. Russian Math. Surveys, 30 (1975) no.1, 1-63.

[53] Porper F.O., Eidel’man S.D., Two-side estimates of fundamental solutions of second-order parabolic equations and some applications, (in Russian) Uspekhi Matem. Nauk, 39 (1984) no.3, 101-156. Engl. transl. Russian Math. Surveys, 39 (1984) no.3, 119-178.

[54] Rosenberg S., “The Laplacian on a Riemannian manifold”, London Mathematical Society Student Texts 31, Cambridge University Press, 1997.

[55] Saloff-Coste L., A note on Poincaré, Sobolev, and Harnack inequalities, Internat. Math. Res. Notices, 2 (1992) 27-38.

[56] Saloff-Coste L., Uniformly elliptic operators on Riemannian manifolds, J. Diff. Geom., 36 (1992) 417-450.

[57] Saloff-Coste L., Parabolic Harnack inequality for divergence form second order differential operators, Potential Analysis, 4 (1995) 429-467.

[58] Saloff-Coste L., “Aspects of Sobolev inequalities”, LMS Lecture Notes Series 289, Cambridge Univ. Press, 2002.

[59] Sung C.-J., Tam L.-F., Wang J., Spaces of harmonic functions, J. London Math. Soc. (2), (2000) no.3, 789–806.

[60] Varopoulos N.Th., Brownian motion and random walks on manifolds, Ann. Inst. Fourier, 34 (1984) 243-269.

[61] Varopoulos N.Th., Hardy-Littlewood theory for semigroups, J. Funct. Anal., 63 (1985) no.2, 240-260. [62] Varopoulos N.Th., Isoperimetric inequalities and Markov chains, J. Funct. Anal., 63 (1985) no.2, 215-239.

[63] Varopoulos N.Th., Random walks and Brownian motion on manifolds, Sympos. Math., 29 (1986) 97-109.

[64] Varopoulos N.Th., Small time Gaussian estimates of heat diffusion kernel. I. The semigroup technique, Bull. Sci. Math.(2), 113 (1989) no.3, 253-277.

[65] Zhang Q. S., Global lower bound for the heat kernel of −Δ +^c_{|x|2} , Proceedings of the Amer. Math. Soc., 129 no.4, (2000) 1105-1112.