GAUSSIAN UPPER BOUNDS FOR THE HEAT KERNEL

ON ARBITRARY MANIFOLDS

Alexander Grigor’yan^†

1. Introduction

In this paper, we develop a universal way of obtaining Gaussian upper bounds of the heat kernel on Riemannian manifolds. By the word ”Gaussian” we mean those estimates which contain a Gaussian exponential factor similar to one which enters the explicit formula for the heat kernel of the conventional Laplace operator in IR^n :

p(x, y, t) = 1 (4πt)^{n/2} exp − |x − y| 2 4t The history of the heat kernel Gaussian estimates started with the works of Nash [25] and Aronson [2] where the double-sided Gaussian estimates were obtained for the heat kernel of a uniformly parabolic equation in IR^n in a divergence form (see also [15] for improvement of the original Nash’s argument and [26] for a consistent account of the Aronson’s results and related topics). In particular, the Aronson’s upper bound for the case of time-independent coefficients which is of interest for us reads as follows:

p(x, y, t) ≤ const t^{n/2} exp − |x − y|^2 Ct where C is a large enough constant.

In a series of works of Gushin [21], [22] he extended the Gaussian upper bounds to parabolic equations in unbounded domains in IR^n with the Neumann boundary condition.

As far as Riemannian manifolds are concerned, the heat kernel Gaussian upper bound first appeared in the work of Cheng, Li and Yau [7] for the case of complete manifolds of a bounded sectional curvature, which was extended soon by a different method in [6] to manifolds with bounded geometry. The most advanced and sharp results under the curvature assumptions were obtained by Li and Yau [24] by using their famous gradient estimates.

Given a Riemannian manifold M, one considers the associated Laplace operator Δ, its (minimal) heat kernel p(x, y, t), and expects to have a Gaussian upper bound as follows

p(x, y, t) ≤ const f(t) exp − r^2 Ct (1.1)

where r = dist(x, y) is a geodesic distance between x, y, and f(t) is some increasing function. In the works, cited above, such estimate was shown to be true on certain manifolds

† The author is supported by the EPSRC Fellowship B/94/AF/1782

Grigor’yan A., Gaussian upper bounds for the heat kernel on arbitrary manifolds, J. Diff. Geom. , 45 (1997) 33-52.

subject to curvature restrictions, with the constant C arbitrarily close to the ideal value 4. The next crucial step was done by B.Davies who developed in a series of his works [9], [10], [11], [12] a powerful abstract method which enabled him to deduce the heat kernel Gaussian upper bounds from the log-Sobolev inequality. This method is robust in contrast to those based on Riemannian curvature. For example, it is invariant under a quasi-isometric transformation of the metric.

An alternative robust method based on a Faber-Krahn type inequalities was introduced by the author in [17] (see also [18], [19]). In particular, it was shown in [17] that any complete manifolds admits the estimate

p(x, y, t) ≤ φ(x, t)φ(y, t) exp − r^2 Ct (where the function φ(x, t) is expressed in geometric terms) which suggests that the Gaussian exponential factor has a non-geometric nature.

The common achievement of the the upper bound works is understanding that the Gaussian upper bound (1.1) is virtually equivalent to a (logically) weaker on-diagonal bound p(x, y, t) ≤ const f(t)

(1.2)

(which does not take into account the distance between x, y). Indeed, let first f(t) = t^{n/2}, where n = dim M. Then the fact that (1.2) is true for all x, y ∈ M and for all t > 0 is equivalent to each of the following functional inequalities 1^∘ a proper Sobolev inequality as proved by Varopoulos [28]; 2^∘ a Nash type inequality by Carlen, Kusuoka, Stroock [3]; 3^∘ a log-Sobolev inequality by Davies [9];

4^∘ a Faber-Krahn type inequality by [17] and by Carron [4].

On the other hand, each of these functional inequalities implies also the Gaussian upper bound (1.1) with the same function f(t). See [5] for a more geometric approach based on modified isoperimetric constants. See [23], [13] for the setting of graphs, [8], [29], [30] for Lie groups, and [1] for symmetric spaces.

The fact that an on-diagonal upper bound implies a Gaussian one was extended to more general class of functions f(t) (including those of superpolynomial growth) by Davies [12] and by the author [17], again by using a bridging functional inequality.

At the same time, there is a direct way of deducing a Gaussian upper bound from an ondiagonal one which appeared first in the work of Ushakov [27] for the case of a polynomial function f(t) and for the parabolic equation in the Euclidean space. This method was adapted later for manifolds in [16] but still within a polynomial setting.

The main purpose of the present paper is to extend this method to a wider class of the functions f(t) including sub- and superpolynomially growing functions. The main result is the following theorem.

Theorem 1.1 Let x, y be two points on an arbitrary smooth connected Riemannian manifold M, and let us have for all t ∈ (0, T ) (where T may be equal to ∞ or be a positive number)

p(x, x, t) ≤ 1 f(t)

(1.3) and p(y, y, t) ≤ 1 g(t)

(1.4)

where f, g are regular in some sense functions (seeSection 2 below for the definition). Then for any C > 4, for some δ = δ(C) > 0, and all t ∈ (0, T )

p(x, y, t) ≤ const √ f(δt)g(δt) exp − r^2 Ct (1.5) where r = dist(x, y).

Let us emphasize the fact that unlike the functional-theoretic methods cited above, this theorem assumes the on-diagonal upper bounds only at two points x, y rather than at any point. The regularity condition is wide enough to include such functions as log^a t, t^b, exp t^c and their combinations.

Needless to say that Theorem 1.1 recovers all Gaussian upper bounds obtained previously, and provides a simple way to produce such bounds automatically whenever one has proved a (much simpler) on-diagonal estimate.

2. Integral Estimates of Solutions Let M denote any smooth connected Riemannian manifold (not necessarily complete), and let Ω be a pre-compact region on M with a smooth boundary. We allow M to have a boundary. If this is the case, then part of the boundary of Ω may be located on ∂M. In fact, Ω will be treated as a compact manifold with a boundary.

We consider a function u(x, t) defined on Ω × (0, +∞) which is smooth enough and satisfies the following conditions:

u(u_t − Δu) ≤ 0 u ∂u ∂ν | | | x∈∂Ω,t>0 ≤ 0 u|_{x∉K,t=0} = 0

(2.1)

where ν is the outward normal vector field on the boundary ∂Ω, K is a compact in Ω (the initial condition is understood in the sense that u(x, t) → 0 as t → 0+ locally uniformly in x ∈ Ω \ K).

For example, u may be a solution to the Dirichlet or Neumann problem for the heat equation in Ω × (0, +∞) (with an initial condition having a support on K) or a positive subsolution, or a negative supersolution.

We will consider two integrals of u :

I(t) = ∫ Ω u^2(x, t)dx

E_D(t) = ∫ Ω u^2(x, t) exp dist^2(x, K) Dt dx where D is a positive number. Of course, we have always I(t) ≤ E(t).

The main result to be proved here is that to some extend there is a reverse inequality. But before we are able to state that, we have to introduce a technical regularity hypothesis on a function of a single variable.

Definition We say that a function f(t) defined for t ∈ (0, ∞) is regular if 1^∘ it is positive;

2^∘ it is monotonically increasing;

3^∘ there are numbers A ≥ 1 and γ > 1 such that for all 0 < t_1 < t_2 the following inequality holds: f(γt_1) f(t_1) ≤ A f(γt_2) f(t_2)

. (2.2)

Examples. 1. Let the function f(t) be of at most polynomial growth in the sense that for all t > 0 and some γ > 1 f(γt) ≤ Af(t). (2.3)

Then (2.2) is obviously true. Indeed, we have

f(γt_1) f(t_1)

≤ A ≤ A f(γt_2) f(t_2)

(2.4)

because f(γt_2) ≥ f(t_2). Examples of the functions satisfying (2.3) are: f(t) = t^n, f(t) = log^n(1 + t) (where n > 0) etc.

2. Let f(t) be of at least polynomial growth in the sense that for some γ > 1 the quotient f(γt) f(t)

(2.5)

is increasing in t. Then (2.2) holds again at this time with A = 1 because by monotonicity of (2.5) f(γt_1) f(t_1) ≤ f(γt_2) f(t_2)

(2.6)

Examples of such functions are: f(t) = t^n, f(t) = e^{tn} etc.

3. Let us combine the two situations above: suppose that there is some T > 0 such that for all t < T the inequality (2.3) holds while for t > T the ratio (2.5) is increasing. Then f(t) is regular again. Indeed, in order to check (2.2) , let us consider two cases: t_1 < T and t_1 ≥ T. In the first case, we have again (2.4) , while in the second case we repeat (2.6) . An example of a function which fits this case is:

f(t) = { c_1t^n , t < T c_2e^{tm} , t > T

where n > 0, m > 0, and the constants c_{1,2} are chosen to ensure continuity (and, therefore, also monotonicity) of f(t).

Now we can state our main technical result.

Theorem 2.1 Let us suppose that u(x, t) satisfies (2.1) , and for any t > 0 we have

I(t) ≤ 1 f(t)

(2.7)

where the function f(t) is regular as above. Then for any D > 2 and for all t > 0

E_D(t) ≤ 4A f(δt)

where δ = δ(D, γ) > 0.

Proof of the theorem. The proof will consist of three steps. In the first step, we will estimate the integral

I_R(t) = ∫ Ω\B(K,R)

u^2(x, t)dx

where B(K, R) is the open R−neighbourhood of the set K. In the second step, we will estimate E_D(t) for large D applying the upper bounds for I_R(t), and, finally, in the third step, we will finish the proof for all D > 2.

STEP 1. Let us prove the following key lemma. The statement of this kind seems to have appeared for the first time in the paper of Ushakov [27] for the case of a polynomial function f(t) and in the Euclidean space. We modified his approach and made it work for a more general function f(t).

Lemma 2.2 Under the hypotheses of Theorem 2.1, there exists D_0 = D_0(γ) > 2 such that

I_R(t) ≤ 2A f(t/γ) exp − R^2 D_0t

for all R > 0 and t > 0 (where the constants A, γ are those from the regularity hypothesis (2.2) ).

Proof of lemma 2.2. The idea of the proof is to compare the quantities I_R(t) and I_ρ(τ) for ρ < R, τ < t in the following way:

I_R(t) ≤ I_ρ(τ) + 1 f(τ) exp − (R − ρ)^2 2(t − τ) . (2.8)

After we have shown (2.8) ,we will arrange sequences {R_k}, {t_k} (where k = 0, 1, 2, ...) which start with R and t respectively and are decreasing so that R_k → R/2 and t_k → 0 as k → ∞. Applying (2.8) to the consecutive pairs (R_k, t_k) and (R_{k+1}, t_{k+1}) and summing up all those inequalities, we obtain an upper bound for I_R(t) in terms of a series which can be dealt with by taking specific sequences R_k, t_k.

We will finish this argument later but first we turn to the proof of (2.8) . We apply the integral maximum principle, which states the following.

Proposition 2.3 If u(x, t) is smooth enough in Ω × (0, T ) and satisfies the conditions

u(u_t − Δu) ≤ 0 u ∂u ∂ν | | |_{x∈∂Ω,t∈(0,T )} ≤ 0

(2.9)

then the integral ∫ Ω u^2(x, t)e^{ξ(x,t)}dx (2.10)

is a decreasing function of t ∈ (0, T ) provided the function ξ(x, t) is Lipschitz in Ω × (0, T ) and satisfies the inequality ξ_t + 1 2 |∇ξ|^2 ≤ 0. (2.11)

This property of solutions to the heat equation is well known and goes back to the famous Aronson’s paper [2]. Thereafter, it was proved for different settings in various works (see, for example, [7], [26], [18]). The actual proof is very simple and consists of taking the time derivative of the integral (2.10) and of applying integration by parts: d dt ∫ Ω u^2e^ξ = ∫ Ω ξ_tu^2e^ξ + ∫ Ω 2uu_te^ξ ≤ ∫ Ω ξ_tu^2e^ξ + ∫ Ω 2uΔue^ξ ≤ ∫ Ω ξ_tu^2e^ξ + ∫ ∂Ω 2u ∂u ∂ν e^ξ − 2 ∫ Ω (∇(ue^ξ), ∇u) ≤ − 1 2 ∫ Ω |∇ξ|^2 u^2e^ξ − 2 ∫ Ω u(∇ξ, ∇u)e^ξ − 2 ∫ Ω |∇u|^2 e^ξ = − 1 2 ∫ Ω (u∇ξ + 2∇u)^2e^ξ ≤ 0. ⊓⊔ Let us note that we have used here at full strength the hypotheses (2.9) and (2.11) on the functions u and ξ respectively. Moreover, this is the only place where we need (2.9) and (2.11) . In the proof of Theorem 2.1 which follows, we will apply the two first conditions from (2.1) (”the equation” and ”the boundary condition”) only via Proposition 2.3. On the contrary, we will use the initial condition of (2.1) explicitly.

We will be applying (2.11) with different functions ξ. Let us note that any function of the form ξ(x, t) = d(x) D(t − s) fits (2.11) provided d(x) is a distance function to some subset of M, D ≥ 2, and the point s does not belong to (0, T ) (to ensure no singularities).

In order to prove (2.8) , we choose some s, T such that s > T > t, and put d(x) to be the distance to the exterior of the set B(K, R), i.e.

d(x) = { R − dist(x, K) , x ∈ B(K, R) 0 , x ∉ B(K, R) .

By the integral maximum principle, we have ∫ Ω u^2(x, t) exp − d(x)^2 2(s − t) ≤ ∫ Ω u^2(x, τ) exp − d(x)^2 2(s − τ)

Now we replace the left hand side integral by a less value I_R(t) because d(x) vanishes off the set B(K, R). Then, we split the right hand side integral into two parts: over interior of B(K, ρ) and over its exterior. In the first part, the exponential weight is bounded from above by exp − (R − ρ)^2 2(s − τ) since the distance from any point of B(K, ρ) to the exterior of B(K, R) is at least R − ρ. In the second part, we replace the exponential weight simply by the larger 1, obtaining, thus, I_ρ(τ). Therefore, we have

I_R(t) ≤ exp − (R − ρ)^2 2(s − τ) ∫ B(K,ρ)

u^2(x, τ)dx + I_ρ(τ).

Finally, we apply the hypothesis (2.7) in the form ∫ B(K,ρ)

u^2(x, τ)dx ≤ 1 f(τ)

and let s → t+ whence (2.8) follows.

Given R and t, we consider the sequences {R_k} and {t_k}, k = 0, 1, 2, ... such that 1^∘ {R_k} and {t_k} are decreasing in k; 2^∘ R_0 = R and R_k →^1_2 R as k → ∞; 3^∘ t_0 = t and t_k → 0 as k → ∞.

Applying (2.8) for the consecutive pairs (R_k, t_k) and (R_{k+1}, t_{k+1}) we obtain

I_{Rk} (t_k) ≤ I_{Rk+1} (t_{k+1}) + 1 f(t_{k+1}) exp − (R_k − R_{k+1})^2 2(t_k − t_{k+1})

(2.12)

Let us note that I_{Rk} (t_k) → 0 as k → ∞. Indeed,

lim_{k→∞} I_{Rk} (t_k) = ∫ Ω\B(K,^1_2 R)

u^2(x, 0)dx = 0

because of the initial condition (2.1) for the function u.

Hence, we can sum up the inequalities (2.12) over all k = 0, 1, 2, ... and obtain

I_R(t) ≤ ∞∑ k=0 1 f(t_{k+1}) exp − (R_k − R_{k+1})^2 2(t_k − t_{k+1})

. (2.13)

Let us specify the sequences R_k, t_k in the following way: we take

R_k = ( 1 2 + 1 k + 2 )R and t_k = t/γ^k.

Since R_k − R_{k+1} ≥ R (k + 3)^2 and t_k − t_{k+1} =

(γ − 1)t γ^{k+1} we can expand (2.13) as follows

I_R(t) ≤ ∞∑ k=0 1 f(t_{k+1}) exp − γ^{k+1} (k + 3)^4(γ − 1)

R^2 2t .

Let us estimate f(t_{k+1}) as follows. According to the property of the function f(·) to be regular, we have the following sequence of inequalities:

f(t_k) f(t_{k+1}) ≤ A f(t_0) f(t_1) f(t_{k−1}) f(t_k) ≤ A f(t_0) f(t_1) ... f(t_0) f(t_1) ≤ A f(t_0) f(t_1)

Multiplying all them we derive

f(t_0) f(t_{k+1}) ≤ A f(t_0) f(t_1) k+1

whence we get

I_R(t) ≤ 1 f(t) ∞∑ k=0 exp (k + 1) log A f(t_0) f(t_1) − γ^{k+1} (k + 3)^4(γ − 1)

R^2 2t . (2.14)

The main idea of the proof is that the numerator γ^{k+1} grows in k much faster than the denominator (k + 3)^4 whenever γ > 1. In particular, there exists a positive number m = m(γ) such that γ^{k+1} (k + 3)^4(γ − 1)

≥ m(k + 2)

for any k ≥ 0. We can just take

m = inf_{k≥0} γ^{k+1} (k + 3)^4(k + 2)(γ − 1) .

Let us denote for simplicity L = log A^{f(t0)}_{f(t1)} and rewrite the inequality (2.14) as follows

I_R(t) ≤ 1 f(t) ∞∑ k=0 exp (k + 1)L − m(k + 2) R^2 2t = 1 f(t) exp −m R^2 2t ∞∑ k=0 exp −(k + 1)(m

R^2 2t − L)

We have either m R^2 2t − L ≥ log 2 or m R^2 2t − L < log 2.

In the former case, we obtain obviously

I_R(t) ≤ 1 f(t) exp −m R^2 2t ∞∑ k=0 2^{−(k+1)} = 1 f(t) exp −m R^2 2t (2.15)

while in the latter case we estimate I_R(t) in a different way:

I_R(t) ≤ I(t) ≤ 1 f(t) ≤ 1 f(t) exp L + log 2 − m

R^2 2t = 2 f(t) A f(t) f(t/γ) exp −m R^2 2t = 2A f(t/γ) exp −m R^2 2t Combining this together with (2.15) , we obtain finally for both cases:

I_R(t) ≤ 2A f(t/γ) exp −m R^2 2t ⊓⊔ STEP 2. The purpose of this part of the proof is to show that for D > D_1 ≡ 5D_0 and for all t > 0 we have E_D(t) ≤ 4A f(t/γ)

. (2.16)

To that end, we split the integral

E_D(t) = ∫ Ω u^2(x, t) exp r^2(x) Dt dx

(where r(x) ≡ dist(x, K)) into a series

E_D(t) = ∫ {r(x)≤R}

u^2(x, t) exp r^2(x) Dt dx + ∞∑ k=0 ∫ {2^kR≤r(x)≤2^{k+1} R}

u^2(x, t) exp r^2(x) Dt dx (2.17)

where R > 0 is an arbitrary number.

The first integral on the right hand side (2.17) is bounded from above by exp R^2 Dt ∫ Ω u^2(x, t)dx ≤ 1 f(t) exp R^2 Dt . (2.18)

The k-th term in the sum (2.17) is estimated from above by using Lemma 2.2 as

≤ exp

4^{k+1}R^2 Dt ∫ Ω\B(K,2^kR)

u^2(x, t)dx ≤ 2A f(t/γ) exp 4^{k+1}R^2 Dt − 4^kR^2 D_0t ≤ 2A f(t/γ) exp − 4^kR^2 Dt

(2.19)

where we have used D_0 ≤ D/5.

Combining (2.18) and (2.19) , we obtain

E_D(t) ≤ 1 f(t) exp R^2 Dt + 2A f(t/γ) ∞∑ k=0 exp − 4^kR^2 Dt (2.20)

We can choose R here arbitrarily. Let us define R to satisfy the identity R^2/Dt = log 2 and deduce from (2.20) :

E_D(t) ≤ 2 f(t) + 2A f(t/γ) ∞∑ k=0 2^{−4k} ≤

2 + 2A f(t/γ)

whence (2.16) follows since A ≥ 1.

Remark. By taking another (more optimal) value for R, namely,

R^2 = Dt log(1 + √ 2A) we could replace the coefficient 2 + 2A in the formula above by a better value 1 + 2 √ 2A. STEP 3. Now we will finish the proof of Theorem 2.1. In view of the previous step, it suffices to consider the case 2 < D < D_1. The integral maximum principle (Proposition 2.3) implies that for any s > 0 the integral ∫ Ω u^2(x, t) exp r^2(x) 2(t + s) dx is decreasing in t ∈ (0, ∞) (where r(x) = dist(x, K)). Therefore, for any τ ∈ (0, t) ∫ Ω u^2(x, t) exp r^2(x) 2(t + s) dx ≤ ∫ Ω u^2(x, τ) exp r^2(x) 2(τ + s) dx. (2.21)

Given t > 0 and D, 2 < D < D_1, let us find suitable values of s, τ so that the left hand side of (2.21) is equal to E_D(t) while the right hand side is to be equal to E_{D1} (τ). To that end, we must solve simultaneously the equations { 2(t + s) = Dt 2(τ + s) = D_1τ

which yields s =^{D−2}_2 t and τ =^{D−2}_{D1−2} t < t. Therefore, for this value of τ, we have E_D(t) ≤ E_{D1} (τ), and applying the inequality E_{D1} (τ) ≤ 4A f(τ/γ) known from the previous step of the proof, we get finally

E_D(t) ≤ 4A f(^{D−2}_{D1−2} t/γ) . Thus, we have proved Theorem 2.1 with

δ = δ(D, γ) = γ^{−1} min

1, D − 2 D_1 − 2 . ⊓⊔ 3. Pointwise Estimates of the Heat Kernel On any smooth connected Riemannian manifold M, we define the heat kernel p(x, y, t) as the smallest positive fundamental solution to the heat equation. It exists, it is unique, and it can be constructed as follows. Let us take an increasing sequence of pre-compact regions Ω_k ⊂ M, k = 1, 2, 3, ... which exhausts M, and in each Ω_k construct the Green function p_k(x, y, t) to the Dirichlet problem for the heat equation. Then, on one hand, we have by the maximum principle 0 ≤ p_k ≤ p_{k+1} while on the other hand ∫

Ω_k

p_k(x, y, t)dx ≤ 1.

These two properties ensure that there is a limit p(x, y, t) ≡ lim_{k→∞} p_k(x, y, t)

which is, by definition, the (minimal) heat kernel (see [14] for detailed justification of this construction).

If the manifold M has a boundary, then the exhausting regions Ω_k will necessarily have for large k a part of their boundary on ∂M, so one can put a boundary condition (normally Dirichlet or Neumann one) on ∂M to be satisfied by all p_k and, therefore, by p(x, y, t).

Our main result is the following theorem.

Theorem 3.1 Let x, y be two points on an arbitrary manifold M, and let us have for all t > 0 p(x, x, t) ≤ 1 f(t)

(3.1) and p(y, y, t) ≤ 1 g(t)

(3.2)

where f, g are regular functions in the sense of the previous section. Then for any C > 4 and all t > 0 p(x, y, t) ≤ 4A √ f(δt)g(δt) exp − r^2(x, y) Ct (3.3)

where r(x, y) = dist(x, y), δ = δ(C, γ), and A, γ are the constants from (2.2) .

Remark. The theorem is applicable also if the inequalities (3.1) and (3.2) hold only on a bounded time interval (0, T ) as stated in Theorem 1.1 in the Introduction (with an obvious modification of the notion of regularity for a bounded interval). Indeed, the on-diagonal heat kernel p(x, x, t) is known to a decreasing function of t. Therefore, if we extend the functions f(t) and g(t) beyond the point T as constants then (3.1) and (3.2) will be valid for all t > 0. Moreover, it is evident that the extended functions will preserve regularity, so that we can apply Theorem 3.1 and obtain that (3.3) holds, in particular, for all t ∈ (0, T ). Proof of Theorem 3.1. Let us apply the following universal inequality which is true always:

p(x, y, t) ≤ √ E_D(x, t/2), E_D(y, t/2) exp − r^2(x, y) 2Dt (3.4)

where D is a positive constant and

E_D(z, t) ≡ ∫ M p^2(z, ζ, t) exp r^2(z, ζ) Dt dζ. This inequality was proved in [17] but the proof is very short so that we can reproduce it here for the sake of completeness. Indeed, we have by the semigroup property of the heat kernel and by the triangle inequality r^2(x, y) ≤ 2(r^2(x, z) + r^2(y, z)) :

p(x, y, t) = ∫ M p(x, z, t/2)p(z, y, t/2)dz ≤ ∫ M p(x, z, t/2) exp r^2(x, z) Dt p(z, y, t/2) exp r^2(y, z) Dt exp − r^2(x, y) 2Dt dz ≤ exp − r^2(x, y) 2Dt × ∫ M p^2(x, z, t/2) exp r^2(x, z) Dt/2 dz 1 2 ∫ M p^2(y, z, t/2) exp r^2(y, z) Dt/2 dz 1 2

= exp

− r^2(x, y) 2Dt E_D(x, t/2)E_D(y, t/2)

1^2

what was to be proved.

The rest of the proof of Theorem 3.1 follows from the next theorem.

Theorem 3.2 Let x be a point on an arbitrary manifold M, and let us have for all t > 0

p(x, x, t) ≤ 1 f(t)

(3.5)

where f(t) is a regular function. Then for any D > 2 and all t > 0

E_D(x, t) ≤ 4A f(2δt)

(3.6)

where δ = δ(D, γ), and A, γ are the constants from (2.2) .

To finish the proof of Theorem 3.1 we are left to notice that (3.1) , (3.2) imply (3.6) and a similar inequality for the point y, which together with (3.4) imply (3.3) (we have to replace in the final result 2D by C).

Proof of Theorem 3.2. Let us consider one of the sets Ω_k containing the point x. Since p_k ≤ p then the inequality (3.5) is valid for p_k, too. It is sufficient to show that (3.6) holds for the integral E_{D,k}(x, t) ≡ ∫ Ω_k

p^2_k(x, z, t) exp r^2(x, z) Dt dz since thereafter we could pass to the limit as k → ∞ and establish the same upper bound for E_D(x, t).

Let us apply Theorem 2.1 to estimate E_{D,k}(x, t). Indeed, the function u(z, t) ≡ p_k(x, z, t) satisfies the conditions (2.1) with the single-point compact K = {x}, and we have for this function

I(t) = ∫ Ω u^2(z, t)dz = ∫ Ω p_k(x, z, t)p_k(z, x, t)dz = p_k(x, x, 2t) ≤ 1 f(2t).

Therefore, by Theorem 2.1 we have for any D > 2

E_{D,k}(x, t) = ∫ Ω u^2(z, t) exp r^2(x, z) Dt dz ≤ 4A f(2δt)

what was to be proved. ⊓⊔

Theorem 3.2 may have other applications. For example, in conjunction with the result of [20] it can give upper bounds of derivatives of the heat kernel. Indeed, as proved in [20], any upper bound for E_D(x, t) E_D(x, t) ≤ 1 h(t) (which is supposed to be true for some x and all t > 0) implies

E^{(1)}_D (x, t) ≡ ∫ M |∇_zp|^2 (x, z, t) exp r^2(x, z) Dt dz ≤ const_D h^{(1)}(t) and E^{(2)}_D (x, t) ≡ ∫ M |Δ_zp|^2 (x, z, t) exp r^2(x, z) Dt dz ≤ const_D h^{(2)}(t)

(3.7) where

h^{(1)}(t) =

∫_t 0 h(s)ds

h^{(2)}(t) =

∫_t 0 h^{(1)}(s)ds

and D > 2.

Another result of [20] is an inequality similar to (3.4) | | | | ∂p ∂t | | | | (x, y, t) ≤ √ E^{(2)}_D (x, t/2), E_D(y, t/2) exp − r^2(x, y) 2Dt . (3.8)

Combinig together the inequalities (3.8) , (3.7) and (3.6) , we obtain the following statement.

Corollary 3.3 Under hypotheses of Theorem 3.1 we have in addition to (3.3) also | | | ∂p ∂t | | | (x, y, t) ≤ const_{A,C,γ} √ f^{(2)}(δt)g(δt) exp − r^2(x, y) Ct . provided C > 4.

Similar estimates can be proved also for the higher order time derivatives of the heat kernel.

REFERENCES

[1] Anker J-Ph., Sharp estimates for some functions of the Laplacian on noncompact symmetric spaces, preprint, 1990.

[2] Aronson D.G., Non-negative solutions of linear parabolic equations, Ann. Scuola Norm. Sup. Pisa. Cl. Sci. (4) , 22 (1968) 607-694. Addendum 25 (1971) 221-228.

[3] Carlen E.A., Kusuoka S., Stroock D.W., Upper Bounds for symmetric Markov transition functions, Ann. Inst. H. Poincaré, proba. et stat., suppl. au , no.2, (1987) 245-287.

[4] Carron G., Inégalités isopérimétriques de Faber-Krahn et conséquences, in: “Actes de la table ronde de géométrie différentielle en l’honneur de Marcel Berger” Collection SMF Séminaires et congrès , no.1, 1994.

[5] Chavel I., Feldman E.A., Modified isoperimetric constants, and large time heat diffusion in Riemannian manifolds, Duke Math. J. , 64 (1991) no.3, 473-499.

[6] Cheeger J., Gromov M., Taylor M., Finite propagation speed, kernel estimates for functions of the Laplace operator, and the geometry of complete Riemannian manifolds, J. Diff. Geom. , 17 (1982) 15-53.

[7] Cheng S.Y., Li P., Yau S.-T., On the upper estimate of the heat kernel of a complete Riemannian manifold, Amer. J. Math. , 103 (1981) no.5, 1021-1063.

[8] Coulhon T., Iteration de Moser et estimation Gaussienne du noyau de la chaleur, J. Operator Theory , 29 (1993) 157-165.

[9] Davies E.B., Explicit constants for Gaussian upper bounds on heat kernels, Amer.

J. Math. , 109 (1987) 319-334.

[10] Davies E.B., Gaussian upper bounds for the heat kernel of some second-order operators on Riemannian manifolds, J. Funct. Anal. , 80 (1988) 16-32.

[11] Davies E.B., Pang M.M.H., Sharp heat kernel bounds for some Laplace operators, Qurt. J. Math. , 40 (1989) 281-290.

[12] Davies E.B., “Heat kernels and spectral theory” Cambridge University Press, Cambridge, 1989.

[13] Davies E.B., Analysis on Graphs and Noncommutative Geometry, J. Funct. Anal , 111 (1993) no.2, 398-430.

[14] Dodziuk J., Maximum principle for parabolic inequalities and the heat flow on open manifolds, Indiana Univ. Math. J. , 32 (1983) no.5, 703-716.

[15] Fabes E.B., Stroock D.W., A new proof of Moser’s parabolic Harnack inequality via the old ideas of Nash, Arch. Rat. Mech. Anal. , 96 (1986) 327-338.

[16] Grigor’yan A., Gaussian upper bounds for the heat kernel and for its derivatives on a Riemannian manifold, in: “Proceeding of the ARW on Potential Theory, Chateau de Bonas, July 1993” ed. K.GowriSankaran , Kluwer Academic Publisher, 1994. 237-252.

[17] Grigor’yan A., Heat kernel upper bounds on a complete non-compact manifold, Revista Mathemática Iberoamericana , 10 no.2, (1994) 395-452.

[18] Grigor’yan A., Integral maximum principle and its applications, Proc. Roy. Soc.

Edinburgh , 124A (1994) 353-362.

[19] Grigor’yan A., Heat kernel on a manifold with a local Harnack inequality, Comm.

Anal. Geom. , 2 (1994) no.1, 111-138.

[20] Grigor’yan A., Upper bounds of derivatives of the heat kernel on an arbitrary complete manifold, J. Funct. Anal. , 127 no.2, (1995) 363-389.

[21] Gushchin A.K., On the uniform stabilization of solutions of the second mixed problem for a parabolic equation, (in Russian) Matem. Sbornik , 119(161) (1982) no.4, 451-508. Engl. transl. Math. USSR Sb. , 47 (1984) 439-498.

[22] Gushchin A.K., Michailov V.P., Michailov Ju.A., On uniform stabilization of the solution of the second mixed problem for a second order parabolic equation, (in Russian) Matem. Sbornik , 128(170) (1985) no.2, 147-168. Engl. transl. Math. USSR Sb. , 56 (1987) 141-162.

[23] Hebish W., Saloff-Coste, L., Gaussian estimates for Markov chains and random walks on groups, Ann. Probab. , 21 (1993) 673–709.

[24] Li P., Yau S.-T., On the parabolic kernel of the Schrödinger operator, Acta Math.

, 156 (1986) no.3-4, 153-201.

[25] Nash J., Continuity of solutions of parabolic and elliptic equations, Amer. J. Math.

, 80 (1958) 931-954.

[26] Porper F.O., Eidel’man S.D., Two-side estimates of fundamental solutions of second-order parabolic equations and some applications, (in Russian) Uspechi Mat. Nauk , 39 (1984) no.3, 101-156. Engl. transl. Russian Math. Surveys , 39 (1984) no.3, 119-178.

[27] Ushakov V.I., Stabilization of solutions of the third mixed problem for a second order parabolic equation in a non-cylindric domain, (in Russian) Matem. Sbornik , 111 (1980) 95-115. Engl. transl. Math. USSR Sb. , 39 (1981) 87-105.

[28] Varopoulos N.Th., Hardy-Littlewood theory for semigroups, J. Funct. Anal. , 63 (1985) no.2, 240-260.

[29] Varopoulos N.Th., Analysis on Lie groups, J. Funct. Anal. , 76 (1988) 346-410. [30] Varopoulos N.Th., Saloff-Coste L., Coulhon T., “Analysis and geometry on groups” Cambridge University Press, Cambridge U.K., 1992.