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320 MARKUS RosT

SUMMARY

The paper considers generalities for localization complexes for varieties. Examples of
these complexes are given by the Gersten resolutions in various contexts, in particular
in K-theory and in étale cohomology. The paper gives a general notion of coefficient
systems for such complexes, the so called cycle modules. There are the corresponding
“complexes of cycles with coefficients” and their homology groups, the “Chow groups
with coefficients”. For these some general constructions are developed: proper push-
forward, flat pull-back, spectral sequences for fibrations, homotopy invariance and
intersection theory.

If one specializes the material to the case of Milnor’s K-theory as coefficient
system, one obtains in particular an elementary development of intersections for the
classical Chow groups. This treatment is somewhat different to former approaches.
The main tool is still the deformation to the normal cone. The major difference is
that homotopy invariance is not established alone for the Chow groups, but for the
“cycle complex with coefficients in Milnor’s K-Theory”. This enables one to keep
control in fibered situations. The proof of associativity of intersections is based on a
doubled version of the deformation to the normal cone.

CONVENTIONS AND NOTATIONS

We work over a ground field & and a base scheme B — Spec k. The word scheme means
a localization of a separated scheme of finite type over k. (This includes schemes of
finite type over a field finitely generated over k.) From Section 8 on all schemes are
of finite type over a field. Moreover all schemes and morphisms are defined over B
(with exceptions in Section 14). The letter M stands from Section 3 on for a cycle
module. If not mentioned otherwise, it is defined over B (in Sections 3-5) or over X
(in Sections 7-13). o

For # € X we denote by dim(z, X) the dimension of the closure {z} of z in X
and by codim(z, X') the dimension of the localization X(,). The set of points of X of
dimension (resp. codimension) p is denoted by X(,) (resp. X)), We make free use
of some basic facts from commutative algebra and refer for this to (Hartshorne 1977;
Matsumura 1980) and, in particular, to (Fulton 1984, App. A, App. B).

In Sections 6, 8, 9, and 11-13 we use the special notation X «» Y for certain
maps between the cycle complexes. This is explained in (3.8).
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CHow GROUPS WITH COEFFICIENTS 321

INTRODUCTION

The classical Chow groups CH,(X) of p-dimensional cycles on a variety X may be
defined as the cokernel of the divisor map

H n(x)*—d> H Z.

2€X(p41) r€X(p)

Here X(,) is the set of points of X of dimension p and () is the residue class field
of x. This paper studies complexes C.(X; M) of the following type:

L H M(n(x))—d> H M(n(x))—d> H M(n(x))—d>

TE€EX(pt1) r€X(p) TE€X(p-1)

Here M is what we call a cycle module. This is a functor F' — M (F) on fields to
abelian groups equipped with four structural data (the even ones: restriction and
corestriction; the odd ones: multiplication with K; and residue maps for discrete
valuations). Moreover there is imposed a list of certain rules and axioms. A particular
example of a cycle module is M = K,, given by Milnor’s (or Quillen’s) K-ring

K.F=ZOF " ®@KF®---.
Other examples are provided by Galois cohomology, specifically

M(F) =[] H"(F; D ® uP™)
n>0

with D a Galois module over a ground field k& with char k prime to r.

The complex C,(X; M) is called the chain complex of cycles on X and its ho-
mology groups A,(X; M) are called the Chow groups of X (with coefficients in M).

The Chow groups A,(X; M) enclose various familiar objects. The classical Chow
group CH,(X) is a direct summand of A,(X;K.). The E’-terms of the local-
global spectral sequences in étale cohomology and in Quillen’s K-theory are of type
Ap(X; M). For proper smooth X of dimension d the group A4(X; M) is a birational
invariant—the “M-valued” analogue of unramified Galois cohomology.

The paper develops some basic constructions for the cycle complexes
C«(X; M) and the Chow groups A, (X; M) for schemes X of finite type over a field.
There are proper push-forward, flat pull-back and homotopy invariance. Moreover
intersection theory is available: for regular imbeddings and morphisms to smooth
varieties there is a pull-back map. Finally for a morphism 7: X — Z there is a
spectral sequence
B = Ap(Z; Ag[m; M) = Apig(X; M),

Here the A,[m; M] are certain cycle modules obtained from taking homology in the
fibers. All the mentioned functorial behavior extends for appropriate fiber diagrams
to the cycle modules A,[m; M| and the spectral sequences.
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322 MARKUS RosT

The constructions are carried out on complex level in a pointwise manner.
The treatment has some parallels to a standard development of homology of CW-
complexes. This analogy should not be taken too serious, but may give a first impres-
sion about the sort of technicalities. In this picture our “cells” are just all points of
the variety in question. The patching data for the “cells” are given by the (geomet-
ric) valuations on the residue class field of one point having center in another point.
The appropriate local coefficient systems are the cycle modules. However, the nature
of these coefficient systems is more complicated than in topology. First of all, their
ground ring is provided by Milnor’s K-theory of fields. Moreover, besides the usual
functorial behavior, there is need for transfer maps (basically because one has to deal
with non algebraically closed fields) and there are residue maps for valuations (to give
passage from one point of a variety to its specializations).

The material of this paper grew out from considerations concerning the bijectivity
of the norm residue homomorphism and Hilbert’s Satz 90 for Milnor’s K,,. There the
computation of the Chow groups of certain norm varieties and quadrics plays an
important role. As a general technique (see also Karpenko and Merkurjev 1991) we
used a spectral sequence for morphisms 7: X — Z relating the Chow groups of the
total space to something like “the Chow groups of the base with coefficients in the
Chow groups of the fibers”; moreover these spectral sequences should be compatible
with intersection operations. The goal of the paper was to present an appropriate
framework in a fairly direct manner.

With the remarks following, we have tried to draw the line of development of
the paper. In the discussion of intersection theory, we restrict for simplicity to typi-
cal situations and with Milnor’s K-theory as coefficient system, although the actual
treatment is more general.

Even if one is interested in classical Chow groups alone, one is led to consider
some more general versions of Chow groups. To start with a simple situation, let
Y C X be a closed subvariety. Then there is an exact sequence

CH,(Y) - CH,(X) - CH,(X \Y) — 0.

For concrete computations as well as for general considerations, there appears the
problem to extend this sequence to the left in a reasonable way by a sort of higher
variants of Chow groups. Similarly, let m: X — Z be a morphism of varieties and
try to relate the Chow groups of X with the Chow groups of Z and of the fibers.
When working within the classical Chow groups alone, there will be no good answer
in general.

In this paper the approach to these problems is provided by Milnor’s K-theory.
For a variety X one forms for n € Z the complex® C,(X;n) with

Co(Xin) = [ Kniph(2)

ZGX(;,)

¢ The complex of cycles with coefficients in Milnor’s K-theory to be considered later splits up as
a direct sum Cy(X; Ky) = Hn C«(X;n) according to the grading of Milnor’s K-ring.
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CHow GROUPS WITH COEFFICIENTS 323

where K,F is Milnor’s n-th K-group of a field F. The homology groups of the
complex C.(X;n) are denoted by A,(X;n). For n = —p < 0 it ends up with

L ] Ko@) S [ Kuike) 5 [ Kow(z) — 0
$Ex(p+2) :EEX(p+1) $EX(:D)

and one has CH,(X) = 4,(X; —p).
Then for a subvariety Y C X there is a long exact sequence

= Ay (X\Yn) - Ap(Vin) = A,(Xn) > A,(X\Y;n) = -,

Moreover let m: X — Z be a morphism. The filtration of the set X(,) given by
the dimension of the image gives rise to a filtration of the complex C.(X;n). The
corresponding E'-spectral sequence looks like

(1) By, = ] Ai(Xsn+p) = Apg(Xsn)
ZGZ(F)

with X, = X Xz Speck(z).

A major problem in intersection theory is to produce for a regular imbedding
f: X' =5 X a pull-back map f* on the Chow groups having the geometric meaning of
intersecting cycles on X with X’. (For a general account on intersections we refer to
Fulton 1984)

These maps are in the actual context of type

[ A(Xm) = Apa(X'sn +d)

with d = codim(f).
In the paper the maps f* are defined by first constructing homomorphisms of
complexes
I(f): Cu(X3m) = Cuca(X'sn + d)

and then passing to homology. In a fibered situation (that is f lies over some map
7' — Z with appropriate smoothness conditions), the maps I(f) can be chosen
to respect the filtrations, thereby inducing homomorphisms on the corresponding
spectral sequences.

As the reader might guess, the maps I(f) cannot be defined canonically in
terms of f. Namely, I(f) gives in particular a lift of the classical pull-back map
f*: CH,(X) — CH,_q(X') to the cycle groups. But if a cycle W on X does not
meet X' properly, there is in general no way to define W N X' by a canonical cycle.

It may be surprising that one can handle with such pull-back maps I(f) on
complex level in a reasonable way. Therefore we will discuss here the nature of these
maps in some detail.

When working with the complexes C,(X;n), it turns out that the necessary
constructions can be described in terms of four basic operations. These, called the
“four basic maps”, are of the following type.
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324 MARKUS RosT

For a morphism f: X — Y, there is a push-forward map
fer Cp(X5m) = Cp(Y;m).
For a morphism g: X — Y with fiber dimension s, there is a pull-back map
9" Cp(Yin) = Cpys(Xsm — 5).

Moreover there is “multiplication with K;”: for a global unit a on X, there is a
map
{a}: Cy(Xs5n) = Cp(Xin +1)

given by pointwise multiplication with a(z) € k(z)* = Kik(x).
Finally for a closed immersion there is a canonical “boundary map”

0: Cp(X\Y;n) = Cp_1(Y;n).

All these maps are defined in a pointwise manner. If f is proper and g is flat, the
maps fix and ¢g* commute with the differentials of the complexes. One uses f, also
for open immersions f and g* also for closed immersions g (then f, and g* are just
the corresponding projections and don’t commute with the differentials). The maps
{a} and 9 anti-commute with the differentials.

In fact, the four basic maps are enough to define intersections on complex level:
by their very definition, the maps I(f) are sums of compositions of the four basic
maps. For the construction of the I(f), the first major tool is the deformation to the
normal cone. This yields a canonical “deformation map”

C.(X;n) = Cyu(N;n)

where N is the normal cone of f. The next step is to define for a vector bundle
m: V — X of dimension d a homotopy inverse

Ci(Vin) = Cg(X;n +d)

to the pull-back map 7*. It is at this place where one needs some extra noncanonical
choices. The choice to be made is (at most) that of what we call a “coordination”
of . This is a stratification of X together with bundle trivializations on the strata.

In the end there is a canonical procedure which starts from the choice of a co-
ordination of the normal bundle of f and yields a map I(f) as desired, defined in
terms of the four basic maps. Different choices lead to homotopic maps I(f), with
the homotopies again expressible in terms of the four basic maps. In a fibered situ-
ation, one may arrange things to end up with filtration preserving maps I(f). Once
having made the necessary choices, the construction is quite functorial. For example,
it is compatible with respect to base change and localization. In order to establish
functoriality (namely I(f o f) should be homotopic to I(f") o I(f), if necessary under
a filtration preserving homotopy), we use a kind of doubled deformation space.
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The viewpoint of the paper is to put the four basic maps in the center. In
particular the maps {a}, J are treated as if they were a kind of morphisms in their own
right, of equal rank as the more familiar push-forward and pull-back maps. This has
at least technical advantages. For example, in order to check various compatibilities
concerning the maps f*, it is very convenient to reduce to a separate treatment of the
four basic maps.

The reader may ask why we insist to stay on complex level although one is
interested mainly in the Chow groups. Over some range this is quite natural from the
material. However, the proof of homotopy invariance with respect to vector bundles
is much simpler for the Chow groups (using the spectral sequences) than for the cycle
complexes themselves (where one has to construct explicit homotopy inverses).

The major motive for keeping the complex level throughout was to keep control
on the filtrations in fibered situations.

Besides this, we hope that our method is of some interest concerning questions
for correspondences between arbitrary varieties. To give an example let f: X o X
be a proper birational morphism with X smooth. Then there are pull-back maps

I(f): Cu(X;m) = Cu(X5n)
similar to the I(f) above. The I(f) are unique up to homotopy and have the standard
push-forward map f. as left inverse. In particular, I(f) identifies Ci(X;n) as a
subcomplex of C*()Z'; n). In the case of a blow up in a point z, the choice to be made
in the construction of I(f) is (at most) that of a system of parameters around z.

We think of the maps I(f) as a sort of generalized correspondences. One can make
this more precise in a further development which we call bivariant theory of cycles.
There the four basic maps find their place as morphisms of varieties in an appropriate
differential category and (the homotopy classes of) the maps I(f) appear rather as
morphisms in a category of varieties admitting products, than just as homomorphisms
of complexes (as in this paper).

The motive of introducing a general notion of coefficient systems for cycles ap-
pears when looking at the spectral sequence (1). Tts E?-terms are the homology
groups of complexes of type

oD I AdXen+) S I Ag(Xasn) 5o
2€Z0p) 2€Zp_1)
We interpret this by saying that the collection of functors (with n € Z)
Aylmin]: F— Ay (X xz Spec F';n),

defined on fields F' over Z, appear as new coefficient systems. This process of creating
coefficient systems may in fact be iterated.

Therefore it seems convenient to have available some appropriate general notion
of coefficient systems. The class considered in this paper is provided by the notion
of what we call cycle modules. Its definition is formal and somewhat ad hoc. The
important thing for us is, that it contains standard functors like Milnor’s (or Quillen’s)
K-theory and Galois cohomology (as indicated above), that it is closed under processes
like M — A,[m; M] and that it allows intersection theory. Anyway it might be of at
least heuristic interest, that many general constructions (intersections, also the proof
of acyclicity for smooth local rings) can be based on pure formal properties—at least
if one starts from Milnor’s K-theory of fields.
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Milnor’s K-theory is the fundamental base of the whole paper. This was at first
suggested by our original problem, Hilbert’s Satz 90 for Milnor’s K,,. Besides this,
Milnor’s K-theory seems to give the minimal framework needed in order to express
the considerations on intersections discussed above. By the way, it seems likely that
the general method works also with Milnor’s K-theory replaced by the Witt ring of
quadratic forms of fields of characteristic different from 2.

Milnor’s K-theory has a simple definition in terms of generators and relations.
Despite this fact, it is by no means a simple and well understood functor. Already
to define the norm homomorphisms takes some effort. An even more serious and in
general an unsolved problem is for example the computation of the torsion in Mil-
nor’s K-groups. These problems are related with Hilbert’s Satz 90 (Merkurjev and
Suslin 1982, 1986) and are part of a broader picture (Beilinson conjectures, motivic co-
homology). In this context there appear other and more general higher versions of the
classical Chow groups than the groups A,(X;n) based on Milnor’s K-theory, namely
motivic cohomology (Bloch’s higher Chow groups and Suslin’s singular homology) and
also K-cohomology (Bloch 1986; Quillen 1973; Suslin and Voevodsky 1996). Milnor’s
K-theory forms a central part of motivic cohomology and of Quillen’s K-theory. In
fact, in the smooth case there are natural maps from the motivic cohomology of X
to the groups A4(X;n) and from A,(X;n) to the K-cohomology of X, both of which
are isomorphisms in some low degrees. On the other hand, motivic cohomology and
Quillen’s K-theory give rise to cycle modules in our sense. (In the case of Quillen’s
K-theory this is made more precise in Sections 1, 2 and 5). These functors are def-
initely necessary for a full understanding of Milnor’s K-theory. For the purpose of
this paper however, it turned out to be enough to rely on elementary properties of
Milnor’s K-theory.

The paper may be roughly divided in four parts. In Sections 1-2 the notion
of cycle modules is defined. Here we have lent some weight to a discussion of the
axioms. In Sections 3-5 the cycle complexes, the Chow groups and their basic func-
torial behavior are established; Section 6 is a side remark concerning the acyclicity
of Gersten-type resolutions. Sections 7-8 treat the spectral sequences. Sections 9-14
are concerned with intersection theory.

I am indebted to Inge Meier for typesetting a first version of this paper.
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1. CycLE PREMODULES

Cycle premodules are roughly said functors on fields which have transfer, are modules
over Milnor’s K-theory, are equipped with residue maps for discrete valuations and
satisfy the “usual rules”. The definition is quite formal. It forms the local dimension 1
part of the notion of cycle modules. A major difference to cycle modules is that cycle
premodules do not have to obey laws involving an infinite number of valuations like
the sum formula for P!,

Cycle premodules are defined by a list of data and rules. These are just usual
properties, quite familiar to standard examples. Equivalently, one may define cycle
premodules as the additive functors on a certain category which has an explicit de-
scription in terms of Milnor’s K-theory and valuations (see Remark 1.10). This point
of view is perhaps more satisfying. It tells that our list of data and rules is in a sense
a complete list. However, it would take some effort to establish the composition rule
in the category and we omit therefore a detailed discussion. Moreover, in order to
establish certain functors as cycle premodules, it is more convenient to refer to the
explicit lists of properties.

The viewpoint of the four basic maps mentioned in the introduction would at
first lead to functors F' — M (F'), such that each M (F') is a module over the tensor
algebra T F*. However, the existence of norm maps and the homotopy property leads
one to pass to modules over Milnor’s K-ring (see Remark 2.7).

We first recall basic facts from Milnor’s K-theory. Let F be a field. By definition
Milnor’s K-ring (Milnor 1970) of F is®

K.F=TF*|J

where F™* is the multiplicative group of F', T F™* is the tensor algebra of F™* as abelian
group and J is the two-sided ideal of TF* generated by the set

{a®bla,be F*,a+b=1}.
The standard grading on TF™* induces a grading

K.F = ]_[ K,F.
n>0

K, F is the n-th Milnor’s K-group of F. By definition KoF = Z and K; F = F*.
The elements of K,F represented by tensors a1 ® -+ ® an, a; € F*, are called
symbols and denoted by {ai,...,a,}. The group law in K, F' is written additively,
e.g., {ab} = {a} + {b}. There are the rules {a,—a} = 0 and {a,b} + {b,a} = 0, see
(Milnor 1970). In particular, K, F' is an anti-commutative ring with respect to the
natural Z/2-grading.

For a homomorphism of fields ¢: F' — E there is the ring homomorphism

¢ K, F - K.E,
p({ar,- .. an}) = {p(ar), ..., p(an)}-

< In the literature one often uses the notation KMF for Milnor’s K-ring, while K. F stands for
Quillen’s K-ring.
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If ¢ is finite, there is the norm homomorphism
o*: KuE — K,F.

©* preserves the Z-grading. Its component Z — Z in degree 0 is multiplication with
degy = [E: F]. In degree 1 it is the usual norm map N,: E* — F* for the finite field
extensions. ¢* has been defined by Bass and Tate (1972) with respect to a choice of
generators of E over F'; it is in fact independent of such a choice (Kato 1980). For a
characterization of ¢* see the remark after Theorem 1.4.

For a valuation v: F* — Z we denote by O,, m,, x(v) its ring, maximal ideal and
residue class field, respectively. For nontrivial v there is the residue homomorphism
O0p: K .F — K.k(v), see (Milnor 1970). 9, is of degree —1. It has the characterizing
properties

O({m,ur,. .. un}) ={d1,...,4n},
Oy({ut,...,un}) =0

for a prime 7 of v and for v-units u; with residue classes @; € k(v)*. Define

s KW F — Kik(v),
sy () = 0u({=7} - 7).

sr is a ring homomorphism and is characterized by

sh({ut, .. un}) =41, ..., a5},

st({muy,...,up}) =0.

Rules between the maps ., ¢*, 9, and the multiplicative structure of K, are com-
prised below in Theorem 1.4.

Let B be a scheme over a field k (recall our conventions). In the following we
mean by a field over B a field F' together with a morphism Spec F' — B such that F
is finitely generated over k. By a valuation over B we mean a discrete valuation v
of rank 1 together with a morphism Spec O, — B such that v is of geometric type
over k. The latter means that O, is the localization of an integral domain of finite
type over k in a regular point of codimension 1. Alternatively, valuations of geometric
type may be characterized by: k C O,, the quotient field F' and the residue class field
k(v) are finitely generated over k and tr.deg(F'|k) = tr.deg(x(v)|k) + 1.

This geometric setting is convenient for our later purposes. We impose its re-
strictive conditions from the beginning in order to keep things straight. For some
purposes one may consider also arbitrary fields and valuations (discrete, of rank 1
and eventually not equicharacteristic) over an arbitrary scheme B.

In the following, the letters ¢, ¥ stand for homomorphisms of fields over B and

all maps between various M (F), M(E), ... are understood as homomorphisms of
graded abelian groups.

(1.1) DEFINITION. Let F(B) be the class of fields over B. A cycle premodule M
consists of an object function M: F(B) — A to the class of abelian groups together
with a 7./2-grading M = My® M, or a Z-grading M =[], My, and with the following
data D1-D4 and rules Rla—R3e.
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For each ¢: F — E there is p.: M(F) — M(E) of degree 0.

For each finite ¢: F' — E there is ¢*: M(E) — M(F) of degree 0.

For each F' the group M(F) is equipped with a left K,F-module structure
denoted by z - p for z € K,F and p € M(F). The product respects the
gradings: K, F - My, (F) C My ym(F).

For a valuation v on F there is 8,: M (F) — M (k(v)) of degree —1.

For a prime 7 of v on F' we put

Rla:
R1b:
Rlc:

R2:

R2a:
R2b:
R2c:

R3a:

R3b:

R3c:

R3d:

R3e:

si: M(F) = M (k(v)),

v

55(p) = 0u({—7} - p).

For p: FF — E, ¢: E — L one has (1) 0 ¢)4« = ¥y 0 @s.

For finite p: F — E, ¢: E — L one has (¢ 0 ¢)* = ¢* o 9p*.

Let p: FF — E, ¢: F — L with ¢ finite. Put R = L ®p E. For p € SpecR
let ¢, L = R/p, ¥p: E — R/p be the natural maps. Moreover let [, be the
length of the localized ring R,). Then

Puop* = le (ep)* 0 (¥p)-

For p: F - E, z € K.F,y € K.E, p € M(F), pn € M(E) one has (with ¢
finite in the projection formulae R2b and R2c):
Pu(x - p) = 0u() - 0 (p),
o (pu(@) - p) =2 9*(),
0" (y - @«(p)) = " (¥) - p-
Let ¢: E — F and let v be a valuation on F' which restricts to a nontrivial
valuation w on E with ramification index e. Let ¢: k(w) — k(v) be the induced
map. Then

81)0()0* =€'¢*°aw-

Let ¢: F — FE be finite and let v be a valuation on F. For the extensions w
of v to E let ¢y: k(v) = k(w) be the induced maps. Then

0yo@* = @l 00w,
w

Let ¢: E — F and let v be a valuation on F' which is trivial on E. Then
Oy 0w, = 0.

Let ¢, v be as in R3c, let ¢: E — k(v) be the induced map and let © be a
prime of v. Then

- o
Sy O Px = Px-

For a valuation v on F', a v-unit u and p € M (F) one has

9y ({u} - p) = —{u} - du(p)-
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The maps @«, ¢* are called the restriction and corestriction homomorphisms, respec-
tively. We use the notations ¢, = rg|r, ¢* = cg|r if there is no ambiguity.

Note that R2c with y =1 € KoFE gives
R2d: For finite ¢: F' — E one has

¢* 0. = (degp) - id.
Moreover Rlc implies

R2e: For finite totally inseparable ¢: F' — E one has
s 00" = (deg ) -id.
We consider M (F) also as a right K,F-module via
pro=(=1)""zp
for x € K, F and p € M, (F).

The maps 8, are called the residue homomorphisms and the maps s} are called the
specialization homomorphisms. It is easy to check that R3e implies

R3f: For a valuation v on F, x € K,,F, p € M(F) and a prime 7 of v one has
Oy(x - p) = 0u(x) - 57(p) + (=1)"s7(2) - Ou(p) +{—1} - Ou(x) - Bu(p),
sp(z-p) =s5(x) - s7(p).

If 7’ is another prime and w is the v-unit with 7’ = 7u, then

sy (2) = s7 (@) — {a} - O(x).

From this and the rule R3c it follows in particular that the rule R3d holds for every
prime .

More remarks concerning these formulae and the residue homomorphisms in general
are given below.

All relevant cycle premodules M known to us are Z-graded with M,, = 0 for
n < 0. Within the general theory however there is need only for a Z /2-grading and
we will understand this case if not mentioned otherwise.

A morphism f: B’ — B defines a transformation F(B') — F(B) and the restric-
tion of a cycle premodule M over B to F(B') is a cycle premodule over B'. Tt will
be sometimes denoted by f*M but mostly by M as well. If B = Spec R is affine, we
call a cycle premodule over B a cycle premodule over R. If R is a field, we speak of
a constant cycle premodule. The reference to the base B will be often dropped.

(1.2) DEFINITION. A pairing M x M' — M" of cycle premodules over B is given by
bilinear maps for each F in F(B)

M(F) x M'(F) — M"(F),
(o) = p-

which respect the gradings and which have the properties P1-P3 stated below.
A ring structure on a cycle premodule M is a pairing M x M — M which induces
on each M(F) an associative and anti-commutative ring structure.
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Pl: Forz e K.F,p€e M(F), u € M'(F) one has
Pla: (z-p)-p==z-(p-p),
Plb: (p-z)-p=p-(z-p).

P2: Forp: F—>E, ne M(F),ve M(E), pe M'(F), u € M'(E) one has (with ¢
finite in P2b, P2c)

P2a: p.(n-p) = p«(n) - p«(p),
P2b: p* (cp*(n) ‘M) =n-*(p),
P2c: ¢*(v-¢.(p)) = ¢*(v) - p.

P3: For a valuation v on F', n € M,(F), p € M'(F) and a prime m of v one has

Au(n-p) = 0u(n) - s5(p) + (=1)"s5(n) - Ou(p) + {—1} - 0u(n) - u(p).

Note that P3 implies
sp(1-p) = s5(n) - s7(p)-

(1.3) DEFINITION. A homomorphism w: M — M' of cycle premodules over B of even
resp. odd type is given by homomorphisms

wp: M(F) — M'(F)

which are even resp. odd and which satisfy (with the signs corresponding to even resp.
odd type)

(1)  puowp =wEgopx,

(2) ¢*owp =wroyt,

(3)  A{a}-wr(p) =xtwr ({a}-p),
(4) Oyowr = FWy () © Op-

A unit @ on B provides a simple example of a homomorphism of odd type, namely
{a}: M — M given by {a}r(p) = {ar} - p where ap € F* is the restriction of a.
The cycle premodules over B together with the notion of homomorphism of
Definition 1.3 form an (7 /2-graded) abelian category.
(1.4) THEOREM. Milnor’s K -theory K. together with the data
Y« ©*, multiplication, 0,

is a Z-graded cycle premodule over any field k. With its multiplication, K, is a cycle
premodule with ring structure. a

This statement is a compact form of results in (Bass and Tate 1972; Kato 1980;
Milnor 1970); we omit a detailed deduction.
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Theorem 1.4 holds also in the setting of arbitrary fields and valuations (discrete
of rank 1 and with a restriction in R3b, see Remark 1.8 below).

Given the rings K,F for each F in F(Speck), the maps ¢., ¢* and 9, are
uniquely determined by R1b, Rlc, P2, P3 and

(1) (1) =1,

2)  e({a}) ={p(a)},

(3) ¢ (1) =degyp-1,

4)  ¢*({a}) ={N(e(a))},

(5)  9.(1) =0,

6)  w({a}) =v(a),

(1) 8u({a,b}) = {(=1)?@v®")pr(a)g=v() mod m, }.

Here v denotes a normalized valuation: v(7r) = 1.
This statement is trivial for the maps ¢, and 0, ; for the uniqueness of the maps *
see in particular (Bass and Tate 1972, p. 40).

The multiplication maps of the K, F-module structures on M (F') for each F give
rise to a pairing of cycle premodules

K.xM — M.

Here the axioms P1, P2, and P3 follow from D3, R2, and R3f.

In order to establish a cycle premodule it is convenient to use the following
reduction.

(1.5) LEMMA. For the validity of R3d it suffices (under presence of the other rules
of Definition 1.1) to require R3d for the case E = k(v).

Proof: By Rla the rule R3d holds for E if it holds for some extension E' of E with
E' C O,. Moreover by R3a we may replace O, by any unramified extension O, with
the same residue class field (we don’t want to pass to the henselization lim O}, since
our fields should be finitely generated over k). Now by lifting a transcendence base of
k(v) over E to O, we may assume that x(v) is finite over E. Moreover we may assume
that E is algebraically closed in any O as above. Then k(v) is totally inseparable
over E. Suppose p = char F > 0. We argue by induction on [k(v): E]. Let a € E*
such that E; = E(¥/a) is contained in (v) but not in any O),. Then the extension vy
of v to F; = F(J/a) has ramification index p, has the same residue class field and
[£(v1): Eq] < [k(v) : E]. Using R2c, R3b, R3c and R3e it is now easy to see that R3d
holds for the pair (v, E) if it holds for the pair (v, F1) (use the fact that the norm of
a prime for vy is a prime for v). O

The rest of this section will not be used later within the general theory. However
the following remarks may be of at least heuristic interest and we will refer to them
partially in later side-remarks.

(1.6) REMARK. There is the following point of view concerning R3f. See also (Bass
and Tate 1972; Milnor 1970, remark at the end of p. 323).
For a valuation v: F* — Z let

K.(v) = K.F / {1+ m,}-K.F.
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Consider the ring homomorphisms
p: Ko F — K, (v),
i Kuk(v) = K (v)

given by projection resp. by the formula

i({ar,...,an}) = p({u1,-..,un})

for v-units u;. There is an exact sequence
0 — K.r(v) - K.(0) -5 K.x(v) — 0

with 8, = 0 o p. Any prime 7 gives rise to a section y — p({7}) - i(y) of .
We put
M(v) = K. (v) O K,.k(v) M(”(”))

Then there is an exact sequence
0 — M(k(v)) == M(v) % M (k(v)) — 0,
and the splittings above give for every 7 a decomposition of K,x(v)-modules
M(v) = M(k(v)) ® M (k(v)).
We define
p: M(F) = M(v),
p(p) =1®s7(p) + p({r}) © 0u(p).

Note that p is independent of the choice of 7. One has §, = (0 ® 1) o p.
Now R3f may be reformulated by saying that p is a module homomorphism over
the ring homomorphism p. Similarly one may understand P3 via pairings

M(’U) ®K*(v) MI(’U) — M”(’U).
(1.7) REMARK. A particular consequence of R3e is the fact that the subgroup
{1+my}- M(F)

is killed whenever one passes to M(m(v)) This seems to be a reasonable condition
from a geometric point of view. However note that the continuous Steinberg symbol
K>Q — Z/2 corresponding to the 2-adic valuation on Q (Milnor 1971, § 11) maps
{5,2} to the nontrivial element.

(1.8) REMARK. If one wants to consider arbitrary valuations (discrete and of rank 1),
one has to require in R3b that the integral closure of O, in F is finite over O,. This
condition holds for geometric and for complete valuation rings, see (Serre 1968). By
looking at completions and using Rlc and R3a one may then derive for arbitrary
valuations a formula

Bvow*:lewp;o@w
w

with certain integers [,,. This remark applies in particular to Milnor’s K-theory.

DOCUMENTA MATHEMATICA 1 (1996) 319-393



334 MARKUS RosT

(1.9) LEMMA. In the situation of R3a let m be a prime of v, let T be a prime of w
and let u be the v-unit with 7° = Tu. Then

55 0 Px = Pu 08y, — {u} - Pu 0 Ou.

Proof : First note that the validity of the statement does not depend on the choices
of m and 7. Moreover, if E C K C F is an intermediate field, we may restrict to
consider the extensions K|E and F|K.

If F|E is unramified (e = 1), we may take 7 = 7 and the claim follows from R2a
and R3a.

After lifting a transcendence base of x(v) over x(w) to O, we may therefore
assume that F' is finite over E.

If e = [F': E] (case of total ramification, see Serre 1968, Chap. I, § 6), we may
take 7 = —N,(—m); then 4 = 1 and the claim follows from R2c and R3b. We have
now already covered totally inseparable extensions.

For a separable finite extension F|E, let L|E be a Galois extension containing F,
fix some extension of v to L and let D(L|F) C D(L|E) C Gal(L|E) be the decompo-
sition groups.

Then F' = LP(XF) is unramified over F' with the same residue class field; by R3a
we are reduced to consider the extension F’|E. The field E' = LP(FIF) is contained
in F'; since it is unramified over E, we know the claim for E'|FE and we are reduced
to consider F'|E'. Let K = LY where

U={ge€ Gal(L|E") | g acts trivially on (v) }
is the inertia group. Then K|E' is unramified and F'|K is totally ramified. a

(1.10) REMARK. The rules and Lemma 1.9 show that every composite of maps be-
tween various M (F') given by the data D1-D4 is a sum of composites of the form

o (e _)op.ody om0 dyoly _).

This kind of normal form for composites can be made more precise as follows. There
is a category JF with objects the class of arbitrary fields and with morphism groups

Hom(F, E) = H HK*H@)K*N(D)K*(U)-
H

v

Here v runs through the valuations on F' with value groups Z" with lexicographical
order and with r > 0. The groups K.(v) are defined exactly as above for r = 1.
Moreover H runs through those composites of x(v) and E which are finite over E
(and ® denotes the graded tensor product).

Restricting to the class F(B) and to geometric higher rank valuations one ob-
tains a category F (B). The cycle premodules over B may be then characterized as
the additive functors on F (B). In this alternative definition all the rules including
Lemma 1.9 are hidden in the composition law of F.
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(1.11) REMARK. — Galois cohomology as cycle premodule. Any torsion étale sheaf
on B (with the torsion prime to chark) gives rise via Galois cohomology to a cycle
premodule over B. For simplicity we restrict here to the case B = Speck with k a
field and to finite Galois modules over k. For generalities of Galois cohomology we
refer to (Serre 1968, 1994; Shatz 1972).

Let & be a separable closure of k, let r be prime to char k, let p1,, C k* be the group
of r-th roots of unity and let D be a finite continous Gal(k|k)-module of exponent 7.
For a field F over k let F be a separable closure containing k. Then p, and D are
Gal(F|F)-modules via Gal(F|F) — Gal(k|k). Put

H*(F;D) = [[ H™(F;D ® u™).
n>0

Here we use for a finite Galois module C' the notation

H"(F;C) = H"(Gal(F|F); 0) = lim H"(Gal(L|F);C)

where L runs through the finite Galois subextensions of F/|F such that Gal(F|L) acts
trivially on C.

H*(F;Z/r)is aring and H*(F; D) is a module over H*(F'; Z /) via cup products.

The object function H*[D] on F(k) given by H*[D](F) = H*(F;D) is in a
natural way a Z-graded cycle premodule over k. This statement is just a collection
of well-known properties of Galois cohomology. In the following we restrict ourselves
to a description of the data D1-D4. The rules follow from standard properties of the
cohomology of finite groups and from standard ramification theory.

D1 and D2: For ¢: F — E let ¢: F — E be some extension over k and let
¢: Gal(E|E) — Gal(F|F) be the induced map. Define ¢, as the usual restriction
homomorphism induced from @. For finite ¢ define ¢* as the usual transfer homo-
morphism induced from ¢ times the degree of inseparability [E: E N @(F)] (cf. Serre
1992).

D3: The K,F-module structure on ﬁ*(F; D) is given by cup products and the
norm residue homomorphism

hp: K.F/rK.F — H*(F;7)r).

hr is the Z-graded ring homomorphism which in degree 1 is given by the Kummer
isomorphism F*/(F*)" — H'(F;p,). For the rule hr({a}) vhr({1—a}) =0 see for
example (Tate 1976) or Remark 2.7.

D4: Let E be the completion of F' with respect to v. Then there is a natural
exact sequence

1— 11— Gal(E|E) — Gal(k|x) = 1

where I is the inertia group. Put D, = D @ u®" and consider the corresponding
Hochschild-Serre spectral sequences

EY? = H*(k; H'(I; D,,)) = HP"(E; D,,).
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The cohomology of the inertia group I is given by H°(I;D,) = D,, H'(I; D,) =
Hom(u, D)) = D,—1 and HY(I;D,) = 0 for ¢ > 2 (Serre 1968, Chap. IV). Hence
the spectral sequences give rise to homomorphisms

Dy: HY(E; D) — H" Y (k; Dp_y).
Composing with H"(F; D,,) — H"(E; D,,) defines the desired maps®
Oy: H"[D|(F) — H™ '[D](k).

(1.12) REMARK. — Quillen’s K-theory as cycle premodule. We denote by K. F =
I, K, F Quillen’s K-ring of a field F. Hereby we understand the definition K F' =
Tnt1 (BQMod(F)) of (Quillen 1973) with the product as defined in (Grayson 1978).
(Here Mod(F) is the category of finite dimensional F-modules. For generalities of
Quillen’s K-theory see also Grayson 1976; Srinivas 1991.)

The object function F' — K_F defines a Z-graded cycle premodule with ring
structure over any field k. Its data are given as follows.

D1 and D2: One takes the pull-back map @* resp. the push-forward map @, of
(Quillen 1973, § 7) where @: Spec E — Spec F' is the morphism corresponding to ¢.

D3: One uses the natural homomorphism w: K,F — K.F from Milnor’s to
Quillen’s K-theory. To define w, one may refer to K/,F = 7, (BGL(F')*) and the com-
putations w1 (BGL(F)") = H{(GL(F),Z) = K| F, ny(BGL(F)*) = Hy(E(F);Z) =
K> F (Matsumoto’s theorem, see Milnor 1971). Another possibility is to define directly
a homomorphism w;: F* — K] F and then to check the rule w; ({a}) -wi ({1 —a}) =0
using the arguments of Remark 2.7.

D4: One uses the connecting map of the long exact localization sequence for O,
(Quillen 1973, § 7).

The verification of the rules is omitted. It is a lengthy but straightforward exercise
to deduce them from (Grayson 1978; Quillen 1973).

< According to the conventions made for the cup product and the spectral sequence, one may
have different signs in the product rules for the differentials. This affects rule R3e, so if necessary,
one should replace 8, by an appropriate sign (depending alone on n).
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2. CYCLE MODULES

In this section we define the notion of a cycle module and derive important properties:
the homotopy property for A' and the sum formula for proper curves. Moreover we
give a simplification of the axioms for a constant cycle module over a perfect field.
The axioms of a cycle module are basic for all further considerations. Therefore we
have included discussions on various related properties to a much larger extent than
is actually needed in the following sections.

Throughout the section, M denotes a cycle premodule over some scheme B (recall
our conventions).

For a scheme X over B we write M(z) = M(r(z)) for z € X. The generic
point of an irreducible scheme X is denoted by ¢ or £x. If X is normal, then for
z € XM the local ring of X at z is a valuation ring; let 8,: M (£x) — M(zx) be the
corresponding residue homomorphism.

For z, y € X we define

0y: M(z) — M(y)

as follows. Let Z = {z}. If y ¢ Z()), then 7 = 0. Otherwise let Z — Z be the
normalization and put

(2.1.0) 07 = Cuz)jn(y) © O

zly
with z running through the finitely many points of Z lying over y.

(2.1) DEFINITION. A cycle module M over B is a cycle premodule M over B which
satisfies the following conditions (FD) and (C).

(FD): FINITE SUPPORT OF DIVISORS. Let X be a normal scheme and p € M ({x).
Then 8, (p) = 0 for all but finitely many z € X1,

(C): CLOSEDNESS. Let X be integral and local of dimension 2. Then

0= Y 8% 005 M(¢x) = M(xo)

$EX(1)
where £x is the generic and z is the closed point of X.

Many remarks and definitions of Section 1 are understood accordingly for cycle mod-
ules. For example a homomorphism of cycle modules is a homomorphism of the
underlying cycle premodules.

Of course (C) has sense only under presence of (FD) which guarantees finiteness in
the sum. More generally, note that if (FD) holds, then for any X,z € X and p € M (z)
one has 9y (p) = 0 for all but finitely many y € X.

If X is integral and (FD) holds for X, we put

4= (@)exe: MEx) — [[ M),
zeX (1)
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In the following, F' denotes a field over B and AL = Spec F[u] is the affine line
over F' with function field F'(u). Proofs of Proposition 2.2 and Theorem 2.3 are given
after Remark 2.6.

(2.2) PROPOSITION. Let M be a cycle module over B. Then the following properties
(H) and (RC) hold for all fields F over B.

(H):  HOMOTOPY PROPERTY FOR A'. The sequence

0— M(F) = M(F(w) -5 [[ M(z)—0

1
2EAR (o)

is an exact complex (with r = 7p(y)F).

(RC): RECIPROCITY FOR CURVES. Let X be a proper curve over F. Then

Mex) -5 J] M(z) =< M(F)
z€X(0)

is a complex: cod =0 (with ¢ =} c.(a)|7)-

The properties (FD), (C), (H), (RC) are all what we need in further sections. Axiom
(FD) enables one to write down the differentials d of the complexes C,(X; M), axiom
(C) guarantees that d o d = 0, property (H) yields the homotopy invariance of the
Chow groups A.(X; M) and finally property (RC) is needed to establish proper push-
forward. For the material from Section 3 on the reader may take (H) and (RC) just
as additional axioms of cycle modules and skip without much harm everything after
Remark 2.6 below.

For another example of the fundamental role of axioms like (RC) in formal defi-
nitions of functors on fields see also (Somekawa 1990).

For integral X we put

AX; M) =kerd = () kerdf C M(¢x).
CITGX(l)

One may think of A°(X; M) as the group of “unramified M-valued functions” on X.

(2.3) THEOREM. Let M be a cycle premodule over a perfect field k. Then M is a
cycle module over k if and only if the following properties (FDL) and (WR) hold for
all fields F over k.

(FDL): FINITE SUPPORT OF DIVISORS ON THE LINE. Let p € M (F(u)). Then
9y(p) = 0 for all but finitely many valuations v of F'(u) over F.

(WR): WEAK RECIPROCITY. Let O« be the residue map for the valuation of
F(u)|F at infinity. Then

B0 (A°(Ak:; M)) = 0.

One implication here is obvious from Proposition 2.2, since trivially (FD) = (FDL)
and (RC) = (WR). Conditions (FDL) and (WR) are comparatively weak: they deal
only with the affine line and involve no corestriction maps. For nonconstant cycle
modules (i.e., B is not the spectrum of a field) we don’t know any similar simplification
of the axioms (FD) and (C).
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Further properties of cycle modules are

(Co): ConTiNuITY. Let X be smooth and local and let Y — X be the blow up
in the unique closed point zy3. Then

AY(X; M) c A°(YV; M).

In other words, if v is the valuation corresponding to the exceptional fiber
over xp, then
o (AU(X;M)) =0.

(E): EVALUATION. In the situation of (Co) there is a unique homomorphism
ev: AY(X; M) — M(x)
(“evaluation at zy”) such that
Ti(v) (o) © €V = 55 | A°(X5 M)

for any prime 7 of v.

The validity of these two properties will follow from the construction of the pull-back
maps f*: A°(X; M) — A°(Z; M) for morphisms f: Z — X in Section 12. Namely,
the inclusion of (Co) is given by f* with f: ¥ — X the blow up. Moreover in (E) one
has ev = f* with f: Spec k(zy) — X the inclusion. See also Remark 2.8 below.

(2.4) REMARK. A basic example of a cycle module over any field k£ is Milnor’s K-
ring K.. Axiom (FD) follows as for classical divisors. For (H) see (Milnor 1970). The
validity of (RC) for X = P! is intrinsic to the definition of the norm homomorphisms
in (Bass and Tate 1972). Kato (1986) has used (RC) to prove (C) by passing to
completions.

(2.5) REMARK. The cycle premodules H*[D] and K of Remarks 1.11 and 1.12 are
cycle modules. Axioms (FD) and (C) are contained in (Bloch and Ogus 1974) and in
(Quillen 1973, § 7, Sect. 5), respectively.

For H*[D] one may use here alternatively Theorem 2.3 and Tsen’s Theorem as
follows (see also Serre 1992). (FDL) follows from the fact that every finite exten-
sion of F(u) is ramified only in finitely many places of F(u)|F. One has trivially
(H) = (WR). If F is separably closed, then (H) follows from Tsen’s Theorem (i.e.,
HY(F(u);py) = 0 for ¢ > 2; see for example Shatz 1972) and the Kummer isomor-
phism KiF(u)/r = H'(F(u);p,). To deduce (H) for arbitrary F' one applies the
Hochschild-Serre spectral sequence for the extension F(u)|F(u).

(2.6) REMARK. Probably the considerations of this section (and of the whole paper)
may be developed in characteristic # 2 also for a version of cycle modules which
are modules over the Witt ring of quadratic forms instead over Milnor’s K-ring. A
transferring would be not at all formal because the residue maps for the Witt ring
depend on choices of parameters.
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In the following proofs of Proposition 2.2 and Theorem 2.3 we use the notations

Al = Spec F[u], A2 = Spec F[s,t] and Z = A%<st>), the localization of A% at 0.

Moreover y, z € Z1) ¢ A2 denote the points with parameters s, t, respectively.
We proceed in several steps.

Step 1: (FD) + (C) = (WR). Given p € A°(Al; M) put
n=1{t}- plt/s) € M(F(s,1)
or, more precisely, n = {t} - p.(p) with ¢: F(u) — F(s,t), p(u) = t/s. Using R2
and R3 one finds
dx(n) =0 for z € ZW\ {y, 2},
By (1) = —{t} - T(y) 7 (9o (p)),
0:(n) = 0: (¢« ({u} - p) + {s} - vu(p))
= 7o) r © Qo ({u} - p) = {s} - ()17 (0 (p))-
(C) and 9y (p) = 0 give
0= 3 0 00.(n) = Y 0 0,() = —0u(p). 0
xezZ)
Step 2: (FDL) + (WR) = (H). Note that d or = 0 by R3c. Moreover any special-

ization map for an F-rational point on P! is a left inverse to » by R3d.
Surjectivity of d: For a closed point 2 € Al let

®*: M(z) = M (F(u)),

D (1) = Cu(a)(w)|F(u) ({“ —u(z)} - Tn(z)(u)|n(z)(u))
and let
=Y 0" [[ M@ — M(F(u).
z zEA%O)

Then d o ® = id by R3b—R3e.

Exactness at M (F(u)): Given p € A°(Al; M), put

n={t} (plu+1t) - p(u)) € M(F(u)(t)).

More precisely: Let E = F(u), let i,: E — E(t) be the homomorphisms over F' with
i(u) = u, @(u) = u -+t and put 7 = {t} - (u(p) — ia(0))-

We compute 9y, (n) for the valuations w of E(t) over E. One finds easily d,,(n) = 0
for w # 0, co. But also dy(n) = 0 by R3d, since the valuation at ¢ = 0 restricts trivially

under ¢ and ¢ and since the induced homomorphisms E — £(0) coincide. Hence (WR)
tells O (n) = 0. On the other hand one has

Oue ({1} -1-(0) = —p.

Foo ({t} - 04(p)) = Doo ({t/(w + 1)} + {u+1}) - 0 (p))
= —{t/(u+1)} - 9o (0(0)) + Ooo (0= ({u} - p))
= 0475 (9o ({u} - p))

by making particular use of R3d and R3e (note that ¢/(u + t) has residue class 1 €
k(00)). So
p= TE|F(5oo({u} : P)) € TE|F(M(F)))- 0
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Step 3: (FD) + (H) = (RC). There is a finite morphism X — P! over F. Using
this and R3b one reduces to the case X = P!. Then it suffices to check

Z Cr(u)|F © Ou 0 & =10

1
u€P (o)

for ®* as in Step 2. This equation follows from the computation d o ® = id and
0o 0 ®F = —Cy(a)|F,

a consequence of R3b and R3d. g

The proof of Proposition 2.2 is now complete. We next consider the nontrivial
implication of Theorem 2.3. We will refer at some places to Sections 3 and 4, but
only in a mild way. Note that (H) is available by Step 2.

Step 4: (FDL) = (FD) FOR X = A". Let p;: A® — A" be the n standard pro-
jections. Then

A | pi )

(3

where ¢ is the generic point of A"~!. (FD) follows from (FDL) applied to F' = k(£). O
Step 5: (FD) For X = A2 + (WR) = (C) ForR X = Z. As in Step 2 we have

M(&z) = M(F(s)) + Y & (M(z))

7€ (A% (,)) ©

with
" (1) = Cp(ayt)Fs.t) ({E = (@)} Ty )y (1)) -

(C) holds obviously on M (F(s)). Let us verify (C) on the image of ®® for fixed z.
By do ® =id in Step 2 we are reduced to check

9y 00y 0 ®" = —0f.

Let v run through the valuations on k(z)(t) which restrict on F[s,t] to the valuation
with parameter s (and corresponding to y). Let @ be the restriction of v to x(z) and let
c(v) € {x} be the center of v. If ¢(v) # 0, then ¢(x) is a v-unit with residue ¢(c(v)).
Suppose 0 € {z} and let R, be the residue class ring of z localized at 0. The
valuations v with ¢(7) = 0 restrict in a one-to-one manner to the valuations w of x(z)
with R, C O, . For these one has #(t(x)) > 0 (since t(z) is nilpotent in R,/sR,).
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In the following, u runs through {z} N {y}\ {0}. One finds

0y 0 ®% (1) =Y uu) () © O ({t = &)} Ty t)n(e) (1)

== Cr(v)|r(y) ({t —t(c(0))} * Tr(o)n(e) © 5«7(#))
v,c(V)#0

—{t(y)}- Z Ca(v)|r(y) © Tr(v)|r(v) © Oo(1t)

v,e(7)=0
== cawmini ({t = tw)} - reuyminw © 95 (1)

—{tW)} - iy F © O (1)
Since t(u) # 0 the sum vanishes under 9§ and we are done by R3d. O

Step 6: REDUCTION OF (C) TO THE CASE k(zp) C Ox. Let X be as in (C) and
write X = Spec R. Lift a transcendence base of k(zp) over k to elements t; € R
and put K = k(t1,...,t,) C R. Then k(zo) is a finite extension of K. Since k is
perfect, we may take here a transcendence base such that k(o) is separable over K.
Let X' = Spec R ®k k(xp), let u € X' be the canonical lift of 2y and let X" be the
localization of X’ in u. We assume that (FD) holds for X and X". Consider the pull-
back along the flat map X" — X, see Section 3. The induced map M (z9) — M (u)
is injective, since xp and u have the same residue class fields. An application of R3a
and R3b (see Proposition 4.6.2) shows that (C) holds for X if (C) holds for X. O

We know now in particular that (C) holds for every localization of A? in some
closed point.

Step 7: PROOF OF (FD). There exists a generically finite separable rational map
X — AZ. All but finitely many = € X correspond to points of A1) The argument
of Step 4 yields a reduction to a plane curve X over some field K. So consider the case
X = {z} for some z € A%l). We may assume that X maps dominantly to Spec F/[s]
so that ®* as in Step 5 is defined. Put n = ®*(p). We have 9,(n) = p. Moreover
0u(n) # 0 only for finitely many u (Step 4). The closure of v # x meets X only
in finitely many points. Now, since (C) holds for every localization of A?, we have
9%,(p) = 0 for all but finitely many w € X1 C A%o)- O

Step 8: PROOF OF (C). By Step 6 we may assume that F' = x(zg) is contained in Ox .
Choose a closed (2-dimensional) subscheme Y C P% such that X is the localization
of Y in a (F-rational) point y. We consider the generic projection from P% to P%.
More precisely: let T be the Grassmannian of 3-codimensional linear subspaces of P’%,
let E = F(T), let H C P% be the tautological subspace and let 7: P% \ H — P2 be
a linear projection. Then H NYr = & and r restricts to a proper map p: Yg — P%.
Let D =p~! (p(y)) Then D is the intersection of Yy with a generic 2-codimensional
linear subspace passing through y. Hence

D\{y}CYp\Y.
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In particular D NYqy = {y}. Now we consider flat pull-back along the base change
q¢: Yy — Y followed by the push-forward along p, see Section 3. One finds (see (1)
and (2) of Proposition 4.6) for p € M(£x):

rpr( Y 05,0080) = Y Oy 0 Oulpe o' (0))

;peX(l) ueU(l)

where U is the localization of P% in p(y). The right hand side vanishes by Step 5
and rg|p is injective since E|F' is a rational extension. O

We conclude with some more considerations concerning the axioms of cycle mod-
ules. These have been included here more for illustration than for application. In
order not to be too tiring, we have taken here the freedom to be a bit vague about
our actual assumptions.

(2.7) REMARK. In the datum D3 of cycle premodules there is hidden a strong rule,
namely the relation {a,1—a} = 0 of Milnor’s K-theory. The main justification within
this paper for using Milnor’s K-theory is that it works well. Asking naively, one may
try to weaken D3 by requiring only the existence of bilinear pairings

K\F x M(F) = M(F),
({a},p) = {a} - p

and restricting to x € K1 E, y € K1 F in R2. Then M (F) would be a T F*-module.
However, if one wants to develop a geometric theory, one is in the end led to
pass to modules over Milnor’s K-theory. A reasoning for this is given by the following
little game. It refers in a mild way to the rules of cycle premodules and to a part of
the homotopy property (H).
Let p € M(F'), let L be an overfield of F, let u € L\ {0,1} and consider

n(u) = {u}- ({1 —u}-rpp(p)) € M(L).

Our aim is to conclude n(u) = 0 for the case L = F. Assuming reasonable special-
ization maps, this follows from the generic case L = F(u) with u a variable. To treat
this case, our strategy is to argue that n(u) is unramified on the whole affine line.
Then, by homotopy invariance, n(u) is constant. An extra argument finally shows
n(u) = 0.

To be specific first a little calculation (which provides by the way already the
divisibility of n(u) referring only to the existence of norm maps and the projection
formula). Let L' = F(u') be the function field in the variable ' and let L = F(u) C L'
with w = u'™. Then 1 —u = Nz, (1 —u') and the projection formulae R2b and R2c
give

1) = {u} - (N (1= )} - rgr ()
= {u} o ({1 —u'} - rop(p)
=cu|L ({U'"} ({1 —u'}- TL’\F(p)))

=n-cp(n(w)).
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We want to conclude that 8, (n(u)) = 0 for all finite places v of L|F. This is
quite natural to assume as long as u and 1 — u are v-units. For the place at v = 0
(and similarly at w = 1) one may argue as follows.

Let a = 0p(n(u)) € M(F) be the residue for the valuation of L|F at u = 0.
Similarly let o/ = 8y (n(u')), now with respect to the valuation of L'|F at v’ = 0. A
change of variables v — u' shows a = /. But the above computation and rule R3b
yields @« = n - o'. Taking n = 2 gives a = 0.

Now (H) tells that n(u) comes from M(F), that is n(u) = 7z p(n) for some
n € M(F). Naturality with respect to the homomorphisms L — L over F' with
w — —u and u — u? gives

On the other hand one has

n(u?) = 2n(u) + 2n(—u),

just by linearity. One concludes 3n(u) = 0. But then 3n(u') = 0 as well and the above
computation for n = 3 tells n(u) = 0.

(2.8) REMARK. As already mentioned, the properties (Co) and (E) of cycle modules
follow from the material in Section 12. The considerations there use the deformation
to the normal cone and homotopy inverses. But things simplify considerably if one
may pass to the limits X = Speck[[t1,...,t,]]. In the following we consider the
case X = Speck[[s,t]], tacitly assuming that our cycle modules are defined on an
appropriate category of schemes. In fact we could have taken also more general
schemes as basis for our notions, say excellent schemes over a perfect field (however
one should then be careful with Theorem 2.3).

(C) = (Co): Let E = F(u) and T = Spec E[[s,t]]. Given p € A°(X; M) put

n={t —us} T F(st)p) € MEr).

One may then calculate

> 85 00-(n) =3, (p).

ZET(l)
Hence 9,(p) = 0 by (C).

(C) = (E): By the last argument we may use (Co). It follows that for p € A°(X; M)
the value of s7(p) is independent of the choice of the prime 7. Since k(v) = F(t/s) is
rational, one is by (H) reduced to check

Ow o sy(p) =0

for all valuations w of F(t/s) over F' except the one with w(t/s) = —1. Every w
defines a point in the exceptional fiber of the blow up ¥ — X. One calculates for
the w in question

0= 940d,({s} p)=0uodi({s} p)

er(l)

Finally note s7(p) = 0,({s} - p) for the choice 7 = —s.
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(2.9) REMARK. In the case of a constant cycle premodule one may derive (C) from
(Co) under presence of (FD). This tells that axiom (C) appears naturally in our
framework if we require the existence of pull-back maps f*. As in Remark 2.8 we
consider here the case X = Speck[[s, t]].

(Co) = (C): To derive (C) from (Co) for constant M and for X = Spec ks, t]]
one argues first similarly as for Step 5 above as follows. Let y be the point with
parameter s and define for z € X(1) \ {y}:

7 M(z) = M(éx),

BT (1) = TR((s,0)| F(s)(#) © Caa)(t) F(s)(0) ({E = H@)} - Ty (o) () (1)) -

As in Step 5 one has 9, o ®* = id and 9, o ®* = 0 for z # z, y; moreover one finds
0y o ®* = —{t} - Tp(y)|r © 95 . This shows that (C) holds on the image of the ®*.

In order to verify (C) for p € M(£x) we may arrange things such that 9,(p) = 0.
We are reduced to check (C) for

p=p- Z(I)xoax(ﬁ)-
rFy

Using the above computations one finds

_ 0 for x#y,
ax(p) - { {t} . Tn(y)\F(a) for z = ]

for some 6 € M(F).
We must show § = 0. Put E = F(r) and—written in a somewhat sloppy form—

n = p(rs,rt) — p(s,t) — {s,r} -0 € M(E((s,t)))
One computes n € A°(Spec E[[s, t]]; M) and
9y(n) = —{r} -0 € M(E(s/t)).

(Co) gives {r} -0 = 0 in M(F(r,s/t)). Applying appropriate specialization and
residue maps shows 6 = 0.

DOCUMENTA MATHEMATICA 1 (1996) 319-393



346 MARKUS RosT

3. THE Four BaAsic MAPS

The purpose of this section is to introduce the cycle complexes and all the types of
operations on them needed further on (except the cross products to be defined in
Section 14).

Let M be a cycle module over X, let N be a cycle module over Y and let U C X,
V C Y be subsets. For a homomorphism

a [[M@) — [ Nw)

xelU yev
we write aj: M (z) — N(y) for the components of a.

(3.1) CHANGE OF COEFFICIENTS. Let w: M — N be a homomorphism of cycle mod-
ules over X and let U C X be a subset. We put

wy: [ M(z) — ] N(=)

zelU zelU
where (w4 )7 = wy(z) and (wg)y =0 for z #y.

(3.2) CycLE cOMPLEXES. For a cycle module M over X and an integer p let

Co(X;M)= ] M(x).

ZGX(;,)

We define
d=dx: Cp(X; M) = Cp_1(X; M)

by dj = 0;; with 9; as in (2.1.0). This definition has sense by axiom (FD).

(3.3) LEMMA. dx odx = 0.

Proof: One has to check (d o d)? = 0 for € X(,41), 2 € X(p—1). This is trivial

if z ¢ {x}. Otherwise let Y be the localization of {z} in z. Since our schemes are
catenary, we have X(;) NY =Y(;) and dimY = 2. Now apply axiom (C) to Y. O

The complex C\(X; M) = (Cp(X;M),dx)p>o is called the complex of cycles
on X with coefficients in M.

When developing a theory of cycles, first natural questions are the following.
Given a proper morphism f: X — Y, what is the push-forward map f. on cycles?
Or, given a flat morphism g: Y — X, what is the pull-back map ¢* on cycles? In
fact, we will define such maps. However these questions are not our guiding point, of
view. We rather fix schemes X, Y and numbers p, ¢ and then ask: what is the class
of maps

Cp(X5M) = Cy(Y; M)
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which we should consider? Our answer is then motivated by what we want to do with
the complexes, namely developing intersection theory etc. This leads to the “four
basic maps” as defined in (3.4)—(3.7).

The definitions of the basic maps “multiplication with K;” and “boundary maps”
in (3.6) and (3.7) are easy to understand. However our way of introducing push-
forward and pull-back maps as in (3.4) and (3.5) deserves some words of comment. It
turns out that these maps (denoted by f. and [A, g, s]) are sums of compositions of
maps of simpler type, namely push-forward maps f. for proper morphisms f, pull-back
maps g* for flat morphisms ¢ and the projections ¢* and inclusions j. corresponding
to closed (or open) subvarietes (see 3.10). This fact (which we will not prove) seems
to be however only of heuristic interest. In fact it would be a nuisance if we had to
consider at each step such a reduction of the language expressing the maps between
the cycle complexes.

(3.4) PUSH-FORWARD. For a morphism f: X — Y of schemes of finite type over a
field we define

far Cp(X5 M) — Cp(Y; M)

as follows. If y = f(z) and if (z) is finite over £ (y), then (f.); = Cx(a)|x(y). Otherwise
(f.)2 = 0.

(3.5) PULL-BACK. Our main interest is to define the particular types of pull-back
maps as considered in (3.5.5) below. In our general definition in (3.5.3) we define
pull-back maps Cp(X; M) — C,(Y; M) associated to any morphism ¢: Y — X of
relative dimension < ¢ — p. Moreover we use coherent sheaves A4 on Y as modifiers
of the arising multiplicities. This construction gives great technical flexibility and is
useful in Section 4.

(1) For a morphism ¢: Y — X let
s(g) = max { dim(y,Y) — dim(g(y),X) [y €Y }.

Moreover let Y, =Y x x Speck(z) for z € X.
Note that if € X(;,), y € Y{y), g(y) = = and s(g) < ¢ — p, then necessarily
Y(O)
yevy.
(2) Let ¢: Y — X be a morphism and let A be a coherent sheaf on Y. For z € X
(0) :
and y € Y,/ we define an integer

[A, 9]y € Z
as follows. The localization Y, () of Y, in y is the spectrum of an artinian ring R

with only residue class field (y). Let A be the pull-back of A via Yoy =Y 2V

and define [A, gl =1 r(A) as the length of A considered as R-module (for the notion
of length and further properties we refer to Fulton 1984, App. A).
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(3) Fix s € Z. Let g: Y — X be a morphism with s(g) < s and let A be a coherent
sheaf on Y. We define homomorphisms

[A,g,s]: Cp(X5M) = Cpys(Y5 M)

by
T Aagz'rn k(z 1fgy=357
ngs]y:{[ e 90
0 otherwise.
Here r(z) is considered as a subfield of k(y) via g.
(4) Let F be a field, let g: Y — Spec F' be a morphism and let

0 A > A-A">0
be an exact sequence of coherent sheaves over Y. Then
[Alaga S] - [Aaga S] + [Allaga S] =0.

This follows from the additivity of length with respect to short exact sequences.
(5) For some particularly interesting cases we use the following notations. Let FF — E
be a homomorphism of fields, let X be of finite type over F' and let g: Y = X XgpecF
Spec E — X be the base change. Then we put g* =[Oy, g,0].

A morphism g: Y — X of schemes of finite type over a field is said to have
(constant) relative dimension s if all fibers are either empty or equidimensional of
dimension s. In this case we write dim(g) = s and put

g* = [OYagadlm(g)]
Particular cases are here open and closed immersions (with s = 0).

(3.6) MULTIPLICATION WITH UNITS. For global units a1, ..., an, € O% we define
homomorphisms

{M,---,Cln}i CP(X)M) _>CP(X5M)
by
- {ai(x),...,an(x)}-p forz =y,
a ) '7an =
o }y(p) { 0 otherwise.

This definition turns C,(X; M) into a module over the tensor algebra of O%. If X is
defined over some field F', then Cp,(X; M) becomes via F* C O% a module over K, F.

(3.7) BOUNDARY MAPS. Let X be of finite type over a field, let i: Y — X be a closed
immersion and let j: U = X \ Y — X be the inclusion of the open complement. We
will refer to (Y, i, X, j,U) as a boundary triple and define

=0 C,(U; M) = Cp_1(Y; M)
by taking for 7 the definition in (2.1.0) with respect to X. The map 8y is called the

boundary map associated to the boundary triple, or just the boundary map for the
closed immersion i: Y — X.
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We conclude this section with a few notations and remarks concerning the four
basic maps.

(3.8) GENERALIZED CORRESPONDENCES. We introduce the notation
a: X —Y
to denote homomorphisms
a: Cu(X; M) = Cu(Y; M)

which are sums of composites of the four basic maps f«, g*, {a} and 9 for schemes of
finite type over a field.

This notation is made for the sake of simplification. It also stresses the fact that
we think of the maps in question rather as a sort of morphisms of varieties than just
maps of complexes associated to every M. As mentioned in the introduction, this can
be made more precise in a further development. (The differential dx is not subject
to this notation convention—we rather think of dx as a part of the inner structure
of X. Similarly for homomorphisms induced by a change of coefficients.)

(3.9) GRADINGS. The Z/2-gradings on M induces a Z/2-grading on C.(X; M) by

Cp(X; M,n) = H Myip(z)
€X(p)

with n € Z /2. Suppose a: X « Y respects this grading in the sense that
a(Cu(X; M,n)) C C.(Y; M,n +7)

for some r € Z /2. In this case we write sgn(a) = (—1)". One has sgn(f.) = sgn(g*) =
+1, sgn({ai,...,an}) = (=1)" and sgn(9) = —1. Moreover we put

d(a) =doa—sgn(a)- aod.

Then
sgn(d(a)) = —sgn(a),
dod(a) =0,
(a0 8) = (a) o 8 + sgn(a) - o 8(5).

All the maps a to be considered will respect the Z/2-grading. Moreover, if M is
Z-graded, then the a will respect the corresponding Z-gradings on the complexes.
Additionally they respect the natural Z-gradings given by dimension. So if M is
Z-graded, there is an underlying Z x Z-grading (see also Section 5). In the general
treatment however there is need only for the Z /2-grading.
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(3.10) BOUNDARY TRIPLES. Let (Y,i, X, j,U) be a boundary triple. The set theoretic
union X, = ¥{,) UU(;) yields a natural decomposition

(3.10.1) Cp(X: M) = Cp(Y; M) @ Cp(U; M)

of abelian groups. Here the complex C.(Y;M) is a subcomplex of the complex
C.(X; M) with C.(U; M) as quotient complex. The maps i, j« and i*, j* are the
corresponding inclusions and projections, respectively. In a formal way, the situation
is described by the following formulae:

0=1i"odx oj,
i*oi, =idy, 7j*oj, =idy,
1*0j, =0, j¥oi,=0,
101" + jy 07" =idx,
0(ji) =ix 00, 0(ix) =—00j%,
0=1"00(jx) = —0(i") 0 jx,
0(i.) =0, 6(j5)=0, 6(9)=0.
Later on we will make free use of these simple rules, in particular in Sections 6

and 9. The canonical decomposition (3.10.1) is the source of our formal treatment, of
intersection theory on complex level.

4. COMPATIBILITIES

In this section we establish the basic compatibilities for the maps considered in the
last section. All arguments are simple in nature or at least familiar to cycle theories.
They are basically of local nature. As usual the treatment of flat pull-back causes
most of the technicalities.

Rules among the maps of (3.4)—(3.7) are formulated in (4.1)—(4.5). Proposi-
tion 4.6 is concerned with the compatibility with the differentials. The compatibilities
with change of coefficients are obvious and we don’t make a point of them here and
further.

(4.1) PROPOSITION.
(1) For f: X =Y, f:Y — Z as in (3.4) one has (f' o f)« = fl o fu.
(2) Let ;Y — X and ¢': Z — Y be morphisms. Let s > s(g) and s' > s(g’)

and let A, A’ be coherent sheaves on'Y, Z, respectively, with A" flat over Y. Then
s+s" >s(gog') and

[gI*A ®Oz Alag o glas + SI] = [Alaglasl] o [Aagas]

In particular

Ix *

(gog) =g"og
for g, ¢' as in (3.5.5) with g' flat.
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(3) Consider a pull-back diagram

’

A
f lf
< X

with f and f' as in (3.4). Let s > s(g), s(g’) and let A be a coherent sheaf on Y.
Then

N S

[A g,5]0 fu = fio[f" A, g',s].
In particular
g*ofi=fiog"”

for g as in (3.5.5).
Proof: (1) is immediate from the definitions and R1a.

Proof of (2): The inequality is obvious. Let 2 € X, y € Y, z € Z, with
dim(y,Y) = dim(z, X) + s, dim(z, Z) = dim(y,Y) + s’. We have to check

[¢" A®o, A',gog'ls =[A,g'TY - [A gl

We may assume X = Speck(z) and Y = Spec R with R as in (3.5.2). By devisage

using the flatness of A" over R and (3.5.4) we may reduce to the case A = k(y). Now
the claim is trivial.

Proof of (3): Let 0 = [A, g,5] 0 f« — flo[f"* A, g',s]. We have to show §; = 0 for
S Z(p) and y € Yv(p+s).

This obvious if f(z) # g(y). Otherwise let © = f(z) = g(y). Our assumptions
givedim(z, X) < dim(z, Z) and dim(z, X) > dim(y,Y)—s(g) > p; hence dim(z, X) =
dim(z, Z) = p and k(2) is finite over x(z).

Let v € U, be a maximal point of the fiber over z. Our assumptions give
dim(u,U) > dim(y,Y) = p+ s and dim(u,U) < dim(z,Z) + s(g') < p + s; hence

u € Upys). This shows that J; remains unchanged if we replace X by Speck(z), Z

by Speck(z), Y by Y; () = Spec R (see 3.5.2) and p, s by 0. Then f is finite and flat.
Hence f’ is flat and by devisage using (3.5.4) we may assume A = k(y) as R-module.
But then it suffices to consider the case Y = Speck(y) and the claim follows from
rule Rlec. g

(4.2) LEMMA. Let f: Y — X be as in (3.4).
(1) If a is a unit on X, then
feo{f (@)} = {a} o fo.
(2) Let f be finite and flat and let a be a unit on'Y. Then
feo{a}o f*={f(a)}.
Here f.: O% — O% is the standard transfer map.

Proof: (1) is immediate from R2b. For (2) we may assume X = Spec F' with F a
field. Then for y € Y let [, be the length of O, y. By R2c we have

foofaYo f = 1y cuyr({a®)})

and the claim follows. O
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(4.3) LEMMA. Let a be a unit on X.
(1) For ¢: Y — X as in (3.5.5) one has
g o{a} ={g7a}oyg".
(2) For a boundary triple (Y,i,X,5,U) one has
0y o {j*(a)} = —{i*(a)} 0 07
Proof: (1) follows from R2a and (2) from R2b and R3e. O

Let h: X — X' be a morphism of schemes of finite type over a field and let
Y" — X' be a closed immersion. Consider the induced diagram given by U’ = X'\ Y’
and pull-back:

Y — X +— U
(4.4.0) | [ |
Y — X' +— U
(4.4) PROPOSITION.
(1) If h is proper, then .
h.odY =8¥: o h..
(2) If h is flat (of constant relative dimension), then
h* oag: = 83[{071*.
Proof: Immediate from Proposition 4.6.1 and 4.6.2 below. |

(4.5) LEMMA. Let g: Y — X be a smooth morphism of schemes of finite type over a
field of constant fiber dimension 1, let 0: X — Y be a section to g and let t € Oy be
a global parameter defining the subscheme o(X). Moreover let §: Y \ o(X) = X be
the restriction of g and let O be the boundary map associated to o. Then

0og"=0 and Jo{t}og" = (idx),.
Proof: One reduces to X = Spec E and applies R3c and R3d. O

(4.6) PROPOSITION.
(1) For proper f: X =Y as in (3.4) one has
dy o fu = feodx.

(2) Let g: Y — X be a morphism and let A be a coherent sheaf on'Y flat over X.
Then
dY ° [A,g,S] = [A,g,s] o dX

for s > s(g). In particular
g* ° dX — dY og*

for flat g as in (3.5.5).
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(3) For a unit a on X one has
dx o{a} = —{a} odx.
(4) For a boundary triple (Y,i,X,5,U) one has

dy 0¥ = —0Y o dy.

Proof: (3) follows as Lemma 4.3.2 and (4) follows from Lemma 3.3.

Proof of (1): Let 6(f«) = dy o f« — f« odx. We have to show §(f.); = 0 for
z € Xy and y € Yj,_1). Let z = f(z) and ¢ = dim(z,Y). If y & {2z}, the claim is
obvious. If y = z, we first replace Y by Speck(y) and then X by {x}. This is the
case of a proper curve over a field considered in (RC) of Section 2. If y € {2} and

y # z, we must have ¢ = p and «(z) is finite over x(z). We may assume ¥ = {2} and
X = {z}. Consider the diagram

X % x
[l
N

where ¢ and h are the normalizations. Let # € X and Z € Y be the generic points
(lying over = and z, respectively). We have §(g.) | M (£) = 0 by the very definition of
the differentials; similarly §(h.) | M (%) = 0. This and 4.1.1 show

0(fe) 0 gu | M(2) = (dy 0 hu o fu — fuoguodg)| M(%)
= h, 0 0(f.) | M(%).

Since g. | M (%) is an isomorphism onto M (z) we are reduced to show (5(f*)§ = 0 for
VRS 17'(1,_1). Let @ € X be a point over §j. We have & € X(*). Now 5(]?*)% = 0 follows
from rule R3b, the properness of f and the fact that the local rings of § and of all
the preimages @ are valuation rings.

Proof of (2): Let § = dy o [A,g,s] — [A,g,s] o dx. We have to show d; = 0 for
T € X(p), ¥ € Ypys—1). Put z=g(y). If 2 ¢ {z}, the claim is obvious. If z = z, then
for u € Y, all valuations on (u) with center y are trivial on &(x); the claim follows
from rule R3c. We are now reduced to the case z € {z}, 2 # x. Then z € X, )
since dim(z,X) > dim(y,Y) —s = p — 1. We may assume X = {z}. Moreover
by Propositions 4.1.3 and 4.6.1 we may additionally assume that X is normal. Let
U= {uEYz(O) |y € {u}}. Then

Gy = OyolAg,sli —[Ag,sl; 0.
uelU

We may replace X and Y by its localizations in z and y, respectively. Then X =
Spec R with R a valuation ring, ¥ = SpecS with S local of dimension < 1 and
U - Yv(l) .
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In this case we have by definition

le(u 0y o T(u)r(e) — Ls(A/TA) - Ty(y)in(z) © O

uwelU

where S(,,), Ay are the localizations at 4 and where 7 is a prime element of R.

For u € U let S, be the normalization of S/u. For a S,-module H of finite length
we define

= 5 (Hia) - [ 0) ()

where w runs through the maximal prime ideals of S, and where S'(w) resp. H,, are

the localizations of S, resp. H at w. We claim that L,(H) is the length of H as
S-module:

To prove this use devisage to reduce to the trivial case H = x(w) for some w.
Moreover we have

15(Su/7Su) = 1s(S/u +785).

This follows from the fact that the cokernel and the (trivial) kernel of S/u — S,
have finite S-length and 7 is a nonzero divisor of S/u and S, (see Fulton 1984,
Lemma A.2.4).

We have for fixed u:

By © Tr(uyln(z) = D Cr(uw)ln(y) © Oty © Tr(w)|n(a)

=D 15, (S)/™S(w) - Cxulnty) © Tr(w)ln(z) © 0

= Lu(Su/mSu)  T(y)ln(z) © Os -

z

Here we used the definition of 9; and R3a, R1b, R2d.
Putting things together one finds that d; = 0 follows from

s(A/TA) = s, (Aqw) - Ls(S/u+ 78).

uelU

This formula is exactly the formula of (Fulton 1984, Lemma A.2.7) because the map
A — A, a — ma is injective by the flatness of A over R. a
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5. CycLE COMPLEXES AND CHOW GROUPS

This section contains notations and a few remarks and examples. In Section 3 we
have introduced for a cycle module M over X the complexes

Cp(X;M) = [[ M=)

rE€X(p)

with differentials
d=dx: Cp(X; M) = Cp_1(X; M).

Sometimes it is convenient to use the codimension index instead of the dimension
index. We put
cr(x;M)= [ M)

rzeX(®)

and define
d=dx: C*"(X; M) — CPT(X; M)

again by dj = 0 with 9y as in (2.1.0). Similar as in Lemma 3.3 one finds d o d = 0.

The choice between the dimension and codimension index depends on the matter.
Our basic interest is in schemes X of finite type over a field F. In this case the
dimension setting is in general appropriate, since then the dimension of a point x is
an absolute notion independent of the ambient space: dim(z, X) = tr.deg(k(x)|F) .

If X is in addition equidimensional of dimension d, then X®) = X(a-p) and
CP(X;M) = Cy—p(X; M). Then we will freely switch between the two notions if
it is convenient (in particular if we consider intersections in the smooth case). The
codimension setting will also be used for certain schemes not necessarily of finite type
over a field, e.g., for spectra of local rings. In this case we understand the material of
Section 4 to be transferred from the dimension to the codimension setting via finite
type models.

In practice, all M have a Z-grading and one likes to keep track on it. We put for
Z-graded M

CP(X;M,n)z H Mn+p(m):
rEX(p)

CP(X;M,n) = H Mp_p(z).
reX (@)

with n € Z. Then there are decompositions of complexes
C*(X; M) =[] ¢ (X;M,m).
n

(In the introduction we have used the notation Cy(X;n) = C.(X; K4, n)).
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The Chow group of p-dimensional cycles with coefficients in M is defined as the
p-th homology group of the complex C.(X; M) and denoted by A,(X; M). Similarly
we define AP(X; M), Ap(X; M,n) and AP(X; M, n) according to the notations used
for the complexes.

The homomorphisms f. for proper f, g* for flat g, {a1,...,a,}, 0¥ and wy of
Section 3 (anti-)commute with the differentials (see Proposition 4.6). The induced
maps on the (co-)homology groups will be denoted by the same letters. The compat-
ibilities of (4.1)—(4.5) carry over (for proper f, f' and flat g).

It is obvious from (3.10) that for a boundary triple (Y, ¢, X, j,U) there is the long
exact sequence

D ALV M) S A (X M) L AU M) D Ay (VM) s

We conclude by mentioning a few examples. H*[D] and K denote the cycle
modules given by Galois cohomology and Quillen’s K-theory as considered in Sec-
tions 1-2.

(5.1) REMARK. — Classical Chow groups. We understand here CH,(X) as the group
of p-cycles modulo rational equivalence as defined in (Fulton 1984, Sect. 1.3; denoted
by A,(X)). From this definition? it is obvious that

Ap(X; K., —p) = CHp(X).

For the Chow group CH? (X)) of p-codimensional cycles (for smooth irreducible X say)
our notations give

AP(X; K., p) = CHP(X),

(5.2) REMARK. — Unramified cohomology. For a proper smooth variety X over a
field £ and a cycle module M over k, the group

AY(X; M) € M (k(X))

is a birational invariant of the field extension k(X)|k (see Corollary 12.10). A well-
known example here is the unramified Brauer group of k(X)|k. Its n-torsion subgroup
is in our notations given by A%(X; H*[u®~1],2).

(5.3) REMARK. — Relations with local-global spectral sequences. In Quillen’s K-
theory as well as in étale cohomology there are spectral sequences given by codi-
mension of support (see Quillen 1973, Sect. 5; Bloch and Ogus 1974). The corre-
sponding E;-terms together with the d'-differentials may be identified with the com-
plexes C*(X; K.,n) and C*(X; H*[D],n). The corresponding E»-terms are of the
form EYY = AP(X; K., —q) and EY'? = AP(X; H*[D ® p® 1], q), respectively (where
r-D =0).

¢ Namely the definition of CH,(X) mentioned in the first sentence of the introduction.
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(5.4) REMARK. — The map from Milnor’s to Quillen’s K -theory. The natural ho-
momorphisms K, F — K. F form a homomorphism of cycle modules. It is an isomor-
phism in degrees < 2. Moreover for a valuation v on F one has 9, (K3F) = 0,(K4F),
see (Merkurjev and Suslin 1987). It follows that the induced homomorphisms

Ay(X;Keyn) = Ap(X; KL, n)

are bijective for n + p < 2.

6. ACYCLICITY FOR SMOOTH LOCAL RINGS

The following observations have been included to underpin the notion of cycle mod-
ules. They are not needed in further sections. M is a cycle module over a field k.

(6.1) THEOREM. Let X be smooth and semi-local. Then
AP(X;M)=0 for p>0.

This theorem is known in Quillen’s K-theory (Quillen 1973, § 7, Theorem 5.11) and
in étale cohomology (Bloch and Ogus 1974) and has been proved by O. Gabber for
Milnor’s K-theory. The main step in these proofs is sometimes called “Quillen’s trick”
and carries over to cycle modules as well. Here we follow essentially this method but
with a simplification due to I. Panin.

Let V be a vector space over k and let A(V') be the associated affine space. For
a linear subspace W of V' let

mw: A(V) = A(V/WV),
mwv) =v+W

be the projection.

(6.2) LEMMA. Let X C A(V) be an equidimensional closed subvariety with dim X = d
and let Y C X be a closed subvariety with dimY < d. Moreover let S C Y be a finite
subset such that X is smooth in S. Then for a generic (d — 1)-codimensional linear
subspace W of V' the following conditions hold.

(1) The restriction
mw |Y: Y = AV/W)

is finite.
(2) The restriction
mw | X: X = AV/W)

is locally around S smooth of relative dimension 1.
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Proof: (Panin) We extend the situation to the projective closure A(V) C P(V & k)
with P(V) C P(V @ k) as hyperplane at infinity. Let

Tt BV @ k) \ B(W) = P(V/W & k),
Tw([v,t]) = [v+ W, 1]

be the projection. 7w is an affine bundle over P(V/W @ k) which extends the affine
bundle 7y over A(V/W).

Let Y C P(V @ k) be the closure of Y and let Y, =Y NP(V). Then dimY,, <
d—1. Hence for generic (d — 1)-codimensional W we have Y, NIP(W) = &. Therefore
there is the map

ﬁw|?: ?—)P(V/WEB]C).

This map is finite since it is proper and since 7w is an affine bundle. This shows (1)
because 7y | Y is the pull-back of 7y | Y along A(V) C P(V @ k).

For condition (2) one just needs to guarantee that 7wy maps for each s € S the
tangent space TsX C V of X in s epimorphically onto the tangent space V/W of
A(V/W) in 7w (s). This is again an open condition for W. O

This lemma is very close to (Quillen 1973, § 7, Lemma 5.12.) and suffices for all
applications I know. The existence of such a space W is not clear over finite ground
fields and needs some extra discussion. However, if one is in the end interested in
(co-)homology groups, there is usually no problem with replacing the ground field k
by a rational extension k(ti,...,¢.). In this case one may take for W for example
the tautological subspace of V' defined over the function field of the Grassmannian of
(d — 1)-codimensional subspaces of V. In our situation we refer here to the following
remark.

(6.3) LEMMA. Let X be a variety over k and let g: Xy;y — X be the base change.
Then

9" Ag(Xs M) = Ag(Xyr); M)
18 injective.

This lemma will be become obvious in the next section where we show that F' —
Ay(XF; M) is a cycle module. Then g* is just the restriction map 7)), for this cycle
module and any specialization s™ at a rational point of P! yields a left inverse. (What
one really uses here is Lemma 4.5 with Y = X x P! and Proposition 4.6.2.)

(6.4) PROPOSITION. Let X be a smooth variety over a field and let Y C X be a closed
subscheme of codimension > 1. Then for any finite subset S C Y there is an open
neighborhood X' of S in X such that the map

it ALY NX" M) = Al(X'; M)

is the trivial map. Here i: Y N X' — X' is the inclusion.
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Proof: We may assume that X is affine. By Lemma 6.2 we find a diagram (at least
after replacing k by a rational extension)

with Y — A finite and with X — A smooth of relative dimension 1 in S.
Put Z =Y x4 X and consider the diagram

7Z
e N
Yy —5 X
where g and 7 are the projections and o is the diagonal. Note that 7 is finite, g is
smooth of relative dimension 1 in S and that o is a section to g and a lift of the immer-
sion 7. Moreover after a localization to an open subset X’ C X containing S we may
assume that there is a global parameter ¢t € Oz defining the closed subscheme o(Y).

Let (Y, 0, Z,7,Q) be the boundary triple given by o (with @ = Z\ ¢(Y")) and let
g: @ = Y be the restriction of g. Now consider the composite

Hy L gl ol 70 x
One finds
S(H) =m om0y oft}og" =m oo, =i,
by Lemma 4.5. Therefore i, is nullhomotopic. a
Proof of Theorem 6.1: We may assume that X is connected. Put d = dim X.
Consider pairs (U, S) where U is a smooth d-dimensional variety of finite type over k
and S C U is a finite subset such that X is the localization of U in S. Then
CP(X;M) = lim CP(U; M).
_)
(U,9)
Moreover
CP(U; M) =Cy—p(U; M) =lim Cy_,(Y; M)
_)
Y

where Y runs over the closed p-codimensional subsets of U. Hence

AP(X; M) = lim AP(U; M) = lim lim A4_,(Y; M).
— — —
(U,s) (U,5) Y

But Proposition 6.4 tells that Aq_,(Y; M) — AP(U; M) — AP(U'; M) is the trivial
map for small enough U’ C U. O
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In the smooth case we sheafify cycle modules as follows. For a smooth variety X
let M x be the Zariski sheaf on X given by

Mx(U) = A°(U; M) C M(éx)
for open subsets U of X.

(6.5) COROLLARY. For a smooth variety X over k there are natural isomorphisms

AP(X; M) = HE_(X; Mx).

Zar
Proof: Define the Zariski sheaves C? on X by
CP(U)=CP(U; M).
Then there is a complex of sheaves
0— My —C° Lot 4.0

The complex is exact. This holds at Mx and at C° by the very definitions. Theo-
rem 6.1 implies exactness at positive dimensions. The corollary follows, since the CP
are flasque. O

The resolution of M x considered in this proof has nice functorial properties.
Namely, we will define for morphisms f: ¥ — X maps of complexes (Section 12)

I(f): CP(X; M) = CP(Y; M)
and, under presence of a ring structure for M, a pairing of complexes (Section 14)
C*(X;M)x C*(X; M) = C*"(X; M).

These are functorial with respect to localizations. Therefore the isomorphisms of
Corollary 6.5 are compatible with pull-backs and with products.

The following example is a nice illustration of Corollary 6.5. Let X be smooth
and define the Zariski sheaf KC;; on X by

K,.(U) = A°(U; K.,n) C K,k(X).

The sheaf K,, has a comparatively simple definition: it just refers to the definition
of Milnor’s K-groups for fields and of the residue maps for valuations. Corollary 6.5
yields the following interpretation of the classical Chow groups on a smooth variety:
(6.6) CH?(X) = H},.(X;Kp).

Zar
The same result holds with Milnor’s K-theory replaced by Quillen’s K-theory.
The corresponding sheaf K, coincides with the sheaf induced from the presheaf U —
KQ(U) where KQ(U) denotes the n-th Quillen’s K-group of the category of vector
bundles on U. In this context (6.6) is known as Bloch’s formula (see Quillen 1973,
Thm. 5.19; Grayson 1978).
Another special case of Corollary 6.5 for M = K, is

AU(X;K*,’IZ) = Hgar(X;K:n‘Fd)a

with d = dim X. This interpretation of the “Chow groups of zero cycles on X with
coefficients in K,” was obtained already in (Kato 1986).
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7. THE CYCLE MODULES A,[p; M]

In this section we show that new cycle modules can be obtained from the Chow groups
of the fibers of a morphism. It was in fact this process of forming local coefficient
systems for cycles which motivated the notion of cycle modules.

Let p: @ — B be a morphism of finite type and let M be a cycle module over Q.
For fields F over B let Qr = Q xp Spec F. We define an object function A,[p, M]
on F(B) by
Aglps M](F) = Ag(Qr; M).

Our aim is to show that A,[p, M] is in a natural way a cycle module over B.

All the properties of cycle modules except axiom (C) hold already on complex
level, i.e., for the groups Cy(Qr;M). It is appropriate to establish first the corre-
sponding object function as a cycle premodule.

So let M be the object function on F(B) defined by
M(F) = Cy(Qr3 M).

We first describe its data as a cycle premodule. These will be denoted by @, @*, 5,,,
TE|F, CE|F, etc. in order to distinguish them from the data p., ¢*, 0y, etc. of M.

For a homomorphism of fields ¢: FF — E let ¢: Qg — Qr be the induced mor-
phism. We define the data D1 and D2 by

Px =@ CQ(QFQM) - Cq(QE;M)a
" = pu: Cy(Qr; M) — Cy(Qr; M).

For D3 we take the K,F-module structure on C,(Qp;M) described in (3.6). To
establish D4 put @, = @ X p Spec O,. It has over Spec O, the generic fiber Qr and
the special fiber () (,). Define

Bv: Cy(@Qpi M) = Cy(Quuy: M)
by (51,); = 0, with 9, as in (2.1.0) with respect to the scheme Q..

(7.1) THEOREM. Together with these data, Misa cycle premodule over B.

Proof: All the required properties follow from the rules and axioms for M and from
Section 4.

Below we consider R3a in detail. Here is a sketch for the other (less complicated)
cases:
for R1la use
for Rlc use
for R2a use (4.3.1); for R2b use (4.2.1); for R2c¢ use Rlc and R2c;
for R3b use (4.6.1); for R3c use R3c;
for R3d use (1.5) and R3d; for R3e use R2b and R3e.

4.1.2); for R1b use (4.1.1);
4.1.3) and a length consideration;

(
(
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Proof of R3a: Let g¢: Qr — Qr and go: Qx(v) — Qx(w) be the projections. We
have to show that the following diagram is commutative:

Co(Qr; M) 2 Coy(Qr(vy; M)

ng Te-gg

Co@mi M) 25 Cy(Qupuy; M).

We want to apply Proposition 4.6.2 to the projection g: @v — @w. The pull-back
of g along Spec E — Spec O, is g¢. Let

Jo: Qn(v) = @v XSpec O, Specn(w) — Qn(w)

be the pull-back of ¢ along Spec x(w) — Spec O,,. Note that Qn(v) and Q) have
the same reductions and therefore the same cycle groups.

We claim gj = e-gj. Let R = O, ®p,, £(w). Note that go, go are the pull-
backs along Q) — Spec k(w) of the morphisms Spec x(v) — Spec k(w), Spec R —
Spec k(w), respectively. The claim follows from e = [g(R) and a standard length
consideration.

It remains to show that the diagram commutes with e - gg replaced by gg. This
follows (cum grano salis, see the following remark) from Proposition 4.6.2.

Remark. When applying here Proposition 4.6 in a formal way, there appears
an artificial problem caused by the fact that the dimension index does not behave
perfectly well for schemes over local rings like ),. However, note that to check a
commutativity like 8, o gg = g4 o Oy it suffices to restrict to the components cor-

responding to points € Qp(,) with {?} N (Qn(w))(q) # @ . For these points one
has € (Quw)(g+1) by the dimension inequality (Matsumura 1980, p. 85). A similar
remark applies to @v. Therefore the desired identity follows from d o g* = g* od on
Cq+1(@w; M). One may avoid these considerations by looking more closely to the
proof of Proposition 4.6. d

We have to relate the differentials for the cycle premodule M to the differentials
for the cycle module M. N

Let X — B be a scheme over B and let X = @ xp X. Then for x, y € X there
is the map o .

0,: M(z) — M(y)
according to (2.1.0). By definition this is a map
9y Cq(Qr(zy; M) = Cy(Qu(y); M)

between cycle groups with coefficients in M.

(7.2) PROPOSITION. Let &, § € X be points lying over x, y € X, respectively, and

suppose I € (Qn(z))(q) and j € (Qn(y))(q). Denote by (85)% the component of 9, with
respect to & and y. Then

=05 M(&) — M(3).
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Proof: We may assume § € @(1), since otherwise both sides are trivial. The dimen-
sion inequality (Matsumura 1980, p. 85) shows then y € {?}(1). Let v run through
the valuations of k(z) with center y in X. Moreover let w run through the valuations
on k(%) with center 7 in X. The restriction of any w to k(z) is one of the valuations v.
Let w € Qx(y) be the center of w in X xx Spec O,. Now the claim follows from

(3)5 = (D Cuwyinty) © 003

=D Crwinw)y © (@)

voowlv
- Z Z Cr(@)|k(§) © Cr(w)|r(w) © Ow
v owly
=D Cuw)ln(p) © Ow = 05 O

It follows from Proposition 4.6 that the data of the cycle premodules M (for
various ¢) commute resp. anti-commute with the differentials of the complexes
C.(Qp; M). Passing to homology we obtain data D1-D4 for the object functions
Aqlp; M.

(7.3) THEOREM. Together with these data, Aylp; M] is a cycle module over B.
Proof: The rules for the data of the cycle premodule A,[p; M] are immediate from

the rules for M. Moreover axiom (FD) for M and Proposition 7.2 show that (FD)

holds for M—consequently also for A,lp; M]. Tt remains to verify axiom (C).
Consider the maps®

Ca(Quie)) —= Oyt (Qu(e) @ 1 Ca(Quia)) ® Cot1 (Quan)) %5 CoQutan)
zeX (1)

defined by ©; = 0; with J; as in (2.1.0) with respect to the scheme @ xp X.

By Proposition 7.2 we are reduced to show © o © = 0. It suffices to check
(©00); =0for z € (Que))(q) and ¥ € (Qu(ao))(q) With y € {z}® (here {2} is the
closure of z in X ). The dimension inequality (Matsumura 1980, p. 85) shows

7" (Qu(e)) (a1 Y (Qu@)) (@) U (Quao)) (441

with Z = {7}@). We are done by axiom (C) for M. O

In the following proposition we formulate some functorial properties of the con-
struction p — A,[p; M]. Let

y Iyox

(7.4.0) N
B

< Here the indication of the cycle module M has been dropped.
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be a commutative diagram with n and p of finite type and let M be a cycle module
over X. For a field F' over B let

hrp: Yr — XF
be the morphism induced by h.

(7.4) PROPOSITION. The following transformations are homomorphisms of cycle
modules over B:

(1) For proper h let

[ha]: Aqlm; M] = Aqlp; M]
with [h]r = (hF)«.
(2) For flat h of relative dimension s let

[h*]: Aglp; M| — Agys[n; M]

with [h*)r =[]
(3) For a global unit a on X let

[{a}]: Aglp; M] — Aylp; M]

with [{a}]r = {a| XF}.
(4) For a boundary triple (Y,i,X,5,U) let

[0] = [0V]: Aglpoj; M] = Ay_1[poi; M]

with [0]F the boundary map for Yp — Xp.

Proof: One has to check the compatibility with D1-D4. This follows for (1) from
(4.1.3), (4.1.1), (4.2.1) and (4.6.1); for (2) from (4.1.2), (4.1.3), (4.3.1) and (4.6.2);
for (3) from (4.2.1), (4.3.1), the anti-commutativity of K, and (4.6.3); for (4) from
(4.6.1), (4.6.2), (4.6.3) and (C). 0

Let p: @ — B be flat and not necessarily of finite type. One may then define
cycle modules A7[p; M| with

Allp; M|(F) = A"(Qr; M).

To establish these cycle modules one proceeds analogous to the A,[p; M] above. Al-
ternatively one may reduce to the consideration of the A,[p; M] as follows. If p is of
finite type, one may assume that it is of constant dimension s. In this case one has
Alp; M| = As_g[p; M]. For the general case note that (at least locally with respect
to B) one has AY(Qp; M) = li_II}lAq(QIF; M) where p': Q" — B runs through the flat

finite type models of p.
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8. HFIBRATIONS

In this section we consider the spectral sequence associated to a morphism and formu-
late some basic functorial properties. A first application yields the homotopy property
for vector bundles.

From now on all schemes are assumed to be of finite type over a field and M is
(with exceptions in Section 14) a cycle module over X.

For a morphism p: X — X' we put

= [ M@ cax;m)
IGX(;, 1)

where

Xpy = {z € X | dim(p(z), X') <p}.
Then

+ C Cp1,4(p) C Cplp) C--- C Cu(X; M)

is a finite filtration of C\(X; M) by subcomplexes. This filtration has the subquotients

H C n(u)a )

I
UEX

Let (Eﬁq(p)) be the associated spectral sequence (see e.g. Hilton and Stamm-
bach 1971). "The differential for X restricts on Ci(Xy(u); M) to the differential

for X, (y). Therefore
H A n(u): )

1
ueX(,)

(8.1) PROPOSITION. The differential d, , of this spectral sequence equals the differ-
ential dx: for the cycle module A,[p; ]

Proof: For u' € X(’
components of dll)

p)’ y' € X(I
and dx-:

p—1) W€ have to check equality of the corresponding

g

1

(d;),q)u (dX’)Z’ t Ag(Xequys M) = Ag(Xy(yry; M).
The map (dzlw)z,’ is by definition induced from the map
: CQ(Xn(u’); M) - Oq(Xn(y’); M)

where Oy = 3,/ for u, y € X lying over u’, y', respectively.
The claim follows from Proposition 7.2. O
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(8.2) COROLLARY. There is a convergent spectral sequence
Eg’q(p) = Ap(X'5 A,[p; M) = Apiqo(X; M).

If X' is equidimensional and p is flat, then there is a convergent spectral sequence
ED"(p) = AP(X'; Al[p; M) = AP*I(X; M). O

Here the second statement follows from the first by a formal switch to codimension
index. In this codimension setting one may drop the finite type hypotheses.

(8.3) REMARK. We will use the following dictions. Let p: X — X', n: Y — Y’ be
morphisms. Then a: X « Y is called filtration preserving (with respect to p, n) of
degree (r,t), if

a(Cpi(p) C Cpiryire(m)-

If §(a) = 0 (see Sec. 3 for the definition of ), then « is homomorphism of filtered
complexes and induces maps (denoted by the same letter)

a: By (p) = Epyr gye—r(n)-

Two filtration preserving maps «, 3: X « Y of degree (7, t) are called homotopic, o ~
B, if there is a filtration preserving H: X «—» Y of degree (r + 1,¢ + 1) such that
a—f3=0(H). If §(a) = 6(8) = 0 and « ~ S, then the induced maps on the E>-
terms coincide. If the homotopy H can be chosen of degree (r,t + 1), then already
the induced maps on the E'-terms coincide. This follows from a little calculation
working for arbitrary filtered complexes.

Let
vy L x
(8.4.0) ln lp
v Lox

be a commutative diagram of morphisms. The following statement, is trivial.

(8.4) LEMMA.
(1) One has
Fe (CpJ(n)) C Cp(p).

(2) Suppose f has relative dimension t and let s > s(f'), see (3.5.1). Then

I (Cp,l(p)) C Op+s7l+t(n)-

(3) If a is a unit on X, then

{a} - (Cpa(p) € Cpalp)-
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(4) Let (Y,i,X,5,U) be a boundary triple. Then

0y (Cpi(poj)) C Cpica(poi).

(5) For the diagram (4.4.0) one has

05 (Cpa(h)) C Cpr i (h). O
Let
v Loy 5 ox
(8.5.0) K |# |’
v — v ox

be the natural decomposition of diagram (8.4.0) with V=V xyx X and f=Ffof.
We call the diagram (8.4.0) a flat square if f and f' are flat of some constant relative
dimensions. This holds then also for f.

We use the natural identification

Aglp; (F)*M] = (f')* Aglp; M]
of cycle modules over Y.

(8.5) PROPOSITION.
(1) If f and f" are proper, then the map

fer Ep o(n) = Ep 4 (p)
corresponding to (8.4.1) equals the composite

Ap(Y'5 Ay [ M]) =5 A, (Y'; Aylps M]) —= Ap(X"; Aylp; M]).

(2) Suppose the square (8.4.0) is flat and put r = dim(f'), s = dim(f). Then the map

f*: E;Q)’q(p) — E12)+r,q+s(n)
corresponding to (8.4.2) equals the composite
(£ [f*]
Ap(X'5 Aglps M) = Apsr (Y5 Aglps M]) —5 Apir (Y5 Agys[n; M]).
(3) For a global unit a on X the map
{a}: B} ,(p) = B, ,(p)

corresponding to (8.4.3) equals [{a}]4.
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(4) The map
0: Eg,q(poj) - qu 1(pOZ)

corresponding to (8.4.4) equals [0%]4.

(5) The map B
0: E; (k) = E>_y ,(h)

corresponding to (8.4.5) equals the map
O Ap(U's Aglh; M) — A, 1 (Y'; Aglh; M)).

Proof: (3) is trivial. (5) follows from Proposition 8.1. In (1) and (2) one may suppose

either f = f or f = f.
Proof of (1) for f = f: Here X’ =Y’ and the map

fe QY M) — Ci(X; M)
is the family of maps
(Frqu)st Cq(Yiuys M) = Cy(X(uy; M)
with u € X(’p) and p+ ¢ = [. On the other hand

[f*]#: Cp (X5 Ag[n; M]) = Cp(X'; Ag[p; M])

is componentwise induced by the maps (fy(u))«-

Proof of (1) for f = f: Here we have a pull-back diagram, Y =Y’ xx X. We
consider the maps induced by

[ C(Y; M) — Ci(X; M)

on the E'-terms. These are maps (with p + ¢ = 1)

H C n(y —> H C n(z )

yGY’ mGX(’ )

Their components are the corestrictions ¢, (y)|x(2) With y € ( w(y' ))(q) y € Y(’p) and

f@) € (X)), & = F'(y') € X(p)- Here £(y') is necessarily finite over x(z'), since
both fields have the same transcendence degree. Therefore the maps on the E'-terms
are given by the maps

(f:ll/r)*i Oq(XN(y/); M) — Oq(Xn(f’(y’))aM)
with " € Y, such that x(y)[s(f'(y')) is finite and where

Tyt Xy = Xu(p)
is the associated finite morphism. On the other hand
fir Cp(Y'5 Aglpy M) — Cp (X5 Ag[p; M])

is induced exactly by the maps f,,.
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Proof of (2) for f = f: One argues as for (1) and notes that
[5G (X5 M) = Crys (Y M)
is the family of maps
(fr(u)™ Co(Xg(uys M) = Coss(Y(uys M)

with u € X(’p) and p+q=1.

Proof of (2) for f = f: The map
[ C(Xs M) = Cryr (Y M)
is the family of maps

[OY7 f]z “Tr(y)|r(z)* M(:E) — M(y)

with y € Y14y, © € X(;) and f(y) = z.
The map
(f')": Cp(X'5 Aglps M]) = Cpsrn (Y Ag[p; M])

is the family of maps induced by the maps

Oy, £l - (f)": CoXi(ary; M) = Co(Xig(yrys M)
Wit € VT,
map. Moreover (f;,)* is the family of maps

x' € X(’p), f'(y') = =" and where f},: X,y = Xy(or) is the natural

[Ox @0y, kW), fyrly - Tra)ny): M(x) = M(y)

with y € Y(pi¢4r) lying over z € X(;,4,) and over y'.
The claim amounts to show for such points 3', =, y, = the equality

((K(z) ®o,, Ovi)yy) = (k") ®oy, Ov)yn) - U(K(T) @oy, £(1))))-

For this see (Fulton 1984, A.4.1).
Proof of (4): The map

oY Cy(U; M) = Cr—1(Y; M)
is on the subquotients of the filtrations given by the family of maps
6u: Cq(Un(u); M) — Cq_l (Yn(u); M)

with u € X’p , P+ q =1 and where 9, is the boundary map for the closed immersion
Yi(u) = Xk(u)- On the other hand

[0V )+ Cp (X' Aylp o j; M) — Cp (X5 Aylp 0 45 M])

is componentwise induced by the maps 0. O
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By an affine bundle of dimension n we mean a bundle 7: V' — X which is locally
on X isomorphic to X x A" — X with affine transition maps. (In applications we
are mainly interested in the special case of vector bundles.)

A first application of the spectral sequence is

(8.6) PROPOSITION. Let m: V — X be an affine bundle of dimension n. Then
T Ap (X5 M) = Apin (Vs M)
is bijective for all p. If X is equidimensional, then
7 AP(X; M) — AP(V; M)

is bijective for all p.

Here again the second statement follows from the first and one may drop in the
codimension setting the finite type hypothesis.

Proo;i: By Corollary 8.2 and Proposition 8.5.2 applied to Y/ = X' = X,V =V,
f = f =, all we need to show is

Aym;M]=0 for gq#n

and that
[7*]: M = Aplidx; M] — A, [m; M]

is an isomorphism of cycle modules over X.

Therefore we are reduced to the case X = Spec F. Then V is a trivial bundle,
V = A%. For n = 1 the claim is (H) of Section 2. So we know Proposition 8.6 for
line bundles over an arbitrary base. But then the case V = A} follows by induction
on n. g
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9. HomoToPY

We have just observed the homotopy property for affine bundles. In this section we
show that this fact can be made more precise on cycle level by means of a homotopy
inverse.

A homomorphism a: X « Y with d(«a) = 0 is called a strong homotopy equiva-
lence if there is r: Y = X and H: Y « Y such that

(9.0.1) d(r) =0,
(9.0.2) roa =id,
(9.0.3) Hoa =0,
(9.0.4) 0(H)=id—a«aor.

The pair (r, H) will be called h-data for a.

Let m: V. — X be an affine bundle. We will show that 7*: X «» V is a strong
homotopy equivalence. A crucial point here is the treatment of the case V = X x Al
The general case is then more or less clear in view of the decomposition of the cycle
complexes corresponding to boundary triples. We give here explicit formulas in order
to make clear compatibility with base change and filtrations.

By a coordination T = (X;, ;) of an affine bundle 7: V' — X of dimension n we
mean a sequence & = Xog C X; C --- C X = X of closed subsets of X together with
trivializations

70 'V | (Xl \Xi—l) — (Xz \Xi—l) x A"

(We use the notation V |U =V xw U for U C W and a scheme V' — W over W).
Coordinations clearly exist since X is noetherian. For a morphism f: Y — X we
denote by f*r the induced coordination on the pull-back bundle f*V.

In the following we construct in several steps h-data

r(1): Cp(V; M) — Cpn(X; M),
H(7): Co(V; M) — Cpy1 (V; M)

for 7* depending on a coordination 7.

(9.1) THE cASE V = X x A'. h-data (r, H) for 7*: X e+ X x Al are given by the
composites

{—1/t}

r XxAL < Xx(AN\{0}) Xx(AN{0}) o= X,

H: XxAl 2 X x (Al xAM\A) RLniiN Xx (A xAM\A) L5 X xAL
Here t is the coordinate of Al = SpecZ[t] and s, t are the coordinates of Al x Al =
SpecZ[s] x SpecZ[t]. Moreover A = {s —t¢ = 0} is the diagonal, j is the standard

inclusion, p; and ps are given by the standard projections and 9, is induced by
X =X xo00CX x (P'\{0}) with open complement X x (Al \ {0}).
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We have to verify for (r, H) the defining properties of h-data. (9.0.1) and (9.0.3)
are immediate and (9.0.2) follows from Lemma 4.5. To check (9.0.4) consider the
decomposition

(P1)e: X x (A1 x AT\ A) o255 X x Al x P! 2% X x Al
where ¢ is the inclusion and p; is the projection. p; is proper and therefore
O(H) = (1)« 0d(gs) o {s — t} o p5.

Moreover

J(Q*) = (iA)* o aA + ('Loo)* o aoo
where ia: X x A = X x A x P!, i X x Al x 0o = X x Al x P! are the inclusions
and Oa, O are the boundary maps for X x A — X x Al x A, X x A! x co —

X x (A! x P\ A), respectively.
Since s —t is a parameter for A one finds

(ﬁl)* o (iA)* o aA o {S — t} op; =id
by Lemma 4.5.
Let W = Al x P!\ (AUA! x 0). Moreover let s be the restriction of py to

U= X x (W\A! x c0) and let d, be the boundary map corresponding to the
inclusion X x Al x oo — X x W . Then

Do 0 {s—1}ops =0s 0{s—1t}ops.
Since (s —t)/(—t) is a unit on W with constant value 1 on X x A! x oo one has
Doo 0 {8 —t} 0 P = Bap 0 {—t} 0 5.
The compatibility of the boundary maps with flat pull-back now gives
(B1)« 0 (in)s 0 Do 0 {5 — th o pj = =" o1
Putting things together yields (9.0.4).
(9.2) THE CASE V = X x A"™. Let m,: X x A® — X be the projection and put
7% = 7wt X « X x A" . By induction on n we define h-data (r%,H%) for 7%.

Let Y = X x A' sothat ¥ x A""' = X x A”. Note that 7% = 73" o 7* where
7Y — X is the projection. Put

% =rory !,

n __ n—1 n—1 n—1
Hy =Hy  +my oHory .

Here (r, H) are the h-data for 7* from (9.1); moreover, 79 = 7% = id}, and H{. = 0.
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The properties (9.0.1) and (9.0.2) can be easily verified. For (9.0.3) note that

HYor% =HYony 'or*

= (]7;}_1 o 71';1,_1) om* + 7r;f._1 oHo (r;z,_l omy)om*

=0+7 o (Hor*) =0.
Finally (9.0.4) follows from

O(HY) = 0(Hy ') +my ' od(H)ory
n—1 n—1

— n—1 n—1 *
=l—7y ory 47y o(l—7"or)ory

=1—-7%ory.

(9.3) GLUEING. Let m: V — X be an affine bundle, let Y C X be closed, let
U=X\Y and put V' =V |Y, V" =V |U. For given h-data (r', H') for
(m|VY*: Y = V' and (¢, H") for (r|V")*: U = V" we define h-data (r, H) for
7*: X = V by the formulae:

P o—rlodo H" H —HodoH"
r:<0 o > HZ(O H" )

Here the matrix notation refers to the natural decompositions

Cu(X; M) = Cu(Y; M) & C (U M),
Cu(ViM)=C,(V; M) @ C(V"; M).

Moreover 9: V' e+ V' is the boundary map corresponding to V' C V. The verifi-
cation of (9.0.1)—(9.0.4) is straightforward and omitted.

(9.4) THE GENERAL CASE. Given a coordination 7 one uses iteratively the recipe of
(9.3) to construct h-data (r(r), H(r)) for 7*.

It turns out that the glueing process of (9.3) is “associative” in the sense that
(r(r), H(r)) does not depend on the ordering in which the different pieces are glued
together. However, this is not at all important for us; one should just decide oneself
for some fixed standard ordering.

(9.5) FUNCTORIALITY. The construction of (r(7),H(7)) is compatible with manip-
ulations on the base given by the four types of maps f., ¢*, {a} and 9. We omit a
formulation, since this will be used only in the trivial case of open immersions g.

9.6) PROPOSITION.

(
(1) Let m: V. — X be an affine bundle of dimension n with coordination T and let
p: X = X' be a morphism. Then

T(T) (Cp,l(p o 77)) C Cp,l—n(p):
H(7)(Cpilpom)) CCpusr(p)
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(2) Let
Vv 5 X
I
v X

be a pull-back diagram with ™ an affine bundle of dimension n and let 7' be a coor-
dination for ©'. Then

T(p*Tl)(OpJ(n)) C Cp—ml—n(p)a
H(p*t")(Cpa(n)) C Cpir141(p)-

Proof: This is straightforward (but nevertheless tedious) by following the construc-
tions. g

In order to define h-data as above one needs less than the choice of a coordination.
For example, in (9.2) one refers alone to trivializations of the one-dimensional bundles
X x AmH 5 X x A™ .

We have not tried to describe the precise amount of information of a coordination
needed in order to perform the above construction.

10. DEFORMATION TO THE NORMAL CONE

This section describes three general constructions associated to closed imbeddings:
the normal cone, the deformation space and the double deformation space.

For the general role of the deformation space in intersection theory, we refer to
(Fulton 1984). The double deformation space will be our tool to verify associativity
of the intersection operations.

We first fix notations and describe some significant properties. Explicit descrip-
tions are given in (10.3)—(10.5) below.

Let Z - Y — X be closed imbeddings.

The normal cone to Y in X is denoted by N = Ny X = N(X,Y). There is the
projection Ny X — Y and the inclusion Y — Ny X. If Y — X is a regular imbedding,
then Ny X is a vector bundle over Y with the inclusion as zero section.

The deformation space D = D(X,Y) is a scheme over X x Al. Tt is flat over Al.
Over A \ {0} C A! one has

D[ (A"\{0}) = X x (A" \ {0}).
Furthermore the projection D |{0} — X x {0} factors through ¥ — X x {0} and one

has
D | {0} = NyX
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as schemes over Y. (Our D is in Fulton 1984, Chap. 5 denoted by M?°; moreover we
have taken 0 instead of co as the basepoint of the special fiber.)

The double deformation space D = D(X,Y,Z) is a scheme over X x AZ. It is
flat over A% and one has the following canonical identifications of schemes over A2,
assuming in (10.0.3)—(10.0.5) that Z — Y — X are regular imbeddings.

(10.0.1) D] A" x (A" \ {0}) = D(X,Y) x (A" \ {0}),
(10.0.2) D | (A" \ {0}) x A' = (A*\ {0}) x D(X, 2),
(10.0.3) D|A' x {0} = D(NzX,NzY),
(10.0.4) D {0} x A' = D(Ny X, Ny X | Z).

Moreover the projection D | {(0,0)} — X x {(0,0)} factors through Z — X and one
has

(10.0.5) D [{(0,0)} = N(N;X,N;Y) = N(Ny X, Ny X | Z)

as schemes over Z.

There is a more symmetric but less general version of the double deformation
space. Namely, let Y, Y’ be closed subschemes of X and let Z be the intersection
of Y and V', i.e., Z = Y xx Y'. Then there is a double deformation space D =
D(X;Y,Y') = X x A? relating (in the transversal case) all five inclusions induced
from Z CY,Y' € X. The deformation space D is flat over A% and symmetric with
respect to a simultaneous interchange of Y, Y’ and of the factors of A2 = Al x Al.

Suppose that ¥ and Y’ meet transversally. Then

D] (A'\ {0}) x Al = D(X,Y) x Al,
D {0} x A' = D(Ny X, Ny X | Z).

Moreover one has D | L= D(X,Z) for any line L. C A? through the origin as long as
L is different from the two axes.

In the case Z = Y xx Y', the space D(X,Y, Z) is the pull-back of the space
D(X;Y,Y") along the affine blow up A2 — A2, (£, 5) = (ts,s). We don’t need D, but
we have included below its definition, since it might be a bit simpler to understand
than D.

We have to recall facts from local algebra. Remark 10.1 is a special version of
the local criterion of flatness (Matsumura 1980, (20.G), p. 152). Remark 10.2 may be
deduced by considering locally regular sequences for J containing regular sequences
for I (see Serre 1957). For a compact account of other facts needed in the following
we refer to (Fulton 1984, App. A, App. B).

(10.1) REMARK. A morphism U — V x Al is flat if and only if the morphisms
Uxa (AP\{0}) = V x (AL \ {0}), U xa {0} =V x {0} and U — Al are flat. O
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(10.2) REMARK. If Z — Y and Y — X are regular imbeddings, then Z — X is a
regular imbedding. If X is affine, and if X = Spec A and I C J C A are the ideals
corresponding to Y and Z, respectively, then

(1) InJm N Jm+n+1 — Injm+1,
(2) ImJjmnntt =t gm-t
Here we understand n, m € Z with I* = J% = A for n < 0. O

We next give the definitions of N, D, D and D for affine X. From the naturality
of the affine constructions it will be obvious that they extend to global ones.

We keep the notations of Remark 10.2. Moreover we use the coordinates Al =
Spec k[t] and A% = Speck[t, s]. The indices n, m always run in Z.

(10.3) THE NORMAL CONE. N = Ny X is defined as the spectrum of the ring

oy =[] 1/

On is a ring over Oy = A/I and projection to the degree zero summand gives a
homomorphism Oy — Oy.

(10.4) THE DEFORMATION SPACE. D = D(X,Y) is defined as the spectrum of the
subring

Op =) I"-t " CAltt"].
n
Op is a finitely generated ring over A[t] (with generators z;t ' if x; are generators
of I). After inverting ¢ one has
Op[t™'] = A[t,t™"].
Since t is not a zero divisor, it follows that Op is flat over k[t]. Moreover

OD/t-OD = HI”/IWH = Oyp.

For later purposes we are very precise about this identification: for z € I™ the residue
of -t~ mod I"*! - =" corresponds to (—1)"z mod I™*!. (This sign convention
will avoid some other signs later on.)

(10.5) THE DOUBLE DEFORMATION SPACE. D = D(X,Y,Z) is the spectrum of the
subring

Op = ZI"J’”*" StTsT™ C Alty s, t s
Oy is finitely generated over A[s,t]. After inverting s or ¢ one has (with D' =
D(X, 7))
Ozls™' = ZI” tTMsT™ = Opls, s,

Oﬁ[til] = Z J"-t7T"s™ = Opr [t,til].

n,m
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This shows (10.0.1) and (10.0.2). For (10.0.3) note first
Ol_) / S - Ol_) — H [InJmfn/InJmeH»l] Lpgm
n,m
In order to make clear the ring structures (in particular as ring over k[t, s]) we keep

here the terms ¢~ "s~ ", having now merely the meaning of symbols.
Moreover Nz X and NzY are the spectra of

R=[JLrm /7 -sm,

R =][I™+ /(™" +1)] s,

m

The projection R — R' yields an inclusion N7V — Nz X.
Let I = ker(R — R'). By Remark 10.2.2 one has J™NI C I-J™~! and therefore

f: H [(I L gml + Jm+1)/Jm+1] e

and _
" = H [(In LJmen Jm+1)/Jm+1] 5™,

Hence D(NzX,NzY) is the spectrum of
an — H [(In N Jm+1)/Jm+1] LpgTm
n n,m
(10.0.3) follows now from Remark 10.2.1.
For (10.0.4) note first
Ol_)/t . OB — H [InJmfn/ITH»lJmfnfl] g™
For the ring of Ny X we write now

Oy =[J 1/ u

n

Let J C On be the ideal corresponding to the closed subscheme Ny X | Z. Its powers
are

j’m — H [(JmIn + In+1)/In+1] LT

Hence D(Ny Z,Ny X | Z) is the spectrum of
R' = H [(JmIn + In+1)/In+1] Ly g™

Define
©: Ol_)/t'oﬁ_)R”’
(z mod "1 Jm=n=hy ¢7=ng=™ s (z mod I™TY) - uTsT M,
It is easy to see that ¢ is a surjective ring homomorphism over k[s]. Moreover ¢
is injective by Remark 10.2.1. The map ¢ gives the identification of (10.0.4). Now

(10.0.5) is obvious. The flatness over A? (not needed in the following) may be deduced
from Remark 10.1.
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(10.6) THE DOUBLE DEFORMATION SPACE D. We just give the definition. Let I' C A
be the ideal corresponding to Y’ — X. One puts

Ox = I"I'"-v™"s™™ C Alv,s,07",s7"].

n,m
One may handle with D similar as with D in (10.5). In the transversal case one has
05 = 05 Qklv,s] k[t, s]

where k[v, s] C k[t,s] viav — ts, s = s and with J =T+ 1"

11. THE BAsic CONSTRUCTION

For a closed immersion i: Y — X we define
J(@)=J(X,Y): X e Ny X
as the composite of
X X x (AL {0}) & X x (A1 {0}) «25 Ny X.

Here m: X x (A'\ {0}) = X is the projection, A' = Speck[t] and 9 is the boundary
map for Ny X — D(X,Y). One has §(J(X,Y)) = 0 so that .J(X,Y) is a homomor-
phism of complexes C.(X;M) — C.(NyX; M).

If M = K., then the restriction of J(X,Y) to the classical cycle groups coincides
with the specialization homomorphisms o of (Fulton 1984, Chap. 5.2); this may be
deduced from the description of ¢ in (Fulton 1984, Prop. 5.2) via Cartier divisors.
As for classical cycles, one may think of J(X,Y) as the pull-back along tubular
neighborhoods followed by a linearization process. In the following we have collected
the remarks on J(X,Y’) which are needed in further sections. We have not tried to
give a detailed geometrical description.

The construction of J(X,Y") is local in the sense that

JU,Y NU)oj* =F o J(X,Y)

where j: U — X is an open immersion and j: Ny X | (Y NU) — Ny X is the induced
inclusion.

(11.1) LEMMA. Let 0: Y — Ny X be the inclusion. Then

J(X,Y)oi, =0,.

Proof: The statement follows from Lemma 4.5 and the fact that the closure of Y x
(A1\ {0})in D(X,Y) is Y x Al. O
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Let X be normal, y € X(1) and ¥ = {y}. Moreover let F and E be the function
fields of X and Ny X, respectively. We want to compute the codimension 0 component

J% M(F) - M(E)

of J(X,Y). The problem is purely local in y. Let v be the valuation on F' corre-
sponding to y and let k = k(y) = x(v). Moreover let m be the ideal of y, let 7 € m
be a prime and let 7 € m/m? be its image. The normal cone Ny X is the spectrum of

k7] = [[m"/m"
and one has E = k(7).
The following lemma shows that there is a factorization
Jo: M(F) & M(v) - M(E)
where p is from Remark 1.6.

(11.2) LEMMA.
J’ =rpo sy + {7} Tpx 00y

Proof: We may suppose X = Spec A and that the ideal I corresponding to y is
generated by 7. Then D(X,Y) is the spectrum of

Alt,mt™) C At,t™1].

By definition we have
JO =0y 0 {t} OTE(t)|F

where w is the valuation on F(t) corresponding to the principal ideal t - A[t, ¢t 1].
Note that E = k(w) and that 7 is the residue of the w-unit —7t~! (by the sign
convention in 10.4). The claim follows now from

Ow o {t} oy r(p) = 0w o {=T} 0 rr(1) F(p) — Ow o {—7t ™"} o 1) 7 (p)

= 0w o rpy r({=7} - p) + {7} 0 Ouw 0 T2 (p)
and the fact that w restricts on F' to v. O

The preceding remarks yield a complete description of J(X,Y) for smooth
curves X.

The rest of the section contains a series of technical lemmata.

(11.3) LEMMA. Let Y — X be a closed immersion, let g: V — X be flat (of constant
relative dimension) and let

N(g): NV,Y xx V)=NX,Y)xx V = N(X,Y)
be the projection. Then
JV,)Y xx V)og*=N(g) o J(X,Y).

Proof: This follows from the flatness of D(V,Y xx V) - D(X,Y). O
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(11.4) LEMMA. Let U — V be a closed immersion and let p: V. — W be flat. Suppose
that the composite

g NgV -U—->V W

is flat of the same relative dimension as p. Then

J(V,U)op* =q*: W — NyV.

Proof: Let m: W x (A! \ {0}) — W be the projection and let f be the composite
F:D(V,U) — V x Al 254 37 « AL,
Then, by definition,
J(V,U)op* =do{tho (f|V x (A \ {0}))" on*.
Now f is flat by Remark 10.1 and f | NyV = q. Hence
J(V,U)op* =q 08 o{t}or*

where 0’ is the boundary map corresponding to W x {0} — W x Al. But §'o{t}on* =
id by Lemma 4.5. g

(11.5) LEMMA. Let U — V be a reqular imbedding, let p: V. — W be smooth of con-
stant relative dimension and suppose poi is a reqular imbedding. Then the projection

q: NyV — NgW
is an epimorphism of vector bundles and

J(V,U)op* =q" o J(W,U).

Proof: Use the flatness of D(V,U) — D(W,U). O

(11.6) LEMMA. Let p: T — T' be a morphism, let T{,Ty C T' be closed subschemes
and let T; =T X T} fori=1,2.

Put Ts =T\ (TYUTy), To=TiNTy, Ty = Ty\Ty, To = Tx\ Ty and let 83, 8},
03, 02 be the boundary maps for the closed immersions

T1_>T\T2, Tg—)Tl, T2_>T\T1, Tg—)TQ,

respectively. Then
0~y 002 +02003: Tz =Ty

under a filtration preserving homotopy of degree (—1,—1).
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Proof: Corresponding to the set theoretic decomposition of 7" we have
C.(T; M) = C.(To; M) & Co(Ty; M) & Co(To; M) & C,(Ts; M).

Let
832 T3 — TO

be the corresponding component of dp. Then dp o dp = 0 gives
5(63) -|-(9& 0 0} +6306§ =0.
Hence — &7 is a homotopy as required. O

Let T=D=D(X,Y,Z), Ty = D|({0} xA!), Ty = D|(A! x {0}). We keep the
notations of Lemma 11.6. Then T3 = X x (Al \ {0}) x (A \0) and Ty = D|{(0,0)}.
Let m: T3 — X be the projection and let ¢, s be the coordinates of A? (as in (10.5),
so that Ty = {t =0}, To = {s = 0}).

(11.7) LEMMA. Let Z =Y — X be regular imbeddings. Then
Oy 00 o {t,s}or* = J(NyX,Ny X | Z) o J(X,Y),
93003 0{s,tyor* =J(NzX,NzY)o J(X,Z).
Proof: Let
it X x (AT\ {0}) x (AT \ {0}) = X x (A" \ {0}), 7": X x (A"\{0}) = X

be the projections with

x
ma(xz,t,8) = (z,t), =2(x,t) =z
One finds (using in particular Lemma 11.3):
g 00t o{t,syor* =05 0{s}od;o{tlonton™
= 9% o {s}o J(X x (A \ 0);Y x (A" \ {0})) o r'"
=095 0{s}o (NyX x (A" \ {0}) = Ny X)*o J(X,Y)
=J(NyX,NyX | Z)o J(X,Y),
O oddo{s,tyor™ =03 o{t}od?o{s}omsor
=95 o {t} o J(X x (A" \ {0}),Z x (A" \ {0})) o w**
=95 o {t} o (NzX x (A" \ {0}) = NzX)*o J(X,Z)
= J(NzX,NzY)o J(X,Z). O
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12. THE PULL-BACK MAP

In this section we define the pull-back maps for morphisms to smooth varieties. Some
properties are formulated, in particular the functoriality of the spectral sequences.
We conclude with applications and discussions concerning birational questions. The
proofs of Theorems 12.1 and 12.7 are given in the next section.

In the following all schemes X, Y, X', ... are flat over B of some constant relative
dimension denoted by dimg X, .... All products Y x X, Y’/ x X', ... are taken over B
and cycle modules will be induced via projection to the second factor (projection to
the first factor does not exist for us). We use the notations Ts X = Nx (X xg X) and
TX = TgX. We are primarily interested in the case B = Speck, but we don’t have
to pay much for considering arbitrary B. M is a cycle module over X.

Let X be smooth over B. Then T'X is a vector bundle on X. For a morphism
1Y = X let

Y Sy xX -5 X

be the factorization with i(y) = (y, f(y)) and p(y,z) = z. Then i is a regular
imbedding and Ny (Y x X) = f*TX.
We choose a coordination 7 on T'X and define

I =I(f;1)=r(f*"T)oJ¥Y x X,Y)op*": X = V.

Note that the construction is local in the sense that for an open immersion j: U — X
one has

I(f;j*r) 0 j* =7 o I(f;7)

where f: f='(U) — U is the restriction of f and j: f~'(U) — Y is the inclusion.
One has 6(I(f)) =0 and

I(f) (Cp(X§ M)) C Cp+r(Y5 M)
where r = dimg Y — dimg X. If B is equidimensional, then
I(f)(CP(X;M)) C CP(Y; M).

We define
[ A (X5 M) = Apr (Vi M)

and
AP (X M) — AP(Y; M)

as the induced maps on (co-)homology. f* does not depend on the choice of 7. One
has the following properties.

(12.1) THEOREM. For g: Z =Y and f: Y — X with X and Y smooth over B one
has (f o g)* = 9" o f*.

For the proof see the next section.
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(12.2) PROPOSITION. If f is flat, then I(f) = f*.
Proof : Tt suffices to show

JY XX, Y)op*=7*o f*

where 7: f*T'X — Y is the projection. For this apply Lemma 11.4 with U = Y,
V=YxXand W=X. O

(12.3) PropPoOSITION. Ifi: Y — X is a reqular imbedding and X is smooth over B,
then I(i) is homotopic to r o J(i) where r is any retraction to Y « Ny X.

Proof: Apply Lemma 115 with U =Y,V =Y x X and W = X. a

The following corollary applied to the blow up at zg implies (together with The-
orem 12.1) property (F) of Section 2.

(12.4) COROLLARY. Let X be smooth over B = Speck, let z € X(?) and let

ip: {x} = X
be the inclusion. Moreover let my, ..., m, be any regular sequence at x and let
Vi, ..., Vp be the induced sequence of valuations with the fraction fields k(X),
k(v1), ..., k(vp—1) and with the (residue classes of) w1, ..., mp as primes. Then

i: A(X; M) —» A°({z}; M)
is the restriction of

SyP 0rro syl M (k(X)) = M(s(z)).

Proof: Let X = Xy D X; D --- D X, be the sequence of smooth schemes locally
around z with X; defined by (m,...,m;). Using Theorem 12.1 one reduces to p = 1.
This case follows from Proposition 12.3 and Lemma 11.2. O

(12.5) PROPOSITION. (Projection formula.) Consider a pull-back square

vy I %

i
f

Yy — X

with h smooth and proper and with X smooth over B. Then

B*of':f'oh*,
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Proof: One considers the diagram

H Ji

Yy — ¥YxX — X

b g

Yy — YxX — X.

Yy — YxX — X

Here the bottom diagram is the pull-back along h and h=hx id¢. We have three
maps )_(_o—> Y: the first is constructed along D(Y x X,Y) and is given by pull-back
to ¥ x X and specialization to Y followed by push-forward; the second goes along
D(Y x X,Y) and is given by pull-back to Y x X and specialization to Y followed by
push-forward; the third goes along D(Y x X,Y) and is given by push-forward, pull-
back to ¥ x X and specialization to Y. The first two may be related using Lemma 11.5
(withU =Y,V =YxX,and W =Y x X), the last two by the compatibility of the
constructions with proper push-forward. O
Consider the triangle (7.4.0) and assume that p is smooth and 7 is flat. Define
(h/B: A7[p; M] — A[; M]
by [h/B]r = (hp)®. Here we understand B = Spec F' in the definition of (hr)*.

(12.6) PROPOSITION. [h/B] is a homomorphism of cycle modules over B.

Proof: We apply Proposition 7.4. Since the projection m: N(Y x X, V) — Y is a
vector bundle we know that

[7*): A%ln] — A% o 7]
is an isomorphism of cycle modules. Moreover
[7*] o [h/B] = [0] o [{t}] o [p"]
where p: Y x X x (A \ {0}) = X is the projection and 9 is the boundary for
NY xX,Y)=> DY xX,Y). O

(12.7) THEOREM. Consider the square (8.4.0) and its decomposition (8.5.0). Suppose
that B is equidimensional, n is flat, p is smooth and X' (hence also X) is smooth
over B. Then the spectral sequences

EP(p) = AP(X'; Al[p; M]) = APTI(X; M),
EP(n) = AP(Y'; A%[np; M) = APTI(Y; M)
commute with the maps
AP (X" Ao M) D v (v a9 ayy LA vy g9y a),
[ AP(X, M) —» AP(Y; M).

For the proof see the next section. Switching to dimension indices this theorem holds
without the equidimensionality assumption on B.
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For the rest of the section we assume B = Speck.

(12.8) LEMMA. Let X be smooth, let Y be integral, let f: Y — X be a dominant
morphism and let p: k(X) — k(Y) be the induced homomorphism of the function
fields. Then

1(7) | M((X)) = o M(K(X)) > M(k(Y)).

Proof: After replacing Y by an open subset we may assume that f is flat. The claim
follows from Proposition 12.2. O

(12.9) LEMMA. Assume in (12.8) additionally that f is proper and that ¢ is an iso-
morphism. Then f. o I(f) = id.

Proof: Let _
DY xX)Y)—> DX x X, X)

be the proper map induced from f. There is the commutative diagram

X e YxXx(A\{oy LU pery JUT,

-k L b

X o« XxXx(A\{op 2 xS0

where f, f are the restrictions of f. The diagram shows f, o I(f) = I(id). But
I(id) = id by Proposition 12.2. O

Lemma 12.9 shows in particular that for any blow up Y — X the complex
C.(X; M) is a direct summand of C.(Y; M). This splitting via I(f) depends alone
on the choice of a coordination of T'X near the singular locus and is unique up to
homotopy.

(12.10) COROLLARY. Let X be a proper smooth variety over k and let M be a cycle
module over k. Then the group A°(X; M) is a birational invariant of X .

Proof: If X1, X5 are proper and birational isomorphic there exist a proper Y and
birational morphisms ¥ — X; (take for Y the closure in X; x X» of a common
open subset of the X;). Then as subgroups of M ({x,) = M (&y) one has the trivial
inclusions A°(Y; M) C A°(X;; M) ; Lemma 12.8 shows A°(X;; M) Cc A°(Y;M). O

For an illustration let X be a smooth and proper variety over k& with function
field F. Then for any geometric valuation v on F' (of rank 1) there is a birational
morphism f: Y — X such that v has center y in V(") with x(v) = k(y). The map I(f)
yields a formula

(12.11) dy= Y aiod,
;peX(l)

where
al: M(m(w)) — M(k;('u))

equals the component I(f)j.
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This formula is a sort of higher dimensional analogue of the sum formula for

one-dimensional function fields. It has the following properties:
— it is local, that is  runs only through X((Z1
other words: a* =0 for z ¢ X((Zl)))

)) where z is the center of v in X (in

— it is not unique, but depends only on the choice of a coordination of the tangent
bundle of X restricted to X..

— it is universal in the sense that the o can be written as sums of compositions of the
data of cycle modules, independent of M. This is quite obvious from the construction
of I(f). One can make this more precise by interpreting the «? as morphisms in the
category F of Remark 1.10. In this way the category F appears as the natural place
for the coefficients o of formulas like (12.11).

Ezercise: Describe the af for dim X = 2 and v the valuation corresponding to the
exceptional fiber of the blow up in a closed point (see Remark 2.8).

Birational invariants like A°(X; M) have been considered in various contexts
like étale cohomology and K-theory, see (Colliot-Thélene 1992) for a survey. The
advantage of the method of proof of Corollary 12.10 lies in its general and essentially
simple nature (after having established the functors in question as cycle modules);
moreover the formula (12.11) makes things perhaps more enlightening. A similar
method works probably for functors related with the Witt ring of quadratic forms.

To mention a particular example, let 7: Z — Speck be proper and let M
(resp. N) be the Z-graded cycle module over k given as the cokernel (resp. image) of

[m]: Ag[m; K] = Aolidspeck; Kx] = K.
By Corollary 12.10 the group A°(X;M,1) (which is a subquotient of k(X)*) is a
birational invariant for proper smooth X over k. The proof of this fact was the main

aim of (Rost 1990). There it was achieved by a different method using the triviality of
AY(X; N, 1) for smooth local X (proved in this paper in more generality in Section 6).
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13. INTERSECTION T'HEORY FOR FIBRATIONS

The purpose of this section is to prove Theorems 12.1 and 12.7. We define pull-back
maps on complex level for regular imbeddings and for morphisms to smooth varieties
in fibered situations. Moreover we establish functoriality of the constructions. Most
of the work has been done already in Sections 7-11.

Consider a commutative square

y L x
(A) ln lp
v Lox

The square A is called a regular imbedding, if f and f’ are regular imbeddings of
some constant codimensions and if the induced map

p: Ny X — ’I]*Nerl

is an epimorphism of vector bundles over Y. The kernel bundle of p is denoted by Na.
We consider p also as vector bundle and identify it with ¢* Na where ¢: n* Ny X' — Y
is the projection.

Let A be a regular imbedding and let 7 and 7 be coordinations of Nao — Y and
of Ny: X' — Y’ respectively. We define

J(A): X Y

by 3 3
J(A) = JAF7) =r(*F) or(¢*7) o J(X,Y).

The following is clear from Sections 8-9. One has d(J(A)) = 0 and

(A) (Cp,l(p)) C C’p+s7l+t (77)

with 8 = — codim(f') and ¢ = — codim(f). Moreover the homotopy class of J(A)
(with respect to the degree (s,t)) does not depend on the choice of 7 and 7'.

In the definition of J(A) we wanted to be as canonical as possible. If one is
interested only in the homotopy class, one may put J(A) = r o J(X,Y) for any
filtration preserving retraction r to Ny X — X (“filtration preserving” means always
with respect to the natural degrees).

]!

Next consider a diagram

z Iy Iy ox

(13.1.0) lu ln lp

LN R N0}

We denote the left square by Ay, the right square by As and the composed square
by Ag.
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(13.1) THEOREM. If Ay and As are reqular imbeddings, then Az is a reqular imbed-
ding and
J(Al) ] J(A2) ~ J(A3)

under a filtration preserving homotopy.

Proof: The first statement is straightforward. In the following deduction of the second
statement the letters r; stand for some filtration preserving retractions. We make use
of Lemma 11.3 for the homotopy (1), of Lemmata 11.6 and 11.7 for the homotopy (2)
and of Lemma 11.4 for the equality (3).

J(Ay) o J(Ag) =710 J(Y,Z)ory 0 J(X,Y)

~ 730 (N(NyX,NyX | Z) = N(Y,2)) 0 J(Y,Z) oy 0 J(X,Y)

W ry0 J(Ny X, NyX | 2) o (N(Y,X) = ¥)* oy 0 J(X,¥)

~r30 J(NyX,NyX | Z)o J(X,Y)

2
D 0 J(NZX,NsY) 0 J(X, )

~ 150 J(NzX,NzY)o (NzX — Z)* o7y 0 J(X, Z)
Dy o (N(NZX,NzY) = Z)" ors 0 J(X, Z)

The square A is called admissible if 5 is flat, p is smooth and X' is smooth
over B. Consider the diagram

Yy 5 vyxx & X

K | g

v L oyixxt 2 ox
and denote the left square by A; and the right square by A,. If A is admissible, then
A; is a regular imbedding and A, is a flat square (see (8.5.0)). Moreover the normal
bundles of i and i’ are given by f*T'X and f*TX', respectively, and Na, is given
by f*Tx X.

Let A be admissible and let 7 and 7' be coordinations of T'x» X and T' X', respec-

tively. We define

I(A): X e Y
by B B 3
I(A) = I(Aa T, TI) = J(Ala f*Ta f,*T,) o p*'
One has §(I(A)) =0 and
I(A)(Cpi(p)) C Cptsit(n)
with s = dimp Y’ — dimp X’ and t = dimp Y — dimp X. Moreover the homotopy
class of I(A) (with respect to the degree (s,t)) does not depend on the choice of 7
and 7'.
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(13.2) THEOREM. If in (13.1.0) the squares Ay and Ao are admissible, then the
square As is admissible and

T(Ag) = T(Al) o T(Ag)

under a filtration preserving homotopy.

Proof: The first statement is trivial. For the second we consider the diagrams

Z 4 Zxy M (ZxYV)xX
lpl lm
Y 2 vYxX

|7

X

Z B ZxX B ZxV)xX B X.

The regular imbeddings ¢; lie over accordingly defined regular imbeddings z;, the
corresponding squares are denoted by ;.

The ¥; are regular imbeddings. An application of Lemma 11.3 and Theorem 13.1
shows that (by noting i4 0 i; = i5 043 and py o py = ps)

I(A}) o I(As) ~ J(23) 0 J(Z5) o pi.

By definition we have
I(Ag) ~ J(Eg) o (p5 o i5)*.

Finally Lemma 11.4 shows

J(E5) op5 = (ps 0i5)”. o

Theorem 13.2 implies Theorem 12.1 by passing to homology. For a proof of
Theorem 12.7 we consider six squares with the top arrows

VY 4 VxpeX 2 vYxX
lpl lm
Vixy X 22 Vixx 2 X
lying over the bottom arrows

V= V! — Y'x X'

y! 2 vixxt 2y x.
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Let ¥; be the square corresponding to i; for j = 1,2,3. The X; are regular imbed-
dings. The map f* is induced from I(A). By the definition of I(A) and Theorem 13.1

we have

I(A) ~ J(Z1) 0 J(E3) 0 ps o pj.
Lemma 11.3 shows that B 3
J(E3) o p ~ pj o J(X3).

Therefore f* is the composition of the maps induced by J(X) o p} and by .J(X3) o ps.

Next note that p;oi; = f An application of Proposition 8.5 shows that J(X;)o
pt induces on the E?-terms the map [f/Y"]4 . Finally note that p’oi’ = f' and that
the squares under i3 and p3 are pull-back squares. An application of Proposition 8.5
shows that J(X3) o p5 induces on the E?-terms the map (f')°. O

14. ProbpuUCTS

In this section M is a cycle module over B and N is a cycle module over k. We
assume that either N = K, or that M = N is a cycle module with ring structure over
B = Speck. So in any case we are given a pairing N x M — M of cycle modules
over B.

The restriction to these special cases are made for simplification. For example,
in forming intersections of cycles with coefficients in a cycle module M with ring
structure, one needs to know that its pairing factors through a cycle module over
B x B. However, the existence of a corresponding appropriate notion of tensor product
of cycle modules is not clear to me (and a settling of this question would lead to far here
anyway). The problem could be avoided in the following by assuming the necessary
factorizations, but this is somewhat tiring.

(14.1) Cross PRODUCTS. Let Y be a scheme over k and let Z be a scheme over B
(all of finite type over k). We define the cross product

x: Cp(Y N) X Cy(Z; M) = Cpyg(Y x Z; M)

as follows. For y € Y let Z, = Speck(y) x Z, let m,: Z,, — Z be the projection and let
iyt Zy = Y x Z be the inclusion. For z € Z we understand similarly Y,,7.: Y, = Y
and i,: Y, =Y x Z. We give the following two equivalent definitions:

pxu= Y (iy)(py m(w),

yEY(p)

pX = Z (i2)« (72 (p) - ).

2€7(q)

Here p, € N(y) is the y-component of p and the product is understood after pointwise
restriction of p,. The map

(iy)s: Cq(Zy; M) = Cpyg(Y x Z; M)
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is the inclusion corresponding to Z,,) C (Y X Z)(p4q)- Similarly we understand
Wy € M(z) and

(12)x: Cp(Yas M) = Cpyg(Y x Z5 M),
To check equality of the two definitions consider the u-components for u € Y x Z. Let
¥y, z be the images of u under the projections Y x Z — Y, Z and let R = k(y) Q. k().
Then the u-components are either trivial or w is a minimal prime of R. In the latter
case the u-components are given by

(P X W = Tru)|r(y) (Py) * Tr(u)ln(z) ()  IR(B(u))-
(14.2) AssoctATiviTy. Additionally let X be of finite type over k and let n €
Cr(X;N). Then
nx(pxp)=(nxp)xp

For a proof consider the u-components for v € X x Y x Z. Let x, y, z be the
images of u in X, Y, Z, respectively, and let R = k() ®; £(y) ® k(z). Then the
u-components are either trivial or w is a minimal prime of R. In the latter case it
follows from standard rules for length that the u-components are given by

(M X p X Wy = Tr(u)n(z) M) * Tr(u)|s(y) (Py) * Tr(u)ln(z) (1) - TR(R(u))-
(14.3) COMMUTATIVITY. Suppose M = N is a cycle module with ring structure over
B =Speck. Let 7: Y x Z — Z xY be the interchange of factors. For p € C,,(Y'; M,n)
and p € Cy(Z; M, m) one has
Tu(px ) = (=1)""n x p € Cpyo(Z xY; M,n +m).

This is immediate from the definitions.
(14.4) CHAIN RULE. For p € C,,(Y;N,n) and p € Cy(Z; M, m) one has

d(p x p) =d(p) x p+ (=1)"p x d(p).

For a proof we may assume p € M(y), p € M(z) for some y € Y,y and z € 7.
Consider for u € Y x Z the u-components of the three terms. If one of them is
nontrivial, we must have dim(u,Y x Z) = p+¢— 1 and the images y', 2’ of u must be
in the closures of y, z, respectively. Dimension reasons show y’ = y or 2’ = z. Now the
claim follows from one of the two definitions of the cross product and Proposition 4.6.2.

(14.5) CoMPATIBILITY. The cross product is compatible with the four basic types
of maps f., g%, {a} and 9 acting on one of the two factors. This follows from the
compatibility with flat pull-back and Definition 1.3. We omit a detailed formulation.

We conclude with a consideration of the intersection pairing for cycles on a
smooth variety. Let X be smooth over k and let 7 be a coordination of TX. We
define

Ix: C*(X;N) x C*(X; M) — C*(X; M),

Ix(ps ) = (r(r) o J(X x X, X)) (p x ).
By (14.4) this is a pairing of complexes. Let

vl AY(X;N) x A*(X; M) —» A*(X; M)
be the induced pairing.
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The next theorem follows from the preceding remarks and in particular from
Theorem 12.1. It holds accordingly on chain level up to homotopy.

(14.6) THEOREM. If M = N s a cycle module with ring structure over B = Speck,
the pairing v turns A*(X; M) into an anti-commutative associative ring. If N = K,,
the pairing v turns A*(X; M) into a module over A*(X; K.). O

We have defined in particular a ring structure on the classical Chow groups

CH(X) = [] 47(X; K., p)

of a smooth variety. This ring structure coincides with the classical one. This
may be deduced from the remark at the beginning of Section 11 and (Fulton 1984,
Chaps. 5, 6, 8).
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