DEGREE FORMULA

(poorly ordered collection of Markus’ e-mail messages')

1. THE IDEAL [

For an algebraic variety X over F' denote by I(X) the ideal in Z generated
by deg(z) for all z € X (o).

Example 1.1. 1. Let X be anisotropic smooth projective quadric. Then
I(X) = 2Z.

2. Let X be the Severi-Brauer variety of a central simple F-algebra A. Then
I(X) =ind(A) - Z.

For a field extension L/F, denote by I(L) the ideal in Z generated by the
degrees [F'(v) : F| for all valuation v on L over F' such that the residue field
F(v) is a finite extension of F.

Proposition 1.2. (1) If for a variety X over F, X(F) # 0, then I(X) =7Z;
(2) If there is a morphism f:Y — X, then I(Y) C 1(X);
(3) Let X be an irreducible variety over F' and L = F(X).

(a) If X is proper then I(L) C 1(X).

(b) If X is smooth then I(X) C I(L).

(c) If X is proper and smooth, then 1(X) = I(L). In particular, I(X) is a
birational invariant of a proper smooth variety X .
(4) Let morphism f:Y — X be a birational isomorphism of irreducible proper
varieties with X smooth, then 1(Y') = 1(X).
(5) If f 1Y — X is a rational morphism of proper varieties with Y smooth,
then I(Y) C I(X).

Proof. (3a) Let v be a valuation of L over F. Since X is proper, the valuation
ring of v dominates a point x € X. In particular, F'(z) is a subfield of F(v)
over F. Hence z is a closed point and deg x divides [F(v) : F].

(3b) Let x € X be a closed point. Since z is a smooth point, there is a
valuation v of L over F' with the residue field F'(z).

(4) Let L = F(X) = F(Y). By (2), I(Y) C I(X) and by (3a,c), I[(X) =
I(L) C I(Y).

(5) Let Y7 be the graph of f in the product Y x X. We have two projections
fi: Y1 = Yand g : Yy — X with f; a birational isomorphism. By (4),
I(Yy) = I(Y) and by (2), I(Y1) C I(X).

O
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2. DEFINITION OF THE INVARIANT 7),(X)

Let p be a prime number, F' a field. We assume that char(F) # p and
t, C F'. We fix a primitive p-th root of unity &.

Let X be quasi-projective variety over F. The group G = Z/pZ acts by
cyclic permutations on the product

XP=XxXx --xX.

The factor variety X?/G we denote by C?X. The image X of the diagonal
X C XP? under the natural morphism X? — CPX is a closed subvariety in

C?X, isomorphic to X. In particular, I(X) = I(X).
Consider a G-action on the trivial linear bundle X? x A! over X? by

(1,22, ..., xp, ) = (22,...,2p, 21, EL).

The projection X?\ X — CPX \ X is unramified, hence the restriction of the
factor vector bundle (X? x A!)/G to CPX \ X is a linear bundle over C? X \ X.
Denote it by Lx.

Let d = dim X. The image of the zero section of the vector bundle LY? of
rank pd over CPX \ X defines an element

Ix € Cde(L@pd).
By homotopy invariance,
CH,q(LE") = CHy(CPX \ X),

so that we will also assume that Ix € CHo(CPX \ X). If X is projective, we
have the degree homomorphism

deg : CHo(C*PX \ X) — Z/I(X).
Thus, the image of [x defines an element
mp(X) € Z/1(X).

Note that X is projective but not necessarily smooth variety over F'.
Unfortunately, the invariant 7,(X) is always of exponent p, even when
Z]I(X) is large.

Lemma 2.1. p-lx =0 € CHy(C?X \ X). In particular,
p-n(X) =0¢eZ/I(X).

Proof. The class lx in CHpy(L®) is the direct image of the image of the zero
section of the trivial vector bundle under

(XP\ X) x AP? — [®pd

of degree p. O
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3. DEGREE FORMULA

Theorem 3.1. (Regular Degree Formula) Let f : Y — X be a morphism of
projective varieties of dimension d. Then I(Y) C I(X) and

mp(Y) = deg(f) - np(X) € Z/1(X).

Proof. Denote by Y the inverse image of X under CPf : CPY — CPX, so that
Y C Y. In particular,

IY)=1(Y)cI(Y)cI(X)=I(X).
We have an open embedding
JiCPY)\Y = CP(YV)\Y
and a proper morphism
i CP(Y)\Y — CP(X)\ X.

Denote by W the restriction of the vector bundle Li‘?p 4 on CPY \ Y. Clearly,
W is the inverse image of Lg’?p ¢ with respect to 2. We have the following
commutative diagram
J" i

CHya(Ly™) CHya(LY™)

CH,q(W)

CHo(C?Y \ V) L+ CHy(CPY \ V) 2 CHy(CPX \ X)

deg deg deg

Z/1(Y) Z/1(Y)

Z]I(X).
The image j*(ly) € CH,q(W) is the class {" of the image of the zero section

of W. Then i, maps I’ to the image of the zero section of Li'?p ¢ and the degree

of iz is equal to deg(C?f) = deg(f), hence

ij"(by) = i (l') = deg(f)" - Ix.

Finally, we can replace deg(f)? by deg(f) in view of Lemma 2.1.
U

Remark 3.2. In fact, we have proved a stronger version of the degree formula
on the level of Chow groups:

ij*(ly) = deg(f) - Ix € CHy(C"X \ ).
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Theorem 3.3. (Rational Degree Formula) Let f : Y — X be a rational mor-
phism of projective varieties of dimension d with Y smooth. Then 1(Y') C I(X)
and

mp(Y) = deg(f) - np(X) € Z/I(X).
Proof. The inclusion /(Y) C I(X) holds by Proposition 1.2(5). Let Y7 be the
graph of f in Y x X. Applying Theorem 3.1 to the birational isomorphism
Y1 — Y (of degree 1), we get
(V1) = ny(Y) € Z/I(Y) = Z/1(Y)).
On the other hand, applying Theorem 3.1 to the projection Y; — X (of degree
= deg(f)), we get

np(Y1) = deg(f) - np(X) € Z/1(X).
0

Corollary 3.4. The class n,(X) € Z/I(X) is a birational invariant of a
smooth projective variety X .

Problem 3.5. How to define the invariant 7,(X) € Z/I1(X) out of the func-
tion field £ = F(X)? (Note that I(X) = I(F).)

Here is the main application:

Theorem 3.6. Let X and Y be two irreducible projective varieties with Y
smooth. Assume that X has a rational point over F(Y'). Then I(Y) C I(X)
and if n,(Y) #0 € Z/1(X), the following holds:

(1) dim(X) > dim(Y).

(2) If dim(X) = dim(Y"), then Y has a closed point over F(X) of degree prime
to p.

Proof. There exists a rational morphism f : Y — X. By Proposition 1.2(5),
I(Y) C I(X).
(1) Assume that n = dim(Y’) — dim(X) > 0. Consider the composition
g:Y Lo X X x P
Clearly, deg(g) = 0 and I(X x P%) = I(X). By Theorem 3.3, applied to g,
n,(Y)=0¢€Z/I(X), a contradiction.
(2) By the degree formula, applied to f, and Lemma 2.1, the degree deg(f)

is not divisible by p. Hence the generic point of Y determines a point over
F(X) of degree = deg(f). O

Remark 3.7. The first statement of Theorem 3.6(1) shows that a variety ¥
cannot be “compressed” to a variety X of smaller dimension if 7,(Y) # 0 €

Z/1(X).

One can give another definition of 7,(X) by using Chern class operations as
defined in [2, Ch. 3] for arbitrary (not necessarily smooth) varieties. For any
vector bundle E over a variety V' we have Chern class operations
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cp(L)N? : CHE(V) — CHi_p(V), u— c,(E)Nu.
In particular, the operation ¢;(L)N? for a linear vector bundle L over V is the

intersection with the Cartier divisor associated to £
By [2, Ex. 3.3.2], the class of Iy in CHy(C?X \ X) is equal to

(L) N [C7X \ X,
By Whitney formula [2, Th. 3.2 (e)],
pal LE) = 1 (L )™,
Thus, we can give an equivalent definition:
(X)) = deg(en(Lx )" 1 [CPX \ X)) € Z/I1(X).

One can give another proof of Theorem 3.1 using standard properties of
Chern class operations (projection formula, inverse image under a flat mor-
phism) given in [2, Th. 3.2].

4. COMPUTATION OF 7} FOR A QUADRIC

Let @ = Q(V,q) be anisotropic smooth projective quadric of dimension d,
so that 1(Q) = 2Z.

Proposition 4.1.

1427, ifd=2"—1 for some k,
12(Q) :{

27, otherwise.

Proof. Each pair of distinct points in () determines a line in P(V), i.e. a plane
in V. Thus we have a rational morphism

a:C?Q — Gr(2,V).

Clearly, « is a birational isomorphism! Indeed, let U be the open subvariety
in C?Q consisting of all pairs of points ([v], [u]) such that [v] # [u] and the
restriction of the quadratic form ¢ on the 2-dimensional subspace generated
by v and wu is nondegenerate. Then the restriction a|y is an open immersion
identifying U with the open subvariety of Gr(2,V’) consisting of all planes
W C V such that the restriction ¢|y is nondegenerate. The inverse rational
morphism o' takes a plane W C V to the intersection P(W) N Q. If q|w
is nondegenerate, this intersection is an effective O-cycle of degree 2, i.e. is a
point of C2X.

Remark 4.2. If dim(Q) = 1, i.e. if @ is a conic, « is an isomorphism between
C?Q and Gr(2,V) = P(V*). In the split case this isomorphism looks as follows:
C*PL ~ P3.

Let E be the canonical linear bundle over Gr(2,V’) (the second exterior
power of rank 2 tautological vector bundle). Denote by L’ the restriction of
the linear bundle Lg to the open subvariety U C C*Q.
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Lemma 4.3. (a|p)*(F) ~ L .

Proof. Let U’ be the inverse image of U under the natural morphism Q? —
C?@Q. We have the following morphism of vector bundles:

B U x AL = B, (o], [ul,£) — ((v,u), ¢ ;EUAS))

where b is the polar form of q. The action of G = Z/2Z on U’ x AL by
([v], [u], t) — ([u], [v], —t) commutes with the trivial action of G on E. Hence
(3 induces an isomorphism L' — E over «ay. O]

Clearly, 2Z = I(Q) = I(C?Q \ U). Lemma 4.3 and the commutativity of
the diagram

CHo(Gr(2,V)) aly; CH,(U)

deg deg
Z 7./27
imply that
72(Q) = deg(c1 F)* + 2.
Let

i:Gr(2,V) — P(A?V)
be the canonical closed embedding. The vector bundle E on Gr(2,V) is the
inverse image under i of the tautological vector bundle on P(A?V). Thus, the
degree deg(c;E)?? is equal to the degree of the subvariety i(Gr(2,V)) in the
projective space P(A?V). Tt is the Catalan number [2, Ex. 14.7.11]

1 2d
d+1\d)
One easily checks that this number is odd iff d = 2 — 1 for some k.
O

Theorem 4.4. Let QQ = Q(V, q) be a smooth projective quadric of dimension
d > 2% —1 and let X be a variety over F such that I(X) C 27 and X has a
point over F(Q). Then

(1) dim(X) > 2F — 1.

(2) If dim(X) = 2¥ — 1, then Q has a point over F(X).

Proof. Let Q' be a subquadric in @ of dimension 2 — 1. Clearly, there is a
rational morphism [ : Q" — X.
(1) Since n2(Q’) =1+ 1(Q') # 0 € Z/1(X), by Theorem 3.6(1),
dim(X) > dim(Q') = 2 — 1.
(2) By Theorem 3.6(2), " has a point of odd degree over F(X). By
Springer’s Theorem, @' and hence @) has a point over F'(X). O
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Remark 4.5. One can replace the condition that X has a point over F(Q)
by the weaker one: X has an odd degree 0-cycle over F/(Q).

Corollary 4.6. (Hoffmann) Let ()1 and Qs be two anisotropic quadrics. If
dim(Q;) > 2% — 1 and Qs is isotropic over F(Q1), then dim(Qs) > 2F — 1.

Corollary 4.7. (Izhboldin) Let Q1 and Qs be two anisotropic quadrics. If
dim(Q;) = 28 — 1 and Q- is isotropic over F(Q1), then Qy is isotropic over
F(Q2).

5. COMPUTING 79 FOR SMOOTH VARIETIES

Let X be a smooth proper variety. Denote by ¢ the total characteristic class
opposite to the Chern class ¢, i.e.

I+, +chb+ =0+ +e+...)"

In other words, ¢,(E) = c4(—F) for any vector bundle over X. The class ¢ is
known as the Segre class (denoted s, in [2, Ch. 3]; by the letter s; we denote
the additive class of degree d).

Denote by Tx the tangent bundle over X.

Theorem 5.1. Let X be a proper smooth variety of dimension d. Then the
degree of the 0-cycle ¢)(Tx) = cq(—Tx) is even and

(X)) = deg c,(Tx)

Proof. We would like first to compactify smoothly C2X \ X and extend the
line bundle Ly to the compactification. Note that C2X is smooth only if
dim(X) = 1.

Let W be the blow up of the diagonal X in X?2. The G-action on X? extends
to one on W. The subvariety W% coincides with the exceptional divisor

P((Tx ® Tx)/Tx) = P(Tx).

Since W€ is of codimension 1 in W, W/G is smooth and therefore can be
taken as a smooth compactification of C2X \ X.

Now we would like to construct a canonical extension L’ of Lx to the whole
W/G. There is a canonical linear bundle Oy, (1) over the blow up W with the
induced G-action. The group G acts by —1 on the restriction Op(zy) of Ow (1)
on the exceptional divisor P(Tx ). The restriction of Oy (1) to the complement
of the exceptional divisor W \ P(Tx) ~ X?\ X is the trivial vector bundle
with the trivial G-action. Now we modify the G-action on Oy (1) by —1. New
G-action of the restriction of Oy (1) on the exceptional divisor P(7'y) is trivial,
hence O(1) descends to a linear vector bundle L' on W/G which is a desired
extension of Lx on C2X \ X.

Now we compute deg c;(L')??. At one hand, since Ly is the restriction of L'
on C2X \ X, we have

deg c1(L')*" = deg ey (Lx)** = ma(X) € Z/1(X).

e Z/1(X).
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On the other hand, let
i P(Tx) — W
be the closed embedding and
p:W—W/G
the natural projection. We have
pra(L) = a1 (Ow(1) = [P(Tx)] = i.(1) € CH' (W).
By the projection formula,
&1 (Ow (1) = i.(1) - 1 (Ow (1) =i (1 (O (1)) € CHy(W),
Let ¢ : P(Tx) — X be the natural morphism. The class
4. (1 (Op(r (1))
is the Segre class ¢;(Tx) [2, Ch. 3]. Finally,

2d—1

1) e CHy(X)

2d—1

2deg i (L)** = deg c; (OW(l))Qd = deg 1 (Op(ry) (1)) = deg c(Tx).

O

Remark 5.2. If p > 2, the blow up W of the diagonal in X? does not have
smooth orbit space W/G and the linear bundle Ly cannot be extended to a
linear bundle on W/G.

Remark 5.3. The number degc,(—Tx) does not change under field exten-
sions and hence can be computed over algebraically closed fields.

Remark 5.4. The Theorem shows that the degree m of the cycle cq(—T) is
always even. Hence this cycle defines a cycle on the symmetric square C2X of
degree Z. In the proof we construct this class “canonically” (it is ¢;(Lx)*%).
The degree formula follows from “canonical” nature of this class. One should

study other cases of divisibility of characteristic numbers.

Example 5.5. Let @) be again a smooth projective quadric Q(V, ¢q) and let
i : @ — P(V) be the embedding. We have the following exact sequence of
vector bundles

0 — Ty — * Ty — *Opy(2) — 0.

A nasty calculation gives the Catalan number again:

i = (%)

Can one get this computation using Gr(2,V)?
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6. COMPUTING 1) FOR PROJECTIVE SPACES

Proposition 6.1. Let X = P4. Then

degea( ) = (-1 (%))

Proof. 1t is known that [-Tx] = —(d+1)[Ox(1)] +[Ox]. We can compute the
total Chern class:

1 1
R on ™ T

degcq(—Tx) = (_dd_ 1) - (—1)d(2;).

Let v, be the p-adic discrete valuation and s,(a) be the sum of digits of a
written in base p.

Hence

O

Corollary 6.2. Let X be a Severi-Brauer variety of dimension d. Then
va(deg ca(—Tx)) = sa(d), mo(X) =22,

Corollary 6.3. (Karpenko) Let A be a division algebra with orthogonal involu-
tion o, Y the Severi-Brauer variety of A. Then the involution o is anisotropic
over F(Y).

Proof. Let X = I(A,0) C Y be the involution variety, deg(A) = 2*. Then
I(X) C I(Y) = 2FZ. 1f o is isotropic over F(Y) then there is a rational
morphism Y — X. By Corollary 6.2,

U2 (deg Cd(_TY)) = 32(2k —1) =k,

hence 75(Y) = 2F°! is nontrivial in Z/I(X). A contradiction by Theorem
3.6(1). O

Remark 6.4. In fact, we proved that the Severi-Brauer variety of a division
algebra of degree 2¥ cannot be compressed to a variety X of smaller dimension
with [(X) = 2*Z.

Remark 6.5. Let p be any prime integer. We will see later (Corollary 10.6)
that for a Severi-Brauer variety X of dimension d divisible by p — 1,

sp(d)

Mp(X) = p»=7

As in Corollary 6.3 one can prove that the Severi-Brauer variety of a division

algebra of degree p* cannot be compressed to a variety X of smaller dimension
with I(X) = p*Z.

e z/I(X).
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7. TODD CLASS

The total Todd class ¢d is the rational characteristic class

1 1 1
td:1+§cl+ﬁ(c§+02)+ﬂ(clcg)+....

Lemma 7.1. [3, Lemma 1.7.3] The denominator of the Todd class td, is equal

to
H p[ﬁfl}.

p prime

It follows from the RR Theorem that for a smooth proper variety X of
dimension d,

d
tda(X) = degtda(Tx) = x(X) = Y (~1)!dim H'(X, Ox) € Z
i=1
is the Euler characteristic of X.
The structure morphism p* : X — Spec F' induces the direct image

pX  Ko(X) — Ky(F) = Z.

We have p,.([Ox]) = x(X).
Denote by J(X) the image of Ky(X)® under p,. Clearly, I(X) C J(X) and
this is an equality if dim X = 1.

Theorem 7.2. For a morphism f 'Y — X of proper smooth varieties of
dimension d,
tdg(Y) = deg(f) - tda(X) € Z) J(X).

Proof. Clearly,
f:([Oy]) — deg(f) - [Ox] € Ko(X)W.
We apply then pX and use p¥ = p¥ o f. O

Example 7.3. Let Y be the Severi-Brauer variety corresponding to a central
simple algebra of prime degree p. One has J(Y) = pZ and td,_,1(Y) = 1. Hence
Y cannot be compressed to a variety X of smaller dimension with J(Y') = pZ.

Example 7.4. Let X be the product of n Severi-Brauer varieties correspond-
ing to central simple algebras A, A, ..., A, of prime degree p. Assume
that these algebras are linearly independent in the Brauer group of F. Then
J(X) =pZ. Let L/F be a field extension such that

1. tr.deg.(L/F) <n(p—1);

2. L splits all the A;.

3. FuepL/Fiep is purely transcendental.

Claim: The degree tr.deg.(L/F) is exactly n(p — 1), the field L can be
embedded into F'(X) over F and for any such an embedding the degree [F(X) :
L] is prime to p.

Proof: Let Y be a projective variety such that L = F(Y). We may assume
that dim(Y) = n(p — 1) by replacing Y by Y x P* for appropriate k. Since



DEGREE FORMULA 11

F(Y) splits all the A;, there is a rational morphism f : Y — X. Replacing
Y by the graph of this morphism we may assume that f is regular. Since YV
is rational over Fyp, td,p-1)(Y) = 1. By the degree formula, deg(f) is not
divisible by p.

In particular, X does not contain proper subvarieties rational over Fi.

Example 7.5. Let L/F be a quadratic field extension and ) be a quaternion
algebra over L. Consider X = Ry r(C) where C is the conic over L corre-
sponding to (). Clearly td2(X) = 1 since X is rational over Fy.,. Assume that
the algebra A = coryp(Q) of degree 4 over F is a division algebra. We show
that J(X) = 47Z. Indeed,

Ko(X) = Ko(F) @ Ko(A) ® Ko(Q).

The degree

is the identity on the first component and trivial on the others (look at the
split case). On the other hand, the map to the generic point is given by the
norms. Hence, the first component of any element in Ky(X)™ is divisible by

4.

8. COMPLEX COBORDISMS

Consider the formal polynomial ring R = Zlcy, o, ...] generated by the
Chern classes. We think of ¢4 having degree 2d, so that R is a graded ring.
Denote by R; the component of R of degree 2d. It is a free abelian group
generated by cg, ..., c?. We call the elements of Ry the integral characteristic
classes of degree d. The rational characteristic classes of degree d are the
elements of Ry ® Q.

Let E be a vector bundle over a variety X of dimension d. Then for any
¢ € R;®Q the value ¢(FE) is a rational 0-cycle in CHo(X) ® Q. If X is proper,
we can compute the degree deg ¢(F) € Q.

Denote by R/, the subgroup in Ry ® Q consisting of all rational character-
istic classes ¢ such that degc(—Tx) € Z for all smooth proper varieties X of
dimension d over F'. Clearly, R; C R),.

Example 8.1. We know that % cq € R), where c is the Chern class, defines
an element of R/;/Ry of exponent 2. Let td’ be the inverse td~' of the Todd
class. The class td), is another example of an element of R),.

Let t € R),. For a smooth proper variety X of dimension d we can consider
the class t(X) = degt(—Tx)+ I(X) € Z/I(X). If t € Ry is an integral class,
then t(E) € CHy(X) for any vector bundle E over X, hence degt(E) € I(X)
and therefore t(X) =0 € Z/I(X). Thus, for any smooth proper variety X of
dimension d we have a well defined group homomorphism

'Ry —— ZJI(X), t+ Ry t(X).
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Problem 8.2. Determine all classes t + R4 which admit the degree formula,
i.e. for a morphism f :Y — X of smooth proper varieties,

t(Y) = deg(f) - 1(X) € Z/I(X).

Probably in some cases one has to enlarge the group I(X) (see the degree
formula for the Todd class).

Example 8.3. The classes % cq and td), admit the degree formula.

First, we would like to determine the factor group R}/ Ry. Let QU = 7, (MU)
be the complex bordism ring. The Hurewicz ring homomorphism

hg : QY, —— Hyy(BU,Z)

is injective [5, Cor. 20.26]. Using duality between H,(BU,Z) and H*(BU,Z)
one can determine h by the formula

[X] = (t = (((-Tx),0x))

where t € H*}(BU,Z), t(=Tx) € H*(X,Z) and ox € Hyy(X,7Z) is the funda-
mental class of X.

The ring H,(BU,Z) is a graded polynomial ring Z[by, by, ... ], degby; = 2d.
The ring Q¥ is also a polynomial ring Z[M;, My, . ..] where the generators M;
can be chosen such that [4, p. 129]

p(b; + {decomposable terms}), if i =pF—1
hi(M;) = for some prime p and integer k > 0,
b; + {decomposable terms}, otherwise.

Consider the following elements in H,.(BU, Z):

p Y
T = for some prime p and integer k£ > 0,

hi(M;), otherwise.

By [4, p. 130], H.(BU,Z) is the polynomial ring Z[z1, xs, .. .].
Also set

p, ifi=pF—1
r; = for some prime p and integer k£ > 0,
1, otherwise.

For any partition a: d =41 +ig + -+ -+ 1p, 11 < ig < -+ < 7 set
Lo = Tiy Tiy - . . iy, € Hoy(BU,Z),

Ta = TiTig .- Ti, € 2.



DEGREE FORMULA 13

Proposition 8.4. ([4, Cor., page 129])
Coker hy = H(Z/TQZ) Tes

«

where the coproduct is taken over all partitions o of d.

Corollary 8.5. The exponent of the group Coker hy coincides with the denom-
inator of the Todd class tdg.

Proof. Let p be a prime integer, k = [%]. Clearly, for any partition a of
d, vy(z,) < k and there is a partition a« : d = (p— 1) + (p— 1) + ... with
vp(zo) = k. The statement now follows from Lemma 7.1. O

Now we dualize h over Z. The group H?¢(BU, Z) is canonically isomorphic
to Ry since by [5, Cor. 16.11],

H*<BU, Z) = Z[Ch Co, .. ]
Thus, the dual of hy is the embedding
Ry — Hom(QY,,Z)

being an isomorphism after tensoring with Q. This map takes a characteristic
class t of degree 2d to a homomorphism

(1) Vg — Z, [X] = (t(-Tx),0x).
If X is a smooth proper variety and we consider characteristic classes with
values in Chow groups of X the homomorphism (1) takes [X] to degt(—Tx).
Thus, we can identify the group Hom(QY,, Z) with R,
The pairing
Hyu(BU,Z) ® Ry — Q
induces an isomorphism

R),/R; ~ Hom(Coker hy, Q/Z) = (Coker hy)*.

Thus, the structure of the finite group R//R, is similar to that in Proposition
8.4.

Example 8.6. Let d = 1. We have Ry = Zc;, M; = 2b; is the generator
of QF with M; = —[P'] by [5, Ex. 16.46]. Hence R; = 3Zc; and the class
td; = %cl + Ry generates R /R;:

Ry = (B/20)d = (2/20) () = (2/22) (5 51) = (B/22) (560,

where ¢; = 51 = —c}. The generator admits the degree formula.

Example 8.7. Let d = 2. We have Ry = Zcy ® Zc3. By [5, Ex. 16.46], the
generators of QY can be chosen as follows:

My = —[P%] = 3by — 612, M? =[P, x P,] = 4%
Hence the group R),/Ry which is dual to Coker hs, is cyclic of order 12,
5/ R = (Z)127)td,,
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where
L, / 1 s
tdy = E(c1 +co), td,= E(ch — C3).
Also:
1
50/2 + Ry = 6tds + Ro,

1
§52 + Ry = 4tdy + Ry
both admit degree formulas. What about tdy?

Example 8.8. Let d = 3. We have Ry = Zcs @ Zcico @ Zc;. Let Qs be a
smooth 3-dimensional quadric. One has

h(Qs) = 6bs — 1007,
h(P?) = —4bs + 20b;by — 2063,
One can choose the following generators of QY:
Ms = [Qs] + [P?], MM, =[P' xP?, M}=[P'xP'xP.
One finds
Ry Ry = (2/22)(5) © (2/22) (5 © (224D

9. GENERAL PROBLEM

Let X be a projective variety of dimension d over F'. For any characteristic
class t € R/, denote by I;(X) the smallest subgroup in Z containing /(X') such
that for any morphism f : Y — X, where Y is a projective variety of dimension
d, one has

tY) =deg(f) - t(X) (mod I,(X)).

Clearly, I;(X) depends only on ¢ modulo R4. Denote by o; the l.c.m. of the
orders of t(X) in Z/I;(X) for all projective X of dimension d. Thus, if o, # 1,
there is a nontrivial degree formula involving the class t.

Problem 9.1. Determine the function
&/Rd —_— Z, t+Rd — O¢.
Clearly, o, divides the order of t + Ry in R}/ Ry.

Example 9.2. Let d = 1. The group R}/R; is cyclic of order 2 with the
generator ¢ = %. For a conic curve X one has ¢(X) = 1 4 2Z € Z/27Z, hence
Oy — 2.

Example 9.3. Let d = 2. The group R,/R; is cyclic of order 12 with the
generator t = td,. Example of a Severi-Brauer variety of a csa of degree 3
shows that 3|0, and Example 7.5 shows that 4|o;. Thus, o, = 12.
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10. STEENROD OPERATIONS

Let p be a prime number. We consider the action of the Steenrod algebra
modulo p on the Thom class 7" in the cohomology ring

H*(MU,Z/pZ).

For an operation A, denote by ¢(A) the image of A(T) under the canonical
isomorphism

H*(MU,Z/pZ) ~ H*(BU,Z/pZ) = Z/pZ|cy, ca, . . .].
Example 10.1. Let P’ be the Steenrod power. Then ¢(P’) = (b™1);p-1)
where b is the total characteristic class defined by
b= 1+ .. (1+7h
where
c=14+t)...(1+t,)
is the total Chern class. In particular, b = ¢, the Chern class, if p = 2.

Example 10.2. Let ¢; be the Quillen operation of degree p* — 1. Then ¢(¢;) =
s5pi—1 is the additive class.

Let X be a smooth variety over a field F'. In [1], P. Brosnan defines Steenrod
operations

P": CH.(X) — CH._y,-1(X)/p

which satisfy the following properties:

e (functoriality with respect to proper morphisms) Let f : Y — X be a
proper morphism of smooth varieties. Then the following diagram commutes
[1, Prop. 8.11]:

Pi
CH.(Y) — CH._j(p,—1)(Y)/p

fe e

%

CH. (X) 2~ CH._ 1) (X) /p.
e Let dim(X) = d. The image of the the class [X]| under
P': CHyg(X) — CHa—ip—1)(X)/p
equals b;,—1)(—Tx) by [1, Prop. 8.4].

Theorem 10.3. (1) Let X be a smooth variety of dimension d divisible by
p— 1. Then degby(—Tx) is divisible by p, i.e. %bd is a rational class in RY.
(2) For a proper morphism f :' Y — X of smooth varieties of dimension d
divisible by p — 1,

fx (bd(—Ty)) =deg(f) - ba(—Tx) (mOd pCHO(X)).
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Proof. Both statements follow from the properties above applied to the oper-
ation P? for i = 1% and morphisms X — Spec F and f:Y — X. O

In view of Example 10.1, this Theorem implies Theorem 5.1 in the case
p = 2 for smooth projective varieties.

Remark 10.4. Let X be a smooth variety of dimension d divisible by p — 1.
One can show that

w(x) =SB ¢ 21(x)

Thus, Theorem 10.3 implies Theorem 3.1 for smooth varieties.

We generalize now Proposition 6.1:

Proposition 10.5. Let X =P where d =i(p — 1). Then

deg by(—Ty) = (—1)@'(@).

7

Corollary 10.6. Let X be a Severi-Brauer variety of dimension d divisible by
p—1. Then
sp(d)
Mp(X) = pr-t
Proof. Let d =i(p — 1). Then

o (m) _ sp(d) + (i) = 5p(pi) _ 5p(d)

-1

p—1 p—1

11. GENERAL FORMULA

We would like to define things algebraically and give topological explana-
tions.

Let H,Z[by, by, ...] be the polynomial ring. We assume that H, is graded in
such a way that b; is of degree 1.

Explanation: In topology, it is the homology ring H,(BU,Z) = H.(MU, Z)
(the difference is that the degree of b; in topology is 2d).

For any partition a: d =41 +ig + -+ + g, 11 < g < - -+ < 1y set

b =by .. by b7 . OB b

The elements b* for a basis of the polynomial ring over Z, and more precisely,
the b, with |a| = d form a basis of Hy.

Consider another polynomial ring H* = Z[cy, ¢a, .. .| with the same grading
deg(c;) = i. For any partition « as above we define the symmetric polynomial

Po=) X{Xge. X

and set
Co = Pa(Cl, Co, ... ,Ck).
The ¢, with |a| = d form a basis of H.
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We consider a pairing between Hy and H? such that the b* and ¢, form dual
bases.

Explanation: H, is the cohomology ring H*(BU,Z) = H*(MU,Z) with
the standard pairing with the homology ring.

Let

exp(z) = o + byz® + bya® + . ..
be the formal power series over the ring H, and
log(z) = o +myz® + meax® + ...
be the formal inverse of exp. Clearly,
H, =Zlmy,ms,...]
is a graded polynomial ring. For example,
my = —by,
= Qbf — b,
mz = —5b7 + 5biby — bs, ...

Consider the formal power series in two variables

w(z,y) = exp(log x + logy)

over the ring Hx. Clearly, u is a commutative formal group law over H,. The
map exp is an isomorphism of the additive group law x + v and the group law
. Denote the coefficient of u by a;; € Hipj-1, i.e.

ple,y) =z +y+ Z a;z'y’ .
i>1,5>1
For example,
ajy = 2by,
12 — 3b2 — Zb%,
a13 = 4b3 — 8b1b2 + 46215,
99 = 6()3 - 6b1b2 + Qb?, e

Denote by L the graded subring in H, generated by the coefficients a;;. By
definition, the group law p is defined over L. It is the universal formal group
law. The ring L is called the Lazard ring.

Let X be an algebraic proper smooth variety over F' of dimension d. Denote
by [X] the element in H, such that

<Ca7 [X]> = deg Ca(_TX)
for any partition o with || = d. Tt turns out that [X] € L, (algebraic proof?).
Example 11.1. [PY] = (d + 1)mg.
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Explanation: The Lazard ring is identified with the complex cobordism
ring QY. The map X — [X] is the injective Hurewicz homomorphism
h:QV — H,.
The formula above looks as follows:
(Cas W[X]) = (ca(~Tx), 0x),

where o is the fundamental class of X in Hoy(X,Z).

Let X be an algebraic proper smooth variety over F' of dimension d. We
define the (graded) ideal M(X) in L generated by the classes [Y] € L for
all smooth proper varieties Y with dim(Y) < d and such that there exists a
morphism Y — X.

Conjecture 11.2. (General Degree Formula?) For any morphism f:Y — X
of proper smooth varieties of dimension d,

Y] = deg(f) - [X] € La/M(X)q.

Let t : Ly — 7Z be a homomorphism. Applying ¢ to the degree formula, we
get a degree formula

tY] = deg(f) - t[X] € Z/t(M(X)q)-

In section (8) we identified such homomorphisms ¢ with rational character-
istic classes in R),.

Example 11.3. Let ¢t = £¢q (c is the Chern class). The group M (X), is gen-
erated by the classes [Y x Z] of varieties of dimension d, where k£ = dim(Y) < d
and there is a morphism Y — X. Let p and ¢ be two projections of Y x Z on
Y and Z respectively. Then

Tyxz =0 (Ty) ® ¢"(Tz).

The highest Chern class is multiplicative, hence

1 1
5 deg ca(—Tyxz) = degcp(—Ty) - 5 deg ca_r(—T7).

Clearly, deg cx(=Ty ) € I(Y). Since there is a morphism Y — X deg ¢, (=Ty) €
I(X). Thus t(M(X)s) = I(X) and we get the degree formula 3.1 in the case
of smooth varieties and p = 2.

Similar argument works for the class ¢ = %bd to give Theorem 3.1 for any
prime p.

Example 11.4. Let t = td),. Since the Todd class is multiplicative, similar
argument gives t(M(X)y) = J(X) and one obtains the degree formula in
Theorem 7.2.

2More generally one can expect that for any morphism f : ¥ — X of proper smooth
varieties (not necessarily of the same dimension) with X irreducible one has

[Y] = deg(f) - [X] € L/M (X)),
where deg(f) denotes the class of the generic fibre.
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12. LANDWEBER-NOVIKOV OPERATIONS

Let E be a C-oriented spectrum. We have a natural isomorphism
E*(BU) ~ E*(MU).
The ring E*(BU) is the polynomial ring over E*(pt) in the “Chern classes”
1,Co,. ... The corresponding elements in E*(MU) we denote s, Ss,.... For
any partition a of d one can define in a standard way the elements s, €
E2(MU).

Now set E = MU; we get the elements s, € MU?¥(MU) corresponding to
the Conner-Floyd classes ¢, € MU?¢(BU). The class s, can be considered as
an operation

MU — S?IpmU.
In particular, s, acts on L, = MU *(pt) by endomorphisms
Ly, —— Ly

Example 12.1. The operations s, act nicely on the classes of projective
spaces:

sa[P"] = <Cavbin71>[Pni|a‘]a
where b= >"" b,

Example 12.2. The action of s, on L, extends (uniquely) to an action on

H,:
Sa(b) - Z(Caa bi>bi+1>
salzy) = Y (s52)(s3).
B)=a

Fix a dimension n. For any partition o choose an element
To € MU2n72‘a|(pt) = L‘a|_n C Hw_n.
We view the multiplication by x, as an operation
MU —— §*=2el M.

We can consider the infinite sum
) S oo
(e}

as an operation

MU — S*™MU.

Theorem 12.3. (Landweber-Novikov) Any cohomology operation on the spec-
trum MU is of the form (2) for uniquely determined elements x,,.

Conjecture 12.4. For any smooth proper variety X, the ideal M(X) in L is
invariant under Landweber-Novikov operations.?

30ne may hope to prove these conjectures using Voevodsky’s stable homotopy theory of
schemes.
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