COMPUTATION OF SOME ESSENTIAL DIMENSIONS

MARKUS ROST

ABSTRACT

In these notes we show that the essential dimension (in the sense of [5]) of PGLy4
is equal to 5.

Along the way we discuss (in a rather unsystematic manner) generalities on
essential dimension and degree formulas.
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1. NOTATIONS AND CONVENTIONS

We work over a ground field k. A k-variety is a separated scheme of finite type
over k. Let F/k be a finitely generated field extension. By a model of F/k we
understand an irreducible k-variety X together with an isomorphism k(X) ~ F.

From section 6 on we assume all fields to be of characteristic # 2. From section 11
on we assume all fields to contain a square root of —1.

2. PLACES

The natural frame work for many of our considerations is the category of fields
over k with the k-places as morphisms. In this section we recall some basic notions.
For a valuation v on a field F' we use the (mostly standard) notations

m, CO, CF, ky=0,/my,, U, =0 c F*, UM =1+m, cU,

for the valuation ring and its maximal ideal, for the residue field, for the group of
units, and for the group of 1-units, respectively. Valuations on F' with the same
valuation ring will be identified. If k is a subfield of F', then by a valuation on
F/k (or by a k-valuation of F') we understand a valuation v with & C O,. We
write V(F/k) for the set of all k-valuations on F. If F/k is a finitely generated field
extension, then there is a natural identification

V(F/k) = lim X

where X runs through the proper models of F/k.

Let E, F be field extensions of k. By a k-place ¢: F ~~ E we understand a pair
(vy, ) Where v, is a valuation on F'/k and ay: k,, — E is a k-homomorphism.
We also use the more geometric notation f: Spec E ~» Spec F for k-places and
write (vy,ay) for the corresponding pair. A k-place f = (vy,ay) is given by a
(uniquely determined) family of k-morphisms

fx: SpecE — X

with X running through the proper models of F//k and with fx = go fx/ for every
morphism g: X’ — X of models of F/k. For any X there exist a proper model Y
of E such that fx extends to a (uniquely determined) k-morphism

fY,X Y — X.
Passing to the limits we obtain a map
2 V(E/k) — V(F/k).

This map sends a valuation v on E to the composite valuation of the valuations vy
and v|ky, .

Let d > 0 and let tr.deg(E/k) < d, tr.deg(F/k) < d. For a place f: Spec E ~~
Spec F' we define its d-degree deg,(f) by degy(f) = [E: F] if f is an inclusion of
fields of transcendece degre d, and put deg,(f) = 0 otherwise.

3. PICARD GROUPS

Let A be an abelian group. For a finitely generated field extension F/k we put
P(F/k,A) (Pic(X) ® A)

= lim
—
X
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where X runs through the proper models of F'/k. For a k-place f: Spec E ~» Spec F’
the maps fy x define a pullback map f*: P(F/k, A) — P(E/k, A).
One has
P(k(t)/k, A) = Pic(P') ® A = A.
Let d = tr.deg(F/k) and let u; € P(F/k,Z/n), i =1, ..., d. Then we define
e(u,...,uq) €Z/n

as follows. Choose a proper model X of F/k and line bundles L; on X which
represent the u; and consider the vector bundle V. =L{ & --- ® Ly. Let

e: CHy(V) =~ CHy(X) 2%, 7
where the first map is given by homotopy invariance and the second map is the
degree map for O-cycles. We put

e(uy,...,uq) = e([zero section]) (mod n).

This number does not depend on the choices made and is multi-linear in the u;.
Reference 7?77 Probably in [2].

Remark: For smooth X, the numbers e(uq, ..., uq) are just given by intersecting
divisors. This is all we need in the current version of this text, where we make free
use of resolution of singularities. In a future version we plan to work with arbitrary
varieties and then it will be necessary to have the numbers e(uq,...,uq) also for
non-smooth X.

4. RAMIFICATION, SPECIALIZATION, AND ESSENTIAL DIMENSION

Let © € K1 F/n = F*/(F*)™.
If v is a valuation on F', we say that x is unramified in v if x is in the subgroup
U,/(Uy,)™ C F*/(F*)™. In this case we define the specialization

z(v) € K1ky/n

of z in v as the image of x under U, /(U,)" — kX /(k)".

If f: SpecE ~» SpecF is a place, we say that x is unramified in f, if = is
unramified in vy. In this case we put

f(@) = (af)«(x(vy)) € K1E/n.
We extend these standard considerations to the Milnor K-ring. If v is a valuation
on F' we define its Milnor K-ring by
KMw)=KMF /(1+wm,) KMF.

In the case of discrete valuations of rank 1 this ring has been considered in [1], [3,
remark at the end of p. 323], [6]. In any case there is a natural injection

Ki\/[“v - Ki\/l("))v
{t1,...,8n} — {us,...,un}.

Let A be an abelian group. For z € (KMF) ® A we denote by x(v) its image
in KM (v). If 2(v) belongs to the subgroup KMk, we say that x is unramified in v
and call z(v) its specialization. These notions extend to places f: Spec E ~» Spec F
in an obvious way.

In the following we counsider various covariant functors F' — M (F) from the
category of fields F'/k to sets. These functors will be subfunctors of F — (KM F)® A
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for an appropriate abelian group A. They have the following property: If x € M (F)
is unramified in v (as an element of (KM F) ® A), then x(v) is in M(k,). A pair
(F,z) with € M(F) is called versal for M, if for any E/k and y € M(E) there
exists a place f: Spec E ~» Spec F' such that z is unramified in f and y = f*(z).
(This definition is tentative.) The essential dimension of M is the minimum of the
transcendence degrees tr.deg(F/k) for versal pairs (F,x).

Later we consider also functors of the form M (F) = H'(F,G) where G is linear
algebraic group over k. For the notion of essential dimension of these functors,
see [5].

5. SIDE REMARKS

The material of this section will not be used in later sections.

Problem. For a linear algebraic group G over k let Mg(F) = HY(F,G). Give a neat
definition of Mg (v), in analogy with KM (v). Describe Mg(v) using Bruhat-Tits
theory.

Here is a further type of functors for which the notion of essential dimension
is meaningful (these will not be considered later). Let u € KMk/p and define
M, (F) C {*} to be nonempty if and only if ur = 0. In this case ed(M,,) should be
defined as the minimal transcendence degree of a generic splitting field of u. Recent
considerations show that for a nontrivial symbol u one may expect ed(M,,) = p™ —1.
This can be proven for p = 2 or n < 3. In general one does not even know whether
ed(M,) < occ.

I don’t know a good definition of functors on fields which is appropriate for the
notion of essential dimension and covers all known examples. One feature appearing
in all examples is the existence of a pair of morphisms X; = X such that the set
of all F-rational points X((F) parametrizes all elements of M(F) (let’s say by a
function z — «(z)) and such that if a(z) = «a(z’) then there exist y € X;(F)
mapping to (x,z"). Moreover, for any z € M(F) and any open subset U C Xy one
may find z € U(F) with a(x) = 2.

In some cases one can compute essential dimensions by ramification methods.
For instance, one concludes ed(PGL2) > 2 from the fact that the quaternion al-
gebra Q(s,t) over k((s))((t)) is doubly ramified. One may try to define a notion
of “essential valuation dimension” of M related to ramifications over complete val-
uation rings. Here is a tentative definition. Let F/k be a field extension, let
F, = F((t1))---((tn)), and let v, be the valuation of F,,/F. Let us say that
x € M(F,) is totally ramified, if for any subfield F C E C F, such that z is
in the image of M(E) — M(F),), the rank of v,|FE is n. Let us define evd(M) as
the maximal n for which there exist F' and a totally ramified element « € M(F,).

Certainly one has evd < ed. Here is an example with evd(M) < ed(M) (without
proof): Let p be a prime with chark # p, let [/k be a field extension of degree p
and let

M(F) = Npgir(Ki(F®1)/p) C KiF/p
be the “group of norms from {/k in K /p”. One finds ed(M) = p—1 and evd(M) =
1.

Other computations are evd(PGLy) = 2 and, at least if chark # 2 and —1 is a
square, evd(PGLy4) = 4.
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Problem. Give a neat definition of “essential valuation dimension” (or whatever
you want to name it).

6. THE CLASS ©

For a field F/k let
MQ(F) = {($1,$2) S K]_F/2@K1F/2 | 1Ty = O}
Thus an element © = (z1,x2) of My(F') is given by a pair of elements a, b € F*
such that the quaternion algebra Q(a,b) is split.

Elements in K7 F/2 will be denoted by {a}, a € F* and {a,b} € K2F/2 denotes
the product of {a}, {b}.

Proposition 6.1. For finitely generated fields F/k and for elements x € My(F)
there exist unique elements ©(x) € P(F/k,Z/2) such that:

e (Functoriality) If f: Spec E ~~ SpecF is a k-place, and if x € My(F) is
unramified in f, then
7 (0()) = O (f*(x).
e (Normalization) Let F,, = k(t) and x,, = ({t},{1 —t}). Then
O(z,) € P(F,/k,Z/2) =72
is the nontrivial element.

We denote the generator of P(F,/k,Z/2) by [*].

Proof of uniqueness of ©. If F is finite, then P(F/k,Z/2) = 0. Hence ©(x) = 0 in
this case and we may assume that F' is infinite. Then for x = ({a}, {b}) € My(F)
there exist u, v € F* with b = u?(1 — av?). Let f: Spec F' ~ Spec F, be the place
with f*(t) = av?. Then z,, is unramified in f and f*(z,) = 2. By functoriality one
must have ©(z) = f*([#]). O

Along the way have proved that (F,, k,,) is versal for My, at least for infinite k.

Lemma 6.2. Let X be a smooth proper model of F/k and let
f,if- X -P!
be morphisms with f*(x,) = f'*(xy). Then the two maps
5 Pic(Ph) /2 — Pic(X)/2
coincide.

Proof. Put x = (x1,22) = f*(x4) = f'*(x,). For the divisors of the components
of z we have

div(zy) = f*[0] = f*[oc]
div(wz) = f*[1] = f*[oq]
in @, xa) Z/2 and similarly for f’. Hence

frloo] = Y e P ze

zEX(l) ZEX(I)
Bz (.'1;1):82 (IQ)#O

where 0,: K1F/2 — Koyk(z)/2 is the residue map at z. This expresses f*[o0]
entirely in terms of z, and by the same argument for f’ we get f*[oo] = f*[o0]. O
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To prove the existence of the class ©, we have to show that for any F' and
x = (z1,22) € Mo(F) and any two places f, f’: SpecF' ~» SpecF, with z =
f*(xy) = f*(z,) one has f*([x]) = f*([*]). Assuming resolution of singularities,
this follows from Lemma 6.2, by extending f, f’ to morphisms X — P! on a smooth
model of F/k.

I am pretty sure that one can avoid here resolution of singularities by using in-
stead canonical flatening [4]. Anyway, there is a simpler direct way by investigating
the possible choices f, f’ more closely.

Lemma 6.3. Lett, t' € F* witht # ¢ and assume {t} = {t'} and {1—t} = {1-t'}
in K1F/2. Then there exist o, B € F* with 1 # o* # 3% # 1 such that

1-— 32 1— 32
t=—5—— b , t'=a? Ly
a? — 32 o — 32
Proof. By assumption we have ' = ta? and 1 —t' = (1 —t)3? for some «, 3 € F*.
Hence 1 —ta? = (1 — t)3? and the claim is immediate. O

Let P — 132 be the blow up in the 4 points [0, 0, 1], [0, 1,0], [1,0,0], and [1, 1, 1].
Let further P — P2 be the blow up in the 7 points [0,0,1], [0,1,0], [1,0,0], and
[+1,+1,1].

Lemma 6.4. The rational maps
P> L p2 L plypl,
9(lev, 8,1]) = [a?, 5%, 1],
h(la,b,1]) = ([1 = b,a —b],[a(1l — b),a — b))
extend to everywhere defined morphisms
PLpLipxp!
Proof. The verification is left to the reader. O

Let m, 7': P — P! be given by h o g followed by the projections. Note that
() = 7'* () € Mo(k(P))/2. By Lemma 6.2 we find that the two maps

7, 7' Pic(P1)/2 — Pic(P)/2
coincide. (Of course one may check this also directly).
Proof of existence of ©. We have to show that for any F and z = (x1,x2) € My(F)
and any two places f, f': SpecF ~ Spec F,, with z = f*(z,) = f"*(x,) one has
(D) = £ ())- A i A
By Lemma 6.3 there exist a morphism f: Spec F — P such that f = 7o f and
f' =" o f. The claim follows now from 7©* = 7’* on Pic(P%)/2. O

The proof of Proposition 6.1 is now complete. The functoriality of © can also
be described in the ramified situation:

Lemma 6.5. If f: Spec E ~» Spec F is a k-place, and if x € My(F) is ramified
in f, then f*(O(x)) = 0.

Proof. Indeed, let g: Spec F' ~ Spec F,, be a place with © = ¢g*(x,,). If z is ramified
in f, then z, is ramified in g o f and therefore g o f must map to one of 0, 1, co.
But then (g o f)*([*]) = 0. g
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The functor My can be described in a more symmetric way as follows. For a
field F'/k let

M{(F) = {(x1,72,23) € (KlF/2)3 | 21 + 22+ a3 ={-1},z;2; =0 for i #j}.

Then each of the projections M{(F) — My(F), (z1,z2,23) — (x;,2;), 1 # j, is a
bijection. If v is a valuation of rank 1 and if © = (21, 29, x3) is ramified in v, then
exactly one of the x; is unramified in v and for this component one has z;(v) = 0.

Let X(F) be the set of all (z1,22,23) € M{(F) with z; = 0 for at least one 3.
If f: SpecE ~» SpecF is a k-place, and if € X(F) is unramified in f, then
fH(z) € B(E). B

These remarks and Lemma 6.5 suggest the following definition. Let My(F') be
the quotient of M| (F') by collapsing the set 3(F') to a point (denoted by 0). Define
the map

[T Mo(F) — Mo(E)

on the unramified elements of My(F') as before (and passing to the quotient) and
sending all other elements to 0. Then we have

Proposition 6.6. For finitely generated fields F'//k and for elements x € My(F)
there exist unique elements ©(x) € P(F/k,Z/2) such that:

e (Functoriality) If f: Spec E ~» Spec F' is a k-place, then
fr(6(x)) = 6(f*(2)).
o (Normalization) Let F,, = k(t) and x, = ({t},{1 —¢}). Then

O(xy) € P(F,/k,Z/2) = Z/2

1s the nontrivial element.

7. A SIDE REMARK

In the later sections we will meet the following construction. Let x € K F/2
and let X be a proper smooth model of F/k. We choose a function a € F* with
x = {a} and write

div(a) = A+ 2V
where A is a divisor with odd multiplicities (the latter means A € @,y ) (14+2Z)).

At this point we just want give some comments on this situation.

Let 7: Y — X be the normal closure of X in F[t]/(t> — a). Then 7 is etale of
degree 2 outside its locus of ramification A. Since A has odd multiplicities, one
has supp(A4) C A. Further, 7 defines a po-torsor over X \ A and therefore a line
bundle L on X \ A via s — Gy,. The class of this line bundle and the class of V
in Pic(X \ A) = CH'(X \ A) coincide.

The situation can be made more clean as follows. Assume that A is a divisor
with all multiplicities equal to 1 and that A is a smooth divisor with normal cross-
ings (this can be arranged using resolution of singularities). After blowing up the
crossings, we may even assume that A is a smooth subvariety of codimension 1
(with no crossings). Then 7 is flat and the class of V in Pic(X) is given by the
class of the line bundle L = 7. (Oy)/Ox.

In the following we will often use resolution of singularities in order to talk about
the divisor V. Very probably this can be replaced by using flatening theorems [4].
One arranges that 7 is flat and then works with the line bundle L instead of V.
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8. THE INVARIANT p

Let 21, zo € K1k/2 be fixed elements. We denote by ki, ko the corresponding
quadratic extensions of k. Further let K = k; ® ks and let k3 be the third quadratic
subextension of K/k. We define I = I(z1, 22) C Kok = Z as the subgroup generated
by the norms from the k;. Thus I = 2Z if K is a field, and I = Z otherwise.

For a field F/k let

M, (F) C (K1F/2)*,
My(F) = {(z1,91,%2,92) | 1172 = y1y2 = 0,2, +yi + 2 =0 for i = 1, 2 }.

Our aim is to define for fields F'/k with tr. deg(F/k) < 2 and for w € M;(F) an
invariant p(w) € Z/1.

We study a versal parameter space for elements in M7 in some detail. Let ¢,
d € k* with z; = {c¢} and 2z = {d}.

Let

T =T(z,2) C P' x P?,
T ={([s,t],[z,y,2]) | 2%s — y*tc — 2*(s —t)d =0}
Lemma 8.1. T is a smooth proper irreducible surface. The tupel

wr = ({t/s}, {ct/s}, {1 = (t/s)},{d(1 - (t/5))})
is an element of My (k(T)). For any F/k and any w € My(F) there is a k-place
f: Spec F' ~ Speck(T) with x = f*(wr).
Proof. The verification is left to the reader. O
Let further T = T'(21, z5) — T be the blow up in the 3 points P; = ([1,1],[0,0,1)),
P, = ([1,0],[0,1,0]), P = ([0,1], [1,0,0]). Lemma 8.1 remains valid with T replaced
by T.
Lemma 8.2. There exist smooth 1-dimensional closed subvarieties D1, Do, D3 C T
such that:
e There are the following equalities of (mod 2)-divisors
le({t/S}) = DQ + D3,
div({1 = (t/s)}) = D1 + Ds.

e There is a k-morphism D; — Speck; fori=1, 2, 3.
o The D; are pairwise disjoint.
e For the self intersection number of D; one has D; - D; =4 mod 8.

Proof. First compute the divisors of {t/s} and {1—(¢/s)} on T. Consider the three
divisors

Dy = {t =0},
D3 = {s =0},
Dl :{t:S}

One has
divy({t/s}) = Dy — Ds,
divy ({1 — (t/s)}) = D1 — Ds.
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Each of the divisors D; consists geometrically of two lines. Their intersection con-
sists of one point P; at which they meet transversally. The two lines of D; are defined
over k; and permuted by the Galois action of k;/k. Let D; C T be the proper trans-
forms of the D;. After the blow up, the two lines will be separated, and the D; are
smooth. The preimage of D, under the blow up is D; + 2F; where E; is the excep-
tional fiber over the intersection point P;. To compute the self intersection number
of D;, note first that D;-D; = 0, since D; is the preimage of a point under the projec-
tion T — P!. Thus (D;)? = (D; —2E;)? = D?—4D;-E;+4E? =0-0—4=—4. O

In the following we make free use of resolution of singularities in dimension 2
(for simplicity).

Let tr.deg(F/k) = 2, let w = (x1,y1,x2,y2) € Mi(F), and choose ay, az € F*
with 21 = {a1} and 23 = {a2}. Let X be a smooth proper model of F/k. We say
that X is w-regular if there exist integral divisors C;, V', W C X such that:

div(al) =Cy+C3+2V
diV(ag) =Cq1+C5+2W.

and such that there exist morphisms supp(C;) — Speck;.
w-regular models exist: By resolution of singularities we find X such that there
exist a morphism f: X — T with w = f*(wrp). Then we may take C; = f*(D;).
Here we use the pull back maps for the cycle complexes as defined in [6]. For
a morphism f: X — Y with Y smooth there exist in particular pull back maps
fitting into a commutative diagram

« div
EX) — Tleexn Z

] ]
KY)* 2 ey Z

The maps f* depend in general on the choice of a coordination of the tangent
bundle of Y, see [6, Section 12].

Note also that if X’ — X is a smooth proper model F'/k lying over an w-regular
model X, then X’ is w-regular as well. For that one may just take the preimages
of the corresponding divisors.

Given an w-regular model X we put

plw)=V-W mod I

This class does not depend on the choice of the C;, V, W. Namely let C, V', W’
be another choice. Then V and V' differ by a sum of divisors which are defined
over one of ks, k3. Hence every component of the intersection of V/ — V with any
divisor will be defined over one of ks, k3 and therefore of even degree (if ko, k3 are
fields). Similarly for W and W’.

It follows also that p(w) does not depend on the choice of X. Namely using
resolution of singularities, any two models are covered by a smooth model.

If the C; are additionally pairwise disjoint, we have

2V - 2W = (C2 4+ Cs) - (C1 + Cs) ch
and therefore

plw) = R mod [
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By Lemma 8.2 this shows that p(wr) =1 mod I. Hence p(wr) is nontrivial if K
is a field.

Proposition 8.3 (Degree formula). Let tr.deg(E/k) < 2, tr.deg(F/k) <2, let
f: Spec E ~» Spec F'
be a k-place, and let w € M;(F) be unramified in f. Then
p(f*w) = degy(f)p(w) mod I.

Proof. The intersection number of the pullback of divisors V; under a generically
finite map f is the intersection number of the V; times the degree of f. O

From the nontriviality of p(wr) one finds:

Corollary 8.4. If K is a field, then wr is not defined over a subfield of k(T') of
transcendence degree < 2. O

Corollary 8.5. If K is a field, then ed(M;) = 2. O
The invariant p has the following symmetry:

Lemma 8.6. p(x1,y1,%2,y2) = p(y1, T1,Y2, T2).
Proof. Let
T My (F) — Mi(F),
(T1,Y1,2,92) = (y1, 71, Y2, T2).
T is an automorphism. There exist a place
7: Speck(T) ~~ Spec k(T

with 7*(7(wr)) = wr. Assume that K is a field. Since p(wr) # 0, the degree
formula shows that p(7(wr)) # 0. Thus in Z/2 we must have p(wr) = p(7(wr)).
O

The degree formula shows also that 7 is of odd degree. One may choose T as an
automorphism of k(7).

One may check the symmetry also directly: If 1 = {a;} and z2 = {a2}, then
y1 = {b1} and yo = {ba} with by = ca; and by = das. With these choices one has

The following proposition means that p(z1,y1, z2,y2) is already determined by
(Y1, 21, y2 + 22).

Proposition 8.7. Let w = (x1,y1,22,y2) € Mi(F) and let w € K1F/2 with
1w = yrw = 0. Then wy, = (z1, Y1, T2 +w, y2 +w) is in M1(F) and p(wy) = p(w).

Proof. We assume tr.deg(F/k) = 2.

Again let ¢ € k* with z; = {c}.

We have w € M;(F), z1w = 0, and z;w = 0. Therefore there exist a smooth
proper model X of F/k such that there are morphisms f: X — T, g, h: X — P!
with f*(wr) = w, ¢*(2,) = (21, w), h*({1 = ct?}) = w.

Moreover we may assume that xy, x2, and w are unramified outside a smooth
divisor H with normal crossings. For n, m, I € Z/2 let H(n,m,l) C H be the
subdivisor where x1, x2, w has ramification index n, m, [, repectively.
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Lemma 8.8. The 5 sets H(0,1,0) U H(0,0,1) U H(0,1,1), H(1,0,0), H(1,0,1),

H(1,1,0), H(1,1,1) are pairwise disjoint.

Proof. We have
H(17070) U H(lvoa 1) = f*(DQ)a
H(1,1,0)UH(1,1,1) = f*(D3),

Hence these three sets are pairwise disjoint (see Lemma 8.2).
We have

H(1,0,0) U H(1,1,0) = g*([0]),
H(1,0,1)UH(1,1,1) = g*([o0]),
H(0,0,1) U H(0,1,1) = g"([1]).

Hence these three sets are pairwise disjoint.
The claim is immediate.

Lemma 8.9. There exist morphisms H(1,0,1) — Spec K, H(1,1,1) — Spec K.

O

Proof. H(1,0,1) C f*(D2) maps to Specks and H(1,1,1) C f*(D3) maps to
Spec k3 (see Lemma 8.2). Furthermore div(w) = h*({1—ct? = 0}) maps to Spec k1.

Thus any of H(?,7,1) maps to Speck;.

To conclude let a1, ag, b € F* with 21 = {a1}, z2 = {az2}, and w = {b}.
Then we have integrally
(1) div(a1) = [H(1,0,0) + H(1,0,1)] + [H(1,1,0) + H(1,1,1)] + 2V
(2) div(az) = [H(0,1,0) + H(0,1,1)] + [H(1,1,0) + H(1,1,1)] 4+ 2W.
(3) div(b) = H(1,0,1) + H(1,1,1) + H(0,1,1) + H(0,0,1) 4 2U.
for some divisors V., W, U.
We have
plwy) —pw)=V-U mod I.
Further, by Lemma 8.8, one has
2V -2U = H(1,0,1)% + H(1,1,1)2.
Again by Lemma 8.8 and by Equation (3) one has
H(1,0,1)%> = —H(1,0,1) - [H(1,1,1) + H(0,1,1) + H(0,0,1) 4 2U]
=—2H(1,0,1)-U
=0 mod 8§,
H(1,1,1)* = —H(1,1,1) - [H(1,0,1) + H(0,1,1) + H(0,0,1) + 2U]
= —2H(1,1,1)-U
=0 mod 8.

(]

For this note also that by Lemma 8.9 one has H(1,7,1)-Y = 0 mod 4 for all

divisors Y (if K is a field).

O
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9. THE INVARIANT @)

In the following we make use of resolution of singularities in dimension 3 (prob-
ably this can be avoided).
For a field F/k let

My (F) C (K1F/2)S,
My(F) = {(z1,y1, 21, T2, Y2, 22) | 2172 = Y192 = 2122 = 0,
xi+y¢+zi:0f0ri:1, 2}
_ Let z; = {t}, 2o = {1 — t} S Klk(t)/Q and let T' = T(Zl,fg) and T = T(fl,ZQ).
T is a 2-dimensional variety over k(t).

Lemma 9.1. ed(M3) < 3.

Proof. Let F be the function field of the variety 7. Then (F,&) with & = (wr, 71, Z2)
is versal. d

Let T — P! be a proper variety with generic fibre T'.
Let tr.deg(F/k) = 3 and let o = (x1,y1, 21, T2, Y2, 22) € Ma(F).
Choose a1, as € F* with 1 = {a1} and 2o = {as}.
Let X be a smooth proper model of F /k such that there exist a morphism
f: X = T with f*(5) = 0. Write
div(al) = A1 + 2V
div(ag) = Ay + 2W.
for the integral divisors on X. Here we assume that the A; are divisors with odd

multiplicities.
We define Q(o) € Z/2 by

Qo) =Q(X, f.o) =V - W f*([+]) mod 2
where f: XLTH_Pl.
If we represent f*([*]) by the generic fibre of X — P!, we see that
(4) Q(X, f,0) = P(($17y1,$27yz))

where p is defined with respect to the ground field k(P!) and to z; = {t}, 20 = {1—
t}. Note that 21, zo are linearly independent square classes and so I(z1, z2) = 2Z.

Equation (4) shows that Q(X’, f,0) = Q(X, f,o0) for any X’ — X. Thus
Q(X, f,0) does not depend on the choice of X. It does not depend on the choice
of f as well, since for X large enough we have f*([*]) = f'*([*]) in Pic(X)/2, see
section 6.

Proposition 9.2 (Degree formula). Let tr.deg(E/k) < 3, tr.deg(F/k) < 3, let
f: Spec E ~ Spec F’
be a k-place, and let 0 € My(F) be unramified in f. Then
Qf*0) = degs (/) Qo).

Lemma 9.3. Q(7) #0
Proof. This follows from p(wr) # 0. O



COMPUTATION OF SOME ESSENTIAL DIMENSIONS 13

Corollary 9.4. & is not defined over a subfield of F of transcendence degree <
3. O

Corollary 9.5. ed(Ms3) = 3. O

Lemma 9.6. Q(o) is invariant under the permutations x1 < Tz, Y1 < Ya2, 21 < 22
and T; — y; — z; & T;.

Proof. Use the same argument as in the proof of Lemma 8.6. (]

10. THE INVARIANT Q

For a field F/k let
M3(F) C (K1F/2)* @ KyF/2,

M3(F) = {(x1,22,23,u) |1 + 20+ 23 =0, u € ;- K1 F/2 fori=1, 2, 3}.
We have a map

@: My (F) — Ms(F),

o(T1, Y1, 21, T2, Y2, 22) = (T1,Y1, 21, Y172).
Lemma 10.1. The map @ is surjective. One has

/ / !
‘P($1791>Zl’$27y27«z2> = %0(3317y1721,$2ay2732)

if and only if there exist w € K1F/2 and uw € K1F/2 with zyw = yw = 0,
yu=zu=0and h =xo +w, yh =y2 + w +u, 25 = 25 + u.

Proof. Usual biquadratic games. (]
Corollary 10.2. The pair (F, (7)) is versal for Ms. O
Let tr.deg(F/k) = 3 and & € M3(F). We put

Q&) = Qlo) € Z/2
where o € M3(F) is any element with ¢(0) = . By Proposition 8.7, Equation (4),
Lemma 9.6, and Lemma 10.1 this gives a welldefined invariant.
It is nontrivial on the generic element and obeys a degree formula. From that
we may conclude ed(M3) = 3 and

Corollary 10.3. (5) is not defined over a subfield of F' of transcendence degree <
3. O

11. THE FUNCTOR My

We consider triples ® = (D, ¢, 1) where D is a quaternion algebra, and where
@, 1 are skew-hermitian forms over D of dimension 2 and 1, respectively, with
det(p L ¢p) = 1. We say that two such triples (D, p, ), (D', ¢’ 1) are similar,
if there exist an isomorphism «: D — D’ such that ¢ is similar to a*¢’ and ) is
similar to a*t)’.

For a field F/k let M4(F) be the set of similarity classes of such triples over F.

Let (F, &) be a versal pair for M5 with tr. deg(ﬁ/k) = 3. Write 6§ = (21, 22, 23, u).
Let D be a quaternion algebra representing v and choose d; € D with Trd(d;) =0
and {Nrd(d;)} = x;. Then ® = (D, (dy,sds),(ds)) defines an element [®] of
My (F(s)).
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Lemma 11.1. (F(s), [@]) is a versal pair for My.

Proof. First note in general that, if d, d € D are trace zero elements with the
property {Nrd(d)} = {Nrd(d’)}, then the skew-hermitian forms (d), (d') are similar.
(This follows from Skolem-Noether).

By diagonalization, any ®' over any F’ can be written as (D', {(d}, d}), (d})) with
d; € D', Trd(d,) = 0, Nrd(d}) Nrd(d}) Nrd(d4) = 1. Then

o = ({Nrd(d))}, {Nrd(d5)}, {Nrd(ds)}, [D])

is an element of M5(F’). It follows that there exist a place f: Spec F/ ~» Specﬁ'
with f*(6) = o0g/. Then f*D = D’, and there exist ¢; € F'* with {(¢; f*d;) ~ (d;)

(~ denoting isomorphism). Extend the place f to f: SpecF’ ~» Spec F(s) by
f*(s) = ¢; 'co. Then (~ denoting similarity)
FH®) = (f*D, (f*dv, ¢ Yeaf*do), (f*ds)) ~ (f*D, (er [ du, caf*da), (cs [*ds))

is similar to ®’. O
Corollary 11.2. ed(My) < 4.

Lemma 11.3. [®] is not defined over a subfield of F(s) of transcendence degree 3.
Proof. Let F' C F(s) be of trancendence degree 3 and let ® = (D', (d}, d}), (d}))
be a triple defined over F’ with @%(s) ~ ®. Let v be the valuation on F((s))/F.

Since (dy, sdz) is ramified in v (becaus;e the Nrd(d;) are not squares), the valuation v
cannot be trivial on F’. Then the residue class field &’ of v|F’ is a subfield of F' of
transcendence degree (at most) 2. Note that D is unramified.

The proof of the following claim (added in Dec. 2008) had been missing in the
version from 2000.

Claim: D’ is unramified.
Proof of the claim. We have

~ /
Dy = P

(with D defined over F and D’ defined over F’ ) and with respect to an isomorphism
R
VE Dp(s) - Dﬁ‘(s)
one has
<d17 5d2>ﬁ‘(s) ~ <f(d/1)’ f(dl2)>13‘(s)
The elements dy, ds are defined over F. Write
() = s
with invertible di € Do, The form (dy, sds) is ramified. Therefore the exponents
n1, ng can’t have the same parity and it follows that the residue forms (d1), (da)
coincide with the residue forms (df), (d}), up to permutation and similarity. The
similiarity class of a 1-dimensional D-skew-hermitian form (z) is determined by the
square class of Nrd(z). Note that Nrd(d}) has in F(s) the same square class as

Nrd(d}). It follows that in F'((s)) the square classes of Nrd(d;), Nrd(dz) coincide
with the square classes Nrd(d}), Nrd(d}), up to permutation.
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Now, if D’ would be ramified, one would have by Lemma 14.1 over F'((s)):
[D] = (Nrd(dy), Nrd(d3))
= (Nrd(dy),Nrd(ds))
Hence
[D] = (Nrd(dy),Nrd(dz))
over F. R
This would mean that the versal pair (F, &) for M3 would have the form
6 = (21, %2, T3, T122)
But for K = k(u,v) the element
o = ({u}, {v}, {uv},0) € M3(K)

is not of this form.
This ends the proof of the claim.

By standard ramification theory for quadratic forms, the residues of a form up
to similarity are well defined, up to a permutation of the first and second residue
form. It follows that ~ o ~

~ @ B = (D (), sdy), ()
with D" and d} defined and regular over the ring of v|F’. Taking residues for ® and
®’, we see that the quadruple (D, (dy), (d2), (ds)) is similar to (D', (d}), (db), (d}))
or to (D', (dy), (dy), (d3)).

Since these quadruples are defined over x’, we have a contradiction to Corol-
lary 10.3. (|

12. COMPUTATION OF ed(PSQOg)

Finally let M5(F) = H(F,PSOg). Then Mj5(F) consists of similarity classes
of pairs (D, p), where D is a quaternion algebra, and where p is a skew-hermitian
forms over D of dimension 3 with det(p) = 1.

Let (E, [Cﬁ]) be a versal pair for My with & = (D, (d;,ds), (ds)) and with
tr.deg(E/k) = 4, see Lemma 11.1. Then = = [(D, (d1,ds2, sds))] is an element
of M5(E(s)).

Lemma 12.1. (E(s),x) is a versal pair for Ms.
Proof. Similar as for Lemma 11.1. O
Corollary 12.2. ed(Mj5) < 5.
Lemma 12.3. z is not defined over a subfield of E(s) of transcendence degree 4.
Proof. Similar as for Lemma 11.3, now using Lemma 11.3 instead of Corollary 10.3.

Added in Dec. 2008:

Consider the versal pair for M5 in Lemma 12.1 given by

U = (D, (dy,ds, sd3))

over E(s).
Let E' C E(s) be of trancendence degree 4 and let

V' = (D', {dy, dy, d))
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be a triple defined over E’ with
/
\IIE(S) ~ \I/
Let v be the valuation on E((s))/E. Since (di, ds, sd3) is ramified in v (because the
Nrd(d;) are not squares), the valuation v cannot be trivial on E’. Then the residue

class field &’ of v|E’ is a subfield of E of transcendence degree (at most) 3. Note
that D is unramified.

Claim: D’ is unramified.
Proof of the claim. We have

Di(s) = Digs)
(with D defined over E and D’ defined over E’) and with respect to an isomorphism
f: D};(s) - DE(s)

one has
<d13 d27 Sd3>E(s) ~ <f(d/1)7 f(d/Q)ﬂ f(d§)>E(5)

The elements dy, ds, d3 are defined over . Write
Fldy) = 5md!
with invertible di € Dpgyy). The form (di,ds, sds) is ramified. Therefore the
exponents ny, na, ng can’t have the same parity. Suppose that n; and ng have the
same parity. Then the residue form (d;,ds) coincides with the residue form (dY, df)
up to similarity:
<dla d2> ~ <d,1/a d/2/>E
Now, if D’ would be ramified, one would have by Lemma 14.1 over E((s)):
[D] = (Nrd(d}), Nrd(d3))
= (Nrd(dy), Nrd(dy))
Taking residues one gets
[D] = (Nrd(dy), Nrd(dy))
over E. .
Therefore the versal pair (E , [<I>]) for M, would have the form

P = (D, (e1,ea), <63>)
with a; = €? and ajasaz = 1 and
[D] = (a1, as3)
This would mean that for any field K and any element of My (K) given by
&= (D¢, ¥)

there exist a 1-dimensional subform p of ¢ such that

[D] = (det(p), det())

If D is split, this would mean that for any 4-dimensional (usual) quadratic form
¢ there exist a 2-dimensional quadratic subform p of ¢ such that det(y) is a norm
from the quadratic extension given by p. But then det(yp) would be a similarity
factor of ¢.
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However for a 4-dimensional quadratic form of the form
© = (w, u, v, uv)
the determinant is a similarity factor if and only if the Pfister form

{(u, v, w))
is split. This is not the case over the field k(u, v, w).
This ends the proof of the claim.

The rest of the proof is similar as for Lemma 11.3 O

Corollary 12.4. ed(PGL4) = ed(PSOg) = ed(M5) = 5. O

13. PRESENTATIONS OF M AND DEGREE FORMULAS

In the following we discuss some general aspects about essential dimensions and
“degree formulas”.

Definition 13.1 (tentative). A presentation of M consists of a pair of morphisms
T
X1 = Xo
T1

of k-varieties and a function a on Xy with a(x) € M (k(x)) such that:

e Let © € X and let v be a valuation on k(z) with center y € X,. Then
a(x) is unramified in v and for its specialization one has a(v) = a(y).(y)-

e For any F/k and 8 € M(F) and any open dense subvariety U C Xj there
exists f: Spec F — U with 8 = f*(«).

e For every y € X1 one has 7§ (a(mo(y)) = 7} (a(m1(y)) in M (k(y)).

e For any F/k and any two morphisms fy, fi: Spec F — X, with fi(a) =
f1 () there exists f: Spec F — X; with f; =m; 0 f.

Ezample. Let G C GL,, be a linear algebraic group over k and let Mg (F) =
HY(F,G). There is natural presentation of Mg with Xg = GL, /G and X; =
GL, x GL,, /G.

Ezample. In section 6 we have seen that m, 7’: P—Plisa presentation of M.

Ezxercise. Describe presentations of the functors M7, M, ...of the preceding sec-
tions.

Let m, m1: X1 = Xo, a be a presentation of M with Xg irreducible of dimen-
sion d. Choose a completion 7g, 71: X1 = X and consider
6= (77’1>* - (7?0)*: CHd(Xl) — CHd(Xo) =7.

Suppose that imd C nZ. Then for F/k with tr.deg(F/k) < d and 8 € M(F) we
have a invariant

QB) €Z/n
defined by Q(8) = 0 if tr.deg(F/k) < d and otherwise by Q(5) = f.([X]) if X
is a proper modell of F/k and f: X — Xj is a morphism with § = f*(«). This
invariant obeys the degree formula

QU B) = degy(£)Q(B)-

These considerations seem to provide a natural frame work for a systematic
treatment of degree formulas in the context of these notes.
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Ezample. For the presentation m, 7': P — P! of M, in section 6 one finds n = 2.

14. COMPLEMENTS
Recall that we work in characteristic different from 2 and that —1 is a square.

Lemma 14.1. Let R be a complete discrete valuation ring with fraction field K.
Let E be a quaternion algebra over K which is ramified with respect to R. Let
e; € E (i =1, 2, 3) with Trd(e;) =0 and
Nrd(ep) Nrd(eg) Nrd(es) = 1
Then
[E] = (Nrd(e;), Nrd(e;))
fori#j.
Proof. First note that
(Nrd(ei), Nrd(ej))

is independent of the choices of 4, j. This follows from the product relation and
from (a,a) = 0.

Let 7 be a prime element of R and denote by k = R/mR the residue class field
of R. For a € R denote by a € k its residue.

Since F is ramfied there exists a, b € R* such that

[E] = (a,mb)

and such that the square class (@) is nontrivial.

Let 1, X, Y, XY be a basis of E with X? =a, Y2 = 7band XY +YX = 0.
Then

e; =71" (Xa; + Y + XY;)
with n; € Z and oy, 3;, v; € R such that
(di7 B’i?ﬁi) # 0

in k3 fori=1, 2, 3.

One now analyzes the product relation Nrd(e;) Nrd(ez) Nrd(ez) = 1. One has
(5) —Nrd(e;) = 7" (acf + wb(37 — av}))

Suppose @; = 0 for some i. Then f3; # 0 or 4; # 0 and since a is not a square, it
follows that (87 — ay?) is a unit of R. Write a; = ma; with o, € R. Then one has
(6) —Nrd(e;) = 7** ! (racs? + b(87 — av}))

with the second factor a R-unit.
Suppose @; = 0 for exactly one or for all 3 of the indices i« = 1, 2, 3. Then (5)
and (6) show that

3
1= HNrd(ei) = 7" - unit
i=1

with m odd, a contradiction.
Suppose @; # 0 for i = 1, 2, 3. Then ny +ns +n3 =0 and
3 3
—1 = —Nrd(e;) Nrd(ez) Nrd(es) = [ [(@:)%a = a® [ [ (as)?

=1 i=1

Hence a would be a square, a contradiction.
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Suppose @; # 0 and &; = 0 for ¢ = 2, 3. Then
—Nrd(e;) = 7" aailU
— Nrd(ey) = 722 Fp(52 — av2)V

with U, V € R such that U = V = 1. Since R is complete, U and V are squares.
One finds

(Nrd(eq),Nrd(ez))

(. 7b(B3 — a73))
[E] + (a, 63 — a73)
[E]
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