ESSENTIAL DIMENSION OF TWISTED C,

MARKUS ROST

INTRODUCTION

In this note we show that over a field of characteristic different from 2 the
essential dimension of any Galois module which is cyclic of order 4 is equal to 2,
except for puyq.

The method is consists of a (non-)ramification argument, which is also used in
the text [1] for the computation of of the essential dimension of PGLy.

For the essential dimension of Z/4 with trivial Galois action see also [2].

1. STATEMENT OF RESULT

Let k be a field of characteristic different from 2 and let G be a Galois module
over k, which as an abstract group is cyclic of order 4. Let d € k* be an element
such that G is isomorphic to p4 twisted by the quadratic character given by the
square class of d. Thus G ~ py4 if d is a square and G ~ Z/4 if —d is a square.

One has H'(k, uy) = k*/(k*)* and it easy to see that ed(yuy) = 1.

Proposition. If d is not a square, then ed(G) = 2.

2. GALOIS COHOMOLOGY

We assume in the following that d is not a square.

Then G can be identified with the elements of order 4 in the norm 1 sub group
of the multiplicative group of K = k(v/d).

Moreover there is an exact sequence

where
m(A) = (Nk/k(V), [2?)
This is easy to check.
By Hilbert’s Theorem 90 one gets an exact sequence

K* 5,

K* 5 k* x s HY(k,G) — 0

k*

Note that H'(k,G) classifies the extensions L/k of degree 4 together with a
monomorphism (of algebraic groups!) G — Aut(L/k). In fact, let a € k* and
w € K* and let i be the conjugate of p under the Galois group of K/k. Consider
the Kummer extension

E = Klul, ut = a2k

= |
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It has a K-semilinear automorphism

o: E— E, o(u) = 4

U
Then
L=F°
is an extension of k of degree 4 with a natural G-action. This extension corresponds
to 6k(a’ [:u])
3. INVARIANTS

We consider the cohomological invariants
Ui Hl(kaG) - Hl(kau2)
2 H'(k,G) — H?(k, 2)

defined as follows: The invariant 7; is just the map induced from the projection
G — po. The invariant 7y is given by the embedding

G — PGL(2)

(e )

where ¢ € G(k) is a generator, followed by the standard invariant H' (k, PGL(2)) —
HQ(k7 /J'Q)
One has for a € k* and p € K*:
m (0, (1)) = (Nicsu(w)
12 (0k(a, [1])) = (a) U (d)

One may take these formula also for a definition of 77 and 7.

4. VERSAL ELEMENTS
Let F' = k(z,y). Then
o =dp(z,[1+yVd) € H(F,G)

is a versal element for H'(?,G).
Let v be the valuation on F which is trivial on k(y) and with prime element z.
Then k(v) = k(y). One has
71 () is unramified at v.

N2 () is ramified at v.

5. PROOF OF THE PROPOSITION

Now let o/ € H'(F’,G) be some versal element for H(?,G). We have to show
that F’ has transcendence degree at least 2.
Let
p: F'~ F
be a k-place with
pi(d) =a
(see [1] for places).
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Further let v = ¢*(v). Since n2(ar) = @, (n2()) is ramified at v (here we use
that d is not a square), we must have that ny(a’) is ramified at v’. Hence the
ramification index of v’|v is odd. In particular, v’ is not trivial. Since n;(a) =
¢+ (m () is unramified at v, it follows then that 7; (o) is unramified at v’.

Next note that the specialization

m(a)(v) € H' (k(y), p12)
is a versal element for square classes which are norms from K/k.
Let
¢: k() = K(v) = k(y)
be the induced homomorphism on the residue class fields. Then

G (m(a)(v) = m(e)(v)
Hence

m(e)(v) € H' (k(v'), p2)
is also a versal element for square classes which are norms from K/k. It follows
that x(v') has transcendence degree at least 1. Since v’ is non-trivial it follows that
F’ has transcendence degree at least 2. This finishes the proof.
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