Hilbert 90 for K3 for degree-two extensions

by Markus Rost

Regensburg, Mai 1986

In this paper* we consider Milnor K-theory of fields [Mi]. Let F' be a field of characteristic
different from 2 and let L be an extension of degree two with generator o of Gal(L|F).
The purpose of this paper is to prove

Theorem A

The sequence

K3L % KL ™8 Ky P

is exact.

It is a consequence of this theorem that the Galois symbol K3F/2 — H?*(F,Z/2) is an
isomorphism. This will be considered elsewhere.

As in the proof of Hilbert 90 for K ([Me], [MS]), Theorem A follows from the exactness of
a certain part of the localization sequence of a Severi-Brauer variety with respect to Milnor
K-Theory. Let D be a quaternion algebra over F' and let X be the (one-dimensional)
Severi-Brauer variety associated to D. The basic results needed in the proof of Theorem A
are the injectivity of the reduced norm Nrd : Ko D — K>F ([R1]) and

Theorem B

The sequence
KsF(X)— @ Kyk(v) 5 KyD -0
veX @)
is exact.
(Here v runs through the closed points of X. The homomorphism 6 is induced by the
natural map Ok : Ko K — KD for a splitting field K of D, finite over F'; see [MS; § 1]).

Note that the corresponding statement for the K-Theory of Quillen follows from the
computations Ko(X) = KoD @ Ko F and HY(X, Ky) = Ko F ([MS]).

The philosophy of our proof is that Theorem A together with the injectivity of the Galois
symbol is equivalent to Theorem B together with the injectivity of Nrd : Ko D — Ky F.
Using Hilbert 90 for K5 it is not difficult to see that Theorem A holds for the universal
Kummer extension of degree two of a pure transcendental extension F' of a prime field
(§ 1). We use this to show that Theorem B holds for a generic quaternion algebra D over
F (§ 3). To prove Theorem B in general we make use of Rehmann’s description of K3 D in

* This is a TgXed version (Sept. 1996) of the original preprint.
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terms of generators and relations and do some specialization arguments using the results
of § 3 (Since I hope that it is possible to shorten some arguments, the proof of Theorem B
given here is rather sketchy). Finally, in § 5 we show that Theorem B and the injectivity
of KoD — KsF imply Theorem A.

§ 1 Hilbert 90 in a special case

The reader is assumed to be familiar with Milnor K-Theory of fields as defined in [Mi.
For the product K1 K ® K, K — K, ;1K we use the notation (z,u) +— l(z)u = {x,u}. For
the rational function field K(¢) in one variable one has the exact sequence

(1.0.1) 0— KK — K,K(t) - @ K, Kp—0
PePgk

Here P runs over the set Px of normed irreducible polynomials in ¢ and Kp = K]|t]/(P)
(see [Mi; Theorem 2.3]).
If H|K is finite extension (H may be a field or a direct sum of field extensions H;|K; in
the latter case K,,H = @&;K,, H; by definition), there is a restriction resy|x @ K, K — K, H
and a corestriction or norm homomorphism coryx = Nyx : KnH — K, K (See [BT] for
definition and [K] for uniqueness of the norm). One has the formulas

cory|k oresyx= [H : K]

corg i ({u,v}) = {coryk(u),v} for ve K, Hve K, K

resy|k © COTH|K= YpeGa(H|k) 1t H|K is normal.

If P is irreducible over K and if ()1,...,Q; are the irreducible factors of P over H, one
also has homomorphisms

®, K, Ho, ———— K,Kp
i TT€Sy 1k

satisfying the above formulas. They fit into a commutative diagram

K, H(t) d @ K, Hp
QePy

LeSuw k@ || Nuwix® TeSy k| |COT k¢

KnK(t) @ Kn—lKP
PePyk

(see [K]). Using this we construct an explicit section to d.



Lemma 1.1.
Let up € K,,_1Kp and let tp be the residue class of ¢t in Kp. Then

up = dNgpr( (t = tp, up)

Proof
In order not to confuse the roles of Kp as residue class field and as base extension, let
¢ : Kp — H be an isomorphism over K. Then the statement reads as

up = ANy xwy({t — ¢(tp), p(up)})

cor
Note that the composition K, 1 H — K, 1Hu_y@p)) = n—1Kp is the isomorphism

induced by the inverse of ¢. Hence
dNu @k ({t —(tp), o(up)}) =corux o d({t — ¢(tp), p(up)})
= corgk (¢(up) mod (& — (tp))) = up.
qed.

Now let Fy # Z/2 be a prime field, let F' = Fy(ay,...,a,,a) be pure transcendental
over Fy and let L = F(y/a). The generator of Gal(L|F) is denoted by o.

Proposition 1.2.
The following sequences are exact

NpF

(1.2.1) K3L =% K3 25 Ky F
(1.2.2) KoF/2 M Ky o 1 )2
(1.2.3) K'Y K 2 KR
(1.2.4) KoF @ Up " OHEYD) pe 120 g,

where Up = Ker(KyF =y K3F)

Proof (Sketch)

(1.2.1): One uses Hilbert 90 for K5 and (1.0.1) with respect to the variables a; to reduce
to the case n = 0. Then, if a € KerNg,(/a)m (), One uses again (1.0.1) for Fy(y/a)|Fy
and Fy(a)|Fo to show that there exist 5 € K3Fy(y/a) such that a — (1 — 0)(3) € K3Fp.
However K3Fy = 0 if F} is finite and K3Q = Z/2 generated by {—1,—1, —1}, see [Mi].
In the latter case one has {—1,—1,—-1} = (1 — 0)({v/a,—1,—1}).

(1.2.2) follows from the fact that the Galois symbol K3K/2 — H?*(K,Z/2) is an iso-
morphism for K = F, L ([Mi; Lemma 6.2; Theorem 6.3]) and the corresponding exact
sequence for Galois cohomology.



(1.2.3) can be derived from (1.2.1) in the same way as the corresponding result for Ko
(see [MS, Lemma 10.4] or [S; Lemma 3]); one also uses Lemma 1.1.

(1.2.4) will be proved in detail.
Let a € K3L such that o(«) = . Since respjpo Nyjp(a) = (1+0)(o) € 2K5L, (1.2.2) im-
plies that
Nye(a) = {a, 8} + 2y
for some 3 € KyF, v € K3F. Replacing o by a — resyp(y) we may assume v = 0. Put
o =a—{y/a,B}. Then
(1 - O-)(O/) = _{\/576} + {_\/Evﬁ} - {_176}

On the other hand

(14 0)(«/) =resppo Nyp() =respir({a, 5} — {—a,}) = {-1,8}
Hence 2o/ = 0 and (1.2.3) implies o/ = {—1,6} for some ¢ € K»L. Since

{a, 8} = Nyp(@) = Nyp(e +{va, 8}) = {=1, Nyjp(d)} + {—a, 3}
we have ' = 34 Npr(9) € Up. These facts yield

@ = {\/av ﬁ} + {_17 5}: {\/aa 6,} - {_\/57 6} - {\/57 0(5)}
={va, 8"} —resyp o Nyr({—va, 0}).

qed.

§ 2 Severi-Brauer Varieties
Let F' be a field, CharF # 2. For a,b e F* let
D =D(a,b) =< A,B|A*=a,B*=b,AB=—AB > .

The Severi-Brauer variety to the quaternion algebra D is isomorphic to the quadric hy-
persurface X in IP? defined by X2 — aX2? — bX2 = 0. It is well known that

D ~ My(F) <= X ~ IP' <= b e Np(ar(F(Va)" < {a,b} € 2K, F.
Now suppose a ¢ (F*)? and let L = F( /a). An explicit isomorphism X — IP} is given
by
(X7 Xy X3]—[(X1 +VaXs) : X3] = [bX3: (X7 — vaXy)] with inverse

The function t = S, /.S is a generator of the function field of IP}. In this paper we identify
the function field L(X) of X, with L(t) by means of the above isomorphism. Note that
the action of Gal(L|F') is given by ¢t — b/t; in particular Npxypx)(t) = b.



We have to use the following result of Merkur’ev and Suslin.

Proposition 2.1.
i) The sequence

0— Ko F 5 Ko F(X) — @ Kir(v) -5 KyD —0
veX @)
is exact.
ii) For every a € @,y Kix(v) there exist vy € X1 of degree two and aq € Kjr(vg)

such that o — ag € Im d.
For i) see [MS] or [S; Proposition 3|. To prove ii) represent §(«) by x € D*. Let F, be a
maximal commutative subfield of D containing z. Now choose vy such that x(vg) ~ F,
and take for ag the element corresponding to x. qed.

§ 3 Theorem B in a special case

Let Fy # Z /2 be a prime field and let F'/ Fy(aq, . . ., a,, a,b) be pure transcendental over Fj.
Put D = D(a,b) and let X be the Severi-Brauer variety corresponding to D. L = F(y/a)
is a splitting field of D.

Theorem 3.1. * The sequence
KsF(X) -5 P Kor(v) 25 Ky F
veX ()
is exact.
Here N is induced by the norm for finite extensions. Since N = Nrd o 6, Theorem 3.1
implies Theorem B in this case.
Note that, over L, the sequence of Theorem 3.1 reads as
(3.1.1) KsL(t) -5 @ KyLp & Kok(wa) 25 Ky L
pePL
under the identification L(X) = L(t) of § 2 (w denotes the point of X defined by
t = 00). Since k(ws) = L, the exactness of (3.1.1) is clear by the exactness of (1.0.1).

* There is a simpler proof of Theorem 3.1 than the one given here: One has to compare the sequence
of Theorem 3.1 via Galois symbol (which is an isomorphism for F(X), see the proof of 3.1) with the
spectral sequence for Galois cohomology associated to the field extension F(X)|F.
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We have to consider the following commutative diagram

K3F —— K3F(X)
Npir

K3L —— K3L(X) -2 @ Ky L,

K3L —— K3L(X) 2 @ KoL, —2 KL

K3F(X) 25 @ KoF, 2 Ko F

Here I have changed notation a little bit. v runs everywhere (!) over the closed points
of X, F, = k(v) is the residue field of v and L, = F, ®p L.

Lemma 3.2
Let a € @, Ky F, such that N'(«) = 0. Then there exist § € K3L(X) and v € K3L such
that
i) d(B) = respp(a).
i) respo(y) = (1 —0)(8).
if) Npp(y) = 0.

Proof

The exactness of (3.1.1) implies the existence of 5 such that i) holds. Since djo(1—0)(3) =
(1=0)od(B) = (1—0)oresyp(0) = 0, there exist a (unique) v € K3L such that ii) holds.
Note that Npp(y) depends only on a. However, to prove that indeed Npjz(7) = 0 one
constructs # more explicitly (I don’t know a direct argument, because K3F — K3F(X)
is not injective; e.g. {—1,a,b} = 0in K3F(X)). I use the identification X; ~ IP] of § 2.
Let vy, be the closed point of X which splits over L into the points wy, ws given by t = 0,
t = oo respectively. Let us first assume that o = (ay), € Dozv., K2F,. Denote by t, the
residue class of t in L,, v # v4. Put

B="Y Ne,www{t—toresL,p()})

VFE Voo
It is clear from Lemma 1.1 that i) holds. Since o(t) = b/t we also have o(t,) = b/t,.
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Hence

(1=0)(B)= Xorv NLv(t)|L(t)<{ﬁa resz, |k, (@) })
= Yostone Vo, ({4 vesr, 1k, (a0)})
= Vvt 3 Neojp, (@)} + respin(y)
= {é, res|p O N(a)} + resz L ()

where v = 32,4, Np,it({tv,resz,|r, (aw)}). With this choice of 7 ii) and iii) hold, since
N(a) =0 and Npjp(y) =X, Np,jp{b, o} = {b,N(a)}.

For the general case it suffices to show KyF, C Imdp & @D.-0.. KoF,. Note that
corpp : KyL,,, — KyF,  induces an isomorphism Kok(ws) — KoF, . For a € KyF,
let o/ € Kyr(ws) = KoL such that corpp(o) = a. Now, if f e L(X) is any function
having a zero at ws, and no zero or pole at wy, then

o — dpcorpxyre)if, ) € @ysp, KoF,. qed.

Proof of Theorem 3.1.
For o € Ker N we have to show « € Imdp. Let § and v be as in Lemma 3.2. By (1.2.1)
there exist ' € K3L such that (1 —o)(3") = 7. Replacing § by f — (' we may assume
(1—=0)(8) = 0. Hence, by (1.2.4), 3 = resyx)rx)(8") + {Va, 0} for some 3" € K3F(X),
0 € Up(x). (We can apply (1.2.4), since
F(X) = dqf Fylat, ... an,a,b, X1, Xo] /(X2 — aX3 —b) = Fy(ay,...,a,,a, X1, Xs)). After
replacing a by o — dp(3”) and 3 by 3 — resgx)r(x)(8"), we have the following situation
1) dL(ﬁ) = I'eSL|F(Oé>.
i) 0={Va, 0}, de KyF(Y).
i) {~1,0} =0 in K3F(Y).

Claim
There exist p € Ky L(X) such that corpp o dp(p) = dr(9).

Proof
Since

{a,dr(6)}=dr({a,d}) = dr({—a,d}) = dr o Nrx)rx) (B)
= corgp o dp(8) = corpp oresyp(a) = 2

there exist € @, KL, such that corpp(u) = dp(9).

(use the general fact: {a,b} € 2K K <= b e Ng( /5 x(K(va)")).

We now alter p such that N (p) =0, i.e., pe Imdy. Since NpjpoN () =N odp(d) =0,
there exist by Hilbert 90 A € KL such that (1 —o)(\) = N (). Let w be a rational point
of Xp; the residue class field x(w) is a direct factor of L, for some closed point v of X.
Let ¢ : L — k(w) be the natural isomorphism and put ¢/ = p— (1 —0)(p(N)) € B, K1 L,.
Then N (¢') = N () — (1 — o)(N) = 0, so there exist p € KoL(X) such that dp(p) = p'.
The claim follows by

corgjp o dp(p) = corpp(p — (1 — o) (p(AN))) = corpp(p) = dp(9).
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We continue the proof of Theorem 3.1.
Let o/ = o — dp o Npxyp(x)(v/a, p). Since

2a = {a, dF(5)}= {a,coryp o di(p)} = drp o Nixypoo{a, p}
= 2dr o Nyopreo ({Va. pb)
we have 2o/ = 0. The analogue to (1.2.3) for K3 ([MS, Lemma 10.4]) implies o/ = {—1,¢}

for some & @, K1 F,. By Proposition 2.1 ii) there exist a closed point v € X of degree two,
& € K F, and n € KoF (X) such that dpn = £ — &. Then

@ ={=1,&} + dr(Neporoo ({(Va, p}) + {=1,n}).

Hence we may assume that « is concentrated in some point v of X of degree two, i.e.,
o € KyF,. Let ¢ be the generator of Gal(F,|F). Since Np,p(a) = N(a) = 0, Hilbert
90 for K, implies a = (1 — ¢)(\) for some A\ € KyF,. We consider the base extension
F — F', where F'|F is isomorphic to F,|F. Let €’ be the generator of Gal(F’|F') and let
vo and v; = €’(vg) be the points over v. Moreover let ¢; : F,, = F' — k(v;) be the natural
identification. If we put x = @o(A) — ¢1(A) € B K F). then corpp(z) = (1 —€)(A\) = a.
Now take y € K3F'(X) such that dg (y) = x; this is possible since D is split over F” and
N(Jf) = 0. Then o = COYF/‘F({E) = dF o NF’(X)|F(X)(Z-/) € Im dF qed

§ 4 Proof of Theorem B (Sketch)
The hard point in the proof of Theorem B is

Theorem 4.1.
Ifae @ Kk(v) and 6(e) =0, then o € Imd.

veX @)
deg v=2

The general case is covered by the following two lemmas

Lemma 4.2
Every element of Ker #/Imd is of order 2.

This follows by adjoining a splitting field of D of degree two and the usual transfer
arguments. So we may assume that F' has no extension of odd degree.

Lemma 4.3
If " has no extension of odd degree, then

@ Kyk(v) C Imd + @ Kyr(v).

’UGX(I) UEX(l)
degv>2 degv=2

The proof is similar to that of the Kj-case in [R2].



In the following we use the notation of [Re]. One has an exact sequence
1 — KyD — Up 5[D*,D*] — 1

where Up is generated by elements c(z,v), z,y € D* and 7(c(z,y)) = [z, y].

Now choose maps g, : [D*, D*] — D* such that [t¢)g(x),¢1(x)] = z and ¥;(1) = 1.
The defining relations for the ¢(u, v) in [Re] and the Reidemeister-Schreier method [MKS]
yield the following representation of KsD.

Lemma 4.4
K3y D is generated by the elements

d(u; z,y) = c(o(w), 1 (u)) - c(z,y) - c(o(ulz, y]), ¥ (ulz, y])) "
uwe [D*,D*],x,y e D*
with the following set of defining relations:
Ro(u x) dlu;z,1—x)=1
w,z,y,2)  du;zy, 2) = d(u; eyt wza™t) - d(uxly, 2lo 1 x, 2)

By ( (
Ro(u, 2.y, 2)  d(u;z,yz) - d(ulr,yz];y, za) - d(ulzy, z]; 2, 2y) = 1
Rs(u) d(1; o (u), 1 (u) =1

Let
Hp = (h(z,y);z,ye D" [x,y] =1]| h(z,1 —x) =1;
h(z, y)h(z, z) = h(z,y2); [M(z, y), (2", y)] = 1)
There is a natural map p : Hp — KD, sending h(z,y) to c(z,y) = d(1;z,y). By
[RS; § 4] p is surjective. Note that [z,y] = 1 implies that x and y are contained in a

maximal commutative subfield of D which is unique if x ¢ F* or y ¢ F*.
There is a bijection

v : {maximal commutative subfields of D} = {closed points of X of degree 2},

such that x(v(L)) ~ L.

Let Qp = Bdegv—2Kok(v)/Imd. One defines an homomorphism ¢ : Hp — p by
o(h(z,y)) = {x,y} € Kor(v(L)) mod Imd, where L C D is a maximal commutative
subfield containing = and y. It turns out that ¢ is well defined, surjective and that
0o¢ = p. (I can show that ¢ is also injective, at least if F' has no extension of odd degree.
Theorem B then implies Hp = K,D). So we have a commutative diagram




To prove Theorem 4.1 we construct a surjective section s as follows. For every generator
d(u;x,y) choose a preimage g(u;x,y) € Hp. Now put s(d(u;z,y)) = ¢(g(u;x,y)). The
problem is of course to show that s is well defined. (To guarantee surjectivity of s one takes
g(1;z,y) = h(x,y) if [z,y] = 1). In any case one gets an homomorphism s’ : Gp — Qp,
where Gp is the free group generated by the d(u;x,y). To show that s’ vanishes on the
relations of Lemma 4.4. one has to be very careful in the choice of 19, ¢ and the g(u, z,y).
For a certain specific choice of s’ (I don’t see another way than to give explicit formulas
using the method of proof of [RS; Proposition 4.1]) one shows:

Lemma
For every u € [D*, D*]; x,y, z € D* there exist
i) a rational function field Fy(@y, ... an,a,b) over the prime field Fy of F.
ii) elements @ e [D*, D*];Z,7, Z € D*, where D = D(a, b)
iii) maps 19, : [D*, D*] — D* and an homomorphism 5 : G5 — Qp with the corre-
sponding properties as g, 17 and s'.
iv) a specialization p : F[ai,...,an,,a,b] — F such that p(a) = a, p(b) = b, p(u) = u,
p(z) =z, p(y) =y, p(z) = 2.
v) a diagram of homomorphisms

GD%/QD

Gp —<— Qp
which is commutative at least on the elements d(.;.,.) which occur in the relations
Ro(u,z), Ri(u,z,y, z) etc., that is d(u, z,1 — z), d(u, zy, Z) etc.

Using this lemma one argues as follows:

By Theorem 3.1 & vanishes on the relations for K;D; in particular 3 (Ry(#;z)) = 0,
§(Ry(u;z,9,2) =0, etc. Then v) shows s'(Ro(u,x)) =0, s'(Ry(u,z,y, z)) = 0 etc., which
is the desired conclusion.

10



§ 5 Proof of Hilbert 90 (Theorem A)
Theorem B and the injectivity of the reduced norm Nrd : KoD — Ko F (see [R2]) yield:

Theorem 5.1
The sequence
4 P Kor(v) LKy F
veX @)
is exact.

We have to generalize this theorem to a product of Severi-Brauer varieties. Let Xy,..., X,
be a family of Severi-Brauer varieties over F' of dimension 1. Put X = X; x ... x X,, and
X X1 X ... x Xi_1 X Xip1 X ... x X,,. Let X; be the fiber over the generic point of
X, with respect to the natural projection. X; is a Severi-Brauer variety over the function
field F (Xl), thus we have an exact sequence as in Theorem 5.1:

KsF(X) -5 @ Kor(v) 2 KyF (X)),
’UEX(l)

We have X'i( ) c XM and a bijection X \X — )2' M induced by projection. Therefore

B Kor(v) = B Korl) ® @ Kalwl(X: xr 5(1))).

vex® vex ™ vx™
Let m @ @pexm Kok(v) =@,z Kak(v) be the corresponding projection.  Put
Ni = M O 7r;.

Corollary 5.2.
The sequence

KF(X) -5 @@ Kor(w) "2 P Kik(v) @ P KoF(X

’UEX(l) ’UEX(2>
1s exact.
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Proof
If n = 1 this is Theorem 5.1. For an induction proof let us denote X = X", X; = X and
N; = N]* to make clear the dependency on n (i < n). Consider the commutative diagram

U n—1 n—1 N
KyF(Xm 1) —d @  Koww) DXL @ K)o @ KF(XPY
ve(Xn—1)(1) ve(Xn—1)(2) i=1
f g

n d (@', ®N7") ™ o

KyF(X™) O  Kok(v) O Kikl) e @ KF(XD)
ve(Xn)@) ve(Xn)(2) i=1

z Tn
K3F(X7) d D  Kor(v) N Ky F(X)
ve(Xn)M

Note that X" * = X,,. The homomorphisms denoted by f and g are injective by Propo-
sition 2.1. 1).

Now let @ € @,c(xnm K2k(v) such that d'(a) = 0 and N'(a) = 0; we have to show
« € Imd + Im f. Since N, o m,(a) = 0 and the lower sequence is exact, there is a
B e KsF(X™) such that m,(a — d(3)) = 0. So we may assume 7,(«) = 0, that is

ae P Kk(X, xrk(v)).
ve(Xn—1)®)

The homomorphism d’ in the middle row can be written as

e P Kar(X, xp k) N T Kik(v' xv) & ?

ve(Xn—1)1) v’eXy(Ll),ve(anl)(l)
Hence d'(a) = 0 and Proposition 2.1. i) imply
ae P Kk(v)=Im}f.
ve(Xn—1)@)
qed.
Now we are ready to start the proof of Hilbert 90.

Lemma 5.3
Let a € K3L such that Npjp(a) = 0. Then there exist r,n,m,p;; € IN, b; € F*, a; € K>L,
cije F* (0<i<n,1<j<m)and pe KyF such that
1) a=3{b;, o}
i) by =1
111) NL|F(Oéo) = Zj poj{l — dj, Cj} + rp,
Npjp(ow) = X pii{l — dj, ¢cj},i > 1 where d; = b
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The proof is completely analogous to that of [MS; Lemma 13.3]. O
Let X; be the Severi-Brauer variety associated to D(a,b;) and let X = X; x ... x X,,.
L(X) denotes the function field of X.

Lemma 5.4

There exist § € K3L(X) and v € @,y Kak(v) such that
i) resL(X)|L(a) = (1 — U)(ﬁ)

ii) df = respr(7)

i) (', ®N;)(y) = 0.

Suppose the lemma holds. Then, by iii) and Corollary 5.2, we have v = d(9) for some
§ e K3F(X). Put 3" = 8 —respox)px)(6). Then ii) implies 3 = 0, i.e., §' € K3L and
i) yields a = (1 — 0)(f') € (1 — 0)(K3L), which was to be shown.

Proof of Lemma 5.4
We identify L(X;) with L(t;) as in § 2; then L(X) = L(t1,...,t,). Moreover o(t;) = b;/t;,
hence Npx)rx)(ti) = b;. Put s; = [1;t79; then Ny px)(s;) = d;. Let F; = Flaj]/
(27 —d;) and L; = F; @p L.
We have
a = b, o} = >{ti, Npp(aw) } — (1 — o) S {ts, 0(aw) }
=2{s5, L= dj, ¢} +{th, p} — (1 — o) X{ti, 0(w)}
J 7

by Lemma 5.3. Put

B=> Nyoweiz+si,1 =z 0} + {1+ 15,0} = D {ti, o)}
j i
Then o = (1 — 0)(f3), since

84
Np,coxy o (1—o)({x;+ 55,1 —x;}) = NL](X)\L(X)({;? 1 —a;}) =
J

= {5, Npyp(1 — 25)} = {s5,1 —d;} and Npx)rx)(ty) =05 = 1.
Denote by P;, P/ € @ngg) Kor(w) the canonical generators of Kok ({t; = 0}),
Kok({t; = oo}), respectively; in particular d(¢;) = P, — P/. Define Ry € EBweXg) Kor(w)
and Q); € @wexfj’ Kok(w) by
d(1+1;) = Ry —rP,
d(w; + ;)= Qj — L pijresr,|(F;)

A little calculation shows

dB =3 corp,iL({l = xj,¢;} - Q;) + pRo — 3 _(0() P + i F)

Note that o(P;) = P/, 0(Ry) = Ry and 0(Q;) = Q. In particular Ry € @,cx) Kor(w)
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and Q; € @, _yo Kor(w). Therefore d3 = respr(7), where
Fj

v = ZCOI‘F].‘F({]_ —xj,¢i} - Qj) + pRo — corL‘F(Z aP)e @ Kir(v).

veX®)
It is straight forward to verify iii) for this choice of 7. qed.
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