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INTRODUCTION

Morley’s theorem states that

The three points of intersection of the adjacent trisectors of the angles of any
triangle form an equilateral triangle.

This theorem is very curious. A standard source seems to be [4]. Among the many
existing proofs we mention here D. J. Newman’s proof [10] (also in [6, Ch. 20,
p. 163] and on the web) and the article [9]. For more sources see the end of the
text.

These notes evolved from a study of the fairly recent proof of Connes ([2]; see
also [7], [1]).

We briefly discuss the relation of Connes’ point of view of affine transformations
with triangles and quadrangles. Then we give a proof of Morley’s theorem a la
Connes [2]. Finally we consider a purely group theoretic lemma (Lemma 4) which
implies Connes’ lemma on affine transformations.

In the context of Morley’s angle trisector theorem we found it useful to look
also—as a toy model—at the fact that the angle bisectors of any triangle meet in
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one point. We call this for short the incenter theorem since the point of inter-
section is the center of the incircle of the triangle. We have complemented many
considerations with the corresponding incenter variants.

Were we to give up, forever, understanding the Morley Miracle?
— D. J. Newman

1. AFFINE TRANSFORMATIONS AND TRIANGLES

Let F be a field and let Aff(1, ') denote the group of affine transformations of
the affine line over F'. Elements f € Aff(1, F') will be denoted by

a b
fW)y=at+b or f_<() 1)
If a =1, then f is a translation. Otherwise f has the unique fixed point
b
Fi =
ix(f) =
Note that if @ # 1, but a™ = 1 for some n > 1, then f* = 1. Moreover, if f,

g € Affi(1, F) commute, then f and g are both translations or have a common fixed
point.

Lemma 1. Let fo, f1, fo € Aff(1, F). Suppose that the f; have no common fixed
point and that none of them is a translation. Let x; = Fix(f;).
Then fofifo =1 if and only if there exists ¢ € F such that

(1) filt) = 22 =S

(with the indices reduced mod 3). The element c is uniquely determined by fo,

fl; f2-
Proof. Let d; = det(f;). We may assume zop = 0 and z; = 1. The condition
fof1f2 = 1 is equivalent to the conditions
do(1 —di)  1—dody
dodyrdy =1 = —
RIS BT U dd) T 1 ds

(t — [L'Z) —+ x;
Ti4+1 — C

Consider the change of variables

1 1-c
S dy =
¢ 1-— dg 2 —C
Then our conditions give indeed
dO:l—(l—dQ).’EQZ.T/‘Q—C, dy = 1 __—C
d2 1—c¢ d0d2 Io2 —C

O

Ezample 1. Consider an Euclidean triangle with vertices xg, x1, 2 € C and let ¢
be its circumcenter. Then the affine transformation f; given by (1) is the rotation
with fixed point z; and angle twice the angle at z; (with appropriate orientation)
of the triangle.

This way Euclidean triangles appear as a special case of triples fy, fi1, fo €
Aff(1, F) with fof1fo = 1. This is the view point of Connes in his proof of Morley’s
theorem. We state Connes’ generalization of Morley’s theorem [2]:
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Lemma 2 (Connes). Let tg, t1, to € Aff(1, F). Suppose none of tot1, tits, tato,
totits is a translation and that t3t3t3 = 1. Let ¢ = det(tot1ta).
Then 14 ¢ +¢%2 =0 and

Fix(tot1) + ¢ Fix(t1t2) + ¢* Fix(tato) = 0
The incenter theorem generalizes as follows:

Lemma 3. Let to, t1, to € AfI(1, F). Suppose none of tol1, tita, talo, totite is a
translation and that t3t3t3 = 1.

Then the transformations toty, tits, totg commute. In particular, their fized
points coincide.

These lemmata will proved in Section 5.

2. AFFINE TRANSFORMATIONS AND QUADRANGLES

This section will not be used later on. We assume char F' # 2.

For (generic) points zg, x1, 2, 3 € F consider the affine transformations

(@i + ;) — (zx + ¢)

(x; +x) — (x5 + )

where i, 7, k, £ stand for any permutation of 0, 1, 2, 3.
If one takes in (1)

(2) fijké = (t — LL'Z) + x;

$0+1’1+$2—$3
N 2

one finds

fi = fiiv1i-13
This way Lemma 1 shows that triples fo, f1, fo € Aff(1,F) with det(f;) # 1
and fof1fo =1 (and no common fixed point) are in characteristic different from 2
essentially just quadruples of points in F. Thus the symmetric group Sy is a
group of symmetries of such triples of affine transformations (this is true also in
characteristic 2, and more generally over any commutative ring F').

FEzample 2. Let xg, x1, 2, x3 € C be an Euclidean orthocentric quadrangle. This
means that all pairs x; —x;, £ — z, are orthogonal, or, equivalently, that (at least)
one of the z; is the orthocenter of the triangle formed by the other points x;, z, ;.

Let ¢ be the circumcenter and let A = x3 be the orthocenter of the triangle x,
I1, Tg. Then

2c+h =x9+x1 + X2

(In fact, ¢, h and the center of mass (xg + 21 + x2)/3 lie on the Euler line of the
triangle.)

It follows that the affine transformation f;;x, is the rotation with fixed point z;
and angle twice the angle at x; (with appropriate orientation) of the triangle x;,
Tj, Tk-

3. PROOF OF MORLEY’S THEOREM

Let F be an algebraically closed field with char F' # 3 and let ( € F be a
primitive cube root of 1.

Let g, 1, 2 € F. In the following the letters ¢, j, k stand for any permutation
of 0, 1, 2. We assume that z; # 0 and z; # ;.
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Choose s;; € F™* such that

Sfj = x—], 8i585 = 1, 501512520 = ¢
Z;
It is easy to see that such families s;; exist and that any such family is determined
by so1, s12. Moreover, there are exactly 9 such families which one can get by
multiplying sg1, s12 by powers of (.
We write

Cijk = 8ijSjkSki

Thus Cijr = ki, Cijk = Cﬁc; and Cp12 = ¢.

3.1. The Euclidean case. As for the proof of Morley’s theorem we use the fol-
lowing setup.

One takes F = C, ¢ = *™/3 and assumes that the circumcenter of the trian-
gle xg, o1, xo is the origin. In other words, |xg| = |z1| = |z2| where | - | is the
Euclidean norm. Moreover one assumes that the triangle is positively oriented.

Then

2 csl={seC||s|=1}
T
is twice the angle of the triangle at zy. We choose the unique family s;; with
1 (Ej

arg s;; = - arg —
J 3 ZT;

where 0 < args < 27 is defined for s € S by s = e?285,

3.2. Trisectors. Consider the 6 elements

def 2 _ 2
Yij = SijTi = S;;%5 = GijkSkjSieiTh

In the Euclidean case, the elements y;; are points of the circumcircle. They

trisect each of the arcs between the points ;.

One has

3 2
Yij = ;T YijYikYki = CijkToT1T2

3.3. The geometric mean. Consider the 3 elements
Zi = 8ijSikTq
One has
Z? = Z0R1722 = ToxL1T2
Moreover
Zit1 = (i

which can be seen for instance from
Z1 81251071 3 T1
— = ————— = 512820501570 = ¢
20 50150220 Zo
Hence
—1
20+ Cz1+(¢ =0

In the Euclidean case, the elements z; are points of the circumcenter and form
an equilateral triangle.



NOTES ON MORLEY’S THEOREM 5

3.4. Morley points. Let g;; be the affine transformation with
gik(t) = sjn(t — x;) +
We define the Morley points m; by
gij(mi) = gir(my;)
In the Euclidean case, the transformation g, is the rotation with center x; and
angle s;;. Moreover m; is the fixed point of gi_k1 o g;; which can be easily seen
as one of the “intersections of the adjacent trisectors” in Morley’s theorem. This

description is due to Connes [2].
Let us compute m;. The defining equation is

sij(m; — xg) + o = sip(mi — ;) + 25

This gives
(sij = sik)mi = (¥; — xx) — (Sik®; — 5ijTk)
= (s3; — sip)mi — (53 — Sip)sijSikms
Hence
2 2
m; = (sijsik + 53 + S5 )Ti — (Sij + sik)sijsikxi
-1 -1
=2+ Yji + Yri — Cijkyjk - Cikjykj
= 2i T Vji + ki
where

Vij = Yij — Cijliyk‘i
Next note that
vij + Cijkvjk + Cjpvri = 0
Indeed, one has

(y10 — Cy21) + (Y21 — Cyo2) + ¢ (yoz — Cyr0) =0

and

(y20 — ¢ Myr2) + C(yor — ¢ y20) + ¢ My — ¢ lyor) =0

since all terms cancel out.
Hence

mo + (mq + C_lmg =0

which is Morley’s theorem.

Remark 1. The only thing which might be new in this deduction is that the Morley
triangle appears as a superposition of three terms, the triple 2y, 21, 292, the triple
V10, V21, Vg2, and triple weg, vg1, v12, each of which is subject by itself to the
equilaterality relation X + ¢X; + (71X, = 0:

mo = 20 + (Y10 — Cy21) + (y20 — ¢ 'y12)

my = 21 + (Y21 — CYo2) + (Yo1 — ¢~ "y20)

ma = 22 + (Yo2 — Cy10) + (12 — ¢ 'yor)

I don’t know a geometric or algebraic interpretation of this observation.
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4. THE INCENTER

Let F' be an algebraically closed field with char F' # 2.
Let xg, 1, x5 € F. In the following the letters 4, j, k stand for any permutation
of 0, 1, 2. We assume that z; # 0 and z; # x;.
Choose s;; € F* such that
oy
sy =2, sijsji = 1, S01812820 = —1
x
It is easy to see that such families s;; exist and that any such family is determined
by sg1, s12. Moreover, there are exactly 4 such families which one can get by
multiplying sg1, s12 by powers of —1.

4.1. The Euclidean case. As for the classical fact that the angle bisectors of an
FEuclidean triangle meet in one point, the incenter, we use the following setup.
One takes F' = C, and assumes that the circumcenter of the triangle xg, x1, 2

is the origin. In other words, |zg| = |z1| = |x2| where | - | is the Euclidean norm.
Moreover one assumes that the triangle is positively oriented.
Then

Z2eglo{seC||s|=1}
1

is twice the angle of the triangle at xg. We choose the unique family s;; with

1 ZL']‘
arg s;; = — arg —
g Sij 9 gl’i
where 0 < arg s < 27 is defined for s € S! by s = e/ 8%,

4.2. Bisectors. Consider the 3 elements

def
Yij = Sij%i = S5i%j = —SkjSkiTk

One has Yij = Yji-
In the Euclidean case, the elements y;; are points of the circumcircle. They
bisect each of the arcs between the points x;.
We also write
Zi = Yjk = —SijSikTi
One has
212 =TTk, ZQR122 — —XpT1x2

4.3. Incenters. We write
Z2=2z0+ 21+ 22

Let gji be the affine transformation with
gik(t) = sji(t —x;) +x;

and let m; be the fixed point of gi_k1 0 Gij-

In the Euclidean case, the transformation g, is the rotation with center x; and
angle s;i. The fixed point m; is therefore the intersection of the bisectors of the
angles at x; and x3. Thus m; = mo = ma is the incenter of the triangle zo, x1, 2.

In general we have

(3) gij(z) = gir(2)

so that m; = mgy = m3 = 2.
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Proof of (3). Let us compute m;. The defining equation is
sij(mi — xx) + xp = si(mi — x;) +
This gives
(sij = sik)mi = (zj — x1) — (k5 — Si;Tk)
= (ng - S?k)xi — (8i5 = Sik)SijSikTi
Hence

m; = (Sij + Sik — SijSik)Ti = 2k + 25 + 2i

O
One can set up things also this way: Choose a, u1, ug, ug with
T; = au?
Then one can take w
J
Sij = —— Zi = —au;Uy
Uj
and for the incenter one has
z = —a(upu1 + ujug + ustg)

5. A GROUP THEORETIC LEMMA

Lemma 4. Let tg, t1, to be elements of a group G.
Suppose that G is metabelian (i. e., [G,G] is abelian) and

(tot1t2)” = (t5t113)° = (31515 = 1
Then
(4) [[totl,tltg],tgto] = (totltg)[[tgto,totl],tltg](totltg)_l
Proof. We have to show
[[tot1, t1ta], tato] (tot1tz) < (totita)|[tato, tot1], tata]
One multiplies out and collects appropriate terms.

(totTtaty )[(tg M5 141 ) (tatots) (batotr) (t5 111 215 *t5 ) (totats)]

? SN N 1,-9,-9,_
= (tot1ta) (tatgtrty 1) (83 1ty Mg ) [(tatato) (tatato) (11 g 2t %11 )]
The terms in square brackets are commutators and therefore commute. Moreover
(tQtOtl)B = (tthto)?’ = 1. This yields

(totTtaty ) [(trtato) ™ (87 1ty 285 20 )]~
= (totyta) (tattaty ) (8 M7 g ) [(8 M5 M) (tatots) ™ (6 14y 25 285 1) (ot ta)] !
Then, using (totits)® = 1,
totatatit, (titato)
(totata) (tatotrty ) (fotata) (t5 141 245 285 1) ™ (tatots ) (b 15 17 ) ™
Finally, using (t3t3t3)% = 1,

?

? _
tot3tatity = (totita) (tatatity V) (totate) (tatdtits) (tatot1) =
= (tot113) (15t113)° (tot1) = (tot113) ((5t53) " (totr) = toty g 't
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This amounts to t3t5t3 = 1. O

Corollary 1. Let tg, t1, ta be elements of Aff(1, F) with t3t3t3 = 1. Suppose
d0d1d2 75 1 where di = det(ti).
Then (4) holds.

Proof. One uses the fact that any affine transformation whose determinant is a
primitive n-th root of unity has order n itself (n > 1).

Let t = totita and d = det(t) = dodida. Then d3 = d3d3d3 = 1 and d # 1.
Therefore d*> +d+ 1 = 0. Thus ¢3 = 1. Similarly one finds (£3t3t3)3 = 1. By
Lemma 4 the claim is clear. (]

Formula (4) translates apparently the cyclic permutation ¢; — ;41 into multi-
plication with a cube root of unity.

Proof of Lemma 2. One finds that
[[tot1, t1ta], tato]

is the translation with vector

<H(1 — d7d1+1)> (FiX(totl) — FiX(tth))

0
where d; = det(¢;). By (4) one gets
(Fix(tot1) — Fix(t1t2)) = d(Fix(t2to) — Fix(tot1))
with d? +d + 1 = 0. The claim is now clear. O
Corollary 2. Morley’s theorem.

Proof. [Connes, [2]] For an Euclidean triangle with vertices xg, 21, 2 € C one
takes for ¢; the rotation with fixed point x; and angle 2/3 the angle at x; (with
appropriate orientation) of the triangle. Then indeed t3t3¢3 = 1 and the fixed points
Fix(t;t;+1) are the intersections of the trisectors in Morley’s theorem. O

Remark 2. Lemma 4 suggests to consider the group G generated by elements ¢ and
o with relations
ol =1, (to)? = (t?0) = (fPo0)® =1

and some commutation relations. Indeed if we put t; = oo, then (t0)3 = tot1ts
etc.

However I don’t know whether this really helps. Anyway, let us note the following
general formulas for elements = and ¢ in a group with relation o = 1:

[oxo™ !, 0?2072 = (0z)3(z7'0)?
and
[z, oo™, o?xo 2] = (z0)3(cx )3 (0 2)3(z o™ )3

Remark 3. Let s;; = t;t;. In the situation of Lemma 4 the elements ¢; are in the
subgroup generated by the s13, S29, So1- Maybe one can simplify things by using
the s;; as generators. Similarly for Lemma 5.

We conclude with similar (and much simpler) considerations for the incenter
theorem.
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Lemma 5. Let G be a group and let to, t1, ta be elements of G with t3t3t3 = 1 and
(tot1t2)? = 1. Then the elements tot1, tito, tatg commute.

Proof. By symmetry, it suffices to show that ¢ot; and totg commute. Indeed,
(tot1)(tato)(tot1) ™" (tato) ™' = (totata)to(ty g ') (15 15
= (totrta) ‘toty Mty %ty
=ty 7ty = ba(ttt) My = 1
|

Corollary 3. Let tg, t1, ta be elements of Aff(1, F) with t3t3t3 = 1. Suppose
dodyrdy # 1 where d; = det(t;). Then tot1, tita, tato have the same fized point.

Proof. Let t = totity and d = det(t) = dodidy. Then d? = d2d3d3 = 1 and d # 1.
Therefore d + 1 = 0. Thus t> = 1. By Lemma 5 the elements tot1, tita, toto
commute. Hence their fixed points coincide. ([l

Corollary 4. The bisectors of the angles of a triangle meet in one point.

Proof. For an Euclidean triangle with vertices xq, 1, o5 € C one takes for ¢; the
rotation with fixed point x; and angle the angle at x; (with appropriate orientation)
of the triangle. Then indeed t3t3t3 = 1 and the fixed points Fix(¢;t;41) are the
intersections of the bisectors. O

MORE SOURCES

Here is a list of other possible sources for Morley’s theorem: [3,5,8,11] and, of
course, the web:

http://www.google.com/search?g=morley+triangle
http://www-cabri.imag.fr/abracadabri/GeoPlane/Classiques/Morley/Morleyl.htm
http://www.cut-the-knot.org/triangle/Morley/index.shtml
http://mathforum.org/library/drmath/view/51789.html

Under the last address one finds a proof of Conway.
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