NOTES ON RESIDUES

MARKUS ROST

The purpose of this text is to define the residue map for differentials on a
smooth curve. The method described here was inspired by the definition of the
Grothendieck residues in [2]. For other approaches see [3, 4, 1, 5].

Remark. In the current version of this text, we consider just smooth rational points
on a curve. It is not so difficult to reduce the invariance of the residue at arbitrary
smooth closed points on a curve over k to that of k-rational points, by some ad hoc
arguments. However it would be desirable to extend the material of this section to
arbitrary smooth closed point from the very beginning. Moreover one should give
a proof of (7) (see the next Lemma) in a less ad hoc fashion.

Let k be a field and let R be the local ring of a curve over k at a smooth k-rational
point. The maximal ideal of R is denoted by m.
Fix n > 0 and let I = m".

Let
A:R— R/I®; R
Alz)=z1-1®x
One has
Alzy) = (z®1)A(y) + A(z)(1®y)
for z, y € R.
Let

ji: R/T@x R — R/T

be the multiplication map. Obviously A(z) € kerf for € R. If t is a prime
element of R (i. e., m = tR), then the ideal ker i is generated by A(t). Since A(t)
is a not a zero divisor, the quotient

A(z)
A €ER/I® R
is defined.
We define
A(z)

+R/T@pI € R/I®y R/I
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These “difference quotients”, defined for x € R and prime elements ¢, have the
following basic properties. Let ¢, t’ be prime elements of R and let , y € R. Then

(1) Ay () = Ay(z)Ap(t)
r—1

(2) A7) =) (et
=0

(3) Ai(zy) = (2@ DA(y) + (L@ y)As(2)
Further, let z, 2z’ € I. From (3) we get
(4) Ay(rz) =
(5) Ay(22') =

(z @ 1)A(2) = (1@ 2)A(2)
0

w: R/I®, R/I — R/I
be the multiplication map. The ideal ker u is generated by the elements z®1—-1®x
with € R. From (4) we get for z € I

(6) (er 1) Ay (2) =
The annihilator of the ideal ker i1 consists exactly of the elements
Ay(2) (zeI)

(we don’t need this in the following).
Let Qg be the module of differentials of R/k with derivation

dZR—>QR
T — dx

The R-module Qp is free with basis d¢ for any prime element ¢t of R. We denote
by d;z the image of dz in Qr/IQR.

Lemma. For x € R and a prime element t of R one has

(7) dlx = M(At((ﬂ))djt
Proof. This holds for z = t" since dt" = rt"~1dt and by (2). Moreover it holds for
x € I? since d;I2 = 0 and by (5). O

Proposition. There ezist a (R/I ®y R/I)-linear homomorphism

@: I/[z — R/I Rk QR/IQR
with

oz +1%) = Ay(2)(1 @ drt)
for z € I and every prime element t of R. Here we consider I/1? as an (R/I ®
R/I)-module via p.
Proof. We first show that

Ay(z)(1 @ dyt)

with z € I does not depend on the choice of t. Indeed, let ¢, ¢’ be prime elements
of R. The elements

Au(t), 1@ p(de(t)
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have the same image under p. Using (1), (6), and (7) one finds
At/(Z)(1®d[tl) = At(Z)At/ (t)(l@d[t = At Z)(l@/,é(At/ )d[t ) At(Z)(l(X)d[t)
The proposition follows now from (4) and (5). O

Let F be the fraction field of R and let Qr = F ®r Qr. Let z be an element
of R with I = zR and let

1
;Z QR/IQR — QF/QR
Wt IQr— 2 £ Qp
z
We define
(I)]: Homk(R/I,k) — QF/QR
1
Pr(a) = (a® ;)(90(24‘12))

The proposition shows that ®; is R-linear and does not depend on the choice of z
(with I = zR).

Lemma. Lett be a prime element of R. Then

n—1

dt
(8) @1(0) = Y alt) i +0n
i=0
Proof. Choosing z = t"™ we get
1 n—1
_ S i o pn—1—i
O(a) = (a@tn)(;(t ®t )(1®d1t))

Z 1AL + QR
=0
and the claim follows. O

Let
Homjp (R, k) = lim Homg (R/m", k) C Homy (R, k)
be the “continuous k-dual” of R. By (8), the maps ®; for various I paste together
and we get (using that =%, i > 0 is a k-basis of F/R):

Local Residue Theorem. There exist a R-linear bijection
P Homz(R,k) — QF/QR

with
. dt
(9) P(a) = Za(t )ti+1 + Qg
i=0
for every prime element t of R. O

One may call ® the “local residue isomorphism”, cf. Proposition 7.2 and Propo-
sition 8.4 in [2, Chapter III]. The residue map will now be defined as

Res: Qp — k
Res(w) = (@*1(w + QR))(l)
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The map Res has indeed the characteristic properties

dt 1 ifn=1
Res(Qg) =0, Res(t—n) =0 ifn>1

of the residue map (the second computation follows from (9)).
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