ON THE GALOIS COHOMOLOGY OF SPIN(14)

MARKUS ROST

Preliminary Notes

NOTE FROM MAY/JUNE 2006

I am very grateful to Skip Garibaldi for comments. They led to several correc-
tions and additions.
In the version from 1999 I had claimed without proof ed(Spin;3) = 6. I have
now added a new section (Section 10) containing a proof.

Let k be a field with char k # 2. For i = 6, 7 we define invariants
hi: H'(k,Spin(14)) — H'(k,Z/2)/(-1)H" " (k,Z/2).

ABSTRACT

Further we show that the natural map

H'(k, (G2 x G2) x pg) — H*(k, Spin(14))

is surjective.

One concludes that the essential dimension of Spin(14) is equal to 7.

Similar considerations are done for Spin(12). We also present the list of essential
dimensions of the split groups Spin(n) for n < 14.
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2 MARKUS ROST

1. THE ARASON INVARIANT
1.1. The invariants e;, i < 3. Let
e;: I'(k)/ I (k) — H'(k,Z/2), i=0,...,3

be the first invariants on the graded Witt ring given by dimension, discriminant,
the Hasse-Witt invariant, and Arason’s invariant, cf. [1, 26].

1.2. The split groups of type D,. We denote by SO(n,n) the automorphism

group of the quadratic form
n

> @? - ).

1
Furthermore, Spin(n, n) denotes the universal cover of SO(n,n) and

PSO(n,n) = SO(n,n)/{£1} = Spin(n,n)/u

denotes the corresponding adjoint group. Here pu is the center of Spin(n,n). One
has = po X pg if n is even and p = py if n is odd.

If n is odd, every split group of type D, is isomorphic to one of Spin(n,n),
SO(n,n), PSO(n,n).

1.3. Galois cohomology of SO(n,n). The set H'(k,SO(n,n)) consists of the
isomorphism classes of 2n-dimensional quadratic forms with trivial discriminant.
We consider H' (k,SO(n,n)) as a subset of I%(k) C W (k).
The image of
H'(k,SO(n,n)) — H'(k,PSO(n,n))
consists of the similarity classes of the quadratic forms in H! (k,SO(n,n)). For

ue H? (k, Spin(n, n)) let ¢, be the corresponding quadratic form.
The image of

H! (k:, Spin(n, n)) — H? (k, SO(n, n))
consists of those classes in H'(k,SO(n,n)) with trivial Hasse-Witt invariant.
1.4. The invariant é3 in K3 /2. Let KMk be Milnor’s K-group [18].

By Merkurjev’s theorem [2, 16, 31] the invariant es is bijective. Furthermore,
Milnor’s homomorphism

s3: KME/2 — IP(k) /T (k)

is bijective (cf. [11, 17, 18, 25]).
Putting things together yields natural maps

és: H' (k,Spin(n,n)) — KYEk/2.

For u € H'(Spin(n,n)) the class &;(u) depends alone on g,. For u € H'(Spin(8, 8))
the corresponding quadratic form ¢, is a 3-fold Pfister form (cf. [5, 15, 20, 26]); if
qu = {{a,b,c)), then é3(u) = {a,b,c}. Furthermore, the maps é; behave additively
with respect to the natural inclusions

Spin(n,n) x Spin(m, m) — Spin(n + m,n + m).

These properties determine the family of maps €3 uniquely.
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2. REDUCED SQUARES
It has been observed by Serre that for any n > 2 there is a natural map
P: KMEk/2 — K k/2KYk + {—1}" ' KM k)

characterized by

P(Z xz> = inxj mod (2K k + {—1}" " KM k)
i i<j
where x; are symbols. (An element z € KMk/2 is called a symbol if it is of the
form x = {ay,...,a,} for some a; € k*.)

To define the operation P one checks that the right hand side of this formula does
not depend on the presentation of an element as a sum of symbols. This follows
easily from the definition of Milnor’s K-theory and the identity {a,a} = {a,—1},
cf. [18].

Let

an: KMk/2 — H"(F,Z/2)
be the norm residue homomorphism [18]. Milnor’s conjecture (cf. [30]) asserts that
«y, is bijective. With Milnor’s conjecture, the operations P give rise to correspond-
ing maps
H (k,Z/2) — H2(k, Z/2)/(~1)" " B (k,Z,2).
Combining this with the fact that (—1)H?"~1(k, Z/2) is in the kernel of the natural
maps H?"(k,Z/2) — H?*"(k,Z/4), one obtains operations

H"(k,Z/2) — H*™(k,Z/4).
In the case n = 2 this operation is nothing else than the Pontryagin square, cf. [3,

4, 32, 33]. For n > 2 I don’t know any explanation of the operations P by an
operation defined on the cohomology of topological spaces.

3. LAMBDA OPERATIONS
Let /W(k) be the Grothendieck (-Witt) ring of quadratic forms over k. One
defines A-operations
A W (k) — W (k)
in the usual fashion (see for instance [13]): '
For a quadratic form ¢: V — k let Ap: A'V — k be its i-th exterior power.
One has A% = (1) and Ay = ¢. The form \? is also given by the Killing form on

the Lie algebra so(p) (at least if Q C k).
One forms the formal power series

A = Zti)\igo.
>0
Then
A L) = M @ At
The series \; extends to W(k) by

(e —¥) = Ap @ (\tp)
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and the operations A\’ on /W(k) are defined by
x) = Zti)\i(x)
i>0

for z € W(k)
We are mainly interested in A2, Note that

N(z) =1,
M(z) =2,
y? = dimy + 2)\*(y),
Nz +y) = N (x) +ay + N2(y),
Nz —y) = N(x) —ylz —y) — \(y),
Nz —y) = N (x) — zy + dimy + N*(y),
A ((a)x) = N*(x)

for z, y € W(k) and a € k*.

Let I(k) C W(k) be the fundamental ideal of zero dimensional virtual quadratic
forms. The projection W (k) — W (k) induces identifications I"(k) = I"(k) for
n > 0. I"(k) is additively generated by elements of the form

{ars - san) = ()" = (a1, - an—1)) = (an) (a1, s an—1)).
Lemma 3.1. Let ¢ be an n-fold Pfister form and x = ¢ — (1)™. Then
N(z) = (1)

Proof. Write ¢ = ¢ {{a)) where 9 is an (n — 1)-fold Pfister form and where a € k*.
Then = = ¢ — (a)t and one finds

N(z) = N (¥ — (a)y)
= N(¥) = {a)a — N (V)
= —(a){(-1)" "z
= {(~1)"H-a)r = (-1)" 'z
Here one uses 92 = {(—1)""1¢, (—a)z = —(a)z if dimx = 0, and (—a){a))
().
Corollary 3.2. Let ¢ be an n-fold Pfister form. Then
Ne(g) = (1)L,
() =g~y O

Ol

We define operations
P IR — 1K),
P'(z) = X(z) = (~1)" 'z
It follows from Lemma 3.1 and A*(z +y) = A\(z) + 2y + A\?(y) that indeed

P'(x) € I*(k).
These operations lift the operations P to the Witt ring.
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4. MULTIPLICATIVE TRANSFER

Let L/F be separable field extension. In addition to the restriction map
TL/F: W(F) — W(L), [¢]+ [pL]

and the corestriction map
cLyp: W(L) — W(F), [¢] = [tracer r @]
one may define a multiplicative transfer map
This map is analogous to the multiplicative transfer in cohomology, cf. [6, 12, 29].
We are interested in the case [L: F|] = 2. Let o denote the generator of the
Galois group. Then for a quadratic form ¢»: W — L the form N x(v) is given by

the restriction of ¢ ® “¢p: W ® W — L to the subspace of invariants (W ® 2W)“.
Suppose L = F(y/a). One has the following rules

dimF(NL/F ) dlme
Npyr({a) = (Np/r(a )>
Npjp(x+y) = Npjp(x) +cpyp(zo(y)) + Noyr(y),
Npjp(xr —y) = Npjp(x) — cpyr(zo(y)) + Noyr(y),
N (er rp(@)) = cpyr(N(2) + alNp p(2),

Nusr(fa) <<a>>+{§“acea’ e

n 1, (trace oy, —aN p(cw)) if tracea; # 0,
Nese(fa, .o an) = (a)” + e
0 else.
In particular, if —1 is a square in F, then
Npp(I™(L)) C I*™(F)

for n > 2.

5. THE INVARIANTS hg AND hr

For this section it is assumed for simplicity that «/—1 € k.
We define

he: H' (k,Spin(7,7)) — H®(k,Z/2),
he(u) = ag o P o és(u).
The invariant hg(u) depends only on g,.
By the remarks of Section 3 one can lift this invariant to I°(k).
In some cases the invariant hg can be described explicitly. For a Pfister form ¢
one denotes by ¢’ its pure subform (one has ¢ = (1) L ¢'). Let a;, b;, c € k*, i =1,
2, 3, and put

(1) q = c({{a1, az,a3))" L —((b1, b2, b3))")
Then q = ¢, for some u € H! (k, Spin(7, 7)) and for any such u one finds
(2) hﬁ(u) = (a17a27a37b17b23b3)'

Lemma 5.1. Letu € H! (k:, Spin(7, 7)) If q,, is isotropic, then hg(u) = 0.



6 MARKUS ROST

Proof. If g, is isotropic, the ¢, has a representation (1) with a; = by, see [19, Satz
14, Zusatz] or [24]. The claim follows from (2). O

Proposition 5.2. Let u € H! (k, Spin(7, 7)) and let ¢ be a nonzero value of qy.
The element
he(u) U (c) € H'(k,Z/2)
does not depend on the choice of c.
Proof (Variant 1). Write ¢ = ¢,. If ¢ is isotropic, then hg(u) = 0 by Lemma 5.1.
We may therefore assume that ¢ is anisotropic. Let ¢ = ¢(v) and ¢ = ¢(v’) be two
values of ¢ with v, v’ linearly independent. Then ¢/c¢’ is a norm from the quadratic
extension L splitting the 2-dimensional subform ¢|(vk + v'k). Say c¢/c¢’ = N, /,(A).
Then
he(u) U (¢) = he(u) U (<)) = he(u) U (¢/c)

= he(u) U Np /i (V)

= Npk(he(ur) U (V)

=Np(0U(N) =0
since qr, is isotropic and by Lemma 5.1. ([l

Proof (Variant 2). Write ¢ = ¢, as ¢: V — k. Then any = = [v] € PV determines
an element

a(@) € w(2)/(r(2)")".
Let £ € PV be the generic point and consider
w = hg(u) U (q(&)) € H (k(PV),Z/2).
The element w is unramified on PV, except possibly at the divisor
Z={¢=0}CPV
Here the residue is a multiple of (in fact, equal to)
he(W(z) € H*(k(Z),Z/2)

But the quadratic form gy (z) is isotropic, whence h6(u)k(z) = 0 by Lemma 5.1.
Hence w is unramified everywhere on PV and therefore w = (wo)rpy) for some
wo € H'(k,Z/2). The claim follows by specialization. O

Proposition 5.2 gives rise to an invariant
hy: H'(k,Spin(7,7)) — H(k,Z/2),
hr(u) = he(w) U (qu(v))
where ¢, (v) is any nonzero value of g,.

As for hg, the invariant h7(u) depends only on ¢,. If ¢, = ¢ with ¢ as in (1),

then
h7(’U,) = (a’la a2, as, b17 b2a b?n C).
This computation shows that the invariant A7 is non-trivial.

In the next two statements (Proposition 5.3, Lemma 5.4) we assume that k
contains the algebraic closure of Q. This assumption is made to be sure that we
can neglect some universal constants arising in decompositions of Killing forms and
of A2(g). T have not tried to figure out the best possible conditions.
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Proposition 5.3. Assume Q C k. Any value of hg and of hy is a symbol.
Proof. Tt suffices to consider hg. Let u € H' (k;, Spin(7, 7)) and write ¢ = ¢,,. Then
he(u) is represented by 92-dimensional form
Mg L (1).
The form A\?q is also given by the Killing form on so(q).

We may assume that v is induced from an element = € H*(k, (G2 x G2) % ps),
see Corollary 7.3. Let g C so(q) be the Lie algebra of type G + G5 corresponding
to z. Its Killing form is the trace of the Killing form of a Lie algebra of type G,
over some quadratic extension. In view of the next Lemma, this form is hyperbolic.

Therefore the 92-dimensional form A\?q_L (1) contains a 28-dimensional hyperbolic
subform. Thus hg(u) is represented by a 92 — 28 = 64-dimensional quadratic form,
which therefore must be a multiple of a 6-fold Pfister form. O

This proof indicates that one may represent hg(u) by a form on the spinor
representation S, cf. below. In fact there is a natural way to represent hg(u) as
Np /(1) on S, where 1)/ L is the 3-fold Pfister form corresponding to a reduction x €
H'(k, (G2 x G2) x pg) of u, cf. [24].

Lemma 5.4. Assume Q C k. Let g be a Lie algebra of type Go and let ¢ be the
associated 3-fold Pfister form. Then the Killing form on g is hyperbolic.
Proof. Let V be the 7-dimensional representation of g. Then

gLV =AYV

Let further ¥ denote the Killing form on g and let ¢ be the associated 3-fold Pfister
form. Then

Ly =X(Y) =¢'(~1,-1)
by Corollary 3.2. The claim follows. O

Our considerations in the construction of the invariants hg, h7 may be also
applied to the group SO(6). This leads to invariants

H'(k,S0(6)) — H'(k,Z/2)

for i =4, 5, given by

c((ar, az))" L (b1, b2))") = (a1, az2,b1,b2),

(a1, az))" L {(b1,b2))) = (a1, a2,b1,b2,c).
The latter coincides with the invariant

(a1, a2,a3,a4,as,a6) — (a1, az,a3,a4,as)
defined by Serre.
6. A REDUCTION LEMMA

Let G be an algebraic group over k and let i: H C G be a subgroup. For
x € H*(k,G) we denote by P, a corresponding G-torsor.

Lemma 6.1. Let x € H'(k,G). Then x is in the image of
iw: H' (k,H) — H'(k,G)
if and only if the variety P,/H has a k-rational point.
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Proof. Indeed, if x = i.(y), then P, ~ P, xy G and P, /H has the k-rational point
given by [P,, 1] mod H.

Conversely, if z € P;/H is k-rational, then the fiber of z under P — P,/H is an
H-torsor Q with Q xg G ~ P,. (]

This simple lemma is the basis of many structure theorems on quadratic forms
and algebras. It applies usually when there is a “small” representation of G, i.e., a
representation G — GL(V) with dimV < dim G.

A fairly simple example is given by G = O(n) and H = O(n — 1) X ug: Let
x € H! (k7 O(n)); if ¢, : V — k is the corresponding quadratic form, then P, /H is
naturally isomorphic to U = PV'\ {¢, = 0}. Since U has a rational point, it follows
that = has a reduction to H.

Her majesty Fs does not have a small representation.

7. 14-DIMENSIONAL SPINORS

Let Spin(7,7) — GL(S) be one of the spinor representations (dim S = 64) and let
PSO(7,7) — PGL(S) be the induced homomorphism. We denote G = PSO(7,7)
and define H C G as the image of

(Ga x Gs) x Z/2 — PSO(7,7)

wme = ("9 000 8)

where p: Gy — Spin(7) is the standard representation.
We need the following fact, see [7, 9, 21, 24].

given by

Proposition 7.1. The action of G on PS has an open and dense orbit U. If k
is algebraically closed, then the isotropy group H, of w € U is conjugate to H. In
particular, U = G/H.

Now let z € H'(k,G). Then X, = P, xg PS is a Brauer-Severi variety whose
Brauer class coincides with the Tits class t(x) € H?(k, u4) of . Further, the variety
U, = P, XgU = P, /H is a dense open subscheme of X,. It follows that P,/H has
k-rational points if and only if ¢(z) = 0 (to be sure, let us assume that k is infinite).
Lemma 6.1 shows

Corollary 7.2. An element x € H'(k,G) has an H-reduction if and only if t(z) =
0. d

Let H be the preimage of H under Spin(7,7) — PSO(7,7). One finds (see [24])
ﬁ:(ngGg)xug
where pug C Spin(7,7) is the normalizer of G2 x Ga.
Corollary 7.3. The homomorphism
H! (k, (G2 x Ga) % ug) — H! (k:, Spin(7, 7))

s surjective.
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Proof. This follows from a diagram chase in

Hl(k,u4) — Hl(k‘, (GQ X GQ) X ,US) — 1{1(k7 (G2 X G2) X Z/2) — H2(k,/,é4)

H ! | H

H'(k,pa) —  H'(k,Spin(7,7))  —  H'(k,PSO(7,7)) L H2(k, i)
O

It can be shown that there exist a field k and = € H* (k, Spin(7, 7)) such that x
has no reduction to the subgroup (G2 x G3) X pg. This means that the appearing
forms of G2 x G are necessarily of type Ry/,(G2) with £/k a quadratic field ex-
tension. Examples have been provided in [8] using residue arguments and in [10]
using computations of the K-theory of certain homogeneous varieties.

8. THE ESSENTIAL DIMENSION OF Spin(14)
We denote by ed(G) the essential dimension of G, see [22].
Proposition 8.1. ed(Spin(14)) =17.
Proof. ed(Spin(14)) > 7 follows from the non-triviality of the invariant hs.
It remains to showNed(Spin(M)) < 7. By Corollary 7.3 it suffices show ed(H) <
S

7. To describe any H-torsor one needs one parameter to describe a class (a)
H*Y(k, ug) = k*/(k*)® and 3 - 2 parameters to describe an octonion algebra

O(ay + Vaby, az + /abs, as + \/abs)
over k(y/a). O

9. ON THE COHOMOLOGY OF Spin(12)

We briefly sketch a proof of ed(Spin(6,6)) = 6.
We define H C SO(6, 6) as the image of

SL(6) x Z/2 — SO(6, 6)

" g 0 0o 1\"
o (0 wl) (1 o) |
Here we understand coordinates (x,y) with respect to the quadratic form )", z;y;.
The preimage H of H in Spin(6, 6) is
H = SL(6) x 4.
By the mentioned theorem of Pfister ([19, Satz 14, Zusatz] or [24]), any Spin(6, 6)-

torsor admits an H-reduction. Since any hermitian form can be diagonalized, the
map

given by

H*'(k,SO(6) x pa) — H'(k, H)
is surjective. Hence
Corollary 9.1. ed(Spin(6,6)) < 6.

We define invariants in H°(Z/2), H%(Z/2) by a variant of the previous method.
It is based on the following facts:
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Lemma 9.2. Let a € k*. Then the kernel of

W(k) = W(k), zw— (a)z
is generated by 2-dimensional forms of the form (Ny /i (c))) with o € £*, £ = k(y/a).
Proof. Well known. . . ]
Lemma 9.3. Let a, b€ k* and let x, y € W(k). If

{a)z = (b)y,
then there exist z € W (k) with
{ahz = (ahz = (b)z = (b)y.

Moreover, any such z may be written as a sum of 2-dimensional forms of the form

(Nejr(@)) with a € 0%, € = k(v/ab).

Proof. Let ¢ be a quadratic form representing x, let K = k(v/b), and suppose that

{aYpx is split.
Since {(a)pK is isotropic, one has (a))¢ = {a)(c{d) + ¢') such that ((a,d) i is
isotropic. To see this, let ¢ = (a1, ..., a,) and let

q¢:V=L"—>k
a(A1, . An) = ZaiNL/k(Ai)

with L = k(y/a). Note that ¢ = ((a))¢ and that q(Av) = Ny, /1 (N)g(v) for X € L. If
qx 1is isotropic, there exists a 2-dimensional L-submodule W of V' such that ¢|W is
isotropic over K. Next note that ¢|W = ¢({(a,d)) for some ¢, d.

We may assume ¢ = ¢((d)) L ¢’. There exists e such that

{(a,d) = (a,e)) = (b, ¢)
Then {a)p = c{a,e)) + {a)¢’. The claim follows by induction on dim ¢ and
Lemma 9.2. g

Let I5(k) C I(k) be the subset of elements which are split over some quadratic
extension. One defines an operation

QZ Ig(k) — IQ(k),
Q({a)z) = (ahX*(z).

This map is well defined by Lemma 9.2 and Lemma 9.3.
We assume that —1 is a square. Let v € H! (k:, Spin(6, 6)) Then

qu = a()({c, d)’ — (e, f)))
and
Q(qu) = (b,c.d,e, f))

Hence we an invariant
ks: H'(k,Spin(6,6)) — H°(k,Z/2).

If q,, is isotropic, then ¢, = a{(b,c’,d’)) L (1,—1). This shows Q(g,) = 0. By the
same argument as in the proof of Proposition 5.2 we get an invariant

ke: H'(k,Spin(6,6)) — HS(k,Z/2),
ko (u) = ks(u) U (qu(v))
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where ¢, (v) is any nonzero value of g,.

If qu = a{(b)) ((c,d))" — (e, f))), then
kﬁ(u) = (a? b7 C, d7 €, f)
This shows that kg is nontrivial.

Corollary 9.4. ed(Spin(6,6)) > 6.

10. ON THE COHOMOLOGY OF Spin(13)
Let
¢ V=K >k
q(w1,- oo wi3) = (21 + @5 + 23) = (0] + 23 + 75)
— (a7 + 2§ +a5) + (2fy + a7, +aly) — iy
An element of H!'(k,SO(q)) is given by a 13-dimensional quadratic form ¢’ with
¢ 1L (1) € H (k,80(7,7)) C I? c W(k)

Let G be the subgroup of SO(q) generated by (matrix notation with respect to
k13 = k3 x k3 x k2 x k3 x k)

g 0 0 0 O

0 g 0 0 O

U(g,h) =10 0 A 0 O

0 0 0 A O

0 0 0 0 1

and

1 0 0 0 O 0 0n 0O
0O «a 00 O 00 0 n O
Vie,g) =10 0 1 0 0|, W(H=|fn 0 0 0 0
0 00 B O 0n 0 00
0 00 0 aop 0 00 0 1

with g, h € SO(3), o, 8 € o and 7 € pg. One has
G = (SO(3) x pa)” x s € SO(q)

with g acting via the projection py — po = Z/2 by permutation of the factors.
We consider the commutative diagram

1 — pp — é I 6@ — 1
g | bl
1 — py — Spin(q) — SO(q) — 1

where G C Spin(q) is the preimage of G under the projection m: Spin(q) — SO(q)
and j, j are the inclusions.
We describe the image

J = j.(H'(k,G)) C H'(k,S0(q))
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Lemma 10.1. The set J consists exactly of the (isomorphism classes of ) quadratic
forms ¢’ of the type

(4) ¢ =q L (—det(q))
with
(5) G = (Tryr)« (($)(1, =N (—p1, —pa, i)

with K = k[s]/(s* — b) for some b € k* and \, p1, pa € K*.
Proof. Note that G C SO(q) leaves the subspace V' = k'2 x {0} C V invariant. Let
0: G — O(qlV")
Ug) =gV’
Then
i(9) = (U(g), det(¢(g))) € O(g|V") x O(1) € O(q)
This yields the decomposition (4).

It remains to show that £, (H'(k,G)) C H'(O(q|V")) consists of the forms ¢ as
in (5).

Elements of H'(k,G) are the isomorphism classes of triples (K’, o, 1), where
K' = k[t]/(t* — b) is a Galois uy4-algebra and where ¢, ¢; are quadratic forms
over the quadratic subextension K = k[s] C K', s = t? with ¢ of rank 3 and
determinant 1 and with ¢q of rank 1. Let

H = (0(1) x O(1) x O(1)) N SO(3) = po X p2
and
G' = (H x p2)* x pg C G
Since quadratic forms (over K) can be diagonalized, it follows that H'(k,G') —
H'(k,Q) is surjective.
The claim follows from Corollary 10.3 below. g
Lemma 10.2. Let
G" = (p2)? % s
generated by py and elements o, B with the relations
o’ =p2=(af)? =1, Cat=p, (BI=a

for a generator ¢ of 4.
Let
qo: k? — k
qo(z,y) = a* —y°
and let
v: G" — O(qo)

be the homomorphism with

=30 1) wo=(5 &) ew=() 1)

with o, B € po and n € g.
Let € € HY(k,G") and write the corresponding Galois G"-algebra as

Ee = k[t,s,z,y]/(t* —b,s — t?, 2% —u — sv,y* — u + sv)



ON THE GALOIS COHOMOLOGY OF SPIN(14) 13

with b, u, v € k, b# 0, u? — bv? £ 0. Here the action of G is given by
) =¢t, C(s)==s, (@)=y, ((y) ==
alt)=t, af(s)=s, alx)=-z, aly)=y
Bt)y=t, B(s)=s, Pl@)=z, Bly)=-y
Then the associated quadratic form qe = .(§) € H'(k,O(qo)) is given by
gc = (Trc/i)«((s) (u + sv))
with K = k[s] C E¢.
Proof. One has (more or less by definition)
¢u = (90 ©1, B)|(k* @ B)Y”

with G” acting on k2 via O(qo) and on E as Galois algebra, respectively.

The claim follows from the following explicit computation (for a related consid-
eration see Garibaldi’s Lens notes from May 2006, Example 16.5):

One finds that (k2 @5 E)¢" is the free k-module with basis

X = (xt, —yt), Y = (xt3,yt?) = (ats, yts)
For ¢, d € k one has with A\ =22 =u 4 sv and A = 4% = u — sv
qo(cX +dY) = (at(c+ ds))2 — (yt(—c+ ds))2
= As(c+ds)? + M(—s)(c — ds)?
=Tx/k ()\s(c—l— ds)2)

Corollary 10.3. Let n, m >0, let U = (u2)™ and let
®: U — O(1)™ C O(m)
be some homomorphism. Let
G"'=U? % m
with g acting via the projection py — ps = Z/2 by permutation of the factors and
let

0: G" — O(m,m)
(I)(Ul) 0
et = ("5 g)

e(¢) = (2 8)

for (uy,uz) € U? and a generator ¢ of .
Let € € HY(k,G") and write the corresponding Galois G"-algebra as

Ee = k[t, s, x;,y5;1 = L...,n]/(t* —b,s —t2, 22 — u;y — 505,y — u; + sv;)

with b, u;, v; € k, b# 0, u? —bv #0 (with obvious G" action, see Lemma 10.2).
Then the associated quadratic form qe = .(§) € H(k,O(m,m)) is given by

ge = (Trey)« (() {1y -+ s pim))
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with K = k[s] C E¢ and with
n
pi=[\N ek, j=1....m
i=1

where
)\i = u; + Sv;
and where ®;; =0, 1 is defined by

.- an) = ([To) 2y

Proof. One easily reduces to the case m = 1, n = 1 and ® = id, which is treated in
Lemma 10.2. O

Proposition 10.4. The natural map j,: H'(G) — H'(Spin(q)) is surjective.

Proof. Let uw € H*(k,Spin(q)) and let ¢, € H*(k,SO(q)) be the associated qua-
dratic form. Then
L (1yer
By the results on 14-dimensional forms in I® one has
u L (1) = (Tr/i)+((s)¢")
with K = k[s]/(s? — b) for some b € k* and with ¢ a 3-fold Pfister form over K
(and with » = (1) L ¢’). Since the left hand side represents 1, there exists a

value —\ of ¢’ with Tk ,(—sA) = 1. As for any (invertible) value —X of ', one
has ¢ = (A, 1, p2)) for some pq, po € K*. Note that

(T k)« ((=8A)) = (L, =Ng/r(A))
Thus
Gu = (TK/k)*(<5><<>‘>> <<#17#2>>/) 1 <—NK/k(>\)>
By Lemma 10.1 it follows that ¢, € J. A diagram chase (see diagram (3)) involv-
ing the coboundary maps H'(k,G), H'(k,SO(q)) — H?(k,u2) shows that there
exists @ € H'(k,G) such that j(@), u € H'(k,Spin(q)) have the same image in
H'(k,S0(q)). Another diagram chase shows that we can arrange j(i) = u. O

We next compute G C Spin(q) C C(q) inside the Clifford algebra. Let eq, ...,
e13 be the standard base of V.

Let ¢ be a primitive 4-th root of unity.

For v, w € V with q(v) =1, q(w) = —1 and v L w let

1+ Cwv

V2
Then w(v, w)w(w,v) = 1 and therefore w(v,w) € Spin(q). Moreover w(v,w)? =
Cwv and w(v,w)* = —1. Furthermore w(v,w)v = vw(v,w)™! and w(v, w)w =
ww(v,w) L. Also w(v, w)vw(v,w) ! = (w and w(v, w)ww(v,w)~! = (v.

Consider the element

wv,w) =

w = w(ey, er)w(es, es)w(es, eg)w(ern, eq)w(er, es)w(eiz, eg) € Spin(q)
Its image in SO(q) is m(w) = W((). Moreover

wt=1
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Next let

& = egesegers, = —(ejperie12€13

Both elements are in Spin(gq) and 7(&) = V(—1,1) and n(8) = V (1, —1). Moreover

=1
B =1
af = —pa
(63)° =-1
waw ™t = B
w@wil = —a
wo?ﬁw*l = &B
awa ! = dBw
aw?a = —w?

Let H be the subgroup generated by w and &. Then B € H and

H = (pa X pa) X iz

with the po generated by & and py X p4 generated by w and dwda™!.

Note further that the diagonal embedding SO(3) — SO(3, 3) lifts to Spin(3, 3).
Thus the connected component of G lifts (uniquely) to Spin(g). This yields:

Lemma 10.5. One has
G~ (SO(3))* x, H
where H acts by permutation of the factors via ¢: H — Z/2, p(&) =0, p(w) = 1.

(I was surprised about the simple structure of H. There ought to be a bet-
ter approach to the subgroup G of Spin(13) than just by a computation starting
from G.)

Proposition 10.6. ed(G) <6

Proof. Elements of H'(k, H) are given by Galois H-algebras which can be written
as

L=k[z,z,y]/(2* — a, 2" —u — sv,y* —u + sv)
with a, u,v € k, a # 0, u? —av? # 0. For the generic case we may assume v # 0 and
replace s by sv and a by av?. Then v = 1. Therefore H-torsors are parameterized
by a and u and we have ed(H) < 2.
Thus an element of H'(k,G) is given by a Galois H-algebra
L=k[z2,9)/(z* —a,2* —u—s,y" —u+s)

and a quadratic form of rank 3 and determinant 1 over K = k[t] C L with t = (zy)?

and t? = u? — a. Thus ed(G) < ed(H) + 2 - 2. O
Corollary 10.7. ed(Spin(q)) <6

Proof. This is clear from Proposition 10.4 and Proposition 10.6. (]
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11. THE ESSENTIAL DIMENSION OF SPLIT Spin(n) FOR n < 14
Let Spin,, denote a split form of Spin(n).

Theorem.

Proof. (Sketch) The cases n = 12, 14 have been just considered. It is not difficult
to extend our considerations to the case n = 11.

As for n = 13: By corollary 10.7 one has ed(Spin;3) < 6. The invariant hg
restricted to Spin;s is nontrivial, for example for

q L (1) =b1({a1,a2,a3)" — (by, ba, b3))")
Hence ed(Spin,3) > 6.
For n =7, 10 one uses that any Spin,,-torsor admits a reduction to G2 X ug resp.
to G X pyg. For n =8, 9 one may use the fact that

Sping — Sping — Fy

induce surjections on H! at the prime 2 and Serre’s H®(Z/2)-invariant for Fj,
cf. [27, III. Annexe, § 3.4] or [28, III. Appendix 2, 3.4] and [14, § 40], [23]. For
n < 6 note that any n-dimensional quadratic form with trivial e;-, es-invariants is
split. [
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