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ABSTRACT: We reprove a theorem of Cerednik on the p-adic uniformiza-
tion of Shimura curves associated to a quaternion algebra over a totally real
number field F' at certain bad primes. The uniformization is given over the
Shimura field. Our method goes back to Drinfeld in the case F' = Q. It
gives also a p-adic uniformization of higher dimensional quternionic Shimura
varieties.



Introduction

Let us denote the complex manifold C\ R by X. The group Gly(R) acts via
linear fractional transformations from the left on X.

We consider arithmetically defined subgroups I' C Gly(R), which are
obtained as follows. Let D be a quaternion division algebra over a totally
real number field F. We assume that there is a single archimedean place
a : F'— R such that D splits in a:

D ®pq R = My(R)

At all other archimedian places D is a division algebra.
Let G be the multiplicative group of D considered as an algebraic group
over Q. We have a natural decomposition:

Ge= [] G,

p:F—=R

The group G(R) acts on X via the projection to G,(R) = Glyo(R).

For any congruence subgroup I' C G(Q) the quotient I'\ X is a projective
algebraic curve. By Shimura it is canonically defined over a number field.
Alternatively one can consider an open compact subgroup C' C G(Ay) of the
finite adelic points of G. Then the curve

She = GQ\(X x G(A)/C)

has a canonically defined model over the Shimura field £ = «(F'). This
model is called the Shimura curve. Over C the curve Sh¢ is a disjoint union
of curves I'\X of the type above. For varying C' one obtains a projective
system (or tower) of curves over E with a right action of the group G(Ay).

Let us identify the fields F' and E by the isomorphism «. Consider a
place p of I such that D, is a division algebra. Then the curve She has bad
reduction in p even if the group C' is maximal in p (i.e. the assumptions of
corollary 3.2 below hold).

In the case where C' is maximal in p the Shimura curve has a model Sh¢e
over Op,, which admits a nice p-adic description discovered by Cerednik:

One starts with the formal scheme Q%p over SpfOp, defined by Mumford.
It is defined as follows [BC]. For each Op,-lattice M C F; one considers
the projective space P(M) over Spec Op,. All these projective spaces are
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birationally isomorphic. One can take the join of any finite set of them, i.e.
the closed graph of the birational correspondence. Going to an inductive
limit one obtains a scheme whose p-adic completion is Q%p Each irreducible
component of this formal scheme is isomorphic to PL, where x denotes the
residue class field of F'. The dual graph of the special fibre is the combinato-
rial Bruhat-Tits building of Gly(F}). It follows from the definition, that the
group PGlp, acts naturally from the left on Qsz

Let D be the quaternion algebra obtained from D by changing the local
invariants exactly in the places a and p. One may choose an isomorphism
between the restricted products over all finite places w # p of F':

I15:=1] b
/ *

In particular we get an action of the left hand side on G(Af) = [T, rinire Div-
Since we assume that C), is the maximal compact open subgroup of D,, we
have a natural isomorphism:

D;/Cy = O,

The group D, acts by the determinant on the right hand side of this iso-
morphism. Hence altogether we obtain an action of the group (D ® A;)* on
G(A;)/C from the left, and hence also an action of the subgroup D*.

Choosing an isomorphism D; = Gly(Fy), we obtain an action of this
group on Q%p We let D* act by the embedding D C D,.

The following more precise formulation of Cerednik’s theorem was proved
by Drinfeld [D] in the case F' = Q.

Theorem 0.1. Let F’p be the completion of the maximal unramified extension
of F. There is a G(Ay)-equivariant isomorphism of towers of formal p-adic
schemes over Fj:

D\(QF, Xspror, SO, x G(Af)/C) = Shey X spror, SpfO,

Here Shyy denotes the completion along the special fibre.

Let 7 be the Frobenius automorphism relative to F, acting on F’p. Then
T acts on both sides of the isomorphisms above via the factor SpfOpp. Let
Il € Dy C G(Ay) be a prime element, acting by multiplication on G(Ay)/C'.
Then the action of T X Il on the left hand side of the isomorphism above
induces on the right hand side the action of T.
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We show how this result may be deduced from the general non archimedean
uniformization theorems for Shimura varieties of PEL-type in [RZ]. By this
method one can extend the result easily to quaternionic Shimura varieties of
higher dimension (corollary 3.4).

If C, is not maximal compact it is not easy to describe a model Sh¢e over
Spec OF,. But one can obtain a uniformization theorem in the rigid analytic
setting.

In the theorem above it is natural to consider the formal scheme N =
(Q%p XSpfOp, SpfOFp) x Dy /C,. Tt is equipped with an action of 7 x IT, which
we call the natural Weil descent datum. By Drinfeld the associated rigid
analytic space N7 admits a pro-analytic étale covering N F, with Galois
group O, acting from the right (see (44) - (47) below).

The space Np, is a rigid analytic space over Sp Fp equipped with a left
action of Dy, a right action of Dy, and a Weil descent datum realtive to
F,/F,.

The space Np, is used to obtain a uniformization for the rigid analytic
spaces (She Xgpec  Spec Fy)™ (see theorem 3.1). The proof is based on the
existence of a determinant map with connected fibers:

*

po

det : Np, Xsp i, Sp ]%p — Fy

In fact we show the existence of a determinant map more generally for the
pro-analytic covering spaces associated to the formal schemes Q%p for any d >
1, and determine the action of the Galois group on the connected components
of the covering spaces (theorem 2.3 below). The case d = 2 is dicussed in
[C] 4.3. We note that there is an analogue of the determinant map in equal
characteristic defined by Genestier [G].

To obtain the uniformization theorems in the generality above we have
to redo the uniformization theorem for the unitary group [RZ] 6.50 under
slightly more general assumptions. This is the contents of chapter 1. Similiar
results have been obtained by Y.Varshavsky, by a totally different method.
Chapter 2 is devoted to the determinant map. Chapter 3 contains the p-adic
uniformization of Shimura curves.

We would like to thank H. Carayol for his constant interest and advices
during the preparation of this work. We also thank A.S.Rapinchuk for helping
us with lemma 1.2.



0.1 Uniformization for the unitary group

Let K be a CM-field with FF C K the maximal totally real subfield. We
consider a division algebra B over K of rank d? with a positive involution
b—— b, be B. Let W = B considered as a B-bimodule. Let

Vv:WxW —Q
be an alternating nondegenerate bilinear form, which satisfies

U (bwy, wa) = P(wi, b'ws).

We fix once for all a rational prime number p. Let us denote by p =
Do, P1, - - ., P the prime ideals of Op over p. We assume that they all split
in K:

.0k = q:7;, 9 #49q;, t=0,...,m.
The prime ideals q¢ and g, will be also denoted by q and q.

We will use the notations B,, = B ®p Fy,,, B, = B @ Ky, W,, =
W r F,,, Wy, = W Qg K, for the completions in the corresponding prime
ideals. We assume that B; is a division algebra of invariant 1/d.

Let Op C B be a maximal order, which has the property that Op ® Z,
is fixed by the involution b — V'. We write I' = Op ® Z,, if we view it as a
submodule of W ® Q,.

We assume that ¢ induces a perfect pairing

el — 7Z,.

The form v determines uniquely an alternating F'-bilinear form

VW XW — F (1)
by the equation
¢(fw1, U)g) = T?”F/Qdiﬁ‘_lfl/;<w1, U)Q),

Here diff is an element of /', which locally at the primes over p generates the
different ideal of F'/Q,. Let G* be the algebraic group over F, whose group
of points with values in a F-algebra R is



G* = {9 € Glpg.r(W ®F R) | @(le,ng) (g )Q/Z(U)hwz)
) €

~( R 1,1U2€W®FR}

Let b — b* be the involution on B given by

¢<w1b, U)Q) = w(wl,wgb*), w1y, We € W ®F R, b € B. (2)

We may rewrite the definition of G* as follows:

G* ={g € (B®r R)™)" | gg* € R*}

The multiplicator is 7(g) = gg*.
Let G* = Resp/pG*® be the restriction of scalars a la Weil. For any Q-
algebra R we have

G*={ge GZB®@R<W ®q R) | Y(gwi, gws) = Y(v(g9)wr, w2)
’7(9) - (F ®Q R>*,w1,w2 e W ®Q R}

On the group of points G*(F) = G*(Q) the maps 4 and ~ will induce the
same map to F™*.

The module schemes we are going to define will be associated to certain
open and compact subgroups C' C G*(Ay) = C;"(AFJ). We will assume that
C is of the following type:

C=C,CP (3)
where
C? C G'(A?)
and .
C,cG(Q)=]]¢

=0

The subgroup C), should decompose

OP = HCPH Cpi - é.(Fpi>’
=0



where Cy, are subgroups of the following form. Since p;Ox = q,;q; we have

a decomposition By, = B, X Bg.. The involution * interchanges the factors
and hence defines an isomorphism

%1 By, — B,
With this identification we may write
G*(F,,) = {(b1,by) € (BI)* x B}, | biby € '} (4)

We assume that there is an open and compact subgroup Cy, C By,
such that

i

Cpi = {(01’02) € qu‘ X Cgipp | €1C2 € F;z} (5)

We assume that Cy C (ngp)* is the maximal open compact subgroup
of this division algebra.

Let us consider the category of abelian schemes over a base S. An
abelian Og-scheme is a pair (A,t), where A is an abelian scheme and ¢ :
Ok — EndA is an action. An isogeny p : (A4,t) — (A',/) is called of
order prime to p, if locally for the Zariski topology on S, there is an element
f € Op, f ¢ p which annihilates the kernel of p. If we invert in the category
of Og-schemes all isogenies of order prime to p we obtain a category AV. Its
objects will be called abelian Og-schemes up to isogeny of order prime to p.

For an abelian Og-scheme (A, ¢) we have a decomposition of the asso-
ciated p-divisible group

X =]]X. x Xg..
=0

Here Ok acts on X, via the embedding Ox — O, etc.. If A€ AV
it makes still sense to speak of the p-divisible groups X, and Xg, while X,

for ¢ # 0 makes only sense up to isogeny. We note that the height of the

p-divisible group Xj, is % | Ky, = Q).

Let Ay be an abelian Og-scheme and A € AV its class. Then
EndA = (EndAo) ®OF (OF)p-

We will denote by Ay the dual abelian scheme and by A € AV its class. A
polarization of A will be a quasiisogeny A : Ag — Ag, such that locally on
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S for a suitable natural number n the quasiisogeny nA is an isogeny induced
by a line bundle ampel relative to S. In fact this condition depends only on
the induced morphism A : A — Ain AV and not on the choice of Ay. A set
of quasiisogenies A — A of the form F*\ = A\F*, where ) is a polarization,
will be called a F-homogenous polarization. Let us denote by A the F-vector
space F'- \.

If there is a X € F*X which induces an isomorphism in AV we call A a
F-homogenous polarization, which is principal in p.

We consider the subset ® C Hom(K,Q,) given by

® = | |Hom(K,T,) (0
=0
If ® denotes the conjugate of ® with respect to the conjugation of K/F we

have B B
U ® = Hom(K,Q,).

Let us fix an embedding a : K;, — @p. The image of a will be
denoted by F.

We define a B invariant subspace Wy C W ® @p, which is isotropic
with respect to ¥. To do this we consider the decomposition

WeQ,= & Woek,Q,

p:K—)@p

The space Wy will be a direct sum of B ®g,, @p—submodules of Wy, CW, =
W ®x, Q,, which satisfy

0 ifped p+#a

. d if p=a

dim W, , = Pod ifp—a (7)
d> ifpc®,pta

These conditions define the isotropic subspace Wy C W ® @p up to a sym-
plectic B-linear automorphism of W ® @p.



The polynomial function on B
det@p (b|W0)
is defined over F and independent of our choice of Wj.

We are now ready to define the following variant of the moduli problems
considered in | RZ] §6.

Let A be the functor on the category of Og-schemes, whose points
A (S) with values in an Og-scheme S are given by isomorphism classes of
the following data
1) An object A of AV over S with an action of Op

t: Op — EndA.

2) A F-homogenous polarization A of A, which is principal in p .
3) For each i =1,...m a generator \; € A ®p F,, mod Cp, N F.
4) A class of isomorphisms of B ® A-modules

7 VP(A) — WAL mod C?

such that the Riemann form on V?(A) given by a polarization A € A
and ¥ on W ® A’} are respected up to a constant in (F ® A’})*.

5) For each i =1,...,m a class of By,-module isomorphisms
ﬁqi : V:h (A) — qu‘ mod Ccli'
The following conditions should be satisfied

(i) The Rosati involution on EndA defined by A induces on Op the given
involution b —— ¥'.

(ii) We have an identity of polynomial functions on Op :
detos (b, Ller) = det@p(b|WO)

for any abelian variety Ag in the class A.
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We remark that the last condition (ii) is equivalent to the following:
The p-divisible group X, of Ag is a special formal O, -module in the sense
of Drinfeld and for 7 = 1,...,m the p-divisible groups X, are étale. Indeed
this follows from [RZ] 3.58 and from the existence of a polarization which is
principal in p.

Proposition 0.2. For sufficiently small congruence subgroups C C G*(Ay)
satisfying the conditions above the sheafification Ao with respect to the étale
topology of the functor A is representable by a projective scheme over Op.

Proof: Let us introduce the notation ZP = Jm Z/n and ZP(1) = 1@. L,

(n,p)=1 (n.p)=
where f,, is the sheaf of n-the roots of unity. We denote by Al 7 the ring
of adeles of F', which have component 0 at infinity and at the prime p. We
define a twist by the roots of unity outside p:

A (1) HF (F @z, Z(1))

Let (A, A, {\:}, 77, {7,,}) be a point of A,(L) for an algebraically closed
field L. There exists a polarization A € A, which is principal in p. To any
polarization A\ of this type we associate a class

cls X € (A (1)7)*/7(CP). (8)

Here (A}, #(1)P)* denotes the set of isomorphisms of AY, s-modules

Isom(A’}yf, (Aiﬂ,f(l)p))

To do this we choose an isomorphisms 7” € 7”. Then by the definition
of Ac there exists an element f? € (A% ; ®3, ZP(1))*, such that

O (x), P (y)) = EXNa,y), z,y € VP(A),

where £ is the Riemann form associated to \. For each i = 1,...,m there
is an element f,, € Fy, such that A = fy,;A;. Then the residue class of
(f?, foss- -+ fqn) in the right hand side of (8) is by definition ¢lsy. This

definition is independent of the choice of nP.

Let F7, be the multiplicative group of totally positive elements of I,
which are umts in p. The residue class of cls A in

Fy o\ (Af (1)) /7(CP)
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is independent of the choice of A € A, and will be denoted by cls A.

More generally we can define a class
cls X € (A%, (1) /1(C?).

for a point of A, (S) for a connected Og-scheme S, and a polarization A € A
which is principal in p by taking the class in any geometric point. Since the
action of the fundamental group leaves 77 invariant (by definition), the class
is well-defined. Again cls A is defined.

Let us choose an isomorphism Z? —s Z,(1) over Ognr, the maximal
unramified extension of O The induced isomorphism

(A% )" /7(CP) — (AR, (1)7)*/4(CP)

is defined over a finite unramified extension R of Og. The prove the propo-
sition we may work over R and ignore the Tate twist by ZP(1).

Let us choose representatives k1, ..., ky € (A’}yf)*/'y(C’”) for the finite

set 't \ (A% ;)*/7(CP). We define a functor A over R by adding to the
data defining A the following:

6) A polarization A € A, which is principal in p, such that cls A = &; for
some j=1,...,m.

The functor Ao is a moduli problem of polarized abelian varieties with a
polarization of bounded degree and hence representable. Indeed a polarized
abelian variety may be extracted from the data 1) — 6) as follows. Let
Wz = Og € W and WP = Wy ®2 7ZP. Then there is a unique abelian
variety Ay C A in the isogeny class A, such that n?T?(Ay)) = W? for any
€0, 1, (1y,(Ao)) = Op ®oy Ok, for any ny, € 7,,, and moreover the
elements \; induce perfect pairings between the p-divisible groups X;, and
X5 fore=1,...,m.

Then A defines an quasiisogeny Ay — Ag, whose degree is bounded by
a constant depending on k1 ...ky and . Moreover we may find a natural
number ¢ = ¢(Kq,...,Kkn, ), such that ¢ - A is induced by an ample line

bundle.
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Hence the sheafification of the functor AC is representable by a quasipro-
jective scheme A, over SpecR. We claim that the morphism

Ap — Ac g

is an isomorphism for sufficiently small C'. The surjectivity of this map is
obvious. For the injectivity we assume that there are two points of A, (S) for
a connected scheme S are mapped to the same point of Ay z(5). That means,
that we have a point (A, A, {\;}, 77, {7,,}) of A¢ z(S) and two polarizations
N, A" e A giving use to points of Aq(S). Then we must have cls\ = cls\”.

Therefore the polarizations A" and A" differ by an element f € F7} N
~v(C®), which is a subgroup of the group of units of F. By a theorem of
Chevalley for sufficiently small C? any element of F7f /N ~(CY) is a square
in F. Then f = u? for u € F. But then the multiplication by u: A — A
defines an isomorphism between the points of A (S) corresponding to X’ and
A\

Hence we have shown that the sheafification of A, is representable by
a quasiprojective scheme Aq. To finish the proof we verify by the valuative
criterion that Ag is proper.

Let R be a discrete valuation ring with algebraically closed residue
field & and field of fractions Q. Let (A, A, \;,77,7,,) be a point of A-(Q)
and Ay € A an abelian variety. We have to verify that Ag has potentially
good reduction. This is standard by Drinfeld [1]: We may assume that A
has semistable reduction. Then the connected component of the special fibre
of the Néron modell A, is an extension

0—G,— A — M —0
where M is an abelian variety. Then we get an action of B on the character
group X*(G, ;) ® Q ~ Q. Since r < dim Ay = 3[B : Q] and B is a division
algebra this is only possible for r = 0. [

The Og-schemes A¢ form for varying C' of the type described above a
projective system with finite transition maps:

Ac, — A, for Cy C O
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We will now define a right action of G*(Ay) on the projective system
{Ac}.
For g € G*(A%}) we consider the action in [RZ]:

g: Ac — Ag—lcg,

which maps a point (A, A, {\;}, 77, {77, }) to (A, A, {\i, g7, {77, })-

Next we consider an idele g, € @'(Fp].). According to the decomposi-
tion Wy, = Wy, & W, we will write

9p; = (gq]"gﬁj)-

Then we define a right action
Gp; - .AC — Agl;]-lcgpj

by associating to (A, A, {\;}, 77, {7,,}) the point obtained by changing Aj to
Xj : ’y(gp_j 1) and T, 10 g, 1ﬁqj while leaving the remaining data unchanged.
Finally we define the action of G"(Fp). Let b € B* be an element and

A € AV be an object with the action ¢ : Ogp — EndA. Then we define a
new action by

P(z) = (b7 ab) for x € Op. 9)

Since b normalizes O ®o, OF, we see that .’(z) is an endomorphism of A.
We will write A® for the pair (A4, (°).

Let A be a F-homogenous polarization of A, such that ¢ respects the

involutions, i.e. the Rosati-involution of A induces on B the given involution

b — . Then (" respects the involutions, if bb' € F*. Let H be the
corresponding algebraic group over Q.

H(Q)={be B* |bl € F'*}
Lemma 0.3. The group H(Q) has the weak approzimation property. [

Proof: Let H' be the derived group. It satisfies the weak approximation
property by [PR]| Theorem 7.8. The center Zy of the group H is isomor-
phic to ReskgG,. The group H is a Zy-torsor over H'. Since the Galois
cohomology H'(k(H')/k(H'), Z) vanishes by Hilbert Satz 90 the variety H
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is birationally equivalent to Zy x H’. This implies the lemma by standard
facts on weak approximation. [

Let us consider an idele g, € G*(F}). We denote by T', = Op®0, Or, C
W, the Op®o,, OF, lattice. Then I'y = I';@®I'g and ¢ induces a perfect pairing
I'y x I'y — Z,. Using this one check easily, that there exists an element
by € By, such that b,I'y = g,I'y and byb, € F;. By the weak approximation
property of H we may assume that b, is the image of an element b € B, such
that bb* € F.

Definition 0.4. The action of g, on the tower is a morphism for each level
gy Ac — Ac
which maps a point (A, A, {\}, 7P, {7,,}) to (A", A, {200}, 7P, {7],,b}).
This definition is independent of the choice of b. Indeed if b is a unit in

Op ®0, OF, the multiplication by ¢(b) : A — A is an isomorphism in the
category AV, which defines an isomorphism of the points above.

Hence the definition of the right action of G*(Af) on the projective
system A¢ is finished.

We set A = lim A¢, which exists as a scheme since the transition maps
are affine. It follows that we have an isomorphsim of locally ringed spaces

A/C = Ac.

For any open compact subgroup C' C G*(Ay) which is maximal in p we
define A = A/C. This is a projective scheme over Og. We show now that
the completion of Ac along the special fibre admits a p-adic uniformization
by Drinfeld’s Q.

Let us denote by s the residue class field of Og. It is an Op,-algebra
via the isomorphism « : Op, — Og. All special formal Op_ -modules over
kK are isogenous. Let ® be a fixed one. The dual p-divisible group P is
naturally OOBE':p -module. The fixed involution b — b’ induces an isomorphism
Op, — ng . We consider the action thus obtained

OBp = OBq X OBE — End(CID X @)

Then the natural polarization on ® x & induces on O B, the given involution
b— b'. We will use the notation X = & x .
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Let us denote by E the completion of the maximal unramified extension
E™. We are going to define a module problem of p-divisible groups on the
category of Op-schemes T, such that p is locally nilpotent on 7. We set
T =T Xspec z, Spec [F,. Let ¢ : T" — Spec Oy be the structure morphism
and 3 : T — Spec Op/(p) —» Spec F its reduction.

Let X be a p-divisible group over 7" with an action of Op,. According
to the decomposition Op, = Op, X OBH we get

X:X1XX2

By the isomorphism Oj;”qp — Op,, we view the dual X, as an Op,-

module. We say that X is of special type if X; and X, are special formal
Op,-modules.

Definition 0.5. Let M be a functor on the category of O z-schemes T', where
p 1s locally nilpotent, such that a point of M(T) is given by the following set
of data up to isomorphism.

1) A p-divisible Op, -module on X of special type on T.
2) A quasiisogeny of Op,-modules over T
p:PX — X

These data are subject to the following condition. The quasiisogeny p
splits naturally into the direct sum of two isogenies p = py X pa :

P1 Za*q)—)Yl, pgi@*é—>72

By rigidity the quasiisogeny p1ps @ Xo — X1 lifts uniquely to a quasi-
isogeny of special formal Op, -modules 0 : X, — Xi. The condition is that
locally for the Zariski topology on T' there is an element f € Fy, such that
f6: Xy — Xy is an isomorphism. Two points (X, p) and (X', p') are called
isomorphic, if there is an isomorphism o : X — X' of Op,-modules, such
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that the following diagram is commutative

X
/(
7*X I a
N
X/

By [RZ] theorem 3.25 the functor M is representable by a formal
scheme locally formally of finite type over SpfOp. In fact it will follow later

(30) and the remark after definition 0.11 that M is a p-adic formal scheme.

Let us denote by 7 : Spec O — Spec O the morphism induced by
the Frobenius automorphism of the unramified field extension E /E. For an
O g-scheme T' we denote by Tj, the Op-scheme which is obtained by replacing
the structure morphism ¢ by 7¢. A formal Op,-module X of special type on
T remains of special type when it is regarded on T}). Let us denote by

Frob : X — 77X
the Frobenius relative to k.

The formal scheme M is equipped with a Weil descent datum [RZ]

£: M(T) — T"M(T) = M(Tj). (10)

It associates to a point (X, p) € M(T) the point (X', o) € M(ﬂT]), where
X" = X and p/ is the composite
%* (Frob) ™!
Frx TR x fx (11)
Let us denote by J°(F,) the group of all quasiisogenies of the Op,-module
X, which respect the polarization of X up to a constant in Fy\. If we write

h = (hy,hy) : ® x ® — & x ® the condition h € J*(F,) is equivalent to
hohy € Fp* . The homomorphism h + hyhy will be denoted by:

Ygo : T (Fy) — Fy (12)
There is a natural left action of J*(F},) on M:
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Definition 0.6. Let (X,p) be a point of M(T) and g € J*(F,). Then
h(X, p) is defined to be (X, ph™').

We next define a right action of the group G*(F,) on M. For g € G*(F})
there is an element b € Op,, such that gI' = bI', where bb' € F}".

Definition 0.7. The right action of g € G*(F,) associates to a point (X, p)
the point (X°, 1(b=Y)p), where X? is defined exactly in the same way as for
abelian varieties.

Next we define the uniformization morphism

O : M x G*(A%, ) /CP — Ac Xspec 0, SPec O (13)

We note that we have defined a right action of G*(Ars) = G*(A;) on
the projective system on the right hand side. We have also a right action
on the left hand side of (13) of the group G*(Ag;). Indeed the action of
C:"(A'}’ ) is by definition the obvious one, by while G*(F,) acts via M by
definition 0.7.

By the required equivariance it is enough to define © on M x {1}. By
the same reason we may assume that the group C' is sufficiently small in the
set of open compact subgroups of é'(AE 7) which are maximal in p. The
definition of the morphism © will depend on the choice of a point indexed by
the letter s: (A, Ay, {Asi}, 72, {7,q,}) € Ac(F) for some sufficiently small C.
We also choose elements nf € 7 1,4, € 1,5, and Ay; € Xs,i. The p-divisible
group X, of Ay will have a decomposition:

X, = [[(Xeg x Xoz).
=0

Let us denote by X, = X, 4 X X3 the p-component of the p-divisible group
of A,. Tt does not change M if we assume X = X p. Given a point (X, p) €
M(T) there is up to a unique isomorphism an object A in the category
AV over T whose p-component of its p-divisible group is X together with a
quasiisogeny (A,)7 — A which extends p : X; — X. Pushing forward the
data Az, 72, 754, and Ay, we obtain a point (A, A, {\;}, 77, {7,,}) € Ac(T).

Finally by the criterion of Serre and Tate the given lifting X of X
defines a unique lifting of that point to a point

O((X,p) x 1) € Ac(T).
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One checks immediately that the morphism thus defined is equivariant
with respect to the G*(F,) actions given by the definitions 0.6 and 0.7.

Hence O is é'(AEf)—equivariant by definition. Our next aim is to
determine the fibres of the morphism ©. Let us denote by ¢ —— ¢ the
Rosati involution induced by A on the finite dimensional Q-algebra End’ A,.
We set

I*(F) = {p € End% A, | ¢’ € F*}. (14)

We regard I* as an algebraic group over F. Let 4 : I* — G, r be the
morphism given by ¢ — ¢¢'. Let us denote by I* = Resp/p*® the restriction
& la Weil. We are going to define group homomorphisms:

I*(Q) — J*(F,)
I'Q) — G*(F,) i=1,...m (15)
I'(Q) — G*(A})

Since J*(F}) acts on M from the left definition 0.6 we get an obvious
action 1*(Q) on M x G*(AY, ;)/C? from the left.

The first morphism of (15) associates to ¢ € I*(Q) the induced quasi-
isogeny of the p-component X of the p-divisible group of A,.
To define the second type of homomorphism we use the isomorphism

G*(Fy,) — GLp, (W @k Kq,) x Fy,

which is given by the natural action of G*(F,,) on W& K, on the first factor
and by 4 on the second factor. Hence it is enough to define homomorphisms
& I°(Q) — Glp, (W ®k K;,;) and I*(Q) — F;. The last morphism is

given by 4 on I(Q), while &; is defined by the commutative diagram

ti ()
Vi, (As) Vi, (As)

ﬂs,qil l"?&qi

W ok K, 2 Wk K,
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The third morphism of (15) is defined by a similar diagram involving
VP(As) and W ®@q A%

Since the p-divisible groups X, ,, and X5, for ¢ = 0...m are isoclinic,
it follows from [RZ] 6.29 that the algebra B = End%A, with its Rosati
involution ’ is characterized up to isomorphism by the following properties:
(B, ') is a central division algebra over K with a positive involution. We
have isomorphisms of algebras with an involution:

(B®r ALy, ") = (BT @p A% f, %)
(B®r Fp, ') =2 (Mg(F,) x My(F,)", switch) (16)
Here * denotes the involution defined by (2) and switch denotes the involution
which interchanges the factors.

Hence I* is the inner form of G*, such that I*(F®R) is compact modulo
center and such that we have the following isomorphisms:

I*(A%,)) = G (A%,)
I'(F) = T*(F,) (17

It follows as in [RZ] 6.29 and 6.30 that © induces an isomorphism of
formal schemes

O : I*(Q) \ M x G*(A%, ) /C" — Ac xspe0, SPf O, (18)

where A¢ is completion along the special fibre of Aq. Let us now compare
the descent data on both sides of (18).

We define ; € é'(ij) for 5 =1,...,m as follows. The action &; on
the first summand of the decomposition W, = W, & W5, is the identity, and
on the second direct summand is multiplication by ¢, where ¢ is the number
of elements in the residue class field x of E. Let us denote by &P € é'(A'}’ 1)
the idele with components §; at the primes p;,7 = 1,...,m and 1 elsewhere.

Lemma 0.8. The canonical descent datum on the right hand side of
O : M x G*(A%)/CP — Ac X spec0p Spec Op.

induces on the left hand side the Weil descent (10) datum on M multiplied
with &°.
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Proof: Let T" be a scheme over SpfOp and ¢ : T' — Spf O be the
structure morphism. To compare the descent data on both sides of (18)
we start with a T-valued point (X, p) x g of the left hand side. Here p :
X — X7 is a quasiisogeny. For the comparsion we may assume g = 1.
Let (A, A {\},77,{7,,}) € Ac(T) be the point described in the definition of

©. The natural descent datum
Ac(T) — AC(T[T])

maps this point to the same abelian variety A with additional structure
regarded on Tj;. The descent datum on M maps p to the quasiisogeny

p1 = po @ Froby' : X — X — X~

The image of (X, p1) by © is obtained as follows. We extend p; to a quasi-
isogeny of abelian varieties
2* (Frob; 1)
FTA, ot A — Ar
and push forward the data on ©*7* A, induced by As, As;, 18,154, We note
that FI"Ob;lsl just induces the identity on the Tate-modules.

Frob,!

Vi(As) = T Vi(As) = V(T As) - —" Vi(Ay)

Hence the push-forwards of n% and 7, are 7" and 77,.. We claim that
the push-forward of an element A € A, by Frob;i is ¢ - A\. Indeed this follows
from the commutative diagram

Frob;i
T"A, — A,
?*AiJ/ J/)\i
T"A, —— A,

Frob;i1

S

and the equality

—

Frobgi = Frob, - q
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The assertion of the lemma is now obvious.

To the group G* and the module (W, ) there is associated a Shimura
variety. We set S = Resc/rG,,. Let

h*:S — Gy (19)
be a morphism of algebraic groups such that h® defines on Wx a Hodge struc-
ture of type (1,0),(0,1), and such that (w1, h*(v/—1)ws), wi,wy € Wy is
symmetric and positive definite. Then h® is determined by these proper-
ties up to conjugacy. Let Sh(gs pe)c the corresponding Shimura variety, i.e.
tower of projective algebraic varieties indexed by C' C G*(Ay). As above
we restrict our attention to those C, which satisfy the conditions under (5).
Then Shge je),c is for sufficiently small C' a fine module scheme for the étale
sheafification of the following functor. Let E(h®) be the Shimura field.

Then a point of the functor over a E(h®)-scheme S is given by the
same data and conditions as a point of A except that the data 3) and 5)
are replaced by a single datum 3’ :

3’) For each i =1,...,m a class of B,,-module isomorphisms
ﬁpi : V;% (A) — sz‘ mod Cpi

which respects the bilinear forms on both sides given by A respectively
Y up to a constant in F;.

We fix once for all a diagram:

According to this diagram the Hodge structure We = W0 @ W1 given by
the morphism A*® defines a corresponding decomposition:
W@p — WLO D WO,l (21)

We require that W10 satisfies the conditions of (7) on the space W.
The condition may be reformulated as follows. The trace of an element
b € B acting on WY is of the following form

Tre(BW'?) = > r,(Tr'), (22)

p:K—C
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where r, are natural numbers, such that r, +r, = d.
Then the condition (7) is equivalent to:

0 ifped, p#£a
. 1 if p=a (23)
P d—1 ifp=a

d if pe®,p+#a

The diagram (20) determines a p-adic place of the Shimura field F(h®). One
checks easily, that under the conditions (23):

E(h*), = a(K,) = E.

We compare now Shge pe),c and Ac as varieties over E. Let Eje /E
be the field extension obtained by adjoining all p"-th roots of units for all
n > 0. An element o € Gal(E,~/E) operates on the Ej~-valued point of
Q,(1) by multiplication with an element u, € Zs. It may be helpful to note
that the descent datum on the constant scheme Q, relative to E,~/E giving
rise to Q,(1) is multiplication by u*'.

Lemma 0.9. There is an isomorphism
Sh(Ge ne).c X spec B SpeC Epoe — Ac X spec 0y Spec Epeo

such that the action of ida, X o on the right hand side gives on the left hand
side the action by U, X o, where u, € K*(Ay) is the image of u, by the
diagonal embedding
Q — [ 5z c K*(Ap)
i=1

Proof: We choose an isomorphism Z, — Z,(1) over Spec E,~ and
denote by ¢ € Z,(1) the image of 1.

Let ¢ : T" — Spec Ep~ be a scheme. We define a morphism

5 : Sh(Go7ho)7c(T) — AC(T)

Let (A, A,77,7,,) € Sh(ge ne),c(T) be a point. The image
(A, A {N} 7P, {7,,}) by a is defined as follows. Let 7,, € 7, be an isomor-
phism. It decomposes as a direct sum
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This already defines n,,. To finish the definition of { we need to say
what \; is. We give it by the equation

E™(x,y) = " (v (my, (), 15, (1)), @ € Va,(A),y € Vg, (A).

Here E* denotes the Riemann form associated an element \; € A @
F,,. Let 0 € Gal(E,~/FE) be an element of the Galois group. We regard
(A, A, 77, 7m,,) as a point of Shge pe)c(Tjs)). Its image by & has the form

(A A, TP, 4{7,)).

The classes X; are given by

EX(z,y) = ¢*0*(O)¢ (g, (x), 75, (1))
= uaw*(C)@b(nqi(x)v nﬁz(y))

This implies A, = A\u,. By definition of the action of K*(Af) on A¢ this
implies that we have a commutative digram

Sh(Go,ho)g (T) —_— AC (T)
canl lcan-ﬁgl
Sh(G‘,h‘),C (7—1[0-}) —> AC (T[cr})
The lemma follows. [

We may now state the main theorem on the uniformization of the
Shimura variety Sh(ge je). Let ng be the maximal abelian extension of Q,.

We set £ = EQZ” = Epo B, Let a € Q5 and o be its image by the Artin
reciprocity map Qy — Gal(@gb /Q,). We denote by a the image of a by the
diagonal map

Q, — [ K5 c K*(Ap). (24)
=1
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We will now assmue that a is in the inverse image of Gal(E/E) C
Gal(Q%/Q,). Then we define a Galois twist ShEG‘,h‘),C of Shyge pey,c over E

by the condition that there is an isomorphism over F
Sh(G',h'),C’ XSpecE Spec E ;> Shl(tGoJLo)’C XSpecE SPGCE,

such that for any E-scheme T the following diagram is commutative

Sh(G-ﬁ-)p(T) — Sh]EG',h'),C (T)

can-g—1 J/ lcan

Sh(ge ne),c(Tjo)) — Sth-,h-),c(T[a})'

Here can is the descent datum which comes from the E-structure on both
sides.

We may interpret Sth.,h.) as a Shimura variety: Let us denote by
Z* = Resk oG, k the center of the group G*.

Over Q, we have a decomposition:

Z@p = H RQSin/Qme,in X H RGSK(E /Qmequ'i (25)
i=0 1=0
Let

u’;( : Gm@p — Z@p
be the morphism, which is trivial on the first m + 2 factors, and which is
given by (24) on the last m factors. According to the diagram (20) we may
view pb as a morphism G,, ¢ — 25, Let h% : 8§ — Zg be the morphism
with first component z%.. Then Shfg.yh.) coincides with the Shimura variety
Sh(G.ﬁ.(h?{ )-1y- Let us also introduce the morphism

MK Gm,(@p — Z@p,
which is trivial on the first m + 1 factors of (25) and is given on the last

factors by the canonical adjunction morphism

Gm,(@p — ResKai/Qp Gm,Kﬁi
There is a morphism hyx : § — Z3 associated to pg, exactly as above for
p
Hr-

23



Proposition 0.10. There exists a tower of projective schemes Sht, over O,
where C' runs through the open and compact subgroups of G*(Ay), which
satisfy the conditions after (3). The tower is equipped with a G*(Ay)-action
from the right. The general fibre of this tower is the tower Sh(G‘,h‘(h*}()—l),C
with its natural G*(Ays)-action. There is a G*(Ay)-equivariant isomorphism
of formal schemes over SpfO

O : I"(Q) \ M x G*(A%. ;) /CP — She: X spr0,, SPfOs. (26)

Here Shé denotes the completion of Sht, along the special jflbre. The left hand
side of (26) is equipped with a Weil-descent datum via M (see (10)). This
is mapped by © to the canonical Weil descent datum on the right hand side.

Proof: This is a consequence of the lemma (0.8), the lemma (0.9), and
the explicit computation of the Artin reciprocity law for Q, ([CF] Chap. VI,
Thm. 3.2). O

We will reformulate the last proposition in terms of the formal scheme Q%
defined by Deligne ([RZ] 3.71).

Let N be the formal scheme over Spf O, which classifies quasiisogenies
of the special formal Op -module ® over the Op,-algebra 5. We recall the
definition from [RZ] 3.59 and 3.21, using the notation of our definition (0.5).

Let T" be a scheme over Spf O}, where p is locally nilpotent.

Definition 0.11. An element of N'(T) is given by the following data:

1) A special formal Op,-module Y over T, with respect to T — SpfOy =
Spf OFp-

2) A quasiisogeny
p1: P — Y7

This is a p-adic formal scheme as shown in [RZ] 3.63. It is equipped
with a Weil-descent datum relative to £//E

& N(T) — T*N(T),

which is defined exactly in the same way as the Weil-descent datum for M
after definition (0.5). Let us denote by G, the algebraic group over F, given
by:
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Let us denote by J(F}) the group of quasiisognies of the special formal B,-
module ®. There is an isomorphism J (F,) = Gly(F}),which we will fix ([RZ]
3.71).

We define a left action of J(F,) and a right action of Gy(F,) on N, as
follows:

MY, p1) = (Y, mh™), heJ(F) (28)
(Y.p1)g = (Y°,u(bN)p1), g€ Gy(F) (29)

In the last definition b € By is any element satisfying gI'y = bI';.
We have a natural isomorphism of formal schemes:

M — N x (Fr/O},) (30)
(X’ P) = (Xlapl) X f

Here (X, p), (X1, p1), and f have the same meaning as in definition 0.5 .

By Fy/Op, we denote the constant formal scheme over SpfOy. We
define a Weil descent datum relative to £ /E on this formal scheme, such
that

Fy /Oy, — (8 /OF,) = F;/OF,
is the multiplication by ¢ = card k. If we take this Weil descent datum into

account we write Fy/OF (1).

Proposition 0.12. The map (30) defines a morphism compatible with the
Weil descent data : 5 }
M — N x F;/O}p(l) (31)

Proof: This follows because the push forward of the canonical polar-
ization 7%(\g) on 7X by Frob™' : 7*X — X gives the polarization g\o.
O

We define isomorphisms
G*(Fy) — Gy(Fy) x Fy (32)

j.(Fp)Hj(Fp)XF;a (33)

such that the morphism (31) becomes equivariant with respect to the various
actions defined above. The morphism G*(F,) — G,(F}) is the restriction
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with respect to the inclusion W, — W, ® Wy = W,. The map G*(F,) — Fy
is the multiplicator 4. The morphism J*(F,) — J(F,) is the restriction
with respect to the inclusion ® — ® x ®. Finally 7. : J*(F,) — Fy is the
multiplicator (12).Therefore we may rewrite the uniformization morphism

(26) as follows
o ~ At
O : I*"(Q)\ N x F;/OF (1) x G*(A}, ;) — She Xspro,, SpfOp

Taking into account that S’htc is a model over Spf Og of Sh(ge pe(ny)-1),cr We
may reformulate the proposition 0.10 as follows:

Theorem 0.13. Let C C G*(Ay) be an open compact subgroup which is
mazimal in idealp. Then there exists a model Shge pe (h,)-1),c over SpecOg
of ShGe ne(hi)-1),c and a G*(Ay)-equivariant morphism of formal schemes:

I*(Q)\ N x F; /O3, x G*(A%, })/C' 5 Shigens(ni)-1).c Xspron SpfOg, (34)

which is compatible with the canonical Weil descent data on both sides relative
to E/E. The canonical Weil descent datum on the left hand side is here the
descent datum induced from the given Weil descent datum on the factor N .
OJ

Using [RZ] 3.72 it is easy to rewrite the theorem above in terms of
the formal scheme Q4. Let us denote by II a prime element of the division
algebra B;. Then we have an isomorphism of formal schemes:

./\7 — (Q% X8pfOg SpfOE) X 7 (35)
Y, p1) — YT II™)p, x —n
Here Z denotes the constant formal scheme over Spf O. The integer n is the
relative height of p; with respect to the action of Op, . The relative height is
the multiple of the usual height, which satisfies that the isogeny induced by
IT on a special formal Op -module has relative height 1 (see [RZ] 3.53 ).

If we equip Z with the Weil descent datum relative to SpfOg/SpfOp
given by

7 — TL =17,
n—n+1
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and Q% Xspfop SPf Op with the natural Weil descent datum the morphism
(35 ) becomes compatible with the Weil descent data.

The action of Gy(F},) on A induces on the right hand side of (35) the
trivial action on the first two factors and the addition with ordeNmOg on
the factor Z. Here g € G,(F,) = (Bg)*, and Nm is the reduced norm from
BgP to F,. One may choose the isomorphism J(F,) & Gly(F,) in such a
way that the action of h € Gly(F}) induced on the right hand side of (35) is
the natural action of A on the first factor Q%, is trivially on the second factor
and is addition with ordg, det h on the factor Z.

We have surjective homomorphisms:

G*(F,) — Z x F} /Oy,
9= (g1, 92) = (ordg,Nm°gs, Mg))

T*(Fy) — Z x F} [0},
h = (hl, hg) — (Ol"de det hl; )\7' (h))

The kernel of the first of these maps is the maximal compact subgroup €y, C
G*(F},). Hence we obtain a homomorphism

J*(Fy) — G.(Fp)/cp

(
Taking this into account we may rewrite the uniformization isomorphism (34)
as a G*(Ay)-equivariant isomorphism of towers of formal schemes over E:

36)

0 : I°(Q) \ (Q% xsprop SPEOy) x G*(A;)/C =
Sh(G',h'(hK)*l),C XSpfoE SpfOE (37)

The group G*(Ay) acts on the right hand side of that isomorphism only over
the factor G*(Ay). The action of I*(Q) defining the quotient on the left hand
side is via the morphisms (15). Here the action of the group G*(A%; ;) from

the left is the obvious one, while the left action of J*(F,) on the factor Q4
is via the obvious morphism J*(F,) — J(F},) defined above (33) and the
action of J*(F,) on G*(F},)/C, is given by the morphism (36).
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Finally the Weil descent datum on the right hand side gives on the left
hand side the Weil descent datum induced from Q4 times the action with
the idele (I, IT"') € G*(F,) C G*(A;) (with the notation of (4)).

There is a rigid analytic pro-space M associated to the functor ./\>l,
which was introduced in [RZ] (5.34). The pro-space M is defined over E. It
is equipped with an action of G*(F,) from the right and an action of J*(F,)
from the left.

We set:

G.(OFp) ={g¢€ é.(Fp”QFp =TIy}

By definition 0.7 this group acts trivially on M.
Let M™9 be the rigid analytic space associated to M. There is an
equivariant étale covering map

M —s M9, (38)

with respect to the actions of G*(F,) and J*(F).

Moreover there is a Weil descent datum on M relative to E /E, which
is compatible with the Weil descent datum on M9 with respect to the map
(38).

We will work with compact open subgroups C), C é‘(Fp) of the form
(5), but we do no longer assume that Cy C (BgPP)* is maximal. The pro-space
M is a projective limit of rigid analytic spaces Mg, = M/C;.

To define the various actions on M we make the following remark. Let
Z be a formal p-adic scheme over SpfOj. We denote by Z" the associ-
ated rigid analytic space in the sense of Raynaud. We work in the category
whose objects are p-adic formal schemes Z over M and whose morphisms
are morphisms of rigid analytic spaces over M9, Then the spaces M,
may be regarded as representing objects for the following functors. A point
of M, (Z£7) is a pair (X, p) over Z as in the definition 0.5 and a class of
isomorphisms 7, : T,(X") — I'y, moduloC,. We require, that an element
N, € 7, respects the symplectic structures in the following sense: The natu-
ral polarization on X = ¢ x d induces a quasipolarization A on X. We note
that A induces a quasiisogeny X; — X,, which was denoted by 671 in the
definition 0.5. Let

E* Tp(XMg) X Tp(XMg> — Qy(1)
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be the corresponding Riemann form. Then we require the existence of an
element f € (F, ® Q,(1))* such that:

EX(ty,ta) = (frp(tr), mp(ta)),  t1,ta € TH(X™) (39)

The class of f in (F, ® Q,(1))*/~v(C,), does not depend on the choice
of n, € 7,. We may also work with the F,-bilinear form associated to E* and
¥ (compare (1)). Then the equation (39) becomes:

EA(th ty) = f&(np(h)a mp(t2))

The spaces M are used for the rigid analytic uniformization of Shge ¢ for
open compact aubgroups C' C G*(Ay), which are not necessarily maximal in
p. For this we introduce a functor A on the category of schemes over E,
which in the case C, maximal, is the general fibre of the functor Ac. The
functor A is defined by adding to the definition of A¢ the following datum,
which makes only sense in characteristic 0.

7) A class of By,-module isomorphisms

My Vo(A) — W, modulo C, (40)

Here V,(A) denotes the p-part of the rational Tate module. We require the
following two conditions are satisfied: Firstly the Riemann form on V,(A)
induced by A € A and the form v are respected by 7, up to a constant in
Fy. Secondly the Tate module T, (A) is mapped by any n, in 7, to I'y.

Again the sheafification of the functor A is representable by a projec-
tive scheme A..

Let us denote by C,,,, C é’(Fp) the maximal open compact subgroup. Let
Crn C G*(A 7) be the subgroup obtained from C' by changing the p-part C,
to Cy -

We remark that for C' = C,,, our second requirement in the definition of
A already determines the datum 7, uniquely. Hence in this case the schemes
Ac p and Ac agree. In general there is an étale covering morphism As —
Ac,,, which classifies isomorphisms 7, as above for the universal abelian
scheme on Ag . From this it follows that the uniformization isomorphism
(18) gives rise to a uniformization isomorphism of rigid analytic spaces:

I*(Q)\ M x G*(A};)/C — ALY x5, SPE (41)
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The Weil descent datum (10) on M relative to E/E extends naturally to
the following Weil descent datum on M:

M(Z7) — M(Z]¥) (42)

(Xa P, ﬁp) = (X7 PFrOb;gla ﬁp)

The assertion concerning the Weil descent data of the lemma 0.8 remains
true for the morphism (41). Hence we obtain by twisting the morphism (41)
in the same manner as in proposition 0.10 :

Proposition 0.14. There is a G*(Ay)-equivariant isomorphism of rigid an-
alytic spaces over Sp E

1@\ M x Go(A)/C — S, L o %spm SDE, (43)

which is compatible with the Weil descent data given on both sides. The right
action of G*(A¢) on the right hand side of (43) for varying C' is induced on
the left hand side the obvious right action of é'(A'}’f) and the right action
of G—"(Fp) via the factor M. The quotient by I°(Q) is defined exactly in the
same way as after (15).

We now refomulate this result in terms of the rigid pro-analytic covering
space N — N which is defined in the same manner as M (see [RZ] 5.34
for the general case). The space N is equipped with a right action of Gy (F}),
a left action of J(F,), and a Weil descent datum relative to £/E.

Let Z be a formal p-adic scheme over SpfOp. Let Z2 — N7 be a
morphism given by a pair (Y, p1) as in definition 0.11. For an open compact
subgroup Cyq C G,(F,) = (BP*)* a morphism Z"9 — Ng, is given by a class
of Op,-module isomorphisms

m : Tp(Y) — I'y modulo C, (44)

The actions of G,(Fy), J(F}), and the Weil descent datum are given in the
same notations as (28) and (29) as follows:
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h(Yv plaﬁl) = (K plh_laﬁl) (45)
(Y.p1,m)g = (Y*, (07 )pr, g ' T (1(D))) (46)
N(Z2") — N(Z(;]g) (47)

(Y, pr, 1) = (Y, p1Frobg i)

Consider a congruence open compact subgroup of C, € G*(F,) C (BgPP)* x
B of the form €, = Cy x Cg#P. By the formula (39) we obtain a morphism:

Mg, — Ne, < (F7(1)/9(Cp)) (48)
(X7 P, ﬁ) = (X17p17 ﬁq) X f
Here the notations X7, p; are from the definition 0.5. The rigid space
Fx(1)/~(Cy) is a space over E, which over E,~ becomes isomorphic to the

constant space Fy/v(C,) equipped with the descent datum given before
lemma 0.9:

E5 A (C)(T) — F7 /A (Co)(Tie)) (49)
froug'f
Let us denote by Fy(recg, ) the constant pro-scheme Fyf = * ligl "Fy /Uy

over Q, with the following Weil descent datum. Let recg, : Wg, — @} be
the reciprocity law of class field theory. Then for € € Wg, the Weil descent
datum is given by:

(1) — i (T)
f = recg,(e)f

We may regard Ff(recg,) as a pro-scheme over @p with a Weil descent datum

relative to @p /Q,, but we may not consider it as a scheme over Q,. Let us
denote by Fy(recg,)r the pro-scheme over E obtained by base change from
Qp to E together with the induced Weil descent datum relative to £/E.
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Proposition 0.15. The morphism (48) defines an isomorphism of rigid pro-
analytic spaces

M — N x F)(recg, )k, (50)

which is compatible with the Weil descent data on both sides. The map (50)
is equivariant with respect to the morphisms (32) and (33).

Proof: We have to show, that the morphism (48) is compatible with
the Weil descent data on both sides relative to £ /E. Hence it is enough to
look for the Frobenius element in Gal(E/E). The effect of the Weil descent
datum at the Frobenius element on M is by definition, that it changes p to
pFroby' (see (42)). If A on X is the push-forward by p of the canonical
polarization on X, then the push-forward by p o Froby! is ¢f. O

We obtain a rigid analytic version of theorem 0.13.

Theorem 0.16. For any compact open subgroup C C G*(Ay) there is an
tsomorphism of rigid analytic spaces over Sp E:

(Q\N x Fy x G*(A}, ) /C 5 SH peiniy-1y.c Xspe SPE, (51)
which is G*(Ay)-equivariant, and compatible with the Weil descent data on
both sides. The right action of G'(A%’f) on the left hand side is the obvious

one, while the right action of é’(Fp) is the action on N x Fr given by by the

homomorphism (32). The action of I*(Q) defining the quotient on the left
hand side is given by the homomorphisms (15), and (33).

Proof: One inserts (50) in the isomorphism (43) and twists the result
by the reciprocity law belonging to hy'h¥..

It is obvious that our proof gives the following generalization of the last
theorem. Consider the situation F, K, B, at the beginning of this chapter.
Let ® be the CM-type defined by (6). Let P = {po,...ps} for some rational
number s < m. We fix embeddings ag : F,, — @p, o Fyo— @p. Let
us assume that B, is a division algebra of invariant 1/d, for ¢ = 0,...,s.
Let h* : S — G*(R) be the morphism defined up to conjugacy by (19). We
require that the numbers r, defined by the Hodge structure h® (22) are as
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follows:

0 ifped p&{ag,...,as}
1 if pe{ao,...,as}

o=

g d—1 ifpe{ap,..., a}

d if pe®, p&{a,... a}
Let us denote by E; = a;(K,,) Let N; be the formal scheme over Spf OEiv

which classifies special formaf Op,, with respect to o; for i = 0,...,s (cf.
definition 0.11). Let N; — N/ be the rigid pro-analytic covering space
over Sp £;. We denote by E the compositum of the fields E; in Q,. Let
Nig =N, Xgp i, OP E be the space obtained by base change. It inherits from

N; a Weil descent datum relative to E /E. With these assumptions we have:

Corollary 0.17. For any compact open subgroup C C G*(Ay) there is an
1somorphism of rigid analytic spaces over Sp E:

'@\ [(Nig x F) x G*(AL)/C 5 Shide pny-1yc Xspe SPE, (52)
i=0

which is G*(Ay)-equivariant, and compatible with the Weil descent data on
both sides.

Here I* is the inner form of G*, such that I*(F ®R) is compact modulo
center and such that we have the following isomorphisms:

I*(Af;) = G*(AL))

I*(F,) =2 J(F,), fori=0,...,s

12

0.2 The connected components of the rigid
analytic covering spaces

We will obtain the connected components of M from the uniformization the-
orem and the knowledge of the connected components of a Shimura variety

associated to the group G*. In contrast to chapter 1 we will denote an open
compact subgroup of G*(Ay) by C*.
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Let us introduce the torus 7 :

T* = {(k, f) € Resg/pGmx X G rlkk = [}
We do not indicate the dependence on the degree d? of the divison algebra
B/K in the notation of T°. We have a surjective homomorphism:
0 Gt — T (53)

It maps g € G* to (Nmg,3(g)) € T*. We denote here by Nm® the reduced
norm EndgW — K. The kernel of the map 9* is the derived group G*%".
We also consider the Weil restriction of (53):

9 Gt T (54)

Let (hy, hg) : ®x & — & x ® be an element in 7*(F,). We define a morphism:

9% - T(Fy) — T°(F,) C Kq x K5 x F, (55)
(h1, hy) — (det(hy) x det(hy), hohy)
Here det denotes the determinant on the matrix algebra Endp, ® respectively
Enngppi).

We will denote by EC; the algebraic closure of E. If we speak about a

rigid analytic space over E we mean that it is naturally defined over some
finite complete extension of E.

Proposition 0.18. Let Cy C é'(Fp) be an open compact normal subgroup.

The right action of é'(Fp) and the left action of J*(F,) on Mgy provide
actions on the geometric connected components WD(MC‘;). There 1s an equiv-
ariant isomorphism

detys : mo(Mes) — T°(F)/9°(Cy) (56)

with respect to the morphisms

9 GNE) — T(E,), 9% :J(F) — T°(F).

The isomorphisms (56) are functorial in Cj.
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If we view Wo(MC‘;) as a constant rigid analytic space over E, it is
provided with a W(E/E)-descent datum. Hence on the right hand side of
(56) we get a similar descent datum. It is described as follows: Consider the
following “reciprocity” map

Rez:W(E/E) — E* —T*(F,) CK; x K: x F,
o —er—  al(e) x a e ) (Nmg/g,e)? x Nmpq,e

where the first arrow is the reciprocity law of local class field theory. Then
the descent datum on the right hand side of (56) is given by multiplication
with Rez(o) € T*(F}):

T*(Fy)/0°(C2) "2 T*(F,) 9°(Cy) = (T*(F,) /0 (C2))°

Here the last identification is the descent datum on the constant rigid analytic
space T*(F,)/9*(Cy) over E.

Proof: We do not know a local decription of the map (56), but we
should note here that in the theory of Drinfeld modules there is an analog of
the map (56) which admits a purely local description (Genestier [G]). For this

proof we denote by Sce the rigid analytic space Shzg”.jh.(hp),l)jc. Xsp SpE
for an open compact subgroup C* C G*(Ay). Since we work over E, we will

denote during the proof by M, what is M Xy Sp E in our usual notation.
The uniformization isomorphism (43) then reads

~

0 : I°(Q) \ M x G*(A},,)/C* = Sce.
Taking the connected components we get an isomorphism

~

I*(Q) \ mo(Mgg) x Cﬁ?‘(A’fw,f)/C"’J — mo(Sce). (57)
Let us denote by T°(Q), the elements of T°(Q), which lie in the connected
of 1 € T*(R). More explicitly 7*(Q)+ is the subgroup of
T*(Q) ={(k,f) € K" x F* | kk = f},
which consists of elements (k, f), such that f is totally positive. If d odd we
obtain 7*(Q), = T*(Q).
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By [De] 2.7 we have a G*(Ay)-equivariant isomorphism

mo(Sce) = T*(Q)+ \ T°(Ay)/9°(C*),

where the action of G*(Ay) on the right hand side for varying C* is via the
homomorphism

9° L G (Ay) — T*(Ay).

In particular the derived group G*4e" (A% ;) acts trivially. Tt follows that (57)
induces a G*(Ay)-equivariant isomorphism

I*(Q) \ mo(Mcg) x T* (A}, ) /0°(C*") == T*(Q)+ \ T*(Af)/0°(C*)  (58)

We note that I* is an inner form of é‘~and that I*(R) is compact
modulo center. Hence we have a morphism 97 : I* — T°. Let A =
Hom(X}, (T*),Z). Then we have maps [RZ] 3.52

G*(F,) — A (59)

I*(F,) — A

It follows from [RZ] 6.17 that in the case where Cy = Cj, , is the maximal
compact subgroup of é'(Fp) we have

’/T()<MCO ) = ’/TQ(MM‘Q) ;> A,

m,p

such that the last isomorphism is equivariant with respect to maps (59)

We note that the actions of G*(F,) and I*(F,) = J*(F,) on mo(Mcsg)
are continous. This follows because the fibres of mo(Mce) — mo(Mcs, ) are
finite and because an action of a p-adic Lie group on a finite set is always
continous. Indeed for any number N the N-th powers of elements form an
open subset.

The kernel of the map I*(F,) — T*(F,) is isomorphic to the special
linear group Sly(F,). Since it is generated by N-the powers for any N, the
action of I*(F,) on mo(Mcg) factors through T*(F,). Hence the action of
I*(Q) used on the left hand side of (58) factors through ¥ : I°(Q) —
T°(Q). Since the image of the last map is 7°(Q); we may rewrite (58) as
follows
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T*(Q)+ \ mo(Mcy) x T*(A} ) /0% (C*) = T*(Q)+ \ T*(Af) /9°(C*) (60)

This map induces a G*(F, p)-equivariant isomorphism

(T*(Q)+ NI (C*))\mo(Mcy) — (T*(Q)+NO*(C**)\T*(F)/9°(C}) (61)

as follows.
Consider the map from my(Mcg) to the left hand side of (60), which

sends x € mo(Mcg) to the class of x x 1, where 1 € T(Ap £)/0%(C*F). This
map induces an embeddlng of the left hand side of (61) to the left hand side
of (60). We claim that there is an element h € T‘(A’ﬂ )/U*(C*P) and a

set-theoretic map A : mo(Mcg) — T*(F,), such that the left hand side of

(60) with (60), maps  to the residue class of A(z) x h.

To see this note that the group G*(F},) acts transitively on mo(Mce ).
Indeed, we know this if € is the maximal compact subgroup C7, .. The
transitivity follows, because C}, , acts transitively on the fibres of the map
W0<M05> — Wo(Mc;n!p).

Let us choose a point = € mo(Mcg ). Its image in the right hand side of
(60) is the class of an element A(zg) x h. Any other element z € mo(Mce)

may be written in the form zog,, g, € G‘(Fp). By the equivariance of the
morphism (60) we see that x is mapped to the class of A(20)9*(g.) X h.
Hence we have the map A(z) = A(z)0°(g,) x h we were looking for.

If we embed the right hand side of (61) to the right hand side of (60)
by t € T*(F,) goes to the class of t x h, we see that the map (60) induces
a G*(F,)-equivariant isomorphism (61). We remark that the morphism (61)
depends on the choice of h and is only uniquely determined up to translation
by an element u € T*(Q)4 on the right hand side of (61).

We have seen that the left action of J*(F,) = I*(F,) on Mecs induces

an action of T*(F,) on mo(Mcg ). Hence we get an action of T*(F,) on the
left sides of (60) resp. (61), which we call for the moment the left action. On
the other hand we have the right action of G*(F,) on the left hand sides of
(60) respectively (61). These actions clearly factor through 9* : G*(F,) —
T'(Fp). Let us show that these both actions agree. It suffices to do this for
the left hand side of (60). Let z € mo(Mcs), u € T‘(A'}J) be elements
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and denote the class of x X u in the left hand side of (60) by (z,u). Let
&ty ! € T°(F,) acts trivially on 7o(Mgs) with respect to the left action.
Then we obtain the coincidence of the actions:

(2, ) = (z,u)(#*) ™" = (z,u(t) )
= (z, (t")"'u) = (B, u) = (§z,u)

The first equation may be checked on the right hand side of (60), where it
follows from &t € 9*(Cy). The other equations are clear.
Making C** small and keeping Cy fixed, we see in particular, that the

action of G*(F,) on mo(Mgg) factors through G*(F,) — T*(F,), and that
the right and left actions of 7*(F,) on mo(Mcg ) agree.

We conclude the proof by showing that the T'(Fp)—equivariant map
(61) is induced by a T*(F,)-equivariant isomorphism
mo(Mcg) — T°(F)/0°(Cy).

We already know this for the maximal open compact subgroup Cy, , C
G*(F,). Therefore we consider the fibre Pes of mo(Mcgs) — mo(Mes, ) over
a fixed point of mo(Mgc,, , ).

Let us use the abbreviations 6; = ¥*(Cy) ete.. Looking at the fibres of
the map from the morphism (61) to the corresponding morphism for C3 =

. . —e . . . .
Cr.p» We obtain a C,, -equivariant isomorphism

(T*(Q)+ N (C™* x T )\ Py == (T*(Q)4. N (C™F x T )\ Cry/C

Let U C T*(Q) be the group of units. Then for big numbers N the group Uy
acts trivially on the finite sets Pcs and C’:w / C;. But a theorem of Chevalley

tells us, that for sufficiently small open compact subgroups crcTe (A’;i f),
we have

L.(Q).N(C” xC,, ) cU".
Hence we obtain a 6;1,p—equivariant isomorphism
PC; — Omp/(]p

by choosing C*P small enough. It follows that the action of T *(F,) on
mo(Mcg ) provides the desired isomorphism:
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mo(Mes) — T*(F)/9°(Cy).

Passing to the proscheme we get an equivariant isomorphism

mo(M) — T*(F,)

_ Next we compute what the W (E/E)-descent datum on 7o(M) does on
T*(F,). The W(E/E)-descent datum on my(Sce) is given by the following
rule.

To the morphisms h®, h? : Sg — G} there are associated one param-
eter groups p® and ¥ : G, c — G¢. )

Consider the morphism 9* o (u*(¢*)~") : G — T2. It is defined
over F, according to the chosen embedding Q@ — Q,. Hence we obtain a
morphism

o/, o p\—1
19(#&) )

Rez : W(E/E) — E* T*(B) "5 74(Q,)

According to [De| the descent datum induced from my(Sce) by the isomor-
phism
mo(Sce) — T*(Q)+ \ T*(Ay)/9*(C*)
on the constant scheme on the right hand side is multiplication by
Rez (o), o€ W(E/E).

The morphism p* may be described as follows. Let G,, ¢ act on W ®gpC
via p®. Then the corresponding weight decomposition contains only the
weights 0 and 1.

W ®@ (C = WQ EB Wl.

The space W, should satisfy the condition (7). We make this a little more
explicit. Consider the decompsition

p:K—>

The form v defines perfect pairings for each ¢

¢ZW®K,¢CXW®K7¢C—>C
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We extend the involution C-linear to B®q C = @ B ®k,, C. Then the
p:K—C

involution induces isomorphisms

B ®K7@ C — (B ®K,¢ C)opp (62)

We may choose isomorphisms B ®g , C ~ My(C) in such a way, that the
isomorphisms (62) are the transposition of a matrix. Then W ® ,C becomes
an My(C)-module and my be written in the form

ng - W@K,(pc >~ (Cd ®(C U@.

The U, are d-dimensional C-vectorspaces. By the Morita equivalence
we obtain from ) non-degenrate pairings

BQPZU@XUGHC.

For the given embedding o : K — C we choose any decomposition

U, =U. U’

such that U/ has dimension 1 and U/ has dimension d — 1. Then the spaces
WO and W' defined as follows

W=CloU'eCieUN*e( @ W,)
pED\
W'=CloU eC'oU) e @ W,)

ped\a

An element g € G induces an endomorphism g, : U, — U,, for each
¢ : K — C. Then

Nmog:Hdetgw ceKRC= H C,
p:K—C
Here we use the notation C, = K ®k, C.
Then the morphism ¥°u® : G, c — (K @ C)* x (F ® C)* is given as
follows. The projection of ¥9°u®(z), z € C* on the factor (F ® C)*is 1 ® 2
while the projection ¥°u®(2), to the factor C, of (K ® C)* is:
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z if p=a«
21 ifp=a
/19. L] —
K2 1 ifped\a
24 if ped®\a

Over the field E' = oK) the map 9°u* is given as follows. The algebra
K, ®q, I is a direct sum of all composite of the field K and E. One of the
composite is a ®@id : Ky ®q, F — E. Let ¢ : E — K, ®q, F the section
of a ® ud given by that direct sum decomposition. In the same way the
composition @ ® id : K ®q, E — E defines a section € : £ — K3 ®q, E.
The map

19.#. : Gm,E — TE’ C (RBSK/QGmJ()E X (RGSF/QGm,F)E

is given on the second factor by

Gm,E — (RGSF/QGm,F)E = (F ® E)*’
e—1®e

and is given on the first factor by

G,z — (Kq ®q, B)* x (K7 ®g, E)* x [[(K,, ®q, E)* x [ [(Kg ©q, E)°
=1 i=1
e—sele) X e H(1l®e)? x 1 X (1®e)

The corresponding reciprocity map is

pooT@ck; x K < ([ <K Feg)
i=1 i=1
e r—> agl(e) xagt(e™)(Nme)? x 1 x (Nme)? xNme

where Nm e denotes Nmpg g, e.
It is clear that the map ¥*uY : G,, — T is defined over Q, and that
the corresponding reciprocity map is
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m m m
Q — K;x K x [[x:x]Ik: xF=<]]F
i=1 i=1 i=1
z—1 x 1 x 1 x 4 x 1 x oz
Finally we obtain that the reciprocity map associated to ¥®o (u®(uh)~1)
is given by the map

E*—>T(F,)C K, x K: x F (63)

e —» ate) xa (e )(Nme)? x Nme

followed by the inclusion T*(F,) — T*(Q,).

That the descent datum induced from WO(MCI;) on the right hand side
of (53) is as desired follows from the fact that the descent datum on my(Sce)
is given by (63) and from the isomorphsim (60). This completes the proof of
the proposition.

The proposition gives us the following refinement of the uniformization
for Sge:

Corollary 0.19. The map induced by dety and 9°

I*(Q) \ M x G(A};)/C* — T*(Q)+ \ T*(A)/9°(C*)

is up to translation by an element t € T*(Ay) induced via (43) by the map
given by [De]

Shige perpy-1),c0 — T*(Q)+ \ T*(Ay)/0*(C*).

Theorem 0.20. Let D,/F, be a division algebra of invariant 1/d over a
local field Fy,. Let Gp be the multiplicative group of D, considered as algebraic
group over F, and J = Glar,. Let v : ép — Gu,p, be the reduced norm
and det : Glgp, — Gy, 5, be the determinant.

Choose an embedding o : F, — Q, and set E = «(Op,) Let N be
the formal scheme over Oy which classifies special formal Op,-modules. Let
N — N7 be the associated rigid pro-analytic covering space over E. N is
equipped with a left action by j(Fp) and a right action of ép(Fp).
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There is an equivariant map over E

dety : N — F} (64)

with respect to the morphisms ¢ and det. This map is compatible with the
Weil-descent data, if we equip the right hand side of (64) with the W (E/E)-

descent datum given by
W(E/E) — E* <— F}.

For any open compact-normal subgroup C, C ép(Fp) the map (64) induces
an 1somorphism

mo(New) 2 F /9(Cy).
Proof: The map
T*(F) C Ki x Kz x Fr 728 g pr
defines an isomorphism T*(F,) — K} x F}
From the proposition (0.15) we get a diagram over E.
M —— Nx Fy
T*(F,) —— K x F;
The right vertical map is defined by the commutativity of the diagram. It
is compatible with the projections to F’. The left vertical map is given by

the proposition 0.18. It follows that the diagram above is equivariant with
respect to the following diagram

G*(F,) —— G(F,) x Fy

T*(F,) —— K xF}
The proposition follows immediately from the proposition 0.18. [J
For the map (64) we will also use the notation

dety : N — F(recq) (65)
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to indicate the Weil descent datum on the right hand side, which is respected
by this map.

0.3 The uniformization of Shimura curves

Let D be a quaternion division algebra over the totally real number field F.
Let a: FF— R be a place of F' such that

D ®F,cx R~ MQ(R)

We assume that D is ramified at all other infinite places of F'.

Let us denote by G the multiplicative group D* considered as algebraic
group over F' and let G = Res p/@é be the Weil restiction. The action of C*
on C = R? defines a group homomorphism

h:S — Gly(R) ~ G ®pa R C G

Let Shg = Shg,) be the associated Shimura variety.

By the diagram (20) « defines an embedding o : F — Q, an hence a
prime ideal p of Op. Let us assume that D, is a division algebra. Let D a
quaternion algebra over F, such that D, ~ My(F,), D ®p, R is a division
algebra, and such for all places w of F', which are different from p and «, the
algebras D,, and D,, are isomorphic.

For an open and compact subgroup C' C G(Ay) the Shimura varieties
She ¢ are projective and defined over the Shimura field E(h) = a(F'). Let
E = E(h) = a(F,) the localization at the place v given by (20). We denote
by Shg% the rigid analytic space over E associated to the algebraic variety
Shac XspecE(h Spec E.

The uniformization theorem describes the tower of rigid analytic spaces
Shg?c over E together with the G(A)-action as follows.

The group D~ acts from the left on N by the isomorphisms E; =
Gly(F,) = J(F,), and from the left on G(A’}J) by the isomorphism
(D ®p A%f)* (D ®@F A’}f)* = G(A’}f)

The group G(Ay) acts from the right on N x G(Ap 1), where the action
on the first factor is by the projection G(Af) — G(F, ) Gy(F,) and the
action on the second factor is right translation. This action is compatible
with the Weil descent datum given by (47).
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Theorem 0.21. There is a G(Ay)-equivariant isomorphism of towers of rigid
analytic spaces over E

D"\ N x G(AY )/C = Shi X sp SpE (66)

If we equip the left hand side with the Weil-descent-datum coming from the
factor N, the isomorphism (66) becomes compatible with the Weil descent
data on both sides.

Let

J:G— Gpr (67)

be the map induced by the reduced norm of D. Together with the determinant
map

dety : N — FJ(reca),

we obtain a map of rigid analytic spaces over E compatible with the Weil
descent data

D" \ N x G(A';;,f)/C’ — (FI\ (F®Ag)"(recq)/0(C), (68)
and which is equivariant with respect to the map induced by J:
The geometric fibres of the map (68) are connected rigid analytic spaces.

If we assume that C' = C* C,, with C? C G(A;f), and that C, C

G (F}) is maximal compact, we may formulate the theorem in terms of formal
schemes.

Corollary 0.22. There is a model Shg o of the tower Shgc over O with
G(Ay)-action, such that there is a G(Ay)-equivariant isomorphism of formal
schemes

D"\ N x (G(AY,)/CP) = Shac (69)

We prove the theorem by embedding Sh¢ ¢ into a Shimura variety as-
sociated to a unitary group of the type considered before.
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Let B = D°? @ K, and let * be the involution on B, which is the
tensor product of the main involution on D? and the conjugation on K.
There is a naturally defined algebraic group G* over Q, such that

G*(Q) = {b € (B)* | bb* € F*}.

We introduce the notations Z = Resp/qg Gy p, Z2° = Resgg G- It
is easly seen that the group G*® sits in an exact sequence.

1—7—GxZ*"— G —1, (70)

fr=fxf
dxk— d®k

where we have indicated, what the maps do on the Q-valued points f € F* =
Z(Q), de D*=G(Q), k€ K* = Z*(Q). The notation Z resp. Z* means
that we have identify these groups with the centers of G resp. G*°.

Further down we will write the exact sequence (70) in the form

Gx?7°=@G"* (71)
We identify the group G* with one of the groups considered at the

beginning of chapter 1. For this we have to define a suitable alternating
Q-bilinear form 1 on W = B that satisfies the relation

P (w1, w2b) = P(wib", ws) (72)

We choose K and the C'M-type ® as in chapter 1. There is a natural
isomorphism

K ®Q Cr~ H C@,
p:K—C
where C, is an exemplar of C for every embedding ¢ : K — C. Consider
the morphism u% : G, c — Z¢, which is given on the C-valued points as
follows



where the exponents €(p) are given by

0, ifpedUa
(lp) =14, . _
L,ifped\a

Here oo : K — C is the unique extension, which belongs to ®.
We denote by h§ : & — Zg the morphism with first component p%.
We set

h® = hoh%
One proves [De] that there is a form ¢ on W as above (72), such that the
R-bilinear form: tg(wq, h®(v/—1)ws), wi,we € W ® R is symmetric and
positive definite. Then v induces a positive involution b — o' on B and we
are exactly in the situation of chapter 1:

G*(Q) = {g € GIgW | ¥(gw1, gwa) = Y(¥*(g)w1, wa)}.

The Shimura varieties Sh(G-,h- B and Sh(ge )y where h denotes here the map

h:SPSaxze — G*, differ by a Galois twist associated to the central

cocharacter pg o : C* LN Ct c Z*(C).
Hence by the uniformization isomorphism (51), we obtain after twisting
the descent data, a G*(A)-equivariant isomorphism

~

I*(Q) \N x Fy(rece) x G*(A}, ) /C* =
Sh’gé?‘,h),c‘ XspEOp L, (73)
which is compatible with the Weil descent data.

Next we choose C* in dependence of C' as follows. We set Cz = Z(Ay)N
C'. Then for a sufficiently small subgroup Cj C Z°*(Ay) we have

C}(- N Z(Af) - CZ
(74)
CxZ*(Q)NZ(Ay) C C2Z(Q).

We set Cze = CxCy, which is another open compact subgroup of Z*(Ay)
satisfying (74). Then in the notation (71) we set
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C* = C x%% Oy (75)

Then (compare [De]) Shg e C Sh(ge n),ce is an open and closed subvariety.
Considering the maps to the connected components [De] 2.7 we obtains a
cartesian diagram

Shge —— T(Q)4 \T(Ay)/9(C)

l l ()

Shige m,c —— T*(Q)+ \ T*(As)/9(C*)
The letter T" denotes the torus Resp g Gy, r considered as factor group of G
by (67):

9:G —T.

Then s is equivariant with respect to G(Ay) — T(Ay) and has geometri-
cally connected fibres.
We have a commutative diagram

GxZ‘MTxZ'

! !

19.
G — T°
If we view T'® as a subtorus of Z x Z°

T*(Q) ={(f,k) € F* x K" | kk = f*},

the right vertical map is given by the formula

(t,2) € T(Q) x Z*°(Q) — (tzz,t2%) € F* x K*.
Now we use this to rewrite the left hand side of (73). Firstly we find:

G* (A%, ) /O = (G(AL, ) /CP) xZ8rp) (Z°(AY, ) /Cpe)

To rewrite the other factor we note that there is an isomorphism

N x % Ky — N x F;(rec,)

n X (]{31, ]{32) — nk‘l X detN(n)klk‘g
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The action of G*(F},) on the right hand side given by (32) becomes on the
left hand side the natural action of
é(Fp) x v K, = é.(Fp>,

ie. G (F}y) acts as defined from the right on N and K acts by multiplication
on itself.
Hence we may rewrite the unifromization isomorphism (73) as follows

I*(Q)\ (N x G(AL;)/C) x? "0 (Z2%(Ag) /Cge) —
Sh(ge py.ce Xspr SpE. (77)

The map

dety X9 : N x G(A’}f) — T'(Ag)(reca,)

induces a map »} from the left hand side of (77) to

To(Shyge py,ce) = T°(Q)+ \ T*(Ay)(recy)/C* =
T(Q)4\T(Af)(recy)/C x 740 Z2(Q) \ Z*(As) [ Cpe,
which is compatible with the Weil descent data and equivariant with respect

to G x Z* 2% T x Z*. Hence #} coincides with the map »°* of (76) up to

translation with an element of (7" x Z*)(Ay):

awy (t X k) = »°

By (76) Shg?c is the preimage of T'(Q)4 \ T'(Ay)(reca)/C C mo(Shigs n),ce)
by #°*. The coincides with the preimage of 3}(1 x k). Since the preimage
of s} and (1 x k) are isomorphic by the action of the Hecke operator
k € Z*(Ay), we see that Shgf’o is isomorphic as a tower with the G(Ay)-
action to the inverse image of the map .

To obtain the final result, we make the action of I*(Q) more explicit.

Lemma 0.23. There is an isomorphism

I*(Q)=D" xI" K*.
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The action of I*(Q) on (N x G(A'}’f)) xZ81) 7%(A}) that defines the left hand
side of (73) is given by the following action of D" <" K*: The group D
acts from the left on N via an isomorphism E; ~ Gly(Fy), and on G(A‘}f)
from the left by an isomorphism (D* Qp A o )* ~ G(A'}yf), and trivially on
the factor Z*(Ay). The group K* acts obviously via the factor Z*(Ay).

Proof: To prove the assertion it is enough to work over E. Tt follows,
that we may work with the moduli problem A¢ and Arcig._ The group 1(Q) =
I(F) was defined in terms of a ®-valued point (As, Ag{ s}, 75", Msq,;). Let
L = End% A, and denote by ¢ — ¢ the Rosati involution defined by A.
The prove the first assertion of the lemma, it is enough to show that there
is K-algebra isomorphism L ~ D ®p K, which sends the Rosati involution
on L to the tensor product of the main involution on D and the conjegation
on K. We claim that this assertion is local with respect to the number field
F. We know that the existence of a K-algebra isomorphism L ~ D ®@p K
(which does not necessarily respect the involutions) is a local question. If
we assume the existence of such an isomorphism, then the given positive
involution on D ®p K induces a positive involution ¢ — ¢* on L. Hence
we have to show that two involutions on L are isomorphic of they are locally
isomorphic. We easily see by the theorem of Skolem-Noether, that there
exists an element x € L, x = 2%, such that ¢ = xf*x~!. Moreover x is
unique up to multiplication by an element of F*. The two involutions are
isomorphic, of there exists an f € F*, such that the equation f -z = uu* has
a solution u € L. We see that the set of solutions is a right torsor under the

group

H={gel]|gg cF}
But by the isomorphism L ~ D ® K the group H fits into an exact sequence

l— F"— D' x K" — H —> 1,
which shows that H satifies the Hasse principle. Therefore the question of
the existence of an involution preserving isomorphism is indeed local.
Let us now check, that (L,) and (D®pr K, *) are locally isomorphic. At
the infinite places this is clear, since any two positive involutions on M (C)
are isomorphic. Let us consider a finite prime which does not lie over p. Then
7P provides us with a B-module isomorphism V;(A;) = W ® Qy, which takes
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the Riemann form on V,(A;) to ¢ up to a constant in (F' ® Q)*. Hence we
find an involution preserving map

L X Qz — EIldB®QZW & Qg, (78)

where the involution on the right hand side is induced by v. By [RZ] lemma
6.28 this induces the desired involution preserving isomorphism

LeQ —B”Q =D K®Q,.

For the primes p;,7 = 1,...m we obtain in the same way morphisms

L ®x in — EnquiW XK K i

The involution ¢ — ¢’ defines an isomorphism
L XK K*i ~ (L XK K i)opp
and the form 1) an isomorphism
Endp, W @k Ky, ~ (Endp, (W @k K,))™"".

One obtains an injection

L ®r F, — Endp, (W @ F,) (79)

which preserves the involutions. This is an isomorphism since the dimensions
of both algebras by the case ¢ # p are the same.

Finally we consider the prime p. Then we obtain a Kj-algebra isomor-
phism preserving the involutions.

L ®p F, —Endp,«5,® x & ~ D, x D" (80)

Here the isomorphism E;pp ~ Ep is the main involution. Hence we obtain
globally an involution preserving isomorphism:

(L,") = (D @r K, *) (81)

To see that the actions are as stated in the lemma let us consider the prime
p. The action of the group I*(Q) = D" xF" K* ¢ L* on N x'% K, is given
by the isomorphism (80). This isomorphism may be written inserting (81):
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D" x™ K* — D, x" K} ¢ D, ®p, K, (82)
Since any automorphism of Ep ®r, K, which preserves the involution is the
conjugation by an element of ﬁ: we conclude that the map (82) is induced

- localization E* conjugation —=

by a map of the form D ™ — o D:. Hence gives the predicted
action on N x*» K.

At the other place v of F' it is still true that any automorphism of
D ®p K, which preserves the polarization is induced by conjugation with an
element from D,,. Hence we can agree for the place v in the same way using
the maps (78) respectively (79).

We are now able to prove the uniformization theorem for Shimura
curves. The lemma allows us to rewrite the left hand side of (77) as fol-
lows

(D" \N x G(Af;)/C) x*E0(Z2(Q) \ Z* () /Cze)

Since the inverse image of s} is Shg.%, we obtain the theorem.

Corresponding to corollary 0.17 we have an obvious generalization of
theorem 0.21.

Let D/F be a quaternion division algebra over a totally real number
field and let G be its multiplicative group. Let P = {po,...,ps} be a set
of ideals of F' over the rational prime p. Assume we are given embeddings
a; : F,, = Q,. By the diagram (20) we obtain embeddings ; : F — R.

We make the assumption that

D ®pq; R=My(R), fori=0,...,s,

and that D is a division algebra at all other real primes. Let D be the
quaternion algebra over F' obtained from D by twisting exactly in the real
places ayg, ..., as and at the places pg, ..., ps.

Let E; = o;(F,,) for i = 0,...,s and let E be the compositum of the
fields F; in @p.

Consider the morphism

h:S— [[GLM®)=]]G®raRC G
i=0 '

defined by the natural action of C* on C" = R?". The corresponding Shimura
variety Shg is defined over F.
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Let N; the formal scheme classifying special formal O Dp,,~modules (def-

inition 0.11). Let N; — N the pro-analytic covering space over Sp E;. Let
Ni.g = Ni Xg, . Sp I be the space obtained by base change. It inherits from

N; a Weil descent datum relative to E /E.

Corollary 0.24. There is a G(Ay)-equivariant isomorphism of towers of

rigid analytic spaces over E for C'" running through the compact open sub-
groups of G(Ay):

D\ [[Nip x G(AZ;)/C = Shi Xspi SPE (83)
i=0
If we equip the left hand side with the Weil descent datum coming from the

factors N; g, the isomorphism (66) becomes compatible with the Weil descent
data on both sides.
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