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Abstract. To a short exact sequence of triangulated categories with duality, we associate a long exact sequence
of Witt groups. For this, we introduce higher Witt groups in a very algebraic and explicit way. Since those Witt
groups are 4-periodic, this long exact sequence reduces to a cyclic 12-term one. Of course, in addition to higher
Witt groups, we need to construct connecting homomorphisms, hereafter called residue homomorphisms.

Introduction.

The reader is expected to have some interest in the usual Witt group, as defined for schemes by
Knebusch in [9, definition p. 133]. This Witt group is obtained by considering symmetric vector bundles
(up to isometry) modulo the bundles possessing a lagrangian - that is a maximal totally isotropic sub-
bundle. This being said, the present article is maybe more about triangulated categories than about
symmetric forms and that might possibly make it generalizable to invariants other than the Witt group.

For the time being, it is not my goal to compute any explicit Witt group of a scheme by means of
the techniques that | introduce. Nevertheless, computational applications do exist and are my obvious
motivation. They will be treated in forthcoming articles, by myself and by others.

It is a very natural question, given an invariant of schemes, to try to understand its behavior with
respect to localization. In the case of the Witt group functor, remarkable work has been done on this
question ever since the beginning, at least over rings. The answer usually takes the form of an exact
sequence relating (Witt groups of) “global data”, “localized data” and “torsion data” — by which |
mean data that vanishes after localization, like torsion modules. Any such exact sequence will be called
a localization sequence. An overview of this would take us too far afield but the motivated reader is
recommended to enjoy the famous contributions of Wall [16], Karoubi [8], Pardon [11], Ranicki [12 & 13]
or Fernandez-Carmena [6], the latter going out of the affine world into the world of schemes, at least in
dimension 2. A localization sequence for Witt groups over arbitrary schemes and open subschemes is
unknown, even when the global scheme is affine. If some over optimistic mathematician maintains the
contrary in your presence, just suggest to him that he tries his favorite techniques against the following
very first and easy localization question (in the affine and local and regular case and with the smallest
possible closed subset removed) :

Problem. Let R be a noetherian local regular domain of Krull dimension n in which 2 is a unit. Let
us denote by m its maximal ideal, by k = R/m its residue field and by U = Spec(R) \ {m} the punctured
spectrum of R. When is the restriction map W(R) — W(U) an isomorphism? Recall that it is wrong for
n = 1. Recall that it is true for n = 2 (see [5]) and for n = 3 (see [10]).

Solution. It is an isomorphism in dimension n # 1 modulo 4 and when n = 1 modulo 4, one has a
short exact sequence:
a 0 — W(R) — W(U) — W(k) — 0.

The proof of this rather unexpected fact will appear in a forthcoming article as a collateral damage of
more general results. For the moment, it could be regarded as a motivation and should convince us that
the question of localization for Witt groups is far from being solved, even in the affine case!
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Ideally, the present article would have contained:

(1) The basic definitions adapting the theory of symmetric forms to triangulated categories.

(2) The inclusion of the classical theory (over schemes) into this triangular framework introduced
in (1), upgrading the adaptation into a generalization. That is, given a scheme X, the proof that
the Witt group of some suitable triangulated category associated to X coincides with the usual
Witt group of X.

(3) The use of this new triangular Witt group to produce a general theorem for localization.

(4) Applications.

Also ideally, this article would have been 20 pages long. This is not the article you have in your hands.
Since it turned out that applications were so extensive that they need separate treatment, point 4 of
the above list is to be made independent. Part of it will be a joint work with Charles Walter. Under
the name Triangular Witt group (TWG), | have then regrouped the three first points above-mentioned
and, still being over the 20 pages, | cut the latter into two parts. The second part establishes point 2 of
the above list. More precisely, in TWG, Part 1l (see [3, Theorem 4.7]), | prove that the Witt group of
the derived category of bounded complexes of locally free coherent Ox-modules is the same as the usual
Witt group of X, for any scheme X in which 2 is invertible. Less precisely, the classical theory of Witt
groups is merged into the theory of triangular Witt groups. As well, | defer until TWG Il any discussion
concerning how the new objects introduced here (like higher Witt groups we shall soon come to) can be
linked, in special cases, with already existing constructions (like formations, e.g.). See also remark 1.19.

So, for the present article, we are left with points 1 and 3 of my ideal list. An aficionado would kindly
object that point 1 is already contained in [1] and [2]. Agreeing with him, | reduced this part to a
bare minimum (§ 1) but made slight modifications in introducing the notion of the cone of a symmetric
(degenerated) morphism and in numbering the shifted Witt groups in a more convenient way. De facto,
this article is then mainly point 3 of the list: the general treatment of localization for Witt group in the
triangular framework.

What is then to be gained in treating localization with triangulated categories instead of classical exact
categories of locally free coherent modules? Three answers should be made:

(1) First of all, it makes better sense, from the conceptual point of view. As we shall see, given a
functor of abelian groups, F : C — Ab, defined on a friendly category C of triangulated categories,
localization takes the following form. To any short exact sequence of triangulated categories

0—J LKL L—0
F associates a very short exact sequence: F(J) FQF (K) F—Q F (L) (i.e. F is exact in the middle)
and F possesses right and left old-style derived functors (F')icz (or d-functors) fitting in a long
exact sequence:

L FYK) — F ML) 2D F @) — F(K) — F (L) L FL3) — FY(K) = - -

By a short exact sequence of triangulated categories, 0 — J kI 0, I mean that L = S™!K
is a localization of K (for some class S of morphisms) and that J is the kernel of this localization,
that is the full subcategory of K on the objects M such that q(M) ~ 0. We are going to establish
such a localization exact sequence when F is W the Witt functor and where C is the category of
triangulated categories with duality (see Theorem 5.2), assuming that these categories satisfy an
enriched form of the octahedron axiom suggested by Beilinson-Bernstein-Deligne in [4]. Such a
nice formulation would not be possible if one tried to deal strictly with the above-mentioned exact
categories of locally free coherent modules, being clear that one can always disguise some piece
of derived categories in a complicated ad hoc costume, without using the triangular vocabulary.

(2) When one expects a result of the kind described here above, there is a point in constructing those
higher and lower Witt groups (W')icz and the connecting homomorphisms 9' in a reasonably
complicated way. In the triangular framework, we shall define first shifted Witt groups, W', by
merely replacing the used duality # by a shifted one T' o #. Those functors will turn out to be
the good ones. Their definition is perfectly trivial and requires neither meta-construction — the
category of triangulated categories C of (1) is just a bad memory now — nor topology — these are
not, as presented here, the homotopy groups of some simplicial construction.
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(3) A posteriori, studying with Charles Walter the Gersten conjecture for Witt groups, | understood
that this formulation is remarkably complete in the sense that you do not need to introduce a new
construction each time you come across a new category from which you want to get Witt groups.
For instance, you can think of a filtration of triangulated categories, say 0 = K" c K"t c ... C
K?! ¢ KO and imagine that you are interested in the Witt group of K°. Then, using iteratively
the localization sequence, you can reach a homological (or spectral) description of W(K?°) in terms
of the Witt groups of the quotients K'/K*. Doing that, you will encounter Witt groups of a
lot of quotients Ki/KJ, j > i, which may be far from having any classical significance, even if
W(K?) and W(K/Ki*1) had! Those quotients K'/KJ will be plain triangulated categories with
duality and their Witt group(s) will be the one(s) defined in §1 hereafter. The machinery is an
all-terrain one.

Let us detail a little bit the content of this article.

For those who are not familiar with triangulated categories, section 0 has been included. 1 tried to
keep it as short as possible and this cannot replace any classical and complete presentation as Verdier’s
original one (see [14]) or as many more recent ones (among which, Weibel’s [17, chapter 10]).

Let me say once and for all that all over this paper 2 is supposed to be invertible. Generalization
beyond this hypothesis are possible but with considerable additional work in some places. This is a
distinct problem.

As already said, section 1 contains the definitions of what a triangulated category with duality is and
how its Witt group is constructed. | tried to stay as close as possible to the classical definition involving
metabolic spaces and lagrangians, because | expect my reader to have some intuitive ease with those
notions. To avoid confusion with the usual notion when both will be considered simultaneously, the new
metabolic spaces are generally called neutral. As we shall see in [3], a classical symmetric space (over
a scheme if you want) will be trivial in the usual Witt group if and only if it is neutral in the derived
category. This makes use of a remarkable property of triangulated categories with duality : Witt-trivial
spaces are neutral. This result (Theorem 2.5) has a nice triangular proof which is presented in section 2.

Section 3 is the core of this article and of our pains. Its deals with the sub-lagrangian construction. In
the classical framework, the sub-lagrangian construction allows you to get rid of a sub-lagrangian, that
is a (reasonable) sub-object of a symmetric space on which the symmetric form is zero. By “get rid”
I mean replace the symmetric space by a (smaller) space — a sub-quotient — which is Witt-equivalent
to the first one and in which the sub-lagrangian has disappeared. In triangulated categories, there are
no such notions as “sub-object” or “quotients” but the trivial ones obtained from decomposition into
direct summands. Therefore, the way through consists in allowing many more sub-lagrangians — not even
sub-objects. Since this question is technically sensitive, | included extensive introductions, explanations
and comments in section 3. We shall see that the perfect result is not reached (and | do not know if
it is true or not) but Theorem 3.6 is sufficient for the use we want to make of sub-lagrangians in the
localization sequence. | had there to use a more complete (and more natural) axiom of the octahedron,
as discussed in section 0.

In section 4, the scene is prepared for the final act. First, | explain what | mean by localization of
triangulated categories with duality. Secondly, I give the construction of the residue homomorphisms that
are the connecting homomorphisms of the long exact sequence of localization. Proving that they are well
defined is a piece of work, that was missing in [1].

The main result (Theorem 5.2), and its proof form the closing section 5. The proof is in three parts,
one for each triangulated category involved in the localization: the central one, the localized one and
the kernel. Each time, one has to prove exactness of the long sequence at the corresponding Witt group.
Exactness at the localized category was established in [1, Theorem 5.17]. This is the only place where
we need an external reference, the rest of the article being mostly self-contained. Exactness at the kernel
category is another simple corollary of the fact that Witt-trivial spaces are neutral (Theorem 2.5). The
main point is exactness at the central category, or, in the above-used vocabulary, exactness in the middle
of the Witt group functor. This needs sub-lagrangian Theorem 3.22.
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0. Background on triangulated categories.

Here is a little baise-en-ville of the triangulated mathematician. Details can be found in [14] or in
[17], for instance. Let K denote a triangulated category. Recall that K is additive and endowed with a
translation additive functor T : K — K which is an automorphism. We have triangles in K :

(A) ALY Yo1(A)

and we choose among them a collection of exact triangles which replace the exact sequences of the abelian
(or exact) framework. We recall quickly the axioms those exact triangles should satisfy and then, we
stress some very elementary and useful techniques.

(TR 1) For any A, the following triangle is exact: A 1 A 0 T(A) . Any morphism

u : A — B fits into an exact triangle A. If A is exact, so is any isomorphic triangle.

In particular, any triangle obtained from A by changing the sign of two of the three morphisms is
again exact. It is wrong with an odd number of changes.

(TR 2) Rotation. The triangle (A) is exact if and only if the following triangle is exact:

B—Y ~c—Y 1A —TW T(B).

(TR 3) Morphism. If the left square of the following diagram is commutative :

u \' w

A B C T(A)
I
fl gj 3h lT(f)
Y
A —=B —=C' —T(A)
u \' w

and if both lines are exact triangles, there exists a morphism h : C — C’ such that the above diagram
commutes. This h is not unique.

An additive category with an automorphism of translation satisfying (TR1), (TR2) and (TR3) is some-
times called pre-triangulated. Before making it a plain triangulated category, we shall try to understand
the sentence “exact triangles replace exact sequences”. What follows is true in any pre-triangulated
category, that is, can be proved from (TR1), (TR2) and (TR3) only.
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To explain how triangles replace exact sequences, recall that necessarily the composition of two con-
secutive morphisms in A is trivial: vu =0, wv =0 but also T(u)w =0, uT ~*(w) =0 and so on. Let
us focus on the middle morphism v. Then (A, u) is a weak kernel of v in the sense that vu = 0 and that
any morphism f : X — B such that v f = 0 factors (non uniquely) through A:

u VoY 1(n).

As well, (T (A),W) is a weak cokernel of v: forg: C — Y, we have gv = 0 if and only if g factors (non
uniquely) through T (A):
A Y. g V. oW T(A)
g -~
gv=0 L7 39
Y.

Another very common trick is the following. Given a morphism of exact triangles:

u Vv w

A B C T(A)
fj gl hl T(f)l
A —=B —=C' —=T(A)
u \Y W

if two among f, g and h are isomorphisms so is the third (analogous to the Five Lemma). This is an
easy consequence of the following also useful remark: Given any endomorphism of an exact triangle of

the form:
u v w

A B C T(A)
OL Ol kl Ol
A—5>B —~C —>T(A),

we have necessarily k? = 0. This, in turn, is an easy consequence of the above remarks about weak
kernels and cokernels: kv = 0 forces k = kw and then k> = kwk = 0.

This implies that the triples (C, v, w) such that A is an exact triangle (for u : A — B fixed) are all
isomorphic. Any such triple (or sometimes only the object C) is called the cone of u and will be written as
Cone(u). The cone plays weakly but simultaneously the role of kernel and cokernel. It contains essentially
all the homological information about u.

A very important question is then to know how to compare the cone of a composition u’ o u with the
cones of U’ and u. The answer is the famous axiom of the octahedron, which says: there is a good exact
triangle linking the cone of the composition of two morphisms and the cones of these morphisms. More
precisely, it says:

(TR 4) Composition: The Octahedron Axiom. Given any two composable morphismsu : X — 'Y
andv 1Y — Z, let w := v o u; given any exact triangles over those morphisms (i.e. choosing any cone
for u, v and w):

u u \ V
X —dsy Loy —AT(X), y Yoz oy A T(Y)

and X z W T(X)
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there exist morphisms f : U — W andg :W —V

Z
v
Vi
Y <_[+1]# V W Wl
u 39
w.
W\ TU)ov, X <ea 22 Ty
[+1]
[+1]
W If
u
such that (the above is an octahedron which means):
) f g T(u1) vz )
(1) the triangle U w \Y T(U) is exact;

(2) gwy =vy and wp F = uy;

(3) fup=wyvandvag=T(Uu)w,.

Note that triangular faces of the octahedron are alternatively commutative faces (like the “generating”
one: w =V ou) or exact triangles (like the three obtained out of the generating face and chosen above).
In “exact” faces, the third morphism is of degree one, i.e. it does not really go from the visible start
of the drawn arrow to its visible target but to the translation of this target. For this first presentation,
those arrows were marked with a [+1] here above but this will not be the case later on, since they will
always be at the same place.

Observe that there is an obvious iniquity in the above formulation: all morphisms are given an explicit
triangle to live in, but the two compositions from Y to W and from W to T (Y ) appearing in condition (3)
above. Applying the octahedron again to these compositions will convince the reader that the following
condition is very natural.

(TR4™%) Enriched Octahedron Axiom. Given any two composable morphisms u : X — Y and
v :Y — Z, let w:=vou, given any exact triangles over those morphisms as in (TR 4) above, there exist
morphisms f : U — W and g : W — V such that (1), (2) and (3) holds in (TR4) and moreover such
that the following triangles are exact:

—Ws
@ v s w ( g ) TX)adV (T v2) T(Y) wheres:=fu; =wyv,

v
_1 —_—
(5) T7}(w) LSO <ul> Zaou SN DAY where t:= vy g = T (U) Wy.

This enriched axiom is satisfied by the usual triangulated categories, in particular by the derived
category of an exact category. Moreover, it passes to triangulated sub-categories and to localization. It
was already considered by Belinson, Bernstein and Deligne in [4, Remarque 1.1.13]. As suggested in loco
citato, the triangles (4) and (5) are usually not mentioned because they are not used. We shall use them
hereafter in the technical section 3, when we shall deal with sub-lagrangians.

The author is not aware of the existence of any pre-triangulated category not satisfying (TR4™), and,
a fortiori, of any triangulated category not satisfying (TR4™). Nevertheless, it is reasonable to think that
such examples exist.
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1. The four Witt groups of a triangulated category with duality.

1.1. Once and for all. Let K denote a triangulated category and T be its translation automorphism.
Here, we will always suppose that % € K. This means that the abelian group Homg (A, B) is uniquely
2-divisible for all objects A and B in K.

1.2. Definition. Let § = +1. An additive contravariant functor # : K — K is said to be §-exact if
T o# =#oT ! and if, for any exact triangle

A—tpg—Y.oc- Y 1),

the following triangle is exact:

v* u’ A 5 T(w™)

c# B#* T(C*)

where (=)™ trickily denotes #(—). Suppose, moreover, that there exists an isomorphism of functors
w : 1d 5 # o # such that wr vy = T (wm) and (wM)# o wpm# = ldy# for any object M of K. Then
the triple (K, #, w) is called a triangulated category with ¢-duality. In case 6 = 1, we shall simply talk
about a duality and in case 4 = —1, we shall use the word skew-duality.

1.3. Easy and important exercise. Let (K, #, w) be a triangulated category with §-duality (6 = +1).
(1) Let n € Z. Prove that (K, T" o #, @) is again a triangulated category with ((—l)n : 6)-duality.
(2) Prove that (K, #, —w) is again a triangulated category with §-duality. Same §!

1.4. Notions using only the additive structure. Let (K,#,w) be a triangulated category with
0-duality (0 = %x1). In particular, K is an additive category with duality. A symmetric space is a pair
(P, ¢) such that P is an object in K and ¢ : P = P* is a symmetric form, meaning that ¢** o wp = ¢.
Orthogonal sum and isometries are defined as usual. A skew-symmetric form ¢ : P = P# verifies
¢ owp = —y or, in other words, is a symmetric form in (K, #, —w). Pay attention: the sign § = =1
has nothing to do a priori with symmetry and skew-symmetry.

1.5. Remark. Our K is more than an additive category: we have the cone data. If u is symmetric
morphism (i.e. u” = u without assuming u to be an isomorphism), then the cone of u is more than the
homological information about u, it also carries a symmetric structure. Let us make this more precise.
This is a central point of our study: do not skip this part! It will be useful for the definitions of
metabolic spaces and of the connecting homomorphisms in the long exact sequence of localization.

1.6. Theorem. Let § = £1. Let (K,#,w) be a triangulated category with §-duality. Suppose that
% € K. Let A be an object of K and u: A — A* be a symmetric morphism, that is u” o wa = u.

(1) Choose any exact triangle over u:
u Uy uz

A A C T(A).
Then there exists an isomorphism </ such that the diagram:
u u
A AH ! _.¢C 2 T(A)
) 6 wa H Nliﬁ H5 - T(wa)
AP A* T(C*) T(A*)
0 u” —T () T(uy)

commutes and such that

T (¢*) owe = (=) - .
(2) Other choices of (C, uy,uy) and v satisfying (1) give an isometric space (C, v).
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1.7. Proof. Choose an exact triangle like in (1). Then dualize it using definition 1.2 to get:

H H
u # 6-T(u
o 1 o u A (u3) T

and rotate it to put u” in the first place. Make an even number of sign changes to get the second line of
(T"). Now the symmetry hypothesis on u can be expressed as the commutativity of the left square of (T").
By an axiom of triangulated categories, one can complete it with some morphism 1/ satisfying:

{ Yup = =T (UY)
Ty =6 T(wa)uz.

Apply T o # to those equations and compose on the right the first line with wc and the second with
wa#. Use definition of @ : Id ~ # o # to find that

- - T(w#) o wec

can replace v in the diagram (I'). Since 2 € K, we can replace ¢ by (¢ — & - T(¥*) o wc). This
morphism is necessarily an isomorphism (confer 80) and satisfies (1).

Let us prove (2). Part (1) says that ¢ is symmetric in (K,T o #,(—9) - w) which is a triangulated
category with the (—9)-duality
x (=T o#.
Pay attention that “(—d)-duality” does not come from (—§) -  but from exercise 1.3 part 1 for n = 1!

Suppose that we made another choice of 1, call it y, satisfying (1). Then x4 fits in an endomorphism
of the triangle over u:

u u
A u AP 1 c 2 T(A)
I
A u A (VLN c Uo T(A)

By §0, y" =1+ k with k? = 0. It is easy to check that y k = k* y. Therefore,
a+ %k)*x(1+ %k) =x@+ %k)2 =y (1L +Kk)= 1.

That is, x and ¢ are isometric. It is even easier to prove that the isometry class of (C, ¢/) does not depend
on the choice of the exact triangle. f

1.8. Definition. As suggested by the above result and by its proof, it is convenient to make the following
convention. Let (K, #, w) be a triangulated category with §-duality for § = 1. Then the translated (or
shifted) structure of triangulated category with (—¢)-duality is

T(K#w) = (K To#, (=) =).

1.9. Remark and definition. In other words, if # is a duality, we consider —w as the identification
Id = (T o#)2. But, if # is a skew-duality, then we use w again as the identification Id = (T o#)?. This
construction is invertible and we can define: for any triangulated category with §-duality (K, #, @),

THK#A) = (KT o#, (+0) @)

which is a structure of triangulated category with (—d)-duality. Check that this is really the inverse
construction! If confusion with signs occurs, redo exercise 1.3.

For example, if (K,#, ) is a triangulated category with duality (i.e. 6 = +1) then T"(K,#,w) =
(K, TNo#,(—1)™%" - x) is a triangulated category with (—1)"-duality, for all n € Z.

With this terminology, Theorem 1.6 can be rephrased as: The cone of a symmetric morphism for
(K, #, w) inherits a symmetric form for the translated duality T (K, #, @). This symmetric form is well

defined up to isometry. This justifies the following definition.
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1.10. Definition. Let (K,#, @) be a triangulated category with §-duality (for § = £1). Let A be an
object in K and u : A — A* be a symmetric morphism (u” o wa = u). The cone of (A, u) is defined to
be the symmetric space

Cone(A,u) :=(C,v)

fitting in the diagram (T") of Theorem 1.6. This is a space for the shifted duality T (K, #,w@). It is well
defined up to (non-unigque) isometry.

1.11. Remark. Consider # as the translated duality of T~ o #. Theorem 1.6 allows us to construct
a lot of trivial forms for # starting with symmetric morphisms u for the previous skew-duality T~ o #.
These are the forms for the duality # which we are going to ignore in the Witt group. In [1] and [2],
we chose to call these forms “neutral” because we also had to deal with classical metabolic forms and we
wanted to avoid the confusion.

1.12. Definition. Let (K,#,w) be a triangulated category with J-duality (6 = *1). A symmetric
space (P, o) is neutral (or metabolic) if there exist an object A and a morphism u : A — T ~Y(A#) such
that

T o (5 - wa)=u and (P, ¢) = Cone(A, u).

It is easy to convince oneself that this is the natural generalization of Knebusch’s definition of metabolic
forms (see [9]). Compare with [2, définition 2.18, p.32] and the subsequent remarks or with Lemma 2.1
(2) below for the “optical” approach to the analogy.

1.13. Definition. Let (K,#, @) be a triangulated category with §-duality (6 = *+1). We define the
Witt monoid of K to be the monoid of isometry classes of symmetric spaces endowed with the orthogonal
sum. We write it as

MW(K, #, ).

Obviously, since this cone-construction is additive and since neutrality is preserved by isometry, the
set of isometry classes of neutral spaces form a well defined sub-monoid of MW(K, #, =) that we shall
call

NW(K, #, ).

The quotient monoid is a group (for quotient of abelian monoids, see [2, remarque 2.27, p.35] if
necessary), called the Witt group of (K, #, w) and written as

_ MW(K, #, @)

WK #.9) = QWK #. =)

If (P, ) is a symmetric space, we write [P, o] for its class in the corresponding Witt group. We say that
two symmetric spaces are Witt-equivalent if their classes in the Witt groups are the same.
Referring to exercise 1.3 and definitions 1.8 and 1.9, we define
WK, #, @) = W(T"(K, #, @))
for all n € Z. These are the shifted Witt groups of (K, #, @).

1.14. Proposition. Let (K,#,w) be a triangulated category with duality (6 = #1). The translation
functor T : K — K induces isomorphisms:

WK, T" o #, @) 5> WK, T2 o #, w)
for all n € Z. In particular, we have the four-periodicity :

WN(K) = WM4(K).
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1.15. Proof. See [1, Proposition 1.20] or [2, proposition 2.38, p.37] or do it as an easy exercise. To see
the periodicity, recall that definition 1.8 gives T?(K, #, @) = (K, T?0#, —w). Therefore the isomorphism
of the proposition has to be used twice to reach (K, T# o #, @) which is T4(K, #, ). i

1.16. Remark. Some people like to call symmetric forms for (K, #, —w) skew-symmetric, considering
that (K, #, @) is somehow fixed. Using the previous proposition and our convention for the translation
of a duality, the Witt group of skew-symmetric forms is nothing but W2(K, #, ).

On a given triangulated category with a (+1)-duality #, there is essentially one associated skew-duality,
namely T o #. In terms of Witt groups, it means that we have two Witt groups for the given duality
and two Witt groups for the associated skew-duality, since in both cases one can consider symmetric or
skew-symmetric forms. Then we keep four Witt groups:

W(K) = W(K,#, w) the natural Witt group of symmetric forms.
W?(K) = W(K,#, —w) the natural Witt group of skew-symmetric forms.

WHK) = W(K,T o#,—w) the associated Witt group of skew-symmetric forms, using the skew-
duality associated to #.

W3(K) =W(K,T o#,w) the associated Witt group of symmetric forms.

1.17. Example. Let X be a scheme. Consider Dﬁ(x) the derived category of bounded complexes
of locally free Ox-modules of finite rank. This is naturally endowed with a structure of triangulated
category with duality by localizing the usual duality on the exact category of locally free Ox-modules
of finite rank. Its Witt group is the same as the usual one, as we shall establish in part Il of this series.
This generalizes to any exact category with duality and we shall prove it in this generality.

1.18. Remark. It is interesting to notice that there exists some kind of a Witt group for finitely
generated (or coherent) modules also. To understand this, note that under certain hypotheses ch’oh(X)
is endowed an essentially unique duality as explained in [7, chapter V, pp. 252-301]. In other words, this
is a Gp (or K{) type of Witt group. Even for rings, it is quite unusual, the point being that any coherent
module becomes reflexive in the derived category D'C’oh(X), which is pretty wrong in the abelian category

of coherent modules. But this will be another story.

1.19. Remark. As could be said at any step in this article, similar things were done before, in special
cases, that could be re-interpreted in triangular terms if the link between the usual Witt group and
the Witt group of some derived category was done. But, for rings in which 2 is invertible, this link
was established in [1, Theorem 4.29]. Let me mention here two relations between results of section 1
and existing literature that were kindly brought to my attention by the referee, whom 1 partially quote
hereafter.

First, concerning the cone construction of Theorem 1.6, for which two special cases have been around
for a long time:

(1) If L is an integral lattice in a rational symmetric form, with dual lattice, then there is defined
a symmetric linking pairing on the finite abelian group L#/L. This was the starting point of
Karoubi [8], Pardon [11] and Ranicki [13].

(2) The boundary of an n-dimensional symmetric complex C is an (n — 1)-dimensional Poincaré
complex 9C, following Ranicki [12, p. 141].

Secondly, the 4-periodicity for the higher Witt groups has a collection of antecedent in the already
mentioned literature. Let me refer for instance to 4-periodicity in the quadratic L-groups L.(R) of Wall
[16], which was interpreted in terms of Poincaré duality chain complexes in [12].



TWG |: THE 12-TERM LOCALIZATION EXACT SEQUENCE 11

2. Neutrality, stable neutrality and Witt-triviality.

From now on, we shall identify any object with its double dual, that is consider o = Id.

2.1. Lemma. Let (K,#) be a triangulated category with duality. Let (P, ) be a symmetric space. The
following conditions are equivalent :

(1) (P, ) is neutral;
(2) there exist L, o and w such that the triangle:

#H
TILH —W @ p TP s
is exact and such that T~1(w#) = w;
(3) there exists an exact triangle :
TIMH) —2 o p 2 g#

and an isomorphism h : L = M such that the following diagram commutes :

TIM#) —2 | — 2 op 2 g7
T_l(h#)lz zjh :{90 :lh#
TH(LY) p# L*.
T8 24 v

2.2. Proof. Using definition 1.12 for § = +1 and diagram (I') of Theorem 1.6 (recall that T ~1# is a
skew-duality), it is obvious that condition (1) and (2) are equivalent. Clearly (2) implies (3) with h = Id.
Suppose now that there exists a diagram like in (3). The triangle

-1
T-1M* h oy M v1oh b v M#

is isomorphic to the exact triangle of (3) and is therefore exact. Let w = h oy and o = v1 o h™1. Then
the triple (L, «, w) satisfies (2). f

2.3. Definition. Given a neutral symmetric space (P, ), a triple (L, o, w) satisfying condition (2) of
the above lemma is called a lagrangian of (P, ). In particular, a”pa = 0.

Given any symmetric space (P, ), a pair (L, «) is called a sub-lagrangian of (P,¢) if « : L — P isa
morphism such that o™y« = 0. We shall deal with sub-lagrangians in paragraph 3.

2.4. Definitions and remark. A symmetric space (P, o) is said to be stably neutral if there exists a
neutral space (R, v)) such that

(P, ) L(Q.x) = (R, %) L(Q, X)

for some symmetric space (Q, x). This implies that (P, ) L some neutral space is neutral (by adding
(Q, —x) on both side). The latter is the same as saying that [P, ¢] = 0 in W(K), which we shall call
Witt-triviality. Obviously neutral spaces are stably neutral and therefore Witt-trivial. The converse is
wrong in the usual framework (there exist non-metabolic spaces which are zero in the Witt group) but is
true in the triangulated one.
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2.5. Theorem. Let K be a triangulated category with duality. Suppose that % € K. Any Witt-trivial
symmetric space is neutral.

2.6. Proof. Let (P,p) be a Witt-trivial space. By the above remark, there exists a space (Q, x)
such that the space (P, ) L(Q, x)L(Q,—x) is neutral. Since % e K, (Q, x)L(Q, —x) is isometric to

Q@ Q*, <2 é)) and this means that the space

e 0 O
Pa®Q®Q”, |0 0 1)
010
is neutral. By condition (2) of Lemma 2.1 applied to the above space, there exists an exact triangle:

a
b
#H = £=3
T—l(L#)LL—C>P@Q@Q# (@ & ) L#

with w = T ~1(w*) for some morphisms a, b and ¢ as above. Chose an exact triangle containing b:

IR VI

(we choose to call T(M) the cone of b). Now, apply the octahedron axiom to the relation

a
(01 0)([b]=n
C

This gives the following: Q
(010

10
P@Q@Q#<—(0 0)-T(P)®T(Q#) b by
\
\ bi

T (")) /L

—T(w)

T(M)

L#
for some morphisms f: L% — T(M) and g: T(M) — T(P) @ T(Q%) such that the above diagram is an
octahedron (meaning that faces are alternatively commutative or exact triangles and that the two ways

from the left to the right (respectively the two ways from the right to the left) coincide). Confer section
1 for the octahedron axiom.

10 a T @b
In particular, the condition [ 0 0 | -g=T(| b |) b, forces g to be 2 ). Thus the above
0 1 c T(C)bZ

octahedron reduces to the existence of a morphism f : L — T (M) such that:
(1) the following triangle is exact:
(T(a)bz)

H #
o) T2y oy LD TOD) 1 4

(2) b2 f =—-T(w);
(3) fc** =by.
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It will appear that (M, aoT ~*(b,), m) is a lagrangian of (P, ¢) for a suitable morphismm : T~(M#) —
M (more or less). Therefore we baptize:

a:=aoT ) : M—P,.

The reluctant reader can motivate himself by checking that oo = 0. Let us consider the following
identity: (a”y b%) - (2) b¥. Apply to this the octahedron axiom again to find a morphism m :

T~Y(M#) — M such that:
(4) the following triangle is exact:

«
Ty My 2 p L8 e

(5) mby =—T~f
(6) cT (b)) m = —h7"

To make (M, o, m) a lagrangian of (P, ¢) we still need T ~*(m*) = m. So let us consider the triangles
over m and over T ~1(m*). To lighten a little bit the notations, we shall write

x=T lo#.

Dualizing the exact triangle (4), we get the second line of the following diagram, whose first line is
simply exact triangle (4):

H
«
Mr—m o — o p 2Py
|
Q) H J1+x1~ %lﬁ H
Y
* H #
M e M = P# —— M

and it is an axiom of triangulated categories that the above morphism of exact triangles can be completed.
The third morphism is called 1 + x because we are going to prove that x is nilpotent. This is quite a
technical computation. Let us do it step by step, very carefully. Directly from (7), we get:

@) xm=m*—m

(9) ax=0.
From (8), we immediately have m*x* = (xm)* = (m* —m)" = m —m* = —xm. Call this

(10) m*x* = —xm.
Now, compose (5) on the right with ¢* and use (3) to obtain
(11) mbyc* = =T 1(by).
Apply * to this last equality, use (6) and replace m* by (1 + x) m, which is allowed by (7), to obtain:
(12) cT Y(b2)xm =0.
Dualize this last relation, use (10) and then use (11) to replace m b’;c* to get:
(13) x T71(by) =0.

Now we are going to use the symmetry of the w given at the beginning to deduce some information
about x. Compose relation (5) on the left by T (b,) and use (2) to obtain that

T ) mby = —T (b)) T(F) = w.
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Since w = w*, the left hand side of the above equation is also x-symmetric. Use this and replace m* by
(1 + x)m, to obtain T~1(b) xm bf = 0. But then (5) allows us to replace m bf and to have

(14) T o) xTY(F) =0.

We are almost done. Recalling the definition of « = aT ~%(b,), composing (9) with m on the right
gives aT (b)) xm = 0. Since, on the other hand (12) insures us that ¢ T ~1(by) xm = 0, we have

(79 ) xm =

Since triangle (1) is exact, there exists, by considerations of § 0 on weak cokernels, a morphismy : M* —
L* such that
(15) xm =T 1(F)y.

From relation (13) and the exact triangle over b that we chose at the very beginning of the proof, there
exists a morphism z : L — M such that
(16) x =z T Y(by).

Now we are going to compute x3m using the above relations. By (15) and (16), we have
xXm=x-x-(xm)=zT b)) - x- T 1(F)y.

But (14) insures that the composition of the three morphisms in the middle is zero. Thus we have
established x>m = 0. Of course, from (9), we have that a-x® = 0. In other words, x3 makes the following
diagram commute:

+H#
«
Mr—T oM —2 s p T y#
Ol lx3 lO lO
M* M P M#,
m «Q OA#QD

It is an easy exercise (confer §0.) to show that such endomorphisms have trivial square:
x® =0.

1 . . . .
Hence, h : =1+ > X is an automorphism of M. Relation (10) says that m*x* = —xm. This and the

fact that m* = (1 + x) m insures that m*h* = hm. In other words, the following diagram commutes
(since, of course, we still have ah = « by (9)):

M* m M « p o e M#
e
M * — M oo p # — M#
Lemma 2.1 insures that (P, ¢) is neutral. f

2.7. Remark. The same proof goes through for a skew-duality.

2.8. Exercise. Establish how a stably metabolic space in the usual sense becomes neutral in the derived
category. The above proof gives an explicit way to find the lagrangian. The latter will not be (of course)
a complex concentrated in degree 0.
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3. The sub-lagrangian construction.

In this paragraph, we fix the triangulated category K and its duality #. The case of a skew-duality
can be treated as well and is left to the reader.

3.1. Sub-lagrangians and orthogonal. The classical theory of symmetric spaces as well as some
technical problems we shall encounter in the subsequent paragraphs lead us to the following questions.

Consider a symmetric space (P, ¢). Suppose we have a sub-lagrangian (L, 14), i.e. L is an object and

11 . L — P is a morphism such that
l/ftgo v =0.

Here are natural questions:

(1) Can we define L, the orthogonal of L ?

(2) Canwe map L — L*?

(3) Can we endow Cone(L — L) with a structure of symmetric space Witt-equivalent to (P, ©)?

The first mental step is to renounce to the constraint for L or for L+ to be sub-objects of P, as well
as L to be a sub-object of LL. In triangulated categories, it would definitely be a too strong hypothesis
since any monomorphism (i.e. any morphism « such that « 3 = 0 forces 5 = 0) is a split inclusion as
a direct summand. In other words, this would be the same as forgetting the triangulated structure and
focusing only on the additive one.

In the classical case, L is defined to be the kernel of ;" o . Since we know that T ~*(Cone(u)) is a
weak kernel of u, the natural analogous to L+ would be here

T~ (Cone(vy” o )
which is the same as (Cone(ul))# as can be deduced from exactness of # (confer definition 1.2). Therefore,
we prefer to introduce directly the following exact triangle (setting, if you prefer, M = Cone(v1)” = L1):

(A) Tim#) 2 L e p gy

in which M is already the orthogonal of L. Then, dualizing the above triangle, we get:

T_l(y#) Z/# l/#
(A%) TL(LH) LM L p#
This allows us to understand the more precise definition of the orthogonal of L =% P :

(L,va)t = (M, o~ %)

3.2. Remark. Triangle A and the above definition of the orthogonal give the following reformulation
of Lemma 2.1 into a vaguer but more conceptual maxim: a lagrangian is a sub-lagrangian which is equal
to its orthogonal.

3.3. Definition. We are going to construct a morphism of triangles between A and A* of 3.1. Its first
part is given by ¢ : P — P#. Since fo o (pr1) = 0 and since A# is exact, there exists a morphism
a L — M (i.e. we map L in its orthogonal) such that ¢, = ufa (see below). The third axiom of
triangulated categories insures us of the existence of a third morphism 3 : M# — L# such that the
following diagram commutes:

Vo V1 v2

T-1(M#) L P M#
I
T_l([)’): at le EN]
Y
T7HL™) p# LL.

—1, # # #
T () Vp vy
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Of course, we would prefer to have 3 = o*. This is easy to obtain. It suffices to define ng := %(a + (37)
and to check, using the above diagram, that the following diagram commutes:

TV —2 s — 2 p 2 e
W) T_l(n?)l UOL :Lw lnf
T7H(LH) M p# L#.
T_l(yéi) Vf 1/;1#

For a fixed choice of A, we shall call a good morphism 7o : L — L+ any morphism 7o : L — M such that
the above diagram (w) commutes. We have proved the following proposition:

3.4. Proposition. Let (P, ) be a symmetric space and (L, 1) be a sub-lagrangian of this space. Let

T-1Mm#H) —2s Bp 2y

be any choice of an exact triangle containg v, then there exists a good morphism 7o : L —s L*. f

3.5. The questions. Now that we have sent any sub-lagrangian in its orthogonal, it is natural, as in
the classical case to consider the analogue of L /L, namely to choose an exact triangle over 7, displayed
vertically in the following diagram (second column) in which the first column is the dual of the second:

Vo V1 V2

TY(M#) L P M#
T 0g) "o ~| mw
T4 M p# L#
T7H) vy v
() ny n
Q* Q
nfb 2
M# T(L).
T (v0)

We shall refer several times to this diagram in the sequel. We ask now the following question:

Question A. Given a commutative diagram  with exact lines and columns, can we construct a sym-
metric form + : Q = Q¥ such that (P, ¢) and (Q, ¢)) are Witt-equivalent ?

More precisely, we could also ask ¢ to fit in the above diagram. As an exercise, the reader should try
to solve the problem for L = 0. Even in this very case, it is immediate that we cannot expect any form
making the above diagram commute to be Witt-equivalent to (P, ). It appears also from this example
that one cannot simply complete the above diagram using the axiom (TR3). The induced morphism
Q" — Q might very well not be an isomorphism and can even be zero. For these reasons, it is very
important to consider the morphism:

S=w (p_lyf ' M — M*,

1

This is the symmetric map induced by ¢ on M = L (which is sent in P through ¢~ yft):

1 1 1 #
() p ey =y =s.
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This morphism will play a central role hereafter. For some reasons, the form ¢ we shall be able to
construct and that will fit in © will actually give the opposite of [P, ] in the Witt group. Of course, this
answers also the question since we can replace ) by —i. Therefore, when we consider a form ¢ : Q = Q%
“making the diagram (£2) commutative”, we shall also ask for :

E=3 _ —1. # _
N == M (= —s).

We are then lead to ask the following second, quite natural question:

Question B. Given a commutative diagram ) as below with exact lines and columns:

TIM#) — 2 s — 1 p P2 y#
T10E) o ~ | n
=
@) 72 n
gr Y=g
an n2

M# ——————T(L)

T (vo)

such that
#H _ —1_ #
nYm=—vap v,

can we conclude that (P, ¢) and (Q, —) are Witt-equivalent ?
and therefore the intermediate question:

Question C. Given a commutative diagram Q as in Question A, can we complete it into a diagram
as in Question B?

We shall see that with some restriction on 7o, we can give a positive answer to those questions. First
of all, we establish that there is at most one solution to Question C (Theorem 3.8). To do that, we start
by proving quite a weird lemma, that we shall use later again.

3.6. Lemma. Assume that we have the following mysterious and commutative diagrams (one for ¥ and
one for g):
u % w

A B C T(A)
al ﬁl Tf, g lT(a)
A B > - T(A)
u Vv w

and assume that the two lines are exact triangles. Suppose that f is an isomorphism and that
wfv =wgVv'.

Then g is also an isomorphism and, more precisely, there exists x : C’ — C’ such that
(1) g=f1+x
2 x®=0.
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3.7. Proof. Since f is an isomorphism, it suffices to define x = f~'g—1tohaveg =f (1+x) = f+fx.
We have to check that x3 = 0.

From the commutativity of the diagrams (middle square), we have v = gv/' 3 = (F + fx)Vv/' 3 =
v + fxVv’ 3 and therefore fxv’' 3 = 0, i.e. (f being an isomorphism and using commutativity again)
xF~lv = 0. From the exact triangle over v, we deduce that there exists X : T(A) — C’ such that

)] x=xwf.
From the other commutativities (right square), we obtain in the same way that T(e)wf =T (a)wg =

T(a)w (f +Ffx) and thus T(e)wFx =0, i.e. w x = 0. From the exact triangle over w’, we deduce the
existence of a morphism X : C’ — B’ such that

2 x=V'X.
Now, we also assumed that wf v’ = wg Vv’ which forces
®3) wfxv =w((@—-Ff)v =0.

Now, using (1) and (2), it is easy to conclude that

3 =xwfxvx 2o,

Of course, this implies that (1 + x) is an isomorphism and the result. f
3.8. Theorem. Let (K, #) be a triangulated category with duality containing % Consider a commutative
diagram €2 with exact rows and columns like in 3.5. Suppose that there exist two symmetric forms
¥, 1 Q — Q¥ fitting in diagram Q and such that 5y v n1 = 574/ 1. Then ¢ and ' are isometric.

3.9. Proof. Apply the above lemma to the diagram obtained by the two first columns of Q with f =4
and g = +’. The hypotheses about ¢) and ¢’ are exactly the ones of the lemma. Therefore, there exists
X : Q — Q such that x3 =0 and v’ = 1 (1 + x). Now, from the symmetry of ) and v/, one immediately
gets x** ¢» = ¢ x. Consider the isomorphism (x3 =01)

1 1 ~
h:=1+§x—§x2 Q3 Q.
Note that h**+) = ¢y h and that h? = 1+ x. Therefore:
h#yh=yh?=y¢@+x) =1

which is the announced result. f

3.10. Remark. A last problem makes the story a little bit more complicated. In real life, the (good)
morphism 7o : L — L= is usually chosen by the opponent! (confer Lemma 5.4). Of course, it might
happen that some choices of 7 allow a sub-lagrangian construction and others don’t. This illustrates the
usual non-uniqueness problem in triangulated categories (this problem was evacuated in the special case
of [1, Theorem 3.11, p. 110] by assuming Homy (L, T1L*) = 0, but we can’t do any such hypothesis
here). Anyway, we shall use several such good morphisms 7o : L — L+, some better than others, and it
will be useful to have the following momentary terminology.

3.11. Definition. Let (P, ) be a symmetric space and (L, 1) be a sub-lagrangian of this space. For a
fixed choice of an exact triangle

Vo " V2

(A) T-Y(M#) L P M#
we say that a good morphism g : L — L+ (definition 3.3) is very good if moreover the triangle
(T (o) "
va g My —ug (T(uo) 5°)

M# T(L)oL” T(M)
is exact.

As already said before, the morphism s = v, go_luf : M — M¥ plays a central role and the above
exact triangle will be useful in the forthcoming proofs. We shall now see that very good morphisms exist
and later on, we shall see their use to tackle the sub-lagrangian questions.
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3.12. Orientation. The end of this paragraph goes as follows: We are going to establish a few lemmas
about good and very good morphisms and we shall then state the first existence theorem (Theorem
3.17) which says that one can modify a good morphism into a very good morphism by keeping its cone
(“L*-/L") up to stable isomorphism.

Then, we shall mention that, for very good morphisms, Question C of 3.3 has a positive answer (Remark
3.19). Finally, assuming that our triangulated category satisfies (TR4™), we shall give a positive answer
to Question B, again for very good morphisms only (Theorem 3.20). Since Question A comes from
Question B + Question C, very good morphisms merit their name.

From now on, the symmetric space (P, ¢) and its lagrangian (L, v;) is fixed. As well, we choose an

exact triangle:
1%0) 1% 1%

(A) T (mM#) L P M#,

Recall also that s := v, o~ 13" : M — M* and that

x =T Lo#

3.13. Lemma. Adopt the notations of 3.12. Let iy : L — L+ be a good morphism (definition 3.3).
Then there exists a morphism \ : L — T ~1(L*) such that

1) vy A =0
(2) the morphism o :=mno + 1§ A : L — L' is very good (definition 3.11).
3.14. Proof. Let us give a name to the following diagram, which is commutative because 7 is good:

Yo V1 V2

T-H(M*) L P M#
) T‘l(n?)l Lno :Lw lnf
T_l(L#) M p# L*.
T0) vy v

We are going to study exact triangles over s = v, gp‘lyf.

Consider the octahedron axiom for the relation z/fo (pr1) = 0. We get the following picture, in which
the reader should ignore for a while the isomorphism on the right (the exact triangles over fo and over
v, are obtained from A):

©)

(2 3)
e 1
0) Tl —T(L)o L?

~

for some morphisms a, b, c,d. The relations involving the injection (2) and the projection (1 0) do

force a =T (1) and d = 1. As well, the relation

b ®3) # (W) #
Ol = —Vp Y = g °V2
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insures the existence of a morphism e : T(L) — L* such that:
b=—ng +eT ().

0
1

—773#- The morphism c is modified into ¢+ z/fe, which still satisfies T(z/f) (c+ yz,#e) =T (yf) ¢ =T (pr1).
We baptize 3 := T~1(c+ 1§’e). The octahedron reduces then to the existence of an exact triangle :

One can use the automorphism <_1€ ) of T(L) @ L* presented in the above picture (3) to replace b by

(1 .
@ M—-mr— T (&) %) T(M)
for some morphism 5 : L — M such that:

®) viB=pn.

Of course, the esthete would prefer to have 5 = g, in which case we say that 7 is very good (see
definition 3.11). This is not true in general but it appears that one can replace 79 by some po such that
the following triangle is exact:

<T (o)

L #
©® M—Smr— Ty (TGo) +5')

T(M).

Namely, this po will be very good and will be constructed as po := no+vg A for some morphism A : L — L*
such that v Avp = 0 as announced in the lemma.

From property (5) and from (w), we deduce that ufﬁ =pr = yfno. In other words, z/?t(ﬂ —no) = 0.
Then using exact triangle (A%), we know that there exists a morphism I : L — L* such that

(7 B=mno+upl

Dualizing exact triangle (4), recalling that s ='s, gives the following exact triangle:

< 6

We display it as the second row of the following diagram, in which the first is simply (4) :

() ;
M St T8y IO )
! 1 0
© H 3 o ) |
M M# T(L)oL* T(M).
> (149) (To) ')

Its right square commutes because of (7). Since it has exact rows, there exists a morphism M#* — M#*#
such that the entire diagram commutes and nobody can keep us from calling it 1 + h for some morphism
h: M# — M*. We have the following relations:

(9 hs=0 (10) T()h=0 (1)  —p*A+h)y =TT ) — 17
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Compose (11) on the right with v,, use (5) and (w) to prove that:
(12) #hu, = 0.
From (9) and the exact triangle presented in the second line of (8), we deduce that

ay  n=h(1%9)

for some morphism h: T(L) @ L¥ — M*#. Similarly, from (10) and exact triangle (A), we deduce that:

(14) h=uwh

for some morphism h: M#* — P.
Now, compute h® using (13) and (14):

h=h (T_(gfé?> oho(rzh)=h (T—(ﬁyg?f?’fyj> "

It follows then immediately from (10) and (12) that h® = 0. Therefore 1 + h : M* = M# is an
isomorphism.

But, dualizing (8) and using as before the isomorphism <_Ol é) we get the following morphism of

1 0
—1#% 1
of (8), we get the following morphism of exact triangles:

the same exact triangles: (1 + h*, 1, ( >). Taking the mean of this last morphism with the one

T (o)
15
= ., 5E) )
M# T(L) oL T(M)
S N 1 0 I R
1+§h o~ o~ 1+§h [(%(T(I)—I#) 1) ~ 1+§T(h )
M M# T(L) oL T(M).
s (T(VO)> (T(7}0) l/z,#)
_ﬂ#
Let us give names:
f:=1+%h#:M1>M and I_:=I_I'=—I_*:L—>L*.
Pushing f up and % down in (15), we obtain the following morphism of exact triangles:
T (o)
sf? (—n? T(E)o (TW) )
M M# T(L) oL T(M)
(v 1)
T 1
M M# T(L) oL T(M).
(F*) s (T(w») f# “ (Too) )
—ﬁ# ©

From (9) and the definition of f, we have sf = s and from (10) we have T (1) f# = T (). Use this in
the above diagram to obtain the following one:

(1 .
St~y O ) p)
1 0
o || oy
M M# T(L) @ L? T(M)

S (T(VO)> (T(no) 1/6#)

_ﬁ/#
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where v := f 3. Note that the exact triangle of the first line gives: 0 = (T(y) §) - (?;Q) =
0

T(yvo) — vy ny which implies
* * ( )
17) Y Vo = VoMo = Mo V0-

Now, since the third commutative square of (16) gives

(18) y=mno+ w5l
we have, composing this last equation with v on the right and comparing with (17), that:
(19) vl = 0.

Consider now the following commutative diagram (direct check) :

() ;
.. e — D ) oy
1 0
@ || (et 9 |
# T(L) o L — T(M
NS (1705 ) O e
1 +H
§T(|Vo)_7)o

in which the first row (and therefore also the second) is an exact triangle (see 16). Define

l *
Mo :=mo + Ez/ol.

Observe that (18) implies v — 151 = 1o+ £ 151 = po and that (here we use | = —I* which is immediate
from the definition of I):

1 1_ - 1_ -~
My =10 + 5 17T (o) =g’ + 5T (1" v0) = 15" = 5T (Iwo).
Replace these two last facts in the second line of (23) to obtain the announced exact triangle (6):

(T (v0)

_# I/#
M — T L (Ta) +q) T(M)

guaranteeing that o is very good (condition (2) of the lemma). Define A = % , S0 that po is g + 5\ as
required. Condition (1) asks vgA1p = 0, which is a direct consequence of (19). f

3.15. Lemma. Adopt the notations of 3.12. Let 1o : L — L+ be a good morphism. Then

Cone(no vo) =~ Cone(ng) @ Cone(vy).

3.16. Proof. Choose an exact triangle containing no: L e, M e Cone(no) 2, T(L). From

the definition of good morphisms (see definition 3.3) p1v1 = z/f no. Therefore, we have 1y T 1(n,) =
z/;t't no T~1(n2) = 0. Since ¢ is an isomorphism, this forces :

roT Hp)=0: T71 (Cone(io)) —— P~ Cone(vo)

Apply the octahedron axiom to this last relation and you immediately obtain the result of the lemma. £
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3.17. Theorem — Existence of very good morphisms. Let (K,#) be a triangulated category with
duality containing % Let (P, ) be a symmetric space and (L, »1) be a sub-lagrangian of this space. Let

Vo V1 V2

T-Y(M*) L P Vi

be any choice of an exact triangle containg v1 and let 1o : L — L=+ be a good morphism. Then there exists
a very good morphism g : L — L such that Cone(ro) and Cone(l) are stably isomorphic, namely :

Cone(no) @ P ~ Cone(lo) @ P.

In particular, there exists a very good morphism po : L — M = L= .

3.18. Proof. By Lemma 3.13, there exists A : L — L* such that pg := 70 + v§ A is very good and such
that v§ Ao = 0 which implies

Hrvo = n .

Of course po being very good is also good. By Lemma 3.15, one has:
Cone(no) @® Cone(rp) ~ Cone(no o) = Cone(Mo vp) ~ Cone(Ho) & Cone(rp).

Since Cone(vp) ~ P, one has the result.

The last assertion comes from the fact that there always exists good morphisms ng : L — L as we
saw in Proposition 3.4. f

3.19. Remark. At this point, we know that very good morphisms exist and actually are sufficiently
numerous to be found not too far from any given good morphism (recall remark 3.10). The following
result is true:

Theorem — Let (K, #) be a triangulated category with duality containing % Let (P, ¢) be a symmetric
space and (L, 1) be a sub-lagrangian of this space. Adopt the notations of 3.12. Let 7o : L — L be a
very good morphism. Then one can answer positively Question C of 3.3 for this morphism, namely : for
any choice of an exact triangle

o Uit

T,
L M Q]2

L)
there exists a symmetric form +) : Q — Q* such that diagram ((_2) commutes and such that

nym = -

The proof of this can be found in [2, End of the proof of théoréme 4.2, p.52-54]. It was also given in
the preprint (electronic) version of the present article. It is not included here because we are going to
give another proof in the case of K satisfying (TR4™). In this later case, we shall prove moreover that
this symmetric space (Q, v) is Witt-equivalent to (P, —) and this is the point for which the author has
no proof without (TR4™). See Theorem 3.20.

In other words, the following theorem says that we have a positive answer to Questions C and B (and
therefore A) of 3.3 if we assume the morphism L — L to be very good.
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3.20. Theorem. Let (K,#) be a triangulated category with duality containing % Suppose moreover
that K satisfies (TR4™).

TAMH) — 2 o 1 o p 2 y#
T7H15) Ho ~| @ Mo
T-L(L#) — M 7 p# 7 L#
®) uy Ma
e < UV o
T Mz

— = T(L
M T

Let (P, ) be a symmetric space and (L, v1) be a sub-lagrangian of this space. Choose any exact triangle
over vy, choose any very good morphism po : L — L and choose any exact triangle over pgo (as presented
in (_2). Then there exists a symmetric form 1 : R — R* such that

(1) The above diagram Q) commutes

@) W= v
(3) The space (R, %) is Witt-equivalent to (P, —y).
Moreover, any symmetric form on R satisfying (1) and (2) satisfies (3).

3.21. Proof. Let us see the “moreover part” before. This is an immediate consequence of Theorem 3.8,
since another such form would be isometric to the one whose existence is claimed. Therefore it suffices
to prove that there exists a symmetric form satisfying (1), (2) and (3).

We recall the notations: s := v, o~ : M — M#, s* =s; the previous duality is

=T 1o#
From the definition of o very good (see definition 3.11), the following triangle is exact:
H T(V;%t) H
vty - T(Ho) v
@ e T e *)rom,
From §=2, we know that yfuo = puv1. Apply (TR4™) to this relation to find the following octahedron:
P#
vy
H
+H# " 1
M Yo L# pr Vo
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that is, the existence of two morphisms a : R — M* et b : M* — L* such that
() apy = —v2p Ll = —s
(6) T(wo)a=He
(M) 15 =T (o v0)
(®) brep™ =17
M1 vg —a b

(9) the triangle T1(L*) R M# L# is exact (use even changes of
signs)
(T(Vo)>
—b T v
(10) the triangle M 5. M# T(L) o L? T %) T(M) is exact
+H
()
-1
a
(11) the triangle T—1(M%) W M Ha P#* 3R (vae ) M# is exact where

WI=Hovo = VYgHg =W".
Comparing the two exact triangles over s at our disposal, namely (10) and (4), we get the existence of a
morphism | : M# — M# such that the following diagram commutes :

(%) (1) )
—b T(Ho)
S M* T(L) o L# ) Tmy
|
H 11+ H H
) # M)
M M# T(L)aL (M
® ( (Vgg> (To) 1)
—Ho

We immediately get

(12) I1s=0

(13) T(wo)1=0

(14) P @+1=no.
Composing (13) on the left with T (o), we get

(15) T(w)l =0.
Composing (14) on the right with v,, we have

8
Weve + uy lva=buw, @ vy

and taking HZ)#VQ = ufcp from §=2, we end up with:

(16) i lvp =0.
From (12) and exact triangle (4), there exists I: T(L)® L — M# such that | = I (T_(V%) ) From (13)

= - 0 -
and the exact triangle over vo (see €2), there exists a morphism I : M#* — P such that | = v, . Now,
T T(Vo)) ~(13) T ( 0 > ~(16)
17 BP=1- Al =00 =
1n (—u? V2 e VA R

Observe that from (14), we can construct a isomorphism ¢ : R — R such that the following diagram
commutes:

*

1) T g R e D #
|

H J1€ l1+l H
Y

T3 R* M# L#

T —py Tie
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where the two lines are exact triangles by (9) and ((ZZ) respectively.Commutativity of (18) gives:

19) €pavg =py
(20) pe=@1+Na
Composing (20) on the left with T (14), using (6) and (13) gives the first of the following relations:

(21) T (o) Wy’ € =
(22) e =—s
where the second relation is obtained from composing (20) on the right with p;, using (5) and (12).

From (16), we have u#l v ¢~ = 0 and therefore, by the exact triangle over u# (see second line of
(18)), we deduce the existence of a morphism r : P — R such that

(23) v, ot =pir.

Now compute:

-1
(v2 ﬁ)(@r 2>=(uz<p‘1+u’fr W) D (ot it W) @
= (A+Dme™t A+Da)=@1+D) (e a).

Put this in the following diagram with exact lines (the first being just (11) and the second its dual, using
also w* =w):

H
)
(24) Ty o P g 2P D)
| <P_1 0
1+T_1(I)l Si14p l(r 5) j1+|
\
THM?) —5—M — A PR = M#
(so v2> (v Wf)
a#

which we complete by 1+p: M — M for some morphism p : M — M that we shall soon prove to be
nilpotent (and a little bit more actually). Immediately from (15), we have w T ~*(I) = 0 and therefore we
deduce from (24) the following relations:

(25) pw=0

(26) 15, p=0

@7) a*(L+p)=rvy + .
Composing the latter with v on the right, we find:

avs +apus =1 vy g+ E v
N——

——

®  # =0 as)
= H2 = Hz

which forces pipr§ = 0. Now, as usual, we get from (25) and from exact triangle (11), we get the
#H

existence of p : P# @ R — M such that p = p (’;2 ) From (26) and the dual of the original exact
1

triangle over z/;t't (see §=2) we get the existence of §: M — T ~1(L*¥) such that p = v p. And finally, using

Hiprg =0: "
3_g (" .n- *’"'(2_—6)_( 0 >-~:O
p p<ul) p-vPp p Wi pe g p .

We are almost done. We have p® = 0 and (1¥)® = 0 from (17). Moreover from the above factorization
p=1§P, we get:

#op=1#T107) 5= (Tw))*p 2 0.
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Define 1
m:=Z(p+17%)
2
a direct computation using the above relation (I” and p do not necessarily commute!) gives:

m° =0

which we sall only use to state that 1 + m is an isomorphism.
Taking the mean between the morphism desplayed in (24) and its dual we get the following one:

+H
(%)
M1 (v2 90_1 a)
(28) L (Y o . Ly P# R M#
-1 1 .#
1+m*l: ~|1+m 7 522# ~|1+m”
s 5
TY(M*) M P @ R* M#
w _ }
<<p #) (o )
a#
e+ . )
Put y = > Using (19) and the dual of (21), we immediately observe that

(29) x : R — R fits in diagram Q
(30) W' xH1 =~s

where the second property is immediately obtained from (22) and its dual.
Diagram (28) and Lemma 2.1 tells us that the symmetric space

(P*aR, ((pl_l %r#))
2 X

is neutral. Therefore, so is any isometric space like:

(e D (0 ) (e ) = (50 2)
—Ercp 1 %r X —Erap 1 0 'IZJ

where ¢ 1= y — 2 r o r#. Therefore the space (R, v) is Witt-equivalent to (P#, —x~1) which in turn is
isometric to (P, —p). So, the symmetric space (R, v) satisfies condition (3) of the theorem. Let us check
conditions (1) and (2).

Direct computation gives both:

1 29 1
T ¥ =Ty v = 3T Y rer” © = 2 T(0) - (W re) - 1

(X))

1
2= 7T @

H2
which insures that ) fits into diagram Q. Finally
# o # 1 % # . (30) 1 #
M9 pa = Wy Xul_zpﬂ ror~p = _S_Zul ror~ H
1 1
=) —Ss— 2 Lo o 2 ga_lz/f #=—-s—Z1Isl? @ —S.
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3.22. Corollary — Sub-lagrangian Theorem. Let (K,#) be a triangulated category with duality
containing % Suppose moreover that K satisfies (TR4™).

Let (P, ) be a symmetric space and (L, v1) be a sub-lagrangian of this space. Choose any exact triangle
over v1 (see below) and any morphism 7o : L — M such that the following diagram commutes (see 3.3):

TIM?) — 2 s — 2 o p 2y
T_l(né#)l UOL le lné#
T7(L™) p# L#,
T ) vy Z4

Then, there exists another morphism po : L — M such that

(1) Cone(ro) and Cone(po) are stably isomorphic,
(2) Cone(up) carries a symmetric form Witt-equivalent to (P, ¢).

In particular, for any lagrangian, there exists a morphism o : L — L+ = M satisfying (2).
3.23. Proof. This is just juxtaposition of parts of Theorem 3.17 and Theorem 3.20. f

3.24. Remark. The final assertion of the above corollary is the answer to the initial naive questions
of 3.1. This result, although it sounds very nice, is hard to use in general. In the classical case, it was
the ideal formulation because there was only one way to send a sub-lagrangian into its orthogonal. Here,
there are several (7o, Mo, -..), some better (o) than others (19), as | hope the reader noticed.

The assertions (1) and (2) of the corollary will be more useful.

3.25. Remark. The results of this paragraph might be used to establish some link between the Witt
group proposed here and the quotient of it defined by Youssin in [15].

4. Localization context and residue homomorphism.

4.1. Localization of triangulated categories with duality.
Let us consider what we can call an exact sequence of triangulated categories:

0—J—K—L—0.

By that, we understand that L is a localization of K, that is L = S™'K for a class S of morphisms.
We can always suppose that S is saturated (i.e. S is formed by all the morphisms of K which become
isomorphisms in L) and that L is obtained by calculus of fraction (nice exercise). Then J is supposed to
be the kernel of this localization, i.e. the full subcategory of K over the objects which become isomorphic
to zero in L.

Suppose moreover that K is endowed with a duality (or a skew-duality) # such that #(S) = S. Then
S™IK inherits a unique duality that can be called the localization of # and that we shall lazily also
denote by #. It is then clear that # restricts to a duality on J. In other words, we have an exact
sequence of triangulated categories with duality :

] q

0 J K STIK —0
(LOC) #l #l #l
0 J ——=K—5>57K 0.

Additional details on localization of triangulated categories are to be found in [14] or in [1].
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4.2. Example. Let X be a noetherian regular separated scheme and U an open subscheme. Consider
DR(X) the derived category of bounded complexes of locally free Ox -modules of finite rank. Then DR(U)
is a localization of Df}(X). It is moreover a localization of triangulated categories with duality (confer
[1, théoréme 4.17, p. 28]).

The kernel category J is here the (derived) category of complexes whose homology is concentrated on
Y, the closed complement of U in X. It is a good question to wonder how the Witt groups of J might
be related to the Witt groups of Y .

This very application of the present paper is my main motivation and it will hopefully appear in
forthcoming works. However, this and the 12-term localization sequence seem to me independent ques-
tions. In other words, first, there is a localization sequence which is easy to formulate in the triangulated
framework and second, we shall try to interpret J in terms of Y . This touches another point, namely the
difficulty usually encountered to define a good residue of a form on U with values in some Witt groups of
Y. When it exists, this residue will actually be decomposable as the general residue presented hereafter
followed by some homomorphism between the Witt groups of J and those of Y .

4.3. Remark. If we have an exact sequence (LOC), functoriality of Witt groups naturally induces short
complexes:
W (j wn
wn@) Y29 wnky YD stk
for all n € Z. To get a long (periodic) exact sequence, we are going to construct connecting homomor-

phisms between W"(S™1K) and W"*1(J). This will use the cone construction of 1.6-1.10. First of all
we shall recall from [2] the construction of W(S™1K) using S-spaces.

4.4. Definition. Let (K,#,w) be a triangulated category with J-duality (6 = £1). Let S be a system
of morphisms in K. A S-space is a pair (A, s) where A is an object in K and s is a morphism s : A — A#
such that:

(1) s=swa

(2) ses.
We say that two S-spaces (A, s) and (B, t) are S-isometric if there exists an object C and morphisms
u,vinSsuchthatu:C - A, v:C — B and

u”su = v¥tv.
Instead of S-spaces, the term S-lattice or symmetric S-lattice might be more conceptually accurate.

4.5. Proposition. Let J d, Kk % 571K be a localization of triangulated categories with J-duality in the
sense of 4.1. The application (A,s) — (q(A), q(s)) induces a well defined monoid homomorphism between
the set of S-isometry classes of S-spaces and the Witt monoid MW(S™1K) of STK (see definition 1.13).
This homomorphism is an isomorphism.

Through this application, NW(K) maps surjectively onto NW(S™1K).

4.6. Proof. Exercise. Solution in [2, lemme 2.11, p. 98]. f

4.7. Remark. Of course, a symmetric space is an S-space. The above proposition describes the Witt
monoid of STIK in terms of S-spaces in K. Neutral spaces in S™*K are obtained by the neutral
spaces of K. In other words, the Witt group of S™*K can be computed as follows. Take S-isometry
classes of S-spaces and divide out by neutral spaces of K. As a consequence of that, to define an group
homomorphism

W(GSIK)—G

to a group G, it suffices to define it additively on S-spaces, to check that it is invariant under S-isometries
and that it sends neutral spaces of K to zero in G.
We are going to check that such an homomorphism is induced by the cone construction of 1.6-1.10.
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4.8. Theorem. Let J <K 5S™IK be a localization of triangulated categories with §-duality in the
sense of 4.1. Let (A,s) and (B, t) be S-isometric S-spaces in K. Then

[Cone(A, s)] = [Cone(B, t)] € W1(J).

4.9. Proof. The proof goes in several steps. First of all, observe that the cone construction is additive :
Cone((A, s)L(B, 1)) ~ Cone(A, s) LCone(B, t)
and is well defined up to strong isometry:
Cone(B, h# sh) ~ Cone(A, s)
if h: B = A is an isomorphism in K.
We shall only prove the case where # is a duality, that is § = +1. The skew-duality goes as well. It is

convenient to abbreviate x = T o# the shifted skew-duality. If (A,s) is an S-space for #, then Cone(A, s)
is a symmetric space for (K, x, —w). See, if necessary, (I") in Theorem 1.6 and definition 1.10.

4.10. Lemma. Let (P, ) be a symmetric space in K and let (L, ;) be a sub-lagrangian of this space
such that L belongs to J, the kernel category. Choose an exact triangle

T-iM#) s | P p 2

Then v, € S and L+ = M inherits from ¢ a structure of S-space, namely (M, v» <p_1z/f), such that

Cone(M, 2 ™ "15) = (T(L) & L*, (—01 é) )

In particular, [Cone(M, v5 ¢ 11,)] = 0 in W1(J).

4.11. Proof. Define s :=1» w_lz/f : M — M?%. By Theorem 3.17, there exists a very good morphism
Mo : L — M (confer definition 3.11). This means in particular that the following triangle is exact:

<T (o)

7 l/#
M S p# Ho T oL (T(wo) ) TV,

Since one can use any exact triangle over s to construct Cone(M, s), let us use the above one.
By definition, Cone(M,s) = (T(L) @ L¥,¢) for some form 4 : T(L) & L* — (T(L) & L¥)" =
L# @ T (L) such that ¢* = — and such that the following diagram commutes:

> ::<T—(:g*)> s2:= (T(wo) ")
M—> = M# o LTy aL” s T(M)
| g |
M M # L# o T(L) T(M).
s Lo W si=(p —T()
2 —T (o)

Clearly, it suffices to take ¢y = (_01 é) f
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4.12. Lemma. Let (P, ) be a symmetric space in K and let s: C — P be a morphism in S. Then
[Cone(C,s7ps)]=0 in W)

4.13. Proof. Choose an exact triangle over s:

(1) c—.p 1 p_2 100,

Observe that s € S forces

) DeJd.
Define
t:=s%ps:C - C*.
We want to prove that Cone(C, t) is Witt-trivial in (3, %). That is, we have to find some object N in J
and a morphism w : N — N* (observe that T 1o = #) such that w = w”* and Cone(C, t) _LCone(N, w)

is neutral in J. Choose N := D* and w := —s;¢ ™ %s; : D — D. Observe immediately that w* = w.
Choose an exact triangle over t of the form:
t t
c—tscr—=TM)—2-T(C)
and observe that t € S implies
®3) Led
Write down the composition axiom for the relation
t=(s"y)s

where the exact triangle over s* (and then over s¥) is constructed from exact triangle (1). This way,
one finds an exact triangle

w w
D# —> D —1> T(L) —2> T(D¥)
and a collection of relations among which we shall only use:
@ T(eTswe =T(s)t =1 u.

Let us baptize 1 : L — P this morphism. We are going to use the previous Lemma. To do that, observe
that (L, 1) is a sub-lagrangian of (P, ¢):
o @ (TWHs19™) ¢ (sT7Ht)) =0.
To apply the previous lemma, we also need an exact triangle over ;1. To find it, note that
to(—T 1sp) = —s%psT (sy) = 0.
The octahedron gives us an exact triangle:

T-HCH) o TYD) 2> L —>p —2~C* 4D

where v, = (SX) for some morphism x : P — C* such that xs = t. But t = s#ps. This means
1

that (s — x)s = 0. We proceed like in 3.14. Using exact triangle (1), we have the existence of some
morphism a : D — C* such that s”¢ — x = a sy, which, in turn, can be seen as

1 a x\ _ [ s%p

0 1 S1 - S1 ’
Using this endomorphism of C* @ D, one can then suppose that

Vy = S#(,O
2 — Sl [
changing v as well, but keeping the v; : L — P we liked. Now, having Lemma 4.10 in mind, compute
1 # _ S#QD -1 HN\ t 0
v2p Vz—(sl)w (gs 31)_<o —w )

Since L € J by (3), Lemma 4.10 insures us that the cone of this form is neutral in J. But it is obviously

the orthogonal sum of the cone of t and of the cone of —w : D¥ — D, the latter being neutral in J
because D* € J by (2). Therefore, [Cone(t)] = 0 in W1(J) as claimed. i
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4.14. Proof of Theorem 4.8. Let (A,s) and (B, t) be S-isometric S-spaces. It suffices to do the case
when there exists a morphism u: B — A, u € S, such that

€)) t=u"su.

Recall that the cone construction is additive and invariant under strong isometries in K (see 4.9). Now

consider
1 0\ (s 0) (1 u\® S su
u? 1 0 -t 0 1) \u¥*s 0 /-

S su

It suffices to prove that [Cone(A & B, (u#s 0

) )] =0in W'(J). Now, consider the morphism

1 0. _ L AH
(0 SU)'A@B — A DA

which obviously belongs to S and consider the symmetric form

=(i3)

over A & A%, The result is now a direct consequence of Lemma 4.12 since
1 0\* /1 0\_(s su
0 su/ P \o su) \u*s 0 )"
!

4.15. Mea culpa. The careful reader of [1] will object that Theorem 5.15 there already states that
this connecting homomaorphism is well defined. The proof of Lemma 5.11 loc. cit. on which this theorem
relies, was left as a (difficult) exercise. Solution to this problem is the above Theorem 4.8.

4.16. Corollary and definition. Let J J,k % 571K be a localization of triangulated categories with
d-duality in the sense of 4.1. The cone construction of 1.6 and 1.10 induce well defined homomorphisms

" WN(STIK) —W 1)
X —[Cone(A, s)]
where (A, s) is any S-space such that x = [q(A), q(s)]

for all n € Z. They will be called the residue homomorphisms.

4.17. Proof. This is immediate from Theorem 4.8 and remark 4.7. In fact, the cone of any (neutral)
form in K is of course trivial since the cone of an isomorphism is zero.
The theorem was stated for n = 0 but this is of course enough: apply it to T"(K, #, @).

!

4.18. Exercise. Check that the 0" : W"(S™1K) — W "*1(J) commute with the periodicity isomor-
phisms W" = W "** of Proposition 1.14.

4.19. Exercise. Check that the sequence obtained by using the natural homomorphisms of 4.3 and the
residue homomorphisms of 4.16 is a complex (very easy).

4.20. Exercise. Understand the analogy between the residue homomorphisms presented here and the
classical (second) residue in the case of a valuation ring, for instance. Understand first why an S-space
is a good generalization of a lattice.
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5. Main result.

5.1. Definition. We shall say, for short, that an additive category in which A ¢ B ~ B implies A ~ 0
is weakly cancelative. Recall that NAK lemma forces the category of finitely generated modules over a
local ring to be weakly cancelative. Therefore, so is the category of coherent Ox-modules over a scheme.
Moreover if E is an exact subcategory of a weakly cancelative abelian category, then E and DP(E) are
weakly cancelative as well.

5.2. Theorem. Let J 9> K —»S~!K be a localization of triangulated categories with duality in the sense
of 4.1. Suppose that that % € K, that K satisfies (TR4™) of section 0 and that S™'K is weakly cancela-
tive. Then, using the natural homomorphisms W "(j) and W "(q) and the residue homomorphisms o" of
definition 4.16, we obtain the following long exact exact sequence:

W5k 2 wr@) YR wn k) D stk e Wit () —— -

of localization.

5.3. Proof. We are now well prepared to prove this theorem. We shall only establish exactness of the
sequence at W(J), W(K) and W(S™1K); the last one is already done in [1] and in [2]. The same results
for the shifted groups, using the translated dualities go as well. The reader can establish the analogous
to the results of paragraphs 2, 3 and 4 for skew-dualities. Details are left as an exercise.
Exactness at W(J).

Let x € Ker(W(J) — W(K)). Choose a symmetric space such that x = [P,¢]. Then (P, ) is

Witt-trivial in K. By Theorem 2.5, (P, ¢) is neutral in K. This means by definition 1.12 that
(P, ¢) = Cone(A, u)

for some object A in K and some morphism u : A — T ~1(A*) such that

T =u.

The reader puzzled down by the sign should re-read remark 1.9 and its neighbors.
Then Cone(u) = P € J and therefore u becomes an isomorphism in S™*K (where P would be zero).
Then, since S is saturated, u € S. In other words, (A, u) is an S-space for the skew-duality T % o # and

(P, ¢) = Cone(A, u).

By definition 4.16,
(P,p) =07 (a(A), g(u)).-

This is the announced result. Observe that we did not use that K satisfies (TR4%). The key point is of
course the very strong Theorem 2.5.

Exactness at W(K).

The first step is to give a criterion for symmetric spaces over K to become neutral in S™K. This
should be compared with Lemma 2.1 condition (3). In S™'K the new isomorphisms are essentially the
morphisms of S and therefore we obtain new neutral forms using the criterion of the lemma. We prove
hereafter that they are the only one.



34 PAUL BALMER

5.4. Lemma. Let J <K 3 S™IK be a localization of triangulated categories with duality in the sense
of 4.1. Suppose that % € K. Then a symmetric space (P, ) in K is neutral in S™K if and only if there
exists a morphism of exact triangles:

TAIM?) —2 - — 2 o p 2 gn
T_l(h#)l jh :lsﬁ lh#
TH(LH) M P# L
T_l(yz,#) Vf 1/1#

with h € S.

5.5. Proof. Suppose that there exists such a diagram. Then localize it (i.e. see it in ST™1K) and apply
Lemma 2.1 in ST*K. You will obtain neutrality of (q(P),q(y)).

The converse is the interesting part. The reader should pay attention to distinguish diagrams in S™1K
from those in K. Hereafter, * shall denote T 1 o # from time to time.
Let (P, ¢) be a symmetric space in K neutral in S™*K. By definition, there exists an exact triangle
in STIK:
a a a
1) T1A") 2> A —2op 25 p#

such that
(2) ay =alpin STIK;
(3) ap = aj in STK.

Trivial Remark. Consider an exact triangle in S™'K as in (1) satisfying (2) and (3). Choose any

morphism s : B — A in K such that s € S. Set by = a; os and w = s 'ag (s_l)*. Then we have an
exact triangle in STK :

w by by
T8 Y- B P B

with w = w* in STK.
To prove this, it suffices to observe the commutative diagram in S™1K:

do a az

T-1(A%) A P AP

S*lw S{N S#lw

T-1(B* B P B#
G b b

which commutes because, in ST1K, we have b7 ¢ = (a1 5)" ¢ = s#a¥y @ s#a,. Of course (3) implies

that w* = w. This finishes the proof of the trivial remark.

Consider the exact triangle (1). Write a; as a fraction: ag=bsl: A—SB—MP
for some object B and some morphism s : B — A in S. We have by = a; s. Then the remark tells us
that we can replace (1) by an exact triangle in S™1K :

w by by
T8 Y- B P B

with w = w* in STIK. Then it is immediate that b7’ ob; = 0 in STIK. This implies that there exists a
morphism s’ : B’ — B such that bf<p b1 os’ =0 in K. Use again the trivial remark to replace by by b; s'.
Summarizing up, we have the following situation:

(4) we have an exact triangle in S™!K :
b#

b
T Vopg 2. p 22 g#
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(5) w=w*in STIK,

(6) by is @ morphism in K (meaning = q(b1))

(7) b¥pby =0in K.

Since we have (6), we can choose an exact triangle in K containing b; :

b b b
(8) T-}C)—2~B—-p —2-C.

In ST'K, we can compare (4) and (8), or if you prefer, (4) and the localization of (8):

W b b#(P
T-1(B#) B——>P —>p#
|

| It

| A

y '3u
T-}(C

(€)—p—~B—5 P —C

There exists an isomorphism B¥ = C, that can be expressed as a fraction like displayed above. Moreover,
the relation t#bqf&go = ub, is valid in ST*K and therefore in K up to some composition, say on the left,
by a morphism in S. Up to a modification of D, t and u, one can suppose (9) and moreover:

bl = ub, in K.
Since S is saturated, we have t,u € S. Define c; :=byt: D — P so that the above relation becomes:

(10) o =uby in K.

Choose an exact triangle over ¢; in K and use the definition of ¢4, to construct the following morphism
of exact triangles in K :
Co C1 Co

T_l(E) D P E
| |
(11) T7HV)! Lt H 1I3veS
) i
T-1(C .
©) bo B oy P by C

There exists a morphism v : E — C making (11) commute and it is necessarily in S, which is saturated.
Now define
l:=uv:E — D%,

Note that | € S. Compose on the left the third square of (11) with u to obtain ¢, = ub, and therefore,
because of (10), we have:

(12) lco =co in K.
Define also in STK :
z=tltowo(t™ ) : THD¥) - D.
Relation (5) forces z* = z in S™'K. Now compute:
ZTX ) =zT2uv) =t7tw @) T ) T7H(v)

D 1p T w) B in ST1K.

Regrouping this last relation with (12), we have the following commutative diagram in S™K :

TYE) e p & “2.E
(13) T‘l(l)l H LI
T-4(D*) —>D —5>P —,~D*.
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But relation (12) was true in K and therefore can be expressed as the commutativity of the following
right hand square in K :

C C C
TYE)—>>D—>Pp —2—>E
|
(14) T_l(l)l I9m l/QD {I
Y
T Y(D?) —E# p# D#.
Co i c

where the first line is the exact triangle over ¢; we chose in (11) and where the second line is simply the
dual of the first. Now, choose in K a morphism m : D — E* such that the above diagram commutes.
Observe that m € S. Define

1
h:= E(m+l#):DHE#.
It is obvious from (14) that the following diagram commutes in K (easy exercise) :

C C C
TYE) ——>D——=P —2—E

(15) T_l(h)l lh lso Lh

TH(D") —=E* p#
Co i ¥

The only non-trivial point is to check that h € S, which is of course not true simply because I, m € S.
To prove this last point, we are going to establish that h** also makes diagram (13) commute (in place
of I). This is enough because S is saturated. In view of the definition of h, it is of course sufficient to
establish that m* makes diagram (13) commute.

In other words, we have to establish:

(16) zT (M) =cp in STIK

(A7) m*c; =7 in STIK.
But (17) is already true in view of the middle square of (14), by applying #. Now simply compute in
STIK:

* o ok * * __ —1-1y\* (% E
zm*=z"m*=(m _z_ ) =(mcoT (™)) "= (c5)" = co.

DT
Putting everything together, we have the commutative diagram (15) with exact lines in K, for a

morphism h : D — E* such that h € S. This is exactly the claim of the lemma. The proof of this lemma
is octahedron-free! f

It is now easy to establish exactness of the sequence at W(K). It suffices to prove that a form satisfying
the condition of the lemma is Witt-equivalent in K to a form (R, v) with R € J. In the terminology of § 3,
the morphism h would be a good morphism L — L (see definition 3.3). Sub-lagrangian Theorem 3.22
applied to ng = h, precisely asserts that there exists a form ) on some R = Cone(lp), Witt-equivalent
to (P, ¢) and such that R and Cone(h) are stably isomorphic, say

R @ B ~ Cone(h) ® B
for some object B in K — from § 3 we know that we could choose B = P. Localize the above isomorphism
in STIK:
d(R) @ q(B) = q(Cone(h)) @ a(B).

But q(Cone(h)) is isomorphic to 0 in S™'K because h € S. Therefore, since S™*K is weakly cancelative,
q(R) ~ 0 in STIK.

This means by definition that R € J. Then, [P, ¢] = [R, ¢] € Im(W(j)).
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Exactness at W(S™!K).
This was established in [1, Theorem 5.17] and in [2, théoréme 2.21, p.103]. At that time, W' was
written W, to recall the 1 from “T! o #” and the minus from “—c”. i

Theorem 5.2, Proposition 1.14 and exercise 4.18 immediately give the following corollary.

5.6. Corollary. LetJ J,k 4 571K be a localization of triangulated categories with duality in the sense
of 4.1. Suppose that that % € K, that K satisfies (TR4™") of section 0 and that S™!K is weakly cancelative.
Then, we have the following:

-

W) —— W(K) ——— W(S 1K)

W3(s71K) wi()
W3(K) 12-term cyclic exact sequence. wW(K)
w3() W1(sIK)

W?2(S7IK)

W(K) wW?Q)

!
5.7. Remark. Of course, when we shall have [3] under roof, this result will turn out to be a generalization
of the localization exact sequences of Karoubi [8], Pardon [11] and Ranicki [13]. Since | tried to keep the
present article free of derived categories (and complexes), | shall not enter into too much details. The
reader should be aware that this result specializes to existing ones, that he could find in the references

that were given several times in this article. As already said, these discussions are left for Part Il of
Triangular Witt groups.
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