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ABSTRACT. Theinvolutionsin this paperarealgebraanti-automorphismsof periodtwo.
Involutionson endomorphismalgebrasof finite-dimensionalvectorspacesareadjoint to
symmetricor skew-symmetricbilinear forms, or to hermitianforms. Analoguesof the
classicalinvariantsof quadraticforms(discriminant,Clifford algebra,signature)havebeen
definedfor arbitrarycentralsimplealgebraswith involution. In thispaperit is shown that
over certainfieldstheseinvariantsaresufficient to classifyinvolutionsup to conjugation.
For algebrasof low degreeaclassificationis obtainedover anarbitraryfield.

1. INTRODUCTION

Let
�

beafield of characteristicdifferentfrom two andlet � � bethefundamentalideal
of all even-dimensionalforms in the Witt ring � � of quadraticforms over

�
. Let also��� ����� � �
	 � . In 1974ElmanandLam [7] obtainedclassificationtheoremsfor quadratic

forms. In particularthey showed that if � � ���� thenquadraticforms over
�

areclas-
sifiedup to isometryby dimension,discriminant,andClifford invariant. More generally
they showedthat if ��� � is torsion-freethenquadraticformsareclassifiedup to isometry
by dimension,discriminant,Clifford invariant,andtotal signature,(i.e. the signatureat
eachorderingof

�
). More recentlyBayer-FluckigerandParimala[2], [3] obtainedclas-

sificationresultsfor hermitianforms over centralsimplealgebraswith involution. They
showed that if ��� � is torsion-freethenrank, discriminant,Clifford andRost invariants,
andtotal signatureare the invariantsneededfor isometryclassification. (In the caseof
unitary involutionsa strongerhypothesison

�
is needed,namelythat

�
hasvirtual co-

homologicaldimensionat mosttwo). Theseresultswerevital ingredientsin their proof
of Serre’s ConjectureII for classicalgroups[2] andof theHassePrincipleover fieldsof
virtual cohomologicaldimension� [3].

In thispaperthecorrespondingclassificationproblemis consideredfor isomorphismof
pairs

��������	
where

�
is a centralsimple

�
-algebraand

�
is aninvolutionon

�
. Notethat���
����	

is isomorphicto
��������� ����!"�$#%��&'	(	

where
�

is a finite-dimensionalvectorspace
over a division ring ) with an involution * of thesametypeas

�
,
&

is a hermitianform
over

� ) � * 	 definedon thespace
�

, and
!��+#%��&'	

denotestheadjoint involution of
&
. Note

that
&

is only determinedup to a scalarmultiple since
&

and , & have exactly the same
adjoint involution for any , in

�.-
. Thequadraticform typeinvariantsdefinedfor

��������	
have to dependon

&
only up to a scalarmultiple. For examplethesignatureof

��������	
is

only determinedup to sign,andtheClifford algebraof
���
�/��	

is theanalogueof theeven
Clifford algebraof aquadraticform. Thefull Clifford algebraof aquadraticform changes
whentheform is multipliedby ascalar. Thustheclassificationof algebraswith involution
is coarserthan the correspondingclassificationof forms but the available invariantsare
weaker. For any unit 0 in analgebra

�
, wedenoteby 1 ��2+� 0 	 theinnerautomorphismof

�
1
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definedby 1 ��23� 0 	4�657	8� 0 5 0:9<; . Involutions
�

,
�<=

on
�

arecalledconjugateif thereexists0.> �?- suchthat � = � 1 ��2+� 0 	A@B�C@ 1 ��23� 0 	 9<;$D
Two algebraswith involution

���
�/��	
and
��� = �/� = 	

aresaidtobeisomorphicif thereexists
analgebraisomorphismEGF �IH:JK� suchthat E @B�L�M�<=�@ E . If

�
is centralsimpleover

a field
�

, two involutions
�

and
�<=

on
�

areconjugateif andonly if
���
����	

and
���
�/�<=N	

are
�

-isomorphicsince,by theSkolem-Noethertheorem,all
�

-automorphismsof
�

are
inner. (However onemay alsoenquirewhether

���
�/��	
and

�������<=O	
are isomorphicover

somesubfieldof
�

, notablywhen
�

and
�<=

arenot the identity on
�

. This questionwill
notbeinvestigatedhere.)

Theclassificationresultswe obtainarefor conjugacy of a pair of involutions
�

and
�<=

on a given centralsimplealgebra
�

. The resultsareanaloguesof the above-mentioned
resultsfor forms. An extra featurein the classificationof involutions is that we need
the extra hypothesisthat

�
is a SAP field [14]. Examplesare given to show that this

hypothesiscannotbedeleted.Thebasicstrategy for theproofsis to look at thehermitian
form associatedto thealgebrawith involutionandmodify by a scalarmultiple sothatthe
correspondingform invariantsall coincide.Thenappealingto [2] yieldstheresults.In one
casenotcoveredby [2] we requiretheappendixprovidedby Parimala.

Recall from [17, Ch. 8, P 7], [11, (2.5)] that an involution on a centralsimplealgebra
is calledorthogonal (resp.symplectic, resp. unitary) if it is adjoint to a symmetric(resp.
skew-symmetric,resp.hermitian)form afterscalarextensionto asplittingfield of

�
.

Theorem A. Suppose��� �K�Q� . All the symplecticinvolutionson a central simple
�

-
algebra are conjugate. Orthogonal involutionson a central simple

�
-algebra are conju-

gateif andonly if their Clifford algebrasare
�

-isomorphic.
Supposethat thecohomological dimensionof

�
is at most� . All theunitary involutions

on a central simplealgebra of odddegreeover a quadratic extensionof
�

are conjugate.
Unitary involutionsona central simplealgebra of evendegreeovera quadratic extension
of
�

areconjugateif andonly if their discriminantalgebrasare isomorphic.

The proof is given in Section3. Examplesof fields of cohomologicaldimensionat
most � (hencesuchthat ��� �R�S��� see[1]) includefieldsof transcendencedegreeatmost �
overanalgebraicallyclosedfield, T -adicfieldsandnonformally realglobalfields.

Usingsignaturesof involutions,we alsotreatthecasewhere
�

is ordered.Examples
show that the StrongApproximationProperty(SAP) is an indispensabletool in mostof
thecases.(See[14] for a discussionof SAPfields.) We will oftenrequirenot just that

�
is SAPbut thatalsoeachquadraticextensionof

�
is SAP. Thenotionof a field

�
having

the Effective DiagonalizationProperty(ED) was introducedin [15] and is preciselythe
conditionwe require.Therearea numberof equivalentconditionswhich maybeusedas
thedefinitionof ED. For our purposesit sufficesto know thata field

�
is ED if andonly

if
�

is SAPandeveryquadraticextensionfield of
�

is SAP. For instance,fieldswith finite
Hassenumber UV , i.e.,overwhich thedimensionsof totally indefiniteanisotropicformsare
bounded,areED by [8, Corollary2.6].

Thevirtual cohomologicaldimensionof
�

, denotedby W�X �A���
	 , is thecohomological
dimensionof

�Y�[Z H]\^	
. If W�X �����
	`_ � , then ��� � is torsion-free. (Seefor instance[3,

Lemma5.1].)

Theorem B. Let
�

bea formally real field.
Suppose

�
is SAPand ��� � is torsion-free. Symplecticinvolutionson a central simple�

-algebra areconjugateif andonly if they havethesamesignature.
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Suppose��� � is torsion-free. Orthogonal involutionson a central simple
�

-algebra of
odd degreeare conjugateif and only if they havethe samesignature and their Clifford
algebrasare isomorphic.

Suppose��� � is torsion-freeand
�

is ED. Orthogonal involutionson a central simple�
-algebra of evendegreeare conjugateif and only if they havethe samesignature and

their Clifford algebrasare
�

-isomorphic.
Suppose

�
is SAPand W�X �����
	a_ � . Unitary involutionsona central simplealgebra of

odddegreeovera quadratic extensionof
�

areconjugateif andonly if they havethesame
signature.

Suppose
�

is ED and W�X �<���
	G_ � . Unitary involutionson a central simplealgebra of
evendegreeovera quadraticextensionof

�
areconjugateif andonlyif they havethesame

signatureandtheir discriminantalgebrasare isomorphic.

Theproof is givenin Section4. Formally realnumberfieldsareexamplesof fields to
whichall thestatementsin TheoremB apply, andalsofunctionfieldsin onevariableover
a realclosedfield.

Our methodfor proving TheoremsA and B consistsin a reductionto hermitianor
skew-hermitianforms, wherewe canapply the classificationresultsof Bayer-Fluckiger
andParimala[2], [3]. We first explain this reduction.

Let
�

bea (finite-dimensional)simple
�

-algebraandsuppose
�

,
� =

areinvolutionson�
whichhavethesamerestrictionto thecenterof

�
. Weassume

�
is thesubfieldof

�
- (or�<=

-) invariantelementsin thecenterof
�

. Then
�<=�@b�

is anautomorphismwhich leaves
thecenterfixed,hence

�<=c� 1 ��2+��d+	e@b� for someunit
d > �?- . Assumemoreover that

�
and
�<=

have thesametype;thenwemayassume
�e�fd3	B�Md

. For any ,L> �.- , wedefinean
involution g$h on ikj ���G	 byglh m 0 noqpsr � m �e� 0 	 H , 9<; �e� o 	(d 9�;H , d3�e� n 	 d^�e� p 	�d 9<; r D
Thealgebra t[ikj ���G	4� glhvu is an“orthogonalsum” of

���
�/��	
and

�������<=6	
, seeDejaiffe [4].

Under the usualidentification ikj ���G	.�w�x�:�zyB��� j 	 , the involution glh is adjoint to the
hermitianform { \"�^H ,<9�; d 9<;%| on

� j (with respectto
�

).

Proposition 1. Thefollowingareequivalent:

(a)
�

and
�<=

areconjugate, i.e.,
�<='� 1 ��2+� 0 	A@8�C@ 1 ��23� 0 	 9<; for some0C> �}- ;

(b)
dG�S~ 0 �e� 0 	 for some

~ > � - , 0C> � - ;
(c) thehermitianform { \"�^H ,<9�; d 9<;%| is hyperbolicfor some,L> �.- ;
(d) thealgebra with involution t i j ���G	4� g hvu is hyperbolicfor some,�> �.- .

Proof. Theequivalenceof (a)and(b) followsfrom aneasycomputation,and(d) is equiv-
alentto (c) by definitionof hyperbolicinvolutions.Finally, theequivalenceof (a) and(d)
is provedin [4, Proposition2.4].

Theabove propositionis alsoa maintool in Wadsworth’s work on isomorphicinvolu-
tions[19].

2. LOW DEGREE CASES

Thedegreeof a centralsimplealgebrais thesquareroot of its dimension.In this sec-
tion, we considercentralsimplealgebrasof degreeat most � over an arbitraryfield of
characteristicdifferentfrom � .
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Proposition 2. Let
�

bea central simple
�

-algebra of degree p��^� �R_ � . Orthogonalin-
volutions

�
,
�<=

on
�

areconjugateif andonly if their Clifford algebras � ���
�/��	 , � ���
�/�<=N	
are
�

-isomorphic.

Proof. If p��^� ��� � , the Clifford algebras� ���
�/��	 , � ���
�/�<=N	 arequadratic
�

-algebras
givenby thediscriminantsof

�
and
�<=

, andthepropositionfollowsfrom [11, (7.4)].
If p��^� ���� , thealgebra

�
is necessarilysplit, sinceits Schurindex is a power of �

whichdividesthedegree(seefor instance[11, (2.8)]). Therefore,
�

and
�<=

areadjointto
�
-

dimensionalquadraticforms � , � = . TheClifford algebras� ���
����	 , � �������<=6	 arequaternion
algebras: � ���
�/��	8� ��� � � 	4� � ���
�/� = 	x� �8� � � = 	 D
Actually, by [11, P 15.A], wemaytakefor � (resp.� = ) thesquaringmaponthevectorspace
of pure quaternionsin � ��������	 (resp. � �������<=O	 ). Therefore,

�
and

�<=
are conjugateif� ���
����	8� � ���
���<=O	 .

Finally, assumep��^� ��� � . TheClifford algebra� ��������	 is a quaternionalgebraover
a quadraticextension� of

�
, andits norm(or corestriction)�}�z�/� t � ���
����	 u is canoni-

cally isomorphicto
�

. More precisely, thereis a canonicalisomorphismof algebraswith
involution �}�z�/�]tf� ���
����	4� E�u ����������	
whereE is theconjugationinvolutionon � ��������	 , see[11, (15.7)].

If � ���
�/��	a� � ���
���<=6	 , thecenters� , � = areisomorphic,andthereis anisomorphism
of algebraswith involution

���
����	k���������<=6	
. The involutions

�
and

�<=
are therefore

conjugate.

Symplecticinvolutionsexist only oncentralsimplealgebrasof evendegree,sinceskew-
symmetricbilinearformsof odddimensionaresingular(see[11, (2.8)]). In degree � , the
classificationproblemdoesnotarise,sincetheconjugationinvolutionis theonly symplec-
tic involutiononaquaternionalgebra.For algebrasof degree� , theproblemis discussedin
Knus-Lam-Shapiro-Tignol [10] (seealso[11, P 16.B]). If

�
,
�<=

aresymplecticinvolutions
ona centralsimple

�
-algebraof degree� , a

�
-fold Pfisterform �3� ���<=O	 is defined,with the

propertythat
�

,
�<=

areconjugateif andonly if �3� ���<=O	 is hyperbolic.
Finally, weconsiderunitaryinvolutions.

Proposition 3. Let
�

be a quaternionalgebra over a quadratic extension� of
�

, and
let
�

,
�<=

beunitary involutionson
�

which restrict to the identityon
�

. Theinvolutions�
and

�<=
are conjugateif andonly if their discriminantalgebras ) ���
����	 , ) �������<=O	 are

isomorphic.

Proof. By [11, p. 129], thediscriminantalgebra) ���
�/��	 is a quaternion
�

-subalgebraof�
on which

�
restrictsto theconjugationinvolution E , hencethereis a decompositionof

algebraswith involution ���
�/��	�� t ) ���
�/��	�� E u8� � � � 	
where is the nontrivial automorphismof � over

�
. Therefore,every isomorphism) ���
�/��	.J ) ���
�/�<=N	 extendsto an inner automorphismof

�
which conjugates

�
into�<=

.

Theclassificationof unitary involutionson centralsimplealgebrasof degree
�

is dis-
cussedin Haile-Knus-Rost-Tignol [9] (seealso[11, P 19.B]). By meansof thetraceform,
a
�
-fold Pfisterform � ����	 is associatedto any unitary involution

�
on a centralsimple
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algebra
�

over a quadraticextensionof
�

, and it is shown that unitary involutionsare
conjugateif andonly if thecorrespondingPfisterformsareisometric.

On centralsimple algebrasof degree � , the discriminantalgebrais not sufficient to
classifyunitaryinvolutions,asthefollowing exampleshows.

Example1. Let
�

be a field over which thereexists an anisotropic
�
-fold Pfisterform{ \"�%Hb� | � { \"�%H�� | � { \��%H E�| , andlet � ���Y� Z ��	 . On the split algebra
�� i�� � � 	 ,

considerthe involution
�

adjoint to the hermitianform { \��%H��x�^H E ��� E<|(� andthe invo-
lution

�<=
adjoint to the hyperbolichermitianform. The discriminantalgebras) ��������	

and ) �������<=O	 areboth split, by [11, (10.35)],but
�

and
�<=

arenot conjugatesince
�

is
anisotropicwhereas

�<=
is hyperbolic(see[17, Ch.10, P 1]).

Using the correspondencebetweencentralsimple algebrasof degree � with unitary
involutionandcentralsimplealgebrasof degree� with orthogonalinvolution [11, P 15.D],
we mayderiveanexampleof orthogonalinvolutionson a (split) centralsimplealgebraof
degree� whicharenotconjugate,eventhoughtheirClifford algebrasareisomorphic(and
split, with centerisomorphicto � ).

Example2. Let
�

beasin theabove example,let
��� ik  ���
	 , andconsidertheadjoint

involutionsof thequadraticforms { \"�%Hb� | � { \"�%H����%H E�| and { \"�^Hb� | � { \"�^H]\"�^\ | . These
involutionscannotbe conjugatesincethe first one is anisotropicbut the secondis not.
HowevertheirClifford algebrasareisomorphicbecauseeachis split. (Thetwo formseach
havediscriminant

�
andbecomehyperbolicon

�Y� Z �e	
).

3. CLASSIFICATION OVER NON FORMALLY REAL FIELDS

This sectionis devotedto theproof of TheoremA, consideringseparatelythevarious
typesof involutions. Throughoutthesection,

�
denotesa field of characteristicdifferent

from � .
Proposition 4. If ��� �Q��� , all the symplecticinvolutionson a givencentral simple

�
-

algebra areconjugate.

Proof. Let
�

be a symplecticinvolution on a centralsimple
�

-algebra
�

. By [2, Theo-
rem4.3.1],everynonsingularhermitianform of evenrankover

��������	
is hyperbolic,hence{ \"�%H¡d 9�;�| is hyperbolicfor every

�
-symmetricunit

d
. By Proposition1, it follows thatall

thesymplecticinvolutionson
�

areconjugateto
�

.

Proposition 5. If ��� ����� , orthogonal involutionson a givencentral simple
�

-algebra
of odddegreeareconjugateif andonly if their Clifford algebrasare isomorphic.

Proof. Recallthatevery centralsimplealgebraof odddegreewith orthogonalinvolution
is split, see[11, (2.8)]. Every orthogonalinvolution on a split algebra

���¢�x�:� � ���£	 of
odddegreeis adjoint to a quadraticform on

�
which maybeassumedof discriminant

\
,

uponmultiplicationby a suitablescalar. Therefore,it sufficesto seethatquadraticforms
of trivial discriminanton

�
are isometricif andonly if their even Clifford algebrasare

isomorphic. This follows from [6], sincefor quadraticforms of odd dimensionthe Witt
invariantis theBrauerclassof theevenClifford algebra.

In orderto treatthecaseof orthogonalinvolutionsoncentralsimple
�

-algebrasof even
degree,we startwith a few generalobservationson Clifford algebrasof orthogonalsums.
Let
�

,
�<=

beorthogonalinvolutionsona centralsimple
�

-algebra
�

of evendegree.As in
theintroduction,wemaywrite � = � 1 ��2+��d+	A@B�
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for some
�

-symmetricunit
d
. Let � (resp. � = ) denotethe centerof the Clifford algebra� � � ��������	 (resp. � =x� � �������<=O	 ), which is a quadraticétale

�
-algebra.Assumethat�

and
�<=

have thesamediscriminant;then � and � = areisomorphic(see[11, (8.10)]). We
fix anisomorphism¤¡F¥� J � = anduseit to view � = asa � -algebra.Choose¦ in �¨§ �
suchthat ¦ j > � andwrite ¦ =©� ¤ � ¦ 	 and

~ª� ¦ j > � . Now considerthe involution glh
on ikj ���G	 definedin theintroductionandwrite �ah � � � ikj ���G	4� glh 	 . As observedin [4]
thereis acanonicalembedding� � � � =:« J �ah , whichweuseto identify � � � � = with a
subalgebraof �ah . From[4] thecenterof �ah is

�Y�(\ � \+	'¬�Y� ¦ � ¦ = 	 . Thecenterof �ah is
thusspannedby theidempotents�+® � ;j �(\ � \�¬
~ 9<;4¦ � ¦ =¯	 and � 9 � ;j �(\ � \zH¥~ 9<;4¦ � ¦ =¯	 ,
andwehave � h � � ®hª° � 9h �
where � ®h � �ah � ® and � 9h � �ah � 9 areeachcentralsimple

�
-algebras.Notealsothat� ®h , (resp.�£±h ), contains� ®h ��� � � � � =N	 � ® , (resp.� 9h ��� � � � � =²	 � 9 ), and � ®h � (resp.� 9h ), is isomorphicto � .

Lemma 1. Usingtheabovenotation,thecentralizer of � ®h in � ®h is canonicallyisomor-
phicto � � � � = . Thecentralizerof � 9h in � 9h is canonicallyisomorphicto � � � � = where� = is theconjugate� -algebra where scalarmultiplicationis twistedby thenon-trivial

�
-

automorphism of � over
�

.

Proof. Since � � � � = is thecentralizerof � � � � = in �Bh we seethat
� � � � � = 	 � ® is

the centralizerof � ®h in � ®h . The canonicalepimorphism� � � � =GH'J³� � � � � =N	 � ®
sends� 9 to zerosince ¦ � \ �Q\ � ¦ = in � � � � = . Henceit inducesan epimorphism� � � � � =N	 � ® H'J � � � � = and,by dimensioncount,it is anisomorphism.Theconjugate� -algebra� = is viewedasa � -algebravia thehomomorphism¤¡FG� H:J � = where¤ � ¦ 	x�H ¦ = . By asimilarargumentto theabove

� � � � � =O	 � 9 is thecentralizerof � 9h in � 9h , and
thecanonicalepimorphism� � � � =AH:J � � � � = sends� ® to zero(since¦ � \���\ � �(H ¦ =¯	
in � � � � = .) Hencewehaveanisomorphismof

� � � � � =N	 � 9 with � � � � = . Thisproves
thelemma.

Lemma 2. With thesamenotationasabove, if � ���
����	 and � �������<=O	 are isomorphicas�
-algebras,thenthereexists ,�> �.- such that � ®h or � 9h is split.

Proof. If the
�

-algebras� ���
����	 and � ���
�/�<=6	 areisomorphic,wehaveeither � ���
�/��	8�� ���
���<=O	 or � ��������	8� � ������� = 	 as � -algebras.Assumefirst � ���
����	B� � ���
�/�<=N	 . If the
canonicalinvolution

�
on � ���
�/��	 is theidentityon � , then � ���
�/��	 � � � ���
�/�<=6	 is split.

If
�

restrictsto on � , thenit inducesanisomorphismbetween� ���
����	 andtheopposite
algebraof � ���
�/��	 , hence� ���
�/��	 � � � ������� = 	 is split. Similarly, if � ���
����	8� � ���
��� = 	 ,
then(atleast)oneof thealgebras� ��������	 � � � �������<=O	 , � ��������	 � � � ������� = 	 is split. Thus
in all casesthecentralizerof � in � ®h or � 9h is split.

Assumefor instancethatthecentralizerof � in � ®h is split. If � ����´L� , it follows
that � ®h is split (for any ,¨> �.- ). If � is a field, say � ���Y� Z µ 	 for some

µ > �.- , it
followsthat � ®h is Brauer-equivalentto aquaternionalgebra

� µ �·¶"	 � for some
¶ > �.- . By

[4, Proposition3.8],wehavea Brauer-equivalence�]¸ � ,:, = 	x¹ �]¸ � , 	 � � � µ � , = 	 �
for all , , , = > � - , hence� ®h^º is split.

Proposition 6. Suppose��� �»�¼� . Orthogonal involutions
�

,
�<=

on a central simple
�

-
algebra

�
of even degreeare conjugateif and only if their Clifford algebras � ��������	 ,� ���
��� = 	 are isomorphicas

�
-algebras.



CLASSIFICATION THEOREMSFOR CENTRAL SIMPLE ALGEBRAS WITH INVOLUTION 7

Proof. The “only if ” part is clear. If � ���
����	 and � �������<=6	 are isomorphic,then by
Lemma2 we may find ,�> �.- suchthat � ®h or � 9h is split. Therefore,the Clifford
invariantof the hermitianform { \"�^H ,<9�; d 9<;%| , asdefinedby Bayer-FluckigerandPari-
mala [2, Lemma2.1.3], is trivial. (Recall that this Clifford invariant is the elementof½B¾ j ���
	/¿z���¥	 determinedby � ®h , or equivalentlyby � 9h .) By [2, Theorem4.4.1], it fol-
lowsthat { \"�^H ,<9�; d 9<;%| is hyperbolic,hence

�
and
�<=

areconjugate,by Proposition1.

We finally turn to unitary involutions. In the restof this section,we denoteby
�

a
centralsimplealgebraover a quadraticextension� ��Y� Z �e	 of

�
andby

�
a unitary

involution on
�

which is the identity on
�

. Recallthenotionof discriminantdefinedby
Bayer-FluckigerandParimala[2, P 2.2]: for thehermitianform { \"�%H ,�9<; d 9<;4| over

�
(with

respectto
�

), thediscriminantisp t/{ \��%H , 9<; d 9�; |�u � , 9¡À�Á[Â y}Ã ¾Ä��ya��d+	 9�; � � � ¿l�
	 > � - ¿ � � � ¿$�
	4�
where� � � ¿$�
	BÅÆ�.- is thegroupof normsfrom � ¿$� .

Proposition 7. Supposethecohomological dimensionof
�

is at most � . If p��%� � is odd,
all theunitary involutionson

�
are conjugate. If p��^� � is even,unitary involutionson

�
areconjugateif andonly if their discriminantalgebrasare isomorphic.

Proof. If p��^� � is odd,theformulaaboveshows thatthediscriminantof { \��%H ,�9<; d 9�;4| is
trivial for , � Ã ¾Ä� y ��d+	 . Therefore,this form is hyperbolic,by [2, Theorem4.1.1],and
Proposition1 showsthat

�
and
�<='� 1 ��23��d+	A@B� areconjugate.

If p��^� � is even,thediscriminantalgebrasof
�

and
�<=

arerelatedby) ������� = 	x¹ ) ��������	 � � t ��� Ã ¾Ä��ya��d+	 u �
(see[11, (10.36)]), hencethe condition that ) ��������	 and ) ���
���<=O	 are isomorphicim-
plies that

Ã ¾/� y �fd+	 >Æ� � � ¿$�
	 . Therefore,for all ,Æ> �.- thediscriminantof the form{ \"�%H ,�9<; d 9�;4| is trivial andwemayconcludeasabove.

4. CLASSIFICATION OVER FORMALLY REAL FIELDS

Throughoutthissection,thebasefield
�

is assumedto beformally real.We denotebyÇ � thespaceof orderingsof
�

. For È�> Ç � , we let
�©É

denotea realclosureof
�

with
respectto theorderingÈ .

Thesignatureof involutionsonsimplealgebrashasbeendefinedby Lewis-Tignol [12]
in theorthogonalandsymplecticcases,andby Quéguiner[16] in theunitarycase(seealso
[11, P 11]). In all cases,thesignatureisdefinedbymeansof thequadraticform ¤ � F �MJÊ�
definedby ¤ � ��5'	��MË©¾/�zy t �e�65'	·5 u F
for È�> Ç � onesetsÌ(ÍÏÎ É �L��ÐÒÑ Ì(ÍÏÎ É ¤ � if

�
is orthogonalor symplectic,Ó ;j Ì�Í²Î É ¤ � if
�

is unitary.

Thus,thesignatureof an involution which is adjoint to a symmetricbilinearform or to a
hermitianform is theabsolutevalueof thesignatureof theform.

Recallthat thefield
�

is calledSAP(or Pasch)if the following equivalentconditions
hold:

(a) everyclosedandopensubsetof
Ç � hastheform Ô3È¢> Ç �sÕ 0.Ö � at È}× for some0C> � ;
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(b) for all 0 , nØ> �.- , the quadraticform { \"� 0 � n �%H 0zn4| is weakly isotropic, i.e. there
existsaninteger Ù suchthat Ùx{ \"� 0 � n �%H 0zn4| is isotropic.

(See[14].) Thefollowingexamplesshow thatthe“classical”invariantsarenotsufficient
to classifyinvolutionsif thebasefield is notSAP.

Examples.Suppose
�

is not SAP, and let 0 , nª> � - be suchthat the quadraticform�'{ \"� 0 � n �^H 0vn%| is anisotropic.Denoteby Ú thequaternionalgebraÚ ���·H]\��%H]\+	 � and
let
�Û� i�� � Ú 	 . This centralsimple

�
-algebracarriesa symplecticinvolution

�
ad-

joint to the hermitianform with diagonalization{ \"� 0 � n �%H 0zn4|(Ü over Ú (with respectto
the conjugationinvolution) anda symplecticinvolution

�<=
adjoint to the hermitianform{ \"�%\��%\��%H]\ |(Ü . By [12, Corollary2], thesignaturesof theinvolutions

�
,
�<=

aregivenbyÌ(ÍÏÎ É � � � Õ Ì�Í²Î É { \�� 0 � n �^H 0zn4| Õ � � for all È¢> Ç � ,Ì(ÍÏÎ É � = � � Õ Ì(ÍÏÎ É { \"�%\��%\��%H]\ | Õ � � for all È�> Ç � .

Theinvolutions
�

,
�<=

thushavethesamesignature.They arenotconjugatehowever, since�<=
is isotropicwhereas

�
is not. Indeed,thehermitianform { \"� 0 � n �%H 0zn4| Ü is anisotropic

sincethequadraticform �'{ \"� 0 � n �^H 0vn%| is anisotropicover
�

.
Similar examplescanbe constructedfor orthogonalor unitary involutions: with 0 , n ,�
asabove, let � ��Y�fZ H]\^	 and Ý � i � � � 	 . Let * be the unitary involution on Ý

adjointto thehermitianform { \"� 0 � n �^H 0vn%|·� (with respectto thenontrivial automorphism
of � ¿l� ) andlet * = betheunitary involution on Ý adjoint to { \"�^\"�%\��%H]\ |·� . By [16], the
signaturesof * , * = areasfollows:Ì�Í²Î É * � Õ Ì�ÍÏÎ É { \�� 0 � n �%H 0zn4| Õ � � for all È�> Ç � ,Ì�ÍÏÎ É * = � Õ Ì(ÍÏÎ É { \"�^\"�%\��%H]\ | Õ � � for all È¢> Ç � .

Moreover, the Brauerclassesof the discriminantalgebrascan be determinedfrom [11,
(10.35)]: ) � Ý � * 	�¹ t H]\"��� ÍÏÌ Xl{ \�� 0 � n �%H 0zn4| u � ���·H]\��%H]\3	 � �) � Ý � * = 	x¹ t H]\���� ÍNÌ Xl{ \��%\"�^\"�^H]\ | u � ���·H]\��%H]\3	 � D
However, * and * = arenot conjugatesince* = is isotropicwhereas* is not. Usingthecor-
respondencebetweencentralsimplealgebrasof degree � with orthogonalinvolution and
centralsimplealgebrasof degree� with unitary involution (see[11, P 15.D]), we mayde-
riveanexampleof orthogonalinvolutionsonacentralsimple

�
-algebraof degree� which

arenot conjugate,even thoughtheir signaturesare the sameandtheir Clifford algebras
are isomorphic. Explicitly, we may choose

�Q� i � � Ú 	 where Ú �Û�·H]\��%H]\3	 � , and
takefor

�
and
�<=

theadjointinvolutionsof theskew-hermitianformswith diagonalizations{�Þ � Þß0 � Þ·n4| Ü and {�Þ � Þ �%H Þ·| Ü respectively (with respectto theconjugationinvolution),whereÞx> Ú is apurequaternionwith Þ j �IH]\ . Since
�

doesnotsplit overany realclosureof
�

,
thesignaturesof

�
and
�<=

aretrivial. It maybeseenthat � ���
����	a� i�� � � 	8� � ���
���<=O	 ,
andthat the canonicalinvolutionson � ���
�/��	 and � ������� = 	 arethe involutions * and * =
above. Therefore,

�
and
�<=

arenot conjugate.Detailsof this computationareleft to the
reader.

Theseexamplesexplainwhy our resultsrequirethebasefield to beSAP. (Seehowever
Proposition10.) Under this hypothesis,we relateas follows involutionswith the same
signature:

Proposition 8. Suppose
�

is a SAPfield. Let
�

bean involutionon a simple
�

-algebra�
. If
�

is orthogonalor symplectic,assume
�

is thecenterof
�

; if
�

is unitary, assume
�

is thesubfieldof
�

-symmetricelementsin thecenterof
�

. Let
d > � - bea symmetricunit
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andlet
�<=�� 1 ��23��d+	�@B� bean involutionof thesametypeas

�
. If Ì(ÍÏÎ É �Ø� Ì�Í²Î É �<= for allÈ�> Ç � , thenthere exists ,¨> �.- such that the involution g$h on ikj ���G	 definedin the

introduction(seeProposition1) hastrivial signature, i.e.Ì�Í²Î É glh �S� for all È�> Ç � D
Proof. Let ¤ � à F �áJÒ� bethequadraticform definedby¤ � à �657	��SË©¾Ä�zy t �e�657	(d^5 u D
Computationyieldsanorthogonaldecomposition¤7â(ã � ¤ �Yä { H , 9<; |(¤ � à ±�å ä { H ,'|(¤ �$æà ä ¤ �$æ
(compare[5, Proposition1]). On theotherhand,wehave¤ � à ±�å ��5'	�� ¤ � à ��d 9<; 5'	 and ¤ �$æà ��5'	�� ¤ � à t �e��5'	 u
for all

5 > � , hence¤ � à ±�å � ¤ �$æà � ¤ � à and¤'â�ã � ¤ �Yä ��{ H ,'|(¤ �à ä ¤ �$æ D(1)

If
�

is orthogonalor symplectic,wemayidentify
� � � � with

����� � ���G	 by mapping0 � n
to theendomorphism

5ØçJ 0 5'�e� n 	 . Theinvolution
�<= � � on

� � � thencorrespondsto
theadjointinvolutionwith respectto ¤ � à ±�å , henceÌ�Í²Î É � =�è Ì�ÍÏÎ É �L� Õ Ì(ÍÏÎ É ¤ � à ±�å Õ � Õ Ì(ÍÏÎ É ¤ � à Õ for all È�> Ç � .

Fromequation(1), it follows thatÌ�Í²Î É glh � Õ Ì(ÍÏÎ É �éHØ¶lÉ Ì�Í²Î É {�,'| Ì�Í²Î É � = Õ
where

¶ É �á¬£\
if Ì(ÍÏÎ É ¤ � à.ê � and

¶ É ��H]\
if Ì�Í²Î É ¤ � à.ë � . Since

�
is SAP, wemayfind,�> �.- suchthat Ì(ÍÏÎ É {f,:| �s¶lÉ for all È¢> Ç � , henceÌ�ÍÏÎ É glh � Õ Ì�Í²Î É �ìH Ì�ÍÏÎ É �<= Õ �S� .

If
�

is unitary, its restrictionto thecenter� of
�

is thenontrivial automorphism of� ¿$� . Thesameargumentsapply, identifying
� � � � to

�x��� � � asabove.

We now begin theproofof TheoremB, startingwith thesymplecticcase.

Proposition 9. Assume
�

is SAPand ��� � is torsion-free. Symplecticinvolutionson a
givencentral simple

�
-algebra areconjugateif andonly if they havethesamesignature.

Proof. Let
�

,
� =

besymplecticinvolutionson a centralsimple
�

-algebra
�

, andlet
� = �1 ��23�fd+	c@¡� for some

�
-symmetricunit

d > �}- . By Proposition8, we mayfind ,Æ> �.-
suchthat Ì(ÍÏÎ É glh �M� for all È�> Ç � . It follows from [3, Theorem6.2] thatthehermitian
form { \"�^H ,<9�; d 9<;%| is hyperbolic,hence

�
and
�<=

areconjugate,by Proposition1.

Proposition 10. Assume��� � is torsion-free. Orthogonal involutionson a givencentral
simple

�
-algebra of odd degreeare conjugateif and only if their Clifford algebras are

isomorphicandtheir signaturesare thesame.

Proof. Arguingasin theproof of Proposition5, we arereducedto proving thatquadratic
forms � , � = of the sameodd dimensionand of trivial discriminantare isometricif and
only if � � � � 	Y� � � � � =N	 and Õ Ì�ÍÏÎ É � Õ � Õ Ì(ÍÏÎ É � = Õ for all ÈÛ> Ç � . Sincethe signature
of a quadraticform of odddimensionandtrivial discriminantis

\
mod � , theconditions� ÍNÌ X<� �S� ÍNÌ X�� =7��\ and Õ Ì�ÍÏÎ É � Õ � Õ Ì(ÍÏÎ É � = Õ imply Ì(ÍÏÎ É � � Ì(ÍÏÎ É � = . Theresultthenfol-

lowsfrom thefactthatovera field
�

with ��� � torsion-free,quadraticformsareclassified
by dimension,discriminant,Witt invariantandsignature[7, Classificationtheorem3].
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NotethatProposition10holdswithout thehypothesisthat
�

is SAP.
We now turn to thecaseof orthogonalinvolutionson a centralsimplealgebraof even

degree.Thefollowing exampleshows thatthiscaserequiresmorestringenthypotheses.

Example3. Let
� � bea maximalelementin the inductive setof subfieldsof í which do

notcontain
Z � . Thefield

� � hasfour squareclasses,representedby
\
,
H]\

, � and
H � . Let�I�î� � ���6ï(	�	 , thefield of Laurentseriesin oneindeterminateover

� � . Theuniqueordering
of
� � extendsto two orderingsof

�
, andit is easyto seethat

�
is SAP. Moreover, � j � � is

torsion-free,hence��� � is torsion-free.Considerthefollowing quadraticformsover
�

:� � { \"�^H � ��ï��(ï��(ï���ï | � � = � { \"�^H]\"�(ï���ï��(ï�� � ï | D
Clearly, � and � = have thesamesignatureat eachorderingof

�
. Computationshows that�8� � � 	B� �8� � � =O	8¹¢�·H]\��%H]\+	 �cðNñ j/ò . However, � and � = arenot similar since� = is isotropic

whereas� is not. Therefore,on thesplit algebra
�R� ik  ���
	 , theadjointinvolutions

�Ø��'ó
and
�<=7�S�'ó æ arenotconjugate,eventhoughÌ�Í²Î ��� Ì�Í²Î �<= and � ���
�/��	8� � ���
�/�<=6	 .

In orderto obtaina classificationresult for orthogonalinvolutionsin the evendegree
case,we shallrequirethat

�
is anED field [15]. Theparticularpropertyof ED fieldsthat

mattersto usis that
�

is ED if andonly if
�

is SAPandeveryquadraticextensionof
�

is
SAP.

Let
�

,
�<=

beorthogonalinvolutionsonacentralsimplealgebra
�

of evendegreeoveran
arbitraryformally realfield

�
. As observedin section2, theconditionthat

� ÍNÌ X � �M� ÍÏÌ X � =
impliesthat

� ÍNÌ X<glh �I\ , hence� t i j ���G	�� g hzu � � ®h ° � 9h
for somecentralsimple

�
-algebras� ®h , � 9h .

Lemma 3. Suppose
�

is ED. If � ���
����	¨� � ���
���<=O	 (as
�

-algebras) and Ì(ÍÏÎ É �»�Ì�Í²Î É �<= for all È�> Ç � , thenthere exists ,> �.- such that Ì�ÍÏÎ É glh �R� for all È> Ç �
and(at least)oneof � ®h , � 9h is split.

Proof. Since
�

is SAP, Proposition8 yields ,��î> �.- suchthat Ì(ÍÏÎ É glh3ô �Ò� for allÈõ> Ç � . On the otherhand,since � ���
�/��	é� � ���
���<=6	 , oneof � ®h ô , � 9h ô is Brauer-
equivalentto aquaternionalgebra

� µ � E 	 � , where
µ > �.- is a representativeof

� ÍÏÌ X � (see
theproof of Lemma2). Say � ®h3ô ¹�� µ � E 	 � . If

µ > �.- j we maychoose, � , � . For the
restof theproofweassume

µ ¿> �.- j .
Writing � ���Y� Z µ 	 we will put , � ,��^E7� � �/� � ¦ 	 for a suitablychosenelement¦

of � D Then � ®h ¹�� µ � E 	 � � � µ � E7� � �/� � ¦ 	�	 is split. To ensureÌ(ÍÏÎ É glh ��� we require
that E7� � �/� � ¦ 	 Ö � at all orderingsÈ of

�
where

�GÉ
splits. (Whenever

�¡É
is not splitÌ�Í²Î É g$h �î� for all , .)

Defineanopensubsetö of thespaceof orderings
Ç � of � asfollows;ö � Ô3È�> Ç � Õ EØÖ � in È}×8÷ØÔ3È�> Ç � Õ E ë � and

Z µ ë � in È}×
Since

�
is ED we know that � is SAPandsowe maychoose¦`>ø� suchthat ¦`Ö � for

all È in ö , and ¦ ë � for all È not in ö .
Now let È beanorderingof

�
. If
µ ë � then È doesnotextendto � and� � �/� � ¦ 	 Ö � .

If
µ Ö � and E�Ö � then ¦`Ö � in eachof thetwo orderingsof � which extend È and

so � � ��� � ¦ 	 Ö � .
If
µ Ö � and E ë � then ¦`Ö � in exactly oneof thetwo orderingsof � which extendÈ and � � �/� � ¦ 	 ë � .
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So whenever
µ Ö � we have E7� � �/� � ¦ 	 Ö � , andalso E<� � �/� � ¦ 	 Ö � if

µ ë � andELÖ � D Theremainingcasewhen
µ ë � and E ë � implies E<� � �/� � ¦ 	 ë � but neednotbe

consideredbecause
�GÉ

is not split. (If
�¡É

weresplit then
� iªj ���GÉ�	��3� glh3ô 	(É�	 wouldsplit

andhencebothcomponents� ¸ � ikj ���¡É�	4�^� g$h3ô 	·Éx	 wouldsplit. However� ® � ikj ���GÉx	��3� glh3ô 	(Éx	�¹I� E � µ 	·É
whichcannotsplit because

µ ë ��� E ë � in È .) Thus , satisfiesthedesiredpropertiesand
thelemmais proved.

Proposition 11. Suppose
�

is ED and ��� � is torsion-free. Orthogonal involutions
�

,
�<=

on a central simple
�

-algebra
�

of evendegreeare conjugateif and only if Ì�ÍÏÎ É �¢�Ì�Í²Î É �<= for all È�> Ç � and � ��������	B� � �������<=6	 (as
�

-algebras).

Proof. The “only if ” part is clear. For the converse,Lemma3 yields an element ,�>�.-
suchthat � ®h or � 9h is split and g h is hyperbolicover every real closureof

�
. By

Parimala’s refinementof [3, Corollary7.5] givenin theAppendix,it follows thattheform{ \"�%H ,�9<; d 9�;4| is hyperbolic,hence
�

and
�<=

areconjugate,by Proposition1.

Thispropositionappliesin particularto algebraicnumberfields.

To completetheproofof TheoremB, wefinally considerthecaseof unitaryinvolutions.
In therestof thissection,wedenoteby

�
a centralsimplealgebraovera quadraticexten-

sion � �S�Y� Z �c	 of
�

andby
�

a unitaryinvolutionon
�

which is theidentityon
�

. Let� = � 1 ��23�fd3	�@�� for somesymmetricunit
d > � - andlet glh betheinvolutionon ikj ���G	

definedin theintroduction.In orderto establishthat thehermitianform { \"�^H ,<9�; d 9<;%| is
hyperbolicfor some, > �.- , weshall invoketheresultsof Bayer-FluckigerandParimala
in [3, P 4]. Theseresultsusea notionof Discriminant(a refinementof theusualdiscrimi-
nant)suchthatù ÍÏÌ X�t/{ \��%H , 9<; d 9�; |�u � , 9bÀ�Á[Â y}Ã ¾Ä��ya��d+	 9�; è � � � ® ð y ò 	> � - ¿ � � � ® ð y ò 	
where� � � ® ð y ò 	 is thegroupof elementsof � - whicharereducednormsfrom

� �¥� �.ú
for everyorderingû¢> Ç � .

Lemma 4. Let È¢> Ç � beanorderingsuch that
� ë � . If , > �.- is such that Ì�ÍÏÎ É g h ��

, then
Ã ¾/� y � , d+	 Ö � .

Proof. Fix anisomorphism
� � � ��Ék� iküct �©Éb�[Z H]\^	 u . Let ý bethestandardinvolution

on i üet � É �[Z H]\^	 u definedby � 0vþ ÿ 	 � ��� 0vþ ÿ 	��Ä�
where is thenontrivial automorphismof

��Éb�fZ H]\^	/¿$��É
. We have� � 1 ��2+��& 9<; 	A@ ý � � = � 1 ��2+��& = 9�; 	A@ ý

for someý -symmetricmatrices
&
,
&:=

. Then
dG�S~A&:= 9�; & for some

~ > �.- , andglh � 1 ��2 m H ,<9�; ~ 9�; & 9<; �� &:= 9�; r @ ý D
Therefore,glh is theadjoint involution of thehermitianform { H , ~A&A�/&:= | on

� j (with re-
spectto ý ) or, equivalently, of the hermitianform

H , ~A& ä &:= on
� É �fZ H]\^	 j�ü . The

equality Ì�ÍÏÎ É glh �M� implies Ì�Í²Î � , ~A&:	8� Ì�Í²Î &�= , hencethehermitianforms , ~A& and
&�=

are
isometricand

���%23� , ~A&'	������%27&:= mod
� jÉ . The lemmafollows, since

Ã ¾Ä��y	� ��
 � , d+	
����%23� , ~A& = 9<; &'	 .
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This lemmais sufficient to settletheodd-degreecase:

Proposition 12. If
�

is SAPand W�X �����
	¥_ � , unitary involutionson an odd-degreecen-
tral simplealgebra overa quadratic extensionof

�
are classifiedby their signature.

Proof. We usethe samenotationas above. If Ì�ÍÏÎ É � = � Ì(ÍÏÎ É � for all È > Ç � , we
may find ,��R> �.- suchthat Ì(ÍÏÎ É glh3ô � � for all È > Ç � , by Proposition8. Let, � ,�� Ã ¾Ä��ya� ,�� d+	 . By Lemma4 wehave Ì(ÍÏÎ É glh �M� for all È�> Ç � , sinceby definition
thesignatureof a unitary involution is

�
at theorderingsfor which

� Ö � . Moreover, we
have , À�Á[Â y}Ã ¾Ä��ya��d+	 � Ã ¾Ä��ya� ,�� d+	 ; ® À�ÁßÂ y� � � �/� t Ã ¾Ä��ya� ,�� d+	 ð ; ® À�Á[Â y ò � j u >é� � �/� t Ã ¾/��yB��� - 	 u
hence

ù ÍÏÌ X:t/{ \��%H ,�9<; d 9�;4|(u is trivial. It follows from [3, Theorem4.8] that { \"�%H ,�9<; d 9<;4|
is hyperbolic.

To treattheevendegreecase,weneedthefollowing descriptionof thegroup � � � ® ð y ò 	 :
Lemma 5. Supposep��^� � is evenand its center � is SAP, and let

�'y¢� Ô$ûÒ> Ç � Õ� � �¨� ú is notsplit × . We have� ® ð y ò � Ô 5 > � - Õ 5 Ö � for all û¢> � y ×
and � � � ® ð y ò 	8� � � � ¿$�
	� � ® ð y ò .
Proof. If

� �¥� �Cú is notsplit, then
Ã ¾Ä����� �¥� �Cú 	x� � - jú . Therefore,� ® ð y ò � Ô 5 > � - Õ 5 Ö � for all û¢> �:y × D

Observe that the set
�'y

is preserved by the non trivial automorphism of � ¿$� , since� � �î� ú and
� � �Æ� ú areisomorphicas

�
-algebras.Therefore,� ® ð y ò is preserved

under , hence � � � ® ð y ò 	BÅ � � � ¿$�
	� � ® ð y ò D
To prove thereverseinclusion,pick � >ø� - suchthat � � �/� � � 	 >Ø� ® ð y ò . We shallfindV > � - suchthat � V V 9<; >�� ® ð y ò , hence� � �/� � � 	x� � � �/� � � V V 9�; 	 >�� � � ® ð y ò 	 D
Let �}> � - besuchthat � j �î� andconsidertheset� � Ô$û¢> � y Õ ( �.Ö � ) or ( � ë � and �£Ö � ) at û£× D
Since � is SAP, we mayfind V >k� - which is positive exactly at theorderingsin � . IfûÊ> � y

is suchthat �îÖ � , then �îÖ � since � � �/� � � 	 >M� ® ð y ò , henceûÊ>I� and
thereforeV Ö � at û . By contrast,if û�> �'y is suchthat � ë � , thenexactlyoneof û , û
is in � , henceV V 9<; ë � at û . Thus, � V V 9�; Ö � for all û�> �:y , hence� V V 9�; > � ® ð y ò ,
asrequired.

Proposition 13. Suppose
�

and � are SAP, and W�X �<���
	L_ � . Unitary involutionson
a central simple � -algebra

�
of even degreeare classifiedup to conjugationby their

signatureanddiscriminantalgebra.
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Proof. As above, let
�

be a unitary involution on
�

and
�<= � 1 ��2+��d+	G@}� . Assume) ���
�/��	`� ) �������<=O	 and Ì�Í²Î É �I� Ì�Í²Î É �<= for all Èõ> Ç � . Since

�
is SAP, Propo-

sition 8 yieldsanelement,k> �.- suchthat Ì(ÍÏÎ É glh ��� for all È > Ç � , hencethesig-
natureof thehermitianform { \��%H ,�9<; d 9�;4| is trivial. We next computeits Discriminant.
As observedin thenon formally real case(seetheproof of Proposition7), thecondition) ���
�/��	C� ) �������<=O	 implies that

Ã ¾/��ya�fd3	 > � � � ¿$�
	 . On the otherhand,it is clear
from thedefinitionof � ® ð y ò that

Ã ¾/� y �fd3	 >é� ® ð y ò . Sincep��%� � is even, ,:À�ÁßÂ y > �.- j ,
hence , À�Á[Â y}Ã ¾Ä��ya��d+	 >�� � � ¿$�
	� � ® ð y ò � � � � ® ð y ò 	 D
This shows that

ù ÍNÌ X t { \"�%H ,�9<; d 9<;4| u is trivial. It follows from [3, Theorem4.8] that{ \"�%H ,�9<; d 9�;4| is hyperbolic,hence
�

and
�<=

areconjugate.

Proposition 14. If
�

is ED and W�X �A���
	a_ � , thenunitary involutionson a central simple
algebra overa quadratic extensionof

�
areclassifiedupto conjugationby their signature

anddiscriminantalgebra.

Proof. Follows at oncefrom Proposition13 sinceif
�

is ED then
�

is SAP andevery
quadraticextensionof

�
is SAP.

Remark.The field
�

of Example3 is SAP and may be checked to satisfy W�X �<���
	��� . Using the correspondencebetweencentralsimplealgebrasof degree � with orthogo-
nal involution andcentralsimplealgebrasof degree � with unitary involution (see[11,P 15.D]), one can give an exampleof two unitary involutions on iªj t �·H]\"�^H]\3	 �cðNñ j�ò u
which have the samesignatureand the samediscriminantalgebra,but which are not
conjugate. Explicitly, we let � be the tensorproductof the conjugationinvolutionsonÚ ���(H]\"�^H]\3	 � � �Y� Z � 	x���(H]\"�^H]\3	 �eð ñ j/ò andtake for * and * = theadjointinvolutions
of thehermitianformswith diagonalizations{ \"��ï | Ü and { \��%H]\ | Ü respectively (with re-
spectto � ). Therefore,Proposition14doesnotholdundertheweakerhypothesisthat

�
is

SAPand W�X �����
	B_ � .
APPENDIX BY R. PARIMALA

Theorem. Let
�

be a formally real SAPfield such that ��� � is torsion free. Let
� ) ����	

bea central divisionalgebra over
�

with an involution
�

of orthogonal type. Thennon-
degeneratehermitianformsover

� ) ����	 are classifiedup to isomorphismby dimension,
discriminant,Clifford invariantandsignatures.

Proof. Let
&
,
&:=

be two hermitianforms over
� ) ����	 with the samedimension,discrim-

inant,Clifford invariantandsignatures.Then
& ä H¡&�=

hasevendimension�$Ù andhas
trivial discriminant,Clifford invariantandsignatures.Let �`j�� , �	�éj�� and �	����� j�� denote
respectively theunitary, specialunitaryandspingroupof thestandardhyperbolicform of
dimension�$Ù over

� ) �/��	 . Thentheclassof
& ä H¡&:= in Ú; ���a� �`j�� 	 is theimageof some

�}>éÚ; ���a� ������� j�� 	 underthecompositemapÚ ; ���a� ������� j�� 	 þH'J Ú ; ���a� �	��j�� 	 ÿH'J Ú ; ���a� �`j�� 	
inducedby themaps�	����� j�� þJ ��� j�� ÿ« J � j�� . Themap� restrictedto Þ � Úø; ���a� �	����� j�� 	(	
hastrivial kernel, by [3, Lemma7.11]. Since

& ä H¡&:=
is hyperbolicover

� É
for allÈ�> Ç � , Þ � � 	 É >�Ú ; ��� É � �	� j�� 	 mapsto zeroin Ú ; ��� É � � j�� 	 andhenceÞ � � 	 É �S� for
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all È�> Ç � . We have thefollowing commutativediagramwith exactcolumns:�.-�¿ �v� ����j�� ���
	 H'J ! É�"$# % � -É ¿ �z� ����j�� ����É�	&&' o &&' oÚ ; ���a� �	����� j�� 	 H'J ! É�"$# % Ú ; ����É�� ������� j�� 	&&' Þ &&' ÞÚø; ���a� ����j�� 	 H'J ! É�"$# % Úø; ����É�� ���`j�� 	 D
Here

�v� F(�	��j�� ���
	
J �.-A¿$�.- j denotesthespinormap. Thereexists V É > � -É such
that o � V Éx	� � É , È > Ç � . The set Ô3È > Ç � Õ � É � � × is an openand closed
subsetof

Ç � (see[18, Corollary2.2]) and
�

beingSAP, thereexists gk> � - suchthatÔ+È¢> Ç � Õ � É¨� � × � Ô3È�> Ç � Õ gCÖ � at È}× . Since
�z� �	�éj�� ����É�	 is thesubgroupof� -É generatedby normsfrom extensionsof

�©É
where) É is split ([13]),

�z� �	��j�� ����É�	��Ã ¾/� ) -É . Thusif È¼> Ç � is suchthat ) É is split, then
� -É �)�z� �	�éj�� ����É�	 andin this

case� Éª�M� and g?Ö � at È . If È¢> Ç � is suchthat ) É is notsplit, V É > � -É belongsto�v� ���éj�� ���©É8	 modulosquaresif andonly if V É Ö � . Thusif È¢> Ç � is suchthat � É+*�S�
,

then ) É is nonsplit and V É ë � and g ë � . Thus g V É > �v� �	� j�� ��� É 	 modulosquares.
If � É �� at È , gªÖ � at È and V É > �v� ��� j�� ��� É 	 andhenceg V É > �v� ��� j�� ��� É 	
modulosquaresand , g.- � , V É - in � -É ¿ �v� ����j�� ���©É8	 for all È¢> Ç � . Thus o � g 	 and � inÚ ; ���a� ������� j�� 	 have thesameimagein Ú ; ��� É � �	����� j�� 	 for all È�> Ç � andin view of
[3, Theorem7.12], o � g 	B� � . Hence� mapsto zeroin Úø; ���a� ��� j�� 	 andthis impliesthat& ä H¡&�=

is hyperbolic.Thiscompletestheproofof thetheorem.
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