CLASSIFICATION THEOREMS FOR CENTRAL SIMPLE ALGEBRASWITH
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WITH AN APPENDIX BY R. PARIMALA

D.W. LEWIS AND J.-R TIGNOL

ABSTRACT. Theinvolutionsin this paperarealgebraanti-automorphismef periodtwo.

Involutions on endomorphisnalgebrasof finite-dimensionalzector spacesare adjointto

symmetricor skew-symmetricbilinear forms, or to hermitianforms. Analoguesof the
classicalnvariantsof quadratidorms(discriminantClifford algebrasignaturehave been
definedfor arbitrarycentralsimplealgebraswith involution. In this paperit is shavn that
over certainfields theseinvariantsaresuficient to classifyinvolutionsup to conjugation.
For algebra®f low degreea classificationis obtainedover anarbitraryfield.

1. INTRODUCTION

Let F' beafield of characteristidifferentfrom two andlet I F' bethefundamentaideal
of all even-dimensionalormsin the Witt ring W F' of quadraticforms over F'. Let also
IPF = (IF)3. In 1974ElmanandLam [7] obtainedclassificatiortheoremgor quadratic
forms. In particularthey shovedthatif I3 F = 0 thenquadraticforms over F areclas-
sified up to isometryby dimensiondiscriminant,and Clifford invariant. More generally
they shavedthatif I*F is torsion-freethenquadraticforms are classifiedup to isometry
by dimension,discriminant,Clifford invariant,andtotal signaturei.e. the signatureat
eachorderingof F). More recentlyBayerFluckigerandParimala[2], [3] obtainedclas-
sificationresultsfor hermitianforms over centralsimple algebraswith involution. They
shaved thatif I3F is torsion-freethenrank, discriminant,Clifford and Rostinvariants,
andtotal signatureare the invariantsneededor isometryclassification. (In the caseof
unitary involutions a strongerhypothesison F' is needednamelythat F' hasvirtual co-
homologicaldimensionat mosttwo). Theseresultswerevital ingredientsin their proof
of Serres Conjecturdl for classicalgroups[2] andof the HassePrinciple over fields of
virtual cohomologicatlimensior2 [3].

In this paperthecorrespondinglassificatiorproblemis consideredor isomorphisnof
pairs(A, o) whereA is a centralsimple F-algebraando is aninvolution on A. Notethat
(A,0) is isomorphicto (Endp V,adj(h)) whereV is a finite-dimensionalector space
over adivision ring D with aninvolution r of the sametype asa, h is a hermitianform
over (D, 1) definedon the spacel’, andadj(h) denoteghe adjointinvolution of k. Note
that A is only determinedup to a scalarmultiple sinceh and Ak have exactly the same
adjointinvolutionfor ary A in F*. The quadraticform type invariantsdefinedfor (A4, o)
have to dependon h only up to a scalarmultiple. For examplethe signatureof (4, o) is
only determinedup to sign,andthe Clifford algebraof (A4, ) is theanalogueof the even
Clifford algebraof aquadratidorm. Thefull Clifford algebraof a quadratidorm changes
whentheform is multiplied by a scalar Thusthe classificatiorof algebraswith involution
is coarserthan the correspondinglassificationof forms but the available invariantsare
wealer. For ary unita in analgebrad, we denoteby Int(a) theinnerautomorphisnof A
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definedby Int(a)(z) = aza~!. Involutionso, o' on A arecalledconjugatef thereexists
a € A* suchthat
o' =Int(a) o o o Int(a)~".

Two algebrasvith involution (A, o) and(A’, ¢') aresaidto beisomorphidf thereexists
analgebrasomorphismy: A — A suchthaty o 0 = ¢’ 0. If A is centralsimpleover
afield F', two involutionso ando’ on A areconjugatef andonly if (A4,0) and(4, ")
are F-isomorphicsince,by the Skolem-Noethetheoremall £-automorphismef A are
inner (However one may alsoenquirewhether(A4, o) and (4, ¢') areisomorphicover
somesubfieldof F', notablywheno ando’ arenottheidentity on F'. This questionwill
notbeinvestigatedere.)

The classificatiorresultswe obtainarefor conjugag of a pair of involutionse ando’
on a given centralsimple algebrad. The resultsare analogueof the above-mentioned
resultsfor forms. An extra featurein the classificationof involutionsis that we need
the extra hypothesighat F' is a SAP field [14]. Examplesare given to shov that this
hypothesisannotbe deleted.The basicstrateyy for the proofsis to look at the hermitian
form associatedo the algebrawith involution andmodify by a scalarmultiple sothatthe
correspondingorm invariantsall coincide. Thenappealingo [2] yieldstheresults.In one
casenot coveredby [2] we requirethe appendixprovidedby Parimala.

Recallfrom [17, Ch. 8, §7], [11, (2.5)] thataninvolution on a centralsimple algebra
is calledorthogonal (resp.symplecticresp. unitary) if it is adjointto a symmetric(resp.
skew-symmetric resp.hermitian)form afterscalarextensionto a splitting field of A.

Theorem A. Supposd®F = 0. All the symplecticinvolutionson a centrl simple F-
algebra are conjugate Orthogonalinvolutionson a central simple F-algebra are conju-
gateif andonlyif their Clifford algebrasare F-isomorphic.

Suppos¢hatthecohomolgical dimensiorof F' is at most2. All theunitaryinvolutions
on a cential simplealgebra of odd degreeover a quadmtic extensionof F' are conjugate
Unitary involutionson a cential simplealgebra of evendegreeover a quadiatic extension
of F are conjugateif andonlyif their discriminantalgebrasare isomorphic.

The proof is givenin Section3. Examplesof fields of cohomologicaldimensionat
most2 (hencesuchthatI®*F = 0, se€[1]) includefieldsof transcendencgegreeat most2
overanalgebraicallyclosedfield, p-adicfieldsandnonformally realglobalfields.

Using signaturef involutions,we alsotreatthe casewhere F' is ordered.Examples
shaw thatthe StrongApproximationProperty(SAP) is anindispensabléool in mostof
the cases(Seeg[14] for adiscussiorof SAPfields.) We will oftenrequirenotjustthat F’
is SAP but thatalsoeachquadraticextensionof F' is SAP. Thenotionof afield F' having
the Effective DiagonalizationProperty(ED) was introducedin [15] andis preciselythe
conditionwe require. Therearea numberof equivalentconditionswhich may be usedas
the definitionof ED. For our purposest suficesto know thatafield F' is ED if andonly
if F'is SAPandeveryquadraticextensionfield of F' is SAR For instancefieldswith finite
Hassenumberii, i.e., overwhich thedimensionf totally indefiniteanisotropidormsare
boundedareED by [8, Corollary2.6].

Thevirtual cohomologicaldimensionof F', denotedby ved(F), is the cohomological
dimensionof F(v/—1). If ved(F) < 2, thenI®F is torsion-free. (Seefor instance]3,
Lemmabs.1].)

Theorem B. Let F' beaformallyrealfield.
Supposd is SAPand I*F is torsion-free Symplectignvolutionson a centrl simple
F-algebra are conjugatef andonly if they havethe samesignatue.
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Supposd?F is torsion-free Orthogonalinvolutionson a central simple F-algebra of
odd dggree are conjugateif and only if they havethe samesignatue and their Clifford
algebrasare isomorphic.

Supposd? F is torsion-freeand F is ED. Orthogonalinvolutionson a central simple
F-algebra of evendeggree are conjugateif and only if they havethe samesignatue and
their Clifford algebrasare F-isomorphic.

Supposé’ is SAPandvcd(F) < 2. Unitary involutionson a cential simplealgebra of
odddegreeover a quadratic extensiorof F' are conjugateif andonlyif they havethesame
signatue.

Supposd” is ED andved(F) < 2. Unitary involutionson a central simplealgebra of
evendegreeovera quadmtic extensiorof F' are conjugatdf andonlyif they havethesame
signatue andtheir discriminantalgebrasare isomorphic.

The proofis givenin Section4. Formally realnumberfields are examplesof fields to
which all the statementin TheoremB apply, andalsofunctionfieldsin onevariableover
arealclosedfield.

Our methodfor proving TheoremsA and B consistsin a reductionto hermitianor
skew-hermitianforms, wherewe can apply the classificationresultsof BayerFluckiger
andParimala[2], [3]. We first explainthisreduction.

Let A bea (finite-dimensionalsimple F-algebraandsupposer, ¢’ areinvolutionson
A whichhavethesamerestrictionto thecenterof A. We assumed is thesubfieldof o- (or
¢'-) invariantelementsn the centerof A. Theno’' o ¢ is anautomorphisnwhich leaves
the centerfixed,hences’ = Int(s) o o for someunits € A*. Assumemorecserthato
ando’ have thesametype;thenwe mayassumer(s) = s. Forary A € F’*, we definean
involutiondy on M (A) by

o (@ b _ ola) —=Alo(c)s7!
Moe d )T\ =Xso(d) so(d)s~! ’
Thealgebra(M,(A),6,) is an“orthogonalsum” of (A4, ) and(A4, ¢'), seeDejaiffe [4].

Underthe usualidentification M>(A) = Enda(A?), the involution 8, is adjointto the
hermitianform (1, —A~1s~1) on A2 (with respecto o).

Proposition 1. Thefollowing are equivalent:
(@) o ando’ are conjugatei.e., o’ = Int(a) o o o Int(a) ™! for somea € A%;
(b) s = pao(a) forsomeu € F*,a € A%;
(c) thehermitianform (1, —A\~1s~1) is hyperbolicfor some\ € F*;
(d) thealgebra with involution (M (A), 6, ) is hyperbolicfor somex € F.

Proof. Theequivalenceof (a) and(b) follows from aneasycomputationand(d) is equiv-
alentto (c) by definitionof hyperbolicinvolutions. Finally, the equivalenceof (a) and(d)
is provedin [4, Propositior2.4]. O

The above propositionis alsoa maintool in Wadsworth’s work on isomorphicinvolu-
tions[19].
2. Low DEGREE CASES

The degreeof a centralsimplealgebrais the squareroot of its dimension.In this sec-
tion, we considercentralsimple algebrasof degreeat most4 over an arbitraryfield of
characteristidifferentfrom 2.
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Proposition 2. Let A bea central simpleF-algebra of degreedeg A < 4. Orthogonalin-
volutionse, ¢’ on A are conjugatef andonlyif their Clifford algebrasC(A, o), C(A4, ¢")
are F-isomorphic.

Proof. If deg A = 2, the Clifford algebrasC' (A, o), C(A4, ¢') arequadraticF-algebras
givenby thediscriminantof o ando’, andthepropositionfollows from [11, (7.4)].

If deg A = 3, thealgebraA is necessarilysplit, sinceits Schurindex is a power of 2
whichdividesthedegree(seefor instancg11, (2.8)]). Therefores ando’ areadjointto 3-
dimensionafuadratidormsg, ¢'. TheClifford algebrags’ (4, o), C(A4, ¢') arequaternion
algebras:

C(A,O’) = C(](Q), C(A7 UI) = CO(qI)'

Actually, by [11, §15.A], we maytake for ¢ (resp.¢’) thesquaringmaponthevectorspace
of pure quaternionsn C(A, o) (resp.C(4,d")). Therefore,c ands’ are conjugateif
C(A,o0) ~C(A,d").

Finally, assumeleg A = 4. The Clifford algebraC(A, o) is a quaternioralgebraover
a quadraticextensionZ of F, andits norm (or corestriction)Nz, (C(A, a)) is canoni-
cally isomorphicto A. More preciselythereis a canonicaisomorphisnof algebrasvith
involution

Nz/F(C(A,U),’Y) ~ (A,U)

wherey is the conjugationinvolutionon C'(4, ), see[11, (15.7)].

If C(A,0) ~ C(A,0"), thecentersZ, Z' areisomorphic,andthereis anisomorphism
of algebraswith involution (4,0) ~ (4,¢’). Theinvolutionso and¢’ are therefore
conjugate. O

Symplectidnvolutionsexist only oncentralsimplealgebra®f evendegree sinceskaw-
symmetrichilinearforms of odd dimensionaresingular(see[11, (2.8)]). In degree2, the
classificatiorproblemdoesnotarise,sincethe conjugatiorinvolutionis the only symplec-
tic involutiononaquaternioralgebra For algebra®f degree4, theproblemis discussedh
Knus-Lam-Shapiro-ignol [10] (seealso[11, §16.B]). If o, o' aresymplecticinvolutions
onacentralsimple F-algebraof degree4, a 3-fold Pfisterform j, (¢') is definedwith the
propertythato, o' areconjugatef andonly if j,(¢') is hyperbolic.

Finally, we considemnitaryinvolutions.

Proposition 3. Let A be a quaternionalgebra over a quadmtic extensionK of F', and
let o, ¢' be unitary involutionson A which restrictto theidentityon F. Theinvolutions
o andg’ are conjugateif and only if their discriminantalgebras D(A, o), D(A,¢') are
isomorphic.

Proof. By [11, p. 129],thediscriminantalgebraD (A, o) is a quaternionF’-subalgebraf
A onwhich ¢ restrictsto the conjugationinvolution -y, hencethereis a decompositiorof
algebraswith involution

(A,O') = (D(A50)77) &® (Ka _)

where ~ is the nontrivial automorphisnof K over F. Therefore,every isomorphism
D(A,0) —» D(A, ') extendsto aninner automorphisnof A which conjugatesr into
a'. O

The classificationof unitary involutionson centralsimplealgebrasf degree3 is dis-
cussedn Haile-Knus-Rost-ignol [9] (seealso[11, §19.B]). By meanof the traceform,
a 3-fold Pfisterform 7 (o) is associatedo ary unitary involution ¢ on a centralsimple
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algebraA over a quadraticextensionof F', andit is shavn that unitary involutionsare
conjugatdf andonly if thecorrespondingdpfisterformsareisometric.

On centralsimple algebrasof degree4, the discriminantalgebrais not suficient to
classifyunitaryinvolutions,asthefollowing exampleshaws.

Examplel. Let F' be a field over which thereexists an anisotropic3-fold Pfisterform
(1,—a) ® (1,—6) ® (1,—v), andlet K = F(y/a). Onthesplitalgebrad = M4(K),
considerthe involution o adjointto the hermitianform (1, —3, —v, 8v)x andthe invo-
lution ¢’ adjointto the hyperbolichermitianform. The discriminantalgebrasD (4, o)
andD(A, ") areboth split, by [11, (10.35)],but ¢ ando’ are not conjugatesinceo is
anisotropiovhereass’ is hyperbolic(see[17, Ch. 10, §1]).

Using the correspondencbetweencentral simple algebrasof degree4 with unitary
involution andcentralsimplealgebraof degree6 with orthogonainvolution[11, §15.D],
we may derive anexampleof orthogonainvolutionson a (split) centralsimplealgebraof
degree6 which arenot conjugategventhoughtheir Clifford algebrasareisomorphic(and
split, with centerisomorphicto K).

Example2. Let F' beasin theabove example,let A = Mg(F'), andconsiderthe adjoint
involutionsof thequadratidorms(1, —a) ® (1, — 3, —v) and(l, —a) ® (1, —1,1). These
involutions cannotbe conjugatesincethe first oneis anisotropicbut the secondis not.
Howevertheir Clifford algebrasreisomorphichecaus@achis split. (Thetwo formseach
have discriminante andbecomehyperbolicon F(1/a)).

3. CLASSIFICATION OVER NON FORMALLY REAL FIELDS

This sectionis devotedto the proof of TheoremA, consideringseparatelythe various
typesof involutions. Throughoutthe section,F’ denotesa field of characteristidifferent
from 2.

Proposition 4. If I*F = 0, all the symplectidnvolutionson a givencental simple F'-
algebra are conjugate

Proof. Let o be a symplecticinvolution on a centralsimple F-algebraA. By [2, Theo-
rem4.3.1],every nonsingulahermitianform of evenrankover (A4, o) is hyperbolichence
(1, —s~1) is hyperbolicfor every o-symmetricunit s. By Propositiond, it follows thatall
the symplecticinvolutionson A areconjugatdo o. O

Proposition 5. If I*F = 0, orthogonalinvolutionson a givencentral simple F-algebra
of odddegreeare conjugateif andonlyif their Clifford algebrasareisomorphic.

Proof. Recallthatevery centralsimplealgebraof odd degreewith orthogonalinvolution
is split, see[11, (2.8)]. Every orthogonalinvolution on a split algebrad = Endg (V') of
odddegreeis adjointto a quadraticform on V' which may be assumeaf discriminantl,
uponmultiplicationby a suitablescalar Therefore,t sufiicesto seethatquadraticforms
of trivial discriminanton V' areisometricif andonly if their even Clifford algebrasare
isomorphic. This follows from [6], sincefor quadraticforms of odd dimensionthe Witt
invariantis the Brauerclassof the even Clifford algebra. O

In orderto treatthe caseof orthogonalnvolutionson centralsimple F'-algebraf even
degree,we startwith afew generalbbsenationson Clifford algebraof orthogonakums.
Leto, o' beorthogonainvolutionson a centralsimple F-algebrad of evendegree.Asin
theintroduction,we maywrite

o' =Int(s) oo
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for somecs-symmetricunit s. Let Z (resp.Z') denotethe centerof the Clifford algebra
C = C(A,o0) (resp.C' = C(A4,0")), whichis a quadraticetale F-algebra.Assumethat
o ando’ have the samediscriminantithenZ andZ’ areisomorphic(see[11, (8.10)]). We
fix anisomorphismp: Z — Z' anduseit to view C' asa Z-algebra.Choosez in Z \ F
suchthatz? € F andwrite 2’ = ¢(z) andu = 22 € F. Now considertheinvolution 6,
on M»(A) definedin theintroductionandwrite Cy = C'(M2(A),8,). As obseredin [4]
thereis acanonicaembedding” ® r C' — C, whichwe useto identify C ®  C" with a
subalgebraf C. From[4] thecenterof C is F(1® 1) + F(z ® z'). Thecenterof C) is
thusspannedby theidempotents = 1(1®91+p~'2®2') ande_ = 1 (181—p~'2®2"),
andwe have

Cr=CY a0y,
WhereC;r = Chey andC; = Cye_ areeachcentralsimple F'-algebras Note alsothat
Cy, (resp.Cy ), containsZy” = (Z®r Z')ey, (resp.Zy = (Z®r Z')e_), andZ;", (resp.
Z, ), isisomorphicto Z.

Lemma 1. Usingtheabovenotation,the centrlizerof Z;" in C;' is canonicallyisomor
phicto C® 7 C'. Thecentlizerof Z in C} is canonicallyisomorphido C ®z C' whee
(" is the conjugateZ-algebra wheee scalar multiplicationis twistedby the non-trivial F'-
automorphisnt of Z over F.

Proof. SinceC @r C' is the centralizerof Z ®r Z' in C we seethat (C ®r C')ey is
the centralizerof Z; in C{. The canonicalepimorphismC @r C' — (C ®z C")e4
sendse_ to zerosincez ® 1 = 1 ® 2’ in C ®z C'. Henceit inducesan epimorphism
(CorCeyr — C®z C' and,by dimensiorcount,it is anisomorphismTheconjugate
Z-algebraC" is viewedasa Z-algebraviathehomomorphisng: Z — C" whereg(z) =
—z'. By asimilarargumentio theabove (C @ r C')e_ is thecentralizenof Z3 in C’, and
thecanonicakpimorphisnC® C’" — C®zC’ sends, to zero(sincez®1 = 1®(—2')
in C ®z C".) Hencewe have anisomorphisnof (C @ r C')e_ with C ® z C'. This proves
thelemma. O

Lemma 2. Wth the samenotationasabove if C(A,0) andC(A4, ') areisomorphicas
F-algebras,thenthere existsA € F* sud thatCy or C} is split.

Proof. If the F-algebras’ (A, o) andC/(A4, ¢') areisomorphicwe have eitherC (A4, o) ~
C(A,d")orC(A,o) ~ C(A,o') asZ-algebrasAssumefirst C(A, o) ~ C(A,q'). If the
canonicalnvolutiong onC(A4, o) istheidentityon Z, thenC(4,0) ® z C(A4, o) is split.
If o restrictsto ~ on Z, thenit inducesanisomorphisnbetweenC (A, o) andthe opposite

algebraof C(A, o), henceC'(4,0)® 2 C(A, ') issplit. Similarly, if C(4,0) ~ C(4, '),
then(atleast)oneof thealgebras’ (A, 0)®zC(A,0"), C(A,0)®2C(A,o') issplit. Thus
in all caseshecentralizerof Z in Cf or Cy is split.

Assumefor instancethatthe centralizerof Z in Cf is split. If Z ~ F x F, it follows
thatCy" is split (for ary A € FX). If Z is afield, sayZ ~ F(\/6) for somed € F*, it
followsthatC? is Brauerequivalentto aquaternioralgebra(d, e) r for somes € F*. By
[4, Proposition3.8], we have a Brauerequivalence

CEN) ~ CF(N) ®F (6, \)F
forall A, X' € F*, henceCy_ is split. O

Proposition 6. Supposd?F = 0. Orthogonalinvolutionse, ¢’ on a cental simpleF'-
algebra A of evendegree are conjugateif and only if their Clifford algebras C'(A4, o),
C(A,¢') areisomorphicas F-algebras.
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Proof. The “only if” partis clear If C(A,s) and C(A4,¢') areisomorphic,then by
Lemma2 we may find A € F* suchthatC or C} is split. Therefore the Clifford
invariantof the hermitianform (1, —A\=1s~!), asdefinedby BayerFluckigerand Pari-
mala[2, Lemma2.1.3],is trivial. (Recallthat this Clifford invariantis the elementof
Br,(F)/(A) determinedby C}, or equivalentlyby C;.) By [2, Theorem4.4.1], it fol-
lowsthat(1, —A~!s~1) is hyperbolic,hencer ando’ areconjugatepy Propositionl. [

We finally turn to unitary involutions. In the restof this section,we denoteby A a
centralsimplealgebraover a quadraticextensionK = F'(/a) of F' andby o a unitary
involutionon A which s theidentity on F'. Recallthe notion of discriminantdefinedby
BayerFluckigerandParimala[2, §2.2]: for thehermitianform (1, —A~1s~1) over A (with
respecto o), thediscriminantis

d((1,=A"'s71)) = A" 994 Nrdu(s) "' N(K/F) € F*/N(K/F),
whereN (K /F) C F* isthegroupof normsfrom K/ F.

Proposition 7. Supposehe cohomolgical dimensiorof F' is at most2. If deg A is odd,
all theunitary involutionson A are conjugate If deg A is even,unitary involutionson A
are conjugateif andonly if their discriminantalgebrasare isomorphic.

Proof. If deg A is odd,theformulaabove shavs thatthediscriminantof (1, —A~1s~1) is
trivial for A = Nrd4(s). Therefore this form is hyperbolic,by [2, Theorem4.1.1],and
Propositionl shavsthate ande’ = Int(s) o o areconjugate.

If deg A is even,thediscriminantalgebraof o ande’ arerelatedby

D(A,0') ~ D(A,0) ®F (a,Nrda(s))

(see[11, (10.36)]), hencethe conditionthat D(A, o) and D(A,¢') areisomorphicim-
pliesthatNrd 4(s) € N(K/F). Thereforefor all A € F* thediscriminantof the form
(1,—X"1s~1) istrivial andwe mayconcludeasabove. O

4. CLASSIFICATION OVER FORMALLY REAL FIELDS

Throughouthis section the basefield F' is assumedo be formally real. We denoteby
X thespaceof orderingsof F. For P € X, welet Fp denotearealclosureof F' with
respecto theorderingP.

Thesignatureof involutionson simplealgebrasasbeendefinedby Lewis-Tignol [12]
in theorthogonabndsymplecticcasesandby Quéguinel{16] in theunitarycase(seealso
[11, §11]). In all casesthesignaturas definecby meanof thequadratidorm¢?: A — F
definedby

¢7 (z) = Trda(o(z)z) :
for P € X onesets

] \/sigp ¢ if o is orthogonabr symplectic,
S1, = . . .
&p O \/Ssigp ¢ if o is unitary.

Thus,the signatureof aninvolution which is adjointto a symmetrichilinearform or to a
hermitianform is the absolutevalueof the signatureof theform.

Recallthatthefield F is called SAP (or Pasch)if the following equivalentconditions
hold:

(a) everyclosedandopensubsebf X hastheform {P € Xr | a > 0 at P} for some
a€F;
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(b) for all a, b € F*, the quadraticform (1, a, b, —ab) is weakly isotropic,i.e. there
existsanintegern suchthatn(1, a, b, —ab) is isotropic.
(Sed14].) Thefollowing examplesshav thatthe“classical’invariantsarenotsufficient
to classifyinvolutionsif the basefield is not SAP

Examples.SupposeF’ is not SAP, andlet a, b € F* be suchthat the quadraticform
4(1, a, b, —ab) is anisotropic.Denoteby H the quaternioralgebraH = (—1,—1)r and
let A = My(H). This centralsimple F-algebracarriesa symplecticinvolution ¢ ad-
joint to the hermitianform with diagonalization(1, a, b, —ab) g over H (with respecto
the conjugationinvolution) anda symplecticinvolution ¢/ adjointto the hermitianform
(1,1,1,—-1)m. By [12, Corollary2], the signature®f theinvolutionse, ¢’ aregivenby

sigpo  =2|sigp(l,a,b,—ab)| =4 forall P € Xp,
sigpo’ = 2|sigp(1,1,1,-1)| =4 forall P € Xp.

Theinvolutionse, ¢’ thushave the samesignature They arenot conjugatehowever, since
o' is isotropicwhereass is not. Indeed the hermitianform (1, a, b, —ab) i is anisotropic
sincethequadratidorm 4(1, a, b, —ab) is anisotropicver F'.

Similar examplescanbe constructedor orthogonalor unitary involutions: with a, b,
F asabove,let K = F(y/—1) andB = M4(K). Let T bethe unitaryinvolution on B
adjointto thehermitianform (1, a, b, —ab) x (with respecto thenontrivial automorphism
of K/F) andlet 7' betheunitaryinvolution on B adjointto (1,1,1, —1)k. By [16], the
signature®f 7, 7' areasfollows:

sigpT = |sigp(l,a,b,—ab)| =2 forall P € X,
sigp T =|sigp(l,1,1,-1)| =2 forall P € Xp.

Moreover, the Brauerclassesof the discriminantalgebrascan be determinedfrom [11,
(10.35)]:

D(B,T) ~ (—1,disc(1,a,b,—ab)) ., = (=1,-1)F,

D(B,r') ~ (=1,disc(1,1,1,-1)) , = (=1, -1)p.
However, 7 and7’ arenot conjugatesincer’ is isotropicwhereasr is not. Usingthe cor
respondencbetweencentralsimplealgebraof degree6 with orthogonalinvolution and
centralsimplealgebrasof degree4 with unitaryinvolution (seg[11, §15.D]), we mayde-
rive anexampleof orthogonalnvolutionson a centralsimple F-algebraof degree6 which
are not conjugate gven thoughtheir signaturesare the sameandtheir Clifford algebras
areisomorphic. Explicitly, we may chooseA = M;3(H) whereH = (—1,—1)p, and
take for ¢ ands’ theadjointinvolutionsof the skew-hermitianformswith diagonalizations
(i,1a,4b) g and(i, i, —i) g respectiely (with respecto the conjugatiorinvolution),where
i € H isapurequaterniorwith i2 = —1. SinceA doesnotsplit overary realclosureof F,
thesignature®f o ando’ aretrivial. It maybeseenthatC(A4,0) ~ M4(K) ~ C(4,0"),
andthatthe canonicalinvolutionson C(A4, o) andC(A4, ¢') aretheinvolutionsT andr’
above. Therefore ando’ arenot conjugate.Detailsof this computationareleft to the
reader

Theseexamplesexplainwhy our resultsrequirethe basefield to be SAR (Seehowever
Proposition10.) Underthis hypothesiswe relateas follows involutions with the same
signature:

Proposition 8. Supposéd is a SAPfield. Let ¢ be an involutionon a simple F-algebra
A. If o is orthogonalor symplecticassumér is the centerof A4; if ¢ is unitary, assume”
is the subfieldof o-symmetricelementsn thecenterof A. Lets € A* bea symmetrianit
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andleto’ = Int(s) o o beaninvolutionof thesametypeaso. If sigp o = sigp o' for all
P € Xp, thenther exists\ € F* sud thattheinvolutionéy, on M>(A) definedin the
introduction(seePropositionl) hastrivial signatue, i.e.

sigpfx =0 forall P € Xp.
Proof. Let¢?: A — F bethequadratidorm definedby
¢7(x) = Trda(o(z)sz).
Computatioryieldsanorthogonaldecomposition
¢~ g7 L (~A NPT L(=N)g] L g7
(compardg5, Propositionl]). Ontheotherhand,we have
¢-1(z) =¢J(s'z)  and ¢ (2) = ] (0(2))

forallz € A, hencep?_, ~ ¢7 ~ ¢ and

(1) ¢ ~ g7 L 2(=N\)g7 L ¢ .

If o is orthogonabr symplecticwe mayidentify A® g A with End g (A) by mappinga®b
to theendomorphismx — azo(b). Theinvolutions’ ® o on A ® A thencorrespondso
theadjointinvolutionwith respecto ¢J_, , hence

sigp o’ -sigp o = |sigp ¢7-1| = |sigp ¢7| forall P € Xp.
Fromequation(1), it follows that
sigp O = |sigp o — epsigp(N) sigp o’
wheresp = +1if sigp ¢7 > 0andep = —11if sigp ¢7 < 0. SinceF is SAR, we mayfind
A € F* suchthatsigp(\) = ep forall P € X, hencesigp 0y = |sigp o —sigp o'| = 0.

If o is unitary, its restrictionto the centerK of A is the nontrivial automorphisni of
K /F. Thesameargumentsapply, identifying A ® x A to Endx A asabove. O

We now begin the proof of TheorenB, startingwith the symplecticcase.

Proposition 9. AssumeF' is SAPand I*F is torsion-free  Symplectidnvolutionson a
givencentral simpleF-algebra are conjugatef andonlyif they havethe samesignatue.

Proof. Leto, o' besymplecticinvolutionson a centralsimple F-algebra4, andlet ¢’ =
Int(s) o o for someo-symmetricunit s € A*. By Proposition8, we mayfind A € F*
suchthatsigp ) = 0 for all P € Xp. It follows from [3, Theorem6.2] thatthe hermitian
form (1, —A~1s~1) is hyperbolic,hences ando’ areconjugatepy Propositiond. O

Proposition 10. Assume/®F is torsion-free Orthogonal involutionson a givencental
simple F-algebra of odd degree are conjugateif and only if their Clifford algebras are
isomorphicandtheir sighatuesare thesame

Proof. Arguingasin the proof of Propositions, we arereducedo proving thatquadratic
forms ¢, ¢' of the sameodd dimensionand of trivial discriminantare isometricif and
only if Co(q) ~ Co(¢') and|sigpq| = |sigp¢'| for all P € Xp. Sincethe signature
of a quadraticform of odd dimensionandtrivial discriminantis 1 mod4, the conditions
disc ¢ = disc¢’ = 1 and|sigp g| = | sigp ¢'| iImply sigp g = sigp ¢'. Theresultthenfol-

lows from thefactthatoverafield F with I3 F torsion-free guadratidormsareclassified
by dimensiondiscriminant Witt invariantandsignaturg?7, Classificatiortheoren3]. [
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Notethat Propositionl0 holdswithoutthe hypothesighat F' is SAP
We now turn to the caseof orthogonalinvolutionson a centralsimplealgebraof even
degree.Thefollowing exampleshavs thatthis caserequiresmnorestringenthypotheses.

Example3. Let F beamaximalelementin theinductive setof subfieldsof R which do
not containy/2. Thefield F, hasfour squareclassestepresentetly 1, —1, 2 and—2. Let
F = Fy((¢)), thefield of Laurentseriesn oneindeterminatever Fy. Theuniqueordering
of Fyy extendsto two orderingsof F', andit is easyto seethat ' is SAP Moreover, I2Fy is
torsion-freehencel® F is torsion-free Considerthe following quadratidormsover F:

q= <1a _Zatatat7t>a ql = <1a —1,t,t,t,2t>-

Clearly, ¢ andq’ have the samesignatureat eachorderingof F'. Computatiorshavs that
Co(g) =~ Co(q') ~ (=1, —1)p(3)- However, g andg’ arenotsimilarsinceq’ is isotropic
whereasg; is not. Thereforepnthesplit algebrad = Mg(F), theadjointinvolutionso =
o4 ando’ = oy arenotconjugategventhoughsig o = sigo’ andC(A4,0) ~ C(4,d").

In orderto obtaina classificationresultfor orthogonalinvolutionsin the even degree
casewe shallrequirethat ' is anED field [15]. The particularpropertyof ED fieldsthat
matterso usis thatF’ is ED if andonly if ' is SAPandevery quadraticxtensionof F' is
SAP

Leto, o' beorthogonalnvolutionsonacentralsimplealgebrad of evendegreeoveran
arbitraryformally realfield F'. As obsenredin section2, theconditionthatdisc ¢ = disc o’
impliesthatdisc 8, = 1, hence

C(M2(A),0,) =CFaCy
for somecentralsimple F-algebras’;", C, .

Lemma3. SupposeF is ED. If C(4,0) ~ C(A4,0¢') (as F-algebras) andsigpo =
sigp o’ for all P € Xp, thenthere existsA € F* sud thatsigp 0y = 0forall P € Xp
and(at least)oneof C}, Cy issplit.

Proof. Since F' is SAR, Proposition8 yields Ay € F* suchthatsigp 65, = 0 for all
P € Xp. Ontheotherhand,sinceC(4,0) ~ C(A4,0"), oneof C;ro, Cy, is Brauer
equialentto aquaternioralgebra(d, v) 7, whered € F'* is arepresentate of disc o (see
the proof of Lemmaz2). Sayc*;r0 ~ (8,7)F. If § € F*2 wemaychoose\ = ). Forthe
restof theproof we assumes ¢ F*2.

Writing K = F(+/§) we will putA = Ao YNk /r(2) for asuitablychoserelementz
of K. ThenC{ ~ (8,7) ®r (6, 7Nk,/r(z)) is split. To ensuresigp ) = 0 we require
thatyNg,/r(2) > 0 atall orderingsP of F' whereAp splits. (Whenever Ap is not split
sigp 6, = 0 forall \.)

DefineanopensubsetlJ of the spaceof orderingsX i of K asfollows;

U={PeXg|y>0inP}U{Pe Xk |vy<0andVé < 0in P}

SinceF is ED we know that K is SAPandsowe maychoosez € K suchthatz > 0 for
all PinU, andz < 0forall P notin U.

Now let P beanorderingof F'. If § < 0 thenP doesnotextendto K andNg/x(z) > 0.

If 6 > 0 andy > 0thenz > 0 in eachof thetwo orderingsof K which extend P and
SONK/F(Z) > 0.

If § > 0andy < 0thenz > 0 in exactly oneof thetwo orderingsof K which extend
P andNK/F(Z) < 0.
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Sowheneers > 0 we have YNk, r(z) > 0, andalsoyNk/r(z) > 0if § < 0 and
v > 0. Theremainingcasewhend < 0 andy < 0 impliesyNg,r(z) < 0 butneednotbe
consideredecausel p is notsplit. (If Ap weresplitthen(M,(Ap), (6x,)p) would split
andhencebothcomponent€'* (M, (Ap), (8x,) p) Would split. However

CH(Ma(Ap), (0x,)p) ~ (7,0)p

which cannotsplit becaus@é < 0,y < 0in P.) Thus) satisfieghe desiredporopertiesand
thelemmais proved. O

Proposition 11. SupposeF is ED and I3 F is torsion-free Orthogonalinvolutionse, o’
on a central simple F-algebra A of evendegree are conjugateif andonly if sigp o =
sigp o' forall P € Xp andC(A,0) ~ C(A4,0") (asF-algebras).

Proof. The “only if” partis clear For the corverse,Lemmaa3 yields an element\ €
F* suchthatc*;r or Cy is splitand@, is hyperbolicover every real closureof F. By

Parimalas refinemenbf [3, Corollary 7.5] givenin the Appendix,it followsthatthe form
(1,—-X"1s~1) is hyperbolic,hences ands’ areconjugatepy Propositiond. O

This propositionappliesin particularto algebraicmmumberfields.

To completeheproofof TheorenB, wefinally considethecaseof unitaryinvolutions.
In therestof this section,we denoteby A a centralsimplealgebraover a quadraticexten-
sionK = F(y/a) of F andby o aunitaryinvolutionon A whichis theidentityon F'. Let
o' = Int(s) o o for somesymmetricunits € A* andlet 8, betheinvolutionon M,(A)
definedin theintroduction. In orderto establistthatthe hermitianform (1, —A\~!s~1) is
hyperbolicfor some) € F'*, we shallinvoke theresultsof BayerFluckigerandParimala
in [3, §4]. Theseresultsusea notionof Discriminant(a refinemenof the usualdiscrimi-
nant)suchthat

Disc((1,-A7's7h)) = A" %9ANrdy(s)”! - N(KHA)
€ FX/N(KtW)

whereN (K+(4)) is thegroupof elementsf K * whicharereducechormsfrom A® x K
for everyordering@ € Xg.

Lemmad. LetP € X beanorderingsudthata < 0. If A € F* issutthatsigp 8, =
0,thenNrd 4(As) > 0.
Proof. Fix anisomorphismd ®  Fp ~ M,,(Fp(v/—1)). Letx bethestandardnvolution
on M, (Fp(v/-1)) definedby
(aij)* = (@;)",
where™ is thenontrivial automorphisnof Fp(v/—1)/Fp. We have
o =Tnt(h™") o %, o' =Tnt(h' ") o x
for somex-symmetricmatricesh, h'. Thens = ph'~'h for somep € F*, and
A 1lg-tpt 0
0)\ = Int ( lé h,_l ) O k.

Therefore g, is the adjointinvolution of the hermitianform (—Auh, h') on A? (with re-
spectto ) or, equivalently of the hermitianform —Auh L A’ on Fp(y/—1)2". The
equalitysigp 0y = 0impliessig(Auh) = sig b', hencethehermitianformsAuh andh’ are
isometricanddet(Auh) = det b’ mod F2. Thelemmafollows, sinceNrd sg r, (As) =
det(Auh'~"h). O
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Thislemmais sufficient to settlethe odd-deyreecase:

Proposition 12. If F'is SAPandvcd(F) < 2, unitary involutionson an odd-dgreecen-
tral simplealgebra over a quadmtic extensionof F' are classifiedby their signatue.

Proof. We usethe samenotationasabove. If sigp o’ = sigpo for all P € Xp, we
may find Ao € F* suchthatsigp8,, = 0 for all P € Xp, by Proposition8. Let
A = Ao Nrda(Aos). By Lemmad wehavesigp 6, = 0forall P € X, sinceby definition
the signatureof a unitaryinvolutionis 0 atthe orderingsfor which a > 0. Moreover, we
have

A9ANrda(s) = Nrdg(Ags)ites4
= NK/F(NrdA()\OS)(1+d€gA)/2) € NK/F(NrdA(AX))

henceDisc ({1, —A~'s™!)) istrivial. It followsfrom [3, Theorem4.8] that(1, —A~'s~1)
is hyperbolic. O

To treatthe evendegreecase we needthe following descriptiorof the group N (K +(4)):

Lemmab. Supposeleg A is evenandits centerK is SARandletYy = {Q € Xk |
A ®K Kg isnotsplit}. We have

Kt ={g e K* |z > 0forall Q € Y}
andN(K+) = N(K/F)n K+(4),
Proof. If A®xk K¢ isnotsplit,thenNrd(4A @k Kqg) = Kéz. Therefore,

KtA) = {ze K* |z >0forallQ € Ya}.

Obsere thatthe setYy is presered by the non trivial automorphisni™ of K/F, since
A®k Kg andA @k Ky areisomorphicas F-algebras Therefore K +(4) is presered
under—, hence

N(K+tA) c N(K/F)n K+,
To prove thereverseinclusion,pick y € K> suchthat Nk, r(y) € K+(4). We shallfind
u € K* suchthatyuz ! € Kt hence
Ni#(y) = Ng/p(yuu ') € N(K+HD).
Let¢ € K* besuchthaté? = o andconsidettheset
Z={Q€eYa|(y>0)or(y <0andf > 0)atQ@}.

SinceK is SAR, we mayfind u € K* whichis positive exactly at the orderingsin Z. If
Q € Yy is suchthaty > 0, theng > 0 sinceNg/r(y) € K+, henceQ € Z and
thereforez > 0 at Q. By contrastjf Q € Yy is suchthaty < 0, thenexactly oneof @, Q
isin Z, henceuw ! < 0 atQ. Thus,yuw ' > 0 forall Q € Yy, henceyuu ' € K+,
asrequired. O

Proposition 13. SupposeF’ and K are SAR and ved(F) < 2. Unitary involutionson
a cental simple K-algebra A of evendegree are classifiedup to conjugationby their
signatue anddiscriminantalgebra.
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Proof. As above, let o be a unitary involution on A ando’ = Int(s) o . Assume
D(A,0) ~ D(A,0") andsigp o = sigpo’ forall P € Xp. SinceF is SAR, Propo-
sition 8 yieldsanelement\ € F* suchthatsigp 8, = 0 for all P € X, hencethesig-
natureof the hermitianform (1, —A~!s~!) is trivial. We next computeits Discriminant.
As obseredin the nonformally real case(seethe proof of Proposition7), the condition
D(A,0) ~ D(A,¢') impliesthatNrda(s) € N(K/F). Ontheotherhand,it is clear
from thedefinitionof K+(4) thatNrd 4 (s) € K+(4). Sincedeg A is even,\%94 ¢ F*2,
hence

Ae9ANrd4(s) € N(K/F)n Kt = N(K+A),

This shaws that Disc((1, —A~'s™')) is trivial. It follows from [3, Theorem4.8] that
(1,—X"1s~ 1} is hyperbolichencesr ands’ areconjugate. O

Proposition 14. If Fis ED andvcd(F') < 2, thenunitary involutionson a central simple
algebra over a quadmatic extensionof F" are classifiedup to conjugationby their signatue
anddiscriminantalgebra.

Proof. Follows at oncefrom Proposition13 sinceif F'is ED then F' is SAP and every
guadratiextensionof F' is SAP O

Remark.The field F' of Example3 is SAP and may be checled to satisfy ved(F) =
2. Using the correspondencbetweencentralsimple algebrasof degree6 with orthogo-
nal involution and centralsimple algebrasof degree4 with unitary involution (see[11,
§15.D]), one can give an example of two unitary involutions on MQ((—l, —1)F(ﬁ))
which have the samesignatureand the samediscriminantalgebra,but which are not
conjugate. Explicitly, we let v be the tensorproductof the conjugationinvolutionson
H=(-1,-1)r® F(\2) = (-1, —1) r(,5) andtake for 7 andr’ theadjointinvolutions
of the hermitianformswith diagonalizationg1, )z and(1, —1) g respectiely (with re-
spectto v). Therefore Propositionl4 doesnot hold underthewealer hypothesighat F' is
SAPandvced(F) < 2.

APPENDIX BY R. PARIMALA

Theorem. Let F be a formally real SAPfield suc that I3 F is torsionfree Let (D, o)
be a central divisionalgebra over F' with an involutiono of orthogonaltype Thennon-
degenemte hermitianformsover (D, o) are classifiedup to isomorphismby dimension,
discriminant,Clifford invariantandsignatues.

Proof. Let h, h' betwo hermitianforms over (D, o) with the samedimension,discrim-
inant, Clifford invariantand signatures.Thenh L —h' hasevendimension2n andhas
trivial discriminant Clifford invariantandsignaturesLet Us,,, SU2, andSpin,, denote
respectiely the unitary, specialunitaryandspingroupof the standarchyperbolicform of
dimensioren over(D, o). Thentheclassof b L —A'in H'(F, Us,) is theimageof some
¢ € H'(F,Spin,,) underthe compositemap

H'(F,Spin,,) — H'(F,SUs,) 5 H'(F, Us,)
inducedby themapsSpin,, % SUsn XA Ua,. Themapj restrictedoi( H! (F, Spin,,,))

hastrivial kernel, by [3, Lemma7.11]. Sinceh L —h' is hyperbolicover Fp for all
P e Xr,i(&)p € H (Fp,SU,,) mapsto zeroin H! (Fp, Us,) andhencei(£)p = 0 for
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all P € Xr. We have thefollowing commutatve diagramwith exactcolumns:
F*/SnSUsg(F) — [lpex, Fp/SnSUsn(Fp)

c c
H'(F,Spin,,) — HPeXF H'(Fp,Spin,,)
) )

H'(F,SUs) —  [Ipex, H(Fp,SUsn).

HereSn: SU,,(F) — F*/F*? denoteghe spinormap. Thereexistsup € Fp such
thatc(up) = &p, P € Xp. Theset{P € Xr | {p = 0} is an openand closed
subsetbof X (see[18, Corollary2.2]) and F' beingSAR thereexistsf# € F* suchthat
{PeXrp|&p=0}={P € Xr|0>0atP}. SinceSnSU,,(Fp) is thesubgroupof
F} generatedby normsfrom extensionof Fp whereDp is split ([13]), Sn SU»,(Fp) =
Nrd Dj. Thusif P € X is suchthatDp is split, thenF; = Sn SU,, (Fp) andin this
casefp =0andf > 0atP. If P € X issuchthatDp is notsplit, up € Fp belongsto
Sn SUjy, (Fp) modulosquaresf andonly if up > 0. Thusif P € X issuchthat{p # 0,
thenDp isnonsplitandup < 0 andd < 0. Thusfup € Sn SU,,(Fp) modulosquares.
If ¢p =0atP,0 > 0atP andup € SnSU,,(Fp) andhencefup € SnSU,,(Fp)
modulosquareand[d] = [up] in F / SnSUs, (Fp) for all P € Xp. Thusc(6) andé in
H!(F,Spin,,) havethe sameimagein H!(Fp, Spin,,) for all P € X andin view of
[3, Theorem7.12],¢(8) = £. Hence¢ mapsto zeroin H!(F,SU,,) andthisimpliesthat
h L —h' is hyperbolic.This completeghe proof of thetheorem. O
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