Abstract

Let D be a division ring of degree m over its centre F . Herstein has shown that any finite normal subgroup of D^∗ := GL_1(D) is central. Here, as a generalization of this result, it is shown that any finitely generated normal subgroup of D^∗ is central. This also solves a problem raised in [1] for finite dimensional division rings. The structure of maximal multiplicative subgroups of an arbitrary division ring D is then investigated. Given a maximal subgroup M of D^∗ whose centre is algebraic over F , it is proved that if M satisfies a multilinear polynomial identity over F , then [D : F ] < 1.

Let D be a division ring of degree m over its centre F . Denote by D^′ the commutator subgroups of the multiplicative group D^∗ = D − {0}. Since each element d ∈ D^∗ is contained in a maximal subfield of D, a modification of the proof of Corollary 1 in [9] shows that d^m = RN_{D/F} (d)c_d for some c_d ∈ D^′, where RN_{D/F} is the reduced norm of D to F . Thus the abelian group G(D) := D^∗/RN(D^∗)D^′ is torsion of bounded exponent dividing the degree m of D over F , where RN(D^∗) is the image of D^∗ under the reduced norm of D to F . This group is not trivial in general. For example, if D is the real quaternions then G(D) is trivial whereas for rational quaternions G(D) is isomorphic to a direct product of copies of Z_2, as it is easily checked. Assume that G(D) is not trivial, by Prufer-Baer’s Theorem (cf. [11, p. 105]), we conclude that G(D) is isomorphic to a direct product of Z_{ri} , where r_i divides m. In this way we may obtain a maximal normal subgroup of finite index in D^∗. So, if G(D) is not trivial, then D^∗ contains maximal subgroups. The aim of this note is to investigate the structure of maximal subgroups of D^∗ using general linear groups in the finite dimensional case and some results of skew linear groups for the general case. Given a finite dimensional division ring D over its centre F , it is shown in [1] that if F is an algebraic extension of the field of rational numbers, then any finitely generated normal subgroup of D^∗ is central. It is also conjectured there that whether the same result holds for an arbitrary division ring. Here we show that if D is of finite dimension over F , then the result remains true without any condition on F . We then investigate the structure of maximal multiplicative subgroups M of an arbitrary division ring D. In 1978, Herstein [5] conjectured that given a normal subgroup N of D^∗, if for any x ∈ N there exists a positive integer n(x) such that x^{n(x)} ∈ F , then N is central. He showed the conjecture is true in the finite dimensional case, but in general it is still open. Here, we replace “normal” by “maximal” in the above conjecture and show that the resulting conjecture is also true in the finite dimensional case. Given a maximal subgroup M of D^∗ whose centre is algebraic over F , it is also proved that if M satisfies a multilinear polynomial identity over F , then [D : F ] < ∞. As a consequence, it is shown that if D is algebraic over F and D^∗ contains a soluble maximal subgroup, then D is locally finite. For some further (and recent) results on subgroups of division rings see [2], [9] and [10]. We begin our material with

Proposition 1. Let D be a division ring with centre F , and assume that M is a maximal subgroup of D^∗. Then we have (i) M contains either F^∗ or D^′.

(ii) Either D = F (M) or M ∪ {0} is a division ring, where F (M) is the division ring generated by M and F .

Proof. (i) Assume that M does not contain F^∗. Then we must have D^∗ = F^∗M and consequently D^′ = M^′ ⊂ M.

(ii) Consider the division ring F (M) generated by F and M. By maximality of M, we have either D^∗ = F (M)^∗ or M = F (M)^∗. In the first case we obtain D = F (M) and the other case implies that M ∪ {0} is a division ring.

We observe that, by Proposition 1, we have either D = F (M) or M = F (M)^∗. In the first case, one can easily see that Z(M) = M ∩ F . For the second case, put K = Z(M) ∪ {0} so that F ⊂ K is a field extension. For any element a ∈ K\F , we have M ⊂ C_D(a). Since a is not in F and M is maximal in D^∗, we conclude that M = C_D(a). Now, if D is algebraic over F , then C_D(M) = C_DC_D(a) = F (a) which really means that there are no proper subfields between F and K. In any case, to pose the following conjecture is natural.

Conjecture 1. Let D be a division ring with centre F and M is a maximal subgroup of D^∗. Then we have Z(M) = M ∩ F .

Remark. Let D be a finite dimensional division algebra over its centre

F . If N is a non-central finitely generated normal subgroup of D^∗, we claim that there exists a finite set Λ ⊂ F such that F = P (Λ), where P is the prime subfield of F . To see this, assume that L is the division algebra generated by all elements of N. Since L is invariant under all inner automorphisms of D, by Cartan-Brauer-Hua’s Theorem, L = D or L is central. If L is central, then N is central, a contradiction. Thus, we may assume that L = D. Suppose that [D : F ] = n and consider the regular matrix representation of D in GL_n(F ). Since N is finitely generated, there exist matrices A_1, . . . , A_k ∈ GL_n(F ), such that N =< A_1, . . . , A_k >. Let Λ be the set of all elements in F occurring as the entries of A_i and A^{−1}_i , i = 1, . . . , k. If H is the subring generated by N, then we have H ⊂ GL_n(P (Λ)), where P (Λ) is the subfield of F generated by Λ. Now, since L ⊂ GL_n(P (Λ)) we have aI ∈ GL_n(P (Λ)), for any a ∈ F^∗ and so a ∈ P (Λ). Hence, F = P (Λ) and the claim is established.

It is shown in [1] that if F is an algebraic extension of the field of rational numbers, then D^∗ contains no non-central finitely generated normal subgruops. The next theorem shows that the result remains true without any conditions on F .

Theorem 2. Let D be a finite dimensional division ring with centre F . Then any finitely generated normal subgroup of D^∗ is central.

Proof. If N is a non-central finitely generated normal subgroup of D^∗, then by the remark made above, there exist elements r_1, . . . , r_s ∈ F such that F = P (r_1, . . . , r_s), where P is the prime subfield of F . If F is algebraic over P , we may consider two cases. If CharD = p > 0, then D is algebraic over a finite field and consequently D is commutative which is in contradiction with the fact that N is non-central. If CharD = 0, then the result follows from Theorem 4 of [1]. Finally, we may assume that F is not algebraic over P . Put K_i = P (r_1, . . . , r_i), where 1 ≤ i ≤ s and consider the chain of subfields P = K_0 ⊂ K_1 ⊂ K_2 ⊂ · · · ⊂ K_s = F . By our assumption, there exists j, 1 ≤ j ≤ s such that K_j is not algebraic over K_{j−1}. Now, consider the least such j so that F = K_s is of finite dimension over K_j. Put K = K_{j−1}, y = r_j, and L = K(y). Thus, we have [F : L] < ∞ and y is transcendental over K. Since n = [D : F ] < ∞ we conclude that k = [D : L] < ∞.

Therefore, D^∗ has a matrix representation in GL_k(L). Let 1, α_2, . . . , α_n be an F -basis of D. Let us consider an element a ∈ N\F . Since a is not in the centre we conclude that a does not commute with all α_i’s. Without loss of generality, assume that aα_2 ≠ α_2a. Assume also that A, B ∈ GL_k(L) are the matrix representations of a, α_2, respectively. It is clear that for each x ∈ L, the matrix representation of x + α_2 is B_x = xI + B. Since N is finitely generated, by the argument used in the remark, we conclude that there is a set Λ = {m_1/n_1, . . . , m_t/n_t} ⊂ L, where m_i, n_i ∈ K[y] such that each element of N has a matrix representation in GL_k(K[y][Λ]), and K[y][Λ] is the subring of L generated by Λ over K[y]. On the other hand, N � D^∗ and so for each element x ∈ L we have B_xAB^{−1}_x ∈ GL_k(K[y][Λ]). Since det B_x is a polynomial in x of degree k, and for each 1 ≤ i, j ≤ k, the (i, j)-th entry of B^{−1}_x is of the form f_{ij}(x)/g(x) ∈ L(x), where deg g(x) = k, deg f_{ij}(x) ≤ k − 1, we conclude that the (i, j)-th entry of the matrix B_xAB^{−1}_x is of the form f_{ij}(x)/g(x), where for each 1 ≤ i, j ≤ k, we have deg f_{ij}(x) ≤ k. If for each 1 ≤ i, j ≤ k, there are elements q_{ij} ∈ L such that for any x ∈ L, f_{ij}(x)/g(x) = q_{ij}, then for any x_1, x_2 ∈ L with x_1 ≠ x_2, we have (x_1 +α_2)a(x_1 +α_2)^{−1} = (x_2 +α_2)a(x_2 +α_2)^{−1}. This implies that x_1(aα_2 − α_2a) = x_2(aα_2 − α_2a) and since aα_2 − α_2a ≠ 0 we conclude that x_1 = x_2, a contradiction. Thus, there exists an entry of B_xAB^{−1}_x , say (i, j)-th which depends on x. Put f_{ij}(x) = Σ^k_{i=0}a_ix^i, g(x) = x^k + Σ^{k−1}_{i=0} b_ix^i. Thus for each x ∈ L we have f_{ij}(x)/g(x) ∈ K[y][Λ]. If a_k = m_{t+1}/n_{t+1}, then for each x ∈ L we obtain f_{ij}(x)/g(x) − a_k ∈ K[y][Λ ∪ {m_{t+1}/n_{t+1}}]. So there exists a nonzero polynomial f(x) ∈ L[x] such that deg f(x) ≤ k − 1 and for each x ∈ L we have f(x)/g(x) ∈ K[y][Λ∪{m_{t+1}/n_{t+1}}] . Multiplying f(x) and g(x) by suitable elements of K[y], we may assume that f(x), g(x) ∈ K[y][x]. Put f(x) = Σ^{k−1}_{i=0} a^′_ix^i, g(x) = Σ^k_{i=0}b^′_ix^i. Since det B ≠ 0, we may assume that b^′_0 ≠ 0. Now, change the variable x to b^′_0x to obtain f_1(x), g_1(x) ∈ K[y][x], such that deg g_1 = k, degf_1 ≤ k − 1, and the constant term of g_1(x) is 1. Further, for each x ∈ L we have f_1(x)/g_1(x) ∈ K[y][Λ ∪ {m_{t+1}/n_{t+1}}]. Assume that S = {p_1, . . . , p_l} be the set of all irreducible polynomials occurring in the factorizations of n_1, . . . , n_{t+1} into irreducible polynomials. For each natural number r, put x_r = (p_1p_2 . . . p_l)^r. Since deg f_1 < deg g_1, for a large enough number r, the degree of the denominator of f_1(x_r)/g_1(x_r) with respect to y is greater than that of the nominator. On the other hand, for each r ≥ 1, and each 1 ≤ i ≤ l, g_1(x_r) and p_i are coprime, that is, (g_1(x_r), p_i) = 1. It is not hard to see that if u/v ∈ K[y][m_1/n_1, . . . , m_{t+1}/n_{t+1}] with (u, v) = 1, then each irreducible factor of v belongs to S. Now since f_1(x_r)/g_1(x_r) ∈ K[y][m_1/n_1, . . . , m_{t+1}/n_{t+1}] and for each 1 ≤ i ≤ l, r ≥ 1, (g_1(x_r), p_i) = 1, we arrive at a contradiction, and so the result follows.

As a consequence of the above theorem, we have the following Corollary 3. Let D be an infinite division ring with centre F such that [D : F ] < ∞. Then D^∗ contains no finitely generated maximal subgroups.

Corollary 4. Let D be a division ring with centre F , and assume that M is a maximal subgroup of D^∗ containing F^∗. If [M : F^∗] < ∞, then D = F .

Proof. First assume that [D : F ] < ∞. Let x_1, . . . , x_t be the representatives for cosets of F^∗ in M, i.e., M = F^∗x_1 ∪ . . . ∪ F^∗x_t. Then, we have M =< x_1, . . . , x_t > F^∗, where < x_1, . . . , x_t > is the group generated by x_1, . . . , x_t. Assume that x ∈ D\M. By maximality of M, we obtain D^∗ =< x_1, . . . , x_t, x > F^∗. Put H =< x_1, . . . , x_t, x >. Thus, D^∗ = HF^∗ and consequently we have D^′ = H^′ ⊂ H, i.e., H is normal in D^∗. Now, by Theorem 2, we conclude that H ⊂ F^∗, i.e., D^∗ = F^∗ which implies that D = F .

Now consider the case [D : F ] = ∞. As in the above case we may assume M = F^∗x_1 ∪ . . . ∪ F^∗x_t. Put A = {Σ^n_{i=1}f_ix_i; f_i ∈ F }. It is clearly seen that A is a division ring of finite dimension over F and we have M ⊂ A^∗. Since A is of finite dimension over F we conclude that A ≠ D and so M = A^∗ by the maximality of M in D^∗. Thus we have [A^∗ : F^∗] < ∞. If A is infinite, then, by a result of Faith (cf. [8, p. 225]), A = F and so M ⊂ F which implies that D = F . So, we may assume that A is finite. Now, Wedderburn’s Theorem implies that A is a finite field. So there exists an element a ∈ D^∗ such that A^∗ =< a >, i.e., a^n = 1 for some positive integer n. Since a is non-central in D, by Herstein’s Lemma (cf. [8]), there is an element b ∈ D^∗ such that bab^{−1} = a^i ≠ a. Thus, b ∈ N_D�(A^∗) and so < M, b >⊂ N_D�(A^∗). Now, by maximality of M, we conclude that N_D�(A^∗) = D^∗. Therefore, by Cartan-Brauer-Hua’s Theorem, we have either A ⊂ F or A = D, and it is clear that none of these cases can occur. This completes the proof.

We shall also need the following result of Kolchin-Maltsev in the proof of our main theorem, for a proof see [7, p. 146].

Theorem A. Every soluble linear group has a normal subgroup of finite index with unipotent commutator subgroup.

Theorem 5. Let D be a finite dimensional division ring with centre F whose characteristic is different from the degree of D over F . If M is a maximal subgroup of D^∗ and for each element x ∈ M there exists a positive integer n(x), depending on x, such that x^{n(x)} ∈ F , then D = F . Furthermore, if D is algebraic over F and M is torsion, then D is commutative.

Proof. By Proposition 1, either D^′ ⊂ M or F^∗ ⊂ M. If the first case occurs, then we conclude that D = F , by Lemma 2 of [9]. Thus we may assume that M does not contain D^′. We now divide the rest of the proof into two cases:

Case 1. CharF = 0. We may view M as a linear group in GL_n(F ), where [D : F ] = n. By Theorem 1 of [16], either M contains a non-abelian free subgruop or it contains a soluble subgroup S of finite index. The first case can not occur since M/F^∗ is torsion. Thus, there is a soluble subgruop S in M with [M : S] < ∞. Now, using Theorem A, we conclude that S contains a subgroup T of finite index such that T^′ is unipotent. Since the only unipotent elemtent in a division ring is the identity, we obtain T^′ = {1}. Thus S contains an abelian group of finite index and consequently M contains an abelian normal subgroup A of finite index. Put K = F (A). Then we have < K^∗, M >⊂ N_D�(K^∗). If K^∗ ⊄ M, then N_D�(K^∗) = D^∗ and so, by Cartan-Brauer-Hua’s Theorem, we conclude that K = F , and consequently [M : F^∗] < ∞. Now, using Corollary 4 establishes the result. Otherwise, assume that K^∗ ⊂ M. If K = F , the result follows from Corollary 4. Otherwise, K is radical over F . Thus, using Kaplansky’s Lemma, we obtain CharF = p > 0 which is a contradiction. This completes the proof for the zero characteristic case.

Case 2. CharF = p > 0. Consider the group G = D^′ ∩ M and assume that x ∈ G. We know that x^{n(x)} = a ∈ F^∗. Taking the reduced norm of D to F from both sides of the last equation we conclude that 1 = RN_{D/F} (x)^{n(x)} = a^m, where m is the degree of D over F . This means that G is a torsion group. Thus, M^′ ⊂ G is torsion and consequently M^′ is locally finite by Burnside’s Theorem. If x, y ∈ M^′, then the subgroup < x, y > generated by x and y is finite. Since we are in characteristic p we conclude that < x, y > is cyclic, and so M^′ is abelian. Thus M is a maximal soluble subgroup of D^∗. By Proposition 1, two cases may arise: (a) D = F (M), (b) D_1 = M ∪ {0} is a division ring. If D = F (M), then M is a maximal soluble irreducible subgroup of D^∗. By a result of Suprunenko (cf. [14]), there exists a subfield K which is Galois over F such that [M : K^∗] < ∞. If K^∗ = F^∗, then the result follows from Corollary 4. Otherwise, F^∗ ⊂ K^∗ ⊂ M which means that K is radical over F . By Kaplansky’s Lemma, we conclude that either K is purely inseparable over F or K is algebraic over the prime subfield P . The first case can not happen since K is Galois over F . If the second case occurs, then D will be algebraic over a finite subfield and so by a result of Jacobson we conclude that D = F . In the case (b), by Kaplansky’s Theorem (cf. [8]), we conclude that D_1 = Z(D_1). If Z(D_1) = F , then we obtain M = F^∗ which in turn implies that D = F , by maximality of M. Otherwise, Z(D_1) is radical over F and so either Z(D_1) is purely inseparable over F or Z(D_1) is algebraic over the prime subfield. The second case reduces to D = F as above. Thus, D_1 = Z(D_1) := L is purely inseparable over F . Since L^∗ = M is maximal in D^∗ one can easily conclude that L is a maximal subfield of D. Now, take an element a ∈ L not in F . We then have L ⊂ C_D(F (a))^∗ and so by maximality of L^∗ we obtain C_D(F (a)) = L. Thus, by the double centeralizer theorem, we have F (a) = C_D(C_D(F (a))) = C_D(L) = L, i.e., L is a simple extension of F . Now, take t minimal such that a^{pt} ∈ F and put b = a^{pt} �1 . Then we have L = F (b) and b is of degree p over F . Consequently, we obtain [D : F ] = p^2 which is a contradiction. This completes the first part of the proof.

Furthermore, if D^′ ⊂ M, then D^′ is torsion. Thus, by Lemma 2 of [9], we obtain the result. Otherwise, F^∗ ⊂ M and so F^∗ is torsion. This implies that CharD = p > 0 and D is algebraic over the prime subfield. Therefore, by a theorem of Jacobson (cf. [6]), the result follows.

The following result may be viewed as a generalization of the Noether- Jacobson Theorem (cf. [8]).

Corollary 6. Let D be a non-commutative division ring of degree m over its centre F , and assume that M is a maximal subgroup of D^∗. If the characteristic of D does not divide m, then there is an element in M\F which is separable over F .

To prove our next theorem, we need the following results from [13, p. 215] and [4, p. 114], respectively.

Theorem B. Let H be a locally nilpotent normal subgroup of the absolutely irreducible subgroup G of GL_n(D). Then H is centre by locally finite and G/C_G(H) is periodic.

Theorem C. Let G be a completely reducible linear group. If G is nilpotent, then [G : Z(G)] < ∞.

Theorem 7. Let D be a non-commutative division ring with centre F , and assume that M is a nilpotent maximal subgroup of D^∗. Then we have F^∗ ⊂ M. Also, there exists a maximal subfield K of D such that either M = K^∗ or M/F^∗ is locally finite. Furthermore, if [D : F ] < ∞, then the second case can not occur, i.e., M is the multiplicative group of a maximal subfield of D.

Proof. M is completely reducible since F (M) is a division ring. By Proposition 1, we have either F (M)^∗ = M or D = F (M). In the first case, by Hua’s Theorem (cf. [8]), we conclude that M is abelian. Now, put K = F (M) so that K^∗ = M and the result follows. Thus, we may assume that D = F (M). By Theorem B, with H = G = M, we conclude that M/F^∗ is locally finite.

Furthermore, suppose [D : F ] < ∞ so that M is a linear group. The case where F (M)^∗ = M is treated as above. Finally, we claim that the case D = F (M) leads to a contradiction. Suppose D = F (M). We now show that Z(M) = F^∗. We note that if D^′ is nilpotent, then D^∗ is soluble. Thus, by Hua’s Theorem, D is commutative which is a contradiction. Therefore, D^′ is not contained in M and so, by Proposition 1, F^∗ ⊂ M and consequently Z(M) = F^∗. Now, as noted above, M is completely reducible since F (M) = D is a division ring. Thus, by Theorem C, we conclude that [M : F^∗] < ∞. We may now use Corollary 4 to obtain the contradiction D = F , and so the result follows.

The next result essentially says that Theorem 7 may be generalized to soluble groups. To present it, we need the following result which is due to Snider, (cf. [13, p. 207].

Theorem D. A soluble absolutely irreducible skew linear group is abelian by locally-finite.

Theorem 8. Let D be a non-commutative division ring with centre F , and assume that M is a soluble maximal subgroup of D^∗. Then F^∗ ⊂ M. Also, either M/F^∗ is locally finite or there exists a maximal subfield K of D such that K^∗ is normal in M and M/K^∗ is locally finite. Furthermore, if [D : F ] < ∞, then either M is the multiplicative group of a maximal subfield of D or there is a maximal subfield K of D such that K^∗ is normal in M such that K/F is Galois and [M : K^∗] < ∞.

Proof. By Proposition 1, we have two cases to consider. If F (M)^∗ = M, as in the proof of Theorem 7 we conclude that F^∗ ⊂ M and M is commutative and so K = M ∪{0} is our required maximal subfield of D. Otherwise, assume that F (M) = D and so M is absolutely irreducible. By Theorem D, there exists an abelian group A of M such that A is normal in M and M/A is locally finite. Put D_1 = C_D(K), where K = F (A). We have < D^∗_1, M >⊂ N_D�(K^∗). If D^∗_1 is not contained in M, then D^∗ = N_D�(K^∗) and consequently either K = D or K ⊂ F . The first case can not occur since D is non-commutative, and the second case implies that M/F^∗ is locally finite. Thus, we may assume that D^∗_1 ⊂ M. Then D_1 is commutative since M is soluble and so K is a maximal subfield of D. Since A is normal in M we conclude that K^∗ = F (A)^∗ is also normal in M. Finally, since M/A is locally finite we obtain that M/K^∗ is locally finite and this completes the first part of the proof.

Furthermore, if [D : F ] < ∞, as above we are faced with two cases, i.e., either F (M)^∗ = M or D = F (M). The first case is treated as above. In the second case we conclude that M is an irreducible maximal soluble linear subgroup of D^∗. By a result of Suprunenko (cf. [14]), there is a subfield K of D such that K/F is Galois, K^∗ is normal in M and [M : K^∗] < ∞. It remains to show that K is a maximal subfield of D. To see this, assume that C_D�(K^∗) is not contained in M. Then < C_D(K^∗), M >⊂ N_D�(K^∗) and consequently

D = N_D�(K^∗) which implies that K ⊂ F , i.e., [M : F^∗] < ∞. Now, by Corollary 4, we conclude that D is commutative which is a contradiction. Thus, we must have C_D�(K^∗) ⊂ M and since M is soluble we obtain C_D�(K^∗) is soluble. Now, by Hua’s Theorem, we conclude that C_D(K) is commutative. This implies that K is maximal in D and the result follows.

Considering Theorem 7 and Theorem 8, one is tempted to pose the following conjectures:

Conjecture 2. Let D be a division ring and M a nilpotent maximal subgroup of D^∗. Then D is commutative.

Conjecture 3. Let D be a division ring and M a soluble maximal subgroup of D^∗. Then D is commutative.

To present our next result, we need the following result from [3, p. 391]. Theorem E. Let D be a division ring, Σ a multiplicative subset of D and K its centralizer in D. If for all c ∈ D^∗, KcΣ is infinite-dimensional as left K-space, then any non-zero multilinear element of D_K < X > has a non-zero value for some choice of values of X in Σ.

We recall that given a multiplicative set Σ of D and a non-zero polynomial p(x_1, . . . , x_n) ∈ F [x_1, . . . , x_n], we say that Σ satisfies p(X) if p(X) = 0 for any X = (x_1, . . . , x_n) ∈ Σ × · · · × Σ. Let D be a division ring with centre F and G a subgroup of D^∗. We shall say that G is algebraic if each element of G is algebraic over F .

Theorem 9. Let D be a division ring with centre F , and assume that M is a maximal subgroup of D^∗ such that Z(M) is algebraic over F . If M satisfies a non-zero multilinear polynomial p(X) ∈ F [X], then [D : F ] < ∞.

Proof. By Proposition 1, we have either F (M) = D or F (M)^∗ = M. If F (M) = D, it is clearly seen that C_D(M) = F . Thus, by Theorem E, there exists an element c ∈ D^∗ such that F cM and consequently F [M] is of finite dimension over F . Therefore, we obtain D = F (M) = F [M] and so [D : F ] < ∞. Thus, we may assume that F (M)^∗ = M and put D_1 = F (M). Since D^∗_1 = M satisfies a multilinear non-zero polynomial identity, by Theorem E, we conclude that [D_1 : F_1] < ∞, where F_1 = Z(D_1). Now, we may consider two cases: (i) C_D(D_1) = F or (ii) C_D(D_1) ≠ F . In the first case we have [D_1 : F ] < ∞. Thus D_1 = C_DC_D(D_1) = C_D(F ) = D, by the double centralizer theorem, and consequently [D : F ] < ∞. Finally, assume C_D(D_1) ≠ F and consider a ∈ C_D(D_1)\F . By maximality of M, it is easily checked that a ∈ Z(M) and so a is algebraic over F . Since D^∗_1 is maximal in D^∗ we have D_1 ⊂ C_D(a) and thus D_1 = C_D(a) . Now, we have D ⊗_F F (a) ∼= M_r(C_D(a)) = M_r(D_1), where r = [F (a) : F ]. Since [D_1 : F_1] = s < ∞ we may embed D_1 in M_s(F_1) and so D is embeddable in M_{rs}(F_1). Now, the Capelli polynomial is a polynomial identity for M_s(F_1) and so is for D (cf. [12, p.441]). Thus, by Theorem E, we obtain the result.

It is believed that the condition on Z(M) being algebraic over F is superfluous.

Corollary 10. Let D be a division ring algebraic over its centre F such that [D : F ] = ∞. Then D^∗ contains no commutative maximal subgroups.

To prove our final result, we need the following theorem (cf. [15, p. 175] or [17]).

Theorem F. Let A be a an algebraic algebra over a field F and G a locally solvable subgroup of A^∗. Then F (G) is locally finite dimensional.

Corollary 11. Let D be a division ring algebraic over its centre F . If D^∗ contains a soluble maximal subgroup, then D is locally finite.

Proof. If D is of finite dimension over F , there is nothing to prove. Thus, assume that [D : F ] = ∞ and M is a maximal subgroup of D^∗ which is soluble. By Proposition 1, we have either D = F (M) or M = F (M)^∗. If the second case occurs, by Hua’s Theorem we conclude that M is commutative. This contradicts Corollary 10. Therefore, we may assume that D = F (M). Now, use Theorem F to complete the proof.

The authors are indebted to the Research Council of Sharif University of Technology and the Institute for Studies in Theoretical Physics and Mathematics for their support.

References

[1] Akbari, S., Mahdavi-Hezavehi, M., Normal Subgroups of GL_n(D) Are not Finitely Generated, Proc. Amer. Math. Soc., To appear.

[2] Akbari, S., Arian-Nejad, M., Mehrabadi, M., Additive Commutator Group in Division Rings, Result. Math. 33 (1998), 9-21.

[3] Cohn, P. M., Algebra, Volume 3, Second Edition, John Wiley & Sons, (1991).

[4] Dixon, D., The Structure of Linear Groups, Van Nostrand, London, (1971).

[5] Herstein, I. N., Multiplicative Commutators in Division Rings, Israel Journal of Math., 31, 2(1978),180-188.

[6] Jacobson, N., Structure of Rings, Coll., Pub., Vol. 37, Amer. Math. Soc., Providence, R.I., (1956).

[7] Kostrikin, A. I., Shafarevich, I. R., (Ed), Algebra IV, part II (Linear Groups, by A. E. Zalesskii), Encyc. of Math. Science, Springer-Verlag, (1993).

[8] Lam, T.Y., A First Course in Non-commutative Rings, GTM, No. 131, Springer-Verlag, (1991).

[9] Mahdavi-Hezavehi, M., On Derived Groups of Division Rings, Comm.

Algebra, Vol.23(3), 913-926, (1995).

[10] Mahdavi-Hezavehi, M., Akbari, S., Mehraabaadi, M., and Hajie- Abolhassan, H., On Derived Groups of Division Rings II, Comm. Algebra, Vol. 23, No. 8, (1995), 2881-2887.

[11] Robinson, Derek J. S., A Course in the Theory of Groups, GTM, No.

80, Springer-Verlag, (1982).

[12] Rowen L., Ring Theory, Student edition, Academic Press, INC, (1991).

[13] Shirvani, M., Wehrfritz, B. A. F., Skew Linear Groups, LMS Lecture Note Series, No. 118, (1986).

[14] Suprunenko, D. A., On Solvable Subgroups of Multiplicative Groups of a Field, English Transl., Amer. Math. Soc. Transl., (2)46(1965), p. 153- 161.

[15] Suprunenko, D. A., Matrix Groups, Translations of Math. Mono., Amer.

Math. Soc., Providence, Rhode Island, (1976).

[16] Tits, J., Free Subgroups in Linear Groups, J. of Algebra, 20, 250-270 (1972).

[17] Zalesskii, A. E., Solvable Subgroups of the Multiplicative Group of a Locally Finite Algebras, Mat. Sb. 61 (103) (1961), 408-417. (Russian).

S. Akbari, s akbari@rose.ipm.ac.ir M. Mahdavi-Hezavehi, mahdavi@rose.ipm.ac.ir M. G. Mahmudi, gmahmudi@rose.ipm.ac.ir Department of Mathematical Sciences Sharif University of Technology P.O.Box 11365-9415 Tehran, Iran