PRESCRIBED GAUSS DECOMPOSITION FOR KAC-MOODY GROUPS OVER FIELDS.

Jun Morita

Institute o f Mathematics University of Tsukuba Tsukuba, 305-8571, JAPAN

Eugene Plotkin^1

Department of Mathematics and Computer Science Bar Ilan University 52900, Ramat Gan, ISRAEL

Abstract. We will show the Gauss decomposition with prescribed torus elements for a Kac-Moody group over a field in general case.

1. Introduction

Kac-Moody groups are equipped with canonical decompositions of different kinds. Let us note, for instance, the decompositions of Bruhat, Birkhoff and Gauss. As in finite dimensional case, they play an important part in calculations with these groups. However, for Kac-Moody situation all of them have their own peculiarities (look, for example, [19] where J.Tits gives a comparison of the Bruhat and the Birkhoff decompositions and some of their applications).

The aim of this paper is to establish the so-called prescribed Gauss decomposition for Kac-Moody groups.

The prescribed Gauss decomposition appeared in [17], [9] for the general linear group and then it was proved in full generality in [3],[4], [5] for Chevalley and twisted Chevalley groups. It happens to be the main tool for proving the substantial Ore and Thompson conjectures.

Namely, Ore [13] conjectured that every element of a finite simple group is a single commutator.

1E.Plotkin gratefully acknowledges the support of Minerva Foundation through the Emmy Noether Institute 1

2 GAUSS DECOMPOSITION

The proof of this statement for all simple groups of Lie type is given in [6]. There are similar facts for infinite simple groups as well. Let us mention the paper of Ree [15], who proved that every element of a connected semisimple algebraic group over an algebraically closed field is a commutator. The survey of the results on Ore problem (before the results of Ellers-Gordeev and A.Lev) can be found in [21].

This paper is the continuation of the paper [12], in which the prescribed Gauss decomposition was established for Kac-Moody groups of the rank 2. The general result became possible due to the recent paper [2] where the elegant idea of V.Chernousov gives rise to a uniform proof of prescribed Gauss decomposition for all groups of Lie type. Moreover, we mostly follow the method of this paper, adjusting it to Kac-Moody case.

We do not consider in this paper Ore and Thompson type conjectures for Kac-Moody groups. These groups are perfect but not, generally speaking, simple, and their commutator structure can be very delicate.

2. Kac-Moody groups

Let A = (a_{ij}) be an n × n generalized Cartan matrix. Let g be the Kac- Moody Lie algebra over a field C defined by A with the so-called Cartan subalgebra h (cf. [7], [10]). Let Δ ⊂ h^∗ be the root system of g with respect to h with the fundamental system Π = { α_1, · · · , α_n }. Let Δ_+ (resp. Δ_−) be the set of positive (resp. negative) roots defined by Π, and Δ^{re} the set of real roots. Put Δ^{re}_± = Δ_± ∩ Δ^{re}. Then we obtain

g = h ⊕ ⨆ α∈Δ g_α (root space decomposition) and g = g_− ⊕ h ⊕ g_+ (triangular decomposition),

where g_± = ⊕_{α∈Δ±} g_α. Let M be an integrable g-module, which means that M = ⊕_{μ∈h}∗ M_μ, where M_μ = { v ∈ M | hv = μ(h)v (∀h ∈ h) }, and that x is locally nilpotent on M for all x ∈ g_α with α ∈ Δ^{re}. For the set of real roots, Δ^{re}, we can choose and fix a Chevalley basis { e_α | α ∈ Δ^{re} } (cf. [11]). We now suppose that M has a basis { v_γ | γ ∈ Γ } whose Z-span, M_Z, is invariant under the action of e^m_α /m! for all m ≥ 0. Such a basis exists, for example, for the cases of adjoint representations, highest weight integrable representations, lowest weight integrable representations, and some others (see [7], [19] and references therein). Then, for any field K, we put M(K) = K ⊗ M_Z and

GAUSS DECOMPOSITION 3

define x_α(t) ∈ GL(M(K)) by x_α(t)(s ⊗ v) = ∞∑ m=0 t^ms ⊗ e^m_α m! v. Let G be the subgroup of GL(M(K)) generated by x_α(t) for all α ∈ Δ^{re} and t ∈ K. We call G a (standard or elementary) Kac-Moody group (cf. [14], [16], [20]). Sometimes G is called of type A. Let G = G(A, K) be the family of all Kac-Moody groups over a field K of type A. Then, there is a unique, up to isomorphism, element of G which dominates all other elements. We fix it, and also we call it G. Let w_α(t) = x_α(t)x_{−α}(−t^{−1})x_α(t), h_α(t) = w_α(t)w_α(−1) for t ∈ K^×. Then, we put U = ⟨ x_α(a) | α ∈ Δ^{re}_+ , a ∈ K ⟩, T = ⟨ h_α(t) | α ∈ Δ^{re}, t ∈ K^× ⟩, V = ⟨ x_α(a) | α ∈ Δ^{re}_− , a ∈ K ⟩, Define the maps ϕ_i by

ϕ_i : ( 1 a 0 1 ) → x_{αi} (a),

ϕ_i : ( t 0 0 t^{−1} ) → h_{αi} (t),

ϕ_i : ( 1 0 a 1 ) → x_{−αi} (a), These maps are not necessarily injective. The subgroups U^′_i and V^′_i are defined as follows U^′_i = ⟨ x_{αi} (s)x_β (t)x_{αi} (−s) | s, t ∈ K, β ∈ Δ^{re}_+ \ {α_i} ⟩, V^′_i = ⟨ x_{−αi} (s)x_β(t)x_{−αi} (−s) | s, t ∈ K, β ∈ Δ^{re}_− \ {−α_i} ⟩. Then (G, U, T, V, {ϕ_1, · · · , ϕ_n}) is a triangular system. Hence, G = UV T U = ⋃ u∈U u(V T U)u^{−1}, and every Kac-Moody group G over a field has a Gauss decomposition (cf. [12]). Put N = ⟨ w_α(t) | α ∈ Δ^{re}, t ∈ K^× ⟩,

4 GAUSS DECOMPOSITION

then T ◁ N, and N/T is isomorphic to the Weyl group W (cf. [7], [10]). We sometimes identify W with N/T . For each w ∈ W , we can write wUw^{−1} = w̄Uw̄^{−1} if w̄ ∈ N and w = w̄ mod T . Then ⋂ w∈W wUw^{−1} = 1

and ⋂ w∈W wV w^{−1} = 1

(cf. [8], [14]).

Therefore, if 1 ≠ u ∈ U (resp. 1 ≠ v ∈ V ), then there exists w̄ ∈ N such that w̄uw̄^{−1} = u_iu^′_i, u_i ≠ 1 (resp. w̄vw̄^{−1} = v^′_iv_i, v_i ≠ 1), for some i = 1, 2, · · · , n, where u_i ∈ U_i, u^′_i ∈ U^′_i (resp. v_i ∈ V_i, v^′_i ∈ V^′_i ). This property is important for us, and later we will use it. And, we need one more thing about substructures of Kac-Moody groups. For a subset X of Π, we denote by Δ_X the sub-root system of Δ generated by X, and we define the following subgroups: G_X = ⟨ x_{±α}(t) | α ∈ X, t ∈ K ⟩, T_X = ⟨ h_α(t) | α ∈ X, t ∈ K^× ⟩, T^′_X = ⟨ h_α(t) | α ∈ Π \ X, t ∈ K^× ⟩, U_X = ⟨ x_α(t) | α ∈ Δ^{re}_+ ∩ Δ_X , t ∈ K ⟩, U^′_X = ⟨ yx_β(t)y^{−1} | β ∈ Δ^{re}_+ \ Δ_X , t ∈ K, y ∈ G_X ⟩, V_X = ⟨ x_α(t) | α ∈ Δ^{re}_− ∩ Δ_X , t ∈ K ⟩, V^′_X = ⟨ yx_β(t)y^{−1} | β ∈ Δ^{re}_− \ Δ_X , t ∈ K, y ∈ G_X ⟩. Then, using the commutator formula (cf. [11]), we see U = U_X U^′_X ▷ U^′_X and V = V_X V^′_X ▷ V^′_X . Also clearly we obtain T = T_X T^′_X . At the end of this section, we will deal with the center Z(G) of G. Actually, Z(G) ⊂ T and we can explicitly describe as folows: Z(G) = { n∏ i=1 h_{αi} (t_i) | n∏ i=1 t^{β(hαi )} i = 1 for all β ∈ Π }.

3. Theorems

Here first, we review the result on the prescribed version of Gauss decompositions for the rank two Kac-Moody groups. For this result and for the definition of Gauss decompositions with prescribed torus elements associated with triangular systems, see [12].

GAUSS DECOMPOSITION 5

Theorem ([12]). Let A = ( 2 −a −b 2 ) be a generalized Cartan matrix

with ab ≥ 4. Put m = max { a, b }. Let K be a field with | K | > m + 3. Then every Kac-Moody group, G ∈ G(A, K), over K of type A has a Gauss decomposition with prescribed elements in T . This means that given arbitrary

semisimple element element h^∗, G = Z(G) ∪ ⋃ g∈G g(V h^∗U)g^{−1}, where Z(G) is the center of G.

The similar result holds for 0 ≤ ab ≤ 3 in rank two case, in which case there is no restriction to the cardinality of K. Moreover, in the case of Chevalley groups, there is a general result about Gauss decomposition with prescribed semisimple elements.

Theorem ([2]). Let A be a Cartan matrix, and let K be a field. Then every Chevalley group, G ∈ G(A, K), over K of type A has a Gauss decomposition with prescribed elements in T .

In the remaining of this paper, we will present the following result on Kac- Moody groups G for all generalized Cartan matrices. For a generalized Cartan matrix A = (a_{ij} ), we put m = max { | a_{ij} | (1 ≤ i ≠ j ≤ n) }.

Theorem 1. Suppose | K | > m + 3. Then, every Kac-Moody group G over K has the Gauss decomposition with prescribed elements in T .

Corollary. Every element of a Kac-Moody group G can be expressed as a product of two unipotent elements in G.

4. Some inductive method

Here we will show the following proposition. We put I = { 1, 2, · · · , n }.

Proposition 1. Let Γ be the group generated by an abstract symbol σ and our Kac-Moody group G satisfying that σ acts on G by conjugation as an diagonal automorphism. Let Z(Γ) be the center of Γ. Suppose | K | > m + 3. Then, for every element σg ∈ Γ with g ∈ G and σg ∉ Z(Γ), and for every element h^∗ = ∏_n i=1 h_{αi} (t^∗_{αi} ) ∈ T , there exists an element z ∈ G such that z(σg)z^{−1} = σ(vh^∗u)

6 GAUSS DECOMPOSITION

for some v ∈ V and u ∈ U.

The proof of this proposition can be given exactly in the same way as in [2]. We proceed by induction on n. We have already known that Proposition 1 holds for n = 1, 2 (cf. [2], [12]). We suppose n ≥ 3.

We take σg ∈ Γ with g ∈ G in general. Since σU = Uσ and G = UV T U, we see σG = UσV T U. Hence, for our purpose, we can assume that σg is just of the form σg = σvhu with v ∈ V, h ∈ T, u ∈ U. Then, using the conjugate action of W = N/T , we fall into one of the following three cases.

(Case 1) There exists w ∈ W satisfying γ = w(σg)w^{−1} = σ(v^′_iv_ih^′u_iu^′_i) with v^′_i ∈ V^′_i , v_i ∈ V_i, h^′ ∈ T, u_i ∈ U_i, u^′_i ∈ U^′_i and v_iu_i ≠ 1 for some i ∈ I.

(Case 2) The element σg is of the form γ = σg = σh^′ with h^′ ∈ T and γ ∉ Z(Γ).

(Case 3) The element σg is of the form γ = σg = σh^′ with h^′ ∈ T and γ ∈ Z(Γ).

In (Case 2), we can find an element x_{αj} (t) with t ≠ 0 for some j ∈ I such that x_{αj} (t)(σh^′)x_{αj} (−t) = σ(h^′u_j) with u_j ≠ 1. Therefore, we can reach (Case 1) in this case. Since we need not consider the situation of (Case 3) by our assumption, we can assume that (Case 1) holds. And now we fix such i ∈ I described in (Case 1).

Put X = { α_1, α_2, · · · , α_{n−1} } and Y = { α_2, α_3, · · · , α_n }. We write h^′ = h_{α1} (t_1) · · · h_{αn} (t_n), h_X = h_{α1} (t_1) · · · h_{αn−1} (t_{n−1}), h_Y = h_{α2} (t_2) · · · h_{αn} (t_n) with t_1, · · · , t_n ∈ K^×.

If i > 1, then we put σ_Y = σh_{α1} (t_1) and Γ_Y = ⟨ σ_Y , G_Y ⟩. Then, γ = v^′_Y (σ_Y v_Y h_Y u_Y )u^′_Y for some v^′_Y ∈ V^′_Y , v_Y ∈ V_Y , u_Y ∈ U_Y , u^′_Y ∈ U^′_Y with v_Y u_Y ≠ 1. Then, we choose t^′_2 ∈ K^× such that σh^∗h_{α2} (t^′_2) is noncentral in Γ_X = ⟨ σ_X , G_X ⟩, where

GAUSS DECOMPOSITION 7

σ_X = σh_{αn} (t^∗_{αn} ). This is actually possible since we have enough elements in K. Applying our induction to

γ_Y = σ_Y (v_Y h_Y u_Y ) ∈ Γ_Y ,

we can find an element z_Y ∈ G_Y such that z_Y γ_Y z^{−1}_Y = σ_Y v^{′′}_Y h^{′′}_Y u^{′′}_Y with v^{′′}_Y ∈ V_Y , u^{′′}_Y ∈ U_Y and σh^∗h_{α2} (t^′_2) = σ_Y h^{′′}_Y . Then, we have γ^′ = z_Y γz^{−1}_Y = σv^{′′}h^{′′}u^{′′} with v^{′′} ∈ V, u^{′′} ∈ U and h^{′′} = h^∗h_{α2} (t^′_2). Next, we write

γ^′ = v_X (σ_X v_X h_X u_X )u^′_X

with v^′_X ∈ V^′_X , v_X ∈ V_X , u_X ∈ U_X , u^′_x ∈ U^′_X and

h_X = h_{α1} (t_1)h_{α2} (t^∗_{α2} t^′_2)h_{α3} (t^∗_{α3} ) · · · h_{αn−1} (t^∗_{αn−1} ).

Then, we apply our induction to

γ_X = σ_X (v_X h_X u_X ) ∈ Γ_X .

Since γ_X is noncentral in Γ_X , we can find an element z_X ∈ G_X such that z_X γ_X z^{−1}_X = σ_X v^{′′}_X h^{′′}_X u^{′′}_X with v^{′′}_X ∈ V_X , u^{′′}_X ∈ U_X and σh^∗ = σ_X h^{′′}_X . Therefore, we have γ^{′′} = z_X γ^′z^{−1}_X = σv^{′′′}h^∗u^{′′′} with v^{′′′} ∈ V, u^{′′′} ∈ U. This is what we wanted.

If i = 1, then we can take X first and then Y next. Then the same process as above works. We should choose α_n, α_{n−1} and α_1 instead of α_1, α_2 and α_n respectively. Hence we have completed the proof of Proposition 1. Then, Proposition 1 implies Theorem 1.

References

[1] Z.Arad and M.Herzog : “Products of conjugacy classes in groups”, Lecture Notes in Mathematics, 1112, Springer, NY, 1985 [2] V.Chernousov, E.W.Ellers and N.Gordeev : Gauss decomposition with prescribed semisimple part: short proof, J.Algebra, (1999), to appear.

[3] E.W.Ellers and N.Gordeev : Gauss decompositions with prescribed semisimple part in classical Chevalley groups, Comm. Algebra, (14) 22 (1994), 5935-5950.

[4] E.W.Ellers and N.Gordeev : Gauss decompositions with prescribed semisimple part in Chevalley groups II Exceptional cases, Comm. Algebra, (8) 23 (1995), 3085 – 3098.

[5] E.W.Ellers and N.Gordeev : Gauss decomposition with prescribed semisimple part in Chevalley groups III: finite twisted groups, Comm. Algebra, (14) 24 (1996), 4447-4475.

[6] E.W.Ellers and N.Gordeev : On the conjectures of J.Thompson and O.Ore, Trans. Amer. Math. Soc. 350 (9) (1998) 3657–3671.

8 GAUSS DECOMPOSITION

[7] V.G.Kac : “Infinite dimensional Lie algebras”, Cambridge University Press, 1990.

[8] V.G.Kac and D.H.Peterson : Defining relations of certain infinite-dimensional groups, in Proceedings of the Cartan conference, Astŕisque, 1985, Numéro hors série, 165 – 208.

[9] T.Laffey : Products of Matrices, in Generators and Relations in Groups and Geometries, Kluwer, 1991, 95 –123.

[10] R.V.Moody and A.Pianzola : “Lie algebras with triangular decompositions”, John Wiley & Sons, New York, 1995.

[11] J.Morita : Commutator relations in Kac-Moody groups, Proc. Japan Acad. Ser.

A, (1) 63 (1987), 21 –22.

[12] J.Morita and E.Plotkin : Gauss decompositions of Kac-Moody groups, Comm.

Algebra, (1) 27 (1999) 465–475.

[13] O.Ore : Some remarks on commutators. Proc. AMS, 2 (1951), 307-314. [14] D.H.Peterson and V.G Kac : Infinite flag varieties and conjugacy theorems, Proc. Nat. Acad. Sci. USA, 80 (1983), 1778 – 1782.

[15] R.Ree : Commutators in semi-simple algebraic groups. Proc. Amer. Math. Soc., 15 (1984), 457-460.

[16] R.Steinberg : “Lectures on Chevalley groups”, Yale University, New Haven, 1968.

[17] A.R.Sourour : A factorization theorem for matrices. Linear and Multilinear Algebra, 19 (1986), 141-147.

[18] J.Tits : Théorie de groupes, Résumé des cours et travaux 81^e (1980 – 1981), 75 – 87, 82^e (1981 – 1982), 91 – 106, Collège de France, Paris.

[19] J.Tits : Groups and group functors attached to Kac-Moody data. Arbeitstagung, Bonn 1984, Springer Verlag LN 1111 (1985), 193 – 223.

[20] J.Tits : Uniqueness and presentation of Kac-Moody groups over fields, J. Algebra, 105 (1987), 542 – 573.

[21] L.Vaserstein and E.Wheland : Commutators and Companion Matrices over Rings of Stable Rank 1, Linear algebra and its applications 142 (1990), 263 –277.