Decomposing some finitely generated groups into

free products with amalgamation !
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Introduction

We shall say that a group G is a non-trivial free product with amalgamation if
G = G1 x4 Go, where G # A # G5 (see [1]). Wall [2] has posed the following question:

Which one-relator groups are non-trivial free products with amalgamation?

Let G = {(g1,.--,9m | Ri = --- = R, = 1) be a group with m generators and n
relations such that def G = m —n > 2. It is proved in [4] that G is a non-trivial
free product with amalgamation. In particular, if G is a group with m > 3 generators
and one relation, then G is a non-trivial free product with amalgamation. A case of
groups with two generators and one relation is more complicated. For example, the free
abelian group G = (a,b | [a,b] = 1) of rank 2, where [a,b] = aba'b~!, obviously, is
not a non-trivial free product with amalgamation. Other examples are given by groups
G, = {(a,b | aba™' = b"). For any n, the group G, is solvable and using results from [3],
it is easy to show that for n # —1 the group G,, is not decomposable into a non-trivial
free product with amalgamation. The following conjecture was stated in [4].

CONJECTURE 1 Let G = {(a,b | R™(a,b) = 1), m > 2, be a group with two generators
and one relation with torsion. Then G is a non-trivial free product with amalgamation.

Zieschang [5] has studied the problem of decomposing into non-trivial free products
with amalgamation for discontinuous groups of transformations of the plane. He has
given a complete answer to the question when such a group is a non-trivial free product
with amalgamation in all cases except for the groups H; = (a,b | [a,b]" = 1) and
Hy, = (a,b | a* = [a,b]" = 1), n > 2. Rosenberger [6] has proved that the groups H; and
H, are non-trivial free products with amalgamation if n is not a power of 2. In recent
papers [7, 8] it was proved that H; is a non-trivial free product with amalgamation for
arbitrary n > 2. The independent proof of this fact was given in [9, 10].
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In the present paper we study the more general case, namely, we consider so-called
generalized triangle groups, that is, groups G having a presentation of the form

G = (a,b|a™ =b" = R'(a,b) = 1),

where [ > 2, R(a,b) is a cyclically reduced word in the free group on a, b. Not all of
these groups are decomposable into non-trivial free products with amalgamation. For
example, Zieschang [5] has proved that the ordinary triangle group

T(m,n,1) = (a,b | a™ =b" = (ab)' = 1),

where m,n,l > 2, is not a non-trivial free product with amalgamation. On the other
hand, it was shown in [10] that the group G = (a,b | a®™ = R'(a,b) = 1), where m > 1,
[ > 2, is a free product with amalgamation. Theorems 2 and 3 of the present paper
contain more general results about decomposing of the generalized triangle groups into
non-trivial free products with amalgamation.

In Theorem 1 we prove that a finitely generated group I' is a non-trivial free product
with amalgamation if the dimension of some algebraic variety (so-called character variety
of irreducible representations of the group I' into SLy(C)) is more than 1. To formulate
this result we recall some notations and facts from the geometric representation theory
(see also [11, 12, 13, 14]).

Let T' = (g1, .., 9m) be a finitely generated group and let G C GL,(K) be a con-
nected linear algebraic group defined over an algebraically closed field K of characteristic
zero. Obviously, for each homomorphism p : I' = G(K) the set of elements

(p(gl)a .- "p(gm)) € G(K) XX G(K)

satisfies all defining relations of I'. So the correspondence p — (p(g1),...,p(gm)) is
a bijection between the set Hom (I', G(K)) and the set of K-points in some affine K-
variety R(I', G) C G™. The variety R(I', G) is usually called the representation variety
of the group I into the algebraic group G.

The group G acts on R(I',G) in a natural way (by simultaneous conjugation of
components) and its orbits are in one-to-one correspondence with the equivalence classes
of representations of I'. In a general case the orbits of the group G under this action
are not necessarily closed and hence the variety of orbits (the geometric quotient) is
not an algebraic variety. However, if G' is a reductive group, then one can consider
the categorical quotient X (I',G) = R(I', G)/G (see [15]). Its points parametrize closed
G-orbits. In the case G = GL,(K) or G = SL,(K) an orbit of G is closed if and only if
the corresponding representation is completely reducible. Therefore in this case points
of the variety X (I',G) are in one-to-one correspondence with the equivalence classes
of completely reducible representations of the group I' into G or, in other words, with
characters of representations of I' into G.



Throughout we shall consider only the case G = SLy(K) and for brevity we shall
denote R(T'),SLy(K)) = R(T'), X(I',SLy(K)) = X(I'). One can find all used below
information about varieties R(I"), X (T") in [12, 16, 17, 18]. We set

R*(T) ={p € R(I) | p is irreducible}, X*(T) =n(R*(T)),

where 7 : R(I') — X(I') is the canonical projection. It is shown in [12] that R*(T),
X*(T') are open (in Zariski topology) subset of R(I"), X (T") respectively. The aim of the
present paper is to prove the following theorems.

THEOREM 1 Let I' be a finitely generated group such that dim X°(I') > 2. Then T is a
non-trivial free product with amalgamation.

THEOREM 2 Let k,m € Z, k,m > 2, let Fy = (g,h) be the free group of rank 2 with
generators g, h, and let R(g,h) = g“*h"* ...g"h" be a cyclically reduced word in F,
such that u; # 0, 0 < v; < k, s > 1. Suppose that there exists i € {1,...,s} such that
lu;| > 2. Let p be a prime number such that u;p does not divide u; for j # i and let
0# feZ. Wesetn=u;pf. Then in the following cases the group

I, ={(a,b|a" =b"=R"(a,b) =1)

s a non-trivial free product with amalgamation.
1) m = 2, p does not belong to some finite set of prime numbers S. The set S is
completely determined by the exponent k and the word R.
2)m=30rm=2">3,p#2;
3) m >3 and m # 2.

Note that the condition u;p { u; for j # ¢ in Theorem 2 is carried out automatically
if u; = max;<j<su; > 2 or u; { u; for each j # .

THEOREM 3 Let I' = (a,b | a™ = R™(a,b) = 1), where n = 0 orn > 2, m > 2,
R(a,b) = a™b™...a"b%, s > 1, v; # 0, 0 < u; < n. Then I' is a non-trivial free
product with amalgamation.

As a direct consequence of Theorem 3 we obtain the proof of Conjecture 1.

COROLLARY 1 Let ' = {a,b | R™(a,b) = 1), m > 2, be a group with two generators
and one relation with torsion. Then I' is a non-trivial free product with amalgamation.

At the end of Section 2 we shall prove that the group I' from Corollary 1 satisfies the
assumptions of Theorem 1, that is, dim X35(I') = 2 so that we obtain an another proof
of Conjecture 1.

COROLLARY 2 Fuchsian groups Hy = {(a,b | [a,b]" = 1) and Hy = {(a,b | a* = [a,b]" =
1), n > 2, are non-trivial free products with amalgamation.



1. The proof of Theorem 1

In what follows we shall denote the field of p-adic numbers by Q,, the ring of p-adic
integers by Z,, the group of invertible elements in Z, by Z; , the p-adic valuation by
| |p, the trace of a matrix A by tr A, the identity 2 x 2 matrix by FE.

We recall some facts about the character variety X (I') of representations of a finitely
generated group I' into SLy(C) (see [12]). For an arbitrary element g € I' one can
consider the regular function

7,1 R(I') = C, 74(p) = trp(g).

Usually, 7, is called a Fricke character of the element g. It is known that the Z-algebra
T(I") generated by all functions 7,, g € T' is finitely generated. Moreover, if 7,,,..., 7,

are the generators of T'(I') then the C-algebra of SLy(C)-invariant regular functions
C[R(T)]2(© is equal to C[ry,, ..., T, ]. Consider the morphism

TRD) A, (o) = (7 (0): e 70 (0)).

It is shown in [12] that the image 7(R(I")) is closed in A®. Since X (') and 7w(R(I")) are
biregularly isomorphic, then throughout we shall identify X (") and 7(R(T)).

The idea of the proof of Theorem 1 is to construct a representation p : I' — SLy(Q),)
for some prime p such that the group p(I') is dense in SLy(Q,) in p-adic topology. After
that Theorem 1 will follow from the following well known facts.

1) If H is a dense in p-adic topology subgroup of SLy(Q,) then H is a non-trivial
free product with amalgamation (see [19]).

2) If f: Gy — Gs is an epimorphism of groups and G is a non-trivial free product
with amalgamation then (G; is a non-trivial free product with amalgamation.

LEMMA 1 Let H be a subgroup of SL2(Q,). Then H is dense in SLy(Q,) in p-adic
topology if and only if H is absolute irreducible (that is, irreducible over algebraic closure
of Q,), unbounded, and non-discrete.

Proof. If H is dense in SLy(Q, ) then obviously H is absolute irreducible, unbounded
and non-discrete. Prove the inverse assertion. The unboundedness of H means that
there exists an element h € H such that |trh|, > 1. Indeed, otherwise the traces of
all elements from H belong to Z, whence the group H is conjugated to a subgroup of
SLy(Z,) (see [20] or [12, lemma 1.4.3]), that is, H is bounded. Let us show that the
eigenvalues of the matrix h belong to Q,. Let trh = p~*a, where o € Zj, s > 0.
Then the characteristic polynomial of & is of the form f(y) = y*> — p~*ay + 1 and its
discriminant is equal to D = p 2’a? — 4 = p %(a®? — 4p**). Thus, D is a square in



Q, whence the roots of f(y) belong to Q,. So h is conjugate in SL2(Q,) to a diagonal
matrix of the form

diag(\,A7Y), A=p~%y, >0, yeZ, (1)

Without loss of generality we can suppose considering if necessary a group conjugated to
H that h = diag(\, A7) € H. Consider the following unipotent subgroups of SLy(Q,):

a={(L Yheo) w={(} D)beo}

It is well known that U; and U, generate SLo(Q,). Therefore it is sufficient to show that
U,Us, C H, where H is the closure of H in p-adic topology. For example, let us prove
that U; C H. To this end, first we shall show that H contains a non-trivial unipotent

element u = <1 0>’ aeQ. Let
a 1 D
_ 1+ pa b
b {( Pe 1+pjd) € SLa(Qy)|a,b,c,d € Zp}

be the principal congruence subgroup of a level j in SLy(Q,). The groups I';, j > 1,
form a base for the neighborhoods of the identity in SLy(Q,). Then non-discreteness of
H implies that for each j > 0 there exists an element ' # z; € HNI';. Let
= ( 1+ pja]- pjb] )
J ple; 1+pid; )’

where a;,b;,¢j,d; € Z,. Then lim; ,,x; = E. Since H is an absolutely irreducible
subgroup of SL;(Q,), then without loss of generality we can suppose that almost all
elements b;, ¢; (with the exception of a finite number) are not equal to 0 (otherwise
one can conjugate all ; by a suitable element y from H, and again we shall have
lim; o yz;y ' = E). Let ¢; = phie;, where k; > 0, ; € Z7, and let t; = [(k; + 7)/(2s)]
be the integer part of the number (k; + j)/(2s), where s is defined in (1). Then we have
rj = kj+j—2st; € {0,1,...,25 — 1}. Now consider the following sequence {z’;} of
elements of H:

2 =hTbg R = (1 P pj+28tj72tjbj)
T J - )

. 2
prjf)/%jgj 1+pjd] ( )
The infinite sequence {p"iy?¢;} is contained in Z, hence it is bounded. Therefore one
can choose from it the convergent subsequence

T 2t
ajm _p]mr}/ ]mgjm'

Since |a;, |, = p "™ > p 21 then lim; oo aj, = a # 0. Thus, it follows from (2)

that Lo
lim z/; =< )zueﬁ.

Jm—>00 Jm a ]_
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Conjugating u by a suitable power of h, we can suppose that a ¢ Z,. Furthermore,

1 0 _

u" = an 1) for arbitrary n € Z. Since the closure of aZ in Q, contains Z,, then H
. , 0 1 0

contains a group U; = ] ‘x € Zy ¢. Furthermore, let u; = B 1 el

be an element such that 7 > 0 and § € Z;. Choose an integer m such that 2sm —r > 0.
Then h™u;h~™ € U] whence u; € H. Thus, we have proved that U; C H. Similarly,
one can proved that Uy C H. Hence H = SLy(Q,). Lemma 1 is proved.

LEMMA 2 Let XY be irreducible Q-defined affine varieties, let dimY > 1, and let f :
X =Y be a dominant Q-defined reqular morphism. Then there exists a prime number
p # 2 and a point x € X(Q,) such that not all coordinates of the image f(z) € Y(Q,)
belong to a ring Z,.

Proof. Let K be the algebraic closure of Q. Let D be an arbitrary irreducible curve
in Y(K), and let L be an arbitrary irreducible curve such that L C f~!(D) and f(L)
is dense in D. Let D and L be the projective closure of D and L respectively, and let
L be the smooth projective model of L. The regular morphism f : L — D determines
a rational morphism f: L — D. Since any rational morphism from a smooth curve to
a projective variety is regular and the image of a projective variety under regular map
is closed (see [21]), then f is a regular surjective morphism. Let v € D\D be a point at
infinity on D and let w € f_l(v). The coordinates of points v and w generate the finite
extension K;/Q. By Chebotarev’s density theorem there exist infinitely many prime
numbers p such that K; C @Q,. Choose one of such p. Then w € Z(Qp), v € D(Q,).
Since w is a non-singular point on Z, then w has p-adic neighborhood W C E(Qp) such
that W is homeomorphic to an area in Q, (see [21, chapter II]). This means that there
exists an infinite sequence of elements w; € W such that w; € L(Q,) and lim; o w; = w
in p-adic topology. Then by continuity of f we have lim;_, f(wz) = v. Since v € D(Q,)
is a point at infinity, then the sequence of elements f(w;) = f(w;) € D(Q,) is not
bounded. This means that there exists 7 such that not all of the coordinates of the
point f(w;) belong to Z,. Lemma 2 is proved.

The proof of Theorem 1. Let g;...,g9, € I' be elements such that the functions
Tgrs---,Tg generate the ring 7'(I'). Then the projection 7 : R(I') — X(I') is defined
by the formula 7(p) = (74, (p), ..., 7, (p)). Since by assumption of Theorem 1 we have
dim X*(I") > 2, then there exists an irreducible component Z of the variety X (I') such
that dimZ > 2 and U = ZN X*(T') # ©. Let p; : Z — A' be the projection defined
by the formula p;(z1,...,25) = z;. Since dimZ > 2 then there exists 7 such that
the projection p; is dominant, that is p;(U) is dense in A;. Therefore there exists an
integer n > 2 such that n € p;(U). Let Y = p;'(n) C Z. Then by the Dimension
Theorem dimY >dimZ —1 > 1and YNU # ©. Furthermore, let X be an irreducible



component of 771(Y) such that 7(X)) is dense in Y. Applying Lemma 2 to varieties
X, Y and morphism 7, we obtain that there exists a prime p such that X (Q,) contains
a representation p with the following property: p is irreducible and not all coordinates
of the point 7(p) belong to Z,. The last means that there exists j such that 7, (p) =
tr p(g;) € Z,. Hence the group p(I') is an unbounded subgroup of SLy(Q,). Moreover,
it follows from the construction of the representation p that 7,,(p) = trp(g;) = n > 2.
Thus, the cyclic subgroup of p(I") generated by p(h;) is infinite and bounded. Hence,
p(I') is a non-discrete subgroup of SLo(Q,). It follows from Lemma 1 that p(I") is dense
in SLy(Q,) in p-adic topology whence p(I') (and consequently I') is a non-trivial free
product with amalgamation. Theorem 1 is proved.

2. Some auxiliary results

In this section we shall prove several auxiliary results used in the proofs of Theorems 2
and 3. Throughout we shall denote the ring of algebraic integers in C by O, the group
of units in O by O, the free group of a rank 2 with generators g and h by Fy =< g, h >,
the greatest common divisor of integers a and b by (a,b). If K D L is a finite extension
of fields and z € K, then we shall denote the norm of z by Ng,.(x). The following
lemma characterizes elements of the finite order in SLy(C).

LEMMA 3 Let 2 < m € Z and +F # X € SLy(C). Then X™ = E if and only if
trX =e+¢e !, where e™ =1, € # +1 (in other words, tr X = 2 cos(2rm/m) for some
re{l,...,m—1}). In particular, if tr X = 0, then X?> = —E.

Proof. If X™ = E, then the assertion is obvious. If tr X = ¢ + ¢~ !, then €,¢7! are
the eigenvalues of the matrix X. Hence, X is conjugated with the matrix diag(e,e™!),
that is, X™ = FE as required.

Obviously, the representation variety R(F3) of the free group Fy = (g, h) is equal
to SLy(C) x SLo(C). It is known that the ring T'(Fy) is generated by the functions
Ty, Thy Tgn (see [12, 16, 17]). For an element u € F5 the function 7, is usually called a
Fricke character of the element wu.

LEMMA 4 For all o, 3,7 € C there exist matrices A, B € SLo(C) such that 7,(A, B) =
trA=a, ™A B)=trB=p, T1m(A B)=trAB=1.

This lemma can be easily proved by straightforward computations.
Lemma 4 implies that X (Fy) = n(R(Fy)) = A®. Moreover, the functions 7,, 7, Ty
are algebraically independent over C and for all v € F, we have

Ty = Qu(Tg: Th Tgh),
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where ), € Z[z,y, z] is a uniquely determined polynomial with integer coefficients. The
polynomial @, is usually called the Fricke polynomial of the element u. The following
relations for Fricke characters follow from the relations between the traces of arbitrary
matrices in SLy(C):

1)7—u*1 = Ty, 2)Tuv = Toyu, 3)7—111111*1 = Tu; 4)Tuv = TyTy — Typ-1- (3)

Furthermore, we require the more detailed information on the Fricke polynomials
(see [22]). Consider polynomials P, (A) satisfying the initial conditions P_;(\) = 0,
Py(X) =1 and the recurrence relation

Pn(/\) = )‘Pn—l()‘) - Pn—2(/\)'

If n <0, then we set P,(\) = —Pjpj—2(A). The degree of the polynomial P,()) is equal
tonif n >0 and to |n| — 2 if n < 0. It is easy to verify by induction on n that

sin((n + 1)90).

Pn(2cos(p)) = sin(¢)

(4)

It follows from (4) that the polynomial P,(\), n > 1, has n zeros described by the
formula
Ang = 2cos(25), k=1,2,...,n. (5)

Moreover, it is easy to verify by induction that for n > 0 we have

Pon(A) = X" 44 (1)

Poeit(N) = XA 2 4o+ (=1)" ). (6)
Furthermore, let w = g®'hP! ... g*hP: be a cyclically reduced word in Fj and let z = 7,

Y = Th, 2 = Tgn. Let us treat the Fricke polynomial @, (z,y, 2) as a polynomial in z.
Let

Qw(-T,y,Z) = Mn(xay)zn + Mn—l(xay)znil +.. Mo(ac,y)

LEMMA 5 ([22]) The degree of the Fricke polynomial Q. (x,y,z) with respect to z is
equal to s, that is, the number of blocks of the form g*hP in w. The leading coefficient
M;(x,y) of the polynomial Q. (z,vy,2) has the following form

HPa ~1(2)) Pp;-1(y). (7)

The following lemma plays an important role in the proof of Theorems 2 and 3.



LEMMA 6 LetT' = (a,b|a™ = R™(a,b) = 1), wheren=0orn > 2, m > 2, R(a,b) is a
cyclically reduced containing b word in the free group on a and b. Assume that there exists
matrices A, B € SLy(C) such that tr A = o = 2cos(tw/n) for somet € {1,...,n— 1}
and tr R(A, B) = Qr(a,y,2) = ¢, where Qg is the Fricke polynomial of an element
R(g,h) € Fy, ¢ = 2cos(rm/m) for somer € {1,...,m—1}, y =trB, z = tr AB. Let
H =< A, B > be the group generated by matrices A and B. Assume that the following
two conditions hold:

1) there exists a unipotent (or finite-order) element W € H of the form W =
A BPr A% BPs where oy, ; # 0 fori=1,...,s, such that | =Y;_, B; # 0.

2) There exists an element h € H such that trh ¢ O.

Then the group I' is a non-trivial free product with amalgamation.

If instead of the condition 1) the following condition holds

1) B has finite order, that is, tr B = 2 cos(ki7/k) for some k > 2, (ki,k) =1,

then the group Ty = {(a,b | a® = b* = R™(a,b) = 1) is a non-trivial free product
with amalgamation for any integer v.

The proof of this lemma is based on the Bass’ classification of finitely generated
subgroups in SLy(C) [23].

PROPOSITION 1 ([23]) Let H C GLy(C) be a finitely generated subgroup. Then one of
the following cases must occur:

1) there exists an epimorphism f : H — 7Z such that f(u) = 0 for all unipotent
elements u € H;

2) trh € O for any element h € H;

3) H is a non-trivial free product with amalgamation.

Proof of lemma 6. It is easy to see that the group H does not satisfy the conditions
1), 2) of Proposition 1. Indeed, assume that f : H — Z is an epimorphism such that
f(z) = 0 for all unipotent elements z € H. Then f(A) = 0 because A*® = E by
Lemma 3. Furthermore, f(u) = [f(B) = 0 whence f(B) = 0 because by assumption
u is either unipotent or has finite order and | # 0. Thus, f(H) = {0} which is a
contradiction. By assumption H does not satisfy condition 2) of Proposition 1. Hence
H is a non-trivial free product with amalgamation, that is, H = H; xp Hy, where
H, # F # H,. Let A, B, H, H,, Hy, F be the images of A, B, H, H;, Hy, F in
PSLy(C), respectively. If —E ¢ H, then groups H and H are isomorphic. If —F € H,
then —F belongs to the centre of H hence —F € F. In all of these cases, H, # F # H,
and hence H = H; *FHQ is a non-trivial free product with amalgamation. The conditions
tr A = a and Qg(a,y,2) = c imply by Lemma 3 that A" = R*"(A, B) = E. Hence
A" = R™(A,B) =1 in PSLy(C). Thus, H is an epimorphic image of I' therefore I' is a
non-trivial free product with amalgamation too.
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Furthermore, if we replace the condition 1) to 1), then again the group H is a non-
trivial free product with amalgamation. Moreover, we have A" = B' = R™(4,B) = 1
in PSLy(C). Hence H is an epimorphic image of I';. Thus, I'; is a non-trivial free
product with amalgamation. Lemma 6 is proved.

LEMMA 7 1) Let r,s € Z, where s > 3 and (r,s) = 1. Then cos(rm/s) & O.
2) Let s€Z,s>1, and r Z0(mod 2s + 1). Then 2cos(rm/(2s+ 1)) € O*.
3) Letu € Z, |u| > 1, and let p be a prime number. Set
Ty = 2cos(ﬂ)’ Yr = QSil’l(%), K, = Q(xr): L, = Q(yr)

2pu

Then there exist r,ry #Z 0(mod p) such that p divides Nk,q(x,) and Ni, jo(yr,). In
particular, x,,y,, ¢ O*.

4) Let u,c € Z, |u| > 2, ¢ # 0, and let p be a prime number not dividing c. Set
xg = —2cos(n/u), x, = 2cos(rn/(pu)). Then there exists r Z 0(mod p) such that
c/(x, — o) ¢ O.

5) Let p > 2 be a prime number. Then for each r % 0(mod p) and s > 1 we have
sin(rw/p®) ¢ O*.

6) Let t > 1. Then for each odd r we have 2sin(rn/2") ¢ O*.

Proof. 1) Assume that cos(rm/s) € O. Then for each d € Z we have cos(drn/s) € O.
Since by assumption (r,s) = 1, then for each integer [ there exists d such that dr = [
(mod s). Hence for each integer | we have cos(ln/s) € O. By (5) the polynomial
P;_1(\) has the roots 2cos(Ir/s), I =1,...,s — 1. Then the polynomial P, ;(2)\) has
the roots cos(im/s), | = 1,...,s — 1. If s = 2s; + 1 is odd, then by (6) we have
Py, (2)) = 2%1)\%1 ... 4 (=1)%. Since 1/2%! ¢ Z, then Py, (2)\) has a root not
belonging to O, that is, there exists | such that cos(in/s) ¢ O. If s = 2s; is even, then
(6) implies that Pys, _1(2X) = 2A(225172)\%172 ... 4 (—1)*~1s;). By assumption s > 3
hence s; > 2. Then s;/2%172 ¢ Z and P,,, 1(2)) has a root not belonging to O.

2) By (5), (6) the number 2cos(rm/(2s + 1)) is a root of the polynomial P(\) =
A% 4+ ...+ (—=1)* and therefore belongs to O*.

3) Since y, = 2cos((pu — r)7/(2pu)) = Tpu_r, then it is sufficient to prove the
assertion for z,. Let u = p/u/, where f > 0, p{«, and let r = ryu’, where p{r;. Then
z, = 2cos(rim/(2p’*1)). By (5), (6) the polynomial

Pyyri1_1(A) = /\()\QWUFI*2 T (_1)pf+171pf+1)
has the roots 2 cos(r'n/(2p’*1)), ' = 1,...,2p/*! — 1, and the polynomial

P2pf_1()\) = A(Apr—Q + . + (_1)pf_1pf)
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has the roots 2cos(r'm/(2pf)), ' = 1,...,2p/ — 1. Hence the polynomial Py,s_;(})
divides the polynomial Py,s+1_1(A), that is,

P2pf+171(/\) = P2pf—1()‘)F()‘)a (8)

where, as it is easy to see, F/()\) is the polynomial of degree 2(p/*' — p/) with the
leading coefficient 1 and the constant term p. The roots of F(\) are the numbers
2cos(r'n/(2p"*1)), ' # 0(mod p). Let K be the splitting field of F(\). Obviously,
there exists 7' # 0(mod p) such that Ny g(2cos(r'm/(2p/))) = £p as required.
4) Note that
Ty — To = 2cos(5y) +2cos(}) = (2 cos(@)) (2 cos(w)> :

2p 2pu

Therefore it is sufficient to show that for some r Z 0 (mod p) we have ¢/« ¢ O, where
a, = 2cos((r +p)n/(2pu)). Let K, = Q(c,). By item 3) proven above, there exists r Z 0
(mod p) such that p divides Nk, /(o). Then

C C
N — | = ¢ 7
fe/e (O‘T) NKT/Q(Q’T) g

because by assumption p{ c. Hence ¢/« ¢ O, as required.
5) Note that 1/sin(r7/p®) = 2/(2 cos((p® — 2r)7/(2p®))). It follows from the proof
of item 4) that there exists ro Z 0(mod p) such that

2
2cos((p* — 2ro)m/(2p*))

Now we shall show that for every r # 0(mod p) we have sin(rn/p®) ¢ O. Assume the
contrary. Let for some r, (r,p) = 1, we have 1/sin(r7/p*) € O. Since p 1 (p* — 2r),
then there exists d such that r = d(p® — 2r¢) (mod p*). Then by (4) we have

0

P, <2 COS((pS_ZSTO)W)) _ si.n(d(ps — 2rg)m/p°) . sin(rm /p®) |
P sin((p® — 2ro)7/p?) sin((p® — 2rg)m/p?)
So we immediately obtain that
1 1 s
=+ Py (2cos(B=2m)) € 0
sin((p® — 2ro)7/p?) sin(rm /p*) d( cos(*; ))

which is a contradiction.

6) For t = 1 the assertion is obvious. Suppose that ¢ > 1. By item 3) there
exists an odd ry such that 2sin(rom/2!) ¢ O*. Prove that for each odd r we have
2sin(rm/2") ¢ O*. Assume the contrary. Let for some odd r we have 2sin(rn/2%) € O*.
Obviously, there exists an integer d such that r = dry (mod 2'). Then by (4) we have

Py (2cos(%F)) = i%'
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The last equality implies that 2sin(rom/2") € O* which is a contradiction. Lemma 7 is
proved.

LEMMA 8 1) Let s,t > 0. Then

PA)B(A) = Z Py _t42i(A). (9)

2) The polynomial Ps(\) — Ps_1(\) has the roots A, = 2cos((2r + 1)7/(2s + 1)),
ref0,1,...,s —1}.

3) If v = 2cos(2rm/(2s + 1)), where s > 1, r € {1...,s}, (r,2s +1) = 1, then
Py(y) = Ps-a(y) ¢ O*.

4) If y = 2cos((2r +1)r/(2s)), where s > 2, (s,2r+1) =1, then 0 # P;_1(7y) ¢ O*.

5) Let v € O. Assume that vy is not equal to 2 cos(rn/s), where r,s € Z. Then there
exists an integer | > 0 such that P/(vy) ¢ O*.

Proof. 1) We fix s and proceed the induction on ¢. If t = 0, then P;(A)Py(A) = Ps(N).
If t = 1, then Py(A)Pi(A) = Ps(A)A = Pyy1(A) + Ps_1(A) by definition. Furthermore, we
have by induction

POVRO) = BOYOPAM) = Pa() =AY Procosn() = - Procenin()

[y

t—

t—2
= (Ps—ty2+42i(A) + Ps—t12i(N)) — Z Py _ii010i(A)
i=0

i

Il
)

t—1 t
= PN+ D Povyni(N) = Y Pogai(A)

as required.
2) Bearing in mind (4), we obtain

sin((2r +1)(s+ 1)n/(2s + 1)) —sin((2r + 1)s7/(2s + 1))

P(Ar) = Ps—1(Ar) = sin((2r + 1)7/(2s 4+ 1))

=0.

3) Taking into account (4), we have

1 _ sin(2rm/(2s + 1))
P,y1(y) — Ps(y)  2sin(rn/(2s 4+ 1)) cos(rm)

=+cos(522=) ¢ O

25+1

by item 1) of Lemma 7.
4) Using (4), we obtain

1 sin(2r+Dn/(25) " cos (=21
P, 1(y)  sin((2r + 1)7/2) =(=1) ( 2s ) £0

12



by item 1) of Lemma 7.

5) Since by (5) the polynomial P;()\) has the roots 2cos(rn/(l + 1)), r = 1,...,1,
then one can write P(y) = [['_, (v — 2cos(rm/(l + 1))). Hence it is sufficient to prove
that 7 — (e + e ') ¢ O*, where € # +1 is some root of 1. Let f(\) be the irreducible
polynomial for y over Q, let Ky be the splitting field of f()\) and let Ky = Ky(z), where
%o is a root of the equation x+x~! = . Let Z; be the integer closure of Z in K; and let
p # 2 be some prime number. Let p; be some prime ideal in Z; lying above (p). Then
ki = Z1/p1 D Z/pZ = k is the finite extension of fields. We have xq, yo € Z1. Let Tg,7

be the images of ¢, ~ in the field k1, respectively. Then the equality holds

Let [ = |k}| be the order of the multiplicative group of the field k;. Then Z) = 1 in k.
Let Ky = K;(§), where £ is a primitive root of 1 of degree [ in C. Let Z, be the integer
closure of Z; in Kj, let p, be some prime ideal of Z, lying above py, ky = Zy/po D k.
Let A be the group of roots of 1 of the degree | in K, and let A be its image in k.
Prove that A = k!. Assume the contrary, that is, A # k}. Then for some integer
r, 0 < r < I, we have £ = 1, where ¢ is the image of £ in k. Then (1+1y)t =1,
that is, 1 + Cly + --- + Cly! = 1, where C} is the corresponding binomial coefficient.
Hence y(I + yy1) = 0, where y; = C?y + - -- + Cly'=1. Since y # 0, then we obtain that
l €poNZ = (p). But I = |k}| = p* — 1 for some ¢ which is a contradiction. So there
exists a root ¢ of 1 of degree [ such that € = Ty. This means that v — (¢ +&7!) € p, and
hence 7 — (¢ +&7!) is not a unit in the ring O. Lemma 8 is proved.

LEMMA 9 Let Fy, = (g, h) be the free group with generators g and h. Set x = 15, y = 13,
2= Tgh, t = Tgng-1n-1. Then the following assertions hold.

) t=a?4+y*+ 22 —zyz — 2.

2) Let R = gh(ghg*h™")*. Then

R = (Ps(t) — P, 1(t))2.
3) Let T = (gh)~Y(ghg=*h=')*(gh)?*(ghg~th™1)*. Then
= (t —2)Ps 1(1)%2° + (2 — Pos 1(t) + Pos 2(t))z.

Proof. 1) One can prove the equality by straightforward computations using relations
(3) (see [16]).

2) Let u, v be arbitrary elements of F,. Then using induction and relations (3), it is
easy to show that for arbitrary integers p and ¢ the following equality is valid

Tyrya = Pp—l(Tu)Pq—l(Tv)Tuu - Pp—Q(Tu)Pq(Tu) - Pp(Tu)Pq—Z(Tv)' (10)
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Set now u = gh, v = ghg™*h™'. Then 7, = z, 7y = t, Tyy = Tgn(ghg-1h-1) = 2t — Tg-1p-1 =
z(t — 1). Hence,

Tuws = Ps_1(Ty)Tuw — Ps—2(T0)Tu = Ps_1(t)(t — 1)z — Py_5(t)z
2(tPs-1(t) — Ps-1(t) — Ps—2(t)) = 2(Ps(t) + Ps—2(t) — Ps—1(t) — Ps—2(?))
= 2(Ps(t) — Ps_1(2)).

3) Let u and v be such as above. Then using relations (3), (10), we have

Tu-lys = Ty-1Tys — Typs = 2(Ps(t) — Ps_o(t)) — 2(Ps(t) — Ps_1(t))

= 2(Ps-1(t) — Ps—a(t));
Tures = TuTuws — Tos = 22(Py(t) — Ps_1(t)) — Ps(t) + P, o(t);
T = 25— 3z

Hence,

Tu-tosulys = Ty typsTuzys — Tus = 22 ((Py(t) — Ps_1(t))(Ps_1(t) — Py 2(t)) — 1)
+ 2(3 = (Ps=1(t) — Ps—a (1)) (Ps(t) — Ps—2(?)))-

Using (9), we simplify the last expression. First consider the coefficient by 2°.
(Ps(t) = Poo1 () (Pom1 () — Po—a(t)) — 1 = Py(t) Pocr(t) + Pso1(t) Psa(t)
= Py(t) Py 5(t) = Poa(t)® = 1= Poa()(Po(t) + Poa(t) — Y Pailt) — Po(?)
— P, () =tP,_1(t)* = 2P,_1(t)* = (t — 2) P,_1(1)*. |
Now consider the coefficient by 2.
3= (Ps—1(t) — Paa(t))(Ps(t) — Poea(t)) = 3 — Ps(t) Poci(t) + Pomr (1) Po—a(?)
+ Py(t)Py_a(t) — Py_o(t)? = 3 — Z Py 1(t) + i Py 1(t) + i Pyi(t) — f Py(t)
=2 — Py, 1(t) + Pos (). - - - -

Lemma 9 is proved.

At the end of Section 2 we shall show how one can deduce Corollary 1 from Theo-
rem 1. This gives us another proof of Conjecture 1. Let I' = (a,b | R™(a,b) = 1), where
m > 2, R(a,b) = a* b ...a%b%, u;,v; #0, s > 1 and R(a,b) is not a proper power.

First consider the case m > 3. Prove that dim X5(I') > 2. Then Theorem 1
immediately implies that I' is a non-trivial free product with amalgamation. Consider

14



in the character variety X,(Fy) = A3 of the free group F, = (g, h) the hypersurface V
defined by the equation

TR(g,h)(xayaz) = 2005(%)7 (11)

where £ = 7,, y = T),, 2 = Tgp. By Lemma 5 one can write the equation (11) in the form
f(xaya Z) = MS(ZE, y)zs +oeet M()(.T, y) - 2008(%) = 0. (12)

We claim that V' C X,(T'). Indeed, let v = (zo,%0,20) € V and let A, B € SLy(C)
be matrices such that tr A = zy, tr B = yg, tr AB = 2. Then by Lemma 3 we have
R™(A, B) = E. Hence the pair of matrices (A, B) defines a representation p of the group
[ into SLy(C). Moreover, the image of p in X5(I") coincides with v. Hence, v € Xo(T').
Furthermore, let Vi,...,V, be the irreducible components of V. It is easy to see (see
[21]) that dim V; = 2 for each . It remains to show that VN X3(I") # @. Let us assume
the contrary. Then all representations corresponding to points from V' are reducible.
This means that the regular function 74,4-1,-1 — 2 is identically equal to 0 on V. Hence
by item 1 of Lemma 9 we have

gz, y,2) =2+ + 22 —ayz—4=0

on V. Thus,
flx,y,2) = g(z,y,2)* (13)

for some d > 1. If for some ¢ we have |u;| > 2 or |v;| > 2, then by Lemma 5 the leading
coefficient M,(z,y) in (12) is not a constant and the equality (13) is impossible.

Let now |u;| = |v;| = 1 for ¢ = 1,...,s. First, if for some i we have u; = u;y1
or v; = viy1 (U1 = us or v; = v, for i = s), then we can consider new generators of
the group I'. Assume for definiteness that u; = uy. Set a; = a*'b"*, by = b. Then
T = (a1,b, | RP(ay, b)) = 1), where R™(a1,b;) = a" 10" ... a™" 5", ub, vl #0, 7> 1 and
u} > 2. This case has been considered above.

So we can assume that u;,1 = —u;, v;41 = —v;. Since by assumption R(a, b) is not a
proper power, then we have for R(a, b) the unique possibility up to cyclic rearrangement
R(a,b) = aba'b~!. Hence

f(-l”,y,z) :$2+y2+22 — TYz — 2—2COS(%T) = g(.{E,y, Z) —|—2 —2(;05(2%)_

Since 2 — 2 cos(28) # 0, then it is obvious that in this case g(z,y, z) has no zeros on V.
So that for m > 3 we have proved that the group I' is a non-trivial free product with
amalgamation.

Let now m = 2. In this case one can consider a group I'y = {(a,b | R*(a,b) = 1).
We have proved above that dim X5(I';) > 2. Then the proof of Theorem 1 implies
that there exists a representation p : I'j = SLy(Q,) for some prime p such that p(I'y)
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is dense in SLy(Q,) in p-adic topology. Hence p(I'y) is a non-trivial free product with
amalgamation. Let G be the image of p(I'y) in PSLy(Q,). Then it is easy to see that G
is a non-trivial free product with amalgamation too. But G is an epimorphic image of
I whence I is a non-trivial free product with amalgamation.

3. The proof of Theorem 2

1) Let T, = (a,b | a® = b* = R%*(a,b) = 1) and let F, = (g, h) be the free group with
generators g and h. Set z = 7,, f =T, = 2cos(m/k), 2 = Tg,. Consider the equation

QR(g,h) (113, ﬂ) Z) =0, (14)

where () g(g,p) is the Fricke polynomial of the element R(g, h) € F,. By Lemma 5 we can
write (14) in the form
Ap(z)2® + -+ As(x) =0, (15)

where Ao(z) = [1;_; Pu—1(z)Py_1(8). Since by assumption there exists ¢ such that
|u;| > 2, then deg P,,_1(x) > 1. Let 2y = —2cos(m/u;) be one of the roots of P,,_i(z).
Then x — xq divides Ag(x). Let Ag(x) = (xz — z0) Bo(z), where By(z) € Olz]. Write (15)
in the form

(x — z9)Bo(x)2* + - - - + As(z) = 0. (16)
LA

First we assume that all polynomials A;(x),..., As(z) are divided on z — xy. Then
one can write (16) in the form

(x —z0) f(z,2) =0, (17)

where f(z,z) is some polynomial of x, z. Let zy be an arbitrary non-integer element of
C, that is, zo ¢ O, and let A, B € SLy(C) be matrices such that tr A = xg, tr B = 3,
tr AB = zy. By construction the pair of matrices (A, B) defines a representation of the
group I'; into PSLy(C). Applying Lemma 6, we obtain that I';, is a non-trivial free
product with amalgamation.

Assume now that not all polynomials A;(z),..., As(x) are multiples of z — . Let,
for example, A;(z) is not a multiple of x — 2 and let 0 # 0 = A;(x) € O be the residue
of A;(z) modulo z — x. Let ¢ = Ngs),0(9). For a finite set of prime numbers S from
assertion of the theorem we take S = {p € Z | p divides c¢}. Assume that n = u;pf for
some integer f and prime p ¢ S such that u;p { u; for j # i. Let x, = 2cos(rm/(pu;))
for some r # 0(mod p), K, = Q(d,z, — zy). By item 3) of Lemma 7 one can choose
r such that p divides Nk, g(zr — 2¢). Moreover, by construction p does not divide c.
Then N, o(8/(zr — 20)) ¢ Z hence 6/(z, — x¢) ¢ O. Thus, we have

Ai(zr) ¢ 0.

Ty — Zo
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Furthermore, since p { 7 and pu; { u; for each j # 4, then By(z,) # 0. Set now z = z,
and write the equation (16) in the form

25+%28*1+---+(%‘¢:0 (18)

zr—20)Bo(zr zr—x0)Bo(zr)

Clearly, we have A;(z,)/((x, —xo)Bo(x,)) ¢ O because By(z,) € O. Hence the equation
(18) has a root zg ¢ O. Consider matrices A, B € SLy(C) such that

trA =x,, tr B = 3, tr AB = z.

By construction the pair of matrices (A, B) defines a representation of the group I',, into
PSL,(C). Applying Lemma 6, we obtain that the group I';, is a non-trivial free product
with amalgamation.

2) We keep notations of item 1). Consider the equation

QR(g,h)(‘rEaﬁaz) =Vt (19)

where v, = 2 cos(tn/m), m {t. By Lemma 5 one can write (19) in the form
(x — 20)Bo(z)2® + - - - + As(z) — 1 = 0. (20)

Let z, = 2 cos(rm/(pu;)), where r # 0 (mod p). Prove that there exist ¢ and r such that
(As(zr) —v)/(zr — 20) ¢ O. Indeed, let us assume the contrary.

First, consider the case m = 3. Then 7, = 1, 9 = —1. Since both of the numbers
(As(zr) — 1)/(z, — x0) and (As(z,) + 1)/(x, — x0) belong to O, then their difference
2/(xz, — x0) € O for each r Z 0 (mod p). Since by assumption p # 2, then we obtain a
contradiction to item 4) of Lemma 7.

Now let m = 2'. Then 7y-1 = 0, y51-2 = v/2. Since both of the numbers A,(z,)/(x, —
o) and (A4(z,) — V/2)/(z, — z0) belong to O, then their difference v2/(z, — ) € O
and therefore 2/(x, — x¢) € 0. Again we obtain a contradiction to item 4) of Lemma, 7.

So let us choose ¢t and r such that (As(z,) — 7)/(x, — z0) ¢ O. Since p 1 r and
pu; { uj for each j # ¢, then By(z,) # 0. Set z = x, and write (20) in the form:

TR o S 1)

zr—x0)Bo(zr)

By construction (As(x,) — v))/((x, — z0)Bo(z,)) ¢ O hence (21) has a root zy ¢ O.
Consider matrices A, B € SLy(C) such that

tr A = x,, trB = [, tr AB = zg.

By construction the pair of matrices (A, B) defines a representation of the group I',, into
PSL,(C). Applying Lemma 6, we obtain that the group I';, is a non-trivial free product
with amalgamation.
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3) Let m > 3 and m # 2. We keep notations of item 2). Show that there exist
t # 0(mod m) and r # 0(mod p) such that (As(z,) — v)/(x — xo) ¢ O. Indeed, let
us assume the contrary. Let for each ¢ Z 0(mod m) and each r Z 0(mod p) we have
(As(zr) = 70)/(@r — 20) € O.

First, consider the case, where m is odd. Then 1 + 2?21 v9; = 0 as the sum of all
roots of 1 of degree m. Note that —y; = v, 4. Set C; = (A,(z,) — (—=1)"y2)/(z, — 30)-

Then we have . .
m— ' m— . 1
(-1)'Ci= - Z P €O

i=1 i=1 Tr — Zo Ty — Zo

for each r Z 0(mod p) which contradicts to item 4) of Lemma 7.

Now let m = m;29, where ¢ > 1, m; > 1 is odd. Consider the numbers 7,50 =
2cos(im/my). Arguing just as in the case of odd m above, we obtain a contradiction to
item 4) of Lemma 7.

So let us choose ¢t and 7 such that (As(z,) — ) /(2. — zo) ¢ O. Then the constant
term in the equation (21) does not belong to O and (21) has a root zp ¢ O. Let
A, B € SLy(C) be matrices such that

trA =x,, tr B =4, tr AB = 2.

By construction the pair of matrices (A, B) defines a representation of the group I',, into
PSLy(C). Applying Lemma 6, we complete the proof of Theorem 2.

Remark. In several cases one can obtain the more precise information when a gen-
eralized triangle group I is a non-trivial free product with amalgamation. For example,
consider the following group 'y = {(a,b | > = b* = (ab?)® = 1). Then Theorem 2
implies that if ¥ = 2k;, where 1 < k; # 2!, then I['; is a non-trivial free product with
amalgamation. However it is easy to see that for k; = 2, | > 1, the group I} is a
non-trivial free product with amalgamation too. Indeed, let F;, = (g,h) be the free
group, let x =7, =0, y = 73, 2 = T4,. Consider the equation

Qgn2(0,y,2) = yz = 2cos(m/3) = 1.

Let y = y, = 2cos(rm/2"*1). Then by item 6) of Lemma 7 for each odd r, we have
that z, = 1/y, ¢ O. Now Lemma 6 implies that ['; is a non-trivial free product with
amalgamation.

4. Proof of Theorem 3

First, assume that for a word R(a,b) = a™1b" ... A%b%, we have v = max;<;<, |v;| > 2.
Then by Theorem 2 there exists a prime p such that the group I'y = (a,b | a" = 0¥ =
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R™(a,b) = 1) is a non-trivial free product with amalgamation. Since I'y is an epimorphic
image of I, then I" is a non-trivial free product with amalgamation too.
Thus one can assume that

R(a,b) = a™b" ...a" b,

where v; € {—1,1}, 7 =1,...,s. Suppose for a moment that there exists i, 1 < i < s,
such that either v; = v;4; or v; = v,. For definiteness, let v; = vy. In this case one
can consider the new generators of the group I': a; = a, by = a"?b"*. Then it is easy
to check that T' = (a1, b: | a? = R*(a1,b1) = 1), where Ri(ar,b) = a™1b" ... A"pY,
0<u;<n,uv #0fori=1,...,0 In addition, we have v' = max;<;; |v;| > 2. But we
have proved just above that in this case the group I' is a non-trivial free product with
amalgamation.
Thus without loss of generality we can assume that

R(a,b) = a"'ba™b ' ... a"*1ba"*b !,
where k > 1,0 <wu; <nfori=1,...,2k. Set c=ba"'b~!. Then
R(a,b) =a™c ™ ...a" 1c " = Ry(a,c).

Let Fy = (g, h) be the free group of rank 2, f = hg™'h™". Set z = 75, y = T, 2 = Tyn,
t = Tgp. Then 7 = 1y = 2, t = Typ = Typg-1p-1 = 2> +y* + 2> — xyz — 2 by item 1 of
Lemma 9. Consider the element R;(g, f) € F, as a word of g and f. Let ¢(z,t) be the
Fricke polynomial of R;(g, f), that is,

Qz,t) = Qri(g,f) (Tgan’Tgf) = QRi(g.f) (z,,1).

Since Ri(g, f) contains k& blocks of the form g% f~“i+ then by Lemma 5 the degree of
the polynomial ¢(z,t) with respect to t is equal to k and the leading coefficient of ¢(z, t)
is equal to (—1)*[]2*, P,,_1(z). Since by construction R(g, h) = Ri(g, f), then

QR(g,h) (:Ea Y, Z) = Q(l‘a t) = Q(xa $2 + y2 + Z2 — TYz — 2) (22)

Set now ¢ = 7, = o, = 2cos(rm/n), i = 2cos(lr/m), where r Z 0(modn), I # 0
(mod m), and consider the equation

QR(g,h)(arv Y, Z) =M- (23)

By (22) one can write the equation (23) in the form

q(ar, ) = . (24)
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LEMMA 10 There exist r,l € Z, where r # 0(mod n) and | # 0(mod m), such that
Py, _1(ar) #0 fori=1,...,2k and the equation (24) has a root t =ty # 2.

Proof. First let m > 3. In this case 73 # 7. Set = 1. Then the degree of
the polynomial g(aq,t) is equal to k. It is evident that at least one of the equations
q(aq,t) =7, ¢(aq,t) = 7 has a root ty # 2.

Now we assume that m = 2. Suppose that the equation ¢(c,t) = 0 has a unique root
t = 2. This means that for arbitrary matrices A, B € SLy(C) such that tr A = tr B = «,,
the condition tr Ry (A, B) = tr A“B~"2 ..  A"»-1B~%k = () implies that tr AB = 2.
Prove that this is not the case. To obtain a contradiction, it is sufficient to find matrices
A, B € SLy(C) satisfying to the conditions:

1)trA=trB = q;

2) tr AB # 2;

3)trRi(A,B) =tr AB~"% . A%*-1B %%k = ().

We shall find A, B in the form

5 w € 0
A= ! B = !
(0 eﬁ)’ (w eﬁ)’

where ¢, + ¢, ' = a, = 2cos(rm/n) and w is a variable. It is easy to see that tr AB =
w?+¢e2+¢-2. Hence the condition tr AB # 2 is equivalent to w?+ &2+ &2 # 2, that is,

w? #2— (2 +¢,7) =2 — 2cos(*E) = 4sin’ ().

It is easy to verify by induction that

, gt P i(ay)w , gt 0
A = r . B = r ).
< 0 &' ) ’ <P,~1(a,)w 5#)

Furthermore, it is easy to show that

ed + Ci(ap)w? + -+ + Cr(ay)w? wfy(w)

(4, B) = ( w f(w) e=d 4 Dy(an)u? + - + D,c_l(ar)ka—2)

where d = Zfﬁl ui, Crlay) = (—1)F Hfil P,,_1(a.), fi(w), fo(w) are some polynomials
of w. Hence,

tr Ry (A, B) = Cy(a)w™ + - -+ (C1(ar) + Dy(a,))w?® + (64 + %) = g(w?).

Prove that there exists r, 1 < r < n, such that Ci(a,) # 0 and the polynomial g(w?)
has a root wy with w? # 4sin?(rm/n). Let’s assume the contrary. Suppose that for each
r such that Ci(c,) 7# 0 we have

g(w) = Ci(a,)(w — 4sin®(ZZ))k. (25)
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Comparing the constant terms in the left and right part of (25) and taking into account
the expression for Cy(c), we obtain

(H P, 1(2 cos(%))) 4* (sin(2))** = 2 cos(%m). (26)

i=1
By (4) we have P,,_1(2cos(rm/n)) = sin(usrm/n)/ sin(rm/n). Write u;/n in the form
u;/n;, where (u},n;) = 1. Then (26) has the form

2k

H (2 sin (”2;”)) = 2 cos( %), (27)

1=

Thus, to complete the proof of the lemma it is sufficient to prove that one gets a
contradiction assuming that (27) holds for each r such that the left part in (27) is
non-zero.

First consider the case, where n is odd. Let ny = min; n; and let for definiteness ng =
ni. Then ny is odd and let p > 2 be an arbitrary prime divisor of n;. Set r = n;/p. Then
2sin(uirm/m) = 2sin(u'ln/p). If j > 1, then 2sin(ujrm/n;) = 2sin(ujnim/(pn;)) # 0
because by construction pn; does not divide ujn,. It follows from (27) that

[1 (o () = S <o -

o sin(uy7/p)

=2
If pn divides dn,, then the equality (28) implies that 1/(sin(u}7/p)) € O which contra-
dicts to item 5 of Lemma 7. Further if pn does not divide dn;, then 2 cos(dni7/(pn)) €
O* by item 2 of Lemma 7. Thus it follows from (28) that 1/(2sin(uj7/p)) € O which
again contradicts to item 5 of Lemma 7.

Let now n = 2'n/, where [ > 1 and n' is odd. Let n; = 2%n/, where [; > 0, n! is odd,
and let ny = min; n.

If ny > 1, then we set r = 27’ where r’ # 0 (mod n'). Then (27) has the form

2k

H (2 sin <u221;z”’”)> =2 cos(d;’,“), (29)

2
1=

where n' is odd. We have proved above that there exists an 7’ such that the left part of
(29) is non-zero and the equality (29) is not valid.
Let now nf = 1. Set

Furthermore, we set r = 2017’ where 7’ is odd. Then for i € I; we have

2sin (47) = 2sin (4257 ) = 25in (57 = £2.

i 2lo 2

2
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Now we can write the equality (27) in the form:

: ' 1 dr'm
11 (2 sin (m)) = gt C08 (e )- (30)

it Io

Choose 7’ such that the left part of (30) is non-zero. Then the right part of (30) should
be non-zero too. If [Ij| > 1 or |Iy] = 1 and cos(dr'm/(2""%*n')) # +1, then the left
part of (30) belongs to O. But by item 1) of Lemma 7 the right part of (30) does not
belong to O which is a contradiction.

Thus, it remains to consider the case |Io| = 1 and cos(dr'n/(2""0t1n')) = +1. In
this case (30) has the form

[T (2sin (7)) = +1. (31)

i

If |I| > 1 and iy # i € I, then l; > Iy, n; = 1. Hence for each odd 7’ the left part
of (31) is non-zero and (31) implies that 1/(2sin(ufr'm/(21~%*1))) € O. We obtain a
contradiction to item 5 of Lemma 7.

Let now I = Iy = {ig}. Set

Njo = I]I;élzf)lnj > 3, J=A{j|nj=n}, Lio = Ijnei}llj'

If lj, —lp +1 >0, then we set 7' = nj;,. It is easy to verify that in this case the left
part of (31) is not equal to 0 and (31) implies that 1/(2sin(u) 7/2% "0*1)) € O. We
obtain a contradiction to item 6 of Lemma 7.

At last, if [;; — lp +1 < 0, then we take an arbitrary prime divisor p > 3 of n;, and
set 7' = nj,/p. Then, as above, the left part of (31) is not equal to 0 and we obtain from

(31) that
ul ' o, 2 o Tlo= 1,
2 sin (1—]100+1—> = 2sin <—]0—> e 0.
270 n"iO D
We have a contradiction to item 5 of Lemma 7. Lemma 10 is proved.
Now we can complete the proof of Theorem 3. By Lemma 10 one can choose r, [ such
that the equation (24) has a root ty # 2. Since by construction ¢t = 22 +y2+22 —zyz — 2,

T = «,, then we have that y, z satisfy to the equation
Y+ 2 —apyz+al—2—ty=0. (32)

Let (yo, 20) be some solution of (32) and let A, B € SLy(C) be matrices such that tr A =
ay, tt B =y, tr AB = z,. Then by construction tr ABA™!B~! = t,, tr R(A, B) = v,
and a pare of matrices (A, B) defines a representation of the group I' into PSLy(C). Note
that this representation is irreducible because ty # 2. Our goal is to apply Lemma 6.
To this end, it is sufficient to find a solution (yo, 29) of the equation (32) such that:
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1) there exists an element of finite order W;(A4, B) = A* B ... A% BP gsuch that
,Bi #0fori=1,...,gand X7, B, #0;
2) zg=trAB ¢ O.
The rest of the proof depends on the form of ¢;. We consider the following cases:
1)t ¢ O;
2) tg =2cos((2k + 1)7/(2s+ 1)), where s > 1, (2k + 1,25+ 1) = 1;
3) to = 2cos(2km/(2s + 1)), where s > 1, (k,2s 4+ 1) = 1;
) to = 2cos((2k + 1)w/(2s)), where s > 1, (2k +1,5) = 1;
)
)

W

5) to € O, ty # 2cos(km/s) for arbitrary integers k and s.

1) Set yo = 0 and Wy(A, B) = B. Then W;(A, B) = B has order 4. Since ¢, ¢ O,
then the equation (32) has a solution (0, 29) such that zy ¢ O. Applying Lemma 6, we
obtain the assertion of Theorem 3.

2) Set W1(A, B) = AB(ABA 'B')*. Combining Lemmas 8 and 9, we obtain

tr Wl(A, B) = (Ps+1(t0) — Ps(to))ZO =0- 20 = 0.

Hence Wi(A, B) has order 4. Take an arbitrary solution (yo, z9) of the equation (32)
such that zg ¢ O. Again we can apply Lemma 6.
3) Set W1(A, B) = AB(ABA™'B™!)* and assume that

tr W1 (A, B) = 2cos(n/3) = 1.
Then Wi (A, B) has order 6 and item 2 of Lemma 9 implies that
tr Wl(A,B) = (Ps—|—1(t0) — Ps(to))ZO =1.

Hence by item 3 of Lemma 8 we have zo = 1/(Ps;1(to) — Ps(to)) ¢ O. Let (vo, 20) be a
solution of (32). Now we can apply Lemma 6.
4) Set W1(A, B) = (AB) '(ABA'B')*(AB)?(ABA'B~!)® and assume that

tr Wi (A, B) = 2cos(m/3) = 1. (33)
Then Wi (A, B) has the order 6 and by item 3 of Lemma 9 we can write (33) in the form
(to — Q)Psfl(to)ng + (2 - Pgsfl(t()) + PQS,Q(t()))ZO —1=0. (34)

By item 4 of Lemma 8 we have 0 # P, 1(ty) ¢ O* whence 1/((to — 2)P,_1(ty)?) ¢ O.
Thus, (34) has a root 2y ¢ O. Let (yo, 20) be a solution of (32). Applying Lemma 6, we
obtain the assertion of Theorem 3.

5) Since ty € O, ty # 2cos(kw/s) for arbitrary integers k and s, then by item 5
of Lemma 8 there exists an integer [ > 0 such that 0 # P,(tq) ¢ O*. Set Wi(A, B) =
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(AB)"Y(ABA'B~1H*1(AB)?(ABA~1B71)"*! and assume that the condition (33) holds.
Then W1 (A, B) has the order 6 and by item 3 of Lemma 9 we can write (33) in the form

(to — 2)Pl(t0)223 + (2 — PQH.l(tO) + Pgl(to))ZO —1=0. (35)

Since by construction 1/((ty — 2)Pi(t9)?) ¢ O, then (35) has a root zq ¢ O. Let (yo, 20)
be a solution of (32). Applying Lemma 6, we complete the proof of Theorem 3 in the

last case.
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