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Abstract

There is a natural evaluation map on the free loop space AX — XF*
which sends a loop to its values at the kth roots of unity. This map is
equivariant with respect to the action of the cyclic group on k elements
Cy. We study the induced map in Cg-equivariant cohomology with
mod two coeflicients in the cases where k = 2™ for m > 1.

1 Introduction

For each positive integer k there is an evaluation map on the free loop space
AX — X* which is equivariant with respect to the action of the cyclic group
Ck. The evaluation map sends a loop to its values at the kth roots of unity.
As k approaches infinity this evaluation distinguishes more loops. One hopes
that the induced map in cohomology becomes more and more informative as k
increases and hence provides new input to the ongoing problem of computing
the cohomology of free loop spaces. Since evaluating at two different points of
the circle gives homotopic maps, one should use Cy-equivariant cohomology
in order to get interesting results.

In this paper we use cohomology with Z/2-coefficients. We consider the
cases k = 2™ with m > 1. Under these assumptions we compute the map
induced by evaluation in Ci-equivariant cohomology in terms of the approx-
imation functor ¢ introduced in [BO].

The functor ¢ comes equipped with a ring homomorphism as follows

Y l(H*X) — H*(ES" xg1 AX).
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It is an isomorphism for 1-connected spaces X with polynomial cohomol-
ogy. It is not hard to see that H*(BCy) ®pu«(ps1) {(H*X) approximates
H*(ES!' x¢, AX) similarly.

In §2 we introduce some notation and conventions which are fixed through
the paper. In §3 we review the definition and some basic properties of the
functor ¢ and the related twisted de Rham functor €2,.

In §4 we show that ¢ and €2, are functors from the category of connected
unstable A-algebras to the category of unstable A-algebras. Here A denotes
the mod two Steenrod algebra. We give a useful pullback description of ¢(K)
when K is the cohomology of a product of Eilenberg-MacLane spaces of type
K(Fy,n) with n > 1. The description is similar to the one for the quadratic
construction Cy(K) as described in [HLS].

In §5 we generalize the exactness result for the approximation ¢ to 0-
connected spaces with polynomial cohomology and a finite 2-group as fun-
damental group. The sections §4 and §5 give a convenient setup for working
with the functor ¢.

In §7 we set up the computation. There is a commutative diagram

St x AX

o

ES! x¢, AX == ES! x¢, X*

s

BCkXX

where ¢ comes from the constant loop inclusion X — AX and 7 comes from
the S'-action on AX. The pair (i,7) induces an injective map in cohomology
by the pullback in §5. The map induced by the diagonal A was computed
in [O]. The induced map of f is computed in §7. From this data ev* is
determined in §8. Finally in §9 we give an extension of the evaluation map
ev* to an algebraic setting.

2 Notation and conventions

We always use Fy = Z/2 coefficients unless otherwise is specified. We say
that a space X is of finite type if H; X is finitely generated for each . The
mod two Steenrod algebra is denoted A, the category of unstable .A-modules
is denoted U and the category of unstable A-algebras is denoted K. The
category Ko is the full subcategory of K consisting of connected unstable
A-algebras. For any A-module M we define A : M — M by \(z) = Sq¢*I"x.
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The cyclic group of order £ is denoted Cj. We view it as a subgroup of
the circle group S! generated by ¢, = exp(2mi/k). Assume that k = 2™ with
m > 0. For an S'-space Y and a Cj-space Z we use the following short hand
notation for Borel constructions:

EY =ES'xqY | E,Z:=ES"'x¢ 7
For integers n and m with 0 < n < m < oo there is a map ¢, induced by
the quotient and a transfer map 7" as follows
g, H'E,Y - H'E,Y ; 7" :H'E)Y — H'E,Y
Here 72° is the S'-transfer from Definition 4.4 in [BO].

The free loop space is the mapping space AX = X st Precomposition
with the inclusion map jj : Cy < S* defines a map j; : X5 — X% which
is Cy-equivariant. We get a map of Borel constructions.

1 x¢, ji: BES' x¢, X5' — ES' x¢, X

When k = 2™ we put C,, X = ES! X0, XF* and we write ev,, : E,AX — C,, X
for the evaluation map 1 x¢, j;.

Finally, we fix the names on the algebra generators of the following co-
homology groups. H*(S') = A(v) where |[v| = 1, H*(BS') = Fy[u| where
|u| =2 and
A(v) ® Fau]  when m > 2
Fyt] when m =1

H*(BCym) = {

where |t| = |v] =1 and |u| = 1.

3 The functors (2, and /¢

In this section we review the definitions of the approximation functors €2,
and ¢ from [BO] and provide some extra material on them.

Definition 3.1. Let R be a unital, connected Fs-algebra. A linear map
A R — R is called a derivation over Frobenius if |Az| = 2|z| — 1 and
Mzy) = 22Xy + y?*Xz. We refer to (R, \) as an algebra with derivation over
Frobenius, and use the abbreviation FGA for such gadgets. They form a
category FGA where the morphisms are algebra morphisms respecting the
structure given by the derivations over Frobenius.



Definition 3.2. Let (R, \) be a FGA. The algebra Q,(R) is the quotient of
the free commutative algebra on

x,dx for x € R

where |dx| = |z| — 1, by the ideal generated by the elements

dlx +y)+de+dy (1)
d(zy) + zdy + ydx (2)
(dx)® + d(A\x) (3)

There is a differential on Q,(R) defined by the formula d(z) = dx as a
derivation over R.

Clearly €_ is a functor from the category of FGA’s to the category of
DGA’s. The following result shows that the category of FGA’s is equipped
with a tensor product. We omit the proof which is an easy direct computa-
tion.

Proposition 3.3. Let (A, \) and (B,v) be FGA’s and define an Fy-linear
map Axy: A®B — A® B by
Axv(a®b) = \a) @b+ a® @ (D)
Then (A® B, A7) is an FGA.
The functor €2_ preserves tensor products in the following sense:

Proposition 3.4. The canonical inclusion mapsi: A —- AR B;a—a®1
and j : B — A® B; b — 1® b are morphisms of FGA’s and the composite
map

KO (A)® Q0 (B) =25 04, (A® B) ® Q. (A® B) —— O, (A® B)
is an isomorphism of DGA’s.

Proof. i and j are morphisms of FGA’s since an FGA is non negatively
graded. Thus i, and j, are morphisms of DGA’s hence « is a morphism of
DGA’s. We check that there is a well defined map Q.,(A® B) — Q\(4) ®
0, (B) such that y — y and dy — dgy for y € A ® B Such a map is clearly
an inverse to k. As for the usual de Rham complex one sees that elements
of the form (1) and (2) are mapped to zero. For a € A and b € B we have

(dla®b)* +d(A*y(a®b)) =

(d(a®b))® +d(Xa) @b +a* @ y(b) —

(d(a) @b+ a®d(b))? + dAa) @ b* + a® @ d(yb) =0
)

and since (3) is additive in x we are done. O
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The forgetful functor U : K — FGA provide the main examples of FGA’s.
For an object K in K we let Az = Sq¢l*I='2. It is a derivation over Frobenius
by the Cartan formula.

Let Y be a S'-space with action map n : S* x Y — Y. Then there is
amap d: H*Y — H* 'Y defined by n*(y) = 1 ® y + v ® dy. Proposition
3.2 in [BO] shows that (H*Y,d) is a DGA and S¢'(dy) = d(Sq'y) such that
(dy)? = d(\y). Tt is not necessary to assume that Y is connected for these
results even though we did so in [BO]. When Y is a free loop space we get
the following.

Proposition 3.5. For any connected space X there is a morphism of DGA’s
e: ((H"'X),d) — (H'(AX),d) ; e(x)=-evj(z) ; e(dr)=devi(z)
which is natural in X. For any pair of connected spaces X and'Y there is a

commutative diagram
W(H*X) @ W(HY) —— OW\(H*X @ HY)
H*(AX)® H*(AY) —— H*(A(X xY))
where the lower horizontal map is the Kiinneth isomorphism.

Definition 3.6. Let (R, \) be an FGA. The algebra ¢(R) is the quotient of
the free commutative algebra on generators

o(x),q(z),d(z) for x € R and u

of degree |¢(x)| = 2|z|, |q(z)| = 2|z| — 1, [6(2)] = [z] — 1 and |u| = 2, by the
ideal generated by the elements

¢(a+b) + ¢a) + o(b) (4)
d(a+0b)+d(a)+ d(b) (5)
q(a+0) +q(a) + q(b) + (ab) (6)
6(zy)o(2) + 6(yz)d(x) + d(2x)d(y) (7)
o(xy) + o(2)d(y) + ug(x)q(y) (8)
q(zy) + q(x)d(y) + o(z)q(y) (9)
§(x)* + () (10)
q(2)* + ¢(Ax) + §(2*Ax) (11)
5()p(y) + d(xy?) (12)
0(z)q(y) + 6(xAy) + 6(xy)d(y) (13)
ud(z) (14)

where a, b, x,y, z are homogeneous elements in R and |a| = |b].
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Theorem 3.7. Let (R, \) be an FGA. There is a natural algebra homomor-
phism DR : ((R) — Q\(R) defined by

d(x)—a2* | qx)—axdr+rz , 6(x)—dr , u—0
If R is a symmetric algebra R = S(V') where V' is a non negatively graded

Fy-vector space with V™ finitely generated for each m, there is a short exact
sequence

0— (u) —— {(R) DR, ker(d) — 0

Proof. This was shown in [BO] Proposition 8.1, Theorem 8.2 and Theorem
8.5. U

We can apply the results from chapter 6 of [BO] component vise and get
the following.

Theorem 3.8. For any connected space X there is an algebra homomor-
phism ¢ : ((H*X) — H*(ES' x g1 AX) defined by

¢(x) — mroeit®@a®?) 5 q(z) — mPoevi(l®a®?)

é(z) 75° 0 evy () ; u = TP oevi(t? ®19?%)

It 1s natural in X and the following diagram commutes

WH*X) —Y H*ES' xg AX)

or| |

ONH'X) ——  H*(AX)

4 Unstable algebras.

In this section we show that €2, and ¢ restricts to functors Ky — K. We
do this algebraically instead of using the result in the next chapter, since it
gives a better understanding of the functors. For the functor ¢ we follow the
treatment of the quadratic construction as close as possible. A certain pull
back diagram appears, which will become useful later.

We use the notation S¢;(x) := Sq¢*I=*2. For a sequence of positive integers
ny,...,n, we define the following object in KCy:

A(ny, ... ,n,) = H(K(Fy,n1) X -+ x K(Fq,n,))
Lemma 4.1. The following relations are valid in any unstable A-module
Sq*(\r) = A\(Sq') (15)
S () = (i + |z) S¢S (16)



Proof. Follows by the Adem relation. See the proof of Proposition 5.2 in
[O]. O

Proposition 4.2. For any K € ob(Ky) we can define an A-action on Q5 (K)
by Sq'(dx) = d(Sq'z) and the Cartan formula. With this action ) becomes
a functor Qy : Ko — K. The differential d : Q\(K) — Q\(K) is A-linear.

Proof. Let dK be the A-module given by (dK)" = K™'. The symmetric
algebra S(K @ dK) is an A-module by the Cartan formula. Q,(K) is by
definition the quotient of this module by the ideal generated by (1),(2) and
(3). We verify that this ideal is closed under the A-action. We have

Sq'(d(x + y) + dx + dy) = d(Sq'z + Sq'y) + d(Sq'z) + d(Sq'y)
which is in the ideal (in fact (1) is already zero in dK). Further

Sq'(d(zy) + zdy + ydz) =
> (d(Sg (2)Sq (y)) + (Sg’x)d(Sq7y) + (Sg'y)d(Sq 7))

=0
which is in the ideal by (2). We use Lemma 4.1 for the last type of elements:

S¢*((dx)* + d(Ax)) = (Sq¢'(dz))* + d(Sq" (Ax)) = (d(Sq'x))* + d(A(Sq'x))
S¢* " ((dx)* + d(Ax)) = d(Sq* ' (Ax)) = d((i + |2[)(Sq'x)*) = 0

We conclude that Q,(K) has a natural A-module structure. It is a non
negatively graded module since d1 = 0 by (2). We have S¢*l(dz) = d(2?) =0
and clearly Sq¢'(dz) = 0 for i > |z] so Q,(K) is an unstable A-module.
The Cartan formula holds by definition and S¢*I=!(dz) = d(\z) = (dx)? so
Q,\(K) is an unstable A-algebra. The differential on Q,(K) is A-linear by
definition. O

Definition 4.3. For K € Ky we define the modified de Rham cohomology
by H3(K) = H*(Q\(K), d).

Note that this cohomology theory has the nice property of being a functor
H : Ky — K as well as it respects tensor products: H}(A® B) = H{(A) ®
H3(B).

Definition 4.4. Let K be an unstable A-algebra. For x € K we define the
elements Sty(r) = Y- u' @ Squz and Sti(z) = S u' @ Sqoiy17 in Fofu] @ K
where the sums are taken over all integers ¢ > 0. Further we let R(K') denote
the sub Fy-algebra of Fo[u] ® K generated by u and Sto(z), Sty (z) for z € K.



Proposition 4.5. Fori > 0 one has S¢'R(K) C R(K) hence we have de-
fined a functor R : K — K. FEaxplicitly, the following formula holds for
v=20,1:
; N (el =i+
Sq'St, () _Z( 'y

J=0

)u[”lﬂﬂ‘StW(sqw) (17)

where the lower index on the right should be taken modulo 2.

Proof. Let St(z) = > t' ® S¢;(x) in Fy[t] ® K where [t| = 1. The following
formula holds

i _ = 7] _j) i—2j j
Sq'(St(x)) ;0 (Z o =¥ St(Sq’x) (18)
It expresses that the diagonal map A : C;(K) — Fy[t] ® K which is given by
Al@ (z@y+y®x) =0and A(l ® 2%%) = St(z) is A-linear. Here C;
is the quadratic functor [HLS] page 58-59. The formulas for the .A-module
structure on C; K can be found in [M]. There is an A-linear transfer map of
degree -1

7 Folt] = Folu] 3 7(t*) =0 , 71(t*h =4
Note that the following formula holds for v = 0, 1:
Sty(x) = (T @ 1)(t' " St(x)) (19)
It implies that Sq¢'St,(z) = (7 ® 1) o S¢'(t'7St(x)). By this and formula
(18) we see that equation (17) holds. O

Proposition 4.6. For K € ob(Ky) there is an Fy-algebra homomorphism
St:UK) - TFul@ K

and R(K) is the image of this map.
Proof. We must check that St is well defined. The elements (5), (7), (10),
(12), (13), (14) are clearly mapped to zero since St o = 0. The elements
(4), (6) are mapped to zero since Sto ¢ and Stoq are additive and Stod = 0.
For the elements (8) and (9) we proceed as follows. Let again St(z) =
S t' @ Sqi(z) instead of the above map. By the Cartan formula we have
St(xy) = St(x)St(y) and applying (19) to this we find

St1<a,b) = Stl (G)St(](b) + Sto(a)5t1 (b)

St()(a,b) = Sto(a)st(](b) + USt1<CL>St1 (b)
Finally (11) is mapped to zero since Lemma 4.1 implies Sto(Az) = (St;z)?.
By its definition R(K) is the image of the map St. O

8



Lemma 4.7. The Eilenberg-MacLane space K(Fq,n) with n > 1 has the
following mod two cohomology algebra.

Fo[N*Sqle, | I admissible , e(I) <n—2, k > 0]

Proof. The usual set of algebra generators is {Sq”t,} where J runs through
the admissible sequences with excess e(J) < n — 1. We verify that this set is
in fact the same as the set of generators in the lemma.

Assume that I = (iy,4s,...,1s) is admissible with excess e(I) < n — 1.
We have A\Sq'e, = Sqm= 1D, - Since e(I) = ip —dg — -+ — iy < n — 1
we have n — 1+ |I| > 2i; such that (n — 1+ |I|,]) is admissible and clearly
e(n—1+|I],I) = n—1. Thus the set of generators in the lemma is a subset
of the usual set of algebra generators.

Conversely, if J = (ji,...,J,) is admissible and e(J) < n — 2 then Sq’¢,
is one of the generators with k£ = 0 in the lemma. Assume that e(J) =n—1
and put J(t) = (Ji, Jes1s-- -5 Jr). The map t — e(J(t)) is weakly decreasing
since e(J(t)) —e(J(t + 1)) = ji — 2je41 > 0 and eventually it becomes zero.
Let k = max{tle(J(t)) = n — 1}. Then we have Sq’t,, = \*Sq’*+V,, which
is one of the generators in the lemma. O

Definition 4.8. When R is an FGA we let J(R) denote the subring of ¢(R)
generated by the elements 6(z) for € R. By (12), (13) and (14) we see that
J(R) is an ideal in ¢(R).

Proposition 4.9. When K = A(nq,...,n,) where n; > 1 for each i we have
ker(St) = J(K).

Proof. By definition J(K) C ker(St) so it suffices to show that the induced
map St : {(K)/J(K) — Fylul ® K is injective. The algebra ¢(K)/J(K)
has generators u, ¢(z), q(x) for x € K. The relations are that ¢ and ¢ are
additive and further

P(zy) = d(x)p(y) + ug(r)q(y)

q(zy) = q(x)o(y) + ¢(x)q(y)
q(x)* = p(A\x)

Put z; = 1, for each i. We see that the following elements are algebra
generators: ¢(Sqliz;), ¢q(A\¥iSqliz;), u where I; is admissible, e(I;) < n;—2 and
0 < k; for 1 <1 <r. It suffices to show that these are mapped to algebraic
independent elements. The coefficient to «® in Sty(Sq’iz;) is (Sqliz;)? and
in Sty(\*Sqliz;) it is Mit1Sqliz;. Using the projection homomorphisms
pi : Folu] ® K — K given by p;(v! ® ) = ¢; ;o and induction the algebraic
independence follows by Lemma 4.7. O



Theorem 4.10. For K € 0ob(Ky) there is a commutative diagram in the
category of Fa-algebras

UEK) -2 R(K)

pr | |

ker(d) —— K
where p : Folul @ K — K and q : Q\(K) — K are the projections defined
by q(z) = z, q(dz) = 0 and p(z) = = and p(u) = 0 forx € K. If K =
A(n,...,n,) where n; > 1 for each i the diagram is a pull back square.

Proof. By evaluating on generators it is easy to check that the diagram
is commutative. Assume K is the cohomology of a product of Eilenberg-
MacLane spaces as above. The diagram is a pull back if and only if the
restriction St : ker(DR) — ker(p) is an isomorphism. By Proposition 4.9
and Theorem 3.7 we have

ker(DR) Nker(St) = (u) N J(K) =0

so the restriction of St is injective. The kernel of p : Folu] ® K — K is
(u) C Faolu] ® K so (u) N R(K) is the kernel of p : R(K) — K. Since
St(p(x)) = Sto(x), St(q(x)) = Sti(x) and St(u) = u it is obvious that the
restriction of St is surjective. O

Theorem 4.11. The functor { restricts to a functor { : Koy — K For K €
ob(Ky) the A-module structure on ((K) is given by the following formulas:

Sq'§(z) = §(Sq'x) (20)
sito(e) = 3 (LT netsen) valsin) o)

seate) =3 (7 )b ol + G+ Da(sira)) + (@) (2

Sq'u = <2.)u[5]+1 (23)

]

Here by convention a binomial coefficient is zero when its lower parameter is
negative. The Q° operation in the last formula is defined by

i)
Q'(z) =Y Sq'(x)Sq" " (x)

r=0
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There is a commutative diagram in the category KC

0K) 2 R(K)

| s
ker(d) —— K

It is natural in K and when K = A(ny,...,n,) for a sequence of positive
integers ny, ..., n, it is a pull back square.

Proof. When K = A(ng,...,n,) we see that ¢(K) is an unstable .A-algebra by
the pull back diagram in Theorem 4.10. We verify that (20)-(23) are formulas
for this A-module structure by using the injectivity of the pair (St,DR). The
verification of equation (20) and (23) is trivial. When we apply DR to the
right hand side of (21) we only need to consider the j = [%!] term since
DR(u) = 0. This term equals ¢(Sq”/%z) for i even and zero for i odd. hence
we get (Sq/%z)? for i even and zero for i odd. This equals S¢’DR(¢(x)) =
Sq'(z?) as it should. When we apply DR to the right hand side of (22) only
the j = [£] term contribute. This term equals ¢(Sq"z) + §(Q* (x)) for i = 2r
and (|z| — r)¢(Sq"x) + §(Q* T (x)) for i = 2r + 1. Thus we must check that

(Sq"2)d(Sq"z) + A(Sq"x) + dQ* (x) = S¢* (vdx + A\x)
(|z| = 7)(Sq"x)* + dQ* ! (z) = S¢* ™ (zdx + \x)

We have dQ'(x) = Sq'(xdx) + (i + 1)Sq¢"/?(x)Sq"*(dx) by the definition of
Q'(x) and this together with Lemma 4.1 gives the desired result. For the
map St the verification follows directly by formula (17).

For a general connected unstable A-algebra K we proceed as follows. Let
T denote the free, graded, unital, non commutative algebra on Sq' for i > 0
where S¢° = 1. Let F(K) be the free, unital, graded, commutative algebra
on u, ¢(z), q(z), 6(x) for x € K. We let T act on F'(K) by the formulas (20)-
(23) and the Cartan formula. Let I(K) C F(K) denote the ideal generated
by the elements (4)-(14). First we check that T - [(K) C I(K) such that
we have a well defined action 7' x ¢(K) — ((K). Let g(y1,...,y,) be one
of the elements (4)-(14). Put n; = |y;|, z; = t,; and A = A(nq,...,n,).
Let f : A(ny,...,n,) — K be the morphism in K defined by f(z;) = y;.
By the first part of this proof we have T'- F(A) C F(A) so naturality gives
S¢g(y, .- y,) € I(K).

We have A = T'/J where J C T is the two sided ideal generated by
the Adem elements. We must check that J - ¢(K) = 0 such that we have
a well defined action A x K — K. But this follows by a similar naturality
argument as above. Hence we have shown that the formulas (20)-(23) define
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a natural A-module structure on ¢(K), which satisfy the Cartan formula. It
is immediate from the formulas that the instability condition holds for each
generator of /(K) so the action is unstable. Using the relations (4)-(14) one
verifies that Sql¥ly = y? when y is either of the generators ¢(x), ¢(z), (), u
and so this relation holds in general. Thus the action makes ¢(K’) an unstable
A-algebra. It is obvious that p and ¢ are A-linear. O

5 A more general condition for exactness of
the approximation functors

In this section we prove a stronger version of the main theorem in [BO],
Theorem 10.1, which states that e and v are isomorphisms for 1-connected
spaces with polynomial cohomology. We start by an examination of the case
X = BZ/2 = RP*.

For a connected space X one has mpAX = [S1, X] =< mX > where
< - > denotes the set of conjugacy classes. Especially myABG =< G > for
any group G. By Lemma 7.11 of [BHM] we have the following result.

Lemma 5.1. For a discrete group G

ABG = [] AgBG and AyBG = BC¢lg]

lgle<G>
where Cglg] denotes the centralizer of g.

As a special case ABZ/2 = AN¢BZ/2 U Ay BZ/2 where A\, B7Z/2 ~ BZ/2
for v = 0,1. Define a group action a, : Z X Z/2 — Z/2 by (r,s) — vr + s.
Then Ba, : BZ x BZ/2 — BZ/2 is an S'-action which is the trivial one for
v =0. Let B,Z/2 denote the space BZ/2 with S'-action Ba,,.

Lemma 5.2. (Ba,)*(t)=1®t+vt®1 forv=0,1.

Proof. Since m(Ba,) = a, we have Hy(Ba,;Z) = a,. The result follows by
tensoring with Iy, and dualizing. O

Proposition 5.3. Forv = 0,1 the following map is S*-equivariant and also
a homotopy equivalence

Jv:BJZ/2 — A,BZ/2 ; j,(z)(z) = Ba,(z,7)

Proof. The conjugacy class of the neutral element corresponds to the compo-
nent containing constant loops so the index of the target of j, is 0 as stated.
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Let ¢ be the index of the target of j;. Since Ba, is an action map we see that
Ju is equivariant and that evy o j, = id. Thus m,(j,) is injective. But the
homotopy groups of its domain and target space are the same finite groups
so it is injective as well. By the Whitehead theorem j, is a homotopy equiv-
alence. H*(B,Z/2) is a DGA and dt = v by Lemma 5.2. Since j, induces an
isomorphism of DGA’s we have i = 1. U

Proposition 5.4. The map e : (QU(H*BZ/2),d) — (H*(ABZ/2),d) is an
isomorphism.

Proof. Let R = H*BZ/2 = Fo[t]. It suffices to show that (jo U j1)* oe :
Q) (R) — R®R is an isomorphism. Since evyoj, = id it follows that ¢ — (¢, 1)
and by Lemma 5.2 we see that dt — (0, 1). In Q,(R) we have (dt)* = d\t = dt
such that (14 dt)? = 1+dt, (dt)(1+ dt) = 0 and clearly dt + (1 + dt) = 1.
This gives an algebra splitting: Q\(R) = (dt)Q(R) & (1 + dt)2\(R). The
components are simply (dt)Qy(R) = (dt)R and (1 + dt)Q\(R) = (1 + dt)R
thus the above map is an isomorphism. O

Recall that an action of a group 7 on an Abelian group M is said to be
nilpotent if there is a finite m-filtration of M such that 7 acts trivially on the
filtration quotients.

Theorem 5.5. Let X be a connected space of finite type. Then the two maps
e: W(H*X)— H*(AX) and 1 :{(H*X)— H*(ES' x5 AX)

are morphisms in IC which are natural in X. Assume further that the group
m(X) xm1(X) acts nilpotently on H;(2X) for each i and that the cohomology
of X is a symmetric algebra H*X = S(V') where V is a graded Fo-vector space
with V™ finitely generated for each n. Then both e and i are isomorphisms
of unstable A-algebras.

Remark 5.6. Any action of a finite 2-group on a mod 2 vector space is nilpo-
tent. Hence the nilpotent action condition in the theorem always holds when
m X is a finite 2-group.

Proof. We must check that the Fsy-algebra maps e and ¢ are A-linear. The
A-action on Q) (H*X') was described in Proposition 4.2. Since the differential
d on H*AX is A-linear we see that e is A-linear. The A-action on ¢(H*X) is
given in Theorem 4.11. By Proposition 6.7 of [BO| we see that the Fs-algebra
map v is also A-linear.

13



Making the further assumptions of nilpotent action and polynomial co-
homology we first show that e is an isomorphism. According to [S] there is
a fiber square with common fiber 2X as follows.

AX & X

S
X 2, XxX

The associated cohomology Eilenberg-Moore spectral sequence lies in the
second quadrant and has the following Es-page

E; 7 = Tort *™ (K, K)*

where K = H*X = S(V). It converges strongly to H*(AX) by [B] 4.1. The
Es-page can be interpreted by Hochschild Homology of K and then via the
Hochschild Konstant Rosenberg theorem by differential forms

Ey"* = HH,(K) = (K)

Here the bidegree of zodx; ...dx, is (—p,|zo| + - - - + |x,|). Since all algebra
generators for F, sits in EY* or E; " we have Fy = E,,. The assumption
that V" is finitely generated for each n combined with the formula for the
bidegree shows that for m fixed E_ 7™ = ( for p sufficiently large. Hence the
filtration of H™ := H™(AX) is finite for any m. As in the proof of Theorem
10.1 in [BO] one easily sees that e(z) € H*(AX) represents = € Ey”* for
z € K. We now show that e(dz) € H*(AX) represents dz € F; "*. By the
naturality argument given in the proof of Theorem 10.1 in [BO] it suffices to
verify this when X = K(Fy,n) where n > 1 and = = ¢, is the fundamental
class. For n > 2 this is done in [BO] and for n = 1 we proceed as follows.
Since Eo = Ey = Q(F2[t1]) we have E_P* = 0 for p > 2. Thus the filtration
has length two:
H'"=F'H"DF'H"D>0 , EpP"tr=prgr/prtign

From the E, page we read that F~'H? = Fy @ Fy and FOH? =~ Fy so it
suffices to show that e(di;) # 0 and e(diy) # 1 = (1,1) € H*(AK(Fo,1)).
But this is a consequence of Proposition 5.4.

Defining a compatible filtration of 2,(K) one sees that e is an isomor-
phism as in [BO]. The same kind of Serre spectral sequence argument as
given in [BO] shows that ¢ is an isomorphism. O
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6 Detection maps

Let X be a connected space of finite type. In this section we shall see how it
is possible to describe the cohomology of the evaluation map ev,, : E,,AX —
CnX via the functor ¢. The cohomology of its target space has a classical
interpretation. For a positive integer k£ and a positively graded Fs-vector
space V' we let Cy(V) denote the group cohomology Cy(V) := H*(Cy; V)
where the action on the coefficient module is by cyclic permutation. We put
Cn(V) := Com(V) for m > 0. Our reason for choosing the same notation
as for cyclic constructions is the following. By classical work of Dold and
Steenrod there is an isomorphism of [Fy-algebras

O Cp(H*X) — H*(CpX) (24)

In [O] we found formulas for an A-action on C,,(M) when M is an unstable
A-module. This gave a functor C,, : Y — U such that (24) is an isomorphism
of unstable A-modules.

The cohomology of the domain space of ev,, is of course unknown in
general but the ¢ functor gives an approximation for it. It is easy to see that
Theorem 4.2 in [BO] also holds for non connected spaces Y. Hence we have
an isomorphism

0 : H*(BCoym) Qp,p H (ExAX) — H*(E,AX)
for m > 1. Via this we get a morphism of unstable A-algebras
U=0o(1®y): H(BCym) @, {(H*X) — H*(E,AX) (25)

We know that this is an isomorphism when X = K(Fy,n) with n > 1 so
we can attempt to compute the map ev, in these cases. By naturality this
would give information on the general case.

We shall use two detection maps, 4, and 7,,, which we now describe. In
the following a lower index 0 on a space means the space equipped with the
trivial Sl-action. Firstly, the constant loop inclusion i : Xy — AX gives
maps

I = Bt BCom x X — E,,AX

Secondly, the action map 1 : S* x (AX)y — AX gives maps
Bt Em(S* x (AX)o) — EnAX

The domain space can be rewritten E,,(S' x (AX)) & E,,(S') x AX and
the projection on the second factor pry : E,,(S') — S'/Com is a homotopy

15



equivalence. For our purpose it is better with a map in the opposite direction
of pry. We choose a point e € ES! and define sy : S* — ES! x S by
so(2) = (ze,2). Tt is an S'-map so we can define

Sm = SQ/CQm : Sl/CgL — Em<Sl)
s0=80/S" 1 x — E(S")

Since pry o s, = id we see that s, induces an isomorphism in cohomology.
Our second detection map is the composite

T 0 S/ Com x AX 25 BL(SY) x AX ——— E,(S' x (AX),) (26)
e, BLAX
The following result explains why we call i, and 7,, detection maps.

Theorem 6.1. Let X be a connected space of finite type and let m > 2 be
an integer. There is a commutative digram

A)@ (HX) 255 A@w) @ Fsful ® HX

1@1@ %
H(

A(w) ® H (BLAX) “2% A() ®

| |

i

H*(E,AX)  —2~  H*(BCom x X)

BS! x X) (27)

3*

and a commutative diagram

AW) @ ((H*X) 225 A(v) @ Q) (H*X)

1®¢J{ 1®6J(

Aw) ® H(ExAX) 22, A(v) @ H*(AX) (28)

| |

H*(EnAX) Iy HH(SY/Cyn x AX)
Thus the map
(i mk) « H(EnAX) — H*(BCon x X) & H*(S"/Com x AX)

is injective when X = K(Fy,n) with n > 1.

16



Proof. By the argument given in the proof of Proposition 7.1 of [BO] we
see that the lower square in (27) commutes. By Proposition 7.2 of [BO] the
upper square in this diagram also commutes (in [BO] we assumed that AX
was connected, but it is easy to see that this assumption is not necessary).

The composite (26) defining 7, sits over the following composite via
quotient maps:

s x AX 2N B (S1) x AX —— Eo(S' x (AX)g) ==L B AX

which is given by (%, w) — [e,w]. So the top square in the following diagram
commutes. Mapping down by projections pr; we get the whole commutative
cube:

S1/Coym x AX o En,AX
\ ‘ Qx
QF
x X AX j E AX
Sl/CQWL d BCQ’”
\ ' BSl

Here Q2 and (Qf° are quotient maps and j is the fiber inclusion of the fibration
following it in the cube. From this cube and the definition of # in Theorem
4.2 of [BO] we see that the lower square of (28) commutes. The top square
commutes by Theorem 3.8.

When X = K(Fy,n) for n > 1 the vertical maps in (27) and (28) are all
isomorphisms so (i}, n%,) is injective by Theorem 4.11. O

7 The twisted diagonal map

Let Y be an S'-space with action map 1 : S x Y — Y and associated
differential d on H*Y.

Definition 7.1. For m > 0 we define the map
frm: S'xY — ES'xY*
(27 y) — (26’ Zy7 ngy’ Zg?nyv ] Zﬁ?’%’l,m_ly>

where &, = exp(2mi/2™) and e is a point in ES'. We let Cym act on the
domain space by &, - (z,y) = ({mz,y) and on the target space by

ém : (673/17 s 7y2m) = (€m€7y27 s 7y2m7y1)

17



Then the above map is Com-equivariant. Passing to the quotients we get a
map

fY,m : Sl/CQm XY — CmY
which we call the twisted diagonal of order 2.

Remark 7.2. fy,, is natural in Y with respect to Cym-equivariant maps.

Remark 7.3. Our reason for introducing the twisted diagonal map is that it
can be used to compute 7, o evy, since there is a commutative diagram

SV/Cpm x AX " E AX

fAX,mJ/ eva{

oI QRGN
Lemma 7.4. Let X be a space with trivial S*-action and m > 1 an integer.
The map fx,, - H*(CoX) — H*(S' x X)) satisfies
fxm(1@2%) =102 +ove2? 2\

Proof. There is a factorization
Fim S/ Com x X =2 BS1/Cym x X 82 ¢, X

where ¢ : ST — ES! is the inclusion associated to e and A,, is the diagonal
An(y) = (y,...,y). When m = 1 the result follows by Steenrod’s formula for
the diagonal. For m > 2 we use Theorem 6.7 of [O] where the map (1 x A,,)*
was determined. We find

frm(1®@2%) =102 + 00 Q) " (2)

The operation Q¢ is defined in Definition 5.5 of [O]. We have Qf'x‘fl(m‘) =
2"|x\71<

2’z giving Q z) = 22" "2z in general. O

Proposition 7.5. There is a commutative diagram

*
fY,m

H(C,nY) Do (SO X V)
T:nn—l/l\ T$—1®1T
;’m CQm_l *
H (1 (V2)) Do 6010 % Y
Cmfl(Al)*l

f;’,mfl

H*(Cpp1Y) H*(S"/Comr X Y)

where Ay 1Y — Y XY denotes the diagonal A1(y) = (y,y). Especially we
have fy, (1@ Nay ® -+ @ agm) = v @d(ay . .. agm).
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Proof. 1t is obvious that the upper square commutes. The lower square is
induced by a homotopy commutative diagram of spaces. The norm class
equals 73" (1 ® a1 ® - - - ® agm) so we can find its image under fy., by use of
the diagram. From the factorization

Fro:Stxy 2EL glyglxy X, pelxy
we see that fy((1®y) =1®y+v® dy and the result follows. O

Lemma 7.6. Form > 1 the map f& ,, : H*(CpS") — H*(S'/Cym x S') is
zero on all classes of positive degrees except for 1 @ Nv® 1 ® --- ® 1 which
1s mapped to v ® 1.

Proof. When m = 1 this is a special case of Lemma 4.11 and Theorem 4.12 of
[BOJ. The differential on H*(S') is given by dv = 1 since n*(v) = 1@v+v®1.

Assume that m > 2. Since the target space is A(v) ® A(v) all classes of
higher degree than two is mapped to zero. The degree two class

1 ® (1 X T NI T2m71_1>(lv ® 1®2m71_1)®2 — 7_{71(:[ ® (U ® 1®2m71_1>®2>

is mapped to zero by Proposition 7.5 and the m = 1 case. All other elements
of degree at most two are norm elements and Proposition 7.5 takes care of
these. ]

We now introduce an expansion formula which will be used in the proof
of the next theorem and again later on. Let M be an Fsy-vector space and
k > 1 an integer. The cyclic group Cj act on M®* by cyclic permutation of
the factors. For z,y € M we let T} (z,y) denote the subset of M®* consisting
of all strings a1 ® - - - ® ax, with a; = x or a; = y for each i. Note that Tj(x,y)
is stable under the Cj action and that (z + y)®* is the sum of the elements
in Ty(z,y). For an orbit 8 € Ty(x,y)/Cy we let || denote the length of 3
and s0 the sum of the elements in §. Thus we have the following expansion
formula among C-invariants in M®*:

(@ +y) =) sp (29)
where the summation is taken over € Ty (z,y)/Ck.

Theorem 7.7. For m > 1 we have

fm(l0y®) =10y"" +vey* >(ydy + \y)
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Proof. Let Yy denote the space Y with trivial S'-action. The action map
n: S x Yy — Y is Sl-equivariant so by naturality there is a commutative
diagram

fs1 xYy,m

St/Coym x S* x Yy 5 C,(S* % Yp)

1><TIJ( Cm(TI)J(

SYCm xY e v)

The map v : Y — S x Y defined by v(y) = (1, y) has the property novy = id
thus

fran = Cm(n) © fs1xvpm © (1 X 7)
We pull back step by step according to this factorization.

Cu(* (1@y®") =10 (1ey+v@dy)®™ =) 183

where the summation is taken over 8 € Tom (1 ®y,v®dy). Consider an orbit
B with ]ﬁ| = 2¢ where 1 < i < m. A representative for this has the form
B=(a;® - ®ay)®""". By Proposition 7.5 we have

fg’leo,m< ®Sﬁ> ( Tn— ’L®1) Ofg’leo,m—i<1®<a’1"'a’2i)®2m_l) (30>

Since v is an exterior class we see that (30) is zero when two or more of the
elements aj, ..., ay equals v ® dy. If there is exactly one of these we have
ai...ay = v ® y?> dy and (30) equals zero unless i = m by Lemma 7.6.
When ¢ = m we have a norm element so Proposition 7.5 gives

firvym(1®56) = v @ dgryey, (v @ y*" ' dy)
=0 ®@dsi(v) @Yy*" 'y +v @0 @ dy, (y* ' dy)
=1R1® y2m’1dy

We have now taken care of all the terms except of 1 ® (1 ® y)**" and 1 ®
(v ® dy)®?" which corresponds to orbits of length one. By Lemma 7.4 the
first is mapped as follows

fiapm1@(1@y)*") =1@10y™" +veley™ “ly
and Lemma 7.6 gives that the second is mapped to zero. We conclude that
féreyom ©Con()* 1@ y**") = 1010y + v 10 y*" (ydy + \y)
The result follows by applying 1 ® ~*. O
Corollary 7.8. For m > 2 one has
noevt (102%%") =1®e(@™) +v®e(x® 2(zdr + \z))
Proof. Follows directly from Theorem 7.7 and Remark 7.3. U
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8 Formulas for the evaluation maps

In this section we find a formula for ev’, (1 ® 2%%") in terms of the map (25).
This is done by the two detection maps 7, and i,,. Note that i,, oev,, = A,,
where A,, = E,,(D,,) with D,, : X — X?" the diagonal map. We computed
A% in [O]. The result involved some notation which we now introduce. In
this section K always denotes an unstable A-algebra.

Definition 8.1. For integers £ > 1 and n > 0 we define )\, : K — K and
Qr: K — K by

Mlz) = 227 (31)
2]

Qi(z) = ZSq"(m)SQ"’i(fC) (32)

Qilz) = > S¢@" Q@) k=2 (33)

We put @ = 0 when n < —1.

Definition 8.2. For integers k > 1 we define three maps K — Fyu] ® K as
follows

(e o]

Fk-i—l(l') _ Zufﬁl(m—i) ® (qufL‘)Qk (34)

1=0
oo

pa(@) = > u? T @ S (A) (35)
j=0

() = Y u M e (@) (36)
j=0

Note that the sums are finite. F,, from Definition 6.5 of [O] is the same
as above and G, from Definition 6.5 of [O] equals the sum G/, + G/ . Thus
by Theorem 6.7 of [O] we have

AL (1@ a®") = Fu(z) + 0(G,(x) + G (2))
for m > 2.

Proposition 8.3. Forx € K and k > 1 the following equations hold.

St(@(z™")) = Fru (@) (37)
St(ug(Mer)) = Gy (x) (38)
St(@(* a(w)) = Gy () (39)

21



Proof. Equation (37) and (38) follows easily from the definition of St in
Proposition 4.6. We first prove (39) for £ = 1. Since St is a ring homomor-
phism we have that

St( ZUJ(X) Z Sqor(2)Sqas41(2)

r+s=j

So we must show that

QYT @) = " Sau(2)Sgaeia (2) (40)

r4s=j

We can rewrite the left hand side using the definition followed by the substi-
tution t = |x| — 1.

?|m|f2j 1 Z Sqt Sq2\x| 2j—1— t(.CL’)

= > Sqi(x)Sqpj1-i(x)
1=j+1
27+1

= " 54:(2)Stay1-i() (41)

1=j+1

The map, f; : {0,1,...,7} = {7 +1,j+2,...,2j + 1} defined by f;(r) =
2(j—r)+1forr <[j/2] and f;(r) = 2r otherwise, is a bijection from the set
of summation indexes of (40) to the set of summation indexes of (41). Since
the r’th term of the right hand side of (40) equals the i = f;(r)’th term of
(41) the result follows.

Finally we prove (39) for k > 2. By (9) we have ¢(2%"~2) = 0 such that
oz Nq(z) = ¢(2¥2)p(x)g(z) by (8). Thus we can apply the k = 1 case
as follows:

St(p(z* )g(x)) =St<¢< 272)St(g(a)q(x))

—ZM > S QI @)

r4+s=j

and we must prove the following equation for each j:

Qikmﬂj 1 Z Sq gk 2 2|m|72571<x) (42)

r+s=j
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By its definition and the fact that Sq'(y?) = 0 we can rewrite the left hand
side as

QT @) = X0 S @ R )
t=0

We substitute t = (28=1 — 1)|z| — 7 and get that

@1 =1)ja|

Qikm_%—l(x): Z Sq%(x2k72)Q?|m\—2(j—r)—1($)

r=—00

If » < 0 the first factor in each summand is zero so we can start the sum-
mation at r = 0. If » > j the second factor in each summand is zero and if
r > (2871 —1)|z| the first factor in each summand is zero. So we can end the
summation at j obtaining the formula (42). O

Theorem 8.4. Let X be a connected space of finite type and let x,y € H* X .
For integers m > 2 the following equation holds

(10 257"y = W (") + 08" Va(x) + vug(e? " A))
For m =1 we have
evi (1@ 2%%) = U(p(z) +tq(z)) and evi(1@ (1+T)x@y) = Y (td(zy))

Further the square with transfer maps, the square with quotient maps and the
triangle in the following diagram commutes.

*
evy,

H*(CnX) H*(EnAX)

T:nn_lT lqzz_l TZ:LL_IT \Lqm_l

H*<Cm,1(X2)> — H*(Em_lAX)
A}‘l *
H*(Cp1 X)
where A1 : X — X x X denotes the diagonal.

Proof. By naturality it is enough to prove the formula for ev), when X =
K(Fy,n) with n > 1 and x = ¢, is the fundamental class. By Theorem 6.1 it
suffices to check that the right hand side maps correctly by 7, and ¢;,. By
Theorem 6.7 of [O] and Proposition 8.3 it does by if,. For n}, we find

L@ DR(¢(z*" ) +vo(a™" " "g(z) + vug(a®" Ax)) =
" +vr? T (wdr + \v)
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which is the correct result by Corollary 7.8. The formulas for m = 1 follows
from Lemma 6.4 and Proposition 6.5 of [BO].

The squares in the diagram commute since there is a corresponding com-
mutative diagram of spaces with evaluation and quotient maps. The triangle
comes from a homotopy commutative diagram of spaces. U

Remark 8.5. The map ev}, is H*(BCqn)-linear and elements in its domain
which are not of highest symmetry are hit by the transfer. So we have given
a complete description of ev, in terms of the approximation .

9 Algebraic evaluation maps

In this section we show that the formulas for the map ev}, also define a ring
map when we replace H*X by a general FGA. This allows us to state our
main theorem in a nice form.

Recall that the deviation from linearity of a set map F' : A — B between
Fy-algebras is defined as AF (z,y) = F(z+y)+ F(z)+ F(y). f L: A— B
is linear and we let G(x) = L(x)F(z) we have

AG(x,y) = L(x)F(y) + L(y) F(2) + (L(z) + L(y)) AF (z,y)  (43)

Definition 9.1. Let K be an FGA. The maps f;, g;,h; : K — ((K) for
integer ¢ > 0 are defined by fo(z) = fi(z) =0, go(z) = 6(z) and

filz) = uq(a:Zi*l_Q)\:c) for i > 2
gi(z) = (b(in_l_l)q(:c) fori >1
hi(x) = fi(z) +gi(x) fori>0

Lemma 9.2. For w = f,g,h and m > 1 the following formulas are valid.

wm(ab) = ¢(a 2m_l) m(0) + (0" Jwp(a) (44)
Awy,(z,y) = Z Z wlazy (45)

Proof. 1t is of course enough to prove this for w = f and w = g. We first
prove (44). For m = 1 and w = f it is trivial. For m = 1 and w = ¢ it holds
by (9). The m = 2 case requires a little computation. For w = f we have

f2(ab) = ug(A(ab)) = uq(a® b+ b*Xa)
= u(¢(a*)g(Ab) + 6(b*)q(Aa)) = d(a®) f2(b) + &(b*) fa(a)
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and for w = g we find

92(zy) = (d(z)p(y) + ug(x)q(y))(P(x)q(y) + q(x)d(y))
( 2g2() + ug(z)?g2(y)
() + (o(y)* + uq(y)?®)g2(x)
(

Note that when m > 3 the following formula holds for both w = f and
w=g.

wn(7) = (@™ ?)ws () (46)
So for these m we have

wy(ab) = ¢((ab)*" " )ws(ab)
= ¢ OB ) (D) ws(b) + G(b*)ws(a))
= ¢ Ywm(B) + " Jwm(a)
Next we prove (45). From (44) and §(a?) = 0 we see that w;(a?) = 0 for
any ¢ > 0. Thus the terms with both r and s even are zero. For m =1 we
have f; = 0 and g; = ¢ such that Agi(x,y) = §(zy) = go(zy). So here (45)

holds. For m = 2 we have fo(z) = ug(Az) which is linear. gs(x) = ¢(z)q(x)
so by (43) and (44) we have

Aga(z,y) = g1(zy) + (d(x) + 6(1)d(xy) = g1(zy) + 6(xy?) + 6(2y)

Thus (45) also holds for m = 2.
For m > 3 we have wy,(z) = (22" )wm_1(x) by (46) so (43) and (44)
gives

Awy (2, y) = Wi (2y) + (622 ) + 6(y*" ) Awi (2, y)

Assume that Aw,,_(z,y) is given by (45). By (44) we have (a7 Ywi(b) =
w;(a®" " 'b) for 1 < i < m—2. This formula also holds for i = 0 trivially for
w = f and by (12) for w = g. So we have

m—2
AU)m(xv y) = wm71<xy> + Z Z (wi(me_1_1+rys) + wi<xry2m—1—z+s))

1=0 p4g=2m—1-i

Since w;(a?) = 0 for any 7 > 0 this sum equals the right hand side of (45). O
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The cyclic functor Com : U — U was introduced in Theorem 4.8 of [O].
We denote it C,, = Com. Recall that there are transfer and restriction maps
as follows

7 Cp (M@ M) — Cp(M)  and  ¢" i Cp(M) — Copt (M @ M)

where M € ob(U). Formulas for these were given in section 3 of [O].

Proposition 9.3. For each m > 1 the functor C,, : U — U restricts to a
functor C,, : K — K.

Proof. Let K be an unstable A-algebra. We must verify that the Cartan
formula and the relation Sq*'z = 22 hold in C,,(K). This is done by induction
on m. For m = 1 the result is well known. Assume that it holds for m—1. Let
7=7", and ¢ = ¢»!. We know that these are A-linear. Using Frobenius
reciprocity we can then check the Cartan formula when one of the factors in
the product is hit by the transfer:

Sq"(at(b)) = Sq"(7(q(a)b)) = 7(Sq"(q(a)b))
=7(>_ S¢'(g(a)S¢ (1) = > 7(q(Sq'(a))Se (b))

i+j=n +j=n
=Y 8¢ (@S¢ 0) = Y Sq(a)S¢(r(b))
i+j=n +j=n

Hence it suffices to verify the Cartan formula for a product of two highest
symmetry classes. For z,y € K with |z| = r and |y| = s there is a morphism
of unstable A-algebras f : H*(K (Fy,7) x K(F3,s)) — K given by f(1,®1) =
x and f(1®t5) =y. If we apply Com to the cohomology of a space we know
that this is isomorphic to the cohomology of the cyclic construction of order
2™ on the space. So here the Cartan formula holds. So by the map f we see
that it also holds for the product of v/ ®x®2" and v*u"®@y®?". The relation
Sql*lz = 22 is easy to verify directly from the formulas for the A-action. [

We can now give the final description of the maps induced by the equiv-
ariant evaluations in mod two cohomology.

Theorem 9.4. Let K be an FGA with multiplication p: KQK — K. There
is a natural H*(Com)-linear ring homomorphism

Evp : Cn(K) — H(Cam) ®pypu) ((K)

for each m > 1. When m = 1 it is defined by 1 @ %% — ¢(z) + tq(x) and
1® (1+T)a®bw— td(ab) where t* = u. For m > 2 it is defined by the
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following two conditions

Bia(18 2%7) = (e )+ v0(a™ " alo) + vuae®™ ) (4
Evporh = (1" 1 ®1)0 Evy_q 0 i (48)

where the second condition relates maps in the following diagram.

Con(K) —22 s H*(Coym) @y LK)

TﬁlT lq%’fl T$1®1T J{qﬁlébl

Con1 (K®?) —— H"(Com—1) @y £(K)

M*l /
Evpm_1

Cm—l(K)

The following equation holds for m > 2:
("' ®1) 0 By = Fvg_y 0 iy 0 g™ (49)

If K is a connected unstable A-algebra then Ewv,, is a morphisms in KC for
each m > 1. Finally if K = H*X for a connected space X of finite type then
we have a commutative diagram in IC as follows.

H*(C X))~ H*(E,,AX)

| d
Cm(H*X> Evm H*(CQm) ®]F2[u] g(H* )
Proof. We first check that Fv, is well defined. ¢(z) and ug(x) are linear in x
and d(ab) is bilinear in (a, b). From this it follows directly that most relations

in H*(Cy; K®?%) are respected. In fact it suffices to verify that the following
type is respected.

1@@+y)? =102 +10y"* +11+T)zxy

But since ¢ is linear this means that tq(x +y) = tq(x) +tq(y) +td(zy) which
is true by (6).

Next we check that Fv is a ring homomorphism. The following relations
must be respected:

(1@ (ley™) =1® (ry)*
122")10(1+T)ae®b)=1® (1+T)ra® xb
120+T)exb)(1®(1+T)c®d) =1® (1+T)ac® bd
+1® (1+T)ad ® be
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The third is respected since both sides maps to zero. For the first and the
second we must check that

(0(z) +tq(2))(d(y) + tq(y)) = ¢(xy) + tq(xy)
(¢(x) + tq(x))to(ab) = td(x"ab)

which follows by (8), (9) and (12), (14).

For the higher evaluation maps we use induction on m. Assume that the
maps Fvy, ..., Fv,_1 have the stated properties. We first verify that Fv,, is
well defined. All classes in its domain are hit by the transfer except for those
of highest symmetry. So by induction it suffices to check that the defining
conditions for Fv,, respect the relation coming from the expansion (29)

1@z +y)™" =) 158

where the summation is taken over 3 € Tom(z,y)/Com. We rewrite this
formula as

1@ (x+y)**" +1@2%?" +1y**" Zakwhereak— Zl@sﬁ
|Bl=2%
(50)

When we apply Ev,, to the left hand side we get vAh,,(z,y) by (47). We
must check that this equals Fuv,, applied to the right hand side where Fwv,,
was defined by (48). Thus we must find Ev,,(ox) where 1 < k < m. Let 3 be
an orbit of length 2%. Tt has a representative of the form (a;®- - - @ag )" "
Let t(3) denote the order of the set {a; |1 < i < 2¥ and a; = x}. By (48) we
have

Ev,(1® s8) = vhpy_i(ay ... aq) = vhm_k(xt(ﬁ)ka_t(ﬁ)) (51)

If t(3) is even Ev,(1® sB) = 0 since h;(a®) = 0 for all i > 0. Let N(2% n)
denote order of the set {3 ||3] = 2* and t(3) = n}. A string a; ® -+ @ aq
with an odd number of a;’s equal to x cannot be broken into two equal halfs
so we have

ok ):(gk_1)(2k—2)...(2k—2j)

1
N(2%,2j4+1) = —
(25,27 +1) 2k<2j+1 2 + 1)

The 2-adic valuation of this number is

va(N (27,25 + 1)) =v9(28 — 2) 4+ v5(28 — 4) + - - - 4+ v2(2F — 29)
—09(2) —we(4) — - —12(27) =0
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so N(2% 25 + 1) is odd and we conclude that

2k=1_1

EUm<O'k): Z Uhm,k<l’2j+1y2k72jfl): Z vhm,k(x”ys)

j=0 r4s=2k

Taking the sum over 1 < k < m and substituting ¢ = m — k£ we obtain

Evmkz Z >

1=0 pps=2m—1

By (45) this equals vAh,,(x,y) so the relation (50) is respected and Ev,, is

well defined.
Next we verify (49). For highest symmetry element we have

Evp_q 0 0q" ' (1®2%%") = Evp_y o (1@ (2 @ 2)® m_l)
= Bupa(1® (a8)®"7) = ¢(«™")
= (g~ ' ®1) 0 Evpn(1® ")

For elements hit by the transfer the result follows since i, 0 g™ to7™ =0

and (g~ @ 1) o (mt ®@1) =0.
We can now use Frobenius reciprocity and induction to show that Eu,,

is a ring map. Assume that Ev,, 1 is a ring map. We have

Bun(a - 7,(6)) = Bun (i, (g2 (a) )
= (71 ® 1) 0 Bvgy 0 p(qp ' (a) - b)
= (71 ® D)(Evm—1 0 pa 0 g (a) - By 0 (b))
— (L @ (G @ 1) 0 Bu(a) - By 0 1. (b)
= EBvy(a) - (77, ®1) 0 By, g 0 pg(b)

= Evm(a; - Evm(TnT_l(b))
Hence it suffices to check the following relation
By (1@ 22" - vy, (1@ y®?") = Buy (1@ (2y)®?")
which is valid by (45).

The statement for K = H*X follows from Theorem 8.4 and Proposition
2.3 of [O]. O
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