FIELDS OF U-INVARIANT 9

OLEG T. IZHBOLDIN

Abstract. Let F be a field of characteristic ≠ 2. The u-invariant of the field F is defined as the maximal dimension of anisotropic quadratic forms over F . It is well known that the u-invariant cannot be equal to 3, 5, or 7. We construct a field F with u-invariant 9. It is the first example of a field with odd u-invariant > 1. The proof uses the computation of the third Chow group of projective quadrics X_ϕ corresponding to quadratic forms ϕ. We compute CH^3(X_ϕ) completely except for the case dim ϕ = 8. In our computation we use the results of B. Kahn, M. Rost, and R. Sujatha on the unramified cohomology and the third Chow group of quadrics ([KRS1]). We compute the unramified cohomology H^4_{nr}(F (ϕ)/F ) for all forms of dimension ≥ 9. We apply our results to prove several conjectures. In particular, we prove a conjecture of Bruno Kahn on the classification of forms of height 2 and degree 3 for all fields of characteristic zero.

Contents

0. Introduction 2 1. Quadratic forms 6 2. Graded Grothendieck groups of quadrics 12 3. Chow groups of quadrics 15 4. Galois cohomology 18 5. Unramified cohomology of quadrics 19 6. Pfister neighbors over function fields 21 7. Construction of a field with u-invariant 9 25 8. Special pair of forms: definition and basic properties 29 9. Special pairs of degree 4 and unramified cohomology 35 10. Proof of the Conjectures 0.8 and 0.9 38 11. The group Tors CH^3(X_ϕ) for forms ϕ ∈ I^2(F ) 40 12. Proof of Theorems 0.5 and 0.6 42 13. Forms of height 2 and degree 3 46 References 48

Key words and phrases. Quadratic form, Chow groups, unramified cohomology. This research was supported by the Alexander von Humboldt-Stiftung. 1

0. Introduction

Let F be a field of characteristic ≠ 2, and let ϕ = a_1x^2_1 + · · · + a_nx^2_n be a quadratic form over F . We always assume that the forms under consideration are nondegenerate. The form ϕ is called isotropic if the homogeneous equation a_1x^2_1 + · · · + a_nx^2_n = 0 has a nontrivial solution. Otherwise, the form ϕ is called anisotropic. The u-invariant of the field F is defined as the maximal dimension of anisotropic quadratic forms over F :

u(F ) = sup{dim ϕ | ϕ is an anisotropic form over F }.

Since many questions about a quadratic form can be reduced to that about its anisotropic part, u(F ) is a fundamental measure of the complexity of quadratic form theory over F . However, u(F ) is often very difficult to determine, and its value is unknown for many fields. Nevertheless, in the following cases the u-invariant is known:

• If F is a quadratically closed field, then u(F ) = 1. In particular, u(C) = 1. • If F is a formally real field, then u(F ) = ∞. In particular, u(Q) = ∞ and u(R) = ∞.

• If F is a finite field, then u(F ) = 2. • If F is a local field, then u(F ) = 4.

• If F is a nonreal global field, then u(F ) = 4. In particular, u(Q(i)) = 4. • For any field F , we have u(F ((t_1))((t_2)) . . . ((t_n))) = 2^nu(F ). In particular, u(C((t_1))((t_2)) . . . ((t_n))) = 2^n.

• If F = C(t_1, . . . , t_n) denotes the field of rational functions in n variables over C, then u(F ) = 2^n.

Note that in all examples listed above the value of the u-invariant is always a power of 2 or infinite. This observation was probably a reason for the wellknown conjecture of Kaplansky (1953) that only powers of 2 are possible for finite values of the u-invariant. It is known that Kaplansky’s conjecture is true for finitely generated fields over algebraically closed or finite fields (see [Kah3]). More precisely, if F is such a field, then it is proved that u(F ) = 2^{cd(F )}, where cd(F ) is the cohomological dimension of F . The problem concerning the uinvariant of finitely generated fields of transcendence degree ≠ 0 over number or local fields seems to be very difficult. For example, the finiteness of the u-invariant is known only in the case when F is of transcendence degree 1 over a local nondyadic field (1998, [HvG] and [PS]). In a series of papers, R. Elam and T. Y. Lam studied the u-invariant for fields satisfying some additional hypotheses ([Elm, EL1, EL2]). In particular, Kaplansky’s conjecture was proved for all linked fields.

In ([M2], 1989), A. Merkurev disproved this conjecture by constructing a field F with u(F ) = 6 (see also [Lam2]). Later, he proved that the u-invariant of a field can be any even number ([M3], 1991). It should be noted that the basic idea of his proof (index reduction formula) cannot be used to construct a field with odd u-invariant. It was still an open problem whether the u-invariant can take odd values other than 1. However, it is known that the u-invariant never equals 3, 5, or 7 (see e.g., [Lam1, Prop. 4.8]). The principal result of this paper is the following

Theorem 0.1. There exists a field F with u(F ) = 9.

In fact, we prove a more precise result. To formulate it, we introduce the following notion:

Definition 0.2. We say that ϕ is an essential 9-dimensional form if the following conditions hold:

• ϕ is an anisotropic 9-dimensional form; • ϕ is not a Pfister neighbor; • ind C_0(ϕ) ≥ 4.

The role of this notion is illuminated by the following version of Theorem 0.1.

Theorem 0.3. Let ϕ be a 9-dimensional quadratic form over a field F . Then the following conditions are equivalent:

(1) there exists a field extension E/F such that u(E) = 9 and the form ϕ_E is anisotropic, (2) ϕ is an essential form.

Moreover, if these conditions hold, we can construct a field E with the following additional properties:

• all anisotropic 9-dimensional forms over E are similar to ϕ_E. • E has no nontrivial odd extensions and cd_2(E) = 3.

The basic tool for the proof of Theorem 0.1 is the following

Proposition 0.4. (cf. Theorem 7.3). Let ϕ be an essential 9-dimensional quadratic form and ψ be a form of dimension ≥ 10. Then ϕ_{F (ψ)} is an essential form.

Using this proposition we can construct a field with u-invariant 9 (cf. [M3, §3] and/or [M2]). Indeed, we start with an arbitrary field k_0 and consider the form ϕ = ⟨t_1, . . . , t_9⟩ over the rational function field k = k_0(t_1, . . . , t_9). It is easy to show that the k-form ϕ is essential. By iterated passages to function fields of 10-dimensional quadratic forms, one can obtain a field F with no anisotropic 10- dimensional quadratic forms. By Proposition 0.4, the form ϕ_F is still essential. In particular, ϕ_F is an anisotropic 9-dimensional form. Hence, u(F ) = 9.

Our proof of Proposition 0.4 (and Theorem 0.3) uses the following recent results of B. Kahn, M. Rost, R. Sujatha, and N. Karpenko:

• the results of B. Kahn, M. Rost, and R. Sujatha, concerning the unramified cohomology of quadrics [KRS1].

• a new result of N. Karpenko related to isotropy of 9-dimensional essential forms over the function fields of 9-dimensional forms (see Theorem 1.13).

An essential part of the proof of Proposition 0.4 is based on the computation of the third Chow group and the fourth unramified cohomology group of quadrics. We compute these groups completely for all quadrics of dimension ≥ 7 (i. e., in the case where the corresponding quadratic forms are of dimension ≥ 9).

Theorem 0.5. Let ϕ be an F -form of dimension ≥ 9. Let X = X_ϕ be the projective quadric corresponding to the form ϕ. Then Tors CH^3(X) = 0, with the following exceptions, where Tors CH^3(X) ≃ Z/2Z :

(9-a) ϕ = π ⊥ ⟨d⟩, where π is similar to an anisotropic 3-fold Pfister form (in this case, ind C_0(ϕ) = 1).

(9-b) ϕ is an anisotropic 9-dimensional form with the following properties:

ind C_0(ϕ) = 2, det ϕ /∈ D_F (ϕ), and ϕ contains no 7-dimensional Pfister neighbors.

(10-a) ϕ = π ⊥ H, where π is similar to an anisotropic 3-fold Pfister form (in this case, ϕ ∈ I^2(F ) and ind C(ϕ) = 1).

(10-b) ϕ is an anisotropic 10-dimensional form such that ϕ ∈ I^2(F ) and ind C(ϕ) = 2.

(10-c) ϕ is an anisotropic 10-dimensional form with nontrivial discriminant d = d_±ϕ /∈ F^{∗2} which is similar to a subform of an anisotropic 12- dimensional form τ ∈ I^3(F ) and such that ϕ_{F (}^√_{d)} is not hyperbolic (in this case, ind C_0(ϕ) = 1).

(11-a) ϕ is an anisotropic 11-dimensional form with ind C_0(ϕ) = 1. (12-a) ϕ is an anisotropic 12-dimensional form belonging to I^3(F ) (in particular, ind C(ϕ) = 1).

Remarks. 1) The statement that the group Tors CH^3(X) is either zero or isomorphic to Z/2Z is due to N. Karpenko. He also proved that this group is trivial for all forms of dimension > 12 ([Kar2]).

2) In many cases the triviality of the group Tors CH^2(X_ϕ) was proved by B. Kahn and R. Sujatha in [KS3].

3) Theorem 0.5 together with the results of N. Karpenko [Kar1] complete the computation of the group CH^3(X_ϕ) for all forms except for the case when ϕ is an 8-dimensional form with nontrivial discriminant.

Theorem 0.5 is closely related to the computation of the fourth unramified cohomology of quadrics. Let H^n(F ) be the Galois cohomology group of F with Z/2Z-coeficients. For a form ϕ, we denote by H̃^4_{nr}(F (ϕ)/F ) the homology group of the complex

H^4(F ) → H^4(F (X_ϕ)) → ⊕_{x∈X}(1)_ϕ H^3(F (x)),

where X_ϕ is the projective quadric corresponding to ϕ. This group was studied in detail in [KRS1, KS2, KS3]. Among many other results, it was proved that if ϕ has dimension ≥ 9 and ϕ is not a 4-fold neighbor, then there exists an injective homomorphism ϵ : H̃^4_{nr}(F (ϕ)/F ) → Tors CH^3(X_ϕ) (see [KRS1, Th. 6(1) and Prop.3]). The construction of this homomorphism fundamentally uses mixing the Hochschild-Serre and Bloch-Ogus spectral sequences. Another tool, originally due to Bloch, is an exact sequence that relates H-cohomology and K-cohomology (cf. [CT2, 3.6]). It is a very important question to ask when the homomorphism ϵ is an isomorphism.

Theorem 0.6. Let ϕ be an anisotropic form of dimension ≥ 9 that is not a 4-fold Pfister neighbor. Then the homomorphism ϵ : H̃^4_{nr}(F (ϕ)/F ) → Tors CH^3(X_ϕ) is an isomorphism.

Remarks. 1) Under the hypothesis of the theorem, B. Kahn and R. Sujatha proved that the homomorphism ϵ : H̃^4_{nr}(F (ϕ)/F, Q/Z(3)) → Tors CH^3(X_ϕ) is an isomorphism ([KS3, Th. 1(b)]). Moreover, they proved Theorem 0.6 for fields containing all 2-primary roots of unity (see Corollary 1 in [KS3]).

2) Theorem 0.6 together with Theorem 0.5, complete the computation of the groups H̃^4_{nr}(F (ϕ)/F ) for all forms ϕ of dimension ≥ 9. Here we note that in the case of 4-fold neighbors (which is excluded from the formulation of Theorem 0.6) the group H̃^4_{nr}(F (ϕ)/F ) was computed in [KRS1, Cor. 8(3)].

The following easy corollary of Theorem 0.6 gives a partial answer to the question stated at the beginning of Subsection 1.1 of [KS2].

Corollary 0.7. (cf. [KS2, Theorem 1]). Let ϕ be a form of dimension ≥ 9. Then the natural homomorphism H̃^4_{nr}(F (ϕ)/F ) → H̃^4_{nr}(F (ϕ)/F, Q/Z(3)) is surjective.

In this paper we also prove the following conjectures.

Conjecture 0.8. ([Kah1, p.154]). Let ϕ ∈ I^3(F ) be an anisotropic form of dimension 12. Let ψ be a form of dimension > 12. Then ϕ_{F (ψ)} is anisotropic.

Conjecture 0.9. ([Lag, Conj. 3]). Let ϕ ∈ I^2(F ) be an anisotropic form of dimension 10 with ind C(ϕ) = 2. Let ψ be a form of dimension > 10. Then ϕ_{F (ψ)} is anisotropic.

Conjecture 0.10. ([Izh1, Conj. 2.1]). Let ϕ be a 10-dimensional anisotropic form. Then ϕ has maximal splitting if and only if at least one of the following conditions holds:

• ϕ is a Pfister neighbor, • ϕ ≃ ⟨⟨a⟩⟩ ⊗ τ with dim τ = 5.

The proofs of all results mentioned above depend only on published papers or papers accepted for publication. However, our following result depends on the theory of Voevodsky related to the proof of Milnor’s conjecture. Using some recent results announced by Alexander Vishik [Vi3, Vi4], we prove the following conjecture of Bruno Kahn in the case when n = 3 and char F = 0:

Conjecture 0.11. ([Kah2, Conj. 7]). Let ϕ be a nongood form of height 2 and degree n. Then ϕ is of the form τ ⊗ q, where τ is an (n − 2)-fold Pfister form and q is an Albert form.

Acknowledgments. The work on this paper was done while the author was

a visiting researcher at the Bielefeld University supported by the Alexander von Humboldt Stiftung. I would like to thank this university for the excellent working conditions. I am grateful to Nikita Karpenko for numerous helpful discussions concerning Chow groups. I also would like to thank Boris Bekker, Ivan Panin, and Alexander Vishik for many useful suggestions. The author is greatly indebted to Ulf Rehmann, Bruno Kahn, and Ramdorai Sujatha for their comments and suggestions which lead to the final form of the paper.

1. Quadratic forms

This section contains some preliminary results concerning quadratic forms. The basic notations are the same as in the books of T. Y. Lam and W. Scharlau ([Lam1], [Sch]). We recall some of them and introduce several additional notations.

Let ϕ be a quadratic form over F . We denote the Witt index of ϕ by i_W (ϕ). The anisotropic part of ϕ is denoted by ϕ_{an}. We say that ϕ is Witt equivalent to ψ if ϕ_{an} is isometric to ψ_{an}. We call two forms ϕ and ψ stably birationally equivalent if the corresponding quadrics X_ϕ and X_ψ are stably birationally equivalent. It is well known that the forms ϕ and ψ are stably birationally equivalent if and only if ϕ_{F (ψ)} and ψ_{F (ϕ)} are both isotropic (see, e.g., [Ohm, Sect. 3]). In this paper we deal with the following four equivalence relations on the set of quadratic forms:

ϕ ≃ ψ - isometry of the forms ϕ and ψ, ϕ ∼ ψ - similarity of the forms ϕ and ψ (i.e., ϕ ≃ kψ for a suitable k ∈ F^∗),

ϕ^{st}∼ ψ - stable rational equivalence of the forms ϕ and ψ, ϕ = ψ - Witt equivalence of the forms ϕ and ψ.

The Clifford algebra (resp., the even part of the Clifford algebra) of ϕ will be denoted by C(ϕ) (resp., C_0(ϕ)). We recall that if ϕ ∈ I^2(F ), then C_0(ϕ) is a semisimple algebra of the form A × A, where A is a central simple F -algebra. Moreover, in this case we have C(ϕ) = M_2(A).

For any form ϕ, we define F -algebra C^′_0(ϕ) as follows:

• if dim ϕ is odd, then C^′_0(ϕ) = C_0(ϕ). In this case, C^′_0(ϕ) is a central simple F -algebra.

• if dim ϕ is even and d = d_±ϕ /∈ F^{∗2}, then C^′_0(ϕ) = C_0(ϕ). In this case, C^′_0(ϕ) is a central simple L-algebra, where L/F is the discriminant extension (i.e., L = F ( √ d)).

• if dim ϕ is even and d = d_±ϕ ∈ F^{∗2}, then C^′_0(ϕ) = A, where A is a central simple F -algebra such that C_0(A) = A × A.

By definition, C^′_0(ϕ) is a simple algebra of degree 2^{[(dim ϕ−1)/2]}. By Wedderburn’s theorem, there exists a division algebra D and an integer s ≥ 0 such that

C^′_0(ϕ) = M_2s (D). We define Schur invariants ind ϕ and i_S (ϕ) as follows^1: ind ϕ = ind C^′_0(ϕ) = deg D, i_S (ϕ) = s We say that ind ϕ is the Schur index of ϕ. The integer i_S (ϕ) will be called the Schur splitting index of ϕ. Many properties of the Schur splitting index i_S (ϕ) are the same as the properties of the Witt index i_W (ϕ). For example, i_S (ϕ ⊥ mH) = i_S (ϕ) + m and i_S (kϕ) = i_S (ϕ). Moreover, i_S (ϕ) ≥ i_W (ϕ).

The following lemma is trivial

Lemma 1.1. Let ϕ be a form over F .

• if dim ϕ = 2n + 1, then deg C^′_0(ϕ) = 2^{iS (ϕ)} · ind ϕ = 2^n, • if dim ϕ = 2n, then deg C^′_0(ϕ) = 2^{iS (ϕ)} · ind ϕ = 2^{n−1}.

The following statement is well known:

Lemma 1.2. Let E/F be either an odd extension or a unirational extension (i.e., a subfield of a purely transcendental extension). Then for any F -form ϕ, we have i_W (ϕ_E) = i_W (ϕ), dim(ϕ_E )_{an} = dim ϕ_{an}, i_S (ϕ_E) = i_S (ϕ), ind(ϕ_E) = ind(ϕ).

In particular, the homomorphism W (F ) → E(E) is injective. Moreover, the homomorphism W (F )/I^n(F ) → W (E)/I^n(E) is injective for all n.

Theorem 1.3 ([Ti]). Let F be a field and F (t) be the field of rational functions in one variable over F .

• if A is a simple algebra over F , then ind A_{F (t)} = ind A, • if A is a central simple algebra over F of exponent 2, and d is an element of F^∗ such that d /∈ F^{∗2}, then ind(A_{F (t)} ⊗ (d, t)) = 2 ind A_{F (}^√_{d)}.

Corollary 1.4. Let F be a field and F (t) be the field of rational functions in one variable over F . Let ϕ be a quadratic form over F , and let ϕ̃ = ϕ_{F (t)} ⊥ ⟨kt⟩ with k ∈ F^∗.

• if dim ϕ is odd or ϕ ∈ I^2(F ), then ind ϕ̃ = ind ϕ, • if dim ϕ is even and ϕ /∈ I^2(F ), then ind ϕ̃ = 2 ind ϕ.

Sketch of the proof. Using the formulas for Clifford algebras given in [Lam1], one can compute C_0(ϕ̃) in terms of C(ϕ) or C_0(ϕ). After this, the required result follows easily from Tignol’s Theorem 1.3.

The following lemma is a trivial consequence of Merkurev’s index reduction formula ([M3]).

Lemma 1.5. Let ϕ and ψ be forms over F .

• If ψ ∈ I^3(F ), then ind ϕ_{F (ψ)} = ind ϕ.

• If ind ϕ ≤ 8 and dim ψ ≥ 9, then ind ϕ_{F (ψ)} = ind ϕ. • If ind ϕ ≥ 4 and dim ψ ≥ 9, then ind ϕ_{F (ψ)} ≥ 4.

1In [H2] the author used the notation i_S (ϕ) for the index of c(ϕ) ∈ Br(F ).

We recall Cassels–Pfister subform theorem (which will be used in the sequel without any reference).

Theorem 1.6. [Sch, Ch.4, Th. 5.4(ii)] Let ϕ be a nonhyperbolic form, and let ψ be a form such that ϕ_{F (ψ)} is hyperbolic. Then for any k ∈ D_F (ϕ) · D_F (ψ), we have kψ ⊂ ϕ. In particular, dim ψ ≤ dim ϕ.

In what follows, we use the following very specific consequence of this theorem.

Corollary 1.7. Let ψ be a form over F , and let d be an element of F such that d /∈ F^{∗2}. Let K be

• either an odd extension of F , • or a unirational extension of F , • or K = F (ψ), where ψ is a form with dim ψ > dim ϕ.

Then the form ϕ_{K(}^√_{d)} is hyperbolic if and only if the form ϕ_{F (}^√_{d)} is hyperbolic.

Proof. If K/F is odd or unirational, then the extension K( √ d)/F ( √ d) is also odd or unirational. In these cases, the result follows immediately from Lemma 1.2. Now, we assume that K = F (ψ) with dim ψ > dim ϕ. Let L = F ( √ d). By Theorem 1.6, the form ϕ_{K(}^√_{d)} ≃ ϕ_{L(ψ)} is hyperbolic if and only if the form ϕ_{F (}^√_{d)} ≃ ϕ_L is hyperbolic.

The following theorem we will call Pfister’s theorem on 10-dimensional forms in I^3 (or simply Pfister’s theorem).

Theorem 1.8. (see [Pf2, Satz 14 and Zautsats], also [Sch, Ch.2, Th.14.4] or [H3, Th. 2.9]). Let ϕ ∈ I^3(F ) and dim ϕ = 10. Then ϕ is isotropic and can be written in the form ϕ ≃ π ⊥ H for some π ∈ GP_3(F ).

Corollary 1.9. Let ϕ ∈ I^3(F ). We have (a) if dim ϕ_{an} < 12, then there exists π ∈ GP_3(F ) such that ϕ and π are Witt equivalent, (b) if dim ϕ = 12, then i_W (ϕ_{F (ϕ)}) ≥ 2, (c) if dim ϕ = 12 and ϕ is nonhyperbolic, then (ϕ_{F (ϕ)})_{an} ∈ GP_3(F (ϕ)).

The following theorems concern the so-called forms with maximal splitting.

Theorem 1.10 ([H1, Kah1, H2, Izh1]). Let ϕ be an anisotropic form of dimension 2^n + m, where 0 < m ≤ 2^n. Then

• 1 ≤ i_1(ϕ) ≤ m (in the case where i_1(ϕ) = m, we say that ϕ has maximal splitting), • if ϕ is a Pfister neighbor, then i_1(ϕ) = m (i.e., ϕ has maximal splitting), • if n ≥ 3, m ≥ 2^n −5, and ϕ has maximal splitting, then ϕ is an (n+1)-fold Pfister neighbor, • if n ≥ 3, m = 2^n − 6, ϕ ∈ I^2(F ), and ϕ has maximal splitting, then ϕ is an (n + 1)-fold Pfister neighbor.

The first two statements of this theorem (as well as the notion of forms with maximal splitting) are due to Detlev Hoffmann [H1]. The proofs of the third and fourth statements follow easily from the results of Bruno Kahn [Kah1, Remark after Th.4]. Besides, an elementary proof of the third statement can be found in [Izh1], and an elementary proof of the fourth statement is given in [H2] and [Izh1].

Theorem 1.11 ([H1, Izh4]). Let ϕ be an anisotropic form with 2^n < dim ϕ ≤ 2^{n+1}. Suppose that ϕ has maximal splitting (e.g., dim ϕ = 2^n + 1). Let ψ be a form of dimension ≥ 2^n + 1 such that ϕ_{F (ψ)} is isotropic. Then

• ψ has maximal splitting and 2^n < dim ψ ≤ 2^{n+1}, • ψ_{F (ϕ)} is isotropic (and hence ϕ^{st}∼ ψ), • if ψ is a Pfister neighbor, then ϕ is also a Pfister neighbor.

The first and third statements of this theorem are due to D. Hoffmann [H1]. The second statement is proved in [Izh4]. Setting n = 3 in Theorems 1.10 and 1.11, we get the following corollary.

Corollary 1.12. Let ϕ be a form 9 ≤ dim ϕ ≤ 16. Suppose that ϕ has maximal splitting (e.g., dim ϕ = 9), and ϕ is not a Pfister neighbor. Let ψ be a form of dimension ≥ 9 such that ϕ_{F (ψ)} is isotropic. Then

• 9 ≤ dim ϕ, dim ψ ≤ 10, • ψ is not a Pfister neighbor and ψ /∈ I^2(F ), • ψ^{st}∼ ϕ.

The following result concerning the isotropy of 9-dimensional forms over function fields of quadrics has recently been proved by Nikita Karpenko.

Theorem 1.13. (N. Karpenko [Kar3]). Let ϕ be a 9-dimensional essential form (see Definition 0.2). Let ψ be a form of dimension 9 such that ϕ_{F (ψ)} is isotropic. Then ψ is similar to ϕ.

It should be pointed out that Theorem 1.13 plays a key role in the proof of our main Theorem 0.1. We also need the following statement from Karpenko’s paper [Kar3].

Lemma 1.14. Let ϕ be a 9-dimensional form which is not a Pfister neighbor. Then ϕ_L is not a Pfister neighbor for all odd extensions L/F .

The following theorem was proved by A. Vishik by using calculations in Voevodsky’s motivic category [Vi2]. In [Kar4], N. Karpenko simplified Vishik’s proofs by using arguments in the framework of the classical category of Grothendieck Chow-motives and presented the current formulation of the theorem:

Theorem 1.15. Let ϕ and ψ be anisotropic forms such that ϕ^{st}∼ ψ. Then dim ϕ − i_1(ϕ) = dim ψ − i_1(ψ).

The rest of this section contains several lemmas concerning quadratic forms. These results will be used in other sections.

Lemma 1.16. Let F be a field which has no nontrivial odd extensions. Let ϕ be an F -form with ind ϕ ≥ 2^s. Then there exists a finite field extension E/F such that

• ind ϕ_E = 2^s, • if dim ϕ is even, then ϕ_E ∈ I^2(E), • the homomorphism N_{E/F} : K(C_0(ϕ_E)) → K(C_0(ϕ)) is surjective.^2

Proof. Let D be the simple division algebra corresponding to the algebra C^′_0(ϕ). Let L be the center of D (in the cases when dim ϕ is odd or ϕ ∈ I^2(F ) we obviously have L = F ). Let M/L be a maximal subfield of D. Clearly, [M : L] = 2^r with r = ind ϕ. By our assumption, [M : L] = 2^r ≥ 2^s. Since F has no odd extensions, Galois theory shows that there exists a tower of fields

M = M_0 ⊃ M_1 ⊃ · · · ⊃ M_r = L

such that [M_i : M_{i+1}] = 2 for all i. Setting E = M_s, we get the field with the required properties.

Lemma 1.17. Let L/F be a field extension, A be a central simple F -algebra of exponent 2, and m be an integer. Suppose that one of the following conditions holds:

(i) [L : F ] ≤ 2, ind A_L = 1, and m = 2; (ii) L = F , ind A ≤ 2, and m = 3; (iii) [L : F ] ≤ 2, ind A_L ≤ 2, and m = 4; (iv) L = F , ind A ≤ 4, and m = 5.

Then there exists an m-dimensional form μ over F such that the algebra C^′_0(μ) is Brauer equivalent to A_L.

Proof. (i) If L = F , we set μ = H, if L = F ( √ d), we set μ = ⟨⟨d⟩⟩.

(ii) Since ind A ≤ 2, it follows that A is Brauer equivalent to a quaternion algebra (a, b). Now, it suffices to set μ = ⟨1, −a, −b⟩.

(iii) If L = F , then A_L = A is Brauer equivalent to a biquaternion algebra (a, b). In this case we set μ = ⟨⟨a, b⟩⟩. If [L : F ] = 2, the condition ind A_L ≤ 2 implies that ind A ≤ 4. Therefore A is Brauer equivalent to a biquaternion algebra. Let q be an Albert form corresponding to A. Since ind A_L ≤ 2, the form q_L is isotropic. Hence q can be written in the form q ≃ c ⟨⟨d⟩⟩ ⊥ q_0, where d is such that L = F ( √ d). Now, it suffices to set μ = q_0.

(iv) Let q be an Albert form corresponding to A. We define μ as an arbitrary 5-dimensional subform of q.

Lemma 1.18. Let ϕ and ψ be F -forms such that dim ϕ ≡ dim ψ (mod 2Z) and C^′_0(ϕ) is Brauer equivalent to C^′_0(ψ). Then there exists k ∈ F^∗ such that ϕ ≡ kψ (mod I^3(F )).

Proof. If dim ϕ and dim ψ are odd, it suffices to set k = d_±ϕ/d_±ψ. Then γ = ϕ ⊥ −kψ ∈ I^2(F ) and c(γ) = c(ϕ) + c(ψ) = 0. Therefore, γ ∈ I^3(F ). In

2Here K(A) denotes the Grothendieck group of the ring A.

the case when dim ϕ and dim ψ are even, the lemma is proved in [Izh2, Lemma 4.3]

Lemma 1.19. Let ϕ be a form satisfying one of the following conditions:

(i) dim ϕ = 2n, and ind ϕ = 1, (ii) dim ϕ = 2n − 1 and ind ϕ ≤ 2, (iii) dim ϕ = 2n − 2 and ind ϕ ≤ 2, (iv) dim ϕ = 2n − 3 and ind ϕ ≤ 4.

Then there exists a (2n + 1)-dimensional form ϕ̃ and a (2n + 2)-dimensional form γ ∈ I^3(F ) such that ϕ ⊂ ϕ̃ ⊂ γ and ind ϕ̃ = 1.

Proof. Let m = 2n + 2 − dim ϕ. By Lemma 1.17, there exists an m-dimensional form μ such that C^′_0(ϕ) is Brauer equivalent to C^′_0(μ). Then there exists k ∈ F^∗ such that ϕ ≡ kμ (mod I^3(F )) (Lemma 1.18). We set γ = ϕ ⊥ −kμ. Now it suffices to set ϕ̃ = ϕ ⊥ −kμ_0, where μ_0 is a subform of μ of codimension 1.

Lemma 1.20. (cf. [H1, Lemma 3]). Let ψ be a form over F , and let ϕ ⊂ ψ. If dim ϕ ≥ dim ψ − i_W (ψ_{F (ψ)}) + 1, then ϕ^{st}∼ ψ.

Proof. It suffices to verify that ϕ_{F (ψ)} is isotropic, but this is an obvious consequence of [H1, Lemma 3].

Lemma 1.21. (1) Let γ be a 12-dimensional form from I^3(F ), and let ψ be an 11-dimensional subform of γ. Then ψ^{st}∼ γ.

(2). Let ψ be an 11-dimensional form with ind ψ = 1. Then there exists a 12-dimensional form γ ∈ I^3(F ) such that ψ^{st}∼ γ.

Proof. (1). Obvious in view of Lemma 1.20 and Corollary 1.9.

(2). We set γ = ψ ⊥ ⟨det ψ⟩. Clearly γ ∈ I^2(F ) and ind γ = ind ψ = 1. Hence, γ ∈ I^3(F ). Item (1) shows that ψ^{st}∼ γ.

Lemma 1.22. (see, e.g., [Izh4, Lemma 2.11]). Let μ and ν be F -forms of dimension ≥ 1, and let ϕ = μ ⊥ −tν be a form over F̃ = F (t). Then the extension F̃ (ϕ)/F is purely transcendental.

Lemma 1.23. Let ϕ be an F -form and E/F be a unirational field extension. Then the form ϕ_E is a Pfister neighbor if and only if the form ϕ is a Pfister neighbor.

Proof. It suffices to consider the case where E/F is purely transcendental. In this case lemma is proved in [H1, Prop.7].

Lemma 1.24. Let ϕ be a 9-dimensional essential form over F (see Definition 0.2). Let E/F be either an odd extension or a unirational extension. Then ϕ_E is an essential form.

Proof. By Springer’s theorems, ϕ_E is anisotropic. By Lemma 1.2, ind ϕ_E = ind ϕ ≥ 4. By Lemmas 1.14 and 1.23, ϕ_E is not a Pfister neighbor.

At the end of this section, we prove the implication (1)⇒(2) in Theorem 0.3 (this is the simplest part of the theorem).

Proof. Let E be as in Item (1) of Theorem 0.3. We must prove that ϕ_E is essential. By our assumption, ϕ_E is anisotropic. Since u(E) = 9, it follows that all 4-fold Pfister forms over E are isotropic. Hence all 4-fold Pfister neighbors are also isotropic. Hence, ϕ_E is not a 4-fold Pfister neighbor. Now, it suffices to verify that ind ϕ_E ≥ 4. Since all 10-dimensional forms over E are isotropic, it follows that all 9-dimensional E-form are universal (i.e., D_E (ϕ) = E^∗). In particular, d = det ϕ ∈ D_E (ϕ). Hence, ϕ_E can be written in the form ϕ_E = τ ⊥ ⟨d⟩, where τ is an 8-dimensional form over E with trivial discriminant. Since ind τ = ind ϕ_E , it suffices to prove that ind τ ≥ 4. Assume the converse, ind τ ≤ 2. Then there exists a quaternion E-algebra (a, b) such that c(τ) = (a, b). We have τ ≡ ⟨⟨a, b⟩⟩ (mod I^3(F )). Let γ = dτ ⊥ ⟨⟨a, b⟩⟩. Since dim γ = 12 > 9 = u(E), the form γ is isotropic. Therefore, the forms (−d)τ and ⟨⟨a, b⟩⟩ have a nontrivial common value. Let k ∈ E^∗ be such that k ∈ D_E (−dτ) and k ∈ D_E (⟨⟨a, b⟩⟩). Set π = ⟨⟨k⟩⟩ ⊗ τ = τ ⊥ −kτ. Since k ∈ D_E(−dτ), it follows that that d ∈ D_E(−kτ), and hence ϕ_E = τ ⊥ ⟨d⟩ ⊂ τ ⊥ −kτ = π.

Since k ∈ D_E (⟨⟨a, b⟩⟩), it follows that ⟨⟨a, b, k⟩⟩ = 0. Therefore π = ⟨⟨k⟩⟩ ⊗ τ ≡ ⟨⟨k⟩⟩ ⊗ ⟨⟨a, b⟩⟩ = 0 (mod I^4(F )). Since dim π = 16, we have π ∈ GP_4(E). Since ϕ_E ⊂ π, we see that ϕ_E is a Pfister neighbor. However, we have proved earlier that ϕ_E is not a Pfister neighbor, a contradiction.

2. Graded Grothendieck groups of quadrics

For a smooth variety X we will denote by K(X) the Grothendieck ring of X. This ring is supplied with the “topological” filtration K(X)^{(i)} (which respects multiplication). The factor group K(X)^{(i)}/K(X)^{(i+1)} is denoted by G^iK(X). Thus, we get the adjoint graded ring G^∗K(X) = ⊕_iG^iK(X). There exists a canonical surjective homomorphism of the graded Chow ring CH^∗(X) onto G^∗K(X).

Now, let X = X_ϕ be the projective quadric corresponding to the ndimensional form ϕ. We consider X as a subvariety of codimension 1 in P^{n−1} (in particular, dim X_ϕ = n − 2). The embedding X_ϕ ⊂ P^{n−1} determines the local free sheaf O_X (−1) on X. The group K(X)^{(1)} contains the element h := 1 − [O_X (−1)]. By h̄, we denote the class of the element h in the group G^1K(X). It is well known that h̄ ∈ G^1K(X) corresponds the “hyperplane” class in CH^1(X) via the natural isomorphism CH^1(X) ≃ G^1K(X). For all i = 0, . . . , dim X = dim ϕ − 2 the homomorphism Z → G^iK(X), 1 → h̄^i is injective. The image of this homomorphism will be denoted by h̄^iZ.

Let us recall some basic properties of the group K(X_ϕ) (see [Kar1]). Let s = i_S (ϕ) (i.e., C^′_0(ϕ) has the form M_2s (D), where D is a division algebra). Clearly, s ≤^1_2 dim X. If s = 0, then the group K(X) is generated (as a free Abelian group) by the elements h^i, where i = 0, . . . , dim X. If s > 0, the group K(X) contains elements l_0, . . . , l_{s−1} such that 2^{i+1}l_i = h^d + 2h^{d−1} + · · · + 2^ih^{d−i}, where d = dim X. Since the group K(X_ϕ) is torsion free, the elements l_0, . . . , l_{s−1} are uniquely defined. There exists a convenient geometric characterization of the elements l_i. Namely, l_i coincides with the “class of an i-dimensional line”. More formally, this means that the image of the element l_i under the pushforward homomorphism K(X) → K(P^{n−1}) coincides with the image of the unit 1 = [O_Pi ] under the push-forward homomorphism K(P^i) → K(P^{n−1}) induced by the natural embedding P^i ⊂ P^{n−1}.

Theorem 2.1. (N. Karpenko, [Kar1, Th. 3.8 and 3.10]^3 ). Let ϕ be a quadratic form over F . Let X be the quadric corresponding to ϕ. Let i be an arbitrary integer such that 0 ≤ i < dim X = dim ϕ − 2.

(1) if i <^1_2 dim X =^1_2 dim ϕ − 1, then G^iK(X) = Tors G^iK(X) ⊕ h̄^iZ, (2) if ϕ /∈ I^2(F ) and l_{iS (ϕ)−1} ∈ K(X)^{(i+1)}, then

Tors G^0K(X) = · · · = Tors G^iK(X) = 0.

(3) if i <^1_2 dim ϕ − 1 and Tors G^0K(X) = · · · = Tors G^iK(X) = 0, then l_{iS (ϕ)−1} ∈ K(X)^{(i+1)}.

Lemma 2.2. Let ϕ ⊂ ϕ̃ be quadratic forms such that ϕ, ϕ̃ /∈ I^2(F ). Let m = dim ϕ̃ − dim ϕ. Let p be an integer such that 0 ≤ p <^1_2 dim ϕ − 1. (1) if i_S (ϕ̃) = i_S (ϕ) and Tors G^iK(X_ϕ) = 0 for all i ≤ p, then Tors G^iK(X~_ϕ) = 0 for all i ≤ p + m.

(2) if i_S (ϕ̃) = i_S (ϕ) + m and Tors G^iK(X~_ϕ) = 0 for all i ≤ p, then Tors G^iK(X_ϕ) = 0 for all i ≤ p.

Proof. Let s = i_S (ϕ) and s̃ = i_S (ϕ̃).

(1) Theorem 2.1(3) shows that l_{s−1} ∈ K(X_ϕ)^{(p+1)}. Let us consider the pushforward homomorphism K(X_ϕ) → K(X~_ϕ). This homomorphism maps K(X_ϕ)^{(i)} to K(X~_ϕ)^{(i+m)} for all i, and maps l_j to l_j for all j ≤ s − 1. Taking the image of l_{s−1} under this homomorphism, we get l_{s−1} ∈ K(X~_ϕ)^{(p+1+m)}. Since s̃ = s, Theorem 2.1(2) shows that Tors G^iK(X~_ϕ) = 0 for all i ≤ p + m.

(2) Theorem 2.1(3) shows that l_{s̃−1} ∈ K(X~_ϕ)^{(p+1)}. Let us consider the pullback homomorphism K(X~_ϕ) → K(X_ϕ). This homomorphism maps K(X~_ϕ)^{(i)} to K(X_ϕ)^{(i)} for all i, and maps l_j to l_{j−m} for all j = m, . . . , s̃ − 1. Taking the image of l_{s̃−1} under this homomorphism, we get l_{s̃−1−m} ∈ K(X_ϕ)^{(p+1)}. Since s̃ − m = s, Theorem 2.1(2) shows that Tors G^iK(X_ϕ) = 0 for all i ≤ p.

Corollary 2.3. Let ϕ ⊂ ϕ̃ be odd-dimensional forms. Let k be an integer such that dim ϕ̃ = dim ϕ + 2k and ind ϕ̃ =^1_{2k} ind ϕ. Let p be an integer such that 0 ≤ p <^1_2 dim ϕ − 1. Suppose also that Tors G^iK(X~_ϕ) = 0 for all i ≤ p. Then Tors G^iK(X_ϕ) = 0 for all i ≤ p.

3Actually, Theorems 3.8 and 3.10 from [Kar1] are proved only for anisotropic quadrics. However, the proof of three statements included in the formulation of Theorem 2.1 does not use anything specific from the anisotropic case.

Proof. By Lemma 2.2(2), it suffices to prove that i_S (ϕ̃) = i_S (ϕ) + 2k. Applying Lemma 1.1, we get 2^{(dim ϕ̃−dim ϕ)/2} = 2^{iS (ϕ̃)−iS (ϕ)} · ind ϕ̃/ ind ϕ. Since dim ϕ̃ − dim ϕ = 2k, and 2^k ind ϕ̃ = ind ϕ, we have i_S (ϕ̃) − i_S (ϕ) = 2k.

Corollary 2.4. Let ϕ be an even-dimensional form with nontrivial discriminant and ϕ̃ be an odd-dimensional form such that ϕ ⊂ ϕ̃. Let k be an integer such that dim ϕ̃ = dim ϕ + (2k + 1) and ind ϕ̃ =^1_{2k} ind ϕ. Let p be an integer such that 0 ≤ p <^1_2 dim ϕ − 1. Suppose that Tors G^iK(X~_ϕ) = 0 for all i ≤ p. Then Tors G^iK(X_ϕ) = 0 for all i ≤ p.

Proof. By Lemma 2.2(2), it suffices to prove that i_S (ϕ̃) = i_S (ϕ) + 2k + 1. Let dim ϕ = 2n and dim ϕ̃ = 2ñ + 1. Since dim ϕ̃ − dim ϕ = 2k + 1, we have ñ − n = k. Applying Lemma 1.1, we get 2^{ñ−(n−1)} = 2^{iS (ϕ̃)−iS (ϕ)} · ind ϕ̃/ ind ϕ. Since ñ − n = k and 2^k ind ϕ̃ = ind ϕ, we have i_S (ϕ̃) − i_S (ϕ) = 2k + 1.

Corollary 2.5. Let ϕ = ϕ_0 ⊥ ⟨a⟩ be an even-dimensional form with nontrivial discriminant such that that ind ϕ = ind ϕ_0. Let p be an integer such that 1 ≤ p <^1_2 dim ϕ − 1. Suppose that Tors G^iK(X_{ϕ0} ) = 0 for i ≤ p − 1. Then Tors G^iK(X_ϕ) = 0 for i ≤ p.

Proof. Since ind ϕ = ind ϕ_0, we have i_S (ϕ) = i_S (ϕ_0). Clearly, 0 ≤ p − 1 < 1 2 dim ϕ_0 − 1. Now, Lemma 2.2(1) completes the proof.

Proposition 2.6 (Karpenko). Let ϕ be an arbitrary quadratic form over F , and let E/F be a finite extension such that the norm map N_{E/F} : K(C_0(ϕ_E)) → K(C_0(ϕ)) is surjective (e.g., E is a subfield of the division algebra corresponding to the simple algebra C^′_0(ϕ)). Let p ≥ 0 be such that G^iK(X_{ϕE} ) = h̄^iZ for all i < p. Then

• G^iK(X_ϕ) = h̄^iZ for all i < p, • the norm map N_{E/F} : G^pK(C_0(ϕ_E))/h̄^p_EZ → G^pK(C_0(ϕ))/h̄^pZ is surjective.

Proof. The first statement coincides with Corollary 4.9 in [Kar2]. The proof of the second statement is the same as that of Corollary 4.9 in [Kar2].

Corollary 2.7. Let m, s, and p be integers such that p < m/2 − 1. Suppose that for any field F and any F -form ρ satisfying the following conditions:

• ρ has dimension m, • ind ρ = s, • if m is even, then ρ ∈ I^2(F ), we necessarily have Tors G^iK(X_ρ) = 0 for all i ≤ p.

Then for any field F and any F -form ϕ satisfying two conditions: • ϕ has dimension m, • ind ϕ ≥ s, we necessarily have Tors G^iK(X_ϕ) = 0 for all i ≤ p.

Proof. Standard transfer arguments reduce the general case to the case where F has no nontrivial odd extensions. Let E/F be the extension constructed in Lemma 1.16. Applying Theorem 2.1(1) to the form ϕ_E, we have G^iK(X_{ϕE} ) = Tors G^iK(X_{ϕE} ) ⊕ h̄^iZ for all i ≤ p. Applying the hypothesis of the corollary to the form ρ = ϕ_E , we have Tors G^iK(X_{ϕE} ) = 0 for i ≤ p. Hence, G^iK(X_{ϕE} ) = h̄iZ for all i ≤ p. By Proposition 2.6, we have GiK(X_ϕ) = h̄iZ for all i ≤ p. Therefore, Tors G^iK(X_ϕ) = 0 for i ≤ p.

Proposition 2.8. Let n ≥ 3 and p ≥ 0 be integers satisfying the following condition: for any (2n + 1)-dimensional form τ over an arbitrary field F , the group Tors G^iK(X_τ ) is zero for all i ≤ p.

Now, let ϕ be a form such that p <^1_2 dim ϕ − 1. Suppose also that ϕ satisfies one of the following conditions:

(i) dim ϕ = 2n, d_±ϕ /∈ F^{∗2}, and ind ϕ = 1, (ii) dim ϕ = 2n − 1 and ind ϕ ≥ 2, (iii) dim ϕ = 2n − 2, d_±ϕ /∈ F^{∗2}, and ind ϕ = 2, (vi) dim ϕ = 2n − 3 and ind ϕ ≥ 4. Then Tors G^iK(X_ϕ) is zero for all i ≤ p.

Proof. Corollary 2.7 shows that, instead of the cases (ii) and (iv), it suffices to consider their subcases in which we have (ii’) dim ϕ = 2n − 1 and ind ϕ = 2, (iv’) dim ϕ = 2n − 3 and ind ϕ = 4.

After this, Lemma 1.19 and Corollaries 2.3 and 2.4 complete the proof.

3. Chow groups of quadrics

Our computation of the third Chow group of quadrics is based on the following assertion.

Theorem 3.1 (Karpenko, [Kar1, Kar2]). Let ϕ be a quadratic form and X_ϕ be the projective quadric corresponding to ϕ. Then

• the homomorphism CH^i(X_ϕ) → G^iK(X_ϕ) is an isomorphism for i ≤ 3. • Tors CH^i(X_ϕ) = Tors G^iK(X_ϕ) = 0 for i ≤ 1.

• Tors CH^2(X_ϕ) = Tors G^2K(X_ϕ) = 0 except for the case when ϕ is an anisotropic 3-fold Pfister neighbor. If ϕ is an anisotropic 3-fold Pfister neighbor, then Tors CH^2(X_ϕ) = Tors G^2K(X_ϕ) = Z/2Z.

• Tors CH^3(X_ϕ) is either 0 or Z/2Z. If dim ϕ > 12, then Tors CH^3(X_ϕ) = 0.

We will also use the following statement concerning the Chow groups of isotropic quadrics.

Lemma 3.2 ([Kar1]). If ϕ = ψ ⊥ H, then Tors CH^i(X_ϕ) = Tors CH^{i−1}(X_ψ) for all i. If ϕ splits (i.e., dim ϕ_{an} ≤ 1), then Tors CH^i(X_ϕ) = 0 for all i.

Corollary 3.3. Let ϕ be an isotropic form. Then the group Tors CH^3(X_ϕ) is nonzero only in the case when ϕ ≃ (anisotropic 3-fold neighbor) ⊥ H.

In particular, this implies that 7 ≤ dim ϕ ≤ 10.

Proof. Since ϕ is isotropic, we can write ϕ in the form ϕ ≃ μ ⊥ H. By Lemma 3.2, Tors CH^3(X_ϕ) ≃ Tors CH^2(X_μ). Theorem 3.1 completes the proof.

Corollary 3.4. Let ϕ be an isotropic form of dimension ≥ 9. Then the group Tors CH^3(X_ϕ) is nonzero only in the following two cases:

• dim ϕ = 10 and ϕ ≃ π ⊥ H, where π is similar to an anisotropic 3-fold Pfister form, • dim ϕ = 9 and ϕ ≃ μ ⊥ H, where μ is an anisotropic 7-dimensional Pfister neighbor.

Corollary 3.5. Let ϕ be a quadratic form of dimension ≥ 9. Then • Tors G^iK(X_ϕ) = Tors CH^i(X_ϕ) = 0 for i ≤ 2, • Tors G^3K(X_ϕ) = Tors CH^3(X_ϕ); • If dim ϕ > 12, then Tors G^3K(X_ϕ) = 0;

Remark 3.6. In the remaining part of this section we mostly work with forms of dimension ≥ 9. On the other hand, we are interested in the group Tors CH^i(X_ϕ) only in the case when i ≤ 3. In this case, the condition i <^1_2 dim ϕ − 1 obviously holds. This shows that we can use all results of the previous section.

Now, we can prove our first result concerning the third Chow group of quadrics.

Proposition 3.7. Let ϕ be a form satisfying one of the following conditions:

(i) dim ϕ = 12, d_±ϕ /∈ F^{∗2}, and ind ϕ = 1 (ii) dim ϕ = 11 and ind ϕ ≥ 2, (iii) dim ϕ = 10, d_±ϕ /∈ F^{∗2}, and ind ϕ = 2, (vi) dim ϕ = 9 and ind ϕ ≥ 4. Then Tors CH^3(X_ϕ) = 0.

Proof. Let n = 6 and p = 3. By Corollary 3.5, we have Tors G^iK(X_τ ) = 0 for i ≤ p = 3 and all forms τ of dimension 13 = 2n + 1. Applying Proposition 2.8, we see that Tors G^3K(X_ϕ) = 0 for all quadratic forms satisfying conditions (i)–(iv). Since CH^3(X_ϕ) ≃ G^3K(X_ϕ), the proof is complete.

Lemma 3.8 (Karpenko). Let ϕ be an arbitrary quadratic form over F of dimension ≥ 9, and let E/F be a finite extension such that the norm map N_{E/F} : K(C_0(ϕ_E)) → K(C_0(ϕ)) is surjective (e.g., E may be any subfield of the division algebra corresponding to C^′_0(ϕ)). Then the homomorphism N_{E/F} : Tors CH^3(X_{ϕE} ) → Tors CH^3(X_ϕ) is surjective.

Proof. Theorem 2.1 shows that Tors G^iK(X_ϕ) ≃ G^iK(X_ϕ)/h̄^iZ for all i ≤ 3. By Corollary 3.5, we have Tors G^iK(X_ϕ) = 0 for i ≤ 2. Finally, Proposition 2.6 together with the second item of Corollary 3.5 complete the proof.

Corollary 3.9. Let ϕ be an even-dimensional form of dimension > 8. Suppose that d = d_±ϕ /∈ F^{∗2} and put L = F ( √ d). Then the norm homomorphism N_{L/F} : Tors CH^3(X_{ϕL} ) → Tors CH^3(X_ϕ) is surjective.

Corollary 3.10. Let ϕ be a form of even dimension > 8. Suppose that d = d_±ϕ /∈ F^{∗2} and ϕ_{F (}^√_{d)} is hyperbolic. Then Tors CH^3(X_ϕ) = 0.

Proof. Let L = F ( √ d). By Lemma 3.2, we have Tors CH^3(X_{ϕL} ) = 0. Corollary 3.9 implies that Tors CH^3(X_ϕ) = 0.

Lemma 3.11. Let d /∈ F^{∗2} and ϕ be a 10-dimensional form with discriminant d. Suppose that ϕ has the form ϕ = τ ⊥ c ⟨⟨d⟩⟩, where τ ∈ I^2(F ) (i.e., ϕ_{F (}^√_{d)} is isotropic). Then Tors CH^3(X_ϕ) = 0 except possibly when

ind ϕ = ind τ_{F (}^√_{d)} = 1, ind τ = 2, ϕ_{F (}^√_{d)} is not hyperbolic.

Proof. Suppose that Tors CH^3(X_ϕ) ≠ 0. Let L = F ( √ d). By Lemma 3.9, we have Tors CH^3(X_{ϕL} ) ≠ 0. Since ϕ_L = τ_L ⊥ H, Corollary 3.3 implies that τ_L is an anisotropic 8-dimensional Pfister neighbor. In particular, this means that ϕ_L is not hyperbolic and ind ϕ = ind τ_L = 1.

Now, it suffices to verify that ind τ = 2. Since ind τ_L = 1, we obviously have ind τ ≤ 2. Assume that ind τ = 1 (i.e., τ ∈ GP_3(F )). Let ϕ_0 = τ ⊥ ⟨c⟩ ⊂ ϕ. Clearly, ind ϕ_0 = ind τ = 1 = ind ϕ. Since dim ϕ_0 = 9 > 8, it follows that Tors G^iK(X_{ϕ0} ) = 0 for i ≤ 2. By Corollary 2.5, we get Tors G^iK(X_ϕ) = 0 for i ≤ 3. Hence, Tors CH^3(X_ϕ) = Tors G^3K(X_ϕ) = 0. We get a contradiction to our assumption. Hence ind τ = 2.

Lemma 3.12. Let ϕ be a 9-dimensional form such that ind ϕ ≠ 1. Suppose that ϕ has one of the following forms:

(i) ϕ = γ ⊥ ⟨u, v⟩, where γ is a 7-dimensional Pfister neighbor, (ii) ϕ = τ ⊥ ⟨d⟩, where τ ⊂ I^2(F ). Then Tors CH^3(X_ϕ) = 0.

Proof. The case ind ϕ ≥ 4 was considered in Proposition 3.7. Thus, we can assume that ind ϕ = 2.

(i) Since ind ϕ = 2 and dim ϕ = 9, Lemma 1.1 shows that i_S (ϕ) = 3. Since γ is a 7-dimensional Pfister neighbor, we have ind γ = 1. By Lemma 1.1, we get i_S (γ) = 3. By Theorem 3.1, we have Tors G^iK(X_γ ) = 0 for i ≤ 1. Lemma 2.2(1) shows that Tors G^iK(X_ϕ) = 0 for i ≤ 3. Thus, Tors CH^3(X_ϕ) = Tors G^3K(X_ϕ) = 0.

(ii) Since τ ∈ I^2(F ) and ind τ = ind ϕ = 2, we can write τ in the form ϕ = ⟨⟨a⟩⟩ ⊗ ρ with dim ρ = 4. Let L = F ( √ a). Since ϕ_L splits, we have Tors CH^i(X_{ϕL} ) = 0 for all i. By Lemma 3.8, the homomorphism N_{L/F} : Tors CH^3(X_{ϕL} ) → Tors CH^3(X_ϕ) is surjective. Hence Tors CH^3(X_ϕ) = 0.

Lemma 3.13. Let F be a field such that all 14-dimensional forms from I^3(F ) are isotropic. Let ϕ be a form over F satisfying one of the following conditions:

• dim ϕ = 10, ϕ ∈ I^2(F ) and ind ϕ = 4,

• dim ϕ = 12, ϕ ∈ I^2(F ) and ind ϕ = 2. Then Tors CH^3(X_ϕ) = 0

Proof. Let us define the form τ as follows: if dim ϕ = 10, then τ is an Albert form corresponding to c(ϕ); if dim ϕ = 12, then τ is the 2-fold Pfister form corresponding to c(ϕ). Let k ∈ F^∗ be such that the form γ := ϕ ⊥ −kτ is isotropic. By definition, we have dim γ = 16 and γ ∈ I^3(F ). Since γ is isotropic, we obtain dim γ_{an} ≤ 14. By the hypothesis of the lemma, we have dim γ_{an} ≤ 12. Therefore ϕ and kτ contain a common subform of dimension 2. Hence, there exists a quadratic extension L/F such that ϕ_L and τ_L are isotropic. By Corollary 3.3, we have Tors CH^3(X_{ϕL} ) = 0. Since τ_L is isotropic, it follows that L is a subfield of the division algebra corresponding to C^′_0(ϕ). Then Lemma 3.8 shows that the homomorphism N_{L/F} : Tors CH^3(X_{ϕL} ) → Tors CH^3(X_ϕ) is surjective. Hence Tors CH^3(X_ϕ) = 0.

4. Galois cohomology

Throughout the paper we use the notation H^n(F ) for the Galois cohomology H^n(Gal(F^{sep}/F ), Z/2Z)

of the field F . It is well known that H^1(F ) ≃ F^∗/F^{∗2}. Thus, any element a ∈ F^∗ determines an element of H^1(F ), which is denoted by (a). The cupproduct (a_1) ∪ · · · ∪ (a_n) ∈ H^n(F ) is denoted by (a_1, . . . , a_n). It is well known that there exists a well-defined map

P_n(F ) → H^n(F ), ⟨⟨a_1, . . . , a_n⟩⟩ → (a_1, . . . , a_n). If n ≤ 4, this map yields the homomorphism ([Ara, JR, Szy]):

e^n : I^n(F )/I^{n+1}(F ) → H^n(F ).

Recently, Orlov-Vishik-Voevodsky have announced deep results concerning existence and bijectivity of e^n for arbitrary n, but in our paper, we need only old (already published) results concerning e^n. We list these results in the following theorem ([Ara, AEJ2, M1, MS, R1, Szy, JR]).

Theorem 4.1. Let F be a field, and π, π_1, π_2 ∈ P_n(F ), where n ≤ 4.

• The form π is isotropic (and hence hyperbolic) if and only if e^n(π) = 0. • If e^n(π_1) = e^n(π_2), then π_1 ≃ π_2.

• If n ≤ 3, then the homomorphism e^n : I^n(F )/I^{n+1}(F ) → H^n(F ) is an isomorphism.

Corollary 4.2. Let n ≤ 3, and let E/F be a field extension such that the homomorphism H^i(F ) → H^i(E) is injective for i = 0, . . . , n. Then the homomorphism W (F )/I^{n+1}(F ) → W (E)/I^{n+1}(E) is injective.

Definition 4.3. Let E/F be a field extension. By H^n(E/F ) we denote the kernel of the homomorphism H^n(F ) → H^n(E).

The following theorem was proved by J. K. Arason in the case when n ≤ 3 and proved by B. Kahn, M. Rost, and R. Sujatha, in the case n = 4.

Theorem 4.4 ([Ara, KRS1]). Let ϕ be a form of dimension ≥ 9. Then • for n ≤ 3, the homomorphism H^n(F ) → H^n(F (ϕ)) is injective (i.e., H^n(F (ϕ)/F ) = 0), • if ϕ is not an anisotropic 4-fold Pfister neighbor, then the homomorphism H^4(F ) → H^4F (ϕ)) is injective (i.e., H^4(F (ϕ)/F ) = 0).

• If ϕ is a Pfister neighbor of a Pfister form π = ⟨⟨a, b, c, d⟩⟩, then the group H^4(F (ϕ)/F ) is generated by the element e^4(π) = (a, b, c, d).

Corollary 4.5. (cf. [KRS1, Cor.10]). Let ϕ be a form of dimension ≥ 9. Then the homomorphism

W (F )/I^n(F ) → W (F (ϕ))/I^n(F (ϕ))

is injective for all n ≤ 4.

Proof. Obvious in view of Corollary 4.2 and Theorem 4.4.

Proposition 4.6. ([AEJ1, AEJ2]). Let F be a field satisfying two conditions: F has no nontrivial odd extensions and I^4(F ) = 0. Then H^4(F ) = 0 and cd_2(F ) ≤ 3.

Lemma 4.7. Let E/F be an arbitrary field extension and ψ be a 4-fold Pfister neighbor over F . Then H^4(E(ψ)/F ) = H^4(E/F ) + H^4(F (ψ)/F ).

Proof. Clearly, H^4(E(ψ)/F ) ⊃ H^4(E/F ) + H^4(F (ψ)/F ). It suffices to verify that any element u ∈ H^4(E(ψ)/F ) belongs to H^4(E/F ) + H^4(F (ψ)/F ). Let π = ⟨⟨a, b, c, d⟩⟩ be the Pfister form associated with ψ. Since u ∈ H^4(E(ψ)/F ), we have u_E ∈ H^4(E(ψ)/E). By Theorem 4.4, the group H^4(E(ψ)/E) is generated by the element (a, b, c, d)_E ∈ H^4(E). Let m ∈ Z be such that u_E = m · (a, b, c, d)_E. We have u − m · (a, b, c, d) ∈ H^4(E/F ). Since m · (a, b, c, d) ∈ H^4(F (ψ)/F ), we get u ∈ H^4(E/F ) + H^n(F (ψ)/F ).

Corollary 4.8. Let ψ be a 4-fold Pfister neighbor over F . Then for any form ϕ, we have H^4(F (ϕ, ψ)/F ) = H^4(F (ϕ)/F ) + H^4(F (ψ)/F ).

Proof. It suffices to set E = F (ϕ) in the Lemma 4.7.

Corollary 4.9. Let ϕ and ψ be forms of dimension ≥ 9. Suppose that ϕ is not a 4-fold neighbor and ψ is a 4-fold Pfister neighbor. Then H^4(F (ϕ, ψ)/F ) = H^4(F (ψ)/F ).

Proof. By Theorem 4.4, the group H^4(F (ϕ)/F ) is zero. Hence, H^4(F (ϕ, ψ)/F ) = H^4(F (ϕ)/F ) + H^4(F (ψ)/F ) = H^4(F (ψ)/F ).

5. Unramified cohomology of quadrics

In this section we use the terminology and notation of [CT1] and [KRS1, KS2]. For a smooth variety X we define the unramified cohomology H^n_{nr}(F (X)/F ) and the unramified Witt ring W_{nr}(F (X)/F ) as follows:

H^n_{nr}(F (X)/F ) : = ker(H^n(F (X)) → ∐ x∈X^{(1)}

H^{n−1}(F (x))),

W_{nr}(F (X)/F ) : = ker(W (F (X)) → ∐ x∈X^{(1)}

W (F (x))).

Besides that, we set

I^n_{nr}(F (X)/F ) := ker(I^n(F (X)) → ∐ x∈X^{(1)}

I^{n−1}(F (x))).

Clearly, I^n_{nr}(F (X)/F ) = I^n(F (X)) ∩ W_{nr}(F (X)/F ). For n ≤ 4, the homomorphism e^n : I^n(F (X)) → H^n(F (X)) determines the homomorphism e^n : I^n_{nr}(F (X)/F ) → H^n_{nr}(F (X)/F ).

Since the image of the homomorphism H^n(F ) → H^n(F (X)) belongs to H^n_{nr}(F (X)/F ), we get the homomorphism η^n_{2,X} : H^n(F ) → H^n_{nr}(F (X)/F ). The cokernel of this homomorphism will be denoted by H̃^n_{nr}(F (X)/F ): H̃^n_{nr}(F (X)/F ) := coker(η^n_{2,X} : H^n(F ) → H^n_{nr}(F (X)/F )).

For a form ϕ, we set H̃^n_{nr}(F (ϕ)/F ) := H̃^n_{nr}(F (X_ϕ)/F ), where X_ϕ is the projective quadric corresponding to the form ϕ.

The following statement is well known (see, e.g., [KRS1, Prop.2.5]). Lemma 5.1. If ϕ is an isotropic form over F , then H̃^n_{nr}(F (ϕ)/F ) = 0. If two forms ϕ_1 and ϕ_2 are stable rational equivalent (i.e., ϕ_1^{st}∼ ϕ_2), then H̃^n_{nr}(F (ϕ_1)/F ) ≃ H̃^n_{nr}(F (ϕ_2)/F ).

To state the following theorem, we need one more notation:

H^n(F (X)/F )_0 = {α ∈ H^n(F (X)/F ) | (−1) ∪ α = 0 ∈ H^{n+1}(F )}. We note, that H^n(F (X)/F )_0 is a subgroup of H^n(F ).

The essential part of the following theorem is contained in the paper of B. Kahn, M. Rost, and R. Sujatha [KRS1].

Theorem 5.2. Let X = X_ϕ be the projective quadric corresponding to the quadratic form ϕ of dimension ≥ 9. Then (1) There exists a natural exact sequence

0 −−−→ H^4(F (X)/F )_0^δ−−−→ H̃^4_{nr}(F (X)/F )^ϵ−−−→ Tors CH^3 X. (2) The orders^4 of the groups H^4(F (X)/F )_0, H̃^4_{nr}(F (X)/F ), and Tors CH^3 X are at most 2.

(3) If ϕ is not a 4-fold Pfister neighbor, then H^4(F (X)/F )_0 = 0. This (in particular) means that the homomorphism ϵ : H̃^4_{nr}(F (X)/F ) → Tors CH^3 X is injective and |H̃^4_{nr}(F (X)/F )| ≤ | Tors CH^3 X| ≤ 2.

4Below we will use the notation |A| for the order of a set A.

(4) If ϕ is a 4-fold neighbor, then the homomorphism ϵ is zero and the homomorphism δ is an isomorphism

δ : H^4(F (X)/F )_0 ≃ H̃^4_{nr}(F (X)/F ).

Proof. (1) This is a formal consequence of [KRS1, Prop.3 and Th.6(1)].

(3) The group H^4(F (ϕ)/F ) is zero in view of Theorem 4.4. Hence, its subgroup H^4(F (ϕ)/F )_0 is also zero. The rest of the statement is a formal consequence of the first item of this theorem and Theorem 3.1.

(4) By Theorem 4.4, the group H^4(F (X)/F )_0 is finite. By Item (1), it suffices to prove that |H̃^4_{nr}(F (X)/F )| = |H^4(F (X)/F )_0|. Since the groups H^4(F (X)/F )_0 and H̃^4_{nr}(F (X)/F ) are stably birational invariants of X, we can change the 4-fold Pfister neighbor ϕ by its associated 4-fold Pfister form. Thus, we can assume that dim ϕ = 16. In this case, we have Tors CH^3(X_ϕ) = 0 in view of Theorem 3.1. By Item (1) of the theorem, we obtain that δ is an isomorphism, and hence |H̃^4_{nr}(F (X)/F )| = |H^4(F (X)/F )_0|.

(2) The groups H^4(F (X)/F )_0 and Tors CH^4(X_ϕ) have orders at most 2 in view of Theorems 4.4 and 3.1. After this, the statement concerning the group H̃ 4_{nr}(F (X)/F ) follows readily from Items (3) and (4).

Corollary 5.3. Let ϕ be a form of dimension ≥ 9. Suppose that ϕ is not a 4-fold Pfister neighbor and H̃^4_{nr}(F (ϕ)/F ) ≠ 0. Then H̃^4_{nr}(F (ϕ)/F ) ≃ Tors CH^3 X_ϕ ≃ Z/2Z

and the homomorphism ϵ : H̃^4_{nr}(F (ϕ)/F ) → Tors CH^3 X_ϕ is an isomorphism.

Proof. Obvious in view of Item (3) of Theorem 5.2.

Corollary 5.4. ([KRS1, Cor. 8(3)(a)]). If dim ϕ > 12 and ϕ is not a 4-fold neighbor, then H̃^4_{nr}(F (ϕ)/F ) = 0.

Proof. Follows from Theorems 5.2(3) and Theorem 3.1.

Corollary 5.5. Let ψ be a 4-fold Pfister neighbor. Let E/F be an extension such that H^4(E/F ) = 0 (for example, E = F (ϕ), where ϕ is a form of dimension ≥ 9 which is not a 4-fold neighbor).

Then the homomorphism H̃^4_{nr}(F (X_ψ)/F ) → H̃^4_{nr}(E(X_ψ)/E) is injective.

Proof. Since H^4(F ) → H^4(E) is injective, it follows that the homomorphism H^4(F (X_ψ)/F )_0 → H^4(E(X_ψ)/E)_0 is also injective (because H^4(F (X_ψ)/F )_0 is a subgroup of H^4(F )). Now the corollary follows from Theorem 5.2(4).

6. Pfister neighbors over function fields

Definition 6.1. Let ϕ be a quadratic form over F . By Pf(ϕ) we denote the form defined as follows:

• if ϕ is not a Pfister neighbor, then Pf(ϕ) = 0, • if ϕ is a Pfister neighbor of a Pfister form π, we set Pf(ϕ) = π.

Lemma 6.2. Let X be a smooth F -variety, and let ϕ be a quadratic form over F . Then Pf(ϕ_{F (X)}) ∈ W_{nr}(F (X)/F ).

Proof. We can assume that 1 ∈ D_F (ϕ). Let π = Pf(ϕ_{F (X)}). If π = 0, the statement is trivial. Hence we can assume that ϕ_{F (X)} is a Pfister neighbor of a Pfister form π ∈ P_n(F (X)). We must prove that δ_x(π) = 0 for any x ∈ X^{(1)}. Since π ∈ I^n(F (X)), it follows that δ_x(π) ∈ I^{n−1}(F (x)). Since 1 ∈ D_F (ϕ), we have ϕ_{F (X)} ⊂ π. Let ξ be an F (X)-form such that ϕ_{F (X)} ⊥ ξ = π. Clearly, dim ξ < 2^{n−1}. Since ϕ is defined over F , it follows that δ_x(ϕ_{F (X)}) = 0. Therefore, δ_x(π) = δ_x(ξ). Since dim ξ < 2^{n−1} and δ_x(ξ) ∈ I^{n−1}(F (x)), the Arason–Pfister Hauptsatz shows that δ_x(π) = 0. Therefore, π ∈ W_{nr}(F (X)/F ).

Corollary 6.3. Let X be a smooth F -variety and ϕ be a quadratic form over F . Suppose that ϕ_{F (X)} is a Pfister neighbor of π ∈ P_n(F (X)), where n ≤ 4. Then e^n(π) ∈ H^n_{nr}(F (X)/F ).

Lemma 6.4. Let ϕ be a quadratic form over F , and let E = F (ϕ). Let X be a smooth F -variety. Suppose that ϕ_{F (X)} is an anisotropic n-fold Pfister neighbor (n ≤ 4). Then one of the following conditions holds:

• the kernel of the natural homomorphism

i_{L/F} : H̃^n_{nr}(F (X)/F ) → H̃^n_{nr}(E(X)/E) contains the nonzero element ẽ^n(Pf(ϕ_{F (X)})). In particular, i_{L/F} is not injective and H̃^n_{nr}(F (X)/F ) ≠ 0.

• H^n(F (ϕ, X)/F ) ⊋ H^n(F (X)/F ). In particular, H^n(F (ϕ, X)/F ) ≠ 0 and H^n(F ) ≠ 0.

Proof. Let π = Pf(ϕ_{F (X)}). By Corollary 6.3, we have e^n(π) ∈ H^n_{nr}(F (X)/F ).

Case 1: the element e^n(π) is not defined over F . In this case, the element e^n(π) determines the nonzero element ẽ^n(π) ∈ H̃^n_{nr}(F (X)/F ). In particular, H̃ n_{nr}(F (X)/F ) ≠ 0. Since ϕ_{F (X)} is a Pfister neighbor of π, we conclude that π is hyperbolic over the function field of ϕ_{F (X)}. Since the function field of ϕ_{F (X)} coincides with E(X), we see that the element ẽ^n(π) maps to zero under the homomorphism i_{L/F} : H̃^n_{nr}(F (X)/F ) → H̃^n_{nr}(E(X)/E).

Case 2: the element e^n(π) ∈ H^n(F (X)) is defined over F . Let λ ∈ H^n(F ) be an element such that e^n(π) = λ_{F (X)}. Since π is anisotropic, it follows that e^n(π) ≠ 0 (see Theorem 4.1). Hence λ /∈ H^n(F (X)/F ). Since ϕ_{F (X)} is a subform of π, it follows that π_{F (ϕ,X)} is hyperbolic. Hence, λ_{F (ϕ,X)} = e^n(π_{F (ϕ,X)}) = 0. Therefore, λ ∈ H^n(F (ϕ, X)/F ). Thus, we have proved that λ belongs to the group H^n(F (ϕ, X)/F ) but does not belong to H^n(F (X)/F ). Since H^n(F (ϕ, X)/F ) ⊃ H^n(F (X)/F ), we obtain that H^n(F (ϕ, X)/F ) ⊋ H^n(F (X)/F ).

Corollary 6.5. Let F be a field such that H^4(F ) = 0. Let ψ be a form over F such that H̃^4_{nr}(F (ψ)/F ) = 0. Then for any form ϕ over F , the form ϕ_{F (ψ)} is not an anisotropic 4-fold neighbor.

Corollary 6.6. Let F be a field such that H^4(F ) = 0, and let ψ be a form of dimension ≥ 9 over F . Suppose that Tors CH^3(X_ψ) = 0 (for example, dim ψ > 12). Then for any form ϕ over F , the form ϕ_{F (ψ)} is not an anisotropic 4-fold neighbor.

Proof. Since H^4(F ) = 0, the form ψ is not an anisotropic 4-fold neighbor. By Theorem 5.2, we have |H̃^4_{nr}(F (ψ)/F )| ≤ | Tors CH^3(X_ψ)| = 0. Hence, H̃ 4_{nr}(F (ψ)/F ) = 0. Now, the required result follows from Corollary 6.5.

Lemma 6.7. Let F be a field such that H^4(F ) = 0. Let ϕ_1, ϕ_2, and ψ be forms of dimension ≥ 9 such that (ϕ_1)_{F (ψ)} and (ϕ_2)_{F (ψ)} are anisotropic 4-fold Pfister neighbors. Then (ϕ_1)_{F (ψ)}^{st}∼ (ϕ_2)_{F (ψ)}.

Proof. Let π_i = Pf((ϕ_i)_{F (ψ)}) for i = 1, 2. By our assumption, the forms π_1 and π_2 are anisotropic. Hence, e^4(π_1) and e^4(π_2) are nonzero elements of the group H^4_{nr}(F (ψ)/F ). Since |H̃^4_{nr}(F (ψ)/F )| ≤ 2 and H^4(F ) = 0, we have |H^4_{nr}(F (ψ)/F )| ≤ 2. Therefore, e^4(π_1) = e^4(π_2). Thus π_1 = π_2, and so (ϕ_1)_{F (ψ)} and (ϕ_2)_{F (ψ)} are Pfister neighbors in the same Pfister form. Hence (ϕ_1)_{F (ψ)}^{st}∼ (ϕ_2)_{F (ψ)}.

Lemma 6.8. Let ϕ be an anisotropic form of dimension 9 which is not a Pfister neighbor. Let ψ be a 4-fold Pfister neighbor. Then ϕ_{F (ψ)} is anisotropic form which is not a Pfister neighbor.

Proof. The form ϕ_{F (ψ)} is anisotropic in view of Corollary 1.12. Suppose that ϕ_{F (ψ)} is a Pfister neighbor. Let X = X_ψ and E = F (ϕ). By Corollary 4.9, we have H^4(F (ϕ, X)/F ) = H^4(F (X)/F ). By Corollary 5.5, the homomorphism H̃ 4_{nr}(F (X)/F ) → H̃ 4_{nr}(E(X)/E) is injective. We get a contradiction to the statement of Lemma 6.4.

Corollary 6.9. Let ϕ be an essential 9-dimensional form, and ψ be a 4-fold Pfister neighbor. Then ϕ_{F (ψ)} is essential.

Proof. Follows from Lemma 6.8 and Lemma 1.5.

Proposition 6.10. For any field F there exists a field extension E/F with the following properties:

(i) E has no nontrivial odd extensions, I^4(F ) = 0, and H^4(F ) = 0 (in particular, cd_2(F ) ≤ 3), (ii) for any F -form τ, we have ind τ_E = ind τ, (iii) for any anisotropic 9-dimensional form ϕ which is not a Pfister neighbor, the form ϕ_E is also anisotropic and is not a Pfister neighbor.

(iv) for any essential 9-dimensional form ϕ over F , the form ϕ_E is also essential, (v) the homomorphism W (F )/I^n(F ) → W (E)/I^n(E) is injective for all n ≤ 4, (vi) for any 10-dimensional form ϕ with nontrivial discriminant d the form ϕ_{E(}^√_{d)} is hyperbolic only if ϕ_{F (}^√_{d)} is hyperbolic.

Proof. Let us construct the fields

F_0 ⊂ F_1 ⊂ · · · ⊂ F_{2i} ⊂ F_{2i+1} ⊂ . . .

as follows. First, we set F_{−1} = F .

If n = 2i, we define F_n as the maximal odd extension of F_{n−1}. If n = 2i + 1, we define F_n as the free composite of all fields F_{n−1}(ψ), where ψ runs over all 4-fold Pfister forms over F_{n−1}.

Now, we set E = ∪_{n≥0}F_n. We claim that E satisfies all needed properties. (i) By definition, E has no odd extensions. Clearly all 4-fold Pfister forms over E are isotropic. Hence I^4(E) = 0. Therefore H^4(E) = 0 and cd_2(E) ≤ 3 (see Proposition 4.6.)

(ii) Follows from Lemmas 1.2 and 1.5; (iii) Follows from Lemmas 1.14 and 6.8; (iv) Follows from Lemma 1.24 and Corollary 6.9; (v) Follows from Lemma 1.2 and Corollary 4.5; (vi) Follows from Corollary 1.7.

Remark 6.11. It is possible to include many additional properties of the field extension E/F in the formulation of Proposition 6.10. Here we point out only the following modification of property (iii) (which has the same proof): Let ϕ be a 9-dimensional form, and let X be an F -variety such that ϕ_{F (X)} is anisotropic and is not a Pfister neighbor. Then ϕ_{E(X)} is also anisotropic and is not a Pfister neighbor.

Lemma 6.12. Let E/F be a field extension constructed^5 in Theorem 6.10. Let ϕ be a form with maximal splitting satisfying the condition 9 ≤ dim ϕ ≤ 16. Then (1) If ϕ is anisotropic and is not a Pfister neighbor, then ϕ_E is also anisotropic and is not a Pfister neighbor.

(2) If ψ is an F -form such that ϕ_{F (ψ)} is anisotropic and is not a Pfister neighbor, then ϕ_{E(ψ)} is also anisotropic and is not a Pfister neighbor.

Proof. (1) Let ϕ_0 be a 9-dimensional subform of ϕ. By Theorem 1.11, ϕ_0^{st}∼ ϕ and hence (ϕ_0)_E^{st}∼ ϕ_E. Replacing ϕ by ϕ_0, we can assume that dim ϕ = 9. In this case the required statement coincides with Item (iii) of Theorem 6.10.

(2). Taking into account Remark 6.11, one can can give the same proof as for Item (1).

Proposition 6.13. Let ϕ be an anisotropic form of dimension 9 that is not a Pfister neighbor. Let ψ be a form of dimension > 12. Then ϕ_{F (ψ)} is an anisotropic form that is not a Pfister neighbor.

Proof. In view of Proposition 6.10, we can assume that H^4(F ) = 0. By Corollary 1.12, the form ϕ_{F (ψ)} is anisotropic. Now, the required result follows immediately from Corollary 6.6.

5Here we mean not only the formulation of Theorem 6.10, but also the proof of this theorem. In all other statements we will refer the reader only to the formulation of Theorem 6.10.

Corollary 6.14. Let ϕ be an anisotropic form and ψ be a form of dimension > 12. Suppose that ϕ_{F (ψ)} is an anisotropic 4-fold Pfister neighbor. Then ϕ is a 4-fold Pfister neighbor.

Proof. Since ϕ_{F (ψ)} is an anisotropic 4-fold Pfister neighbor, it follows that ϕ_{F (ψ)} has maximal splitting and 9 ≤ dim ϕ ≤ 16. By [H1, Lemma 5], the form ϕ also has maximal splitting. Let ϕ_0 be an arbitrary 9-dimensional subform of ϕ. Since ϕ_{F (ψ)} is a 4-fold Pfister neighbor, it follows that (ϕ_0)_{F (ψ)} is a 4-fold Pfister neighbor. By Proposition 6.13, ϕ_0 is a 4-fold neighbor. Since ϕ has maximal splitting, it follows that (ϕ_0)_{F (ϕ)} is isotropic. Hence ϕ is a 4-fold neighbor.

Remark 6.15. As it will be shown in the following sections, Proposition 6.13 and Corollary 6.14 cannot be generalized to the case of 12-dimensional forms ψ. 7. Construction of a field with u-invariant 9

In this section, we prove Theorems 0.1 and 0.3, and Conjecture 0.10. We start the proofs with two easy lemmas.

Lemma 7.1. Let ϕ, ψ, and ψ_0 be forms over F such that ψ_{F (ψ0)} is isotropic (for example, ψ_0 ⊂ ψ). Suppose that ϕ_{F (ψ0)} is an essential 9-dimensional form. Then ϕ_{F (ψ)} is also essential.

Proof. Let E = F (ψ_0). Since ψ_E = ψ_{F (ψ0)} is isotropic, it follows that the extension E(ψ)/E is purely transcendental. Since ϕ_E = ϕ_{F (ψ0)} is essential and E(ψ)/E is purely transcendental, Lemma 1.24 implies that ϕ_{E(ψ)} is essential. Since F (ψ) ⊂ E(ψ), it follows that ϕ_{F (ψ)} is also essential.

Lemma 7.2. Let F be a field such that H^4(F ) = 0, and let ϕ be an essential 9-dimensional F -form. Let ψ be a form of dimension ≥ 9 such that ψ ≁ ϕ and Tors CH^3(X_ψ) = 0. Then ϕ_{F (ψ)} is an essential form.

Proof. By Theorem 1.13, the form ϕ_{F (ψ)} is anisotropic. Lemma 1.5 shows that ind ϕ_{F (ψ)} ≥ 4. By Corollary 6.6, the form ϕ_{F (ψ)} is not a Pfister neighbor. Therefore, ϕ_{F (ψ)} is an essential form.

The following theorem is a basic tool in the proof of our main results concerning the u-invariant.

Theorem 7.3. Let ϕ be an essential 9-dimensional form over F . Then for an F -form ψ of dimension ≥ 9, the following conditions are equivalent: (1) dim ψ = 9 and there exists k ∈ F^∗ such that ψ ≡ kϕ (mod I^4(F )), (2) the form ϕ_{F (ψ)} is not essential.

In particular, ϕ_{F (ψ)} is always essential if dim ψ ≥ 10.

Proof. (1)⇒(2). Let ψ and k be as in (1). Let ψ_0 be a 7-dimensional F (ψ)-form such that ψ_{F (ψ)} = ψ_0 ⊥ H. Put π = ϕ_{F (ψ)} ⊥ −kψ_0. Clearly, dim π = 9+7 = 16.

In the Witt ring W (F (ψ)), we have π = ϕ_{F (ψ)} − kψ_0 = (ϕ − kψ)_{F (ψ)} ∈ I^4(F (ψ)). By the Arason-Pfister Hauptsatz, π ∈ GP_4(F (ψ)). Since ϕ_{F (ψ)} ⊂ π, the form ϕ_{F (ψ)} is a Pfister neighbor. Therefore, ϕ_{F (ψ)} is not an essential form.

(2)⇒(1). First of all, we introduce the following notation:

Definition 7.4. Let ϕ and ψ be forms over F . We will write ϕ ∼ ψ (mod I^n(F )) if there exists k ∈ F^∗ such that ϕ ≡ kψ (mod I^n(F )). Otherwise, we write ϕ ≁ ϕ (mod I^n(F )).

Remark 7.5. In Definition 7.4 we do not assume that dim ϕ = dim ψ.

Lemma 7.6. Let ϕ be an odd-dimensional form and n ≥ 2. Then for a form ψ the following conditions are equivalent:

(i) ψ ∼ ϕ (mod I^n(F )), (ii) ψ ≡ kϕ (mod I^n(F )), where k = d_±ψ/d_±ϕ.

Proof. (i)⇒(ii). Let x ∈ F^∗ be such that ψ ≡ xϕ (mod I^n(F )). It suffices to verify that x ≡ d_±ψ/d_±ϕ ∈ F^∗/F^{∗2}. Since n ≥ 1 and dim ϕ is odd, it follows that dim ψ is odd. Since n ≥ 2, it follows that d_±ψ ≡ d_±(xϕ) ∈ F^∗/F^{∗2}. Hence, x ≡ d_±ψ/d_±ϕ ∈ F^∗/F^{∗2}.

(ii)⇒(i). Obvious.

Corollary 7.7. Let ϕ be an odd-dimensional form and let n ≥ 2. Let E/F be an extension such that the homomorphism W (F )/I^n(F ) → W (E)/I^n(E) is injective. Then for any F -form ψ, the condition ψ ≁ ϕ (mod I^n(F )) implies that ψ_E ≁ ϕ_E (mod I^n(E)).

Proof. Suppose that ψ_E ∼ ϕ_E (mod I^n(E)). By Lemma 7.6, ψ_E ≡ kϕ_E (mod I^n(E)), where k = d_±ψ/d_±ϕ. Since the homomorphism W (F )/I^n(F ) → W (E)/I^n(E) is injective, it follows that ψ ≡ kϕ (mod I^n(F )). Hence, ψ ∼ ϕ (mod I^n(F )), a contradiction.

Corollary 7.8. Let ϕ and ψ be odd-dimensional forms such that ϕ ≁ ψ (mod I^4(F )). Then (a) if E/F is an extension such that W (F )/I^4(F ) → W (E)/I^4(E) is injective, then ϕ_E ≁ ψ_E (mod I^4(E)), (b) if τ_1, . . . , τ_m are forms of dimension ≥ 9, then ϕ_{F (τ1,...,τm)} ≁ ψ_{F (τ1 ,...,τm)} (mod I^4(F (τ))).

Proof. Statement (a) follows from Corollary 7.7; Statement (b) follows from Statement (a) and Corollary 4.5.

Lemma 7.9. Let ψ be an anisotropic form of dimension 10. Then there exists an extension E/F and a 9-dimensional form ψ_0 ⊂ ψ such that: (1) for any 9-dimensional form ϕ over F we have ϕ_E ≁ ψ_0 (mod I^4(E)). (2) E/F is a purely transcendental field extension. (3) ind ψ_0 ≥ 4 except for the cases where

– either ψ ∈ I^2(F ) and ind ψ ≤ 2, – or ψ /∈ I^2(F ) and ind ψ = 1.

Proof. We define ψ_0 as the “generic subform of ψ of codimension 1”. Let us give the explicit definition of ψ_0 and E. Let F̃ = F (t) and ψ̃ = ψ~_F ⊥ ⟨−t⟩. We define E as F̃ (ψ̃). Since ψ̃_E is isotropic, there exists a E-form ψ_0 such that ψ̃_E = ψ_0 ⊥ H. We have

ψ_0 ⊥ ⟨t⟩ ⊥ H = ψ̃_E ⊥ ⟨t⟩ = ψ_E ⊥ ⟨−t⟩ ⊥ ⟨t⟩ = ψ_E ⊥ H.

Hence, ψ_0 ⊥ ⟨t⟩ = ψ_E . Therefore, ψ_0 is a 9-dimensional subform of ψ_E .

(1) Let ϕ be an arbitrary 9-dimensional form over F . We set ϕ̃ = ϕ~_F and k̃ = d_±ψ̃/d_±ϕ̃. Clearly, k̃ = kt, where k = d_±ψ/d_±ϕ.

We claim that ψ̃ ≁ ϕ̃ (mod I^4(F̃ )). Indeed, assuming the contrary, we have ψ̃ ≡ k̃ϕ̃ (mod I 4(F̃ )). Then ψ_{F̃} + ⟨−t⟩ ≡ tkϕ_{F̃} (mod I 4(F̃ )). Computing the homomorphism δ^1_t (see e.g., [Lam1, Ch.6. Cor.1.6]), we get ψ ≡ 0 (mod I^3(F )). Since dim ψ = 10, Pfister’s theorem shows that ψ is isotropic, a contradiction.

Since E = F̃ (ψ̃) and dim ψ̃ = 11 ≥ 9, Corollary 7.8(2), shows that ϕ_E ≁ ψ̃_E (mod I^4(E)). Since ψ̃_E coincides with ψ_0 in the Witt ring W (E), we have ϕ_E ≁ ψ_0 (mod I^4(E)).

(2) Obvious in view of Lemma 1.22.

(3) Suppose that ψ is not “exceptional”. By Lemma 1.4, ind ψ̃ ≥ 4. By Lemma 1.5, we have ind ψ_0 = ind(ψ̃~_{F (}~_{ψ)}) ≥ 4.

Now, we return to the proof of the implication (2)⇒(1) in Theorem 7.3. We start with the following case:

Case 1. dim ψ = 10, ψ ∈ I^2(F ), and ind ψ ≥ 4.

Since dim ψ ≠ 9, we must prove that ϕ_{F (ψ)} is an essential form. Let E/F and ψ_0 be as in Lemma 7.9. Since E/F is purely transcendental, it follows that ϕ_E is essential and ind ψ_E = ind ψ ≥ 4 (see Lemmas 1.2 and 1.24). Replacing the field F by E, we can assume that the 9-dimensional form ψ_0 is defined over the ground field and ϕ ≁ ψ_0 (mod I^4(F )). After this, applying Proposition 6.10 together with Corollary 7.8(a), we can assume that H^4(F ) = 0. Since ind ψ_0 = ind ψ ≥ 4, Proposition 3.7(iv) shows that Tors CH^3(X_{ψ0} ) = 0. Since ϕ ≁ ψ_0 (mod I^4(F )), we have ϕ ≁ ψ_0. By Lemma 7.2, the form ϕ_{F (ψ0)} is essential. By Lemma 7.1, the form ϕ_{F (ψ)} is also essential.

Case 2. dim ψ = 10, ψ ∈ I^2(F ), and ind ψ ≤ 2.

Since dim ψ ≠ 9, we must prove that ϕ_{F (ψ)} is an essential form. By Proposition 6.10, we can assume that H^4(F ) = 0. Our assumption concerning the form ψ shows that ψ (up to similarity) can be written in the form π^′ ⊥ − ⟨⟨u, v⟩⟩^′, where π^′ is the pure subform of a 3-fold Pfister form π and ⟨⟨u, v⟩⟩^′ is the pure subform of ⟨⟨u, v⟩⟩ (see e.g, [H2, Th. 5.1]). Consider the subform ψ_0 = π^′ ⊥ ⟨u, v⟩ ⊂ ψ. Since ind ψ_0 = ind ψ ≤ 2 < ind ϕ, we have ψ_0 ≁ ϕ. By Lemma 3.12(i), we have Tors CH^3(X_{ψ0} ) = 0. By Lemma 7.2, the form ϕ_{F (ψ0)} is essential. Lemma 7.1 shows the form ϕ_{F (ψ)} is also essential.

Case 3. dim ψ = 9. Suppose that ϕ ≁ ψ (mod I^4(F )). We must verify that ϕ_{F (ψ)} is essential.

Let τ = ψ ⊥ ⟨−d⟩, where d = det ψ. Since τ ∈ I^2(F ) and dim τ = 10, the results of Cases 1 and 2 show that ϕ_{F (τ )} is an essential form. By Corollary 7.8, we have ϕ_{F (τ )} ≁ ψ_{F (τ )} (mod I^4(F (τ))). Hence, replacing F by F (τ), we can assume that τ is isotropic. Then ψ has the form ψ = ψ_0 ⊥ ⟨d⟩, where ψ_0 is a 8-dimensional form from I^2(F ). By Proposition 6.10 and Corollary 7.8(a), we can assume that H^4(F ) = 0. All needed properties of ϕ and ψ are preserved. In particular, we still have ϕ ≁ ψ (mod I^4(F )). Since H^4(F ) = 0, all 4-fold Pfister neighbors are isotropic. Hence, we can assume that ψ is not a Pfister neighbor. Then ψ_0 /∈ GP_3(F ) and therefore, ind ψ = ind ψ_0 ≥ 2. By Lemma 3.12(ii), we have Tors CH^3(X_ψ) = 0. By Lemma 7.2, the form ϕ_{F (ψ)} is essential.

Case 4. dim ψ ≥ 10. Changing ψ by a 10-dimensional subform, we can assume that dim ψ = 10 (Lemma 7.1). As in Case 1, we can assume that there exists a 9-dimensional subform ψ_0 ⊂ ψ such that ψ_0 ≁ ϕ (mod I^4(F )). By Case 3, the form ϕ_{F (ψ0)} is essential. By Lemma 7.1, the form ϕ_{F (ψ)} is also essential.

The proof of Theorem 7.3 is complete.

Corollary 7.10. Let ϕ be an essential 9-dimensional form, and let ψ_1, . . . , ψ_m be forms of dimension ≥ 9. Then the following conditions are equivalent: (1) there exists i such that dim ψ_i = 9 and ψ_i ∼ ϕ (mod I^4(F )), (2) the form ϕ_{F (ψ1,...ψm)} is not essential.

In particular, the form ϕ_{F (ψ1,...,ψm)} is always essential if dim ψ_i ≥ 10 for all i = 1, . . . , m.

Proof. (1)⇒(2). Obvious in view of Theorem 7.3.

(2)⇒(1). Suppose that ϕ_{F (ψ1,...ψm)} is not an essential form. Set F_0 = F , F_1 = F (ψ_1), F_2 = F (ψ_1, ψ_2), . . . , F_m = F (ψ_1, . . . ψ_m). By our assumption, ϕ_{F0} is essential and ϕ_{Fm} is not. Hence, there exists i ≥ 1 such that ϕ_{Fi−1} is essential and ϕ_{Fi} is not essential. Since F_i = F_{i−1}(ψ_i), Theorem 7.3 shows that dim ψ_i = 9 and (ψ_i)_{Fi−1} ∼ ϕ_{Fi−1} (mod I^4(F_{i−1})). Finally, Corollary 7.8(b) shows that ψ_i ∼ ϕ (mod I^4(F )).

Proof of Theorem 0.3. Implication (1)⇒(2) was proved in Section 1.

(2)⇒(1). Let us construct the fields

F_0 ⊂ F_1 ⊂ · · · ⊂ F_{3i} ⊂ F_{3i+1} ⊂ F_{3i+1} ⊂ . . .

as follows. First, we set F_{−1} = F .

If n = 3i, we define F_n as the maximal odd extension of F_{n−1}. If n = 3i + 1, we define F_n as the free composite of the fields F_{n−1}(ψ), where ψ runs over all F_{n−1}-forms of dimension ≥ 10.

If n = 3i + 2, we define F_n as the free composite of the fields F_{n−1}(ψ), where ψ runs over all 9-dimensional F_{n−1}-forms satisfying the condition ψ ≁ ϕ_{Fn−1} (mod I^4(F_{n−1})).

Induction on n, Lemma 1.14, and Corollary 7.10 show that ϕ_{Fn} is an essential form for all n. Now, we set E = ∪_{n≥0}F_n. Clearly, ϕ_E is an essential form. In particular, ϕ_E is anisotropic. Hence u(E) ≥ dim ϕ = 9. By the definition of F_{3i+1}, all 10-dimensional forms over E are isotropic. Hence, u(E) = 9.

Therefore I^4(E) = 0. By the definition of F_{3i+2}, each anisotropic 9-dimensional form ψ over E satisfies the condition ψ ∼ ϕ_E (mod I^4(E)). Since I^4(E) = 0, we have ψ ∼ ϕ_E. Clearly, E has no odd extensions. Taking into account the equation I^4(E) = 0, we conclude that cd_2(E) ≤ 3 (see Proposition 4.6). Now, it suffices to verify that cd_2(E) ≰ 2. Indeed, assuming the contrary, we obtain I^3(E) = 0. In this case, [Lam1, Ch. 11, Lemma 4.9] claims that u(E) is even. We get a contradiction.

Proof of Theorem 0.1. By Theorem 0.3, it suffices to construct at least one example of a 9-dimension essential form. We present here the following example: Let F_0 be an arbitrary field and F = F_0((t_1)) . . . ((t_9)). We define ϕ as ⟨t_1, . . . , t_9⟩. An easy computation using Tignol’s Theorem (see Corollary 1.4) shows that ind ϕ = 16. By Springer’s theorem, ϕ is anisotropic. Now, it suffices to prove that ϕ is not a Pfister neighbor. Assume the contrary. Let μ be the complementary 7-dimensional form. Since ϕ ⊥ μ ∈ GP_4(F ), it follows that ϕ ≡ −μ (mod I^3(F )) and hence ind ϕ = ind μ. Since dim μ = 7, we have ind μ ≤ 8, a contradiction.

At the end of this section we present a proof of Conjecture 0.10.^6

Proof of Conjecture 0.10. Let ϕ be an anisotropic 10-dimensional form with maximal splitting. We can assume that ϕ is not a Pfister neighbor. We must prove that ϕ ≃ ⟨⟨d⟩⟩ ⊗ τ for a suitable d ∈ F^∗ and a 5-dimensional form τ. Let us consider the following three cases.

Case 1: ϕ ∈ I^2(F ). Since all 10-dimensional forms from I^2(F ) with maximal splitting are necessarily Pfister neighbors (see the last Item of Theorem 1.10), we get a contradiction to our assumption.

Case 2: ϕ /∈ I^2(F ) and ind ϕ = 1. Let d = det ϕ and L = F ( √ d). Since ϕ_L ∈ I^2(L) and ind ϕ_L = ind ϕ = 1, it follows that ϕ_L ∈ I^3(L). By Pfister’s theorem the form ϕ_L is isotropic. Since ϕ has maximal splitting, we have dim(ϕ_L)_{an} ≤ 6. Then the Arason–Pfister Hauptsatz implies that ϕ_L is hyperbolic. Therefore, ϕ is divisible by ⟨⟨d⟩⟩. Hence ϕ has the form ⟨⟨d⟩⟩ ⊗ τ with dim τ = 5.

Case 3: ϕ /∈ I^2(F ) and ind ϕ ≥ 2. By Lemma 7.9, there exists a purely transcendental extension E/F and a 9-dimensional subform ϕ_0 ⊂ ϕ_E with ind ϕ_0 ≥ 4. Since ϕ has maximal splitting, the form (ϕ_0)_{E(ϕ)} is isotropic. Assume that ϕ_0 is a Pfister neighbor. Since (ϕ_0)_{E(ϕ)} is isotropic, it follows that ϕ_E is a Pfister neighbor. Since E/F is unirational, ϕ is also a Pfister neighbor (Lemma 1.23). We get a contradiction. Hence ϕ_0 is not a Pfister neighbor. Then ϕ_0 is an essential E-form. Since dim ϕ_E = 10, it follows from Theorem 7.3 that (ϕ_0)_{E(ϕ)} is anisotropic. We get a contradiction, and the proof is complete.

8. Special pair of forms: definition and basic properties

The main goal of this section is to study the properties of some specific class of pairs of forms. We will call these pairs special (see Definition 8.3 below). Since

6This conjecture was proved in [Izh3] in the case when char F = 0 and √ −1 ∈ F^∗.

many basic properties of special pairs are closely related to linkage properties of Pfister forms, we recall some results of R. Elman and T. Y. Lam on this subject.

Theorem 8.1. ([EL3, §4])^7 Let τ_1 ∈ P_{n1} (F ) and τ_2 ∈ P_{n2} (F ). (1) Let k ∈ F^∗ be such that the form τ_1 ⊥ −kτ_2 is isotropic. Then the forms (τ_1 ⊥ −kτ_2)_{an} and (τ_1 ⊥ −τ_2)_{an} are similar. In particular,

dim(τ_1 ⊥ −kτ_2)_{an} = dim(τ_1 ⊥ −τ_2)_{an}.

(2) Let ρ ∈ P_n(F ), μ ∈ P_m(F ), and ν ∈ P_k(F ) be such that τ_1 ≃ ρ ⊗ μ, τ_2 ≃ ρ ⊗ ν, and m, k > 0. Let μ^′ and ν^′ be the pure subforms of μ and ν. Then

– either (τ_1 ⊥ −τ_2)_{an} ≃ ρ ⊗ (μ^′ ⊥ −ν^′) (in particular, this means that the form ρ ⊗ (μ^′ ⊥ −ν^′) is anisotropic), – or there exist μ_0 ∈ P_{m−1}(F ), ν_0 ∈ P_{k−1}(F ), and d ∈ F^∗ such that τ_1 ≃ ρ ⊗ ⟨⟨d⟩⟩ ⊗ μ_0 and τ_2 ≃ ρ ⊗ ⟨⟨d⟩⟩ ⊗ ν_0.

Lemma 8.2. Let ρ = τ ⊗q, where q is an Albert form and τ ∈ P_n(F ). Suppose that there exists a form ρ̃ such that dim ρ̃ < dim ρ and ρ ≡ ρ̃ (mod I^{n+3}(F )). Then the form ρ is isotropic.

Proof. Assume that ρ is anisotropic. Then τ is anisotropic. We obviously have ρ ∈ I^{n+2}(F ). Since ρ̃ ≡ ρ (mod I^{n+3}(F )), we also have ρ̃ ∈ I^{n+2}(F ). Clearly, dim ρ̃ < dim ρ = 6 · 2^n < 2^{n+3}.

If we assume that ρ̃ is hyperbolic, we get ρ ≡ ρ̃ ≡ 0 (mod I^{n+3}(F )). Since dim ρ < 2^{n+3}, the Arason–Pfister Hauptsatz shows that ρ is hyperbolic. We get a contradiction. Hence, ρ̃ is not hyperbolic. Changing ρ̃ by its anisotropic part, we can assume that ρ̃ is non-zero and anisotropic.

We have ρ̃_{F (τ )} ≡ ρ_{F (τ )} ≡ 0 (mod I^{n+3}(F )). Since dim ρ̃ < 2^{n+3}, the Arason– Pfister Hauptsatz shows that ρ̃_{F (τ )} is hyperbolic. Hence there exists a form λ such that ρ̃ = τ ⊗ λ. Since dim τ = 2^n and dim ρ̃ < dim ρ = 6 · 2^n, it follows that dim λ < 6. First, consider the case when dim λ is odd. Then ⟨1⟩ ≡ λ (mod I(F )) and we have τ ≡ τ ⊗ λ ≡ ρ̃ = 0 (mod I^{n+1}(F )). Since dim τ = 2^n, the Arason-Pfister Hauptsatz shows that τ is hyperbolic, a contradiction. Now, we can assume that dim λ is even. Since dim λ < 6, we have dim λ ≤ 4. Hence, dim ρ̃ = dim(τ ⊗ λ) ≤ 2^n · 4 = 2^{n+2}. Since ρ̃ ∈ I^{n+2}(F ), the Arason-Pfister Hauptsatz implies that ρ̃ ∈ GP_{n+2}(F ). Therefore, dim ρ̃ = 2^{n+2} and the form ρ̃_{F (ρ̃)} is hyperbolic. Hence ρ_{F (ρ̃)} ≡ ρ̃_{F (ρ̃)} = 0 (mod I^{n+3}(F (ρ̃))). Since dim ρ < 2^{n+3}, the Arason–Pfister Hauptsatz shows that the form ρ_{F (ρ̃)} is hyperbolic. Hence, the form ρ is divisible by ρ̃. On the other hand, dim ρ = 6 · 2^n is not divisible by dim ρ̃ = 2^{n+2}, a contradiction.

7For the proof of the first statement, see the proof of Theorem 4.5 in [EL3] or [H4, Lemma 3.2]. The proof of the second statement is the same as Step 2 of the proof of Proposition 4.4 in [EL3].

Definition 8.3. Let n and m be integers such that n ≥ 0 and m ≥ 2. We say that (ρ, ρ_0) is an (n, m)-special pair of forms if there exist u, v ∈ F^∗ and τ ∈ P_n(F ), μ ∈ P_m(F ) such that

ρ ≃ τ ⊗ (μ^′ ⊥ − ⟨⟨u, v⟩⟩^′) and ρ_0 ≃ τ ⊗ (μ^′ ⊥ ⟨u, v⟩),

where μ^′ and ⟨⟨u, v⟩⟩^′ are the pure subforms of μ and ⟨⟨u, v⟩⟩.

Our interest in special pairs is motivated by the following conjecture.

Conjecture 8.4. Let s be a positive integer and ϕ be an F -form such that:

• ϕ is not an s-fold Pfister neighbor, • dim ϕ > 2^{s−1} and H̃^s_{nr}(F (ϕ)/F ) ≠ 0.

Then H̃^s_{nr}(F (ϕ)/F ) ≃ Z/2Z and there exists an (n, m)-special pair (ρ, ρ_0) with the following properties:

(i) n ≥ 0, m ≥ 2, and m + n + 1 = s, (ii) ρ_{F (ϕ)} is isotropic and (ρ_0)_{F (ϕ)} is anisotropic, (iii) the group H̃^s_{nr}(F (ϕ)/F ) is generated by ẽ^s(Pf((ρ_0)_{F (ϕ)})).

Remark 8.5. (1) If s ≤ 2, then the group H̃^s_{nr}(F (ϕ)/F ) is zero for all non Pfister neighbors ϕ (see [KRS1, Th. 4 and Prop. 3]). Hence, in this case the conjecture is obvious. We also note that for s ≤ 2 there are no integers n and m satisfying condition (i).

(2) In the case s = 3, the conjecture follows easily from the results of [Kah3] and [KRS1]. See also the following section: Example 9.2 and the proof of Lemma 9.5.

(3) In the case s = 4, the conjecture will be proved in Section 12. (4) In this section, we show (Theorem 8.6(2)) that condition (ii) of Conjecture 8.4 implies that (ρ_0)_{F (ϕ)} is an anisotropic s-fold Pfister neighbor. Hence Pf((ρ_0)_{F (ϕ)}) is an anisotropic s-fold Pfister form.

In this section, we study the properties of (n, m)-special pairs. Let us start with the following obvious observation: if (ρ, ρ_0) is an (n, m)-special pair over F , then (ρ_L, (ρ_0)_L) is an (n, m)-special pair over L for any field extension L/F .

All basic properties of (n, m)-special pair of forms are collected in the following theorem.

Theorem 8.6. Let n and m be integers such that n ≥ 0 and m ≥ 2. Let (ρ, ρ_0) be an (n, m)-special pair of forms. Then (1) dim ρ_0 = 2^n(2^m + 1), dim ρ = 2^n(2^m + 2), and ρ_0 is a subform of ρ. In particular, 2^{n+m} < dim ρ_0 < dim ρ < 2^{n+m+1}.

(2) The following conditions are equivalent:

(a) the form ρ_0 is a Pfister neighbor, (b) the form ρ contains an (n + m + 1)-fold Pfister neighbor, (c) there exists a form ρ̃ such that dim ρ̃ < dim ρ and ρ̃ ≡ ρ (mod I^{n+m+1}(F )),

(d) the form ρ is isotropic.

(3) If ρ_0 is an anisotropic form, then

– ρ_0 has maximal splitting, – ρ is not a Pfister neighbor, – (ρ_0)_{F (ρ)} is an anisotropic Pfister neighbor.

(4) If ρ is anisotropic, then i_1(ρ) = 2^n and dim(ρ_{F (ρ)})_{an} = 2^{n+m}.

Proof. Item (1) is obvious.

Let us prove Statement (2). (a)⇒(b). Obvious.

(b)⇒(c). Suppose that ρ contains an (n + m + 1)-fold Pfister neighbor. Then we can write ρ in the form ρ = λ ⊥ μ, where λ is an (n + m + 1)-fold Pfister neighbor. Then there exists a form λ̃ such that λ ⊥ −λ̃ ∈ GP_{n+m+1}(F ). In particular, λ̃ ≡ λ (mod I^{n+m+1}(F )). By the definition of Pfister neighbors, we have dim λ̃ < dim λ. To complete the proof, it suffices to set ρ̃ = λ̃ ⊥ μ.

(c)⇒(d). Let ρ̃ be such that dim ρ̃ < dim ρ and ρ ≡ ρ̃ (mod I^{n+m+1}(F )). Set π = (ρ ⊥ −ρ̃)_{an} and λ = τ ⊗μ. Clearly, π ∈ I^{n+m+1}(F ) and λ ∈ P_{n+m}(F ).

Since m ≥ 2, we have

dim π ≤ dim ρ + dim ρ̃ < 2 dim ρ = 2^{n+1}(2^m + 2) ≤ 2^{n+1}(2^m + 2^{m−1}) = 3 · 2^{n+m}.

We can assume that π is a nonhyperbolic form (otherwise, ρ_{an} = ρ̃_{an} and the proof is obvious). Since π ∈ I^{n+m+1}(F ), it follows that dim π ≥ 2^{n+m+1}. We have proved 2 · 2^{n+m} ≤ dim π < 3 · 2^{n+m}.

We consider the cases m > 2 and m = 2 separately.

Case 1: m > 2. In the Witt ring, we have ρ = τ(μ − ⟨⟨u, v⟩⟩) = λ − τ ⟨⟨u, v⟩⟩. Hence ρ_{F (λ)} = −τ ⟨⟨u, v⟩⟩_{F (λ)}. Therefore, dim(ρ_{F (λ)})_{an} ≤ 2^{n+2}. Taking into account the inequality 6 < 2^m, we have

dim(π_{F (λ)})_{an} ≤ dim(ρ_{F (λ)})_{an} + dim ρ̃ < 2^{n+2} + dim ρ

≤ 2^{n+2} + 2^n(2^m + 2) = 2^n(6 + 2^m) < 2^{n+m+1}.

Since π ∈ I^{n+m+1}(F ), the Arason–Pfister Hauptsatz shows that π_{F (λ)} is hyperbolic. Hence, there exists a form ξ such that π = λ ⊗ ξ. Since dim λ = 2^{n+m} and 2 · 2^{n+m} ≤ dim π < 3 · 2^{n+m}, we conclude that dim ξ = 2. Let us write ξ in the form ξ = k ⟨⟨d⟩⟩. Then π = λ ⊗ ξ = kτ ⊗ μ ⊗ ⟨⟨d⟩⟩. In the Witt ring W (F ) we have

ρ̃ = ρ − π = τ(μ − ⟨⟨u, v⟩⟩) − kτμ ⟨⟨d⟩⟩ = = τμ ⟨1, −k, kd⟩ − τ ⟨⟨u, v⟩⟩ = = τμ(⟨⟨k, d⟩⟩ + ⟨d⟩) − τ ⟨⟨u, v⟩⟩ = = τ(dμ − ⟨⟨u, v⟩⟩) + τμ ⟨⟨k, d⟩⟩ .

Let ρ̂ = τ ⊗ (dμ ⊥ − ⟨⟨u, v⟩⟩). Since τμ ⟨⟨k, d⟩⟩ ∈ GP_{n+m+2}(F ), we have ρ̃ ≡ ρ̂ (mod I^{n+m+2}(F )). On the other hand, dim ρ̃+dim ρ̂ < dim ρ+dim ρ̂ ≤ 2^n(2^m + 2) + 2^n(2^m + 4) = 2^n(2^{m+1} + 6) < 2^{n+m+2}. The Arason–Pfister Hauptsatz shows that ρ̃_{an} ≃ ρ̂_{an}. Since dim ρ̃ < dim ρ < dim ρ̂, it follows that ρ̂ = τ ⊗ (dμ ⊥

− ⟨⟨u, v⟩⟩) is isotropic. Applying Theorem 8.1(1) to the forms τ_1 = τ ⊗ μ and τ_2 = τ ⊗ ⟨⟨u, v⟩⟩, we see that ρ̂_{an} is similar to ρ_{an}. Hence, ρ_{an} ∼ ρ̂_{an} ≃ ρ̃_{an}. Since dim ρ̃ < dim ρ, the form ρ is isotropic.

Case 2: m = 2. Since μ ∈ P_m(F ) = P_2(F ), there exist a, b ∈ F^∗ such that μ = ⟨⟨a, b⟩⟩. Then ρ = τ ⊗ (μ^′ ⊥ − ⟨⟨u, v⟩⟩^′) = τ ⊗ q, where q = ⟨−a, −b, ab, u, v, −uv⟩. Since q is an Albert form, the required statement follows readily from Lemma 8.2.

(d)⇒(a). Let us assume that ρ is isotropic. Applying Theorem 8.1(2) to the forms τ_1 = τ ⊗ μ and τ_2 = τ ⊗ ⟨⟨u, v⟩⟩, we see that there exists d ∈ F^∗ such that τ ⊗ ⟨⟨d⟩⟩ divides the both forms τ ⊗ μ and τ ⊗ ⟨⟨u, v⟩⟩. Thus, there exists μ_0 ∈ P_{m−1}(F ) and k ∈ F^∗ such that τ ⊗ ⟨⟨d⟩⟩ ⊗ μ_0 = τ ⊗ μ and τ ⊗ ⟨⟨d, k⟩⟩ = τ ⊗ ⟨⟨u, v⟩⟩.

We claim that ρ_0 is a subform of the Pfister form

π := τ ⊗ μ ⊗ ⟨⟨−uvk⟩⟩ .

Besides, we claim that the complementary form is equal to

ρ^′_0 := uvτ ⊗ (kμ^′_0 ⊗ ⟨⟨d⟩⟩ ⊥ ⟨−d⟩).

Since dim ρ_0 = 2^n(2^m + 1), dim ρ^′_0 = 2^n(2^m − 1), and π ∈ P_{n+m+1}(F ), it suffices to verify the equation ρ_0 + ρ^′_0 = π in the Witt ring. We have

π − ρ_0 = τ(μ + uvkμ) − τ(μ + ⟨u, v, −1⟩) = τ(uvkμ + ⟨1, −u, −v⟩) = uvτ(kμ + ⟨uv, −v, −u⟩) = uvτ(kμ + ⟨⟨u, v⟩⟩ − ⟨1⟩) = uvτ(kμ_0 ⟨⟨d⟩⟩ + ⟨⟨d, k⟩⟩ − ⟨1⟩) = uvτ(kμ^′_0 ⟨⟨d⟩⟩ + ⟨−d⟩) = ρ^′_0

The proof of Item (2) is complete. To prove Item (3), we need the following lemma.

Lemma 8.7. Let ϕ = τ ⊗ ν, where τ is an n-fold Pfister form. Let L/F be an arbitrary extension such that τ_L is anisotropic. Then i_W (ϕ_L) is divisible by 2^n.

Proof. Since ϕ_{L(τ )} is hyperbolic, there exists an L-form γ such that (ϕ_L)_{an} = τ_L ⊗ γ. In the Witt ring W (L), we have τ_L · (ν_L − γ) = 0. Since τ_L ≠ 0 ∈ W (L), (ν_L −γ) is a zero-divisor in W (L). By [Lam1, Ch. VIII, Cor. 6.7], dim ν −dim γ is even. Hence dim ϕ − dim(ϕ_L)_{an} = 2^n(dim ν − dim γ) is divisible by 2^{n+1}. Therefore, i_W (ϕ_L) is divisible by 2^n.

Corollary 8.8. Let ϕ = τ ⊗ ν be an anisotropic form, where τ is an n-fold Pfister form and dim ν ≥ 2. Then i_1(ϕ) is divisible by 2^n.

Proof. Since ϕ is anisotropic, τ is also anisotropic. Since dim ν ≥ 2, we have dim ϕ > dim τ. The Cassels–Pfister subform theorem shows that τ_{F (ϕ)} is anisotropic. Now, Lemma 8.7 shows that i_1(ϕ) = i_W (ϕ_{F (ϕ)}) is divisible by 2^n.

Corollary 8.9. Let ϕ = τ ⊗ ν be an anisotropic form, where τ is an n-fold Pfister form and dim ν = 2^m + 1. Then ϕ has maximal splitting (i.e., i_1(ϕ) = 2^n).

Proof. Since dim ϕ = 2^{n+m} +2^n, Theorem 1.10 shows that 1 ≤ i_1(ϕ) ≤ 2^n. From Corollary 8.8 it follows that i_1(ϕ) is divisible by 2^n. Hence i_1(ϕ) = 2^n.

Corollary 8.10. Let ϕ = τ ⊗ ν be an anisotropic form, where τ is an n-fold Pfister form and dim ν = 2^m + 2 with m ≥ 1. Then

• either i_1(ϕ) = 2^{n+1} (in this case ϕ has maximal splitting), • or i_1(ϕ) = 2^n (in this case dim(ϕ_{F (ϕ)})_{an} = 2^{n+m}).

Proof. Since dim ϕ = 2^{n+m} +2^{n+1}, Theorem 1.10 shows that i_1(ϕ) ≤ 2^{n+1}. From Corollary 8.8 it follows that i_1(ϕ) is divisible by 2^n. Hence i_1(ϕ) = 2^{n+1} or 2^n. The rest of the proof is obvious.

Now, we return to the proof of Item (3) of Theorem 8.6. Here we can assume that ρ_0 is anisotropic. Corollary 8.9 shows that ρ_0 has maximal splitting. Now, we must verify that ρ is not a Pfister neighbor. Suppose at the moment that ρ is a Pfister neighbor of π. Then ρ_0 is also a Pfister neighbor of π. Item (2) of Theorem 8.6 shows that ρ is isotropic. Then π is isotropic. Since ρ_0 is a neighbor of π, the form ρ_0 is also isotropic. This contradicts our assumption. Hence ρ is not a Pfister neighbor.

To complete the proof of Item (3) it suffices to verify that (ρ_0)_{F (ρ)} is an anisotropic Pfister neighbor. Suppose that (ρ_0)_{F (ρ)} is isotropic. Since ρ_0 has maximal splitting, ρ also has maximal splitting (Theorem 1.11). By [H1, Prop. 6] there exists an extension K/F such that ρ_K is an anisotropic Pfister neighbor. Changing the field F by K, we can assume that ρ is an anisotropic Pfister neighbor. However, we have proved above that ρ is not a Pfister neighbor, a contradiction. Hence (ρ_0)_{F (ρ)} is anisotropic. To prove that (ρ_0)_{F (ρ)} is a Pfister neighbor, we consider the special pair (ρ_{F (ρ)}, (ρ_0)_{F (ρ)}). Since ρ_{F (ρ)} is isotropic, Item (2) of the theorem shows that (ρ_0)_{F (ρ)} is a Pfister neighbor. The proof of Item (3) is complete.

In the proof of Item (4) of Theorem 8.6, we can assume that ρ is anisotropic. By Corollary 8.10, the form ρ has maximal splitting or i_1(ρ) = 2^n. If ρ has maximal splitting, then there exists an extension K/F such that ρ_K is an anisotropic Pfister neighbor ([H1, Prop. 6]). This contradicts Item (3) of the theorem. By Corollary 8.10, we have i_1(ρ) = 2^n and dim(ρ_{F (ρ)})_{an} = 2^{n+m}. The proof of Theorem 8.6 is complete.

Definition 8.11. We say that a special pair (ρ, ρ_0) is anisotropic, if ρ (and so ρ_0) is anisotropic.

Lemma 8.12. Let (ρ, ρ_0) be an anisotropic (n, m)-special pair. Then • ρ contains no (n + m + 1)-fold Pfister neighbors,

• ρ_0 and ρ are not Pfister neighbors, • ρ_0 is a form with maximal splitting, • (ρ_0)_{F (ρ)} is an anisotropic Pfister neighbor.

Proof. Obvious in view of Theorem 8.6.

Proposition 8.13. Let (ρ, ρ_0) be an anisotropic (n, m)-special pair, and (ρ̃, ρ̃_0) be an anisotropic (ñ, m̃)-special pair with n + m = ñ + m̃. Suppose that ρ_0 is isotropic over the function field of ρ̃_0. Then n = ñ, m = m̃, dim ρ = dim ρ̃, dim ρ_0 = dim ρ̃_0, ρ^{st}∼ ρ̃, and ρ_0^{st}∼ ρ̃_0.

Proof. Since n + m = ñ + m̃, we have 2^{n+m} < dim ρ_0, dim ρ̃_0 < 2^{n+m+1}. Since ρ_0 and ρ̃_0 have maximal splitting and ρ_0 is isotropic over the function field of ρ̃_0, Theorem 1.11 shows that ρ_0^{st}∼ ρ̃_0.

By Lemma 8.12, the form (ρ_0)_{F (ρ)} is a Pfister neighbor. Since ρ_0^{st}∼ ρ̃_0, it follows that (ρ̃_0)_{F (ρ)} is also a Pfister neighbor. Applying Theorem 8.6(2) to the special pair (ρ̃_{F (ρ)}, (ρ̃_0)_{F (ρ)}), we see that the form ρ̃_{F (ρ)} is isotropic. Analogously, ρ_{F (ρ̃)} is isotropic. Hence ρ^{st}∼ ρ̃. By Theorem 1.15, dim ρ − i_1(ρ) = dim ρ̃ − i_1(ρ̃). Taking into account Items (1) and (4) of Theorem 8.6, we have 2^n(2^m +2)−2^n = 2^ñ(2^{m̃} + 2) − 2^ñ. Since n + m = ñ + m̃, we obviously get n = ñ and m = m̃.

9. Special pairs of degree 4 and unramified cohomology We recall that if (ρ, ρ_0) is an (n, m)-special pair, then 2^{n+m} < dim ρ_0 < dim ρ < 2^{n+m+1}. When we say that a pair is “(n, m)-special”, we always assume that n ≥ 0 and m ≥ 2.

Definition 9.1. Let (ρ, ρ_0) be an (n, m)-special pair. We define the degree of (ρ, ρ_0) by the formula deg(ρ, ρ_0) = n + m + 1.

Since n ≥ 0 and m ≥ 0, the degree d of any special pair satisfies the condition d = n + m + 1 ≥ 3.

Example 9.2. Let us consider special pairs of degree 3. Since n ≥ 0, m ≥ 2, and n + m + 1 = 3, we obviously have n = 0 and m = 2. In this case, τ ∈ P_0(F ) and μ ∈ P_2(F ). Hence τ = ⟨1⟩ and μ is of the form μ = ⟨⟨s, r⟩⟩. Then we get ρ = ⟨⟨s, r⟩⟩^′ ⊥ − ⟨⟨u, v⟩⟩^′ = ⟨−s, −r, sr, u, v, −uv⟩ , ρ_0 = ⟨⟨s, r⟩⟩^′ ⊥ ⟨u, v⟩ . = ⟨−s, −r, sr, u, v⟩ Thus, ρ is an Albert form, and ρ_0 is a 5-dimensional subform of ρ.

In what follows, we are interested in the case when the degree is equal to 4. Since m ≥ 2 and n ≥ 0, we have exactly two possibilities for special pairs of degree 4, namely:

(i) n = 1 and m = 2, (ii) n = 0 and m = 3.

Let us consider consider these cases separately.

Example 9.3. Let n = 1 and m = 2. In this case, τ ∈ P_1(F ) and μ ∈ P_2(F ). Then we can write τ and μ in the forms τ = ⟨⟨a⟩⟩ and μ = ⟨⟨s, r⟩⟩. We obtain

ρ = ⟨⟨a⟩⟩ ⊗ (⟨⟨s, r⟩⟩^′ ⊥ − ⟨⟨u, v⟩⟩^′) = ⟨⟨a⟩⟩ ⊗ ⟨−s, −r, sr, u, v, −uv⟩ ,

ρ_0 = ⟨⟨a⟩⟩ ⊗ (⟨⟨s, r⟩⟩^′ ⊥ ⟨u, v⟩) = ⟨⟨a⟩⟩ ⊗ ⟨−s, −r, sr, u, v⟩ .

We will say that ρ is a special 12-dimensional form and ρ_0 is a special subform of ρ.

Example 9.4. Let n = 0 and m = 3. In this case, τ ∈ P_0(F ) and μ ∈ P_3(F ). Then τ = ⟨1⟩ and μ can be written in the form μ = ⟨⟨a, b, c⟩⟩. We get

ρ = ⟨⟨a, b, c⟩⟩^′ ⊥ − ⟨⟨u, v⟩⟩^′ ,

ρ_0 = ⟨⟨a, b, c⟩⟩^′ ⊥ ⟨u, v⟩ .

We will say that ρ is a special 10-dimensional form and ρ_0 is a special 9- dimensional subform of ρ.

Lemma 9.5. Let (ρ, ρ_0) be an anisotropic special pair of degree 4 (in particular, 9 ≤ dim ρ_0 < dim ρ < 16). Then H̃^4_{nr}(F (ρ)/F ) = Z/2Z.

Proof. By Lemma 8.12, the form (ρ_0)_{F (ρ)} is an anisotropic 4-fold neighbor. Now, we apply Lemma 6.4. This lemma (in particular) shows that either H̃ 4_{nr}(F (ρ)/F ) ≠ 0 or H 4(F (ρ_0, ρ)/F ) ≠ 0.

We claim that H^4(F (ρ_0, ρ)/F ) = 0. To prove this, we note that ρ_0 ⊂ ρ, and hence H^4(F (ρ_0, ρ)/F ) = H^4(F (ρ_0)/F ). Since ρ is anisotropic, it follows that ρ_0 is not a Pfister neighbor (Lemma 8.12). Hence H^4(F (ρ_0)/F ) = 0 and therefore H^4(F (ρ_0, ρ)/F ) = 0.

Since H^4(F (ρ_0, ρ)/F ) = 0, it follows that H̃^4_{nr}(F (ρ)/F ) ≠ 0. Now, the lemma follows from Theorem 5.2.

Now, we need the following well-known statement.

Lemma 9.6. • (Pfister, [Pf2, Satz 14]). Let ρ be a 12-dimensional form from I^3(F ). Then there exist a, s, r, u, v ∈ F^∗ such that ρ is similar to the form ⟨⟨a⟩⟩ ⊗ ⟨−s, −r, sr, u, v, −uv⟩ .

In other words, the form ρ up to similarity coincides with the “special 12-dimensional form” defined in Example 9.3.

• (see e.g., [H2, Th.5.1]). Let ρ be a 10-dimensional form from I^2(F ) with ind C(ϕ) ≤ 2. Then there exist a, b, c, u, v ∈ F^∗ such that ρ is similar to the form ⟨⟨a, b, c⟩⟩^′ ⊥ − ⟨⟨u, v⟩⟩^′ .

In other words, the form ρ up to similarity coincides with the “special 12-dimensional form” defined in Example 9.4.

Corollary 9.7. Let ρ ∈ I^2(F ) be either an anisotropic 12-dimensional form with ind ρ = 1, or an anisotropic 10-dimensional form with ind ρ = 2. Then ρ does not contain 4-fold Pfister neighbors.

Proof. By Lemma 9.6, we can assume that ρ is either a special 12-dimensional form, or a special 10-dimensional form. In any case, Lemma 8.12 shows that ρ contains no 4-fold Pfister neighbors.

Lemma 9.8. Let ρ be an anisotropic form from I^2(F ). Suppose also that ρ is either a 10-dimensional form with ind ρ = 2, or a 12-dimensional form with ind ρ = 1. Then ρ is not a Pfister neighbor and H̃^4_{nr}(F (ρ)/F ) = Z/2Z.

Proof. Corollary 9.7 shows that ρ is not a Pfister neighbor. The isomorphism H̃ 4_{nr}(F (ρ)/F ) = Z/2Z follows from Lemmas 9.6 and 9.5.

Corollary 9.9. Let ρ be an anisotropic 11-dimensional form with ind ρ = 1. Then ρ is not a Pfister neighbor and H̃^4_{nr}(F (ρ)/F ) = Z/2Z.

Proof. Since c(ρ) = 1, we obtain from Lemma 1.21(2) that there exists a 12- dimensional form γ ∈ I^3(F ) such that ρ^{st}∼ γ. Since ρ is anisotropic, γ is also anisotropic. By Lemma 9.8, γ is not a Pfister neighbor and H̃^4_{nr}(F (γ)/F ) = Z/2Z. Since γ^{st}∼ ρ, the proof is complete (see Lemma 5.1).

Proposition 9.10. Let ρ be an F -form satisfying one of the following conditions:

(a) dim ρ = 12 and ρ ∈ I^3(F ), (b) dim ρ = 11 and c(ρ) = 1, (c) dim ρ = 10, ρ ∈ I^2(F ), and ind C(ρ) = 2. Then

• if ρ is isotropic, then H̃^4_{nr}(F (ρ)/F ) ≃ Tors CH^3(X_ρ) ≃ 0, • if ρ is anisotropic, then H̃^4_{nr}(F (ρ)/F ) ≃ Tors CH^3(X_ρ) ≃ Z/2Z.

In any case, the homomorphism ϵ : H̃^4_{nr}(F (ρ)/F ) → Tors CH^3(X_ρ) is an isomorphism.

Proof. If ρ is isotropic, then the proposition is trivial in view of Corollary 3.3 and Lemma 5.1. Hence, we can assume that ρ is anisotropic. By Lemma 9.8 and Corollary 9.9, the form ρ is not a Pfister neighbor and H̃^4_{nr}(F (ρ)/F ) = Z/2Z. The claim follows now from Corollary 5.3.

Corollary 9.11. Let ϕ be a quadratic form of dimension ≥ 10. If dim ϕ = 10 we suppose in addition that ind ϕ ≠ 1. Then

(i) the homomorphism ϵ : H̃^4_{nr}(F (ϕ)/F ) → Tors CH^3(X_ϕ) is surjective, (ii) if ϕ is not a Pfister neighbor, then the homomorphism ϵ : H̃^4_{nr}(F (ϕ)/F ) → Tors CH^3(X_ϕ) is an isomorphism, (iii) If ϕ is a Pfister neighbor, then Tors CH^3(X_ϕ) = 0.

Proof. (i) If dim ϕ > 12, then Tors CH^3(X_ϕ) = 0 by Theorem 3.1. Hence we can assume that dim ϕ = 10, 11, or 12. The standard transfer arguments reduce the general case to the case where F has no nontrivial odd extensions. By Lemma 1.16, there exists an extension E/F such that the form ρ = ϕ_E satisfies one of the conditions (a)–(c) of Proposition 9.10, and the homomorphism N_{E/F} :

K(C_0(ϕ_E)) → K(C_0(ϕ)) is surjective. By Proposition 9.10, the homomorphism ϵ : H̃^4_{nr}(E(ϕ)/E) → Tors CH^3(X_{ϕE} ) is an isomorphism. By Theorem 3.8, the homomorphism N_{E/F} : Tors CH^3(X_{ϕE} ) → Tors CH^3(X_ϕ) is surjective.

Clearly, the diagram H̃ 4_{nr}(E(ϕ)/E)^{ϵE} −−−−−−−−−→ isomorphism

Tors CH^3(X_{ϕE} )

N_{E/F} N_{E/F} surjective

H̃ 4_{nr}(F (ϕ)/F )^ϵ−−−→ Tors CH^3(X_ϕ)

is commutative. Hence, the homomorphism ϵ is surjective.

(ii) is obvious in view of Item (i) and Theorem 5.2.

(iii) Since ϕ is a Pfister neighbor, Theorem 5.2(4) shows that the homomorphism ϵ is zero. Since ϵ is surjective (Item (i)), we have Tors CH^3(X_ϕ) = 0.

10. Proof of the Conjectures 0.8 and 0.9

In this section we prove the conjectures 0.8 and 0.9 (see Theorems 10.5 and 10.6). We start with the following lemma.

Lemma 10.1. Let (ρ, ρ_0) be an anisotropic special pair of degree 4. Let E/F be the extension constructed in Proposition 6.10 and ψ be an F -form. Then (1) the special pair (ρ_E, (ρ_0)_E) is anisotropic, (2) if ρ_{F (ψ)} is anisotropic, then ρ_{E(ψ)} is also anisotropic, (3) if dim ψ ≥ 11, then (ρ_0)_{E(ψ)} is anisotropic.

Proof. (1) Since (ρ, ρ_0) is a special pair of degree 4, it follows that ρ_0 is a form with maximal splitting and 9 ≤ dim ρ_0 ≤ 16. By Lemma 8.12, ρ_0 is anisotropic and is not a Pfister neighbor. By Lemma 6.12, (ρ_0)_E is also anisotropic and is not a Pfister neighbor. Then Theorem 8.6(2) shows that ρ_E is anisotropic.

(2) The proof is the same as for Item (1).

(3) The form (ρ_0)_E is anisotropic and is not a Pfister neighbor (see the proof of Item (1)). Since ρ_0 has maximal splitting, it follows that (ρ_0)_E has maximal splitting. Since dim ψ ≥ 11, Corollary 1.12 shows that (ρ_0)_{E(ψ)} is anisotropic.

Lemma 10.2. Let (ρ, ρ_0) be an anisotropic special pair of degree 4, and let ψ be a form such that ρ_{F (ψ)} is isotropic. Then dim ψ ≤ 12. Moreover, • if dim ψ = 12, then ψ ∈ I^3(F ), • if dim ψ = 11, then c(ψ) = 1.

Proof. Since ρ_{F (ψ)} is isotropic, Theorem 8.6 shows that (ρ_0)_{F (ψ)} is a Pfister neighbor. Let E/F be the extension constructed in Proposition 6.10. Obviously, (ρ_0)_{E(ψ)} is a Pfister neighbor. By Lemma 10.1(3), the form (ρ_0)_{E(ψ)} is anisotropic. Hence ϕ_{E(ψ)} is an anisotropic Pfister neighbor, where ϕ is an arbitrary 9-dimensional subform of ρ_0. Since H^4(E) = 0, Corollary 6.6 shows that Tors CH^3(X_{ψE} ) ≠ 0. By Theorem 3.1, we have dim ψ ≤ 12.

Now we consider the case dim ψ = 11. Since Tors CH^3(X_{ψE} ) ≠ 0, Proposition 3.7(ii) shows that ind ψ_E = 1. Hence ind ψ = 1 (see Theorem 6.10(ii)).

Now, it suffices to consider the case dim ψ = 12. Let ψ_0 be an 11-dimensional subform of ψ. Since ρ_{F (ψ)} is isotropic, it follows that ρ_{F (ψ0)} is also isotropic. We have proved above that ind ψ_0 = 1. Hence ind ψ = 1 and ind ψ_E = 1. Since Tors CH^3(X_{ψE} ) ≠ 0, Proposition 3.7(i) shows that d_±ψ_E = 1. Since ind ψ_E = 1, we have ψ_E ∈ I^3(E). Now, Item (v) of Theorem 6.10 shows that ψ ∈ I^3(F ). The proof is complete.

Lemma 10.3. Let (ρ, ρ_0) be an anisotropic special pair of degree 4, and let ψ be a 12-dimensional form such that ρ_{F (ψ)} is isotropic. Then ψ ∈ I^3(F ), dim ρ = dim ψ = 12, and ρ^{st}∼ ψ.

Proof. By Lemma 10.2, we have ψ ∈ I^3(F ). Since dim ψ = 12, we can assume that ψ is a special 12-dimensional form containing a special 10-dimensional subform ψ_0 (see Lemma 9.6 and Example 9.3). Clearly, the special pair (ψ, ψ_0) is anisotropic (since the form ρ_{F (ψ)} is isotropic). Now, let E/F be the field extension constructed in Proposition 6.10. By Lemma 10.1(1), the pairs (ρ_E, (ρ_0)_E) and (ψ_E , (ψ_0)_E ) are anisotropic.

Since ρ_{F (ψ)} is isotropic, (ρ_0)_{F (ψ)} is a 4-fold neighbor (Theorem 8.6). By Lemma 10.1(3), the Pfister neighbor (ρ_0)_{E(ψ)} is anisotropic. By Theorem 8.6(3), the form (ψ_0)_{E(ψ)} is also an anisotropic 4-fold Pfister neighbor. By Lemma 6.7, we have (ψ_0)_{E(ψ)}^{st}∼ (ρ_0)_{E(ψ)}. Hence, (ρ_0)_{E(ψ,ψ0)} is isotropic. Since ψ_0 ⊂ ψ, the form (ρ_0)_{E(ψ0)} is also isotropic. By Lemma 8.13, ρ_E^{st}∼ ψ_E and dim ρ = dim ψ. Hence the form ψ_{E(ρ)} is isotropic. By Lemma 10.1(2)^8, the form ψ_{F (ρ)} is also isotropic. Since ρ_{F (ψ)} and ψ_{F (ρ)} are both isotropic, we conclude that ρ^{st}∼ ψ.

Corollary 10.4. Let (ρ, ρ_0) be an anisotropic special pair of degree 4, and let ψ be an 11-dimensional form such that ρ_{F (ψ)} is isotropic. Then ind ψ = 1, dim ρ = 12, and ρ^{st}∼ ψ.

Proof. By Lemma 10.2, we have ind ψ = 1. By Lemma 1.21(2), there is a 12-dimensional form γ ∈ I^3(F ) such that ψ^{st}∼ γ. Since ρ_{F (ψ)} is isotropic and ψ^{st}∼ γ, it follows that ρ_{F (γ)} is isotropic. Lemma 10.3 shows that dim ρ = 12 and ρ^{st}∼ γ. Therefore ρ^{st}∼ γ^{st}∼ ψ.

Theorem 10.5. Let ρ ∈ I^3(F ) be an anisotropic 12-dimensional form. Let ψ be a form such that ϕ_{F (ψ)} is isotropic. Then dim ψ ≤ 12. Moreover,

(1) if dim ψ = 12, then ψ ∈ I^3(F ) and ψ^{st}∼ ρ, (2) if dim ψ = 11, then ind ψ = 1 and ψ^{st}∼ ρ.

Proof. We can assume that ρ is a special 12-dimensional form containing a special 10-dimensional subform ρ_0. By our assumption, the special pair (ρ, ρ_0)

8Here we apply Lemma 10.1(2) for the special pair (ψ, ψ_0) over the function field of the form ρ.

is anisotropic. Now, the results follow readily from Lemmas 10.2 and 10.3 and Corollary 10.4

Theorem 10.6. Let ρ ∈ I^2(F ) be an anisotropic 10-dimensional form with ind C(ϕ) = 2. Let ψ be a form of dimension > 10. Then the form ρ_{F (ψ)} is anisotropic.

Proof. We can assume that ρ is a special 10-dimensional form containing a special 9-dimensional subform ρ_0. By Lemma 10.2, dim ψ ≤ 12. Hence dim ψ = 11 or 12. Then Lemma 10.3 and Corollary 10.4 show that dim ρ = 12, a contradiction.

11. The group Tors CH^3(X_ϕ) for forms ϕ ∈ I^2(F )

The main goal of this section is the computation of the group Tors CH^3(X_ϕ) for all forms ϕ ∈ I^2(F ). We start the proof with the following easy lemma.

Lemma 11.1. Let ψ ∈ I^2(F ) be a 14-dimensional Pfister neighbor. Then ψ is hyperbolic.

Proof. By our assumption, there exists a 2-dimensional form μ such that ψ+μ ∈ GP_4(F ) ⊂ I^2(F ). Since ψ ∈ I^2(F ), it follows that μ ∈ I^2(F ). Since dim μ = 2, the form μ is hyperbolic. Hence π is hyperbolic. Therefore ψ = π − μ is also hyperbolic.

Corollary 11.2. For any 14-dimensional form ϕ ∈ I^2(F ), we have H̃ 4_{nr}(F (ψ)/F ) = 0.

Proof. The case when ψ is isotropic is obvious (Lemma 5.1). Now we assume that ψ is anisotropic. Then Lemma 11.1 shows that ψ is not a Pfister neighbor. In this case the statement is proved in Corollary 5.4

Lemma 11.3. Let ψ be a 14-dimensional form from I^2(F ) and let E = F (ψ). Then for any form ϕ of dimension ≥ 9, the homomorphism H̃^4_{nr}(F (ϕ)/F ) → H̃ 4_{nr}(E(ϕ)/E) is injective.

Proof. Let X = X_ϕ and Y = Y_ψ be the projective quadrics corresponding to the forms ϕ and ψ. Let us consider the commutative diagram

H^4(F ) −−−→ H^4(F (X)) −−−→ ∐ x∈X^{(1)}

H^3(F (x)) α H^4(F (Y )) −−−→ H^4(F (X × Y )) −−−→ ∐ x∈X_{F (Y )}^{(1)}

H^3(F (Y )(x))

∐ y∈Y^{(1)}

H^3(F (y))^β−−−→ ∐ y∈Y_{F (X)}^{(1)}

H^3(F (X)(y))

Clearly, all columns and rows of this diagram are zero sequences. The homology group of the first and the second rows coincide with H̃^4_{nr}(F (ϕ)/F ) and H̃ 4_{nr}(E(ϕ)/E) respectively. Thus, we must verify that the homology group of the first row maps injectively to the homology group of the second row. This is a formal consequence of the following three properties of the diagram:

(i) the homomorphism α is injective, (ii) the homomorphism β is injective, (iii) the first column of the diagram is an exact sequence. Let us verify these properties.

(i) By Theorem 4.4, the homomorphism α is not injective only in the case when ψ_{F (Xϕ)} is an anisotropic 4-fold Pfister neighbor, which is impossible in view of Lemma 11.1.

(ii) The homomorphism β is injective in view of Theorem 4.4. (iii) The homology group of the first column equals H̃^4_{nr}(F (ψ)/F ). By Corollary 11.2, this group is zero. Hence, the first column is exact.

Corollary 11.4. For any field F there exists an extension E/F with the following properties:

(i) all 14-dimensional forms from I^3(E) are isotropic; (ii) for all quadratic forms ϕ over F , we have ind ϕ_E = ind ϕ, (iii) for all F -forms ϕ of dimension ≥ 9, the homomorphism H̃^4_{nr}(F (ϕ)/F ) → H^4_{nr}(E(ϕ)/E) is injective.

(iv) for any F -form ϕ of dimension ≥ 9 which is not a 4-fold Pfister neighbor, the form ϕ_E is not an anisotropic 4-fold Pfister neighbor.

Proof. Let us construct the fields

F = F_0 ⊂ F_1 ⊂ · · · ⊂ F_n ⊂ . . .

as follows. First, we set F_0 = F . For n ≥ 1, we define F_n as the free composite of all fields F_{n−1}(ψ), where ψ runs over all 14-dimensional forms from I^3(F ). We set E = ∪_{n≥0}F_n. We claim that the field E satisfies all required properties. Indeed, Item (i) follows from the definition of E; Item (ii) follows from Lemma 1.5; Item (iii) follows from Lemma 11.3 and Item (iv) follows from Corollary 6.14.

Lemma 11.5. Let ϕ be an F -form which is not an anisotropic 4-fold Pfister neighbor. Suppose also that ϕ satisfies one of the following conditions:

• dim ϕ = 10, ϕ ∈ I^2(F ), and ind ϕ = 4, • dim ϕ = 12, ϕ ∈ I^2(F ), and ind ϕ = 2.

Then H̃^4_{nr}(F (ϕ)/F ) = 0.

Proof. Corollary 11.4 reduces the proof to the case where all 14-dimensional forms from I^3(F ) are isotropic. Then Lemma 3.13 shows that Tors CH^3(X_ϕ) = 0. By Theorem 5.2(3), we have H̃^4_{nr}(F (ϕ)/F ) = 0.

Corollary 11.6. Let ϕ be an F -form satisfying one of the following conditions:

• dim ϕ = 10, ϕ ∈ I^2(F ), and ind ϕ = 4, • dim ϕ = 12, ϕ ∈ I^2(F ), and ind ϕ = 2.

Then Tors CH^3(X_ϕ) = 0. Moreover, Tors G^iK(X_ϕ) = 0 for all i ≤ 3.

Proof. The first statement follows from Lemma 11.5 and items (ii) and (iii) of Corollary 9.11. The second statement is obvious in view of Theorem 3.1.

Corollary 11.7. Let ϕ be a form satisfying one of the following conditions:

• dim ϕ = 10 and ind ϕ ≥ 4, • dim ϕ = 12 and ind ϕ ≥ 2.

Then Tors CH^3(X_ϕ) = 0.

Proof of Corollary 11.7. Corollaries 2.7 and 11.6 show that Tors G^iK(X_ϕ) = 0 for all i ≤ 3. Hence Tors CH^3(X_ϕ) = Tors G^3K(X_ϕ) = 0.

Proposition 11.8. Let ϕ be an anisotropic quadratic form from I^2(F ). Then the group Tors CH^3(X_ϕ) is nonzero only in the following cases:

• dim ϕ = 8 and ϕ is similar to a 3-fold Pfister form, • dim ϕ = 10 and ind ϕ = 2, • dim ϕ = 12 and ind ϕ = 1 (i.e., ϕ ∈ I^3(F )).

In all cases listed above, the group Tors CH^3(X_ϕ) is isomorphic to Z/2Z.

Proof. In case dim ϕ ≤ 8, the proposition is proved in [Kar1]. Suppose that dim ϕ > 8. By Theorem 3.1, we can assume that dim ϕ = 10 or 12. If dim ϕ = 10, we necessarily have ind ϕ ≥ 2 (otherwise, the form ϕ is isotropic by Pfister’s theorem). Now, the required result follows readily from Corollary 11.7 and Proposition 9.10.

12. Proof of Theorems 0.5 and 0.6

In this section we complete the computation of the third Chow group of quadrics X_ϕ for all forms of dimension ≥ 9 (Theorem 0.5). Besides, we prove our main results concerning unramified cohomology (Theorem 0.6 and Corollary 0.7). In the proofs we will use the following terminology: we say that ϕ is of type (9-a), or (10-a), etc., if the form ϕ satisfies the corresponding conditions given in the formulation of Theorem 0.5.

Lemma 12.1. Let ϕ be a form of dimension ≥ 9 such that Tors CH^3(X_ϕ) ≠ 0. Then ϕ belongs to the list of forms given in Theorem 0.6.

Proof. First, we consider the case when ϕ is isotropic. Corollary 3.4 shows that • either dim ϕ = 10 and ϕ = π ⊥ H, where π is similar to an anisotropic 3-fold Pfister form, • or dim ϕ = 9 and ϕ = μ ⊥ H, where μ is an anisotropic 7-dimensional Pfister neighbor.

Obviously, in the case dim ϕ = 10, the form ϕ has type (10-a). Let us consider the case dim ϕ = 9. Let d ∈ F^∗ be such that π = μ ⊥ ⟨−d⟩ ∈ GP_3(F ). Then we have ϕ = μ ⊥ H = μ ⊥ ⟨−d, d⟩ = π ⊥ ⟨d⟩. Hence ϕ is of type (9-a).

In the following, we can assume that ϕ is an anisotropic form. By Theorem 3.1, it suffices to consider the following four cases separately: dim ϕ = 9, 10, 11, or 12.

dim ϕ = 12. Since Tors CH^3(X_ϕ) ≠ 0, Corollary 11.7 shows that ind ϕ = 1. From Proposition 3.7(i) it follows that ϕ ∈ I^2(F ). Since ind ϕ = 1 and ϕ ∈ I^2(F ), we have ϕ ∈ I^3(F ). Therefore ϕ is of type (12-a).

dim ϕ = 11. Since Tors CH^3(X_ϕ) ≠ 0, Proposition 3.7(ii) shows that ind ϕ = 1 and hence ϕ has type (11-a).

dim ϕ = 10. If ϕ ∈ I^2(F ), then Proposition 11.8 shows that ind ϕ = 2. We get a form of type (10-b). Now, we can assume that ϕ /∈ I^2(F ). Then d = d_±ϕ /∈ F^{∗2}. By Corollary 3.10, ϕ_{F (}^√_{d)} is not hyperbolic. Proposition 3.7(iii) and Corollary 11.7 show that ind ϕ = 1. Hence, there exists a c ∈ F^∗ such that ϕ ⊥ −c ⟨⟨d⟩⟩ ∈ I^3(F ) (see, e.g., Lemma 1.19(i)). Now, it suffices to verify that the 12-dimensional form γ = ϕ ⊥ −c ⟨⟨d⟩⟩ is anisotropic (see Item (10-c) of Theorem 0.5). Assume the contrary. Then dim γ_{an} ≤ 10 and Corollary 1.9 shows that γ is Witt equivalent to some τ ∈ GP_3(F ). In the Witt ring W (F ) we have ϕ = γ + c ⟨⟨d⟩⟩ = τ + c ⟨⟨d⟩⟩. Since dim ϕ = 10 = 8 + 2 = dim(τ ⊥ c ⟨⟨d⟩⟩), it follows that ϕ ≃ τ ⊥ c ⟨⟨d⟩⟩. Since ind τ = 1, Lemma 3.11 shows that Tors CH^3(X_ϕ) = 0. We get a contradiction.

dim ϕ = 9. Proposition 3.7(iv) shows that ind ϕ ≤ 2. First, we suppose that d = det ϕ ∈ D_F (ϕ). Then ϕ has the form ϕ = τ ⊥ ⟨d⟩, where τ is an 8- dimensional form from I^2(F ). Then Lemma 3.12(ii) shows that ind τ = ind ϕ = 1. Then τ ∈ GP_3(F ). We get a form of type (9-a).

Now, we can assume that d = det ϕ /∈ D_F (ϕ). In this case, the 10-dimensional form μ = ϕ ⊥ ⟨−d⟩ ∈ I^2(F ) is anisotropic. Pfister’s theorem shows that ind ϕ = ind μ ≠ 1. Since ind ϕ ≤ 2, we have ind ϕ = 2. We claim that ϕ has the type (9-b). We have already proved that ind ϕ = 2 and d /∈ D_F (ϕ). Thus, it suffices to verify that ϕ contains no 7-dimensional Pfister neighbors. This has been proved in Lemma 3.12.

Lemma 12.2. Let ϕ be one of the forms listed in Theorem 0.5. Suppose also that the form ϕ is not of type (9-a) or (10-a). Then the homomorphism ϵ : H̃^4_{nr}(F (ϕ)/F ) → Tors CH^3(X_ϕ) is an isomorphism and H̃^4_{nr}(F (ϕ)/F ) ≃ Tors CH^3(X_ϕ) ≃ Z/2Z

Proof. If dim ϕ = 11 or 12 the statement is obvious in view of Proposition 9.10. If dim ϕ = 9 or 10, it suffices to verify the following two properties of the form ϕ: (i) ϕ is not a Pfister neighbor, (ii) H̃^4_{nr}(F (ϕ)/F ) ≠ 0.

After this, the lemma will be obvious in view of Corollary 5.3.

Now, let us study the forms case by case.

(9-b). Since d = det ϕ /∈ D_F (ϕ), the form ρ := ϕ ⊥ ⟨−d⟩ is anisotropic. Clearly, dim ρ = 10, ρ ∈ I^2(F ) and ind ρ = ind ϕ = 2. In view of Lemma 9.6, we can assume that ρ is a “special 10-dimensional form” containing a special 9-dimensional subform ρ_0 (Example 9.4).

Since ind ϕ = 2, there exists a 3-dimensional form μ such that ϕ ⊥ μ ∈ I^3(F ) (see e.g, Lemma 1.19(ii)). Set ρ̃ = ϕ ⊥ μ. Clearly, dim ρ̃ = 12. First, we suppose that ρ̃ is isotropic. Then ρ̃ is Witt equivalent to some form π ∈ GP_3(F ) (Corollary 1.9). In the Witt ring, we have ϕ + μ = ρ̃ = π. Then π − ϕ = μ. Hence, ϕ and π contain a common subform of dimension 1 2 (dim π + dim ϕ − dim μ) =^1_2 (9 + 8 − 3) = 7. Therefore, ϕ contains a 7- dimensional Pfister neighbor of π. This contradicts condition (9-b). Thus, we have proved that ρ̃ is anisotropic. In view of Lemma 9.6, we can assume that ρ̃ is a “special 12-dimensional form” which contains a special 10-dimensional subform ρ̃_0 (Example 9.3).

We have constructed two anisotropic special pairs (ρ, ρ_0) and (ρ̃, ρ̃_0) such that ϕ ⊂ ρ and ϕ ⊂ ρ̃. Corollary 9.7 shows that ϕ is not a Pfister neighbor. We have realized Item (i) of our plan. Since ϕ ⊂ ρ and ϕ ⊂ ρ̃, the forms ρ_{F (ϕ)} and ρ̃_{F (ϕ)} are isotropic. Theorem 8.6 shows that (ρ_0)_{F (ϕ)} and (ρ̃_0)_{F (ϕ)} are Pfister neighbors. We get two elements ẽ^4(Pf((ρ_0)_{F (ϕ)})) and ẽ^4(Pf((ρ̃_0)_{F (ϕ)})) of the group H̃^4_{nr}(F (ϕ)/F ). If at least one of these elements is nonzero, the proof is complete (see item (ii) of our plan of the proof).

Thus, we can assume that ẽ^4(Pf((ρ_0)_{F (ϕ)})) = ẽ^4(Pf((ρ̃_0)_{F (ϕ)})) = 0. Let E/F be the field extension constructed in Proposition 6.10. By Lemma 10.1(1), the forms ρ_E and ρ̃_E are anisotropic. Hence, (ρ_0)_E and (ρ̃_0)_E are also anisotropic. Since H^4(E) = 0, we have e^4(Pf((ρ_0)_{E(ϕ)})) = e^4(Pf((ρ̃_0)_{E(ϕ)})) = 0 in the group H^4_{nr}(E(ϕ)/E) ⊂ H^4(E(ϕ)) (without “tilde” !). By Theorem 4.1, Pf((ρ_0)_{E(ϕ)})) = Pf((ρ̃_0)_{E(ϕ)}) = 0. This means that both Pfister neighbors (ρ_0)_{E(ϕ)} and (ρ̃_0)_{E(ϕ)} are isotropic. Since (ρ_0)_E and (ρ̃_0)_E are anisotropic forms with maximal splitting (Theorem 8.6), it follows that (ρ_0)_E^{st}∼ ϕ_E and (ρ̃_0)_E^{st}∼ ϕ_E (see Theorem 1.11). Hence, (ρ_0)_E^{st}∼ (ρ̃_0)_E. By Proposition 8.13, we get dim ρ = dim ρ̃, which contradicts the equations dim ρ = 10 and dim ρ̃ = 12. This completes the proof in case (9-b).

(10-b). In this case the result of the lemma is covered by Proposition 9.10. (10-c). Let ϕ, d, and τ be as in (10-c). Since dim τ = 12 and τ ∈ I^3(F ), we can assume that τ is a “special 12-dimensional form” containing a 10- dimensional special subform τ_0 (Example 9.3). Since ϕ ⊂ τ, Corollary 9.7 shows that ϕ is not a Pfister neighbor. This completes the proof of Item (i) of our plan. To prove Item (ii), it suffices to verify that the element ẽ^4(Pf((τ_0)_{F (ϕ)})) is non-zero in the group H̃^4_{nr}(F (ϕ)/F ). Assume the contrary, ẽ^4(Pf((τ_0)_{F (ϕ)})) = 0. Let E/F be the extension constructed in Proposition 6.10. By Lemma 10.1(1), the form τ_E is anisotropic. Hence (τ_0)_E is an anisotropic form which is not a Pfister neighbor. On the other hand, the form (τ_0)_{E(ψ)} is a Pfister neighbor because the form τ_{E(ψ)} is isotropic. Since H^4(E) = 0, we get e^4(Pf((τ_0)_{E(ϕ)})) = 0 ∈ H^4(E(ϕ)). Hence, the Pfister neighbor (τ_0)_{E(ϕ)} is isotropic. Since (τ_0)_E is an anisotropic form with maximal splitting, Theorem 1.11 shows that ϕ_E also has maximal splitting. Since ind ϕ = 1, it follows that ϕ_{E(}^√_{d)} ∈ I^3(F ). Since dim ϕ = 10, Pfister’s theorem shows that ϕ_{E(}^√_{d)} is isotropic. Taking into account that ϕ_E has maximal splitting, we have dim(ϕ_{E(}^√_{d)})_{an} ≤ 6. Now, the Arason–Pfister Hauptsatz implies that ϕ_{E(}^√_{d)} is hyperbolic. By Item (vi) of Proposition 6.10, we conclude that ϕ_{F (}^√_{d)} is hyperbolic. This contradicts condition (10-c). The proof is complete.

Proof of Theorem 0.6. If Tors CH^3(X_ϕ) = 0, then ϵ is an isomorphism by Theorem 5.2(3). Now, we can assume that Tors CH^3(X_ϕ) ≠ 0. By Lemma 12.1, the form ϕ belongs to the list of forms given in Theorem 0.5. Since ϕ is anisotropic and is not a Pfister neighbor, it follows that ϕ is not of type (9-a) or (10-a). Then Lemma 12.2 completes the proof.

Lemma 12.3. If ϕ has type (9-a) or (10-a), then Tors CH^3(X_ϕ) = Z/2Z.

Proof. (9-a). If ϕ = π ⊥ ⟨d⟩ is isotropic, then π can be written as μ ⊥ ⟨−d⟩, where μ is a 7-dimensional anisotropic Pfister neighbor. Then ϕ = μ ⊥ ⟨−d, d⟩ = μ ⊥ H. By Corollary 3.3, we have Tors CH^3(X_ϕ) = Z/2Z. Now we can assume that ϕ is anisotropic. Since ind ϕ = 1, we have s = i_S (ϕ) = 4 (Lemma 1.1). By [Kar1, Th. 3.8], the set

U = {i | Tors G^iK(X_ϕ) ≠ 0}

consists exactly of s = 4 elements. Since dim X_ϕ = dim ϕ − 2 = 7, we have U ⊂ {0, 1, . . . , 7}. By Theorem 3.1, Tors G^iK(X_ϕ) = 0 for i ≤ 2. Hence, U ⊂ {3, 4, 5, 6, 7}. By [Sw], we have Tors G^7K(X_ϕ) = Tors G_0K(X_ϕ) = 0. Hence, U ⊂ {3, 4, 5, 6}. Since U consists of 4 elements, we get U = {3, 4, 5, 6}. In particular, 3 ∈ U. Hence, Tors CH^3 X_ϕ ≃ Tors G^3K(X_ϕ) = Z/2Z.

(10-a). Let ϕ = π ⊥ H, where π is similar to an anisotropic Pfister form. In this case Tors CH^3(X_ϕ) = Z/2Z in view of Corollary 3.3.

Proof of Theorem 0.5. The theorem is a formal consequence of Lemmas 12.1 12.2, and 12.3.

Proof of Corollary 0.7. Let us consider the homomorphisms

H̃^4_{nr}(F (ϕ)/F )^α→ H̃^4_{nr}(F (ϕ)/F, Q/Z(3))^β→ Tors CH^3(X_ϕ),

where α is the homomorphism induced by the natural homomorphism

H^4(F (ϕ)) → H^4(F (ϕ), Q/Z(3))

and β is the homomorphism defined in [KRS1, Th.6(1)]. We must prove that α is surjective. If ϕ is a 4-fold Pfister neighbor or isotropic, then the group H̃ 4_{nr}(F (ϕ)/F, Q/Z(3)) is zero by [KRS1, Th.3(1) and Prop.2.5(a)]. Therefore, α is surjective. If ϕ is anisotropic and is not a 4-fold Pfister neighbor, then the composition β ∘ α is surjective by Theorem 0.6. By [KRS1, Th.6(1)], the homomorphism β is injective. Hence α is surjective.

13. Forms of height 2 and degree 3 . The main goal of this section is to prove Conjecture 0.11 in the case when n = 3 and char F = 0. We will use the following theorem of A. Vishik.

Theorem 13.1. (A. Vishik, [Vi3, Vi4]). Let F be a field of characteristic zero. Let ϕ be an even-dimensional F -form of height 2 and degree d. Then

dim ϕ = 3 · 2^{d−1}, dim ϕ = 2^{d+1}, or dim ϕ = 2^N − 2^d for some N ≥ d + 1.

The proof of this theorem depends on Voevodsky’s announced theorem^9 that Milnor’s conjecture is valid ([Vo]). We need below only the following special case of Theorem 13.1: If ϕ is a form of height 2 and degree 3, then dim ϕ ≠ 14. This special case was proved by Vishik in his thesis [Vi1, Statement 1.2.1] under the additional hypothesis √ −1 ∈ F^∗.

Corollary 13.2. Let F be a field of characteristic 0, and let ϕ ∈ I^3(F ) be an anisotropic 14-dimensional form. Then dim(ϕ_{F (ϕ)})_{an} = 12.

Proof. The form ϕ_{F (ϕ)} is nonhyperbolic because ϕ is not similar to a Pfister form. If dim(ϕ_{F (ϕ)})_{an} ≠ 12, then dim(ϕ_{F (ϕ)})_{an} ≤ 8 by Pfister’s theorem. Since ϕ ∈ I^3(F ), we get dim(ϕ_{F (ϕ)})_{an} ∈ GP_3(F (ϕ)). Hence ht(ϕ) = 2 and deg ϕ = 3. However, Theorem 13.1 implies that dim ϕ ≠ 14 for all forms of height 2 and degree 3, a contradiction.

Corollary 13.3. Let F be a field of characteristic zero, and τ ∈ I^3(F ) be an anisotropic form of dimension 12 or 14. Let ψ be a form of dimension > 12. Then dim(τ_{F (ψ)})_{an} ≥ 12.

Proof. If dim τ = 12, the statement follows from Theorem 10.5. Hence we can assume that dim τ = 14. By Corollary 13.2, we have dim(τ_{F (τ )})_{an} = 12. Applying Theorem 10.5 once again, we see that (τ_{F (τ )})_{an} is anisotropic over the function field of the form ψ_{F (τ )}. Hence dim(τ_{F (τ,ψ)})_{an} = 12. Therefore dim(τ_{F (ψ)})_{an} ≥ dim(τ_{F (τ,ψ)})_{an} = 12.

Below we will use the following terminology: we say that an element u ∈ H^n(F ) is a symbol, if there exist a_1, . . . , a_n ∈ F^∗ such that u = (a_1, . . . , a_n).

The following lemma is well known (it is an easy consequence of the isomorphism H^3(F ) ≃ I^3(F )/I^4(F ) and the “linkage properties” of Pfister forms [EL3]).

Lemma 13.4. Let u = (a_1, a_2, a_3) + (b_1, b_2, b_3) ∈ H^3(F ). The the following conditions are equivalent:

• the element u is a symbol, • the form (⟨⟨a_1, a_2, a_3⟩⟩ ⊥ − ⟨⟨b_1, b_2, b_3⟩⟩)_{an} is zero or belongs to GP_3(F ).

9More precisely, the proof of Theorem 13.1 is based on the whole technique developed by Voevodsky in his proof of Milnor conjecture. We also note that, for good forms over a field of characteristic not 2, this result was proved earlier (see [H5] and [HR, §3]).

Proposition 13.5. (cf. [Kah1, Prop.5]). Let F be a field of characteristic zero. Let ψ be an F -form of dimension > 12. Let u ∈ H^3(F ) be an element such that u_{F (ψ)} is a symbol. Then u is also a symbol.

Proof. Suppose that u is not a symbol. By [Kah1, Prop.5], u is a sum of at most two symbols. Thus, u = (a_1, a_2, a_3) + (b_1, b_2, b_3) for suitable a_i, b_i ∈ F^∗. Let q = (⟨⟨a_1, a_2, a_3⟩⟩ ⊥ − ⟨⟨b_1, b_2, b_3⟩⟩)_{an}. Clearly, dim q ≤ 14. Since u is not a symbol, Lemma 13.4 shows that dim q > 8. By Pfister’s theorem, dim q ≥ 12. Hence dim q = 12 or 14. By Lemma 13.3, dim(q_{F (ψ)})_{an} ≥ 12. By Lemma 13.4, the element u_{F (ψ)} is not a symbol, which contradicts the hypothesis of the proposition.

Proposition 13.6. Let F be a field of characteristic zero, and ψ be an F -form of dimension > 12. Let π be a 3-fold Pfister form over F (ψ). Suppose also that xπ is unramified for some element x ∈ F (ψ)^∗ (i.e., xπ ∈ W_{nr}(F (ψ)/F )). Then π is defined over F by a 3-fold Pfister form (i.e., there exists τ ∈ P_3(F ) such that π ≃ τ_{F (ψ)}).

Proof. Since xπ ∈ W_{nr}(F (ψ)/F ), we have e^3(π) = e^3(xπ) ∈ H^3_{nr}(F (ψ)/F ). Since dim ψ > 8, the homomorphism H^3(F ) → H^3_{nr}(F (ψ)/F ) is surjective (see [KRS1, Cor.8(2a)]). Hence, there exists an element u ∈ H^3(F ) such that u_{F (ψ)} = e^3(π). Since e^3(π) is a symbol, Proposition 13.5 shows that u is also a symbol. Let a_1, a_2, a_3 ∈ F^∗ be such that u = (a_1, a_2, a_3), and let τ = ⟨⟨a_1, a_2, a_3⟩⟩. We have e^3(τ_{F (ψ)}) = u_{F (ψ)} = e^3(π). By Theorem 4.1, we have π = τ_{F (ψ)}. The proof is complete.

Corollary 13.7. Let F be a field of characteristic zero and ϕ be a nongood F -form of degree 3 and height 2. Then dim ϕ ≤ 12.

Proof. Suppose that dim ϕ > 12. Since ϕ has degree 3 and height 2, it follows that (ϕ_{F (ϕ)})_{an} ∈ GP_3(F (ϕ)). Hence, there exists π ∈ P_3(F (ϕ)) and x ∈ F (ϕ)^∗ such that (ϕ_{F (ϕ)})_{an} = xπ. By definition, xπ ∈ Im(W (F ) → W (F (ϕ))). Hence xπ ∈ W_{nr}(F (ϕ)/F ). By Proposition 13.6, π is defined over F by a Pfister form. This contradicts the definition of nongood forms.

We recall the conjecture of Bruno Kahn concerning the classifications of forms of height 2.

Conjecture 13.8. (see [Kah2, Conjecture 7]). Let ϕ be a quadratic form of height 2 and degree n ≥ 2. Then at least one of the following conditions holds:

• (excellent forms) ϕ ≃ aρ ⊗ τ^′, where a ∈ F^∗, ρ ∈ P_n(F ) and τ^′ is the pure subform of τ ∈ P_m(F ) with m ≥ 2.

• (good nonexcellent forms) ϕ ≃ ρ ⊗ ψ, where ρ ∈ P_{n−1}(F ) and ψ is a 4-dimensional form.

• (nongood forms) ϕ ≃ ρ ⊗ γ, where ρ ∈ P_{n−2}(F ) and γ is an Albert form.

Theorem 13.9. Let F be a field of characteristic zero. Then Conjecture 13.8 is true for n ≤ 3.

Proof. M. Knebusch proved Conjecture 13.8 for all excellent forms. B. Kahn proved Conjecture 13.8 for n = 2 ([Kah2]). Moreover, he proved the second item of this conjecture (i.e., for good forms) for n = 3 (see [Kah2, Th.2.12]). To complete the proof of the theorem it suffices to classify nongood forms of height 2 and degree 3.

Since deg ϕ = 3 and ht(ϕ) = 2 > 1, we have ϕ ∈ I^3(F ) and dim ϕ > 8. By Pfister’s theorem, we have dim ϕ ≥ 12. On the other hand, Corollary 13.7 shows that dim ϕ ≤ 12. Hence, ϕ is a 12-dimensional form from I^3(F ). Therefore, ϕ = ⟨⟨a⟩⟩ ⊗ γ, for suitable a ∈ F^∗ and an Albert form γ (Lemma 9.6).

Corollary 13.10. Let F be a field of characteristic zero, and let ϕ be an F - form of degree 2 and height 3.^{10} Then dim ϕ ≠ 14. If dim ϕ = 16, then ϕ ∈ GP_{4,2}F (i.e. ϕ ≃ k ⟨⟨a⟩⟩ ⊗ (π^′ ⊥ ⟨b⟩), where π^′ is the pure subform of some 3-fold Pfister form).

Proof. This follows from Theorem 13.9 and [Lag, Th.6].

References

[Ara] Arason, J. Kr. Cohomologische Invarianten quadratischer Formen. J. Algebra 36 (1975), 448–491.

[AEJ1] Arason, J., Elman, R. and Jacob, B. The graded Witt ring and Galois cohomology.

I. Quadratic and Hermitian forms (Hamilton, Ont., 1983), 17–50, CMS Conf. Proc., 4, Amer. Math. Soc., Providence, R.I., 1984.

[AEJ2] Arason, J., Elman, R. and Jacob, B. Fields of cohomological 2-dimension three. Math.

Ann. 274 (1986), no. 4, 649–657.

[CT1] Colliot-Thélène, J.-L. Birational invariants, purity and the Gersten conjecture. Ktheory and algebraic geometry: connections with quadratic forms and division algebras (Santa Barbara, CA, 1992), 1–64, Proc. Sympos. Pure Math., 58, Part 1, Amer. Math. Soc., Providence, 1995.

[CT2] Colliot-Thélène, J.-L. Cycles algébriques de torsion et K-théorie algébrique. Arithmetic algebraic geometry (Trento, 1991), 1–49, Lecture Notes in Math., 1553, Springer, Berlin, 1993.

[Elm] R. Elman Quadratic forms and the u-invariant. III Proc. Conf. quadratic Forms, Kingston 1976, Queen’s Pap. pure appl. Math. l46 (1977), 422–444.

[EL1] R. Elman and T. Y. Lam Quadratic forms and the u-invariant. I. Math. Z. 131 (1973), 283–304 [EL2] R. Elman and T. Y. Lam Quadratic forms and the u-invariant. II. Invent. Math. 21 (1973), 125–137.

[EL3] R. Elman and T. Y. Lam Pfister forms and K-theory of fields J. Algebra 23 (1972), 181–213.

[ELW] R. Elman, T. Y. Lam and A. R. Wadsworth Amenable fields and Pfister extensions.

Proc. of Quadratic Forms Conference (ed. G. Orzech) Queen’s Papers in Pure and Applied Mathematics 46 (1977), 445–491.

[JR] Jacob, B.; Rost, M. Degree four cohomological invariants for quadratic forms. Invent.

Math. 96, No.3 (1989), 551–570.

10We pay attention, that here deg = 2 and ht = 3 (in the previous statement we deal with deg = 3 and ht = 2).

[H1] Hoffmann, D. W. Isotropy of quadratic forms over the function field of a quadric.

Math. Z. 220 (1995), 461–467.

[H2] Hoffmann, D. W. Splitting patterns and invariants of quadratic forms. Math. Nachr.

190 (1998), 149–168.

[H3] Hoffmann, D. W. On the dimensions of anisotropic quadratic forms in I^4. Invent.

Math. 131 (1998), no. 1, 185–198.

[H4] Hoffmann, D. W. Twisted Pfister forms. Doc. Math. 1 (1996), 67–102. [H5] Hoffmann, D. W. Sur les dimensions des formes quadratiques de hauteur 2. C. R.

Acad. Sci. Paris Sr. I Math. 324 (1997), no. 1, 11–14.

[HvG] Hoffmann, D. W.; Van Geel, J. Zeros and norm groups of quadratic forms over function fields in one variable over a local non-dyadic field. J. Ramanujan Math. Soc. 13 (1998), no. 2, 85–110.

[HR] Hurrelbrink, J; Rehmann, U. Splitting patterns of quadratic forms. Math. Nachr. 176 (1995), 111–127 [Izh1] Izhboldin O. T. Quadratic forms with maximal splitting. (Russian) Algebra i Analiz 9 (1997), no. 2, 51–57; English transl. in: St. Petersburg Math. J. Vol. 9 (1998), No. 2, 219–224.

[Izh2] Izhboldin O. T. On the isotropy of quadratic forms over the function field of a quadric.

(Russian) Algebra i Analiz 10 (1998), no. 1, 32–57; English transl. in: St. Petersburg Math. J. 10 (1999), no. 1, 25–43.

[Izh3] Izhboldin O. T. Quadratic forms with maximal splitting, II. Preprint, 1999 Apr. 05 Bielefeld, http://www.mathematik.uni-bielefeld.de/~oleg/ [Izh4] Izhboldin O. T. Motivic equivalence of quadratic forms, II. To appear in: Manuscripta Math.

[KRS1] Kahn, B.; Rost, M.; Sujatha, R. Unramified cohomology of quadrics, I Amer. J.

Math. 120 (1998), no. 4, 841–891.

[KS2] Kahn, B.; Sujatha, R. Unramified cohomology of quadrics, II K-theory preprint archives, Preprint 338, 1999 Mar 15, http://www.math.uiuc.edu/K-theory/ [KS3] Kahn, B.; Sujatha, R. Motivic cohomology and unramified cohomology of quadrics, To appear in the J. European Math. Soc. Preprint version: K-theory preprint archives, #358, 1999 Jul 28, http://www.math.uiuc.edu/K-theory/ [Kah1] Kahn, B. A descent problem for quadratic forms. Duke Math. J80 (1995), 139–155. [Kah2] Kahn, B. Formes quadratiques de hauteur et de degré 2. Indag. Math. 7 (1996), no.

1, 47–66.

[Kah3] Kahn, B. Quelques remarques sur le u-invariant. Sèm. Théor. Nombres Bordeaux (2) 2 (1990), no. 1, 155–161.

[Kah3] Kahn, B. Lower H-cohomology of higher-dimensional quadrics. Arch. Math. 65 (1995), no. 3, 244–250.

[Kar1] Karpenko, N. A. Algebro-geometric invariants of quadratic forms. Algebra i Analiz (in Russian) 2,no. 1 (1991), 141–162; Engl. transl. in: Leningrad (St. Petersburg) Math. J. 2,no. 1 (1991), 119–138 [Kar2] Karpenko, N. A. Chow groups of quadrics and index reduction formula. Nova J. of Algebra and Geometry 3 (1995), no. 4, 357-379.

[Kar3] Karpenko, N. A. Characterization of minimal Pfister neighbors via Rost Projectors Universität Münster, Preprintreihe SFB 478 - Geometrische Strukturen in der Mathematik, Heft 65 (1999).

[Kar4] Karpenko, N. A. On anisotropy of orthogonal involutions. Preprint, 1999. To appear in J. Ramanujan Math. Soc.

[Lag] Laghribi, A. Sur les Formes Quadratiques de Hauteur 3 et de Degeré au Plus 2 Doc.Math.J.DMV 4 (1999) 203-218.

[Lam1] Lam, T. Y. The algebraic Theory of Quadratic Forms. Massachusetts: Benjamin 1973 (revised printing 1980).

[Lam2] Lam, T. Y. Fields of u-invariant 6 after A. Merkurjev. Ring theory 1989 (Ramat Gan and Jerusalem, 1988/1989), 12–30, Israel Math. Conf. Proc., 1, Weizmann, Jerusalem, 1989.

[M1] Merkurjev, A. S. On the norm residue symbol of degree 2. Dokl. Akad. Nauk SSSR 261 (1981), 542–547. Engl. transl.: Soviet Math. Dokl. 24 (1981), 546–551.

[M2] Merkurjev, A. S. Kaplansky conjecture in the theory of quadratic forms. Zap. Nauchn.

Semin. Leningr. Otd. Mat. Inst. Steklova (Russian) 175 (1989), 75–89. Engl. transl.: J. Sov. Math. 57 (1991), no. 6, 3489–3497.

[M3] Merkurjev, A. S. Simple algebras and quadratic forms. Izv. Akad. Nauk SSSR, Ser.

Mat. 55 (1991), 218–224. Engl. transl.: Math. USSR Izv. 38 (1992), no. 1, 215–221. [MS] Merkurjev, A. S.; Suslin, A. A. The group K_3 for a field. Izv. Akad. Nauk SSSR Ser.

Mat. (Russian) 54 (1990), no. 3, 522–545. Engl. transl.: Math. USSR, Izv. 36 (1991), no.3, 541–565.

[Ohm] Ohm, J. The Zariski problem for function fields of quadratic forms. Proc. Amer. Math.

Soc. 124 (1996), 1679–1685.

[Pf1] Pfister, A. Quadratic forms with applications to algebraic geometry and topology. London Mathematical Society Lecture Note Series, 217. Cambridge University Press, Cambridge, 1995.

[Pf2] Pfister, A. Quadratische Formen in beliebigen Körpern. (German) Invent. Math. 1 1966 116–132.

[PS] Parimala, R; Suresh, V. Isotropy of quadratic forms over function fields of curves over p-adic fields. To appear in : Publ. Math., Inst. Hautes Etud. Sci.

[R1] Rost, M. Hilbert 90 for K_3 for degree-two extensions. Preprint (1986). [Sch] Scharlau, W. Quadratic and Hermitian Forms Springer:Berlin, Heidelberg, New York, Tokyo, 1985.

[Sw] Swan, R. K-theory of quadric hypersurfaces. Ann. Math. 122 (1985), n0.1 , 113-154. [Szy] Szyjewski, M., The fifth invariant of quadratic forms. Algebra Anal. (Russian) 2, No.1 (1990), 213–234; English transl in Leningr. Math. J. 2, No.1 (1991),179–198 [Ti] Tignol, J.-P. Algèbres indécomposables d’exposant premier. Adv. Math 65 (1987), no 3, 205-228.

[Vi1] Vishik, A. Integral motives of quadrics. Max Planck Institut Für Mathematik, Bonn, preprint MPI-1998-13, 1–82.

[Vi2] Vishik, A. Direct summands in the motives of quadrics Preprint 1999; Talk on the workshop on Homotopy theory and K-theory of schemes, Münster, 31.5.1999 - 3.6.1999.

[Vi3] Vishik, A. Motives and splitting patterns of quadrics Tagungsbericht Oberwolfach 39/1999, 26.09–2.10.1999. Algebraische K-theory; Internet: K-theory preprint archives 375: http://www.math.uiuc.edu/K-theory/ [Vi4] Vishik, A. On dimension of quadratic forms. (Russian) To appear in: Dokl. Akad.

Nauk [Vo] Voevodsky, V. The Milnor conjecture. Max-Planck-Institut für Mathematik, Bonn Preprint MPI-1997-8, 1–51.

Universität Bielefeld, Fakultät für Mathematik, Postfach 100131, 33501 Bielefeld, GERMANY

E-mail address: oleg@mathematik.uni-bielefeld.de