EXTERIOR POWERS OF SYMMETRIC BILINEAR FORMS

SEÁN MCGARRAGHY

Abstract. We study exterior powers of classes of symmetric bilinear forms in the Witt- Grothendieck ring of a field of characteristic not equal to 2, and derive their basic properties. The exterior powers are used to obtain annihilating polynomials for quadratic forms in the Witt ring.

1991 AMS Subject Classification: 11E04, 11E81

Keywords: symmetric bilinear form, exterior power, Witt ring, Witt-Grothendieck ring, λ-ring.

1. Introduction

Throughout this paper, K will be a field of characteristic different from 2. It is well-known that given a finite-dimensional K-vector space V and a non-negative integer k we may define Λ^kV , the k-fold exterior power of V . Then the ring of isomorphism classes of finite-dimensional K-vector spaces under direct sum and tensor product is a λring, with the exterior powers acting as the λ-operations. The exterior powers and the related symmetric powers are in fact functors on the category of K-vector spaces and K-linear maps, special cases of the Schur functors (see, for example, [3] or [4]). The concept of exterior power of a symmetric bilinear form is defined in Bourbaki (see [2, Ch. 9 eqn. (37)]). In [10], Serre remarks that the Grothendieck group of the category of finite rank Z-symmetric bilinear modules is a λ-ring using exterior powers, but the subject does not appear to have been treated in detail in the literature. In this paper we establish the basic facts about the exterior powers of a symmetric bilinear form, including formulas for their classical invariants, and apply these to deriving annihilating polynomials in the Witt ring. We work interchangeably with K-quadratic spaces and K-symmetric bilinear spaces to achieve as much simplicity as possible; all results carry across, by the correspondence in characteristic not equal to 2.

2. Notation

For the definitions of such terms as bilinear and quadratic forms, isometry, the Witt- Grothendieck ring, Witt ring, etc., see, for example, [9].

We will denote by ^W (K)^+ the commutative cancellation semi-ring of isometry classes of symmetric bilinear forms under orthogonal sum and tensor product, and let the Witt- Grothendieck ring ^W (K) be the Grothendieck completion of ^W (K)^+. Then the Witt ring W (K) is the quotient of ^W (K) by the ideal generated by hyperbolic spaces.

Date: July 26, 2001.

Part-supported by Enterprise Ireland. 1

2 SEÁN MCGARRAGHY

Throughout, juxtaposition will denote—according to context—a (tensor) product of forms φψ = φ ⊗ ψ = φ · ψ, or a scalar multiple of a form: if φ = ⟨a_1, . . . , a_n⟩, then λφ = ⟨λa_1, . . . , λa_n⟩. We will use a cross to denote an integer times a form, i. e. n × φ means the orthogonal sum of φ with itself n times.

For the definitions of k-fold exterior power and symmetric power of a finite-dimensional vector space V see, for example, [4] or [3].

3. Exterior and symmetric powers of symmetric bilinear forms Let V be a vector space of dimension n over K. Recall that if k is a non-negative integer, then the k-fold exterior power of V , Λ^kV , has dimension

�_n k � , where we take

�_n k � to be 0 for all k > n. In particular, if {v_1, . . . , v_n} is a basis for V , then a basis for Λ^kV is given by the set of k-fold wedge products {v_{i1} ∧ · · · ∧ v_{ik} : 1 ≤ i_1 < · · · < i_k ≤ n} and there are �_n k � such expressions.

Definition 3.1. Let φ : V × V −→ K be a bilinear form and let k be a positive integer not greater than n. We define the k-fold exterior power of φ, Λ^kφ : Λ^kV × Λ^kV −→ K, by Λ^kφ(x_1 ∧ · · · ∧ x_k, y_1 ∧ · · · ∧ y_k) = det(φ(x_i, y_j ))_{1≤i,j≤k} .

We define Λ^0φ := ⟨1⟩, the identity form of dimension 1. For k > n we define Λ^kφ to be the zero form, since Λ^kV = 0 for all k > n.

It is easily seen that Λ^kφ is a bilinear form, and is symmetric if φ is symmetric. Also Λ^1φ = φ.

If q is the quadratic form associated to φ, we write Λ^kq for the quadratic form associated to Λ^kφ.

Remark 3.2. Similarly, given any positive integer k, we may define another bilinear form, the k-fold symmetric power of φ, on the k-fold symmetric power of V , S^kφ : S^kV × S^kV −→ K, by S^kφ(x_1 · · · x_k, y_1 · · · y_k) = per(φ(x_i, y_j ))_{1≤i,j≤k} , where · is the multiplication in the symmetric algebra of V and per is the permanent of the matrix (φ(x_i, y_j)).

In fact, given any partition π of k, we may define an associated “Schur power” of φ in a similar fashion. Results on these other powers will appear in a future paper. Remark 3.3. Let φ : V × V −→ K be a symmetric bilinear form on V and let G be a group acting on V . Then G acts on Λ^kV also, via g(v_1 ∧ · · · ∧ v_k) = (gv_1) ∧ · · · ∧ (gv_k).

Thus if V is a representation module for G, so is Λ^kV .

Exterior powers of symmetric bilinear forms 3

Suppose that φ is a G-form, that is, for all v, w ∈ V and all g ∈ G, φ(gv) = φ(v) (e. g. for G a subgroup of the orthogonal group O(φ)). Then an easy computation shows Λ^kφ is a G-form also.

4. Diagonalisation of an exterior power

Proposition 4.1. Let V be a vector space of dimension n over F and let φ = ⟨a_1, . . . , a_n⟩ be a diagonalisation of a symmetric bilinear form on V . Let k ≤ n. Then Λ^kφ is a symmetric bilinear form of dimension

�_n k � and has a diagonalisation of the form

Λ^kφ = ⊥

1≤i_1<···<i_k≤n

⟨a_{i1} · · · a_{ik} ⟩.

In particular,

Λ^k(n × ⟨1⟩) =

�_n k � × ⟨1⟩.

Proof. Let {v_1, . . . , v_n} be an orthogonal basis for V , with φ(v_i, v_i) = a_i for i = 1, . . . , n and φ(v_i, v_j ) = 0 for i, j ∈ {1, . . . , n}, i ≠ j.

Let k ≤ n. Since {v_{i1} ∧ · · · ∧ v_{ik} : 1 ≤ i_1 < · · · < i_k ≤ n} is a basis for Λ^kV , we have immediately that the form Λ^kφ has dimension

�_n k � . Let v_{i1} ∧ · · · ∧ v_{ik} and v_{j1} ∧ · · · ∧ v_{jk} be two basis elements of Λ^kV , and consider

Λ^kφ(v_{i1} ∧ · · · ∧ v_{ik} , v_{j1} ∧ · · · ∧ v_{jk} ) = det(φ(v_{il} , v_{jm} ))_{1≤l,m≤k} .

Firstly suppose the {v_{il} }_{l=1,...,k} and {v_{jm} }_{m=1,...,k} are the same set of k vectors. Then linear independence of the basis gives i_l = j_l, l = 1, . . . , k and using orthogonality of {v_1, . . . , v_n} we get

Λ^kφ(v_{i1} ∧ · · · ∧ v_{ik} , v_{i1} ∧ · · · ∧ v_{ik} ) = det(φ(v_{il} , v_{im} ))_{1≤l,m≤k} = φ(v_{i1} , v_{i1} ) · · · φ(v_{ik} , v_{ik} ) = a_{i1} · · · a_{ik} .

Next suppose the {v_{il} } and {v_{jm} } are not the same set of vectors. Choose a v_{jm} which is not in {v_{il} }_{l=1,...,k}. Then by orthogonality of the basis {v_1, . . . , v_n} of V , the j_m^{th} column of the matrix (φ(v_{il} , v_{jm} ))_{1≤l,m≤k} will be a zero column. Thus Λ^kφ(v_{i1} ∧· · ·∧v_{ik} , v_{j1} ∧· · ·∧v_{jk} ), the determinant of this matrix, will be 0. This completes the proof.

Remark 4.2. Note that if φ is a hyperbolic form then Λ^kφ need not be hyperbolic. This is easily seen from the above expression for dimension, since a hyperbolic form must have even dimension.

For example, consider the hyperbolic forms φ = 2×⟨1, −1⟩ of dimension 4, ψ = 3×⟨1, −1⟩ of dimension 6. Then Λ^3ψ = 10×⟨−1, 1⟩ is hyperbolic, while Λ^2ψ has dimension

�_6 2 � = 15 and so cannot be hyperbolic. Also Λ^2φ = ⟨−1, 1, −1, −1, 1, −1⟩ has anisotropic part (Λ^2φ)_{an} = ⟨−1, −1⟩, of even dimension.

Thus, though φ and ψ are Witt equivalent (in fact φ ∼ ψ ∼ 0), Λ^kφ and Λ^kψ are not in general Witt equivalent, so Λ^k is not well-defined on elements of the Witt ring. However, Corollary 6.8 later shows that Λ^k is well-defined on elements of the Witt-Grothendieck ring. For this reason we restrict ourselves to elements of the Witt-Grothendieck ring

4 SEÁN MCGARRAGHY

^W (K) when considering exterior powers, though some results in ^W (K) may be carried over to W (K).

Remark 4.3. Note that if φ is an isotropic form of dimension n ≥ 2, then Λ^kφ will also be isotropic for 0 < k < n. For, φ will contain a hyperbolic plane and so φ ≃ φ^′ ⊥ ⟨1, −1⟩ for some symmetric bilinear form φ^′ = ⟨a_1, . . . , a_{n−2} ⟩. Then for any a_1, . . . , a_{k−1} ∈ {a_1, . . . , a_{n−2} }, the subform ⟨a_1 · · · a_{k−1} , −a_1 · · · a_{k−1} ⟩ of Λ^kφ will be hyperbolic (see [9, Corollary I.4.6(iii)]) and so Λ^kφ will be isotropic. In fact, there will be a hyperbolic plane for all such choices of a_1, . . . , a_{k−1} and so the Witt index of Λ^kφ will be at least �_{n−2} k−1 � . Remark 4.4. If φ is an anisotropic form then Λ^kφ need not be anisotropic. To see this, let K be a field of u-invariant u = 4 (recall that the u-invariant of a field K is the maximal dimension of an anisotropic form over K). For example, we may take K to be a local field (of characteristic not equal to 2), or a non-real algebraic number field, or a p-adic field. Let φ be of dimension 4 over K and anisotropic. Then Λ^2φ has dimension

�_4 2 � = 6 and so must be isometric since u < 6. The same argument works for any field with finite u-invariant u > 2 and any anisotropic form φ of dimension u, since

�_u 2 � > u for all positive integers u > 3.

Remark 4.5. Note that non-isometric forms may have isometric k-fold exterior powers. For example, let φ = ⟨1, 2, 3⟩, ψ = ⟨1, 6, 3⟩ over a field K in which 3 is not a square (such as Q). Then φ and ψ are not isometric, since their determinants in K̇/K̇^2 are 6 and 2, respectively, and these differ by a factor of 3. However, Λ^2φ = ⟨2, 3, 6⟩ ≃ ⟨6, 3, 2⟩ = Λ^2ψ.

Corollary 4.6. Let φ be a symmetric bilinear form of dimension n over K. Then (a) Λ^nφ = ⟨det φ⟩ and (b) Λ^kφ = (det φ) Λ^{n−k} φ, 0 ≤ k ≤ n.

Remark 4.7. Corollary 4.6 gives us a “duality principle” for exterior powers of a symmetric bilinear form.

5. Determinant of an exterior power

Proposition 4.1 also allows us to easily compute the determinant of Λ^kφ in terms of the determinant of φ.

Proposition 5.1. Let φ be a symmetric bilinear form of dimension n. Then

det(Λ^kφ) = (det φ)

�_{n−1} k−1 � . In particular, for k = 2, det(Λ^2φ) = (det φ)^{n−1} .

Proof. Write φ = ⟨a_1, . . . , a_n⟩ in diagonal form. Then by Proposition 4.1,

det(Λ^kφ) = � 1≤i_1<···<i_k≤n

a_{i1} · · · a_{ik} ,

Exterior powers of symmetric bilinear forms 5

There are

�_n k � terms in the product, each term being itself a product of k of the a_i and an easy computation shows

det(Λ^kφ) = (a_1a_2 · · · a_n)

�_{n−1} k−1 �

= (det φ)

�_{n−1} k−1 � which completes the proof.

Corollary 5.2. Let k ≥ 1 and let φ be a symmetric bilinear form. Then φ is non-singular if and only if Λ^kφ is non-singular.

Proof. φ is non-singular if and only if det φ ≠ 0. By Proposition 5.1 this is equivalent to

det(Λ^kφ) = (det φ)

�_{n−1} k−1 � ≠ 0 ⇐⇒ Λ^kφ is non-singular.

6. Functorial properties of Λ^k

Let V denote the category whose objects are finite-dimensional K-vector spaces and whose morphisms are K-linear maps. It is well-known that the Schur functors (see [3, Appendix A2], [4, Lecture 6]), of which Λ^k and S^k are examples, are functors on V. In this section we show that Λ^k is in fact a functor on the category of finite-dimensional K-symmetric bilinear spaces (equivalently finite-dimensional K-quadratic spaces). We first define some terms.

Definition 6.1. Let B, the category of K-symmetric bilinear spaces, be the category whose objects are finite-dimensional K-symmetric bilinear spaces and whose morphisms are isometries.

Remark 6.2. It is easy to see that this category is well-defined: if f ∈ Hom_B((V, φ), (W, ψ)) and g ∈ Hom_B((W, ψ), (U, χ)) then φ = ψ ∘ f and ψ = χ ∘ g, so φ = χ ∘ g ∘ f and g ∘ f ∈ Hom_B((V, φ), (U, χ)); further, the composition of bijective maps is bijective.

Remark 6.3. Except in cases where confusion is possible, we drop the ∘ notation for composition of morphisms henceforth.

We state some facts which we require (see e. g. [3, A2.2(a), A2.3(e)]).

Proposition 6.4. If f : V −→ W is a linear map, then Λ^kf : Λ^kV −→ Λ^kW is a linear map and Λ^kf(v_1 ∧ · · · ∧ v_k) = fv_1 ∧ · · · ∧ fv_k.

Moreover, if f has matrix A with respect to bases {v_1, . . . , v_n} and {w_1, . . . , w_m} of V and W respectively, then Λ^kf has matrix whose entry corresponding to the basis elements v_{i1} ∧· · ·∧v_{ik} and w_{j1} ∧· · ·∧w_{jk} is the determinant of the submatrix of A involving columns i_1, . . . , i_k and rows j_1, . . . , j_k.

Proposition 6.5. If f is an injective K-linear map, then Λ^kf is also an injective Klinear map.

Proof. Suppose that V and W are K-vector spaces of dimensions n and m respectively, and that f : V −→ W is an injective K-linear map, so that n ≤ m and rank f = n. Then any matrix for f will have dim V = n linearly independent columns.

6 SEÁN MCGARRAGHY

Choose a basis {v_1, . . . , v_n} for V , and complete (if necessary) {fv_1, . . . , fv_n} to a basis {fv_1, . . . , fv_n, w_{n+1}, . . . , w_m} for W .

Then the matrix for f with respect to these bases is � I_n O_{m−n,n} �

where the upper block is the n× n identity matrix I_n and the lower block is the (m−n)×n zero matrix O_{m−n,n} (possibly not present i. e. if m = n).

We first look at the case where k ≤ n.

Consider Λ^kV with basis {v_1 ∧ · · · ∧ v_k, . . . , v_{n−k+1} ∧ · · · ∧ v_n} of order

�_n k � (all choices of k out of the n vectors v_i) and extend the set {fv_1 ∧ · · · ∧ fv_k, . . . , fv_{n−k+1} ∧ · · · ∧ fv_n} to a basis for Λ^kW .

We observe that the determinant of the submatrix of I_n involving columns i_1, . . . , i_k and rows j_1, . . . , j_k is 1 if {i_1, . . . , i_k} = {j_1, . . . , j_k} and 0 otherwise. Then by 6.4 we have that the matrix of Λ^kf with respect to the above bases for Λ^kV and Λ^kW is the

�_m k � × �_n k � matrix � I O �

where the upper block is the

�_n k � × �_n k � identity matrix and the lower block is the �_m k � − �_n k � × �_n k � zero matrix (not present if m = n).

This matrix clearly has rank

�_n k � , so Λ^kf is injective as required, when k ≤ n.

If k > n, then Λ^kV = {0}, so Λ^kf : Λ^kV −→ Λ^kW is trivially injective, and we are done.

Corollary 6.6. If f is a bijective K-linear map, then Λ^kf is also a bijective K-linear map.

Proof. The statement follows by taking m = n in the proof of Proposition 6.5.

Theorem 6.7. Λ^k : B −→ B is a (covariant) functor.

Proof. From the definition of Λ^k, if (V, φ) ∈ Ob B then (Λ^kV, Λ^kφ) ∈ Ob B.

Next, if f : (V, φ) −→ (W, ψ) is a morphism in B then Λ^kf : (Λ^kV, Λ^kφ) −→ (Λ^kW, Λ^kψ) is a morphism in B.

For, if φ = ψ ∘ f with f bijective, then for all v_1, . . . , v_k, w_1, . . . , w_k ∈ V ,

Λ^kφ(v_1 ∧ · · · ∧ v_k, w_1 ∧ · · · ∧ w_k) = det(φ(v_i, w_j))_{1≤i,j≤k} = det((ψ ∘ f)(v_i, w_j))_{1≤i,j≤k} = det(ψ(fv_i, fw_j))_{1≤i,j≤k}

= Λ^kψ(fv_1 ∧ · · · ∧ fv_k, fw_1 ∧ · · · ∧ fw_k)

6.4= Λ^kψ(Λ^kf(v_1 ∧ · · · ∧ v_k)

� � �

∈Λ^kW

, Λ^kf(w_1 ∧ · · · ∧ w_k) � � �

∈Λ^kW ) = Λ^kψ ∘ Λ^kf(v_1 ∧ · · · ∧ v_k, w_1 ∧ · · · ∧ w_k),

Exterior powers of symmetric bilinear forms 7

giving Λ^kφ = Λ^kψ ∘ Λ^kf, and Λ^kf is bijective by Corollary 6.6.

Further, if f ∈ Hom_B((V, φ), (W, ψ)) and g ∈ Hom_B((W, ψ), (U, χ)) are morphisms in B, so gf ∈ Hom_B((V, φ), (U, χ)), then Λ^kf : (Λ^kV, Λ^kφ) −→ (Λ^kW, Λ^kψ), Λ^kg : (Λ^kW, Λ^kψ) −→ (Λ^kU, Λ^kχ) and Λ^k(gf) : (Λ^kV, Λ^kφ) −→ (Λ^kU, Λ^kχ) are all morphisms in B. By [3, page 591], the Schur functors, in particular Λ^k, act in afunctorial way on linear maps, so the composition property Λ^k(gf) = Λ^kgΛ^kf holds. Finally, if (V, φ) ∈ Ob B, let id_{(V,φ)} be the identity map, whose matrix with respect to any basis of V is I_n where n = dim V . Then id_{(Λ} k_{V,Λ} k_{φ)} := identity map on Λ^kV (with matrix I(n_k) with respect to any basis of Λ^kV ) is clearly Λ^k(id_{(V,φ)}), by Proposition 6.4. This completes the proof.

Corollary 6.8. If (V, φ) and (W, ψ) are isometric symmetric bilinear spaces, then (Λ^kV, Λ^kφ) and (Λ^kW, Λ^kψ) are also isometric symmetric bilinear spaces. Remark 6.9. One can also define two other categories, with more morphisms than B. Let B_n be the category whose objects are those of B and whose morphisms are K-linear maps f : (V, φ) −→ (W, ψ) such that φ = ψ ∘ f.

Let B_i be the category whose objects are those of B and whose morphisms are injective morphisms of B_n.

Clearly B_i and B are subcategories of B_n, but not full subcategories. The above results also hold for B_n and B_i, and each Λ^k is a functor on both B_n and B_i.

7. Algebraic properties of exterior powers

We derive some basic properties of Λ^k: how it behaves with respect to scalar multiplication, orthogonal sum and tensor product of forms.

Proposition 7.1. Let φ be a symmetric bilinear form over K, let α ∈ K and let k be a positive integer. Then

Λ^k(αφ) = α^kΛ^kφ = � αΛ^kφ if k is odd; Λ^kφ if k is even.

Proof. Let φ, α and k be as in the statement. Suppose that φ acts on a vector space V and let x_1, . . . , x_k, y_1, . . . , y_k ∈ V . Then

Λ^k(αφ)(x_1 ∧ · · · ∧ x_k, y_1 ∧ · · · ∧ y_k) = det(αφ(x_i, y_j ))_{1≤i,j≤k} = α^k det(φ(x_i, y_j ))_{1≤i,j≤k} = α^kΛ^kφ(x_1 ∧ · · · ∧ x_k, y_1 ∧ · · · ∧ y_k), completing the proof.

Remark 7.2. Proposition 7.1 says that Λ^k is k-homogeneous with respect to scalar multiplication.

8 SEÁN MCGARRAGHY

Proposition 7.3. Let φ and ψ be symmetric bilinear forms over K and let k be a positive integer. Then Λ^k(φ ⊥ ψ) = ⊥

i+j=k

Λ^iφ · Λ^jψ.

Proof. This follows from Proposition 9.3 below.

Corollary 7.4. Let φ_1, . . . , φ_m be symmetric bilinear forms over K and let k be a positive integer. Then Λ^k(φ_1 ⊥ · · · ⊥ φ_m) = ⊥

i_1+···+i_m=k

Λ^{i1} φ_1 · · · Λ^{im} φ_m.

Proof. Use Proposition 7.3 and induction on m.

Lemma 7.5. Let (V, φ) be a symmetric bilinear space over K of dimension n. Then φ^2 = n × ⟨1⟩ ⊥ 2 × Λ^2φ.

Proof. Let φ = ⟨a_1, . . . , a_n⟩. Then φ^2 = ⟨a_1, . . . , a_n⟩ ⊗ ⟨a_1, . . . , a_n⟩ = ⊥

1≤i,j≤n

⟨a_ia_j⟩

= � ⊥_{1≤i≤n}^{⟨aiai⟩} � ⊥ � ⊥_{1≤i<j≤n}^{⟨aiaj⟩} � ⊥ � ⊥_{1≤i<j≤n}^{⟨ajai⟩} �

= n × ⟨1⟩ ⊥ 2 × Λ^2φ which completes the proof.

Proposition 7.6. Let (V, φ) and (W, ψ) be symmetric bilinear spaces over K of dimensions n and m respectively. Then Λ^2(φψ) = m × Λ^2φ + n × Λ^2ψ + 2 × Λ^2φΛ^2ψ Proof. Let φ = ⟨a_1, . . . , a_n⟩ be a diagonalisation of φ. Then

Λ^2(φψ) = Λ^2(⟨a_1⟩ψ ⊥ · · · ⊥ ⟨a_n⟩ψ) = Λ^2(a_1ψ ⊥ · · · ⊥ a_nψ)

= ⊥_{i1+···+in=2}^{Λ i1 (a1ψ) · · · Λin (anψ) by Corollary 7.4}

= Λ^2(a_1ψ) ⊥ · · · ⊥ Λ^2(a_nψ) ⊥ ⊥

1≤i_1<i_2≤n

a_1ψa_2ψ

= a^2_1Λ^2ψ ⊥ · · · ⊥ a^2_nΛ^2ψ ⊥ ψ^2 ⊥

1≤i_1<i_2≤n

a_1a_2 by Proposition 7.1

= n × Λ^2ψ ⊥ ψ^2Λ^2φ and substituting ψ^2 = m × ⟨1⟩ ⊥ 2 × Λ^2ψ using the last Lemma gives the result. Remark 7.7. Similar formulas may be proven for higher exterior powers Λ^k(φψ) and for exterior powers of exterior powers using the polynomials in Definition 9.6 and the results of Corollary 9.11 and Example 9.12 in the next section.

Exterior powers of symmetric bilinear forms 9

8. Pfister forms and exterior powers

Recall that for a_1, . . . , a_n ∈ K^∗, we can define the n-fold Pfister form

ψ = ⟨⟨a_1, . . . , a_n⟩⟩ := n� i=1 ⟨1, a_i⟩ = ⊥

all subsets {i_1,...,i_k}⊆{1,...,n}

⟨a_{i1} · · · a_{ik} ⟩

Thus

ψ = ⟨⟨φ⟩⟩ = n ⊥_{k=0}^{Λ kφ}

where φ = ⟨a_1, . . . , a_n⟩. If φ is a form on V then ⟨⟨φ⟩⟩ is naturally a form on Λ(V ), the exterior algebra of V , viewed as a vector space.

Remark 8.1. Corollary 6.8 and the last fact give a quick way of seeing that if φ_1 is isometric to φ_2, then ⟨⟨φ_1⟩⟩ is isometric to ⟨⟨φ_2⟩⟩.

Noting that the Clifford algebra of φ, C(φ) = ⊥^n_{k=0} Λ^kV as vector spaces, it is reasonable to look for a connection between C(φ) and ⟨⟨φ⟩⟩.

Recall that the standard involution on C(φ) is the involution σ which is the identity on V , with σ(xy) = σ(y)σ(x) for all x, y ∈ V . An easy induction shows that for all positive integers m, σ(x_1 · · · x_m) = σ(x_m) · · · σ(x_1).

Then the involution trace form on C(φ) associated to σ is the map

T_{C(φ)} : C(φ) × C(φ) −→ K : (x, y) −→ T_{C(φ)}(x, y) := Trace_{C(φ)/K} σ(x)y. Proposition 8.2. With the notation above,

T_{C(φ)} = 2^n⟨⟨φ⟩⟩ = � ⟨⟨φ⟩⟩, for n even; 2⟨⟨φ⟩⟩, for n odd.

Proof. Pick an orthogonal basis {v_1, . . . , v_n} for V such that φ(v_i, v_i) = a_i for i ∈ {1, . . . , n}. Then a basis for C(φ) is given by the set of 2^n products B = {v_{i1} · · · v_{ik} : 1 ≤ i_1 < · · · < i_k ≤ n, 0 ≤ k ≤ n} = {v^{ε1}_1 · · · v^{εn}_n : ε_i = 0, 1, i = 1, . . . , n}. We have that for all distinct x, y ∈ B, with x = v^{ε1}_1 · · · v^{εn}_n , σ(x)x = σ(v^{ε1}_1 · · · v^{εn}_n )v^{ε1}_1 · · · v^{εn}_n

= v^{εn}_n · · · v^{ε1}_1 v^{ε1}_1 · · · v^{εn}_n = v^{εn}_n · · · v^{ε2}_2 φ(v_1, v_1)^{ε1} v^{ε2}_2 · · · v^{εn}_n = φ(v_1, v_1)^{ε1} φ(v_2, v_2)^{ε2} · · · φ(v_n, v_n)^{εn} = a^{ε1}_1 a^{ε2}_2 · · · a^{εn}_n which is a scalar, and conversely, by linear independence, σ(x)y is not a scalar. Thus, left multiplication by σ(x)y will move any element z of B to a scalar multiple of a different element of B. It follows that the matrix for left multiplication by σ(x)y will have all zeros on the main diagonal and so be of trace zero; while the matrix for left multiplication by σ(x)x will be the scalar matrix a^{ε1}_1 a^{ε2}_2 · · · a^{εn}_n I_2n which has trace 2^na^{ε1}_1 a^{ε2}_2 · · · a^{εn}_n . Hence, as a form, T_{C(φ)} has diagonalisation ⊥^n_{k=0} 2^nΛ^kφ with respect to the basis B, completing the proof.

10 SEÁN MCGARRAGHY

9. Properties of ^W (K) as a λ-ring

Definition 9.1. A pre-λ-ring R is a commutative ring with identity, and with unary operations λ^n : R −→ R, for n = 0, 1, 2, . . . such that for all x, y ∈ R: (i) λ^0(x) = 1; (ii) λ^1(x) = x;

(iii) λ^n(x + y) = n� i=0 λ^i(x)λ^{n−i} (y).

An equivalent definition is: for x ∈ R, consider the formal power series in the variable t defined by λ_t(x) = λ^0(x) + λ^1(x)t + λ^2(x)t^2 + · · · Then the conditions are that: (i)^′ λ^0(x) = 1; (ii)^′ λ^1(x) = x;

(iii)^′ λ_t(x + y) = λ_t(x)λ_t(y).

Definition 9.2. Let R be a pre-λ-ring. An element x ∈ R is of finite degree n if λ_t(x) is a polynomial of degree n, i. e. λ^i(x) = 0 for all i > n but λ^n(x) ≠ 0. R is finitary if each element of R is a difference of elements of finite degree.

Proposition 9.3. The Witt-Grothendieck ring ^W (K) under the operations of orthogonal sum and tensor product forms a pre-λ-ring with the exterior powers Λ^k acting as the λ-operations.

Proof. We show that (i), (ii) and (iii)^′ of Definition 9.1 above hold. First, Corollary 4.6(a) and the definition of Λ^0φ to be the identity form imply (i) and (ii). From the definition of a Pfister form we have, for b_1, . . . , b_{n+m} elements of a field L, that ⟨⟨b_1, . . . , b_n, b_{n+1}, . . . , b_{n+m}⟩⟩ = ⟨⟨b_1, . . . , b_n⟩⟩ ⊗ ⟨⟨b_{n+1}, . . . , b_{n+m}⟩⟩ (∗).

We work over the field K(t) of rational functions in t. Given forms φ = ⟨a_1, . . . , a_n⟩, ψ = ⟨a_{n+1}, . . . , a_{n+m}⟩ over K, consider the forms ⟨ta_1, . . . , ta_n⟩, ⟨ta_{n+1}, . . . , ta_{n+m}⟩ over K(t). Then ⟨⟨ta_1, . . . , ta_n⟩⟩ = 1 + tφ + t^2Λ^2φ + · · · + t^nΛ^nφ = λ_t(φ).

Similarly, we have that ⟨⟨ta_{n+1}, . . . , ta_{n+m}⟩⟩ = 1 + tψ + t^2Λ^2ψ + · · · + t^mΛ^mψ = λ_t(ψ) and ⟨⟨ta_1, . . . , ta_{n+m}⟩⟩ = 1 + t(φ + ψ) + · · · + t^mΛ^m(φ + ψ) = λ_t(φ + ψ). Then applying (∗) above shows that λ_t(φ + ψ) = λ_t(φ)λ_t(ψ), which is just (iii)^′ of Definition 9.1. The equivalence of this to (iii) proves Proposition 7.3.

Remark 9.4. Each element of ^W (K)^+ is of finite degree, the degree being its dimension, since Λ^iφ = 0 for all i > dim φ but Λ^{dim φ}φ = ⟨det φ⟩. Thus ^W (K), whose elements are formal differences of elements of ^W (K)^+, is a finitary pre-λ-ring.

Remark 9.5. Recall that the k^{th} elementary symmetric function of symbols x_1, . . . , x_n is a_k = � 1≤i_1<···<i_k≤n xi1 · · · xik .

Exterior powers of symmetric bilinear forms 11

Definition 9.6. Let ξ_1, . . . , ξ_q and η_1, . . . , η_r be indeterminates. Define b_n and c_m, where n, m ∈ {1, 2, 3, . . . }, by

1 + b_1t + b_2t^2 + · · · = q� i=1 (1 + ξ_it), and 1 + c_1t + c_2t^2 + · · · = r� j=1 (1 + η_jt).

Then the b_n are the elementary symmetric functions of the ξ_i and the c_m are the elementary symmetric functions of the η_j. We define polynomials in the b_n and c_m as follows. Let P_k(b_1, . . . , b_k; c_1, . . . , c_k) := coefficient of t^k in � i,j (1 + ξ_iη_jt) and Q_{k,l}(b_1, . . . , b_{kl}) := coefficient of t^k in � 1≤i_1<···<i_l≤q

(1 + ξ_{i1} · · · ξ_{il} t).

Then P_k and Q_{k,l} are integer polynomials independent of q and r provided both q, r ≥ k in the case of P_k, and q ≥ kl in the case of Q_{k,l}. Being integer polynomials, they are well-defined over any ring with 1, in particular the Witt and Witt-Grothendieck rings. Definition 9.7. A λ-ring is a pre-λ-ring R in which (see [6, page 13])

(i) λ_t(1) = 1 + t;

(ii) λ^k(xy) = P_k(λ^1x, . . . , λ^kx; λ^1y, . . . , λ^ky), for all x, y ∈ R, k ≥ 0; (iii) λ^l(λ^k(x)) = Q_{k,l}(λ^1x, . . . , λ^{kl}x), for all x ∈ R, k, l ≥ 0.

Proposition 9.8 ([6], page 17). Let R be a pre-λ-ring in which

(i) λ_t(1) = 1 + t;

(ii) each x ∈ R is a finite sum x = � ±x_i, where each x_i has degree one;

(iii) the product of two elements of degree one is again of degree one. Then R is a λ-ring.

Comment 9.9. For a general result on when a pre-λ-ring is a λ-ring, see [1, page 392]. For further details on λ-rings and related topics, see Lectures V and VI of [1]. Corollary 9.10. The Witt-Grothendieck ring ^W (K) is a λ-ring, where the k^{th} λ-operation is defined to be the k^{th} exterior power Λ^k.

Proof. We verify that the hypotheses of Proposition 9.8 hold. For (i), we have that λ_t(⟨1⟩) = Λ^0(⟨1⟩) + Λ^1(⟨1⟩)t + Λ^2(⟨1⟩)t^2 + · · · = Λ^0(⟨1⟩) + Λ^1(⟨1⟩)t since Λ^k(⟨1⟩) = 0 for all k ≥ 2 = ⟨1⟩ + ⟨1⟩t by Definition 3.1 as required.

12 SEÁN MCGARRAGHY

(ii) follows from the Diagonalisation Theorem (see [9, Theorem I.3.5] — every symmetric bilinear space is an orthogonal sum of one-dimensional symmetric bilinear spaces), and the construction of ^W (K) as formal differences of elements of ^W (K)^+. (iii) is clear because ⟨a⟩⟨b⟩ = ⟨ab⟩ for all a, b ∈ K.

Corollary 9.11. Let P_k and Q_{k,l} be the integer polynomials in Definition 9.6. Then, in the Witt-Grothendieck ring ^W (K),

(i) Λ^k(φ ⊗ ψ) = P_k(Λ^1φ, . . . , Λ^kφ; Λ^1ψ, . . . , Λ^kψ), for all φ, ψ ∈ ^W (K), k ≥ 0; (ii) Λ^l(Λ^k(φ)) = Q_{k,l}(Λ^1φ, . . . , Λ^{kl}φ), for all φ ∈ ^W (K), k, l ≥ 0.

Example 9.12. The following formulas hold in any λ-ring and in particular, in the Witt- Grothendieck ring.

λ^2(xy) = x^2 λ^2y + y^2 λ^2x − 2λ^2x λ^2y (1) λ^3(xy) = x^3 λ^3y + y^3 λ^3x + 3λ^3x λ^3y + xyλ^2x λ^2y − 3xλ^2x λ^3y − 3yλ^2y λ^3x (2) λ^2(λ^2(x)) = λ^3x λ^1x − λ^4x (3) λ^2(λ^3(x)) = λ^6x − λ^5x λ^1x + λ^4x λ^2x (4) Definition 9.13. Given λ-rings R and S, a λ-ring homomorphism is a ring homomorphism f : R −→ S such that λ^n(f(x)) = f(λ^n(x)) for all x ∈ R and all n ≥ 0.

A λ-ring endomorphism is a λ-ring homomorphism f : R −→ R. Remark 9.14. As in [6, pages 9–10], given a λ-ring R and x ∈ R written as a sum of n elements of degree 1, x = x_1 + · · · + x_n we may regard the k^{th} λ-operation λ^k as the k^{th} elementary symmetric function a_k = � 1≤i_1<···<i_k≤n xi1 · · · xik of the xi. Recall that the

(symmetric) power sums s_j are defined in terms of the a_k via Newton’s formulas s_j = s_{j−1} a_1 − s_{j−2} a_2 + · · · + (−1)^{j−2} s_1a_{j−1} + j(−1)^{j−1} a_j and solving for a_k by Cramer’s rule as in [6, page 36] gives

k! × a_k = det

� � � � � � s_1 1 s_2 s_1 2 0 s_3 s_2 s_1 3 . . ... ... ... ...

s_{k−1} s_{k−2} ... s_2 s_1 k − 1 s_k s_{k−1} . . . s_3 s_2 s_1

� � � � � � (∗).

Definition 9.15. Let R be a λ-ring, let x ∈ R and let k be a positive integer. We define the k^{th} Adams operation, Ψ^k, by Ψ^k(x) := s_k(x).

Remark 9.16. Alternatively, (see [5, Definition 12.2.1]) we may define Ψ_t(x) = � k≥1 Ψ^k(x)t^k

Exterior powers of symmetric bilinear forms 13

by the relation

Ψ_{−t} (x) = − t λ_t(x) d dt λ_t(x).

This definition leads to Newton’s formulas (see [5, Theorem 12.2.5]):

Ψ^k(x) = λ^1(x)Ψ^{k−1} (x) + · · · + (−1)^{k−2} λ^{k−1} (x)Ψ^1(x) + k(−1)^{k−1} λ^k(x). Remark 9.17. Thus equation (∗) in Remark 9.14 becomes, for x ∈ R,

k! × λ^k(x) = det

� � � � � �

Ψ^1(x) 1 Ψ^2(x) Ψ^1(x) 2 0 Ψ^3(x) Ψ^2(x) Ψ^1(x) ... . . ... ... ... ...

Ψ^{k−1} (x) Ψ^{k−2} (x) ... ... Ψ^1(x) k − 1 Ψ^k(x) Ψ^{k−1} (x) Ψ^{k−2} (x) . . . Ψ^2(x) Ψ^1(x)

� � � � � � Proposition 9.18 ([6], page 48). Let R be a λ-ring. Then each Adams operation is a λ-ring endomorphism of R. In particular, Ψ^1 = λ^1 = the identity function on R. Lemma 9.19. Let k be a positive integer, let ⟨a⟩ be a 1-dimensional symmetric bilinear form and consider the λ-ring ^W (K), equipped with Adams operations derived from the λ-operations Λ^k. Then

Ψ^k(⟨a⟩) = � ⟨1⟩, for k even; ⟨a⟩, for k odd.

Proof. First note that Ψ^1(⟨a⟩) = ⟨a⟩ since Ψ^1 is the identity function by Proposition 9.18. Next, by Remark 9.16, for any k > 1 we have Ψ^k(⟨a⟩) = ⟨a⟩Ψ^{k−1} (⟨a⟩) + Λ^2(⟨a⟩)Ψ^{k−2} (⟨a⟩) + · · · + (−1)^{k−1} Λ^{k−1} (⟨a⟩)⟨a⟩ + k(−1)^kΛ^k(⟨a⟩). Now every term except the first involves a Λ^j(⟨a⟩) for some j ≥ 2, and so is zero, since Λ^j(⟨a⟩) = 0 for all j ≥ 2. Thus we get Ψ^k(⟨a⟩) = ⟨a⟩Ψ^{k−1} (⟨a⟩) for all k > 1 and an easy induction starting from the first note above gives Ψ^k(⟨a⟩) = ⟨a⟩^k.

Since ⟨a⟩⟨a⟩ = ⟨1⟩ ∈ ^W (K), the result follows.

Proposition 9.20. Let n and k be positive integers and let φ be an n-dimensional symmetric bilinear form. Then, in the the λ-ring ^W (K),

Ψ^k(φ) = � n × ⟨1⟩, for k even; φ, for k odd.

Proof. Let φ = ⟨a_1, . . . , a_n⟩. Since, by Proposition 9.18, Ψ^k is a λ-ring endomorphism of ^W (K) for all positive integers k, we may write

Ψ^k(φ) = Ψ^k

�_n

⊥_{i=1}^{⟨ai⟩� = n�}_{i=1}^{Ψ k(⟨ai⟩)}

14 SEÁN MCGARRAGHY

and the result follows from Lemma 9.19.

Remark 9.21. For convenience, we will usually write n for the element n × ⟨1⟩ of the Witt-Grothendieck ring ^W (K). Then Proposition 9.20 says that

Ψ^k(φ) = � n, for k even; φ, for k odd.

Remark 9.22. Clearly the dimension of a form (see Remark 9.4) extends to a homomorphism deg : ^W (K) −→ Z. Using this, and the fact that Ψ^k is a λ-ring endomorphism, we can extend Proposition 9.20 as follows.

For any element x = φ − ψ ∈ ^W (K) where φ, ψ ∈ ^W (K)^+, and any positive integer k:

Ψ^k(x) = Ψ^k(φ) − Ψ^k(ψ) = � deg φ − deg ψ = deg x, for k even; φ − ψ = x, for k odd.

10. Exterior powers and annihilating polynomials

Definition 10.1. We define two (n + 1) × (n + 1) matrices M_n(t) and N_n(t) as follows:

M_n(t) =

� � � � � � t 1 n t 2 O t n t ... . . . . . . ... n − 1 n t n ∗ t n t

� � � � � � , N_n(t) =

� � � � � � t 1 n t 2 O n − 1 t ...

... ... n − 1

O 2 t n 1 t

� � � � � � .

We also define D_n(t) = det M_n(t) and T_n(t) = det N_n(t).

Remark 10.2. Applying Proposition 9.20 to the determinant in Remark 9.17 we have that, for a λ-ring R and x ∈ R,

(n + 1)! × λ^{n+1}(x) = det

� � � � � � x 1 n x 2 O x n x ... . . . . . . ... n − 1 n x n ∗ x n x

� � � � � � = D_n(x).

Lemma 10.3. The determinants D_n(t) and T_n(t) are equal.

Proof. We may use elementary row operations row_i −→ row_i − row_{i−2} , for i = 3, . . . , n+1 to convert M_n(t) to N_n(t). Since adding a multiple of one row to another does not change the determinant, we have that det M_n(t) = det N_n(t) as required.

Lemma 10.4. The determinant D_n(t) is equal to (t^2 − n^2)D_{n−2} (t).

Exterior powers of symmetric bilinear forms 15

Proof. We use elementary column operations col_i −→ col_i − col_{i+2}, for i = 1, . . . , n − 1 to convert M_n(t) to � � � � � � � � t 1 n − 2 t 2 O n − 3 t ...

... ... n − 3

O 2 t n − 2 1 t

0 0 0 0 . . . . . . . . 0 0 n − 1 0 0 · · · · · · · · · · · · · · · · · · · · · · · · · 0 0 · · · · · · · · · · · · · · · · · · · · · · · · · 0 t n n t

� � � � � � � � which we see is just � � � � � N_{n−2} (t) 0 0 . . . . 0 0 n − 1 0 0 · · · 0 0 · · · 0 t n n t

� � � � � .

Thus det M_n(t) = det N_{n−2} (t)(t^2 − n^2) which is det M_{n−2} (t)(t^2 − n^2) by Lemma 10.3 and the proof is complete.

Definition 10.5. Let n be a positive integer. Define the polynomial p_n ∈ Z[t] by p_n(t) = (t − n)(t − n + 2) · · · (t + n).

So, for n even, p_n(t) = t(t^2 − 2^2) · · · (t^2 − n^2), and, for n odd, p_n(t) = (t^2 − 1^2)(t^2 − 3^2) · · · (t^2 − n^2).

We note that for n even, p_n is an odd polynomial, and for n odd, p_n is an even polynomial.

Lemma 10.6. The polynomials p_n satisfy the following recurrence relation: p_n(t) = (t + n)p_{n−1} (t − 1) for all positive integers n.

Proof. An easy exercise.

Proposition 10.7. The polynomial p_n(t) is equal to the determinant D_n(t) of the matrix M_n(t).

Proof. We verify the result by induction on n in steps of 2. The result is clear for n = 1 and n = 2. For n > 2, Lemma 10.4 gives us that D_n(t) = (t^2 − n^2)D_{n−2} (t) = (t^2 − n^2)p_{n−2} (t) (by the induction hypothesis) = p_n(t), which completes the proof.

16 SEÁN MCGARRAGHY

Theorem 10.8. Let (V, φ) be a symmetric bilinear space of dimension n. Then

(n + 1)! × Λ^{n+1}φ = p_n(φ) in ^W (K).

Proof. We know by Corollary 9.10 that ^W (K) is a λ-ring. By Remark 10.2, (n + 1)! × Λ^{n+1}φ = D_n(φ) and by Proposition 10.7, since D_n(t) = p_n(t) this becomes (n + 1)! × Λ^{n+1}φ = D_n(φ) = p_n(φ), completing the proof.

Remark 10.9. In fact for any element x ∈ ^W (K) of positive degree n we have

(n + 1)! × Λ^{n+1}x = p_n(x) in ^W (K).

Corollary 10.10. Let (V, φ) be a symmetric bilinear space of dimension n. Then p_n(φ) = 0

i. e. the polynomial p_n annihilates φ in ^W (K).

Proof. By Definition 3.1, we have that the (n + 1)^{th} exterior power of an n-dimensional symmetric bilinear form φ is zero. Then Theorem 10.8 gives p_n(φ) = (n + 1)! × Λ^{n+1}φ = (n + 1)! × 0 = 0 which completes the proof.

Corollary 10.11. Let (V, φ) be a symmetric bilinear space of dimension n. Then the polynomial p_n annihilates the Witt class of φ in W (K).

Proof. This follows since the projection map π : ^W (K) −→ W (K) is a ring homomorphism and 0_{^W (K)}^π−→ 0_{W (K)}.

Remark 10.12. Corollary 10.11 was first proven in [7]. Other proofs have since appeared, see, e.g. [8], also a quick proof due to Leung is given in [7].

Definition 10.13. We define a more general determinant, D^k_n(t), as follows:

D^k_n(t) := det

� � � � � � � t 1 n t 2 O t n t 3 . . . . . . . . ...

t k − 1 ∗ n t k t n t

� � � � � � � .

Lemma 10.14. We have the following recurrence relation:

D^k_n(t) = tD^{k−1}_n (t) − k(n − k + 1)D^{k−2}_n (t)

Proof. An easy computation of the determinant D^k_n(t) along the rightmost column.

Exterior powers of symmetric bilinear forms 17

Remark 10.15. When k = n we get p_n(t) = D_n(t) = D^n(t). Note that D^k_n(t) ≠ p_k(t) when k ≠ n.

Example 10.16. We easily work out that D^0_n(t) = t D^1_n(t) = t^2 − n and we can then work out all of the D^k_n(t) and thus all of the D^k_n(φ) using the recurrence relation Lemma 10.14.

Proposition 10.17. For a symmetric bilinear form φ of dimension n, we have (k + 1)! × Λ^{k+1}φ = D^k_n(φ) = φD^{k−1}_n (φ) − k(n − k + 1)D^{k−2}_n (φ) and p_n(φ) = D_n(φ) = D^n(φ) = φD^{n−1}_n (φ) − nD^{n−2}_n (φ).

Proof. This follows from Remark 9.17 and Lemma 10.14.

Corollary 10.18. Let φ be a symmetric bilinear form of dimension n and let k ≥ n. Then D^k_n(φ) = 0.

11. Signature of an exterior power

Throughout this section, K will be an ordered field, and P will be an ordering of K. The notation p_n(t) and D^k_n(t) will continue to denote the polynomials defined in 10.5 and 10.13 respectively. The notation sign_P (φ) or sign(φ) will denote the signature of φ with respect to P .

Proposition 11.1. Let (V, φ) be a symmetric bilinear space of dimension n and signature sign(φ) = r, and let k be a positive integer. Then

sign(Λ^kφ) =

D^{k−1}_n (r) k! and, in particular, k! divides D^{k−1}_n (r) for any positive integer k.

Proof. This follows from Remark 10.2 and the facts that ^W (K) is a λ-ring and that sign : ^W (K) −→ Z is a ring homomorphism. We are justified in dividing D^{k−1}_n (r) by k! since the signature of any form must be an integer.

Example 11.2. Let φ be a symmetric bilinear form of dimension n = 8 and let k = 5. Then Λ^kφ has dimension

�_8 5 � = 56. In this case D^{k−1}_n (t) = t(t^4 − 60t^2 + 584), an odd polynomial.

Now the possible signatures of any form are all congruent to its dimension modulo 2. Let r = sign_P φ, so possible values of r are −8, −6, −4, −2, 0, 2, 4, 6, 8. These give the possible values of sign_P (Λ^kφ), using Proposition 11.1. r = 0 gives^1_{5!} D^4_8(0) =^0_{120} = 0. r = 2 gives^1_{5!} D^4_8(2) =^{720}_{120} = 6.

18 SEÁN MCGARRAGHY

r = 4 gives^1_{5!} D^4_8(4) =^{−480}_{120} = −4. r = 6 gives^1_{5!} D^4_8(6) =^{−1680}_{120} = −14. r = 8 gives^1_{5!} D^4_8(8) =^{6720}_{120} = 56.

Since D^{k−1}_n (t) is odd, the other possible signatures are −6, 4, 14 and −56. Only forms with these nine signatures can possibly be exterior powers over ordered fields. Corollary 11.3. If (V, φ) is a symmetric bilinear space of dimension n and signature r, then r is a root of the polynomial D^k_n(t) for all positive integers k ≥ n.

Proof. This follows from Proposition 11.1 and Corollary 10.18.

Proposition 11.4. Let n, k be positive integers. Then the polynomial D^k_n(t) is monic. Further, D^k_n(t) is � even if k is odd; odd if k is even.

Proof. First note deg D^k_n(t) = k + 1 which is of opposite parity to k. We proceed by complete induction on k. Fix n. By Example 10.16 D^0_n(t) = t and D^1_n(t) = t^2 − n so the result is true for k = 0 and k = 1.

Suppose the result is true for 1, 2, . . . , k − 1. The recurrence relation in Lemma 10.14 is D^k_n(t) = tD^{k−1}_n (t) − k(n − k + 1)D^{k−2}_n (t). (5) Comparing degrees in (5) shows that leading term of D^k_n(t) = t(leading term of D^{k−1}_n (t)) so D^k_n(t) is monic by the induction hypothesis.

Moreover, D^{k−1}_n (t) has opposite parity to D^{k−2}_n (t) by the induction hypothesis, so the parity of tD^{k−1}_n (t) is equal to the parity of D^{k−2}_n (t). Thus the parity of the right hand side of (5) is that of D^{k−2}_n (t), and this is the parity of D^k_n(t), completing the proof. Corollary 11.5. Suppose k is an odd positive integer, and φ is a symmetric bilinear form with sign_P φ = 0. Then sign_P (Λ^kφ) = 0.

Proof. Since k is odd, D^{k−1}_n (t) is an odd polynomial by Proposition 11.4. Thus D^{k−1}_n (0) = D^{k−1}_n (−0) = −D^{k−1}_n (0) which implies D^{k−1}_n (0) = 0.

Then by Proposition 11.1, sign_P (Λ^kφ) = D^{k−1}_n (0)/k! = 0 as required. Proposition 11.6. Suppose that k is an even positive integer, and φ is a symmetric bilinear form with sign_P φ = 0 (so n := dim φ is even). Then

sign_P (Λ^kφ) = � � � 0 if n < k; (−1)^{k/2} � n/2 k/2 � if n ≥ k.

Exterior powers of symmetric bilinear forms 19

Proof. The result for n < k follows since dim Λ^kφ = 0. Also, by Proposition 11.1,

sign_P (Λ^kφ) = 1 k! D^{k−1}_n (sign_P φ)

which in this case is 1 k! D^{k−1}_n (0) = 1 k! (constant term of D^{k−1}_n (t)).

For simplicity of notation, let m = n/2 and l = k/2. We use the recurrence relation in Lemma 10.14 for k − 1, D^{k−1}_n (t) = tD^{k−2}_n (t) − (k − 1)(n − k + 2)D^{k−3}_n (t), with t = 0 to get

D^{k−1}_n (0) = −(k − 1)(n − k + 2)D^{k−3}_n (0) = · · ·

= −(k − 1)(n − k + 2) � − (k − 3)(n − k + 4) � · · · � − 3(n − 2) � − 1(n) �

= (−1)^l l−1� j=0 (2j + 1)(n − 2j)

Now by Proposition 11.1, when n ≥ k we have

sign(Λ^kφ) =

D^{k−1}_n (sign(φ)) k! = 1 k! D^{k−1}_n (0) = 1 k! (−1)^l l−1� j=0 (2j + 1)(2m − 2j)

and writing k! = (2l)! =

�_{l−1}

j=0(2j + 1)(2j + 2) gives

sign(Λ^kφ) = (−1)^l l−1� j=0 (2j + 1)(2m − 2j) (2j + 1)(2j + 2)

= (−1)^l l−1� j=0 m − j j + 1

= (−1)^l � m l �

which completes the proof.

Corollary 11.7. Let φ be a hyperbolic form. Then Λ^kφ is hyperbolic if and only if k is an odd number.

Proof. Each entry in the diagonalisation of Λ^kφ is a product of +1’s and −1’s and so is either +1 or −1. Hence Λ^kφ is hyperbolic precisely when the number of −1’s is the same as the number of +1’s, that is, precisely when sign_P (Λ^kφ) = 0 (with respect to any ordering P ).

Now sign_P φ = 0 since φ is hyperbolic, so the result follows from Corollary 11.5 and Proposition 11.6.

20 SEÁN MCGARRAGHY

Proposition 11.8. Let φ be a hyperbolic form of dimension n = 2m, so φ = m × ⟨1, −1⟩ and let k = 2l be an even positive integer, with k ≤ n. Then

sign_P (Λ^kφ) = (−1)^l � m l �

That is, Λ^kφ has a Witt decomposition

Λ^kφ = � m l � × ⟨(−1)^l⟩ ⊥ 1 2 � n k � − � m l � × ⟨1, −1⟩

Proof. Let φ be a hyperbolic form of dimension n = 2m and let k = 2l be an even positive integer, with k ≤ n; thus l ≤ m. As in Corollary 11.7, each entry in the diagonalisation of Λ^kφ is either +1 or −1. Each pair ⟨1, −1⟩ gives a hyperbolic plane, and the unpaired entries left over give the other part: there are | sign_P (Λ^kφ)| unpaired entries. From the proof of Proposition 11.6, since n and k are both even,

sign_P (Λ^kφ) = (−1)^l � m l �

so the other part of Λ^kφ is

�_m l � × ⟨(−1)^l⟩ and the result follows.

Remark 11.9. In fact, over any field K of characteristic different from 2, the k-fold exterior power of φ = m × ⟨1, −1⟩ will have diagonalisation

Λ^kφ = � m l � × ⟨(−1)^l⟩ ⊥ 1 2 � n k � − � m l � × ⟨1, −1⟩

but the

�_m l � × ⟨(−1)^l⟩ summand need not always be anisotropic.

12. Hasse invariant of an exterior power

We denote by (α, β) or (α, β)_K the quaternion algebra defined by α and β ∈ K. Let B(K) be the subgroup of exponent 2 of the Brauer group Br(K) of Brauer-equivalence classes of central simple K−algebras (see [9, Corollary 2.13.2]). Recall that (· , ·) :K̇ × K̇ −→ B(K) is a (Steinberg) symbol: it is bimultiplicative and (α, 1 − α) = 1 for all α ∈ K, α ≠ 0, 1. Definition 12.1. Let (V, φ) be a K-quadratic space with φ = ⟨a_1, . . . , a_n⟩. For n > 1 the Hasse invariant s(φ) of φ is defined by the formula s(φ) = � 1≤i<j≤n

(a_i, a_j) ∈ B(K)

and for n = 1 we define s(φ) = 1. It can be shown (see [9, Remark 2.12.5]) that s(φ) is independent of the diagonalisation of φ.

Theorem 12.2. Let (V, φ) be a quadratic space of dimension n and determinant d, and let k be a positive integer. Then the Hasse invariant of Λ^kφ is s(Λ^kφ) = s(φ)^g(d, −1)^e where g = � n − 2 k − 1 � , e =

� �_{n−1} k−1 � 2 � .

Exterior powers of symmetric bilinear forms 21

Proof. Let φ = ⟨a_1, . . . , a_n⟩ be of dimension n, and let d := det φ = a_1 · · · a_n. Then the k^{th} exterior power of φ is the form

Λ^kφ = ⊥

1≤i_1<···<i_k≤n

⟨a_{i1} · · · a_{ik} ⟩, (6) which has dimension

�_n k � . The Hasse invariant of a quadratic form ψ = ⟨b_1, . . . , b_m⟩ is

s(ψ) = � 1≤i<j≤m

(b_i, b_j) (7) which is a product of

�_m 2 � terms.

To find the Hasse invariant for ψ = Λ^kφ we need a well-ordering on terms of the form a_{i1} · · · a_{ik} . We define a lexicographic well-ordering on such terms as follows. Given multiindices i = (i_1, . . . , i_k) and j = (j_1, . . . , j_k), we say

i = j if i_l = j_l, for l = 1, . . . , k;

i < j if i_l < j_l, and the l^{th} position is the first position where i and j differ; i > j otherwise.

We write a_i for a_{i1} · · · a_{ik} using this multi-index shorthand. Then the Hasse invariant of Λ^kφ is s(Λ^kφ) = � i<j (a_i, a_j) = � (i_1,...,i_k)<(j_1,...,j_k)

(a_{i1} · · · a_{ik} , a_{j1} · · · a_{jk} ). (8)

From Equation 6 and Equation 7, this has

� �_n k � 2 � terms in the product. Since (· , ·) is bimultiplicative, each term (a_{i1} · · · a_{ik} , a_{j1} · · · a_{jk} ) can be written as (a_{i1} , a_{j1} )(a_{i1} , a_{j2} ) · · · (a_{ik} , a_{jk} ) which is a product of k^2 terms of the form (a_p, a_q). Thus s(Λ^kφ) is a product of

N := k^2

� �_n k � 2 �

terms of the form (a_p, a_q). Let the number of occurences of (a_1, a_1) be e. Since φ ≃ ⟨a_{σ(1)} , . . . , a_{σ(n)} ⟩, for any permutation σ on n letters, Corollary 6.8 and [9, Corollary 2.11.11] show that for each i ∈ {1, . . . , n}, there will be e terms of the form (a_i, a_i) in s(Λ^kφ). Thus there will be N − ne terms of the form (a_i, a_j) for fixed distinct elements i and j of {1, . . . , n}. Since there are

�_n 2 � ways of choosing distinct i and j from {1, . . . , n}, we see that for given i and j with i ≠ j, there are f :=

N − ne �_n 2 � terms of the form (a_i, a_j) in s(Λ^kφ).

It remains to determine e. To do this, we establish how many entries in the diagonalisation of Λ^kφ contain a_1 in the product a_{i1} · · · a_{ik} . Let a_{i1} · · · a_{ik} be an entry containing a_1. Then a_1 appears as the first term, that is, i_1 = 1 and a_{i1} · · · a_{ik} = a_1a_{i2} · · · a_{ik} . Now a_1 can

22 SEÁN MCGARRAGHY

appear at most once in an entry in Λ^kφ, so the other k − 1 of the a_i in the product are chosen from the remaining n − 1 elements of {2, . . . , n}. This choice can be made in

M := � n − 1 k − 1 �

ways. Given a term a_1a_{i2} · · · a_{ik} , Equation 8 and the lexicographic well-ordering show that it will contribute one term (a_1, a_1) to the Hasse invariant for each entry a_1a_{j2} · · · a_{jk} coming after it in the diagonalisation. The first entry a_1a_2 · · · a_k in Λ^kφ will have M − 1 entries after it containing a_1, the second will have M − 2 entries after it containing a_1, and so on. Then the number of terms (a_1, a_1) in s(Λ^kφ) is

(M − 1) + (M − 2) + · · · + 2 + 1 =

M−1� i=1 i = M(M − 1) 2 = � M 2 � . Thus e = � M 2 � = � �_{n−1} k−1 � 2 �

and ne = n

�_M 2 � . A straightforward computation with binomial coefficients shows

N = k^2

� �_n k � 2 � = n^2 � M 2 � + n(n − k) 2 M. It follows from another easy computation that f = N − ne �_n 2 � = 2 � M 2 � + � n − 2 k − 1 � . Since there are f copies of (a_i, a_j) for each i, j ∈ {1, . . . , n} with i ≠ j, Equation 7 gives

s(Λ^kφ) = s(φ)^f

�_n � i=1 (a_i, a_i)

�_e

= s(φ)^f (a_1 · · · a_n, −1)^e = s(φ)^f (d, −1)^e.

Because symbols (a, b) have order 2 in the Brauer group, we are only interested in the parity of f, which is the same as that of

g := � n − 2 k − 1 �

since g ≡ f (mod 2). Then s(Λ^kφ) = s(φ)^g(d, −1)^e and the proof is complete.

Corollary 12.3. Let (V, φ) be a quadratic space of dimension n and determinant d. Then the Hasse invariant of Λ^2φ is s(Λ^2φ) = s(φ)^n(d, −1)^{(n−1)(n−2)/2}

Exterior powers of symmetric bilinear forms 23

which gives the following table:

n (mod 4) 0 1 2 3 s(Λ^2φ) (d, −1) s(φ) 1_{Br(K)} s(φ)(d, −1)

Proof. This follows immediately from Theorem 12.2 on noting that when k = 2, M = �_{n−1} 1 � = n − 1, so e =

�_M 2 � = (n − 1)(n − 2)/2; and g =

�_{n−2} 1 � = n − 2 ≡ n (mod 2).

To construct the table, we note that e is even if 4 divides n − 1 or n − 2, i. e. if n ≡ 1, 2 (mod 4); otherwise e is odd.

Acknowledgements

I would like to thank my supervisor, D. W. Lewis, for suggesting this topic to me and for useful conversations.

I would also like to thank J.-P. Serre for pointing out that certain results for symmetric bilinear forms can be extended to more general elements of the Witt-Grothendieck ring (see Remarks 9.22 and 10.9), and for suggesting reference [1].

The idea of using a λ-ring structure on the Witt-Grothendieck ring to obtain annihilating polynomials for quadratic forms (such as those in Corollary 10.10) was also described by Serre in talks at Luminy (1994) and Besancon (1997), but he has not published this work.

References

[1] P. Berthelot, A. Grothendiek, and L. Illusie. Théorie des Intersections et Théorème de Riemann-Roch (SGA6, Springer Lecture Notes 225). Springer-Verlag, Berlin-Heidelberg-Tokyo-New York, 1971.

[2] N. Bourbaki. Elements de Mathematique, Livre 2 - Algebre, chapitre 9, Formes sesquilineaires et formes quadratiques. Hermann, Paris, 1959.

[3] David Eisenbud. Commutative Algebra with a view toward Algebraic Geometry. Springer-Verlag, Berlin-Heidelberg-Tokyo-New York, 1995.

[4] William Fulton and Joe Harris. Representation theory: a first course. Springer-Verlag, Berlin- Heidelberg-Tokyo-New York, 1991.

[5] Dale Husemoller. Fibre Bundles. Springer-Verlag, Berlin-Heidelberg-Tokyo-New York, 1994. [6] Donald Knutson. λ-Rings and the Representation Theory of the Symmetric Group. Springer-Verlag, Berlin-Heidelberg-Tokyo-New York, 1973.

[7] D.W. Lewis. Witt rings as integral rings. Inv. Math., 90:631–633, 1987.

[8] D.W. Lewis and Seán McGarraghy. Annihilating polynomials, étale algebras, trace forms and the Galois number. Archiv der Math., 75:116–120, 2000.

[9] W. Scharlau. Quadratic and Hermitian forms. Springer-Verlag, Berlin-Heidelberg-Tokyo-New York, 1985.

[10] Jean-Pierre Serre. Formes bilinéaires symétriques entières à discriminant ±1. In Séminaire Henri Cartan, 1961/62, Exp. 14-15, volume 14, pages 14.1–14.16. Secrétariat mathématique, École Normale Superieure, Paris, 1961/1962.

Department of Mathematics, University College Dublin, Belfield, Dublin 4, Ireland

E-mail address: John.McGarraghy@ucd.ie