The kernel of the Rost invariant, Serre’s
Conjecture II and the Hasse principle for
quasi-split groups %Dy, E;, E;

V. Chernousov *
Forschungsinstitut fiir Mathematik
ETH—Zentrum
CH-8092 Ziirich
Switzerland

Abstract

We prove that for a simple simply connected quasi-split group of type >°Dy, Eg, E7
defined over a perfect field F' of characteristic # 2,3 the Rost invariant has trivial
kernel. In certain cases we give a formula for the Rost invariant. It follows immediately
from the result above that if cd F < 2 (resp. ved F' < 2) then Serre’s Conjecture 1T
(resp. the Hasse principle) holds for such a group. For a (Cy)-field, in particular
C(z,y), we prove the stronger result that Serre’s Conjecture II holds for all (not
necessary quasi-split) exceptional groups of type 6Dy, Eg, E7.

1 Introduction

This paper grew out of the letters [Ch98, Ch00] where we sketched how Harder’s proof [H65,
H66] of the Hasse principle for exceptional groups *%Dy, Eg, F7 over number fields can be
carried over to the case of quasi-split groups defined over a perfect field of cohomological
dimension < 2 and how the same ideas can be applied to describe in particular the kernel
of the Rost invariant for 2Es.

In this paper we give full proofs of all these results. The main ones are the following.
Let Gy be a quasi-split simple simply connected exceptional group of type >°Dy, Eg, E;
defined over a perfect field F' of characteristic # 2,3. Then

e the kernel of the Rost invariant of G is trivial;
o if cd F < 2, then Serre’s Conjecture II holds for Gy;
e if ved F' < 2, then the Hasse principle Conjecture II holds for Go;

e if F'is a (C9)-field, then Serre’s Conjecture II holds for an arbitrary simple simply
connected group (not necessary quasi-split) of the same type as Gj.

*The author gratefully acknowledge the support of TMR ERB FMRX CT-97-0107 and Forschungsin-
stitut fir Mathematik, ETH in Ziirich.



In [G97] Gille proved that a group G of inner type Eg or E7 defined over F' is F-split
iff there exist finite field extensions Ej, ..., Es of F splitting G and such that the

g.cd{[Ey:F|,...,[Es: F|}=1.

As an easy corollary of our results we obtain that the same quasi-splitting criterion is true
for outer forms of type 35Dy or 2FEg.

Another corollary says that for any F-group G (not necessary quasi-split) of type
36Dy, 12Eg or E7 there exists a chain of cyclic extensions

Ly=FCL C---CL,

of degrees 2 or 3 such that G splits over L,,.

Recall that for all classical groups and groups of type Go, Fy Serre’s Conjecture II
and the Hasse principle Conjecture II were proved by E. Bayer-Fluckiger and R. Pari-
mala [BP95, BP98|. J. Ferrar [Fer69] essentially proved the Hasse principle Conjecture II
for inner groups Eg with the Tits algebras of index < 3. Note also that our results related
to Serre’s Conjecture II (items 2,4) were obtained independently by P. Gille [G01] using
different methods.

S. Garibaldi [Gar01] also proved independently the triviality of the kernel of the Rost
invariant for quasi-split groups Fg, F7. His argument is based on consideration of explicit
geometric realizations of quasi-split Fg, F7 and studying properties of algebra structures
which occur in his constructions. Since items 2,3 immediately follow from the first one,
Garibaldi’s result gives another proof of Serre’s Conjecture II and the Hasse principle
Conjecture II for quasi-split groups Eg, Fr.

Our approach is based on different ideas which, as we have already mentioned, come
back to G. Harder. In contrast to Garibaldi’s paper we focus on studying intrinsic prop-
erties of groups splitting over small extensions of the ground field F'. The main body of
the paper are Sections 4,5 where we study properties of groups splitting over an extension
K/F of degree p = 2,3. In this part F is an arbitrary field of characteristic # 2,3. We
show that the F-structure of such groups can be described completely by certain numeri-
cal invariants. In the case of quadratic extensions we follow the author proof [Cher89] of
the Platonov-Margulis conjecture on the projective simplicity of groups of rational points
splitting over a quadratic extension. The results obtained in these two sections allow us
to give a formula for the Rost invariant of strongly inner or outer forms of type Ejg, E7
splitting over an extension of degree p = 2, 3 in the case where the Galois group Gal(F*/F')
is a pro-p-group (see 5.12 and 6.2.3).

Gille’s splitting criterion [G97] for groups of inner type Fg, E7r combined with the
results described in Sections 4,5 gives proofs of the main theorems more or less quickly.
This is done in Sections 6,7,8.

Finally we note that the same methods together with the results of [Ch94, Ch89] prove
Serre’s Conjecture 11 for Eg in each of the following cases:

e the nilpotent closure of the basic field F' has cohomological dimension 1;

e Gille’s splitting criterion [G97] holds for Fs.

Acknowledgements. I am grateful to J.-P. Serre and S. Garibaldi for useful comments
and discussions of the first version of the paper.



Notation

The letter F' denotes a perfect field and F® denotes a separable closure of F. If L/F
is a separable extension, then Ry r denotes the Weil functor of restriction of scalars.

We say that a reductive F-subgroup G’ C G is standard if there is a maximal F-torus
T of G normalizing G'.

If G is a reductive algebraic group and 7' C G is a maximal torus, we let X(G,T)
denote the root system of G with respect to T

If S C G is a maximal F-split torus then the semisimple part of the centralizer C;(S)
is called the semisimple F-anisotropic kernel of G.

We number the simple roots of exceptional groups as in [Bourb68].

2 The Rost invariant and its properties

In the 90s, for a simple simply connected linear algebraic group G defined over a field
F, M. Rost [R] constructed a cohomological H?(Q/Z(2))-invariant of G which nowadays
is called the Rost invariant of the group G. Thus, for any field extension K/F the Rost
invariant associates a canonical map of pointed sets

RE . HY(K,G) — H3(K,Q/Z(2)).

By abuse of language, instead of Rg we will use the abbreviated notation R¢g for the Rost
invariant whenever there is no danger of confusion.

In this section we will state (without proofs) properties of the Rost invariant used
in Section 6. For the proofs we refer to [R], [KMRT98] (§31), [EKLV98], [G00], [MO01]
(Appendix A and B). We note that an explicit formula for Rs is known only in a few
cases. But fortunately that will do for us to prove triviality of the kernel of the Rost
invariant for quasi-split groups FEg, E7.

2.1 Inner type A,

Let A be a central simple algebra over F' of exponent e and degree n+1. Let G = SLi(A).
Assume that the characteristic of F' doesn’t divide n+1. Then H!(F,G) = F*/Nrd (A*)
and the formula for the Rost invariant R¢ is given (up to a sign) by

Rg : F*/Nrd (A*) — H*(F, %), Rg (xNrd(A™)) = (z) U[A].
Theorem 2.1 ([MS82], Theorem 12.2) If n + 1 is square-free, then R¢ is injective.

2.2 Spinor groups

Let f be a quadratic form over a field F' of characteristic # 2 of dimension at least 5 and
let G = Spin(f). The set H!(F,G) fits into the exact sequence

H'(F, Spin(f)) = H'(F,SO(f)) — 2BrF.

It follows that Imm consists of classes of quadratic forms having the same dimension,
discriminant and Hasse-Witt invariant as f. Therefore, for any cocycle & € Z1(F, Spin(f))
we obtain that 7([¢]) — [f] € I®F and the formula for the Rost invariant is given by

Rspin(p) « H' (F, Spin(f)) — H*(F,15%),  Rspin(s)([€]) = es(m([€]) = [f])- (1)

Here e3 is the Arason invariant [Ar75].



Proposition 2.2 Let f be a quadratic form of dimension < 12 over a field F such that
G = Spin(f) is quasi-split over F, i.e. f is of mazximal Witt index. Then Rg has trivial
kernel.

Proof. The statement follows from (1) and the Arason-Pfister Hauptsatz [L73], X.3.1. O

2.3 Outer forms A4,

Let K/F be a quadratic extension, V a vector space of dimension n + 1 over K and
h a hermitian form on V. The group SU(V,h) of isometries with determinant 1 is an
almost simple simply connected group of type A, defined over F and splitting over K.
The hermitian form h corresponds to the quadratic form ¢ on the vector space V viewed
as an F-vector space: ¢ is given by the formula ¢(v) = h(v,v). It easily follows that we
have a natural embedding SU(V,h) — SO(V,q) which can be lifted to an embedding
SU(V,h) — Spin(V,q), since SU(V,h) is simply connected. It turns out that the Rost
invariant for SU(V, h) is just the restriction of Rgpip.

Proposition 2.3 Let h be a quasi-split hermitian form of dimension < 6. Then the Rost
invariant Rgy v,y has trivial kernel.

Proof. Apply the same argument as in Proposition 2.2. O

2.4 The Rost numbers

Let G, H be almost simple simply connected linear algebraic groups over F' and let p :
H — G be an F-embedding. The restriction Rg at p(H) gives a cohomological invariant
of H, hence is equal to n,Ry for a positive integer n, (see [KMRT98], §31). The smallest
such integer is called the Rost number of embedding p.

Proposition 2.4 Let p: H — G be an F-embedding such that p(H) is a standard sub-
group. Assume that all roots of the root system ¥ = X(G,T) of G with respect to a mazimal
torus T have the same length. Then n, = 1; in particular, for any [£] € H'(F, H) one has

Ra(p([€]) = Ru([€])-

Proof. Let T be a maximal F-torus of G normalizing p(H). Then p(H) - T is a reductive
subgroup of G. Since T' is a maximal torus of p(H)-T and all maximal tori are conjugate,
we easily obtain that the connected component S of the intersection T'Np(H) is a maximal
torus of p(H). Since T normalizes p(H ), there is a natural embedding

S(p(H), S) — (G, T).

Hence the coroots of p(H) are also the coroots of G (we used the fact that all roots of the
root system X = 3(G, T') have the same length). The rest of the proof follows from [MO01],
Appendix B. d

3 Steinberg’s theorem

We state now two theorems which are due to Steinberg [St65]. Although they are not for-
mulated explicitly in [St65], their proofs can be easily obtained from arguments contained
in [St65], §10 (see also [PR94], Propositions 6.18, 6.19, p. 338-339).



Let Gy be a simple (not necessary simply connected) linear algebraic group split or
quasi-split over F. Let £ € Z1(F,Gg) be a cocycle and let G = $Gq be the corresponding
twisted group.

Theorem 3.1 For any maximal torus S C G over F there is an F-embedding S — Gy
such that the class [£] lies in the image of H'(F,S) — H(F,Go).

Theorem 3.2 In the notation above assume that Gy is a simple simply connected group
split over F' and that G is isotropic over F. Then & is equivalent to a cocycle with coeffi-
cients in a proper semisimple simply connected F-split subgroup of Go which is standard
and isomorphic over F'® to a semisimple anisotropic kernel of G.

Proof. Let S1 C G be a maximal F-split torus. Then the semisimple part of its centralizer
C¢(S1) is a semisimple simply connected F-anisotropic subgroup of G (see [T66]). Let
S C G be a maximal torus over F' containing S7. By Theorem 3.1, there is an F-embedding
¢ : S — Gy such that

(€] € Im [H(F,S) — HY(F,Gy)].

The centralizer Cg,(¢(S1)) C Gy is a reductive subgroup of Gy and it follows from the
construction of ¢ (see the proof of Proposition 6.18 in [PR94], p. 339) that the groups
Ceao(¢(S1)) and C(S1) are isomorphic over F'®. In particular,

H = [Cg,(¢(51)), Cao (¢(51))]

is a simply connected semisimple algebraic group over F'.

The group H is clearly standard. It is split over F, since any F-split subtorus in G,
and in particular ¢(S7), lies in a maximal F-split torus. Furthermore, from the exact
sequence

HY(F,H) — H'(F,Cg,(¢(81))) — H'(F,Cg,(6(51))/H) =1

we see that £ is equivalent to a cocycle with coefficients in H. d

4  Groups splitting over a quadratic extension

Throughout this section F denotes a field of characteristic # 2, K = F(1/d) its quadratic
extension and 7 the non-trivial automorphism of K/F.

Let G be a simple simply connected algebraic group of rank n defined over F' and
splitting over K. By Lemma 6.17 in [PR94|, p. 329, there is a Borel subgroup over K
such that BN7(B) = T is a maximal torus. We remark that this lemma in [PR94] is proved
under the condition that char(F) = 0. However the same proof with trivial modifications
works in the case of positive characteristic.

The torus T is F-defined and splitting over K, since any K-torus in B splits over K.
For our purposes it suffices to treat only the case where T' is an F-anisotropic torus.

4.1 The structure of G(K)

Let g be the Lie algebra of G and let ¥ = X(T,G) be the root system of G relative to
T. The Borel subgroup B determines an ordering of 3, hence the system of simple roots
= {ag,...,an}. Let X1 (resp. 37) be the set of positive (resp. negative) roots and let



B~ be the Borel subgroup opposite to B with respect to T. We pick a Chevalley basis
[St67]
{Huay,.. . Ha,, Xo, a €3}

in g corresponding to the pair (7', B). This basis is unique up to signs and automorphisms
of g which preserve B and T' (see [St67], §1, Remark 1).

Since G is a Chevalley (in other words, quasi-split) group over K, its K-structure is
well known. For details and proofs of all standard facts about G(K) used in this section we
refer to [St67]. In particular, we refer to [St67] for the definition of the operators X /n!
in the case char(F') = p > 0 (see also [SGA3]). Recall only that G(K) is generated by the
so-called root subgroups U, = (z4(u) | u € K), where a € ¥ and

o0
ZTo(u) = ZU”XZ /nl
n=0

and T is generated by the one-parameter subgroups
To =T NGy = (ha(t) |t € K¥).
Here G, is the subgroup generated by UL, and
Ra(t) = wa(t) wa (1), wa(t) = za(t) z_o(—t71) 24(t).

Furthermore, since G is a simply connected group, the following relations hold in G (cf.
[St67], Lemma 28 b), Lemma 20 c) ):

(A) T=T,, x - xTy,;
(B) for any two roots «, f € ¥ we have
ha(t) 2p(u) ha(£)™* = 2p(t70)
where (8, 0) = 2(8,a)/(a,a).

If A C X7 is a subset, we let Ga denote the subgroup generated by Ui, o € A.

4.2 Galois descent data

We shall now describe explicitly the F-structure of G, i.e. the action of 7 on the generators
{za(u), a € X}

Lemma 4.1 7(a) = —« for any a € X.

Proof. The character a + 7(«) of T is F-defined, hence it is zero, since by our assumption
T is F-anisotropic. |

Lemma 4.2 7(B) = B™.

Proof. The statement follows immediately from Lemma 4.1. O

Lemma 4.3 T, ~ Ry) (G xc).



Proof. T, is a one-dimensional F-torus splitting over K. According to Lemma 4.1, 7 acts
on its character lattice by multiplication by —1. So the result follows. O

Let ao € ¥. Since, by Lemma 4.1, 7(a) = —a, there exists a constant ¢, € K* such
that 7(Xa) = caX_q. It follows that the action of 7 on G(K) is determined completely
by the family {c,, @ € ¥}. We call these constants structure constants of G with respect
to T. We summarize their properties in the following two lemmas.

Lemma 4.4 Let o« € X. Then we have

(1) Coa = C(;l;.

(i) co € F*;
(ili) if B € ¥ is a root such that o + 3 € X, then coqp = Fcq cg; in particular, the family
{Ca, a € X} is determined completely by its subfamily {cay, ..., Ca, }-

Proof. (i) Apply 7 to the equality [X,, X_o] = H, and use the fact that 7(H,) = —H,.

(i) One has X, = 7%(X,) = T(ca)c—aXa, hence 7(cy)c_q = 1. Substituting c¢_, = ¢
we obtain 7(cq) = ¢4, as required.

1

(ili) Apply 7 to the equality [X, Xg] = £(r + 1) Xo43. Here 7 is an integer depending on
«, 3 only. O

Remark 4.5 The number r above is the biggest integer such that

G, 0—a,....,0 —ra

are roots, but # — (r + 1)« is not a root. Therefore, this number is equal to 0 or 1, since,
by our assumption, o + ( is a root. It follows, in particular, that r + 1 # 0, since we
assumed that char(F') # 2.

Lemma 4.6 7[z,(u)] = z_4(cqm(u)) for any u € K and a € X.

Proof. This follows from the equality zq(u) = exp (uXq). O

4.3 Comparison of different Galois descent data

The family {co, @ € ¥} determining the action of 7 on G(K) depends on the chosen
Borel subgroup B and the corresponding Chevalley basis. Given another Borel subgroup
and Chevalley basis we get another family of constants and we want now to describe the
relation between the old ones and the new ones.

Let B’ C G be a Borel subgroup over K such that the intersection 77 = B’ N 7(B’) is
a maximal and F-anisotropic torus. Both tori T" and T” are isomorphic over F since, by
Property (A) in 4.1 and Lemma 4.3, they are the direct products of n copies of the torus
Rg} #(Gm k). Furthermore, there exists an F-isomorphism 7" — T’ preserving positive
roots, i.e. which takes (X')* = X(G,T")" into ¥* = ¥(G,T)". Any such isomorphism
can be extended to an inner automorphism

ig: G — G, r—grg
for some g € G(F*), which takes B into B’ (see [Hum75], Theorem 32.1).

Lemma 4.7 g can be chosen in G(K).



Proof. Since the restriction i4 |7 is an F-defined isomorphism we easily get that t, =
g~ 1t7 € T(F?) for any o € Gal (F*/F). Consider the cocycle ¢ = (t,) € Z*(F,T). Since
T splits over K, resk (&) viewed as a cocycle in T is trivial, by Hilbert’s Theorem 90. It
follows that there is z € T(F*) such that t, = 2177, 0 € Gal (F*/K). Then the element
g’ = gz is stable under Gal (F*/K) and clearly ¢'B(¢')~! = B'. |

Let g be an element from Lemma 4.7 and let t = g~'*7. Since t belongs to T(K), it
can be written (cf. 4.1) as a product ¢t = hq, (t1) - - hq, (tn), where tq,...,t, € K* are
some parameters. Using the equality ¢ 7(¢) = 1 and the fact that 7 acts on characters of
T as multiplication by —1 one can easily see that t1,...,t, € F*. Consider the set

{H, =gHag ',....H, =gHa,g " X, =9Xog ', a €L}

which is a Chevalley basis related to the pair (77, B’). Let {c,, @ € ¥} be the correspond-
ing structure constants.

Lemma 4.8 For each a € ¥ one has ¢, = t;wm) gy lom) e

1

Proof. Apply 7 to the equality X/, = gX,g~ " and use relation (B) in 4.1. O

The converse is also true.

Lemma 4.9 Let ¢ € G(K) be an element such that t = g~'*7 € T(K). Then T' =
gTg~ ! is an F-defined mazimal torus splitting over K and the restriction of the inner
automorphism ig to T is an F-defined isomorphism. The structure constants {c,,} related
to T' are given by the formulas in Lemma 4.8.

Proof. This is clear. O

Remark 4.10 The elements g € G(K) such that ¢g7*™ € T(K) correspond to the el-
ements of the kernel of y : H'(K/F,T(K)) — H'(K/F,G(K)). The exact sequence in
Galois cohomology attached to the exact sequence

1 — T(K) — G(K) — (G/T)(K) — 1

shows that they come from F-points of the homogeneous variety G/T'. It was shown in
[Cher89] that G/T is an F-rational variety, hence all such elements can be parametrized
by points from an open subset of an affine space.

Remark 4.11 The restriction of i, to T induces a bijection between H!(K/F,T(K)) and
HY(K/F,T'(K)). If we identify these two sets (recall that T and T” are isomorphic over F),
then this bijection is the translation by the class of the cocycle ¢ = (t,) € ZY(K/F,T(K)),
where t, = g~ 117,

4.4 Type A,

It follows from Lemma 4.6 that, for each root o € ¥, the subgroup G, of G is defined over
F'. Since it is a simple simply connected group of rank 1, we obtain that G, ~ SL(1, D),
where D, is a quaternion algebra over F'.

Lemma 4.12 D, ~ (d,c,).



Proof. Since T, = RQ}F(GWK) C SL(1,D,), the algebra D,, splits over K. Hence it is

of the form D, = (d, f), where f € F*, and we need to prove that
ca = [ (mod Ng/p(K™)).

Let 4, € DX be elements such that i2 = d, j2 = f, ij = —ji. We may identify T,, with
R%} #(F(9)*). A straightforward computation shows that the triple

! Li, Xé:ﬂ% X/,a:@j
Vd —2fVd 2vd

belonging to D® K is a Chevalley basis with respect to T,. Note that under the standard
identification D ® p K ~ Ms(K) the triple H,, X/, X', corresponds to the matrices

(0 %) (00) (T0)

From the above formulas for X, and X/ we easily get 7(X)) = fX",.

Let us now come back to our former Chevalley basis H,, X, X_4. Recall that a
Chevalley basis is unique up to an automorphism of the corresponding Lie algebra sis(K).
It follows that there is an inner automorphism iy of Dg which takes H!, X!, X", into
Hu, X0, X_o. Since H, and H] are proportional (being elements of the Lie algebra of
T.), d lies in the Weyl group of T,. Then X, is proportional to either X/ or X'.
Without loss of generality we may assume that X, is proportional to X/. Then we have
Xo=2X!, X o=2"1X", for some z € K* and hence

CcaX-o=7(Xa) =7(2)7(X)) =7(2)fX ", = 27(2) f X _a,
implying ¢, = 27(2) f, as required. O

In conclusion of this subsection we consider outer forms of type 24,,_1 splitting over a
quadratic extension. Let

h = ajz12] — agxoxh + ...+ (—1)" La,z,2]

be a hermitian form of dimension n relative to the quadratic extension K/F, where
ai,...,a, are elements in F*. Let T C SU(h) be a maximal F-torus consisting of all
diagonal matrices in SU(h). Clearly, T" is F-anisotropic and splits over K. As above,
we denote the corresponding structure constants related to 1" and the standard Chevalley

basis of SU(h)x =~ SLy, k by {ca, « € £ =X(SU(h),T)}.
Lemma 4.13 One has the following:
Cay = 01/02, Cay =02/03, .-, Cap_y = p_1/an (mod Nk p(K™)).
Proof. The subgroup G,, C SU(h) coincides with SU(h;) C SU(h), where
hi = a;T;x] — Qip12i4127, 1.

Since SU (h;) ~ SL (1, Dy,) and Dy, = (d, aa;/@q,., ), the result follows from Lemma 4.12.
(]



4.5 A cohomological property
Proposition 4.14 The natural map H'(K/F,T(K)) — H'(K/F,G(K)) is surjective.

Proof. We are under the conditions of Lemma 6.28 in [PR94], p. 369, so the result follows
from that lemma. |

5 Groups Eg, B splitting over cubic extensions.

Throughout this section F' denotes a field of characteristic # 3, K/F' a cyclic extension of
degree 3 and 7 a non-trivial automorphism of K/F. We also assume that I' = Gal(F'*/F)
is a pro-3-group. We let GGy denote a simple simply connected split group over F' of type
Eg, Fr.

Theorem 5.1 Any cocycle € € ZY(K/F,Gy) is equivalent to a cocycle with coefficients in
a standard simple simply connected F-subgroup H < G of inner type As.

Proof. We split our proof into a sequence of simple observations. The main ingredi-
ents are the classification of Tits indices [T66], Steinberg theorem [St65] and the fact
that I' is a pro-3-group; in particular there are no simple F-anisotropic groups of types
Ay, A3, By, Cp, Y2D,,, Gy. We let G = ¢Gy denote the corresponding twisted group. Con-
sider first the key case where GG is an F-anisotropic group of type Ejg.

5.1 Type FE4: anisotropic case
5.1.1 Construction of a special torus

Proposition 5.2 G contains a maximal F-defined torus S splitting over K.

Proof. We follow Harder’s arguments [H65, H66] (cf. [PR94], Chapter 6). In this part
G is not necessary a strongly inner form. Let us start with the construction of a simple
simply connected F-subgroup of G of type 3Dy splitting over K. Since G splits over K,
we choose a K-split maximal torus 7. Let ¥ = (G, T) and let IT = {a,...,a6} C X be
a basis. Let P C G be the standard parabolic subgroup over K corresponding to ag.

Consider the connected component C' of the intersection PN 7(P)N72(P). It is defined
over F', hence reductive, since G is F-anisotropic. Denote the central torus of C' by S7 and
let () =[C,C] = C} - ... - Cs be the decomposition of the semisimple part of C' into an
almost direct product of the simple components over F'®. It easily follows from dim C' > 30
that C) contains a simple component, say C1, of type not A, (see Lemma 6.32 in [PR94],
p. 380).

Lemma 5.3 C; is defined over F.

Proof. If C1 is defined over L/F, then there is a canonical embedding Hy = Ry, /p(C1) —
C, since C is F-defined. Consider a Levi subgroup L C P over K containing C. The
parabolic subgroup P corresponds to ag, so the semisimple part [£, L] of L has type Ds.
It follows then from the inclusion [C, C| C [£, L] that

rank H; = [L : F]-rank C; <5.

But [L : F] is a power of 3 and C is not of type A, hence [L: F| = 1. O
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Lemma 5.4 C; has type 3Dy.

Proof. The conditions C is F-anisotropic and rank C'; < 5 imply that C] is of type either
Fy or Dy. A group of type Fy being a group of dimension 52 can not be embedded into
the group [L, L] of type Dj, since dim [£, L] = 45. So the result follows. O

Lemma 5.5 CV) = (.

Proof. If CV) contains another simple component Cy, then its rank is 1, since CM) has
rank at most 5. It follows that C5 is defined over F' and hence F-isotropic being a group
of type A; — a contradiction. O

Lemma 5.6 S ~ R%;F(GWK).

Proof. We have dim C' > 30. On the other hand, CV) = [C,C] is a group of dimension 28
and rank 4. Hence dim S; = 2. According to the classification of 2-dimensional tori [V98]
it suffices now to show that Sy is K-split or, what is the same, K-isotropic, since I' is a
pro-3-group.

Let £ be a Levi subgroup of P over K containing C. Both groups £ and C' are reductive
and have the same rank 6. It follows that the central torus A of £ is contained in C. Since
it commutes with [£, L] which contains [C, C| = C1, we conclude that A C S;. It remains
to note that A is K-split. O

Lemma 5.7 C; contains a maximal torus Sa isomorphic to R%}F(Gmﬂ) X RQ}F(GWK).

Proof. Consider the following chain of inclusions:
CcC=5-C1C Cg(sl) C Cg(A) = L.

It gives
[C,C] C [Ca(S1), Ca(S)] C [L,L].

Since [C, C] and [£, L] have type D4 and Dj respectively and [C¢(S1), Ca(S1)] is a group
of rank 4, we conclude that [Cs(S1),Ca(S1)] = [C,C] = C1.

Since S7 splits over K, so are Cg(S1) and [Cq(S1),Cq(S1)] = Ci. Thus C; is an
F-group of type Dy splitting over K. Then arguing just as in [PR94], p. 371-372, we
obtain that | contains a torus of the required form. O

Lemmas 5.6 and 5.7 show that S = S - S is an F-defined maximal torus of G splitting
over K. Proposition 5.2 is proved. O

Let S be the torus constructed in Proposition 5.2. According to Theorem 3.1 there
exists an F-embedding S — (G such that

(€] € Im [HY(F, S) — H'(F,Gy)].

We fix this embedding and starting from this point we may forget about the way it was
constructed. The only fact we need to know is that S is an almost direct product of

three copies of R;} F

decomposition

(Gm, k). Based on this fact we are going to show that there exists a
1 1 1
S o~ R%}p(Gm,K) X R%}F(Gm,K) X R%}F(Gm,f() (2)
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and a new F-embedding 7 : S — Gg with the following properties:

(a) the images of the first two components in decomposition (2) lie in an F-split standard
subgroup of Go isomorphic to SLg x SLs,
(b) & is equivalent to a cocycle with coefficients in n(S).

5.1.2 The Weyl group Wg,

Let ¥ = (G, S) be the root system of Gy with respect to S, W = W(X) the Weyl group
of ¥ and I = {ay,...,as} a fixed basis of X.

Lemma 5.8 Let W3 C W be a 3-Sylow subgroup. Then
W3~ (Z/3xZ/3 xZ/3) x Z]3,
where Z/3 acts by permuting the components of Z/3 x 7Z/3 x 7/ 3.

Proof. We have # (W3) = 3%. Let ¥, ¥ and X3 be the three subroot systems of ¥ of type
Ag generated by roots (aiq,as), (as,as) and (o, —3) respectively, where § € ¥ is the
positive root of maximal length with respect to the basis II. Let wg,w; € W be the ele-
ments of maximal length with respect to the basis {a, ..., ag} and {aq, as, ag, ag, — 3, a5}
respectively.

It is easy to see that w = wq - w1 has order 3 and takes the roots ay, as, as, ag, as, —3
into ag, as, as, — 0, ag, a1 respectively. Therefore w permutes the components of the sub-
system X' = X1 X Y9 X X3 C X and their Weyl groups. Let v; € W (X1) be an arbitrary
element of order 3. Then vy = wvyw™' € W(X2) and v3 = wvow™' € W(X3). It fol-
lows that v1, v, v3 commutes and w permutes them; in particular, v1, vg, v3, w generate a
subgroup W3 C W of order 3%. O

Since S is an F-defined maximal torus splitting over K, the group Gal (K/F) acts on
the root system X. Thus we have a natural embedding Gal (K/F) — W. Choosing an
appropriate basis of ¥ we may assume that the image of Gal (K/F) lies in the 3-Sylow
subgroup W3 constructed in Lemma 5.8.

Lemma 5.9 The image of Gal (K/F) lies in a subgroup (vi,v2,vs) of Ws.

Proof. Let 7 = Uilvé%é“w”, where i1,...,174 are integers. Since S is F-anisotropic, we
have a1 + 7(a1) + 72(a1) = 0. On the other hand, assuming that iy # 0 we easily obtain
that 7(a1) € X2 and 72(aq) € ¥3. But then ay +7(aq) +72(a1) # 0 — a contradiction. [

5.1.3 Special embedding S — Gy

Lemma 5.9 shows that 31,9, X3 are stable under the action of Gal (K/F), hence the

subgroup Gy, - Gy, - Gy, C Gy is F-defined and of type Az x Ag x As. Note also that the
three intersections SNGy, are 2-dimensional tori isomorphic to R%} (G k). This follows
from the facts that they are F-anisotropic, splitting over K and from the classification of
2-dimensional tori. Clearly, the tori SN Gy, i = 1,2, 3, generate S.

We are now ready to construct a new embedding S — Gy with the required prop-
erties (a) and (b). Let T C Gy be a maximal F-split torus and let {f1,...,06} be a

basis of the root system (G, T). We consider the subsystems X, X5, X% generated by
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{61,085}, {B5, 06}, {2, —0'} respectively. Here (3’ is the root of maximal length with re-
spect to the basis {f1,...,06}. Since Gy, Gy and Gy are isomorphic to SL3 over F),

there are F-embeddings ¢; : RQ}F(GWK) — GE;, 1 =1,2,3. Then the torus

S" =Im ¢y - Im ¢y - Im ¢3
is maximal in G isomorphic to S over F'.
Proposition 5.10 [¢] € Im [H!(F,S") — H(F,Gy)].

Proof. Tt follows from the constructions of S and S’ that there is an F-defined isomorphism
S — S’ which takes X(Gy, S) into X(Gop, S"). Any such isomorphism can be extended to
an inner automorphism i, : Go — Go over ¥, by Theorem 32.1 in [Hum?75]. Since the
restriction i4|s is F-defined, we obtain that o(g)~! g € S for any o € Gal (F*/F). Let
¢ = (ay), where a, € S. Then the equivalent cocycle

¢=(9a,-0(9)")=(9-a0-(c(9)"'9) 97"

takes values in S’ and we are done. O

5.1.4 The direct product decomposition

In view of Proposition 5.10 the torus S’ satisfies condition (b). Let us prove that it
satisfies condition (a) as well. We do not need the torus S any more and to ease notation
we will denote S’ by S. We also denote X(Gp, S’) by ¥ and let II = {aq,...,ag} be the
corresponding basis of 3.

For any root o € ¥ we have a + 7(a) + 72() = 0, since S is F-anisotropic. It follows
that the set {+o,+7(a)} generates an F-defined subsystem of ¥ of rank at most 2. This
subsystem has the automorphism 7, which is of order 3, hence it has type As. In particular,
the subgroup Gy + (o)} is an F-defined inner form of type Az splitting over K. For a € ¥
we let

Star(@)} = 5N Glaz(a)y-

Since S{a,r(a)} Splits over K, we obtain that St r(a)) = R%}F(Gm,[().

Recall also that, by construction, the three subsystems of ¥ generated by the roots
{a1,a3}, {as, a} and {aa, —(} are stable under the action of Gal (K/F') and have type
As. Hence

S{arr(an)} = Sfarashr  Oasr(as)}t = Ofas,ac}:

Proposition 5.11 The product morphism Sta, az} X S{as,as) X Sfau,r(
F-isomorphism.

an)}) — S is an

Proof. 1t suffices to show that it is an isomorphism over F®. We use notation from
Steinberg’s book [St67]. Recall that given a root o € ¥, one can associate to it the one-

parameter subgroup S, = (ho(t) |t € F*) < S. By 4.1 (A), S is the direct product of
such subgroups corresponding to az,...,as. If @ = miay + -+ + mgag, then

ha(t) = hay (8)™ - - hag (8)™°, 3)

since all roots have the same length.
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It is clear that 7(a4) # £/, since otherwise in view of the fact that the root subsystem
Y3 = (a9, —f) is F-defined we would have oy € ¥3. Therefore 7(ay) is of the form

T(o) = £(miag +mgag + - + meag + az),
where mq,ms, ..., mg are positive integers. Then it follows from (3) that
S = Sa; X Sag X +++ X Sag X ST(a4) = S{a1,a3} X S{Oésv%'} X S{a477(0¢4)}’

as required. O

5.1.5 Concluding argument

Proof of Theorem 5.1 in anisotropic case. By Proposition 5.10 we may assume that
€€ ZY(F,S). Let £ = (a,), where a, € S. Applying Proposition 5.11 we split £ into the
product of three cocycles § = &1 -2+ &3 with coefficients in Sta, 4315 Stas,a6) A0 S{ay r(aa)}
respectively. Since Gy, and Gy, are isomorphic to SLs, & and & are trivial cocycles.

Let g1 € Gy, and g2 € Gy, be such that & = (gl_1+") and & = (gQ_H"). Clearly, g1
and go commutes. It follows that the equivalent cocycle

[

¢ = ((9192) ao (9192) %) = (9192)° [(92°92) (91 " 91) o) (9192)~

has coefficients in

(9192)7 S{asr(aa)y (9192)77 < (9192)7 Gaur(an)y (9192) 7

The condition (g192) ! (g192)° € S easily implies that

H = (9192)7 Giayr(aq)y (9192) 7 (4)
is an F-defined subgroup of type As splitting over K, hence we are done.

Remark 5.12 Let S — G| be the embedding constructed in 5.1.3. Proposition 5.10 says
that the canonical map H'(K/F,S) — HY(K/F,Gy) is surjective. By Proposition 5.11,
any cocycle ¢ € Z1(K/F,Gy) can be written as a triple

§ = (a1Ng/p(K™),a2Ng/p(K™), a3Ng/p(K™)),

where a1,a2,a3 € F*. One can show that the above subgroup (4) is isomorphic to
SL(1,T), where T is a cubic central simple algebra of the form T' = (K/F, a}*ay?cq,) for
certain integers mi,ny and a constant c,, € F'*. These integers and the constant can be
computed explicitly, but we omit details. As a result, we obtain the following formula for
the Rost invariant:

Ry ([§]) = T U (a3).
5.1.6 Moving Lemma

The above argument will be used below several times. Let us formulate it for the future
reference as follows.

Moving Lemma Let G be a simple group over F' and let T' be a maximal torus of G over
F. Let £ € ZY(F,T) be a cocycle. Assume that & = &1 - & is the product of two cocycles
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with coefficients in T such that &1 takes values in T N H, where H is a proper F-subgroup
of G normalizing by T, and & viewed as a cocycle with coefficients in G is trivial. Then
& is equivalent to a cocycle with coefficients in a proper F-subgroup of G of the same type
as H.

Proof. Let & = (as), & = (bs), where o € Gal(F*/F), a, € T(F*) N H(F?) and b, €
T(F*). Since & is trivial, there is g € G(F*®) such that b, = g~ 119 for all o € Gal (F*/F).
Then the equivalent cocycle ¢ = (¢,), where

co = 9(asbs)g™" = gasg ',

1

takes values in a proper F-subgroup gHg~ " which has the same type as H. O

5.2 Type Fs: isotropic case

This case is much easier.

Lemma 5.13 Let the twisted group G = ¢Gy be F-isotropic. Then it splits over F; in
particular & is trivial.

Proof. Assume the contrary. According to [T66] all admissible Tits’” indices of type ' FEg
corresponding to isotropic groups are as follows:

a9 a
()
ONNC I © (i) i
a] a3 04 G5 Qg a1 Q3 04 G5 Qg

In case (i) the semisimple anisotropic kernel of G is a classical group of type Dy. Since
I' is a pro-3-group, any such a group is F-split.

Consider case (ii). Applying Theorem 3.2 we obtain that £ is equivalent to a cocycle
with coefficients in SL3 x SL3. Hence £ is trivial and G is F-split. O

5.3 Type Er
Proposition 5.14 There exists no F-anisotropic groups of type Er splitting over K.

Proof. Assume the contrary. Let G be an F-anisotropic simple group of type E7 splitting
over K. To get a contradiction we can proceed as in case Fg. Namely, let P C G be the
parabolic subgroup over K corresponding to the root a7. Then we consider the connected
component C of the intersection P N 7(P) N 72(P). As in case Fg, it is easy to conclude
that C is a reductive group of dimension at least 52 whose semisimple part [C, C] contains
an F-defined simple component C of type not A,.

Let L C P be a Levi subgroup containing C;. Its semisimple part has type Fg, hence
C is a group of type either 3Dy, Fy, or Eg. By a dimension argument, C; cannot be of
type 3Dy. If C} is of type Fg, then C} is the semisimple part of L. It follows that Cq(C1)
is defined over F. But it coincides with the central torus A of £ whose dimension is 1.
Hence A is F-defined and F-isotropic being a torus of dimension 1.

Assume now that C; is a group of type F; and let us consider Cg(C1). Since it
contains A, C(CY) is a nontrivial reductive group over F whose rank is either 1,2 or 3.
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Let S C Cg(Cq) be a maximal torus over F. It commutes with Cy, by construction, hence
C1 C [Ca(9),Cal(S)].

If dim S = 1, then S is F-isotropic. If dim S = 3, then C; = [C(S), Cq(S)] would be
a standard subgroup of G of type Fy. But a root system of type E7 does not contain a
subsystem of type Fjy.

Thus dim S = 2 and C(9S) is a reductive group whose semisimple part [C¢(S), Ca(5)]
has rank 5 and contains the subgroup Cj of type Fjy. It follows that [C(S), Cq(S)]
contains another simple component over F' of rank 1. But any such a group is F-isotropic.
O

We are now ready to complete the proof of Theorem 5.1 in the case of E7 by reducing it
to Eg. By Proposition 5.14, G is F-isotropic. Looking at Tits tables [T66] and taking into
consideration the fact that I' is a pro-3- group we obtain that the only possibility for the
semisimple F-anisotropic kernel of G is to be a group of type Eg. Applying Theorem 3.2
we get that £ is equivalent to a cocycle with coefficients in an F-split standard subgroup
of Gy of type Eg. So the result follows. O

6 The triviality of the kernel of Ra for Eg, Er

Theorem 6.1 Let Gy be a quasi-split simple simply connectedgroup of type Eg, E7 defined
over a field F' of characteristic # 2,3. Then Ker Rg, = 1.

We split the proof into three parts considering inner forms of type Fg, outer forms of
type Eg¢ and type E7 separately. Let G be the given quasi-split group and let [¢] be an
element of Ker R¢g,. Let G = £G be the corresponding twisted group. The triviality of &
is clearly equivalent to saying that G is quasi-split over F'.

6.1 Inner forms of type Fj
Our strategy is to reduce to the case where G is an F-isotropic group and then to apply
Theorem 3.2 and Proposition 2.4.

6.1.1 Reduction to a pro-p-case

It is entirely based on the following theorem which is due to P. Gille [G93], [G97].

Theorem 6.2 Let G be a simple simply connected group of type Eg or E7 over F. Assume
that there exist finite field extensions E1, ..., Es of F splitting G and such that the

gcd{[Er:F|,...,[Es: F]} =1
Then G splits over F.

Let I', C I" be a Sylow p-subgroup and let F}, = (F*)'» be fixed points of I'p. Assuming
that Theorem 6.1 is proved over F), we can find for each p a finite extension E,/F' contained
in F, and splitting G. Since the g.c.d of all degrees [E, : F] is clearly 1, we obtain from
Gille’s theorem that G splits over F'.
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6.1.2 Reduction to the case p=2,3

By Theorem 3.1, we may assume that & takes values in an F-defined maximal torus
T C Go.

Lemma 6.3 Any element of the group H'(F,T) has order of the form 2"3™.

Proof. See Proposition 6.21 in [PR94], p. 375. O
Lemma 6.3 implies that in the case p # 2,3 any cocycle from Z!(F,T) is trivial.

6.1.3 The case p=3

Theorem 5.1 says that £ is equivalent to a cocycle with coefficients in a standard simple
simply connected F-subgroup of G of type As. Then, by Theorem 2.1 and Proposition 2.4,
£ is trivial.

6.1.4 The case p=2

Assume first that G be F-isotropic. According to [T66], we have two possibilities for an
F-anisotropic kernel of G:

(i) an inner form of type Az x Ay. But I' is a pro-2-group, hence there are no anisotropic
inner forms of type A, over F;

(ii) an inner form of type Dy4. In this case, by Theorem 3.2, £ is equivalent to a cocycle
with coefficients in a standard simple simply connected F-split subgroup of Gg of type
Dy, hence it is trivial, by Propositions 2.2 and 2.4.

Let G be now F-anisotropic. Let E//F be a finite Galois extension which splits G and
is minimal with this property. Since I' is a pro-2-group, there is a chain of subfields

F=FyCFE C..CE;=F

such that [F;;+1 : E;] =2 and s > 1. Since G is not split over E5_; and the F-isotropic case
has been already studied, GG is anisotropic over that field. Thus it suffices to treat the case
where G splits over a quadratic extension K/F. Then G has a maximal torus T defined
over F' and splitting over K (see § 4). Since G is a group of inner type, Gal (K/F') has the
natural embedding into the Weyl group. We also know that the image of the nontrivial
element of Gal (K /F') acts on the corresponding root system (G, T') by multiplication by
—1. But the Weyl group of type Fg does not contain —1: a contradiction.

6.2 Outer forms of type Ej

Let Gg be a quasi-split group of type Eg and let K = F (\/E) be the quadratic extension
over which GGy becomes split. Since the inner case has been already treated, we have
Resk ([¢]) = 1, hence G splits over K.

6.2.1 Isotropic case

Proposition 6.4 If G is F-isotropic, then [{] = 1.
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Proof. According to Tits’ classification [T66] the F-index of G is one of the following:

ay  ay 3 O vy Qg O3 o Qg 4 a3
We-@ . e[| ©
Qs Qg a5 o Qs Qg
aq

@ . [

(073 Qg

Lemma 6.5 The Tits index of G is not of the form (a), (b) or (c).

Proof. Let T' C G be a maximal F-torus containing a maximal F-split torus of G. We
fix a basis IT = {a1,...,a6} of ¥(G,T) corresponding to the above pictures. According
to [T66] the maximal F-split subtorus of 7" is the identity component of the subgroup of
T defined by the following system of equations:

y(t) = o*(y)(t) for all v € IT and all o € Gal(F*/F),
ai(t) = 1 for all non-distinguished vertices «;,

where ¢ € T and o* denotes the *-action of " on II (see [T66]). It follows from these
equations and the above pictures that in all cases (a), (b) and (c¢) the maximal F-split
subtorus of T' contains the F-split one-dimensional subtorus S; = (hg(u) | u € (F*)*)
corresponding to the root 3 of maximal length. Then the semisimple part of the centralizer
Cc(S1) is F-defined and coincides with the subgroup Gy, C G generated by roots ¥ =
{ai,a3,...,06}. Let So C Gx, be an arbitrary maximal F-defined torus and let S =
Sy - So.

Arguing as in Theorem 3.2 it is easy to see that there is an F-embedding S — G¢ such
that [¢] € Im [HY(F,S) — HY(F,Gp)] and the image of Sy lies in a standard quasi-split
simple simply connected F-subgroup H of type 245. Since S/Ss is an F-split torus, any
cocycle in Z1(F, S) is equivalent to a cocycle with coefficients in Sy. Thus ¢ is equivalent
to a cocycle with coefficients in H, hence £ is trivial, by Propositions 2.3 and 2.4. O

Lemma 6.6 A group with the Tits index (d) can not split over a quadratic extension. In
particular, the Tits index of G is not of the form (d).

Proof. Let H be an F-isotropic group with the Tits index of the form (d). If H splits over
a quadratic extension K/F, then so is its semisimple F-anisotropic kernel L. In case (d)
L is an almost simple simply connected F-anisotropic group of type 2Dy4. Since L splits
over a quadratic extension of the ground field, there are two possibilities.

Case I. L ~ Spin (f), where f is an F-anisotropic quadratic form of dimension 8. Since
L has type 2Dy, the discriminant of f is nontrivial. On the other hand, L is F-anisotropic
and splits over K, hence f is of the form

f =~ ai (23 — da3) + as(23 — da?) + as(2? — dxf) + aq(2? — dzf),

where ai,...,a4 € F*. It follows that f has trivial discriminant — a contradiction.
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Case II. L ~ Spin (D, f), where D is a quaternion algebra over F' and f is a skew-
hermitian form over D (with respect to the standard involution on D). Let E be the
function field of the Severi-Brauer variety corresponding to D. By a result of Parimala,
Sridharan and Suresh [PSS99], L is still anisotropic over E and clearly has type 2D, over
E. Then we can proceed to Case I to get a contradiction. O

Lemmas 6.5 and 6.6 complete the proof of Proposition 6.4. O

6.2.2 Anisotropic case

By Theorem 3.1, there is a maximal F-anisotropic torus S C G splitting over K and such
that
€] € Im [H'(F, §) — H'(F, Gy)]. (6)

Then according to Proposition 4.14 for any maximal F-anisotropic torus of G splitting
over K, condition (6) still holds. We keep the notation introduced in Section 4. In
particular, given a Chevalley basis of the Lie algebra of Gy with respect to S we denote
the corresponding structure constants by {cq, @ € ¥ = ¥(Go, S)}.

Lemma 6.7 There exists a maximal F-anisotropic torus S C G splitting over K and
such that the structure constants are of the form

Cay =1, Cay =1,..., cag =1 (mod Ng,/p(K™)).

Proof. Let T C Gy be a centralizer of a maximal F-split torus in Gy. The Tits F-index of
Gy is of the form

o a4 Q3 7
o—a 1] ™
a5 g

Here {a1,..., a4} is a basis of X(Go,T). Let 8 € £(Go,T) be the root of maximal length
with respect to the basis {a1,...,a6}. It follows from (7) that the subgroup Gg C Gy
corresponding to 3 is an F-split group of rank 1, hence Gg ~ SLy. Let S; C Gg be a

maximal F-anisotropic torus of dimension 1 which is isomorphic to Rg} (G k).
The subgroup H = Gy, C Gy corresponding to the set ¥; = {aj,a3,... a6} is a

quasi-split F-group of type 245, hence it is F-isomorphic to SU (h), where
h = xi12] — 2225 + X373 — 4Ty + T5T5 — TeTg. (8)

We choose the F-anisotropic torus Sy C H = SU(h) consisting of all diagonal isometries
of h and we let S = S1 - S2. Since G commutes with H, S is a maximal F-anisotropic
torus in Gy splitting over K.

Let ¥ be the root system of Gg with respect to S. We may now forget about 7" and we
work with the root system X related to S. In order to ease notation we denote a basis in X
by the same letters {1, ..., as}. We choose a Chevalley basis (with respect to S) of the Lie
algebra of Gy and a basis {aq,...,as} of ¥ in such a way that its subset {1, as, ..., a6}
is a basis of the root system of SU (h) with respect to Se. Then by Lemma 4.13,

Cay =1, a3 =1,..., cag =1 (mod Ng/p(K™)).
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We now want to modify S (if necessary) in such a way that c, =1 (mod Ng/p(K™))
as well.

Assume that c,, # 1. Consider the cocycle ¢ = (b,) € ZY(K/F, S1(K)), where b, =
hg(ca,) and 3 is the root of ¥ of maximal length with respect to the ordering determined
by the basis {a1,...,a6}. Since Gg ~ SLo, ¢ viewed as a cocycle with coefficients in Gg
is trivial.

Let b, = g~ '*7, where g € Gp(K). We claim that the torus S’ = gSg~! is as required.
Indeed, by Lemma 4.9, S’ is defined over F' and splits over K. Since g commutes with H,

Lemma 4.8 shows that the constants ¢, Cas, - - - ; Cag related to the tori S and S’ coincide,
hence are as required. Since (3, as) = 1, Lemma 4.8 again shows that the constant c,,
related to S’ equals 1. O

Applying the Moving Lemma 5.1.6 we want next to modify our cocycle &, i.e. take
an equivalent one, in such a way that the new one has coefficients in a simple simply
connected F-group of type Ds.

To do so, let S be the torus constructed in Lemma 6.7. Let L C Gy be a subgroup
generated by the simple roots aa, ..., ag from the root system ¥(Go, S). Clearly, L is an
F-defined group of type Dj splitting over K. Since S splits over K, we have H(F,S) =
HY(K/F,S(K)). Hence £ can be written in the form & = (s,), where

Sr = hay (u1) - -+ hag (us),

and 7 is the nontrivial automorphism of K/F. It easily follows from s,;7(s;) = 1 that
uy,...,ug € F*.

Since ¢q, = 1, we have G, ~ SLy over F, by Lemma 4.12. Hence there is g € G, (K)
such that g~7"! = hg, (u1). Consider the equivalent cocycle € = (§;), where

- -1

5r = gThOél (ul) “ hag (uﬁ)g L= g ha, (UQ) o+ hag (uﬁ) g

It has coefficients in L= gLg %

The group L is a simple simply connected group of type D defined over F'. It contains
the maximal torus So = g .So g:l splitting over K. In order to stress that L sits inside Gy,
we number simple roots in X(L, S2) as follows.

Q2

a3 (71 as &7}

Lemma 6.8 The structure constants ofz with respect to the torus :9’; are as follows:
Can = Cay = Cay = Cag =1 (mod Ng/p(K*)), cay =u1 (mod Ng,p(K™));
i particular, L has F-rank at least 2.

Proof. The first statement follows from Lemma 4.8, the second one from the fact that the
subgroups G, and Gq, of L corresponding to o and as split over F', by Lemma 4.12,
and commutes. O

Since L splits over the quadratic extension K/F, there are two possibilities for L.
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Lemma 6.9 Assume that L~ Spin (f), where f is a quadratic form over F of dimension
10. Then L is quasi-split.

Proof. We have to exclude the possibilities for the Witt index ¢ of f to be ¢ = 2,3.

Assume that ¢ = 2. Then f is the direct sum of two hyperbolic planes and a certain
F-anisotropic quadratic form of dimension 6. It follows that the dimension of a maximal
F'-split torus in L equals 2 and the semisimple part of its centralizer has type A3 = Ds.

On the other hand, all maximal F-split tori in L are conjugate over F. Since G, and
Gy are split over F', they contain F-split tori of dimension 1, say 75 and 75. Then simple
calculations with roots show that the semisimple part of the centralizer C; (73 - T5) has
type A1 X A1 — a contradiction.

Assume that ¢ = 3. Let f,, be the anisotropic part of f. It has dimension 4 and splits
over K, in particular f,, has trivial discriminant. It follows that the function field £ of
the projective quadric f,, = 0 splits f. Hence Gy has rank at least 5 over E which is
impossible, since £ does not contain K. a

Since L is quasi-split and Rea,([€]) = Rz([g]) — 1, Proposition 2.2 gives [£] = 1.

It remains to consider the case L ~ Spin (D, f), where D is a quaternion algebra over
F and f is a skew-hermitian form over D (with respect to the standard involution on D).
Let E be the function field of the Severi-Brauer variety of D. The extension E/F splits
D and so we can reduce to the previous case if we show that the twisted group G = ¢Gy
is still anisotropic over E.

Lemma 6.10 G is anisotropic over E.

Proof. Assume the contrary, i.e. G is E-isotropic. Then G is quasi-split over F, since
the isotropic case has been already treated. Let U be the unipotent radical of a Borel
subgroup B C G over E. The twisted group ¢ (E) being F-anisotropic is still anisotropic
over E, by [PSS99]. Hence the intersection U N ¢(L) is trivial. On the other hand, we

have dim (L) = 45, dim U = 36, so dim U N ¢(L) is at least 3. O

6.2.3 A formula for the Rost invariant

We keep the notation from the previous subsection. Using the above material one can
easily produce a formula for the Rost invariant for any cocycle ¢ € Z'(K/F,Go(K)).
Namely, let S be the torus from Lemma 6.7. By Proposition 4.14, we have the surjection

HYK/F,S(K)) — H{(K/F,Gy(K)).

Hence we may assume that £ has coefficients in S.
Let € = (a;) and let ar = hq, (t1) - - - hag (t6), Where £1,...,t € F*. We write £ as the
product £ = & - &, where

& = (hoq (tl)ha4 (t4)h0£6(t6>)7 §2 = (has(t?))hOéQ (t2)ha5 (t5)>'

Since, by Lemma 4.12, the subgroup of Gy generated by the roots as, as, as splits over
F, & is a trivial cocycle. Then, by the Moving Lemma 5.1.6, £ is equivalent to a cocycle
with coefficients in an F-subgroup H C Gy of type A1 x A1 x Aj.
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According to Lemma 4.8 the three components of H correspond to the quaternion
algebras Dy = (d,t3), Dy = (d,tatsts), D¢ = (d,t5). Then, by Proposition 2.4 and from
the formula for the Rost invariant for groups of inner type A,, we obtain that the cocycle
Rg, (&) is given by

R, (§) = (d) U (t3) U (t1) + (d) U (tatsts) U (ta) + (d) U (t5) U (t6)-

6.3 Type E;

This case is entirely similar to case Eg. By Gille’s Theorem 6.2 and Lemma 6.3, we may
assume that Gal (F*/F) is a pro-p-group, where p = 2,3. If p = 3, then in view of
Theorem 5.1 £ is equivalent to a cocycle with coefficients in a subgroup of Gg of type As.
Therefore £ is trivial, by Theorem 2.1.

Let now p = 2. Then we may assume that G is split over a quadratic extension K/F.
It is easy to see that G, and hence G, contains a maximal F-anisotropic torus S splitting
over K. By Theorem 3.1, there is an embedding S — Gy such that ¢ is equivalent to
a cocycle with coefficients in the image of S. Arguing as in Fg we may assume that all
structure constants of S corresponding to all simple roots are 1 modulo norms Ny p(K*).
After that we can modify £ (as in Lemma 6.8) in such a way that the new cocycle lies in
a simple simply connected F-subgroup H of G of type Eg with the following structure
constants:

Cay = Cay = Caz = Cay = Caz =1 (mod Ng/p(K™)), cog =u1 (mod Ng,p(K™)).

It follows that F-rank of H is at least 3. Looking at the tables [T66], we see that H is
either quasi-split or split over F. Hence the result follows from Proposition 2.4, since H
is standard.

6.4 Type *5D,

This case is known (see [KMRT98]). However in order to get a self-contained proof of
Serre’s Conjecture II for groups of exceptional types over (C3)-fields (except Eg) let us
show how this case follows from the above.

Let Gg be a simple simply connected quasi-split trialitarian group over F'. Denote the
minimal extension of F' over which Gy becomes split by L and let I' = Gal (L/F). If Gy
is a group of type 3Dy, then [L : F] = 3 and T' ~ Z/3; otherwise we have [L : F] = 6 and
I' ~ S3. We start with the following

Proposition 6.11 Let ¢ € Z'(F,Gg) be a cocycle such that the twisted group G = Gy
is quasi-split over a quadratic extension K/F. Assume that K and L are linearly disjoint
over F'. Then £ is equivalent to a cocycle with coefficients in a standard simple simply
connected F-subgroup of Gy of type A;.

Proof. Let o € I' be an arbitrary element of order 3. We fix a subfield P C L of degree 3
over . If [L : F| = 3, the field P coincides with L. If [L : F] = 6, let X be the non-trivial
automorphism L/P. We have clearly AcA™! = o2. Let 7 be the nontrivial automorphism
of K/F. Since K and L are linearly disjoint over F, we can extend the automorphisms

o, \€ Gal(L/F), 7€ Gal(K/F)

in a natural way to the extension F/F', where E' = K -L. For simplicity we denote these
extensions by the same letters o, A, 7.
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Let B C G be a Borel subgroup over K such that S = BN7(B) is a maximal torus. S
is split over E. Let ¥ = ¥(G, S) and let IT = {ay,...,a4} C X be the basis corresponding
to the Borel subgroup B. The action of I' on root subgroups was described in [ChT99]
and is given by the formulas

0ty ()] = Txag[o(u)], O[T tas ()] = Tiay[o(u)];
0l ta, (0)] = iay [0 (u)]; 0[tas (U)] = Txay[o(u)],
Alzta; (0)] = Tia [A(w)], Alztay (0)] = Tiap[A(w)], (9)
Al tas ()] = Tia,[A(w)], Al ta, (u)] = Tias[A(w)],

T([2a; ()] = 20 (7()).
Formulas (9) show that S ~ S; x Sy, where

S1 =8N Gay = (hey(u)) = RY) (G ),

Sp =8N G{al,ag,a4} = (hal (ul)hag (u3)h014 (U4)> = RP/F [Rg)K/P(Gm,PK)]

The rest of the proof is the same as in Section 5.1.3. Namely, we construct the following
embedding ¢ : S — Gy. Let T' C Gy be the centralizer of a maximal F-split torus of Gy.
The Tits index of Gg over F' is of the form:

aq
a9 g_. a3 (10)
e ) Ol4

This picture shows that the subgroup Hy C Gy (respectively Hj) generated by ago (re-
spectively a1, a3, as) from the root system 3(Gy, T') is isomorphic to SLy g (respectively
RP/F(SLQ’P)). Hence there are natural embeddings S — Hi, So — Hs which can be
extended to 9 : S — Gg. Arguing as in Proposition 5.10 we obtain that £ is equivalent to
a cocycle with coefficients in ¢(S). Then it can be written as a product of two cocycles
& = &1 - & with coefficients in ¥(S7) and 1(S2) respectively. Since &2 has coefficients in
Hy which has trivial Galois cohomology, the Moving Lemma 5.1.6 completes the proof. [

Theorem 6.12 If ¢ € ZY(F,Gy) is a cocycle such that Rg,([€]) = 1, then £ is trivial.

Proof. The triviality of £ is equivalent to saying that the twisted group G = ¢Gy is
quasi-split over F'. As usual we distinguish two cases: isotropic and anisotropic.

Let first G be F-isotropic. We claim that then G is quasi-split over F'. Assume the
contrary. Then the F-index of G is of the form

E (11)
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Let S1 be a maximal F-split torus in G. It follows from the picture that the semisimple
part of the centralizer C'(S1) coincides with the subgroup Gy, C G generated by the non-
distinguished roots 3o = {a1,a3,a4}. Let So C Gy, be an arbitrary maximal F-defined
torus and let S = 57 - Ss.

Arguing as in Theorem 3.2 we obtain that there is an F-embedding S — Gg such
that [¢] € Im [HY(F,S) — HY(F,Go)] and the image of Sy lies in a standard quasi-split
simple simply connected F-subgroup H C Gq of type A; x Ay x Aj. Since S/S; is a split
torus over F, any cocycle in Z!(F,S) is equivalent to a cocycle with coefficients in So. It
follows that £ is equivalent to a cocycle with coefficients in H and H has trivial Galois
cohomology.

Let G be F-anisotropic. Consider first the case [L : F| = 3. Since Ker Réo =1, we
obtain that [¢] € H'(L/F,Go(L)). Then the argument on p. 372-373 in [PR94] shows
that £ up to equivalence lies in a standard simple simply connected subgroup of Gy of
inner type As. Hence € is trivial, by Theorem 2.1 and Proposition 2.4.

The last case is [L : F] = 6. Let K; = F(+/d) be the quadratic extension contained in
L. Since we have already proved that Ker R[G(; = 1, we obtain that £ € Z1(K1/F,Go(K1)),
in particular G is quasi-split over Kj. Then we can easily find as above (see also [PR94],
p. 354) an F-subgroup H of G of type A;. Let K/F be a quadratic extension splitting
H and linearly disjoint with L. Then G is isotropic over K and hence quasi-split over
K, for the isotropic case has been already treated. Since L and K are linearly disjoint,
Proposition 6.11 and Theorem 2.1 show that ¢ is trivial. d

7 Serre’s Conjecture 11 and the Hasse principle Conjecture 11

Conjecture II (Serre [S94]) Let F be a perfect field with cd (F)) < 2 and let G be a
simply connected semisimple linear algebraic group over F. Then H'(F,G) = 1.

The Hasse Principle Conjecture II ( Colliot-Thélene, Scheiderer [CT96, Sch96]) Let
F Dbe a field with ved (F)) < 2 and let G be a simply connected semisimple linear algebraic
group over F. Then the canonical map

0: H(F,G) — [[ H'(F:.G)
§EQr

induced by the restriction maps has trivial kernel. Here Qr denotes the set of all orderings
of F' and Fy¢ is a real closure of F' at the ordering §.

Theorem 7.1 Let Gy be a quasi-split simple simply connected group over a perfect field F'
which is of type 3° Dy, Eg, B7. Assume that cd, (F) < 2, where p = 2,3. Then H*(F,Gy) =
1.

Proof. Let ¢ € ZY(F, Gy). Since cd, (F) < 2, p = 2,3, we get Rg,([¢]) = 1. It follows then
from Theorem 6.1 that [(] = 1. O

Theorem 7.2 Let Gy be a quasi-split simple simply connected algebraic group over F
which is of type 9Dy, Eg, B7. Assume that ved (F) < 2. Then

0: H'(F,Go) — [] H'(F:,Go)
£eQp

has trivial kernel.
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Proof. Let ¢ € Z(F,Gy) be a locally trivial cocycle. Let K = F(y/—1). By Theorem 7.1,
the restriction of ¢ at K is trivial. It follows that Rg,([¢]) has coefficients in Z/2. Hence
the result follows from Theorem 6.1 and the following theorem which is due to Arason.

Theorem 7.3 The Hasse principle holds for H3(F,7/2).

Proof. Let n € Z3(F,Z/2) be a locally trivial cocycle. Then by Arason’s theorem [A75],
Satz 3, there is an integer r such that n U (—1)" = 0. On the other hand from the exact
sequence

H(K,7)2) <% H(F,7/2) "8 B+ (F,7/2) ™ HY(K,7,/2)

([Ar75], Corollary 4.6 ) and from the equalities
HY(K,Z/2) = H"YK,7Z/2) =0, i>3

we conclude that the product U(—1) is an isomorphism. Therefore, n = 0. O

8 (Cy)-fields

A field F has (Cy)-property if every homogeneous equation f(x1,...,z,) = 0 of degree
d with coefficients in F has a nontrivial solution in F™ if n > d?. Property (C3) implies
cd(F) < 2, but the converse is not true in general case. The main property of (Cs)-fields
we are going to use is

Theorem 8.1 ([Art82]) Every central simple algebra A over a (Cs)-field F of exponent p
has index p if p = 2, 3.

Theorem 8.2 Let G be a simple simply connected algebraic group of type 3°Dy, Eg, E7
defined over a (Cy)-field F. Then H'(F,G) = 1.

Proof. Denote a simple simply connected (resp. adjoint ) F-quasi-split group of the same
type as G by Gg (resp. Gg). In the case *0Dy, as in 6.4, let L/F be the minimal Galois
extension over which Gy becomes split and P/F a cubic extension contained in L. We
have the natural map ¢ : HY(F,Gy) — H?(F,Z), where Z is the center of Gy. Let
¢ € ZY(F,Go) be such that G = £Gy. Then there is the natural bijection (see [S94])

P (e([€]) — HY(F.G)/ ~,

where ~ is the equivalence relation given by multiplication on elements from H!(F, 7).
It follows that we need only to show that the fiber ¢ ~!(([¢])) consists of one element,
namely [¢], and any cocycle with coefficients in the centre of G is trivial, viewed as a
cocycle in G.

8.1 Type 5D,

Let [¢&1] € o1 (0([€])) and let G = Gy be the corresponding twisted group. It is known
that
H?*(F,Z) ~ Ker [3Br P — 9BrF].
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Since exponent of an algebra over P coincides with its index, ¢([¢]) can be represented by
a quaternion algebra over P. Then, by Proposition 43.9 in [KMRT98], there is a quadratic
extension K /F which kills ¢([¢]) = ¢([€1]). This implies, by Theorem 7.1, that G and G
are quasi-split over K. Arguing as in Proposition 6.11 (see also [PR94], p. 354) we can
easily see that each of G and (G contains a simple simply connected subgroup of outer
type Ag splitting over K. Since cd(F) < 2, any such subgroup is isotropic over F. Hence
both groups G and G are F-isotropic.

If one of G, is quasi-split over F', there is nothing to prove. Otherwise, both of
them have the same Tits index (11). Denote by Hy the subgroup in G generated by the
root subgroups corresponding to the roots a1, as, ay from diagram (10). The group Hy is
a semisimple simply connected group of type Ay x A1 X A; containing the center Z. Let
Hy C Gy be its image in the adjoint group. Taking into consideration the diagram (11)
and arguing as in Theorem 3.2 we get immediately that up to equivalence the cocycles &
and & lies in Z1(F, Hy). Hence [¢] = [¢1], since for groups of classical types Conjecture IT
holds by [BP95].

To show that

Im[HY(F,2) — HY(F,G)] =1

it suffices to note that the center Z lies in the semisimple F-anisotropic kernel of G which
has type A1 x A1 x A; (see diagram (11)) and hence has trivial Galois cohomology.

The above argument shows that we can apply the same proof for the other types Fg, F~
if we find an F-split torus S C Gq satisfying the following conditions:

(a) [€], [&1] € Im[H(F, Céo(g)) — HY(F,Gy)], where S is the image of S in Go,

(b) Hy = [Cq,(5),Cq,(5)] is a semisimple simply connected group of classical type con-
taining the center Z of Gy,

(c) the centralizer Cq,(S) is an almost direct product of S and Hy.

8.2 Type 'E;
We have Z ~ pus, hence there is a cubic cyclic extension E/F killing ¢([¢]) = ¢([£1]).
Lemma 8.3 G and Gy are F-isotropic.

Proof. Assume the contrary. Let C7 be a subgroup constructed in Lemma 5.3. It has type
Dy, hence is F-isotropic by the argument above — a contradiction. O

All admissible F-isotropic Tits indices are given by diagrams (5). Since G, G are split
over a cubic extension E/F we conclude that the only case which can occur is represented
by diagram (5), index (ii). Then one can easily see that the torus S; constructed in
Theorem 3.2 satisfies properties (a), (b) and (c).

8.3 Type 2E;

Let K/F be the quadratic extension over which G becomes a group of inner type and let
7 be the nontrivial automorphism K/F.

Lemma 8.4 G and Gy are F-isotropic.
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Proof. Assume the contrary. We have already proved that G is K-isotropic. If it splits
over K, then it contains an F-defined subgroup of type As splitting over the quadratic
extension K/F. Since F has (Cy)-property, this subgroup is F-isotropic.

Thus G is not K-split, hence its K-Tits index is of the form (ii) in diagram (5) (note
that the index (i) can not occur since its anisotropic kernel is a classical group of type
D, and any such group is F-isotropic over a (C3)-field). Let P be a minimal parabolic
subgroup of G over K in generic position and let C' be the connected component of PN7(P).
Since, by our assumption, G is F-anisotropic, C' is a reductive F-group. By dimension
argument, Ck is a Levi subgroup of P. This implies that [C,C] is a semisimple K-
anisotropic kernel of G. It follows then from picture (ii) in diagram (5) that the centraliser
Ca([C, C)) is an F-defined subgroup of G of type A, splitting over K. But any such group
is F-isotropic. a

All admissible F-isotropic Tits indices of type ?Eg are given by the diagrams in Propo-
sition 6.4. Since the K-Tits indices of G, G; are of the form (ii) in (5), we conclude that
over F they are of the form either (a) or (¢) from the diagrams in Proposition 6.4. In both
cases the subgroups in GG, G; corresponding to the root of maximal length are isomorphic
to SLy over F, hence contains a 1-dimensional split torus S. The rest of the proof is the
same as for inner forms of type Eg.

8.4 Type F;

As above one can easily see that both G,G; are F-isotropic. Looking at the Tits ta-
bles [T66] and taking into the consideration the fact (which has been already proved
above) that all simple groups of type not A, are F-isotropic we obtain that G, G have
the same Tits indices of the form

m

The rest of the proof is the same as for inner forms of type Fg. Thus we complete the
proof of Theorem 8.2. O

Remark 8.5 Note that under the proof of Theorem 8.2 we have showed that any simple
group of type 30Dy, Eg, E7 is isotropic and also described all admissible Tits indices of
such groups.
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