ALGEBRAS OF PRIME DEGREE ON
FUNCTION FIELDS OF SURFACES

MANUEL OJANGUREN AND RAMAN PARIMALA

ABSTRACT. Let X be a smooth projective surface over an algebraically closed field k of
characteristic 0. Let D be a central division algebra of prime index over K = k(X ). We prove
that D is cyclic, thus proving, in this very special case, a conjecture that Albert probably
never made [Sa].

0. INTRODUCTION

A central division algebra of degree n over a field K is said to be cyclic if it admits a cyclic
splitting field of degree n over K. It is an open question whether central division algebras
of prime degree [ over any field are cyclic. It is a well-known result of Brauer-Hasse-
Noether that all division algebras over number fields are cyclic. Let k be an algebraically
closed field of characteristic zero, S a normal surface over k and R the completion or
henselization of the local ring at a closed point of S. Then, over the quotient field K of
R, Ford and Salman showed that all division algebras are cyclic. Over the quotient field
of a 2-dimensional excellent henselian local domain with algebraically closed residue field,
it was shown by Colliot-Thélene et al. [CTOP] that all division algebras of index coprime
to residue field characteristic are cyclic, thus extending the result of Ford-Saltman. The
method of approach here is to kill the ramification of the division algebra on a regular
model over a henselian domain in a cyclic extension of K; one then uses the fact that the
Brauer group of the model (or its [-primary part) is trivial.

In the case of the function field K of a surface X over an algebraically closed field k, to
split a division algebra it is not sufficient to split its ramification, because the Brauer group
of X may not be trivial. A theorem of de Jong [dJ] asserts that for every central division
algebra D over K with index prime to the characteristic of K, the index coincides with the
order of D in Br(K). In this paper we adapt the techniques of de Jong to prove that if the
characteristic of K is zero, then every division algebra of prime degree over K is cyclic.

Given a smooth projective surface X over k and an Azumaya algebra A on X, we con-
struct a finite flat morphism Y — X with Y smooth projective which splits A. Such a
construction is announced by de Jong and Artin [dJ] under the more general setting in
which the characteristic of k is coprime to index(Ay(x)). Following de Jong, we connect
Y and X by a family W fibred over A! and use this family to prove cyclicity when A is
unramified over X. The ramified case reduces to the unramified case, following de Jong’s
techniques closely.
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1. REPRESENTING BRAUER CLASSES

Let X be a noetherian regular integral 2-dimensional scheme, K its field of rational func-
tions and A4 an Azumaya algebra over X.

Theorem 1.1. Suppose that the generic fiber Ag of A is of the form M, (D), where D is
a division algebra over K. Then the Brauer class of A can be represented by an Azumaya
algebra A over X such that A = D.

We first recall the definition and some properties of maximal orders. Let R be an integral
domain with field of fractions K and A an associative finite dimensional K-algebra. An
R-order of A is an R-subalgebra A of A which is finitely generated and projective as an
R-module and generates A over K: AK = A. It is easy to see that R-orders always exist.
(A general reference for the theory of orders is [AG].)

If A is a central simple algebra over K and that R is integrally closed and noetherian, then
every R-order is contained in a maximal one. If A is an R-Azumaya algebra such that
A = Ak, then A is a maximal order of A.

Assume now that R is a discrete valuation ring. Then the following holds.

Theorem 1.2. Let R be a discrete valuation ring, K its field of fractions and A a central
simple K-algebra. Any two maximal R-orders A and I in A are conjugate: A = ul'u—! for
some u € A*. In particular, if one of the maximal orders is an Azumaya R-algebra, then
so is the other one.

Proof. See for instance [AG], Proposition 3.5.

Proof of Theorem 1.1. Since the canonical map Br(X) — Br(K) is injective, any algebra
A such that A = D will represent the Brauer class of A. Let z € X be a point of
codimension 1. Then Ox . is a discrete valuation ring and A, being an Azumaya algebra
over Ox , is a maximal order in Ax = M, (D). Choose now a maximal order A(x) in
D. It is easy to check that M, (A(z)) is a maximal order in M, (D). By Theorem 1.2, A,
and M,,(A(z)) are isomorphic, hence A(x) is Morita equivalent to A, and is, therefore,
an Azumaya algebra.

We have, for any codimension 1 point x € X, an Ox ,-Azumaya algebra A(z) C D
representing the class of Ax in Br(K). In other words, the K-algebra D is unramified
over X. We patch all these algebras to get a global representative A of Ay, with generic
fiber D.

To do this we can invoke (as in [CTS], Proposition 2.4, page 111 for the case of quadratic
spaces) some general results on projective limits of schemes or prove a little lemma:
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Lemma 1.3. Let X be a noetherian scheme of finite dimension, U a dense open subset of
X,y € X\U acodimension 1 point, V' an open neighbourhood of y and W C UNV a dense
open subset of X. There exists an open neighbourhood V" of y such that V' NU Cc W.

Proof. The closed set Z = X \ W is of dimension n — 1 and contains y, hence Z has an
irredundant decomposition

Z={y} Uy} U{yp U{a} U--- U{as}

into closed irreducible sets, where y,y1,...,y, ¢ U and x1,...,2, € U. LetF:mU
~U{zs and V! = X\ F D W. We have V' N U = () and therefore UNF = U N Z.
This shows that VNU =U\(UNZ)=UN(X\Z)=UNW =W. Thus we can take
Vi=vnv.

The next proposition shows that the local algebras A(z) can be patched, thus proving
Theorem 1.1.

Proposition 1.4. Let X be a noetherian integral regular scheme of dimension 2, K its
field of rational functions and A a central simple K-algebra. Suppose that A is unramified
over X. There exists an Azumaya algebra A over X such that A = A.

Proof. The K-algebra A extends over some open set U as an Azumaya algebra AY and we
may assume that U is maximal with this property. Suppose that X \ U contains a point
y of codimension 1. By assumption A is unramified at y, hence there exists an Azumaya
Ox y-algebra I'V C A such that I') = A. We extend I'Y to an Azumaya algebra I'V over
some suitable open neighbourhood V' of y. Since I'y, = A = AU there exists an open
set W C UNV over which I'};, ~ AY, We now choose V" C W as in 1.3 and patch AY
with TV, over U N V" to get an Azumaya algebra over U U V”. This shows that if U is
maximal, then X \ U consists of finitely many closed points. By [CTS], Th. 6.13 applied
to the group PGL,, AV extends to an Azumaya algebra on X.

2. SPLITTING EXTENSIONS

We show how to split an Azumaya algebra over a surface X by a finite map ¥ — X.
Here and in the rest of the article we suppose that k is an algebraically closed field. We
denote by Sing(X) the singular locus of a given scheme X.
Let
k[X11, Xag, - X [T

(P(1))
where P(T') is the characteristic polynomial of the generic matrix (X;;) with 1 <4, j <n.
Let Y,, = Spec(A4,,). We study the singular locus of Y;,.

A, =
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Lemma 2.1. Let § = diag(By, ..., B;,) be a matrix consisting of m cyclic Jordan blocks

A 10 - - -0 0
o x 1 - - - 0 0
o o o0 - - - XN 1
o o o - - - i

with distinct eigenvalues ;. Then, for any i, the scheme Y,, is smooth at (3, \;).

Proof. We denote by I, the identity matrix of size n. Developing the determinant of
(Xi;) — T -1, along the first column we get

+P(T) = (X11 — T)Py(T) + Xo.1Po(T) + - - + X1 Pu(T)

where the polynomials P; are the cofactors of the first column. Let k; be the size of
B;. We see that Py, (T)(B, A1) is (up to sign) the determinant of a matrix of the form
diag(Ix, —1, Bo — A1k, . . ., By — A1lg,, ), it being understood that the first block is missing
if k1 = 1. Since Ay # \;, this shows that OP(T)/0Xg, 1 = P, (T) is not zero at (B, \1).
Thus Y,, is smooth at (5, A1) and the same clearly holds for any other A;.

Lemma 2.2. Every neighbourhood of a matrix o with an eigenvalue \ # 0 contains an
invertible semisimple matrix with eigenvalue \.

Proof. We may assume that « is in Jordan form. The given neighbourhood of o contains an
open set defined by the non-vanishing of a polynomial g in the coordinates of the generic
matrix (X;;). We may assume that the diagonal entries of a are (A, A2,...,A,). Since
g(a) # 0 we may find values \,, ..., A all distinct and different from A and different from
0, such that when we replace A\; by A, in o we obtain an o’ for which g(a’) # 0. This new
o’ is in the given neighbourhood and is semisimple.

Let Y,, be as before and consider the finite map 7 : Y,, — A™ induced by the injection
k[X11, X12, ..., Xpn] — Ap. The projection C' = 7(Sing(Y;,)) is a closed subscheme of A"
and is contained in the ramification locus of 7, which is the closed subscheme of A™ whose
closed points correspond to matrices with at least two equal eigenvalues.

Lemma 2.3. Let V C A™ be the set of semisimple invertible matrices with at least two
coincident eigenvalues. Then V C C.

Proof. 1t suffices to check that any matrix of the form § = diag(u1, ..., tn—2, A, A) is in C.
We show that (5, \) belongs to Sing(Y,,). Writing X;; = pu; +X; fori <n—-2, X;; = A+ X,
fori >n—1,T =X+t and v; = p; — A we see that P(T') is the determinant of the matrix

v + Xy X1 e Xin
X1 vy + Xo Xon
Xn—l —t Xn—l,n
Xn,n—l Xn —t
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and it is clear that it does not contain any linear term in X;,X;; or ¢t. Thus the variety
it defines is singular at the origin, which corresponds to the point (3, ) in the previous
coordinates.

Lemma 2.4. Let W C M, (k) be the set of all semisimple invertible matrices with at
least n — 1 distinct eigenvalues. Then W is open and dense in M, (k).

Proof. The set of all semisimple invertible matrices is open and dense in M,, (k). We claim
that matrices having at least n — 1 distinct eigenvalues is open in M, (k). In fact this set
is the inverse image under the eigenvalue map M,, — A" / S, of the complement of the
closed set of points with three equal coordinates. Hence W is open and clearly non empty.

By 2.4 the set U = W N C of all semisimple invertible matrices with exactly two equal
eigenvalues is open in C.

Lemma 2.5. The set U is dense in C.

Proof. Let (3, \) be a point of Sing(Y;,). By 2.1, 3, which we may assume to be in Jordan
canonical form, contains at least two cyclic Jordan blocks with the same eigenvalue. We
write § = diag(f1, O2,...,0r) with the (§;’s cyclic Jordan blocks of size s; and (1, (2
having the same eigenvalue A. Suppose that (§ is in the open set defined by f # 0 for
some polynomial function f in the entries X;; of the generic n x n matrix. Let B =
diag(ﬁl, Bg, cee B}) be a matrix where each EZ has the same size as 3; and the same off-
diagonal entries. Suppose further that B has n — 1 distinct eigenvalues, with Bl and 52
retaining the eigenvalue A. Then 3 is semisimple and, for a general 3, f (B) # 0.

For example, if

A1 0 0 O

O X1 0 0

=10 0 X 0 O

0O 0 0 X 1

0O 0 0 0 A

then

A 10 0 O
B 0 X 1 0 O
6=10 0 X 0 O
0 0 0 X3 1
0O 0 0 0 A

with )\, )\1, )\2, )\3 distinct.
Corollary 2.6. The dimension of C' is equal to the dimension of U.
Lemma 2.7. The dimension of U is n? — 3.

Proof. Let ¥,y C (k*)" ' /S,—1 be the set of all {\, Ag, ..., An} consisting of n—1 distinct
elements of k*. Clearly >,,_; has dimension n — 1. Mapping each matrix in U to the set
of its eigenvalues we obtain a surjective map p : U — X, 1. The linear group GL, (k)
acts transitively on each fiber of p and the stabilizer of the matrix diag(A, A\, Az, ..., A,) is
GLy(k) x (k*)"~2. Hence the dimension of U is dim(GL,(k)) — dim(G Lz (k) x (k*)"2) +
dim(X, 1) =n*—(4+n—-2)+n—-1=n?-3.



6 MANUEL OJANGUREN AND RAMAN PARIMALA

Corollary 2.8. The closed set Sing(Y;,) is of codimension 3.
Proof. The closure of U is C' = 7(Sing(Y;,)) and 7 is a finite map.

We now show how to use the reduced characteristic polynomial to split an Azumaya algebra
over a surface.

If £ is a line bundle over some scheme and n a positive integer, we denote by £&" the
n-fold tensor product of £ with itself and by £~™ the inverse of £L&™.

Let X be a smooth projective surface over an algebraically closed field k and A an Azumaya
algebra of rank n? over X. Let £ be a line bundle over X such that A®e, L is generated
by global sections si,...,sy and let s be any global section of A ®», £. Choose an
arbitrary affine nonempty open set U C X over which £ is principal: Ly = Oy f for some
f € L(U). Then sf~! € A(U), which is an Azumaya algebra over Ox (U). Let

Pf:U(T) = Tn + blTn_l + T + bTL

with by,...,b, € k[U] be the characteristic polynomial of sf~!. We define J;y as the
ideal of

Sym(L o) =0u O L o ®L P |lu®- =0y dOuf ' @O0uf > ®---

generated by f" @b f~ "V a...ab,.

Lemma 2.9. Let A be an Azumaya algebra of rank n? over a ring R. For any o € A
and any c¢ € R, the characteristic polynomial P, (T) of « satisfies the relation ¢" P, (T) =
P.o(cT).

Proof. It immediately follows from the split case A = M,,(R).
Lemma 2.10. The ideal J¢y does not depend on the choice of f.
Proof. We apply 2.9 with f = ug for some other generator g of £|y and w invertible on U.

(We note that the suffixes f or g stand for the elements s/f, s/g in the algebra). We have
P,u(T) = Pyryy(T) = u"Pyy(u'T) = T" + uby T  + -+ u™b, .
Thus the ideal J, 7 is generated by
g @ bhugT " Ve aub, =u (TP b f Ve ab,).

and coincides therefore with J¢ .

Patching the ideals Jy  over a suitable affine covering of X yields a global ideal J, of
Sym(L~1) that only depends on the section s. We call J, the characteristic ideal of s.
We define a projective k-scheme Y, with a finite map to X as the closed subscheme of
Spec (Sym(L71)) defined by the ideal J,.

To simplify notation, if s = A\js; + -+ + Aysy we put A = (A\g,...,A\y) € kN, J, = Jy
and Y; =Y,
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Theorem 2.11. Assume that k is of characteristic zero. There exists a nonempty open
set U C kV such that, for any A\ € U, Yy, is a projective smooth surface.

Proof. We extend the base to X = X x AN where AN = Spec (k[t1,...,tn]). Let A
and £ be the inverse images of A and £ under the projection 7 : X - X. Put 3 =
t181+ - +t,s, and let jt(T) be the characteristic ideal of 5 and Y the closed subscheme
of Spec(Sym(/:’_l)) defined by J,(T). Look at the diagram

AR

X<—Xx AN ——= AN

The map 7 is clearly finite and flat and the two projections from X x AN are flat, hence
p is flat. We try to determine the singularities of Y using the following lemma.

Lemma 2.12. Let f : Z — X be a flat map of schemes. Suppose that X is regular. If
2 € Z is a singular point of Z, then z is a singularity of its fiber f=1(f(z)).

Proof. Let C be the local ring of Z at z and A be the local ring of f(z). By assumption
the maximal ideal of A is generated by a regular sequence (x1,...,z,,). Since f is flat, C
is faithfully flat over A and this sequence is still regular as a sequence in C. If z is not a
singular point of its fiber, then C/(x1,...,z,,) is regular and hence its maximal ideal is
generated by a regular sequence (7, ...,7,). This implies that the maximal ideal of C' is
generated by the regular sequence (z1,...,Zm,¥Y1,--.,Yr), hence C' is regular.

By 2.12 the singularities of Y are contained in the union of the singularities of the fibers
of p.
Lemma 2.13. The singular locus of every fiber p~!(z) of p has codimension 3 in p~1(x).

Proof. Let k(x) be the residue field of z € X, Q its algebraic closure and F, the fiber of p
at x. The geometric fibre A(T) of A at x is a matrix algebra M, (2) and

Fz = Spec (Qt1, ..., tn][T]/(P(T))) ,

where P, (T) is the characteristic polynomial of 5 = (t1s1(z) + -+ + tnsn(z))/f(z) for
some generator f of L]y, U a neighbourhood of . Since the sections s;(x)/f(x) generate
M, (2) over Q, by a linear change of coordinates we may assume that s = t1e1 +-- -+ tnem
where m = n? and {e1, ..., ey} form a basis of M, (). Then

Fz=Y, x Spec (Q[tm-i-l?,tN]) :

We proved that the singular locus of Y,, has codimension 3, hence the same holds for the
singular locus of Fg. For every x € X the fiber F}, is a finite cover of A" and hence the
dimension of F, is N. Let Sing(?) be the singular locus of Y. By 2.10, for every x € X,
the fiber at = of p|smg(}~,) : Sing(Y) — X is contained in the singular locus of F, and has



8 MANUEL OJANGUREN AND RAMAN PARIMALA

therefore dimension at most N — 3. Since X is 2-dimensional, the dimension of Sing(Y’) is
at most N — 1.

We now look at ¢ : ¥ — AN. Since Sing(Y) is at most (N — 1)-dimensional, its image
q(Sing(f/)) is contained in a proper closed subset of AY. Choose an open set W C AN
which does not intersect ¢(Sing(Y)) and let V = ¢~ (W). We now have amap q: V — W
of smooth varieties. This map is clearly flat and surjective and therefore, k being of
characteristic zero, it is generically smooth (see [Ha;|, Ch. III, Corollary 10.7). This
means that there exists a dense open set U C AN such that ¢ 1(U) — U is smooth. For
any A € U the fiber Yy = ¢~ 1()\) is smooth.

Let us denote by 7y : YA — X the map induced by 7 on the fibre Y.

Proposition 2.14. There exists a dense open set U C k™ such that for any A € U and
for all but finitely many closed points x € X the fibre 7r;1 (z) contains at least n— 1 points.

Proof. For n = 2 we may take U = k~. We now assume that n > 3. Let J be a Jordan
block of size m x m. A direct computation shows that its stabilizer in M,, (k) is the group
G(m) that consists of all matrices of the form

ay az ag - Ao,
0 a1 ax -+ am-1
o o o --- a1

and is therefore of dimension m. Thus the stabilizer of diag(J1, ..., J,) € M, (k) where J;
denotes a Jordan block of size m;, contains a product of the form G(my) x - - - x G(m,.) and
is therefore of dimension at least n. It follows that the stabilizer of any matrix a € M,, (k)
is of dimension at least n.

If o is a matrix with less than n — 1 eigenvalues, the eigenvalues may be chosen in at most
n — 2 different ways. Thus the set of matrices with at most n — 2 distinct eigenvalues has
dimension at most n? — 2.

Consider now the closed set
V ={(\z)| P\(z,T) has at most n — 2 distinct roots} C AN x X

and its projection V' — X. It follows that the fiber of any x has dimension at most
(N —n?) + (n? —2) = N — 2 and hence dim(V) < N. If the image of the projection
p: V — AN is not dense, then there is an open set U C AY such that for A € U the
characteristic polynomial Py has no triple root. If p(V) is dense in A, then for an open
set U C AN the fiber of A € U is finite ([Ha;], Ch. II, Exercise 3.22, page 95). In this case,
for each A € U, P\(z,T) has at most one double root except for a finite number of points
reX.
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Proposition 2.15. Suppose that the algebra Ay x) is a division ring of index n. Then
there exists an open set U of kN such that, for each \ € U, the variety Yy is integral.

Proof. We extend the scalars to k(X). There exists an open set U of k&~ such that for each
A€ U, s)/f generates a maximal subfield of degree n in Ajy(x). Since P(T) is of degree n

and vanishes at sy/f, it must be irreducible over k(X), hence (Y} ) is integral. This,

k(X)
together with the smoothness of Y, implies that Y is integral.

Summing up, we have proved the following result.

Theorem 2.16. Let X be a smooth projective surface over an algebraically closed field
k of characteristic zero. Let A be an Azumaya algebra of rank n? over X with Ap(x) a

division ring. Then there exists an open set U of k™ such that for each \ € U,

(1) Yy is a smooth, integral projective surface,

(2) the map my : Y\ — X is finite and flat,

(3) mx(A) is trivial in Br(Y)),

(4) there are only finitely closed point on X which have fewer that n — 1 preimages in Y.

3. A SPLITTING CRITERION

Proposition 3.1. Let X be a smooth projective surface over an algebraically closed field
k and A an Azumaya algebra over X, of rank n?. Assume that the characteristic of k is
zero or a prime that does not divide n. Fix an element n € H?(X, u,) which maps to
[A] € ,Br(X) C H*(X,G,,). Suppose that there exists a diagram

with A = Spec(k[t]) and such that

(1) W is a 3-dimensional integral scheme with Wi integral,

(2) the map f is proper,

(3) Wi = f~(1) has n irreducible components V;, each with multiplicity 1 and such that
glv, : Vi — X is a birational isomorphism for every 1,

(4) W' is normal at the generic point of each V;,

(5) g*(m)lw, = 0 in H*(Wo, pin).

Then Ayx) is a matrix algebra over k(X).

Proof. Let R be the local ring of A' at t = 0 and R" its henselization. Let gj, : W x 1
Spec(R") — X be the composite map W x 1 Spec(R") — W % X. The element g (n) €
H?(W x a1 Spec(R")) maps to zero in H?(Wy, uin,). By proper base change ([Mi], Ch.
VI, 2.7), gi(n) = 0, hence there exists a finite étale map Cp — Al of a curve onto a
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neighbourhood of 0, such that if go, : W x41 Cy — X denotes the restriction of g, then
9&,(n) = 0. We extend a : Cp — A' to an o : C1 — A" such that the point ¢ = 1 is the
image of a rational point of C';. Such a point exists, since k is algebraically closed. Since
VVI%) is integral, the scheme W x 1 C} is integral, with generic point Spec(k(W Xx 41 Cp)).
The class g¢&, (n) € H*(W x 41 C1, jin) is generically zero. Since by (3) each V; occurs with
multiplicity 1 in the fibre of 1 and by (4) W is normal at the generic point of V;, t — 1
generates the maximal ideal of the discrete valuation ring Oy y,. Let 1’ € C4 be a rational
point such that «(1’) = 1. Then V; x 1’ ~ V; is an irreducible component of the fibre of
1’. Let S be its local ring in k(W x 1 C). The maximal ideal of S is generated by a local
parameter of C7 at 1’, hence S is a discrete valuation ring with quotient field k(W x 41 Cy)
and the map H?(S, jun) — H?(k(W xa1 C1), jin) is injective. Thus g, (n) restricts to zero
in H2(S, iu,,) and specializes to zero in

H2(5(Vi x {1'}), ptn) = H*(5(V3), pin) = H* (k(X), in)

under the map g. The composite map k(X) — r(V;) < k(X) being the identity, we have
Nk(x) = 0.

4. CONSTRUCTION OF FAMILIES

We shall first construct a variety W satisfying the assumptions (1) to (4) of 3.1. Let X be
a smooth projective surface over an algebraically closed field £ and A an Azumaya algebra
of dimension n? on X. Let £ be a line bundle on X such that A ®p, L is generated by
global sections eq,...,en. Let s = Aje; + -+ + Ayeny with A = (Aq,...,An) € kN and
Js € Sym(L~1) the characteristic ideal of s defined in §2. Recall that Y} is the subscheme
of Spec(S ym(/l_l)) defined by J, and that locally on any affine open set U C X over which
L|y is generated by a section f, Jg|u is generated by Py y(f~1) = freb f~ " Va...ob,
where Py (T) = T"+by T(" Y4 . .+b, is the characteristic polynomial of s/ f € H°(U, A).
We choose A such that Y satisfies (1), (2) and (3) of Theorem 2.16. Let X be the scheme
X x Al p: X — X its first projection and t the coordinate on Al. We put L= p*(L)
and define an ideal in Sym(f_l) as follows. Let wy,...,w, be n distinct global sections
of £. We choose them in such a way that no function w;/f over U is a zero of Py ¢ (T).
We denote by U the inverse image of U. For simplicity, we still denote by the same letter
a function (or a section of a bundle, or a polynomlal ..) on an open set of X and its
extension to X. Let If v be the ideal of Sym(L™5) generated by Qfu(t, f~1) where

Qrut,T)= 1 —t)Pru+t(T—wi/f)...(T —wn/f) .

If we replace f by another generator g such that g = u f for some invertible function u on
U, then, as in 2.10, we see that Iy = I, . Therefore these ideals patch over X and give
rise to an ideal I, of Sym(Z_l). We define W as the closed subscheme of Spec(Sym(Z_l))
defined by I,.

The composite

W — Spec(Sym(E_l)) — X
defines a map ¢ : W — X and the second projection defines a map f: W — Al
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Proposition 4.1. The triple (W, f, g) satisfies the conditions (2), (3) and (4) of Proposi-
tion 3.1. Furthermore Wy = f~1(0) is a smooth projective surface.

Proof. Property (2) follows from the fact that W is finite, hence proper over X which
is proper over A'. The fibre W; is locally the spectrum of R[T]/((T — wi/f)...(T —
wy,/f)) whose irreducible components Spec(R[T]/(T — w;/f)) have multiplicity 1 and
map isomorphically onto Spec(R) under g. This proves (3). To show (4) let p; be the
generic point of V; and U = Spec(R) a suitable affine open set such that its inverse image
in W contains p;. Then, locally at p;, W is the spectrum of

S = (RIT,¢]/((1 =) Pru(T) + t(T = ha) .. (T = hn))),,

with h; = w;/f. Since T — h; and 1 — ¢ are in p; we have p; = (T — h;, 1 — t). We assumed
that P(h;) # 0 in K = S/p;, hence p;S is generated by T" — h;. This proves that W is
normal at the generic point of V;.

It is clear from the construction that W} is smooth and projective. It remains to prove
property (1).

The proof of irreduciblility will be completed in §6. We begin with the following lemma.

Lemma 4.2. Let

Opu(T) =T " Pry(T) =1+ 0T+ -+ b, T,

Vru(T) =1 = (wi//)T)--- (1= (wn//)T) =14+ cT + -+ T
and
Rf,U(t, T) = (1 — t)q)f’U(T) -+ t\I/ﬁU(T) = Tan’U(t, T_l) .

Then @y (f), Vru(f) and Ry u(t, f) do not depend on f and can be patched to yield
global sections of

O ®LD - Lo,

Proof. Since these polynomials are determined by their restrictions to the generic fibre, to
show that they patch it suffices to show that, for a fixed U, they do not depend on the
choice of f. In fact we check that each b; f* patches to yield a sections of L% Let f=ug
for a section g of L|y, u an invertible function on U. By 2.9 we have

p97U<T) =T" +ubT" '+ +u"b,

and therefore
Q,u(T)=14+bjul + -+ byu™T" .

The assertion for ®, ¢y follows from ug = f and the same proof holds for ¥, ;; and R, .
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Proposition 4.3. The varieties W, W ®y, k(t) and W ®yy k(t) are integral.

We first recall some elementary well-known facts about integral schemes. A scheme is
integral if it is irreducible and reduced. The condition that it is reduced is a local one and
can be checked on each set of an affine open covering. The condition of irreducibility is a
priori a global one. For quasi-projective schemes, though, it can be checked on affine open
sets.

Lemma 4.4. Let X be a scheme such that any two points of X are contained in an
irreducible open affine set. Then X is irredubible.

Proof. Suppose that X =Y UZ with Y and Z closed in X and both different fron X. Then
there exist points y € Y\ Z and z € Z\Y. Let U be an irreducible affine open set containing
y and z. Then, since 2 ¢ UNY andy ¢ UNZ, U =(UNY)U(UNZ) is a decomposition
of U into two proper subset, which are closed in U, leading to a contradiction.

Lemma 4.5. Let f : Y — X be a flat morphism of quasi projective varieties, with X
integral. Denote by k(X)) the field of rational functions on X. The following two conditions
are equivalent:

(1) Y is integral,

(2) Y xx Spec(k(X)) is integral.

Proof. Suppose that (2) holds. Choose any two points y and z in Y and an affine open
set U C X that contains f(y) and f(z). The preimage W = f~1(U) of U is a quasi-
projective variety, hence it contains an affine open set V' that contains y and z. We prove
that V is integral. The map f : V — U is flat and since the coordinate ring k[U] of
U injects into k(U), k[V] injects into k[V] @) k(U) = k[V xx Spec(k(X))]. But if
Y xx Spec(k(X)) is integral, then its open set V' x x Spec(k(X)) is integral as well and
therefore k[V] C Spec(k[V x x Spec(k(X))]) is integral. We have found an integral affine
open set V containing y and z. By 4.4, Y is irreducible. It is obviously reduced because it
can be covered by affine open sets like V.

Suppose now that (1) holds. Then, for any open affine set V of Y, the ring k[V] @0 k(X),
as a localization of k[V], is integral. Hence every open affine set of Y x x Spec(k(X) is
integral and, by 4.4, Y x x Spec(k(X)) is integral.

5. IRREDUCIBILITY
For proving 4.3 we need a result of [AHS] in a slightly different form. For convenience of
the readers we give the proof, even if it is the same as that of [AHS].

Let A be a noetherian normal affine domain over an algebraically closed field k of character-
isitic zero, and K its field of fractions. Suppose that F'(T") and G(T') are two polynomials
in A[T] satisfying the following hypotheses:

(1) F(T) is of degree n > 1 and generates a prime ideal of A[T],
(2) F(T) and G(T) are coprime in K[T'] with deg(G(T")) < deg(F(T)).
We want to study the irreducibility of the polynomials

F(T)+AG(T), A€k.



ALGEBRAS OF PRIME DEGREE ON FUNCTION FIELDS OF SURFACES 13

Note that, since A is normal, irreducibility over A and over K are the same by Gauss’
lemma.

We define the set II C A[T] as the set of polynomials f(7T') € A[T] for which there exists
a A\ € k and a proper factorization

F(T) +2G(T) = [(T)g(T)

i.e., f(T) and ¢g(7T) are not in A.
Let B be the affine domain

(A[T]/(F(T)))
and L its field of fractions. For any f € A[T] we denote by f its image in B.

Lemma 5.1. Let B be an affine domain over k and L its field of fractions. There exists
a finite set of discrete valuations {v1,...,v,} such that the only elements b € B for which
v1(b) = -+ = v, (b) = 0 are the elements of k.

Proof. See [AHS], Lemma, page 55.

Let w : L* — Z be defined by w(z) = (v1(z),...,v4(x)). For elements h € A[T]| we write

w(h), v;(h) for w(h), v;(h).

Lemma 5.2. Assume that F and G satisfy (1) and (2). If F + A\G = fg is a proper fac-
torization, then X\ is uniquely determined by w(f). Thus w(Il) can be mapped bijectively
onto the set of \’s for which F' + AG is reducible.

Proof. Suppose that

figr = F+ MG

and

fag2 = F + XaoG

and that @(f1) = @w(f2) and Ay # Xo. Then f,/f, = p for some p € k*. This means that
fi—pfa € (F), but F is of higher degree than f; —u fo, hence f; = ufo. Substituting in the
two equations above and subtracting one from the other we get fo(ugr —g2) = (A1 — \2)G.
Then fy divides G and since it divides F' + AG it also divides F', which contradicts the
assumption that F' and G are coprime. Thus A\ = As.

Corollary 5.3. Under the assumptions (1) and (2), if (1 — A\)F + A\G = fg is a proper
factorization, then A is uniquely determined by w(g). Thus, if A is the set of proper
factors of (1 — \)F + MG, then w(A) can be mapped bijectively onto the set of \’s for
which (1 — X\)F + A\G is reducible.

Proof. This is just a restatement of Lemma 5.2.
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6. PROOF OF PROPOSITION 4.3

Consider the diagram

RN
s
X <—X xp Al ——= Al

The map 7 is finite and flat because for any f and U the polynomial

Qru(t,T) =1 =t)Pru(T) + H(T —wi/f)--- (T —wn/f))

is monic in 7". The horizontal maps are clearly flat, hence f and g are flat. We first check
that W is integral. We denote by Q¢(t,7") the restriction of some Q¢ (¢, T) to the generic
point £ of X. By 4.5 it suffices to show that W x xSpec(k(X)) = Spec(k(X)[T,t]/(Qe(t,T))|]
is integral. Since Py (T") and (T'—wy/f) -+ - (I'—wy/ f)) are coprime in k(X)[T], Q¢ (¢, T)
is irreducible.

Since W is flat over A', 4.3 implies that W x 1 Spec(k(t)) is also integral.

Consider now W ®yy k(t) and suppose that it is not integral. This means that Q¢(t,T)

factors in k(X) ®g k(t)[T]: Qe(t,T) = Q1(T) -+ Qum(T") with @Q; defined and irreducible
over k(X) ®j k(). In this case Q¢(t, T) already factors in the same way when we replace
k(t) by a finite extension k(t)[w]/(®(t,w)) of k(t), where ®(¢,w) = co(t)w™ + -+ - + ¢ (t)
with ¢;(t) € k[t].

There exists g(t) € k[t] such that Q;(T) € (k[t,w,1/g]/(®(t,w)))[T]. If X € k is different
from the roots of g(t)co(t), we can choose a 1 € k such that ¢(A, ) = 0. Then, specializing
w to p and t to A yields a map (k[t,w,1/g]/(®(t,w))) — k. Denoting the images under
specialization by “bar” we obtain Q¢(\,T') = Q(T) -+ @Q,,(T). This shows that Q¢(¢,T)
decomposes for all but a finite number of values of ¢ in k. We want to show that this fact
leads to a contradiction.

It suffices to show (by Gauss’ lemma) that, for some U and some f, Q¢ /(A,T') is irreducible
for almost all A € k. We now follow the notation of §4. The irreduciblility of Q¢ (A, 1)
is equivalent to the irreduciblility of Rf (A, 1), and the factorization of Q¢ y(A, 1) in
irreducible monic factors yields a similar factorization Ry (X, T) = Ri(T') - - Ry (T') into
irreducible factors with constant term 1.

We shall use the result of the preceding section with A = H°(U,Ox), F = ®;y and
G=Y;yp.

We denote by R the restriction of Ry (A, 1) to the generic point  of X and by Re; the
restriction to £ of R;. It follows from 4.2 that Ry (A, T') is the restriction of a global section
Rof Ox & L& - - LP™ and the sections of this bundle form a finite dimensional vector
space over k. Since the factorization of Rf (A, T') over k[U] into factors with constant
term 1 is unique, each factor R¢ ; of R¢ extends to a unique factor of Ry for any U over
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which L|y is generated by a global section f. By patching, we see that every Ry ; is the
restriction of a global section of

Ox LD & LE™.

This shows that the set A of proper factors ¢ of the polynomials Ry (A, 1) when A varies
over k, are contained in a finite dimensional vector space over k. In other words, we can
write any ¢ € A as ¢ = prhy + -+ - + ph, for some fixed polynomials hq, ..., h,. Let
L be the field of fractions of B = k[U][T]/(®) where ® = T"P(X\, T~ '). The image of
Rs (A, T) in B is the class of AW ¢ 7(T") where ¥ is as defined in 4.2. For any discrete k-
valuation v of L we have v(p) > min{v(hq),...,v(h,)}, which shows that v(A) is bounded
below. But if 1) = Ry (X, T) (necessarily with A # 0 because @ is irreducible) then
—v(p) = v(¥) —v(Rru(NT)) = v(y) — v(¥yu(T)). Since 7 is also in A, the value of
v(yp) is as well bounded above. This proves that if vy,...,v, are the valuations described
in 5.1 (for B = k[U][T]/(®) and F(T) = ®(T)), then the image of A in Z9 obtained by
mapping ¢ € A to (vi(p),...,ve(p)) is a finite set. We conclude, using 5.3, that Rf (A, T)
is reducible only for finitely many A € k. Thus Q¢(X, T)) is irreducible for almost all A € &,
leading to a contradiction.

This finishes the proof of Proposition 4.3.

7. GALOIS SPLITTINGS

We now construct, for any A € k%, a Galois covering Zy of X with group G, such that
X = Z,/G. Notice that, in general, even if Y, is smooth and Y, — X is a projective map,
the Galois closure of Y) is not smooth. Therefore, in order to have Y and Z smooth, we
must construct both at the same time.

We proceed as in the construction of Y. Let U C X be an affine open set for which L]y
is isomorphic to Oy f for some section f on U . Let L, s1,...,sy € H)(X, A®0, L) and
s = A181+- - A\nSy be as before. Let Py (T) = T™+b;T" 1 +---+b, be the characteristic
polynomial of s/f € A(U). We choose n isomorphic copies L1, ..., L, of £ and, for each
i, fi = f the generator of £;|yy. Consider

T = Sym(ﬁl_l O--dL) .

Writing fi_lfj_1 instead of fl-_1 Roy fj_1 we shall write the restriction of 7 to U simply as

Bouvsif
Note that 7|y is isomorphic to Oy (11, ..., T,].
For 1 < ¢ < n let o; be the i-th elementary symmetric function in the n variables

Ty,...,T,. We define Jru C 7 |u as the ideal generated by
oi(fits o )= (=D)bi1<i<n.

n

It corresponds in the polynomial algebra to the ideal generated by
oi(T1,....,T,) — (~1)'b; 1 <i<n.

As in the preceding section, it is easy to check that these ideals do not depend on the choice
of f and can therefore be patched over the various U’s to obtain a global ideal 7, C 7.

Let Z) be the closed subscheme of Spec(7") defined by 7.
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Proposition 7.1. The symmetric group S,, acts on Zy via its obvious action on 7. The
quotient Zy /S,, coincides with X and Y coincides with the quotient Zy /S, 1, where S,,_1
is the isotropy group of 1.

Proof. Tt suffices to deal with the affine case. Let P(T) = T" + byT" '+ .-+ b, be a
monic polynomial with coefficients in a ring R and assume (it is the case we are ultimately
interested in) that 2 is invertible in R. Let B be the quotient of R[T},...,T,] by the ideal
I generated by all polynomials o;(T1,...,T,) — (—1)'b;. Denote by o/(Ty,...,T,_1) the
i-th elementary symmetric function in n — 1 indeterminates. To the quotient of Z) by S,
corresponds the ring of invariants BS. Since S,, acts trivially on I and 2 is invertible in
R we have

HY(S,,I) = Hom(S,,I) = Hom(pz,1) = 0.

Hence

(R[Ty,...,T, /I) R[Tv,...,T,)%" /I°* = R[oy,...,0,]/T=R.

Similarly we obtain

( Tl, /I) " 1_ 0’17"'70-7/1—17T’I’L]/['
The relations
or=0y+T,,0,=0,+Tho,_ ;for2<i<n-—1lando, =T,0, ,

immediately give that R[o?,...,00,_y,T,]/I = R[T,]/(P(T,)).

Theorem 7.2. Assume that k is of characteristic zero. There exists a nonempty open set
U C k% such that, for any A € U, Z is a projective smooth surface.

The proof requires some preliminaries. Let X;; with ¢, j running from 1 to n be indeter-
minates and write P(T) = T™ +a;T™" "' + - - - + a,, for the characteristic polynomial of the
generic matrix (X;;). Let A be the polynomial k-algebra in the X;;. Consider another set
Ti,...,T, of indeterminates and put

B, = A[T,...,T,) /1

where I is the ideal generated by all the polynomials (T, ..., T,,) —(=1)‘a; for 1 <i < n.
Let Z,, = Spec(B,,). We want to determine Sing(Z,).

A k-point of Z,, is a pair («a,t) with a € M, (k) and t = (t1,...,t,) € k™ such that
t1,...,t, are the eigenvalues of «, i.e. the roots of the characteristic polynomial of «,
which we write as

P)(T)=T"+ a1 ()T + - +a,(a) .

Let m : Z, — Spec(A) be the first projection and let S = 7 (Sing(Z,)). We want to
compute the dimension of S.
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Let (a,t) be a singularity of Z,. Since no o;(T4,...,T,) involves the X;; and no a;
involves the T;, if we order the X;; lexicographically, the Jacobian matrix of the equations
oi(Ty, ..., Ty) — (=1)'a; = 0 is of size (n? +n) x n and looks as follows:
901 ... 0%a
8T1 8T1
ooy .. o,
oT,, oT,
J = Oay . Oan
8X11 8X11
dar . _day
BX,m 8Xnn

By 7.1, 7 is a finite map and the dimension of Z,, is n2. The point (o, t) being a singularity
of Z,, the Jacobian criterion implies that the rank of J at («,t) is at most n — 1. Thus,
in particular, the determinant § of the top n x n block of J must vanish at («,t). It is
well-known (and can be proved by an easy induction on n) that 6 = £[],_,(7; —T}). This
shows that o has at least two equal eigenvalues. In other words, denoting by V(-) the
vanishing locus of a given set of polynomials, (c,t) belongs to the vanishing locus V (§2)
of the discriminant §2 of P(T).

Consider now Sing(Z,) N V(ai,...,a,). Since Sing(Z,) C V(§?) we have Sing(Z, N
V(ay,...,a,) = Sing(Z, N V(6%,ay,...,a,). But the vanishing of ay,...,a,_; and §2
already implies the vanishing of a,; in fact, if T" — a,, has a multiple root, then a,, = 0
(we are in characteristic 0). Thus

Sing(Z,) NV (a1,...,an—1) = Sing(Z,) NV(ay,...,an)

and therefore dim(Sing(Z,,)) < dim(Sing(Z, )NV (a1, ..., a,))+n—1. Theset V(a,...,a,)
is the set N of nilpotent matrices. On the other hand, the bottom block of the Jacobian
matrix must have rank at most n — 1, which means that « is a singular point of N'. This
shows that Sing(Z,,) NN C Sing(N) and from the previous inequality we obtain the next
result.

Lemma 7.3. The dimension of Sing(Z,,) is at most dim(Sing(N)) +n — 1.

We now compute the dimension of Sing(N). We begin with the computation of the di-
mension of N.

Proposition 7.4. Let N C M, denote the variety of nilpotent matrices. Then the
dimension of N is n? — n.

Proof. Since N is defined by the ideal (aq,...,a,) of A = k[X11, X1, ..., Xun], it suffices

to show that this ideal has height n. Let I be the ideal generated by (a1, . ..an, Xi; | i # j).
We claim that this ideal has height n?. The ring A/ is isomorphic to k[X11, X292, .1, Xonl/
where J is the ideal generated by elementary symmetric functions oy, ..., 0, in X;;. Since
k[X11,..., X, is finite over k[oy,...,0,], the ideal J has height n in k[X11,..., Xl
Hence I is supported only at closed points. Since the a; are homogeneous, it follows that
the ideal (a1, ..., ay) has height n.
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Lemma 7.5. A nilpotent matrix o whose Jordan form consists of only one cyclic block

is not a singularity of N'. More precisely, the determinant of ( 88)??1) is not zero at «.
J

Proof. Let A be as before and P(T) = T" +a;T" '+ - -+a, the characteristic polynomial
of the generic matrix (X;;). The variety of nilpotent matrices is N' = V(aq,...,a,). We
show that at

o100 .- - - 00
oo01 .- - -00
o0 o0 - - - 00
a = . . . . . . .
o 0o .- - - 01
oo0o0 .- - - 00
the jacobian matrix (;T“w) has rank n. We compute the n X n matrix ( 8%?;1). The

OP(T)

et Developing the determinant of

derivative of a; by X1 is the coefficient of 7" in
(Xi;) — T1,, along the first column we find

+P(T) = (X11 —T)P(T) + Xo 1 Po(T) + - -+ X, 1 P (T)
where P;(T') is the determinant of an (n — 1) x (n — 1) matrix M;. At (X;;) = a we find

o= (% 3

with
1 o o0 - - - 0 0
-T 1 0 0 O
B, = 0 =T 1 0 O
0 0 O 1 0
0 0 O T 1
of size j — 1 and
=T 1 0 0 0
0o -7 1 0 0
=0 0 o h
0 0 o - - - =T 1
0 0 o - - - 0 =T

of size n — j. Thus P;(T) = 7™ and 8%?;1 () is £1 for j = ¢ and zero otherwise. This
proves the lemma.

Lemma 7.6. The set Ny of nilpotent matrices whose Jordan form has exactly two cyclic
blocks are dense in the set of nilpotent matrices whose Jordan form has two or more blocks.

Proof. Let a = diag(Bi, Bs, ..., B;;,) be a nilpotent matrix which we can assume to be in
Jordan form with blocks By, ... ,By,, m > 3. Let g # 0 with g € A define a neighbour-
hood of a. We can find constants e, ..., €,_1 such that replacing the zeros between the

superdiagonals of By and Bj, between the superdiagonals B3 and B4 and so on, by the ¢;
we obtain a matrix o/ such that g(a’) # 0. Clearly o/ has two cyclic blocks.
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Lemma 7.7. If o« € N has a Jordan form with two or more cyclic blocks, then « is a
singularity of N.

Proof. We may assume that « is in Jordan form and can be written as « = diag(B1, Ba, ..., Bn)l}
where m > 2, each B; is a cyclic Jordan block, B; is of size p and Bs of size q. We can
write the generic matrix as (X;;) = (a+Y;;). Then a%?iij (o) = 88;2 (0). But in the matrix
a+(Y;;) the p-th line and the (p+¢)-th line are linear homogeneous in the Y;;, hence devel-
oping the determinant of a + (Y;;) along these two lines we see that a,(Y;; |1 <4,5 < n)

has no constant and no linear term. This shows that all the derivatives gg‘iﬁ, vanish at the
¥

origin and therefore the Jacobian matrix (%‘,‘?_ cannot be of rank n.
ij

Corollary 7.8. The set N> is dense in Sing(N)

The set N3 is the union of the GL,(k)-orbits S, , of all the matrices of the form § =
diag(B,, B,;) where B, is the nilpotent cyclic Jordan block of size p and B, the nilpotent
cyclic Jordan block of size ¢ = n—p. In particular, it is the finite union of the constructible
sets S, 4. The dimension of S, , is n? — s where s is the dimension of the isotropy group

of g

Lemma 7.9. For n > 3 the dimension of the isotropy group of diag(B,, B,) is n +
2min(p, q). In particular it is always at least n + 2.

Proof. Let I' C GL,(K) be the isotropy group of § = diag(B,, B;). Let

(A B
T=\c b
be an element of I', written with blocks A, B, C, D of suitable sizes. The condition
vBy~ ' = 3 is equivalent to the conditions

AB, = B,A, DB, = B,D , BB, = B,B, CB, = B,C .

We compute the dimension of the linear subspace I'y of M,,(K) consisting of matrices that
satisfy the four conditions above.

An explicit matrix computation shows that the first condition gives

a a2 a3 - - - Qp-1 ap
0 ay a2 - - - Ap—2 QAap—1
A— 0 0 a - - - Qap—3 QAaAp—2
0 0 0 L aq as
o o o - - - 0 ay

A similar result holds for D, hence the matrices diag(A, D) in Iy span a linear space of
dimension p + q = n.
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Assume now that p < ¢q. An explicit computation shows that the third condition gives

0 - - - 0 by by by - - - by by
0 - - -0 0 b by - - - byg by
0 - - -0 0 0 b - - - byg byo
S by
0O - - - -« .« < . . . .0 by

A similar result holds for C, hence, when p < ¢ the dimension of I'y is n +p+p =
n + 2min(p, ¢) and clearly this is also the dimension (as a variety) of I'.

2

Proposition 7.10. For n > 3 the dimension of Sing(N) is n* — n — 2.

Proof. By 7.8 and 7.9, dim(Sing(N)) = dim(N2) = n? — min,, ,(dim(S, ,)). The isotropy

group of minimal dimension is Sy ,,—1 which has dimension n + 2. Thus dim(N3) = n? —

(n+2).
Theorem 7.11. For n > 3 the dimension of Sing(Z,) is at most n? — 3
Proof. This immediately follows from 7.3 and 7.10.

Proof of Theorem 7.2. If n = 2 then U = kV and for any A\ € £V, Z, =Y,. We therefore
assume that n > 3. In this case the proof is on similar lines as the proof of Theorem 2.11.
We extend the base to X = X xAY where AN = Spec (k[t1,...,tn]) and define A, £ and £;
for 1 <1i < mn as the inverse images of A, £ and the £;’s under the projection  : X — X.
Repeating the construction of J) we obtain an ideal J;, where ¢t = (¢1,...,tn), which
specializes to J, when we specialize t to A\. The scheme 7 is the closed subscheme of

~ ~1 — 1
Spec(T) = Spec(Sym(Ly @ DL, ))

A

X <—Xx AN ——= AN

defined by J;.
Look at the diagram

The map 7 is clearly finite and flat and the two projections from X x A" are flat, hence p
is flat. By 2.12 the singularities of Z are contained in the union of the singularities of the
fibers of p. Since, by Theorem 7.11, the singularities of the closed fibres of p are at worst
in codimension 3, we can argue exactly as in the proof of Theorem 2.11 and conclude that
q is generically smooth, from which the assertion of Theorem 7.2 immediately follows.

In general the fibre Z) is not integral. This happens, for instance, if Y is already a Galois
covering of X. But if we choose Z) smooth, then it will be a disjoint union of irreducible
smooth varieties and picking one of them (which we call Z) we obtain a Galois covering
m:Z — X. Let G be the Galois group of k(Z)/k(X), |G| its order and H C G the Galois
group of k(Z)/k(Y'). Clearly H is of index n in G.
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Proposition 7.12. Suppose that n > 3 and let x € X be a closed point. Then

(a) if  has n preimages in Y, then w : Z — X is étale at x;

(b) if x has n— 1 preimages y1, ..., Yn—1 corresponding to the roots 11, ..., 7,1 of P(xz,T)
and 1 is the unique double root of P(x,T), then ny : Z — Y is étale at y;;

(c) the fibre 7= (z) in Z consists of |G|/2 points and each of them has multiplicity 2.

Proof. 1f the point x has n distinct preimages y1,...,y, in Y, then clearly 7 is étale at y.
We can identify each y; with a root 7; of P(x,T) and we can identify every point z of 71 (x)
with a permutation (o(71),...,0(7,)) where o € G and 7z maps z to its first coordinate
o(7y). Since locally at y; the map Z — Y is Galois with group H, the fibre of y; consists
of |H| = |G|/n points (11,0(7m2),...,0(7,)) where 0 € H. When 7 = 7o and 7; # 7 for
i # 1,2, the fibre of y; = ys still consists of |H| distinct points (71,0 (72),...,0(7,)), hence
7y is étale at y;. This proves (b) and shows that every z € ng(yl) has multiplicity 2 in
7~ Y(z). Since G operates transitively on w—1(x), this is true of all the points in the fibre,
whence (c).

Theorem 7.13. Let X be a projective smooth surface over an algebraically closed field k
of characteristic zero and A an Azumaya algebra over X. Suppose that Ayx) is a division
algebra of prime degree . Then there exist smooth integral projective surfaces Y and Z
and finite flat maps

7Ly 0L X
such that
(1) 73 A is trivial in the Brauer group of Y';
(2) the composite Z =2+ Y =X X is a (ramified) Galois covering;
(3) the degree of y is | and the degree of Ty is prime to [;
(4) there are only finitely closed point on X which have fewer that | — 1 preimages in Y;
(5) if wy is ramified at y € Y and my (y) has | — 1 preimages in Y, then mwz is étale at y.

8. (GENERAL SECTIONS OF A VERY AMPLE LINE BUNDLE.

For a finite map f : V' — W of varieties we shall always denote by A(V /W) the ramification
locus of f in V and by §(V/W) = f(A(Y/W)) the ramification locus of f in W, both
understood with their reduced structure.

Let Y 5% X be a map of smooth projective surfaces satisfying (1), (2), and (4) of 2.16.
We put A = 7y, () the set-theoretical preimage of 6(Y/X) in Y. Note that A(Y/X) C A.
We recall the local structure of my. The construction of Y in §2 shows that, locally on X,
Y is isomorphic to the spectrum of an extension S = R[T|/(P(T')), where R = Ox, is the
local ring of the closed point x = my (y) of X and P(T) =T" +bT" 1 + ... + b, is the
characteristic polynomial of a generic element of an Azumaya algebra over R. We denote
by m, the maximal ideal of R and by m, the maximal ideal of S’ corresponding to y.

Let L be a very ample line bundle on Y, generated by N global sections s1,...,sy. We
say that a general section s of L satisfies a certain property if there exists a Zariski open
dense set U C k% such that, for every A = (A\1,...,Ay) € U, s = >, \;s; satisfies the
property.
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We want to show that a general global section s of L has a smooth vanishing locus V(s)
whose image 7y (V' (s)) has no singularity on 6(Y/X). We begin with a result of Colliot-
Thélene ([CT], Lemma 3.1) . We set V(s) = D and 7y (V(s)) = C.

Proposition 8.1. If s is a general section of L, then every point of C N §(Y/X) has at
most one preimage on D

Proof. We essentially reproduce the proof given in [CT]. Consider the open set of A x x A

U={(y1,92) € Axi Ay # ya2, Ty (y1) =7y (y2)} -

Let H= H°(Y,L) and Z a closed set in U x H defined by

Z = {(y,92,5) | s(y1) = s(y2) = 0} .

Since U is a one-dimensional scheme and the fibres of the projection Z — U have dimension
dim(H)—2, the dimension of Z is dim(H)—1. Hence the projection of Z into H is contained
in a proper closed subset and any section in the complementary open set has the required
property.

A general section s of L has smooth vanishing locus D which crosses A transversally. With
such a choice of s, our next step is to insure that, if y is in D N A(Y/X), then for some
open neighbourhood U of y the restriction of my to D NU has a smooth image. Let ¢ =0
be a local equation of D in a neighbourhood of y. The point y corresponds to a (multiple)
root 7 € k of P(x,T) and the function ¢ can be lifted to a polynomial ® € R[T].

Proposition 8.2. Suppose that y is a closed point of A(Y/X) N D, ny(y) = = and
W;l(x) ={vy,vy2,...,Yyr} where ya,...,y, are not on D. Suppose further that

8% (z,T)

() () £ 0.

Then 7y induces an isomorphism O¢ , — Op . Thus, D being smooth at y, C is smooth
at x.

Proof. Note that by 8.1 every z € §(Y/X) N C has exactly one preimage in D. Let R
be the local ring Ox , of X at . Let y,ys,...,y, be the preimages of z in Y. Since
x € CNo(Y/X) has exactly one preimage y on D, the points ys,...,y, do not lie on
D.The homomorphism 75 : O¢,, — Op,, is the finite extension

X:R/(P,®) N R — R[T]/(P,®).

We may assume, by a change of variable, that y € Spec(R[T]) corresponds to the maximal
ideal m, = (m,,T). Denoting by “bar” the reduction modulo m,, we have P(T) =
TeP,(T) with e > 2, P;(0) # 0, and ®(T) = T®,(T). By (x) we have ®;(0) # 0. Hence
R[T]/(P,®, m;) = k. By Nakayama’s lemma this implies that x is an isomorphism.

It remains to show that the condition (%) can be realized at every point of A(Y/X)N D.
We can translate it in terms of sections in the following way. Let s € HO(Y, L). Let y € A
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be a closed point at which the section s vanishes, x = my (y) and L(y) the fibre of L at y.
We define (0s/0T)(y) € L(y) as follows. Let R = Ox 4, Oy rota) = R[T]/(P(T)) and let

e be a generator of L at Oy, -1, . Let s = e with ¢ € Oy._-1, ,. Then, p(y) = 0. Set
Y,y (x) ¥ ¥ Y,y ()

(0s/0T)(y) = (0®/0T)(y) - e(y) where ® € R[T) represents ¢ and e(y) the image of e in
L(y). This definition is independent of the choice of e and ® since P’(T") vanishes at y.
The condition (%) is equivalent to (0s/9T)(y) # 0.

Lemma 8.3. For every closed point y € A(Y/X) there exists s € H°(Y, L) such that if
s(y) =0, then (0s/9T)(y) # 0.

Proof. Let H°(Y, L), be the vector space of all sections vanishing at y. By Bertini’s
theorem ([Hay], Ch. II, 8.18) the map H°(Y, L), — m,/m> sending s = pe to the class of
¢ is surjective. The maximal ideal m, at y of R[T|/(P(T)) is generated by (m,, (T — «)),
where m,, is the maximal ideal of R and « a repeated root of P(T) in k. By the surjectivity
assertion in the theorem of Bertini stated above, there exists s € H°(Y, L), such that
s = e with ¢ — (T'— «) € mZ. For this choice of s, (9s/9T)(y) = e(y) # 0.

Proposition 8.4. For a general s € H°(Y, L), V(s) is smooth, irreducible, intersects A
transversally and avoids the ramification locus of Ty |a : A — 0(Y/X); further, for each
intersection y of V(s) with A(Y/X), my (V (s)) is smooth at my (y).

Proof. The set of singular points of A and the ramification locus of 1y |A : A — §(Y/X)
form a finite set X of closed points of A. By Bertini’s theorem, for a general s € H(Y, L),
s(y) # 0 for y € ¥ and V(s) is smooth, irreducible and intersects A transversally. We show
that for a general s € H°(Y, L), s(y) = 0 implies that (9s/0T)(y) # 0. Let s1,82,...,5Nn
be a set of generators of the k-vector space HY(Y,L). Let s = . X;s; where X; are
indeterminates and let 5 be the restricition of s to A x A™. We look at the closed set
V(3,05/0T) C A x AN. We claim that the dimension of V (3,9s/0T) is at most N — 1.
We check this at every smooth point y € A. Let B be the local ring of A at y. Let
e a local generator of s at y and s; = fie, 0f;/0T = g;. We need to show that the
dimension of B[X1,..., Xn]/(O_ fiX:, > 9:X;) is at most N — 1. Suppose this dimension
is greater than N — 1. In this case the height of the ideal (3> f; X, > ¢;X;) is at most
1. Since B is a discrete valuation ring, there exists a,b,h € B[Xy,..., Xx] such that
> fiXi =ah,> g;X; = bh. Suppose that h does not belong to B. Degree considerations
show that a belongs to B and, if a is not a unit in B, it divides each f;. Thus the s;’s
vanish at y, contradicting the fact that they generate the sections of L globally. Therefore,
a is a unit in B and Y ¢;X; = ba"!Y f;X;. There exists by 8.3, A = (A1,...,\n)
such that s)(y) = 0 and 0s)/9T(y) # 0 where sy = >_ \;s;. This contradicts the equality
> 9 X = ba~! > fiXi. The case h € B is dealt with in the same way. Thus the dimension
of V(s,0s/0T) is at most N —1. Under the projection A x AN — AN the set V (s, ds/0T)
maps into a proper closed subset of AY. Thus for an open set of A € AV, sy has the

property that if s)(y) =0 for y € Ay, then %% # 0. By 8.2 my(V(s)) is smooth at m(y).
Proposition 8.5. For a general section s of L each point of my (V (s)) has at least [ — 1
distinct preimages in Y.

Proof. Since under my : Y — X there only are finitely many points of X with fewer that
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[ — 1 preimages (condition (4) of 2.16), if s is chosen such that V(s) avoids the preimages
of these finitely many points, then s satisfies the condition of the proposition.

Theorem 8.6. Let Z —% Y =5 X be maps of smooth projective surfaces as in Theorem
7.13. Let L be a very ample line bundle on Y, generated by global sections si,...,Sn.
Assume that 73, L is very ample. For any A = (A1,...,An) set sx = A\181 + -+ + ANSN.
Let Dy be the vanishing locus of sy and Cy = my (D) be the image of Dy in X. Let Dz
be the vanishing locus of %(sy) on Z.

There exists a dense open subset U C k¥ such that for every A\ € U the following five
conditions are satisfied:

(1) D, is irreducible, smooth and intersects A transversally;

(2) Dy avoids the ramification locus of my |a : A — §(Y/X);

(3) every point of Cy has at least n — 1 preimages in Y’;

(4) no singularitiy of C lies on §(Y/X);

(5) Dz is smooth and irreducible.

Proof. Conditions (1) and (2) follow from 8.4. Condition (3) is a consequence of 8.5. Let
x be in C\, N4(Y/X) and let y be its unique preimage in D. If y € A(Y/X), then C) is
smooth at x by 8.4. If y belongs to A\ A(Y/X) then C) is smooth at x because D) is
smooth, 7y is étale at y and y is the unique preimage of z in D. Thus (4) is satisfied.
To see condition (5) note that 7, (D) is the vanishing locus of the section Y, A7} s; of
7y, L; since 73, L is very ample we can apply Bertini’s theorem ([Haq], Ch. II, 8.18).

9. EXTRACTING A ROOT FROM A BUNDLE
The main result of this section is the following theorem.

Theorem 9.1. Let Z ~2 Y ™% X be maps of smooth projective surfaces satisfying (2)
to (5) of Theorem 7.13. Suppose that n is equal to a prime [. Given a line bundle Ly on
Y with its class in

Pic(Y)/l- Pic(Y) C H*(Y, )

a pull-back of a class ( € H?*(X, ), there exists a map hx : X — X which is proper,
generically cyclic of degree | and such that

(1) the normalization Y of Y xx X is smooth,

(2) if hy : Y — Y is the natural map, then h3 (Ly) vanishes in

Pic(Y)/IPic(Y) + 7% (Pic(X)) .

This section is entirely dedicated to the proof of this theorem.

For any pair of morphisms W — V and Spec(A) — V we denote the fibre product
W xy Spec(A) by Wy.

Let Z1(V) denote the free abelian group on codimension 1 cycles of any variety V. For a
codimension 1 closed set W C V we denote by {W} the cycle in Z!(V) corresponding to
W and by [W] the class of W in the divisor class group of V.
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By modifying Ly by the ["-th power of an ample line bundle Ly we may assume that Ly
is very ample. Since the pull-back of an ample line bundle by the finite map 7z is ample
([Hag], I, 4.4) we may further assume that 7} L is very ample. By the previous section there
exists a smooth connencted curve Dy on Y such that Ly = Oy (Dy) and Dy satisfies
conditions (1) to (5) of Theorem 8.6.

Let my (Dy) = Dx. We have (my)«([Dy]) = r[Dx]. Note that r is the degree of k(Dy)
over k(Dx) and thus r < [. If r = [, Dy is the only divisor on Y lying over Dy, it is not
ramified at its generic point, and 73 [Dx] is [Dy]. Therefore Ly = (ny)*(Ox(Dx)). In
this case we can take X = X and Y =Y.

Assume now that r < . By assumption we have [Ly| = (7y)*(¢) € Pic(Y)/l € H?(Y, ;).
Then r[Dx] = (7y)«(7my)*(¢) =1 = 0 in H?(X, ;). Since r < [ this implies [Dx] = 0 in
Pic(X)/l. Let Lq be a line bundle on X for which there is an isomorphism ¢ : Ox(Dx) —
L?l. Choosing a section s : Ox — L?l vanishing precisely along Dx we can define, using

the dual map (Ll_l)®l — Ox (see [BPV], I, §17), an Ox-algebra structure on

S=oxeLi'e o).

Let X’ = Spec(S) and gx : X’ — X the map giving the Ox-algebra structure on S.
Note that locally on X the scheme X’ looks like the spectrum of R[t]/(t' — f), f a local
equation of Dx. This map is a cyclic cover of degree [, ramified precisely along Dx. In
particular (gx)*{Dx} = [{D'}, where D’ is an effective Cartier divisor on X’. We put
Y' =Y xx X', Z/ = 7Z xx X' and denote by 7y, : Y — X', 7z : Z' — Y’ the obvious
projections. We have a commutative diagram

Z/ ﬂ-Z/ Y/ ﬂ-Y/ X/
Qzl lgy lgx
v T
7—2sy Yo x

Let r=nyomz and n’ = my  omy.

Proposition 9.2. The schemes Z', Y’ and X' are irreducible and normal. In particular,
they have a finite number of singular points. Further, Sing(X’) N §(Y'/X’) = 0 and
Sing(Y") N A(Y’/X") maps under wy gy to 6(Y/X)N Dx.

Proof. Since the ramifications 6(Y/X) and §(X’/X) = Dx have no common component,
k(Z) and k(Y) are disjoint from k(X’) over k(X). The maps m and my are flat, hence
by 4.5, Z' and Y’ are integral. By construction X', Y’ and Z’ are locally of the form
Spec(S) where S = R[t]/(t' — f) and R is a regular ring. Thus X', Y’ and Z’ are locally
complete intersections and to show that they are normal it suffices to show that they are
nonsingular in codimension 1 ([Ha;|, Ch. II, 8.23). The singularities of X’ are at most
over the singularities of Dx (see [BPV], Ch. I, §17), which by condition (4) of 8.6 are away
from 6(Y/X). Thus Sing(X") is finite and Sing(X")Né(Y'/X’) = 0.

We now prove that Sing(Y”) is finite. The proof for Z’ is similar. Let (a,b) € Sing(Y’) C
Y x X’ with ¢ = my(a) = gx(b) € X. If ¢ ¢ §(Y/X), then 7y is étale at a and therefore
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b € Sing(X’) which is finite. If ¢ ¢ Dx, then gx is étale at b and hence gy is étale at
(a,b). Since Y is smooth, Y’ is smooth at (a,b) and therefore the remaining singularities
can only be among the finitely many points of Y’ that lie over 6(Y/X) N Dx. Thus
Sing(Y”) is the disjoint union of Sing(Y’) N A(Y’/X’) and Sing(Y”) N 7y (Sing(X”)) and
Sing(Y") N A(Y’/X’) maps to §(Y/X)N Dx.

We have

9x{Dx} =U1{D}

for some curve D’ and therefore 75, g% {Dx} = I[{D;} for some {D;} € Z*(Y’). On the
other hand, 75 {Dx} = {Dy } + { D2} for some {Dy} € Z}(Y). Since Dy has no common

component with the discriminant, {Ds} has no component equal to {Dy } and therefore
the same is true of ¢ {Dy } and g3 {D2}. Thus

() Ty gx{Dx} = U{D1} = gymy{Dx} = gy {Dy} + gy{D2} .

We conclude that g3-{Dy} = [{Dy-} for some {Dy/} € ZY(Y’). The difficulty is that
{Dy} is a Weil divisor but not necessarily a Cartier divisor. The rest of the proof consists
in trying to replace it by a Cartier divisor.

We start by replacing X’ by a smooth surface X and discuss the singularities of Y =
Y xx X. Let Ux X — X' be a resolution of singularities of X’; 1 x is a proper
birational morphism which is an isomorphism outside Sing(X’) and with X smooth. We
set Y =Y x X X , 7 =17x% X X and consider the commutative diagram

AL
wzl lwy l"lﬂx
Z/ ﬂ-Z/ Y/ ﬂ-Y/ X/

We set T = mpms. Since Y is étale over X away from 5(?/)?) and X is smooth, Y is
smooth away from 6(Y /X). Since 1x is an isomorphism outside Sing(X’), and Sing(X’) N
S(Y'/X') =0, vx and 1y are isomorhisms along §(Y’/X’) and A(Y'/X') respectively.
Thus 1y maps ¥ = Sing(Y) bijectively onto Sing(Y”’) N A(Y’/X’) which is finite and lies
over to §(Y/X)N Dx in X by 9.2. Similar arguments lead to the fact that Sing(Z\) lies
over 6(Y/X)N Dx. We set 59 = 7y(X) and ¥ = 77 1(35g). We denote by

A= (9)?720 the semilocal ring at >,

A" the henselization of A at its radical,

and by

Ah = O;% . the factor of A" corresponding to a point = € .

Similarly,’we define the rings B, C, and so on, by

Spec(B) =Y X ¢ Spec(A),

Spec(C) = Z X ¢ Spec(A),

Spec(B") =Y x ¢ Spec(A™),
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Spec(C) = Z x ¢ Spec(A")
and further, for any x € 3,

B, =B®j A,
Cgc :C®AAw7
Bg :B®AA§,
C'!c‘ =C®a AZ,

and similarly B, C, and BZ’}, CP" when y € ¥ and 2z € 5.
We further denote by R the semilocal ring of X at the image of 3y, by R, the local ring
of X at the image of an & € ¥y, and by R" and R” their respective henselizations.

Lemma 9.3. Let z be a point of ¥y, y = 75(2) and v = 7(z).

(a) The singular locus of Z is 1.

(b) If y is in ¥ then A" — BZ’} is a quadratic extension, BZ’} — C" is an isomorphism and
Bl o~ Bl x (AR)=2.

(c) If y is not in ¥ then A" — B,Z is an isomorphism, B,Z — C" is a quadratic extension
and B ~ (Al

(d) The A-algebra C? is a product of |G|/2 quadratic extensions of A™.

(e) Denoting by Cl(—) the class group, if y € 3 we have

Cl(B) = Cl(B,) = Cl(B,) = CI(C,) C Cl(C!) =7/ .

In particular Cl(B) is either zero or Z/1.

Proof. In a suitable neighbourhood of ¥ the map 7 : Z — Y coincides with 77z : 2/ — Y’
which, by 7.12, is étale at every y € X. Hence over every = € ¥, there is a singularity z of
Z which clearly is in ¥;. Since G acts transitively over ¥;, we have Sing(Z) = ;. This
proves (a).

Let u be a semilocal equation of Dx in R. Since ¥ x and ¥y are isomorphisms along ¥
we have

L RITY A
~(P(T), =) (P(T)) "

We know by 8.6 that P[T] has one double root and [ — 2 simple roots at every x € X,
hence we may assume that

RMT]  RMT) y 12
EoRGEIRE L

where 0 is a semilocal equation of §(Y/X) at the image of ¥j. Note that locally § must
be a regular parameter because R"[T]/(P(T)) is regular. Extending scalars to A? we find

Bl = s T ()

.’EEEQ
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from which we see that if y corresponds to the double root, then B} = A2[T]/(T? —0) is a
quadratic extension of A”. In this case we know that 7z is étale at z, hence the extension
B}! — CI" is an isomorphism. This proves (b).

If y ¢ ¥ then my is étale at y and therefore the extension A" — B{j is an isomorphism. On
the other hand, because of the Galois action, all the extensions A? — C’g(z) are isomorphic
to each other, therefore they are all quadratic. This proves (c).

It follows from (b) and (c) that the Galois extension A" — Ch =[], C? is a product of
quadratic extensions and since C? is of rank |G| over A", the assertion (d) follows.

Let f € B be a semilocal equation of Dy at ¥. By the construction of Dy made in §8
(see Lemma 8.3), in A"[T]/(T? — 0) we can write f = aT — 7 where a is a unit of A" and
7 € A" is a semilocal parameter (that is a parameter of A" for every x € X). Further,
u= Ny,x(f)= 72 —a?T? = 12 —a%0 = fg for g = —aT — . Then, at any y € X, we have

o RMT) _ S
YT (T2 0,8 —a®T? +72)  (t — fg)

where z is the image of y in £ and S = A, [T]/(T?—6) is a regular 2-dimensional henselian
ring. Its maximal ideal is (f, g) because Dy and A(Y/X) meet transversally and they are
defined, respectively, by f and 7T

The class group of BZ is Z/1 generated by the prime p(y) = (t,aT — ) = (¢, f) or by
the prime q(y) = (¢, g) whose class is the inverse of the class of p(y) . Since p(y) comes
from By, it follows that CIl(B,) is generated by the ideal p(y) N B,,, which we still denote
by p(y)). Since Cl(B) — [],cx Cl(By) is injective, inverting ¢ we obtain a factorial ring
B[1/t] and therefore CI(B) is generated by those prime ideals of height 1 that contain ¢.
Two of them are p = (¢, f) and q = (¢,g). Any other one must coincide with p or q at a
given y € ¥ and therefore it must coincide with p or q because B is a domain. At every
y € X the class of p is the inverse of the class of q, the divisor class group of B is generated
by each of them and is, therefore, zero or Z/l. The rest of the proposition follows from
the fact that the maps induced on divisor class groups are surjective for localizations and
injective for henselizations of local rings.

12

We now look at the pull-back under ¢y and 1 x of the Cartier divisors occurring in (7).
We have

U39y {Dy } + ¥5g5-{Da} = 1 3y {D'}.
Since the centres of the blow-up for ¢y are away from A(Y’/X’) and since g3 {Dy } and
g5-{D2} have no common composnents in Y’ and meet only along A(Y’/X’), it follows
that 3 g5 {Dy} and ¢35 g3 { D2} have no common component in Y. Therefore

Yy gy{Dy} = {Dg}
for some Df, on Y and

Vz971Dz} = {D3}
where Dy = 7% (Dy;). We shall now construct maps X — X and Y — Y satisfying the
conditions of Theorem 9.1.

We recall a result of Abhyankar and Manish Kumar:
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Lemma 9.4. Let R be a 2-dimensional complete local domain which is regular, with
quotient field K. Let L be a quadratic extension of K and S the normalization of R in L.
Suppose that the extension L/K is defined by z?> = ux'y? where (x,y) = m is the maximal
ideal of R, u is a unit and 0 < 4,5 < 1. If (i,j) # (1,1) then S is regular. Suppose
(i,7) = (1,1) and let X — Spec(R) be the blow-up of Spec(R) at the closed point. Then
the normalization of X in L is regular.

Proof. See [AMK], §2.

Let y be a singular point of Y mapping to x € )/(\', to g in X and to yg in Y. We note
that g € (5(Y/X) N Dx.

Let (/’)\f, and (5 , be the completions of O¢ , and O¢ . Yespectively. By condition (3) of
Theorem 8.6 the i 1mage 2o of yin X has[—1 prennages in Y hence Y x x Spec((’) X IO) splits
as a d15301nt union of [ — 2 copies of Spec((’) X wo) and one degree 2 extension Spec((’)y %)
of Spec(OX 2o )- 1t follows by base change that OA’y is a degree 2 extension of OA’x

Let 2o be the image of & in X. Clearly 3¢ C 0(Y/X). Let ¢1 : X1 — X be a proper
birational morphism which is an isomorphism outside ¥y and such that the total transform
of 3(Y /X) has normal crossings over $o. Let ¥y C X1 be the image of the set of singular
points of the normalization of Y x )A(:l. Let ¢o : X — )?1 be the blow-up at f]o and
px = p2p1. We have a commutative diagram

ZXX)?HYXX)?H)?

2| o Jex

~ Tz ~ Ty ~

A Y X

Let ny : Y Y xX)Z nyg : A4 XX)N( be the normalization maps. We claim that Y and
Z are smooth. Outside Yo, @x is an isomorphism and hence ¢y is also an isomorphism
outside 7 1(20) D & = Sing(Y). Let y be a singular point of ¥ x x X. The image of y in
Y is Contalned in 7 1(29) which maps to §(Y/X)N Dx in X. Thus the image z( of y in
X belongs to 6(Y/ X )N Dx. The point 2o has [ — 1 preimages in Y in view of condition
(3) of 8.6. Let = be the image of y in X. N

Let Oy , be the semilocal ring of Y at 71'}:/1 () and 6;,@ be its integral closure in k(Y"). Let
(9);796 and Of/,y denote respectively the completion of (9);796 and 05771/‘ Then (’);,7% ®og
O T splits as a product

(917721 X Of(,x X+ X Of(,x .

Since 517@ is finite over O)?,xv the tensor product 6;,@ ®@§7E (/’)\;(x is the completion

of 6}7 , with respect to its radical and hence, by [ZS], Ch. VIII, §30, Theorem 32, it is
normal. Clearly it is the normalization of

~ ~

Oi}@ ®(’)§’m O)?,x = O?,y X O)Z',w X oo X O)Z',w .
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Let (’337 y denote the normalization of (/9\}7 Y By construction the ramification divisor on
(5)? , for the extension (7)\)? . (/9\}7 ” has normal crossings and further (7)\37 y is regular
by 9.4. It follows that 6;,’1, ®og | (5)21, is regular and hence @f,@ itself is regular. This

shows that Y is smooth. Exactly the same argument shows that Z is smooth because, by
8.3, Z — Y is étale at the image of y in Y.

We thus have a commutative diagram

~m~
A T Y T X
fz Iy Ix
N S e L
gzvz gy Yy IxPx
72>y x
\_/

where the undgﬁngd maps are the obvious ones, fz = pznz, fy = oyny aAI}d fx = px.
The surfaces X, Y and Z are smooth, 7 is finite, and Z is Galois over X with group

G = Gal(k(Z)/k(X)).
Proposition 9.5. The line bundle (hz)*(Oz(Dz)) belongs to

|- Pic(Z) + 7*(Pic(X))

To prove 9.5 we need several preliminaries. By construction ¢ x is an isomorphism outside
Y9, hence ¢z is an isomorphism outside Z x x ¥¢. It follows that Z x x X is smooth —in
particular normal— outside Z X x Yy, hence the normalization map ny is an isomorphism
outside X;. It follows that f, = pznyz is an isomorphism outside ;.

We denote by

= fz_l(El) the exceptional fibre for f,

F = f;l(ﬂ';/l(xo)) the exceptional fibre for fy

Fy = f);l(EO) the exceptional fibre for fx.

To simplify notation we write F, F} instead of F, (F})c¢ etc.

Let L be the line bundle h%(Oz(Dyz)). Since 7\ ¥ is smooth, the restriction Dy A

is a Cartier divisor and defines a line bundle Lo on Z \ F ~ Z \ ¥;. We have an exact
sequence N N N
0 — Picp, (Z) — Pic(Z) — Pic(Z \ Fy) — 0

where Picp, (Z) is the subgroup generated by the irreducible components of F;. Thus there
exists a line bundle Ly on Z whose restriction to Z \ F} is isomorphic to f(Lg). The line
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bundle L(Lg")® restricted to Z \ F is trivial and hence its class belongs to Picg, (Z).
We fix a point = € ¥y and let z1,...,2,, € X1 be the preimages of z in Z. Let F, be
the fibre of z in X and, for 1 < j g m, let F} be the fibre of z; in 7. By Zariski’s main
theorem ([Hay], Ch. III, Cor. 11.4) the curves F, and Fi,..., F,, are connected. Let E
be an irreducible component of F, and D";, k = 1....,m;  the irreducible components of

F; mapping to E. The class [E (Eal)@} is the class of a divisor

2. ZZT"’D’“

wezo

as E runs over the irreducible components of F,.. Denoting C’Qj by C']h and, as usual,

Z Xz C]’-L by Z-» and so on, we have a commutative diagram with exact rows
J

0 —>PlC(ZCJh)/l —_— HQ(ZVC;;,uZ)

-

0 —— Pic(F))/I H(F), ).

By the proper base change theorem ([Mi], Ch. VI, 2.7) 3 is an isomorphism and by
[CTOP], Th. 1.7, (¢) az is surjective, hence az is an isomorphism. Further, for any
connected curve C the inclusion C,.q < C induces an isomorphism Pic(C) — Pic(Cpreq)-
We thus have isomorphisms

agz: Plc(ZCh)/l Pic((Fj)rea)) /1

and, similarly,
ax : Pic(XAg)/l ~ Pic((Fy)rea)) /1 -
By a result of Artin ([Ar], §1) the degree map yields identifications

Pic((Fy)rea))/l = @D Z/I and Pic((Fj)rea))/l = D P Z/1

k
EDj

where E runs over the irreducible components of F, and Df runs over the irreducible
components of F; mapping to E. We have a commutative diagram

Pic(Xa1) /1 — > EPic(Zen) /1

o
/i ——~ DD/

EDk
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where the vertical isomorphisms are obtained by associating to a divisor its intersection
multiplicity with each E and Dé? respectively and 6 = (9 B D;;) where 05 pr is the degree
7 7

of k;(Df) over k(FE). Since the Galois action transitively permutes the D"; ’s lying over
E, these degrees are all equal to some fg. Since for z € ¥g, gx(z) is in Dx C X, by
8.6 x has at least [ — 1 > 2 preimages in Y and therefore the preimage of F in Y has
at least two components. Since the degree of Y — X is [ and the degree of 7 — Y is
prime to [, this implies that fg is prime to [. The Galois action on PIC(Z ) transitively
permutes the components in € D} 7 / l. Hence 6 maps P, 7Z / [ isomorphically onto the

subgroup of @ D pr Z/ [ consisting of all the elements fixed by the Galois action and

the same is true of 7*. Since [Dy] € Pic(Z)/l is the pull-back of an element in H?(X, 11;)
under 7, it is Galois invariant; its pull-back in Pic(Z) /1 and its restriction to Pic(Z gn) /1
are again Galois invariant. Thus [EE Zj rfDﬂ belongs to the image of 7*. We claim
that [ZE 2T kD";] is of the form 7*(>_ rg[F]), where E varies in the exceptional fibre
of X — X.

Since X is smooth at x, A is regular and we have an exact sequence
0 — Picp, (X ar) — Pic(Xan) — Pic(Xan \ Fy) — 0

with PiC()?Ah \ F,) = Pic(Spec(A") \ {z}) = 0. The claim follows.
Let M be the line bundle on X representing the class of ) v > p7r[E]. We claim that

N = L(L )®l~ (M~1), which belongs to Picg, (Z), is an I-th power in Pic(Z). We note
that, by construction, it maps to zero in Pic(ZA;%)/l for all x € .

Lemma 9.6. The map
Picp, (Za) — Picp, (Zan)
is an isomorphism.

Proof. We have a commutative diagram

- - 0 _ -
HY(Z4,G) — > HO(Z4 \ Fa, Gr) —> Hb (Za, Gn) ——2 Picy, (Z)

| | | |

- ol - ~ -
HO(ZAh,Gm> — HO(ZAh \FAh,Gm> LH};'1<ZAh,Gm) LPiCFl(ZAh>
with exact rows (see [Mi], III, 1.27 and the correction in [CTO], Proposition 4.4) and where
po and ¢ are surjective. Since Za — Z A s proper and birational we have G,, (Z A) =
G (Z4). For the same reason, G, (Zan) = Gp(Zan). Since Zy \ Fy ~ Z4 \ ¥, and

Zan \ Fy ~ Z 41 \ $1 we have

G (Za\F1) =G (Za\T1) and G (Zan \ F1) = G (Zan \ T1).
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Since Z 4 is a 2-dimensional connected scheme and ; a finite set of closed points of 7 ,
GCn(Za\%1) =Gn(Za) and Gu(Zan \ T1) = Gpu(Zan).

Thus v and v are isomorphisms. and therefore ¢ and ¢ are isomorphisms.

Let A : ZAh — ZA be the projection. We note that h*G,, = G,,, hence by étale excision
using a limit argument [Mi] the map H};l(ZA,Gm) — H};l(ZAh,Gm) is an isomorphism
and the lemma is proved.

To complete the proof of Theorem 9.1 we may assume that Cl(B) = Z/I, because if B is
factorial then Weil divisors coincide with Cartier divisor and there is nothing to prove.

Proposition 9.7. Identifying Cl(B) with a subgroup of Cl(C') under the pull-back map,
Cl(C) is generated by the Galois conjugates of 7%(CI(B)) in Cl(C).

Proof. We know by 8.6 (5) that the inverse image of Dy in Z is an irreducible smooth
curve Dy. Let h be a local equation of Dy on ;. Then for every z € ¥; we can choose
a o € G for which ¢(z) lies over a singular y € X. From C7 ~ B} it follows that C1(C%)
is generated by the ideal (¢,0(h)). This shows that CIl(C) is generated by the primes
containing some o(h) and the argument used in the proof of 9.3 shows that CI(C) is
generated by the Galois conjugates of 7% (Cl(B)).

Lemma 9.8. The group PiC(ZCh) has no [-torsion.
Proof. Using the fact that Pic(zoh \ F1) = CI(C"), we have the exact sequence

(1) 0 — Picp, (Zcrh) — PiC(ZCh) — Cl(C") =0

where Picp, (Zoh) is the subgroup of PiC(ZCh) generated by the irreducible components
of F. Suppose that their number is . Then they generate a free abelian group isomorphic
to Z" because Picp, (goh) carries a nondegenerate quadratic form given by intersection
multiplicities ([Mu], §1). It follows that PiC(ZCh) is a finitely generated group of rank r,

of the form Z" @ T, where T is its torsion subgroup. Since C1(C") is I-torsion, T can only
be [-torsion, but we have seen that

Picp, (Zoh)/l ~ (Z/1)"
hence T must be zero.

Corollary 9.9. The group PiC(ZC) has no [-torsion.

Proof. The corollary follows from the commutative diagram with exact rows

0 — Picp, (ZC) — Pic(Z(;) ——Cl(C) ——=0

o= | Iﬂ
0 — Picp, (Zen) — Pic(Zgn) — CU(CM) —0

using that « is an isomorphism by 9.6 and that [ is injective.
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Lemma 9.10. We have . .
(c1)° = (crcm)© =o.

Proof. 1t suffices to show that (C’l(C’h))G = 0. We have

ch=1J ct

zEEl

and each factor on the right is isomorphic to

RR(T, 1]
(T? — 0, — a?T? + 7w2)

The isotropy group G, C G of z acts by changing the sign of T" and therefore maps the
class of the prime ¢,aT — 7 to the class of (¢, —at — ) which is its inverse and is distinct

from the class of (¢, at — ) because [ is at least 3. Hence (CZ(SQ))GZ = 0. From this the
claim follows.

Proposition 9.11. The map
Picp, (Zcrh) — PiC(Zch)

induces an injection

(Picp, (Zen) /1) — (Pic(Zen) /1)

Proof. From the exact sequence (1) used for proving 9.8, using multiplication by [ and the
snake lemma we get a long exact sequence

\Pic(Zen) — CU(CM) — Pick, (Zen) /1 — Pic(Zen) /1.
By Lemma 9.8, Pic(zch) has no [-torsion, hence we have an exact sequence
0 — CI(C") — Picp, (Zch)/l — PiC(Zch)/l

from which the assertion immediately follows, since, by Lemma 9.10, (C’l(C’h))G =0.

Proof of Proposition 9.5. Since Zc \ (ZC \ F1) — F3y is an isomorphism, we have a patching
diagram [Jo]

Zc\F1—>ZC

L

Z\F1—>Z
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and an exact sequence
() 0 — Pic(Z) — Pic(Z¢) @ Pic(Z \ Fy) — CI(C) — 0.

Surjectivity on the right is due to the the fact that Pic(z \ F1) surjects onto C(C). From
this sequence, multiplying by [, using the snake lemma and remembering that ;Pic(Z¢) =0
and that CI(C) is [-torsion, we obtain a long exact sequence

0 — ,Pic(Z) — Pic(Z \ Fy) — CI(C) —

(1) — PiC(Z)/l — PiC(Zc)/l - PiC(Z \ Fl)/l

We now distinguish two cases:

I. Suppose that Pic(Y \ F) — CI(B) is surjective. Consider the commutative diagram

PIC Y

) \

~

0 — Pic(Y) — CI(Y) —— CI(B) — 0

Recall that gY{Dy} = I{Dg} for some Weil divisor Dy. By assumption j{DY} = 2( )

for some v € ;Pic(Y \ F). Then, since J{Ds} = (fy)«(vy )) = 0, there exists a 7/ € Pic(Y)
such that {Dg} = (fy)«(7)) + 7’. We conclude that ¢35 gy {Dy} = [{Ds} = 7' because

Iy = 0. From this it follows that h},{D } is divisible by [ in Pic(Z).
II. Suppose that (Pic(Y \ F) — CI(B) is not surjective, in which case, since C1(B) = Z/I,
it is the zero map. By Proposition 9.7, ;Pic(Z \ F1) — CI(C) is also zero, hence from the

exact sequence (I) we conclude that the map ;Pic(Z) — ;Pic(Z \ F}) is an isomorphism.
In this case the exact sequence

0 — Picg, (Z) — Pic(Z) — Pic(Z \ F1) — 0

yields that PicF1 7 )/l — Pic(Z 7 )/l is injective. The element [N] € Picp, (Z) is Galois

invariant in Pic(Z / [ and hence, because of this injection, it is in (PlCFl(Z ) / Z)G. From
the exact sequence B B
0 — Picp, (Z¢) — Pic(Z¢) — CI(C) — 0

multiplying by /, using the snake lemma and remembering that ;Pic(Z¢) = 0 we get the
exact sequence B B
0 — CI(C) — Picp, (Z) /1 — Pic(Zc) /1.

Taking invariants under G and using the fact that CI(C)“ = 0 (Proposition 9.10) we see
that [N] € (Picp, (Z /l) On the other hand, we know that [N] is zero in Pic(ZCh)/l,
hence by Proposition 9.11 it is zero in PiCFl(Zch)/l. Noting that Zo = Z x 5 Spec(C) =
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7 Xpnw Spec(A) = Z4, 9.6 implies that [N] vanishes in PlcF1 Z¢ )/l. Since the map
Picp, (Z) — Plcpl(ZC) is surjective, there exists Ny € Picp, (Z) such that NN® maps
to zero in Pic(Z¢). The element NN®! also maps to zero in Pic(Z \ Fy). By the exact
sequence (*x), NN; ®l is zero in Plc(Z ), completing the proof of the proposition.

We now complete the proof of Theorem 9.1 which says that the class of A} (Oy(Dy)) in
Pic(Y') belongs to

[ - Pic(Y) + n5 Pic(X).
This immediately follows from 9.4 and the fact that 7 is a finite map of degree dividing
(I — 1)! which is coprime to .

10. PROOF OF THE MAIN THEOREM

Theorem 10.1. Let X be a smooth projective surface over an algebraically closed field
k of characteristic zero. Let D be a central division algebra of prime degree | over k(X).
Then D is cyclic.

Proof. 1f | = 2 then D is a quaternion algebra and every quadratic extension in D is cyclic.
If I = 3 then D is cyclic by a result of Wedderburn [W]. However we show for all primes
[ > 3 that the cyclic extension k(X) of k(X) of degree [ splits D.

Suppose first that D is unramified over X. By §1 the class of D is equivalent to an Azumaya
algebra of rank [? over X. Let n € H%(X, y;) be an element mapping to the class of D in
H?*(X,G,,). Let 7y : Y — X be a generic splitting of D as in Theorem 7.13. The class
7*(n) € H*(Y, ;) maps to zero in H*(Y,G,,) since the map H?(Y,G,,) — H?(k(Y),G,)
is injective, Y being smooth. In view of the Kummer exact sequence

1w -G, -G, —1
we have the exact sequence
0 — Pic(Y)/l — H*(Y, ) — H*(k(Y),Gy,)

from which we see that there exists a line bundle L on Y such that 7*(n) = [L] in Pic(Y / L.

By Theorem 9.1 there exists a map hx :3? — X which is proper, generlcally cyclic of
degree [ and such that the normalization Y of Y X x X is smooth; further if hy : Y — Y
is the natural map, then hj (Ly) vanishes in

Pic(Y)/IPic(Y) + 7% (Pic(X)) .

We show that k(X) splits D. Let hi (L) = LY ®o, 75 (M) where M is a line bundle on
X. The element ¢ = 4 [M 1] € H2(X, ju;) maps to the class of A in H%(X,G,,). Further
7 (C) is zero in H2(Y | ).

Let W and the maps f : W — Al g : W — X be as constructed in §4. Let P(T)
be the characteristic polynomial of a general element of Dj,xy defining k(Y). We have
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already seen in 9.2 that P(T) is irreducible over k(X) = k(X’). Repeating the proof of the
irreducibility of W over k(t) we see that W’/ = W x x X is integral and remains irreducible
over k(t). Let f', ¢’ denote the base changes of f, g to X. Then W} = (f/)"1(0) = YV xx X
and ¢'|w : WY — X is finite. Further, W} = (f/)~1(1) has [ irreducible components V/,
and ¢'|y : V] — X is a birational isomorphism (in fact an isomorphism). It is also clear
that W’ is normal at the generic point of V/. Let I be the ideal of Oy . x such that the
normalization map ¥ — Y xx X is the blow up at I ([Haq], Ch. II, Th. 7.17 ). Let W
be the blow up of W’ at the ideal (I,¢) and f, G the obvious maps from W to Al, X.
The fibre Wy = Y and W is birational to W’ away from W,. We have § “(Olw,
H2(W,, ). Thus conditions (1) to (5) of 3.1 are satisfied by W, f, . Hence the class of
B in Br(k(X)), which is the same as the class of D, is zero.

=0in

Suppose now that D is ramified on X. The proof in this case consists in a reduction to
the unramified case, which is described in de Jong’s paper [dJ], §1. We follow de Jong’s
notation.

Let A be an Azumaya algebra over k(X). Let h = (g,f) : W — X x P! be the map
constructed in [dJ], satisfying

1) W= is smooth, where ¢ is the geometric generic point of P?.
3
(2) The extension of A to the function field Lg of W is unramified on We.

(3) The fiber of f at infinity has [ components of multiplicity 1, each birationally isomorphic
to X under g.

By the unramified case, there exists an element a € Lg such that D ® Lg(al/ 1) is split.
There is a finite map p : ¢ — P! with C' a smooth affine curve such that a belongs to the
fraction field Lo of W Xp1 C and D ® L¢ is split by Leo(a'/!) and hence is cyclic. The
map p extends to p : C — P! where C is a smooth projective curve containing C as an
open set. Let oo’ be a point of C mapping to the point oo of P!. The discrete valuation of
k(X x P!) corresponding to a the generic point of X x oo extends to a discrete valuation
of M = k(W xp1 6’), with the same residue field. Let R be the corresponding discrete
valuation ring. The algebra D extended to M being cyclic, is given by a symbol (u,v)c,
where ( is a primitive [-th root of 1 in k. Since it is unramified at R, we may assume, by
the following lemma that v and v are units of ﬁ, the completion of R. Its specialization
to the residue field of R is therefore cyclic and coincides with the class of D.

Lemma 10.2. Let R be a complete discrete valuation ring with quotient field K. Assume
that K contains a primitive 2l-th root of 1. Then a cyclic algebra of index | over K and
unramified at R is represented by a symbol (u,v)¢ with u and v units of R.

Proof. We fix ¢ and write (—, —) for (—, —)¢. Let the x be the residue field of R. Let A
be represented by the symbol (ut™, vt") € H?(K, ;). Since A is unramified the residue
of (ut™, vt") is zero. Since £ contains fy; this residue is 1 = (u™ /v™) € x* /(xk*)". Thus we
have

(ut™, vt") = (u,v) + (u, t") + (", v) + (™, ") .



