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Abstract

Let G be an anisotropic linear algebraic group over a field F' which
splits by a field extension of a prime degree. Let X be a projective
homogeneous G-variety such that G splits over the function field of
X. We prove that under certain conditions the Chow motive of X is
isomorphic to a direct sum of twisted copies of an indecomposable mo-
tive Rx. This covers all known examples of motivic decompositions of
generically split projective homogeneous varieties (Severi-Brauer va-
rieties, Pfister quadrics, maximal orthogonal Grassmannians) as well
as provides new ones (exceptional varieties of types Eg and Eg).

1 Introduction

The history of the subject of the present paper starts with a celebrated result
of M. Rost about motivic decomposition of a Pfister quadric which became
the crucial point in the proof of Milnor conjecture by V. Voevodsky. Briefly
speaking, it says (see [Ro98]) that the Chow motive of a Pfister quadric X
decomposes as a direct sum of (twisted) copies of a certain indecomposable
motive Rx. Hence, the motivic (and, hence, cohomological) behavior of X
depends on a rather small object Rx. Indeed, over the algebraic closure R x
splits as a direct sum Z @ Z(r) of just two twisted copies of the motive of a
point. As a consequence, it allows to compute and estimate several important
cohomological invariants of X.
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One of the crucial properties of a Pfister quadric is that it becomes hyper-
bolic (totally isotropic) over its function field. In the present paper we deal
only with varieties satisfying the analogous property which we call generically
split. Namely, X is generically split if its Chow motive splits over the generic
point of X as a direct sum of (twisted) copies of the motive of a point.

Note that the discussion about Pfister quadrics and Milnor conjecture
essentially involves the prime p = 2 which is a minimal degree of a field
extension that splits X. One may ask what happens for other primes. Or
more precisely, is there some natural analog of a Pfister quadric which has the
similar motivic decomposition. Observe that this question naturally arises
in the context of Bloch-Kato conjecture (generalization of Milnor conjecture
to other primes).

The goal of the paper is to show that any generically split projective
homogeneous G-variety X provides such an analog, where G is an anisotropic
simple linear algebraic group of inner type which splits by a field extension of
a prime degree p. Observe that the property of being generically split depends
on Tits indices of the group G (see [1166]). We prove (see Theorem B that
the motive of such variety splits as a direct sum of (twisted) copies of a
certain indecomposable motive Rx. The prime p here is a torsion prime of
G. In this way we obtain motivic analogs of a Pfister quadric for p = 3
(Ee/Fs) and p =5 (Es/Fs).

Our work was mostly motivated by the paper of N. Karpenko [Ka(T],
where he provided an elementary construction of the motive R x for a Pfister
quadric X. In fact, Theorem can be viewed as a further generalization
of Karpenko’s and Rost’s ideas and is based on Rost Nilpotence Theorem.
The key idea is to reduce the problem of decomposing the motive of X to
the problem of providing a certain family of algebraic cycles on X. The
latter turns out to be a purely combinatorial problem related with properties
of characteristic map studied by Grothendieck, Demazure, Karpenko and
Merkurjev (see [Grh8|, [De74], [KMOA]).

The paper is organized as follows. In section 2 we provide general argu-
ments concerning lifting of idempotents. In section 3 we study Chow mo-
tives of generically split varieties and prove the main result Theorem In
the next section 4 we provide properties of projective homogeneous varieties
which will be extensively used in the applications. In particular, we relate
the question of indecomposability of Rx with the question of existence of
zero-cycles of degree one on X. In section 5 we provide applications of The-
orem to various examples of projective homogeneous varieties. Namely,



to Severi-Brauer varieties, Pfister quadrics and their neighbors, maximal or-
thogonal Grassmannians, varieties of types Go, F4 and strongly inner Eg. In
section 6 we decompose the motive of a variety of type Eg which splits by an
extension of degree p = 5. In the last section we reduce the computations of
motives of general flag varieties to the examples of sections 5 and 6.

2 Decomposition of the diagonal

Let p be an integer (not necessary a prime) and Z — Z/p be a specialization
map. The goal of the present section can be stated as follows. Given a ring
R satisfying certain conditions, its specialization R modulo p and a family
of pair-wise orthogonal idempotents ¢, in R such that Y. q. = 1g, produce
a family of pair-wise orthogonal idempotents ¢; in R such that ¢ = ¢, and

Zi q; = 1R'

2.1. Let A* be a graded commutative ring which is a free Z-module of rank
N. By A™ we denote the n-th graded component of A (component of codi-
mension n). Fix a homogeneous Z-basis {ey}r—1. v of A which will be called
standard. Assume there is a linear form deg: A — Z together with a (dual)
homogeneous Z-basis {¢) };=1..n of A such that

deg(exe)’) = g, for all k and I.
From now on fix an integer p and denote by A the reduction of A modulo p.

2.2 Definition. Given an element p € A" of codimension r a family {;}ier
of homogeneous elements in A is called p-balanced if it satisfies the following
conditions

(a) the set of indices Z is equipped with an involution i +— i®, p- #Z = N,
(b) forallm=0...2(p—1)and i,j € Z
€(Z/p)*, fm=p—1landi=j

=0, otherwise.

deg(p™ a;aje) {

To simplify the notation denote C; = deg(p”a;aus) € (Z/p)*.

2.3 Lemma. Let {«;};er be a p-balanced family of elements in /_1.7 The
elements p"a;, m = 0...p— 1,1 € L form a homogeneous basis of A over
Z/p called a p-basis.



Proof. By ZZ2(b) the elements p"«; are linear independent. Indeed, if x =
vai Cmip" oy then ¢, = C%deg(a:pp_l_mozi.). Therefore, if x = 0 then
cmi=0foralli€Zandm=0...p—1. Let M be a quotient module of A
by a submodule generated by {p™«;}. Since p- #Z = N, M/dM = 0 for all
prime divisors d of p. Therefore M = 0 and the lemma is proved. O

2.4. Let {éx} be the reduction modulo p of the standard basis {e;}. Consider
a p-basis {p™a;} of A. Let {p™;}(™ C A" be its component of codimension
n. Let D™ € (Z/p)* be the determinant of the matrix which expresses
{p™a;}™ in terms of the components of the basis {&} of codimension n.

2.5 Definition. We say a p-balanced family {«;}icr is unimodular in codi-
mension n if D™ 4+ 1. We say a p-balanced family is unimodular if it is
unimodular in all codimensions n.

2.6 Lemma (Basis Lifting Property). Assume there is a basis {fi} of A"
such that the transition matriz from {e,}™ to {f/} has determinant £1.
Then there ezists a Z-basis { fi} of A™ such that fi, = fi, where k=1...1.

Proof. Since Z/p is a semi-local ring, the group SL;(Z/p) is generated by ele-
mentary matrices. Hence, the reduction map SL;(Z) — SL;(Z/p) is surjective
and the lemma follows. O

2.7 Corollary. Assume we are given an unimodular p-balanced family of
elements in A. Then the respective p-basis of A can be lifted to a homogeneous

basis of A.
Proof. Apply the lemma to all graded components of the p-basis. O

2.8 Remark. Observe that for p = 2, 3, 4, 6 any p-balanced family of
elements is unimodular. Therefore any p-basis can be lifted to a homogeneous
basis over Z.

2.9. We endow the abelian group A ® A with a (graded) ring structure by
means of the composition product (a®f)o(a/ @) — deg(af’) (¢’ ®3) and
denote the resulting ring by R. The identity element of R we call a diagonal
and denote it by Ag. Recall that an element ¢ € R is called an idempotent if
goq = q. We say two idempotents ¢ and ¢’ are orthogonal if goq' = ¢'oq = 0.

2.10. Assume we are given an unimodular p-balanced family in A. Let {u,;}
be a homogeneous Z-basis of A obtained by lifting the p-basis {@,,; = p"a;}

4



according to Corollary 7 Let {u,,;} be the respective dual basis, i.e.,
defined by

deg(um,iu;/lw) = 5m,m’5i,i" (1)
By 22 (b) we obtain that
ﬂxm = Ciippilimaio € A (2)
p—1

2.11 Proposition. Homogeneous elements ¢; = Y )~ U i @uy, ;, @ € L, are
pair-wise orthogonal idempotents in R such that ), ;¢ = Ar. Moreover,

i= 2 e (4 ar) 3)

m=0

Proof. The fact that they are pair-wise orthogonal idempotents follows from
the definition of the composition product and ([{l). On the other hand, since
Ag is the identity of R, Agp = > tUm; @ u,, ;. Formula () then follows
from the definition of u,,; and (&). 7 O

2.12 Remark. Consider an arbitrary p-basis. In each codimension n such

that D™ # 41 choose an element p™q; and replace it by D}n) P,

So obtained family of elements will form a unimodular homogeneous basis
of A. Let {v,,;} and {vy,;} be the respective liftings to A. By definition
Umpin = Tty limn,in a0d 0y, 5 = D(”)ﬂ,vnmin. Observe that by means of this

procedure the idempotents g; of ([Bl) will not change.

3 Motives of generically split varieties

In the present section we apply the results of the previous section to Chow
motives of generically split varieties. For the definition and properties of
Chow motives we refer to the papers [Ma68] and [Ka(ll, sect.2].

3.1. Recall that a category of Chow motives is defined as follows. First, we
define the category of correspondences Corr(F') over a field F. Its objects are
smooth projective varieties over F'. For morphisms, called correspondences,
we set Mor(X,Y) := CHgjmx (X x Y). For any two correspondences o €
CH(X xY) and f € CH(Y x Z) we define the composition product o« €
CH(X x Z) as

B oo = pryg,(pris(a) - prys(9)), (4)
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where pr;; denotes the projection on the i-th and j-th factors of X x Y x
Z respectively and pr;; , prj; denote the induced push-forwards and pull-
backs for Chow groups. Taking the pseudo-abelian completion of Corr(F')
we obtain the category of effective Chow motives Chow®!/(F). Its objects are
pairs (X, p), where X is a smooth projective variety and p € Mor(X, X) is
an idempotent, that is, pop = p. The morphisms between two objects (X, p)
and (Y, q) are the compositions ¢ o Mor(X,Y") o p. Denote M(X) = (X, id).
Following this definition the motive of a projective line splits as a direct sum
M(P') = M(pt) & L of the motive of a point and some motive L called
Lefschetz motive. Formally inverting L one obtains the category of Chow
motives Chow(F).

By construction, Chow(F) is a tensor additive category, where the tensor
product is given by the usual product (X,p)® (Y,q) = (X xY,p x q). For a
given motive M denote by M (k) its twist, i.e., the tensor product M & L®*.
For a cycle a denote by ! the corresponding transposed cycle.

3.2 Definition. Let X be a smooth irreducible projective variety over a field
F. We say L is a splitting field of X if the Chow motive M(X) of the scalar
extension X; = X Xg L is isomorphic to a direct sum of twisted Lefschetz
motives and the natural map resy/p : M(X) — M(Xy) is an isomorphism
after tensoring with Q. We say X is generically split over F' if its function
field K = F(X) is a splitting field of X.

3.3 Remark. According to Lemma any projective homogeneous G-
variety of a linear algebraic group G of inner type over F' which splits over
the generic point of X provides an example of a generically split variety.

Let L be a splitting field of X. In view of the notation of the previous
section set A = CH(X) and denote by A, the image of the restriction
map resy/p: CH(X) — CH(X.). An element (cycle) of A, will be called
rationall.

3.4. According to [Ma68] and [KMO5, Rem. 5.6] the ring A = CH(X) is a
free Z-module, there is Kiinneth formula CH(X x X ) = A® A and Poincare
duality. The latter means that for a given basis {ex} of A there is the dual
basis {e)'} with respect to the degree map deg : CH(X) — Z. Observe that
the composition product introduced in coincides with the composition of

endomorphisms in End(M (X)), hence, End(M (X)) = (A @ A)dmX),

The following facts will be extensively used in the sequel
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3.5 Lemma. Let L be a splitting field of a variety X of finite degree over F'.
Then for any o € A we have [L : F]-a € Apq.

Proof. Choose an element v in A = CH(X). Since resy/r ® Q is surjective
there exists an element § € CH(X) and a non-zero integer m such that
resz () = ma. By projection formula

m - cores(a) = cores(res(f)) = [L: F| - (.

Applying res to both sides we obtain m(res(cores(«))) = m[L : F|-«. There-
fore resy p(cores(a)) = [L : F| - o and the lemma is proven. O

3.6 Lemma. Let X be a generically split variety and L be a splitting field
of X. Let pry : (A® A)" — A" be the projection on the first summand in the
direct sum decomposition (A® A)" = (A" @ A%) @ ...® (A°® A"). Then for
any p € A" there exists a rational preimage of p by means of pr;.

Proof. Lemma follows from the commutative diagram

resL/F

CH"(X x X) —XCH" (X}, x X, a2t 4 @ A)

i | -

CH (Xp) —=— CH (X1 5) —=— A"

where K is the quotient field of X, the first vertical arrow pj is taken from
localization sequence for Chow groups and, hence, is surjective and the iso-
morphisms come from the fact that L and K are splitting fields of X. O

3.7 Lemma (Rost Nilpotence). (see [VZOG]) Let X be a generically split
variety and E/F be a field extension. Then the kernel of the natural map

End(M(X)) — End(M(XEg))
consists of nilpotent elements.

3.8 Corollary. Let X be a generically split variety and E/F be a field ex-
tension. Given a direct summand M of M(X) and a family ¢; € End(Mg)
of rational pair-wise orthogonal idempotents with ), q; = Ag there exist a
family of pair-wise orthogonal idempotents p; € End(M) such that Y. p; = A
and resp/p(p;) = ¢;. Moreover, if M, N are direct summands of M(X) and
¢ is a rational isomorphism between the Ng and M(i)g for some i, then
N ~ M(3).



Now we are ready to state and prove the main result of this paper

3.9 Theorem. Let X be a generically split variety. Assume there exists a
splitting field L of X of a prime degree p together with an element p € A" =
CH"(X)/p for some r such that

(i) for all s < r we have A* = AS,, and A" = (A", p);
(ii) there is a unimodular p-balanced family {c; }iez N Apa.

Then the Chow motive of X with integral coefficients can be expressed as the
direct sum
M(X) ~ @R(Codim a;),
i€l
where the motive R is indecomposable if and only if there are no zero-cycles
of degree one on X.

Proof. By Lemma BH all cycles divisible by p are rational. Hence, to prove
that a certain cycle « is rational in R = A ® A is the same as to prove it in
R=A®g,A.

Consider two cycles p® 1 — (1 ® p), where e = £1. We claim that one
of them is rational (cf. [Ka(0ll, Lemma 5.1]). Indeed, since X is generically
split by Lemma B there exists a rational preimage of p ® 1

pR1+6(1@p)+ > m@u+18yepr (p@1),
k

where § € Z/p, codimensions of ji;, and v are less than r and v € A”,,. By
(i) the cycles py and vy are rational. Therefore 7 := p®1+9§(1®p) is rational.
If § = —1 take ¢ = 1. Otherwise the cycle 74+ 7' = (14+)(p@1+1® p)
is rational and therefore we can take ¢ = —1. Hence, we obtain a rational

cycle in R7P~1)

p—1

o=(p@l—c(lap)pP =) c"(prap ™. (5)

m=0

_ Applying Proposition Tl to the unimodular p-balanced family {a;} in
Ayat, we obtain the family of pair-wise orthogonal idempotents ¢; in R with
g; given by formula ([B). Note that idempotents ¢; are rational. Indeed, ¢; =



q; 0 g}, where ¢; = 37 €™ (up,; ® uy), ;) and the reduction ¢ = &0 - (a; ® a;e)
is rational.

Note that the motives (X, ¢;) and (X, gir)(codim(c;) — codim(ay)) are
isomorphic by means of an isomorphism ¢; ; given by

i = Y Mty @ Uy (6)

Observe that @; = C%_a - (v ® aye) and hence g,  is rational.

Applying Corollary to the idempotents ¢; and isomorphisms ; ;; we
obtain the desired decomposition with R = (X, p;,), where iy is a unique
index such that codim(c,) = 0.

Finally observe that the ring of endomorphisms End(R[) is additively
generated by i, @ uy, 0, m = 0...p — 1. Assume there is a rational
idempotent ¢ = ) @y (Um,ip @ U, ;). A straightforward computation shows
that a,, = 0, 1 for all m. Consider the rational cycle ¢-¢* = (3, am)-(pt®pt),
where the class pt = wu,_1,;, € CHo(X}) is represented by a zero-cycle of
degree one. The push-forward induced by the first projection sends this
cycle to (>, an) - pt. Denote a =) a,,. Note that ¢ is non-trivial if and
only if @ # 0 mod p. Therefore, the motive R is decomposable if and only
if the cycle a - pt is rational, where a # 0 mod p. But the cycle p - pt is
rational by Lemma and since a and p are coprime, pt must be rational
as well. Conversely, if pt is rational we can take ¢ = 1 ® pt € End(Rp). The
latter implies that the motive of a point Z is a direct summand in R, i.e., R
is decomposable. O

3.10 Remark. The fact that p is a prime integer was used in the proof two
times. First, to prove that the cycle o from (H) is rational. Indeed, to obtain
the formula (H) we used the congruence (*;') = (—1)° mod p which holds
only if p is prime. Second, to prove that the cycle pt is rational. In fact, we
proved that the cycle g.c.d.(a,p) - pt is rational. Then using the fact that p
is prime and a < p we concluded that g.c.d.(a,p) = 1.

3.11 Remark. If one drops the assumption of unimodularity for the p-
balanced family the proof still works by Remark 212, excluding the lifting
of isomorphisms (f). So one produces a motivic decomposition M (X) =~
®iczRi, where each R; has a property that modulo p (but not integrally) it
can be identified with R; ® Z/p ~ Ry(codim ;) ® Z/p.



3.12 Proposition. Let X and Y satisfy the hypothesis of Theorem [Z29 with
the same splitting field L of a prime degree p and the same codimension r.
Assume that one of two cycles px ® 1 —e(1® py) € CH (X, x Yy), e = £1
1s rational. Then the motives Rx and Ry appearing in the decomposition of
M(X) and M(Y) respectively are isomorphic.

Proof. Let {a;}iez and {a;};es denote the respective px- and py-balanced
families. The explicit isomorphism between Rx = (X, p;,) and Ry = (Y, p;,)
is given by the cycle

_ E ' m ) v
Pio,jo = € Umyig ® U jo»
m

where w,,; and w,, ; are liftings of the respective px- and py-basis. Note that
modulo p it coincides with the rational cycle

@io,jo - CLjo(pX ®1- 5(1 ® pY))p_l : (aio ® ajo')

and so is rational. It remains to apply Corollary to the isomorphism
Pio.jo- O

3.13 Lemma. Let X and Y satisfy the hypothesis of Theorem [Z9 with the
same splitting field L of a prime degree p and the same codimension r. If
F(Y) is a splitting field of X and F(X) is a splitting field of Y then the cycle
px @1 —e(1® py) is rational for some e € (Z/p)*. In particular, for p = 2
and 3 one of two cycles px ® 1 —e(1 ® py), e = £1 is rational.

Proof. The proof is the same as in the beginning of the proof of Theorem
using a slightly modified version of Lemma B.6, where instead of the product
A® A= CH(X)® CH(X,) one considers CH(X ) ® CH(Y7). O

4 Projective homogeneous varieties

In the present section we list several important properties of projective ho-
mogeneous varieties needed to apply Theorem B9 From now on we assume
G is a simple linear algebraic group over a field F'.

4.1 Lemma. Let X be a projective homogeneous variety of a group of inner
type over a field F' then for any field extension E/F the natural map resg/p
M(X) — M(Xg) induces an isomorphism after tensoring with Q.
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Proof. Consider an isomorphism induced by Chern character CH(X) ® Q ~
Ko(X) ® Q. According to the results of paper [Pa94] the map resg/p :
Ko(X) ® Q — Ko(Xg) ® Q is an isomorphism. To finish the proof apply
Manin’s identity principle. O

4.2 Lemma. Let X be a projective homogeneous G-variety where G is a
group of inner type over F which splits over the function field of X Then X
1s generically split.

Proof. Follows from [CGM05, Corollary 7.6] and Lemma ET1 O

4.3 Lemma. Let G be a group of strongly inner type over F and X be a
projective homogeneous G-variety. Then for any splitting field L of X the
natural map resyp : Pic(X) — Pic(Xy) is an isomorphism.

Proof. Since for any field extension E/L the induced map resg,;, is an iso-
morphism we may assume L = Fj is the separable closure of F'. Consider an
exact sequence from [MT95]

0 — Pic(X) —L5 Pie(X,)" % Br(F), (7)

where I' denotes the absolute Galois group. For all groups of strongly inner
type the image of « is trivial by [Ii71] and [MT95, Prop. 2.5]. Since G is of
inner type, I' acts trivially on Pic(X) and, hence, Pic(X) ~ Pic(X,)" and
the lemma is proven. O

In the case of projective homogeneous varieties we can say more about
the motive R appearing in Theorem B9 Namely,

4.4 Proposition. Let X be a projective homogeneous G-variety such that
over its function field the group G splits. Assume we are under the hypothesis
of Theorem [Z9. If the motive R appearing in [ is decomposable then it
decomposes as the direct sum

p—1
R ~ @ Z(rm).
m=0

Proof. Indeed, if X possess a zero-cycle of degree one, then there exists a field
extension F/F of degree | coprime to p such that Xz has a rational point. By
[KR94, Thm. 3.10 and Cor. 3.9] since X is generically split, £ is a splitting
field of X and, therefore, the cycles [« are rational for all « € CH(Xg) by
Lemma Since [ and p are coprime, all cycles in CH(Xpg) are rational.
By Rost Nilpotence R ~ @fn_:lo Z(rm). O
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4.5 Remark. We refer to [To04, Q. 0.2 and Section 9] for the discussion
about existence of zero cycles of degree one on anisotropic projective homo-
geneous varieties.

5 Applications and Examples

As the first application of Theorem we obtain the prime degree case of
the main result of paper [Ka96] concerning motives of Severi-Brauer varieties

5.1 Corollary (Karpenko). Let D be a division algebra of a prime degree
p over a field F' and SB(M, (D)) be the Severi-Brauer variety of a central
simple algebra M, (D). Then

MSB(M, (D)) =~ D) M(SB(D)) ).

where M(SB(D)) is indecomposable.

Proof. The variety X is generically split and there is a splitting field L of X
of degree p. Set A = CH(P"~1). Set p = h to be the class of a hyperplane
section of P"P~1 7 ={0,1,...,n—1},i®* =n—1—iand o; = h*". Note that
h? is rational since h* = res(j.(1)), where j: SB(M,_1(D)) — SB(M, (D))
is the closed embedding and j, is the induced push-forward.

Hence, {a;}iez form a p-balanced family in A. Note that the respective
p-basis coincides with the standard basis of A (which consists of powers of
h) and, hence, is unimodular. Applying Theorem to the unimodular
p-balanced family {«;} we obtain the decomposition

M(SB(, (D)) ~ EDR(ip)

for some indecomposable motive R.

To show that the motive R is isomorphic to the motive M(SB(D)) we
apply Proposition to X = SB(M,(D)), Y = SB(D) and the rational
cycle hx ® 1 — 1 ® hy which generates the kernel of the map a of the exact
sequence (), where X is taken to be the product SB(M,, (D)) x SB(D). O
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5.2 Remark. In view of Remark to prove an arbitrary degree case it is
enough to show that the cycle o from (H) is rational. In [Ka00, Claim 7.8] it is
shown that o lies in the subring generated by rational cycles (hx ®1—1®hy ),
¢i(Tx)®1 and 1®¢;(Ty ), where ¢;(T) is the i-th Chern class of the respective
tangent bundle, and, therefore, is rational.

As the next application we obtain one of the results of paper [Ro98] about
motives of Pfister quadrics

5.3 Corollary (Rost). Let X be a n-fold Pfister quadric or its maximal

neighbor. Then
dim X —r

M(X) ~ EB R(i),

where the motive R is decomposable if and only if X is isotropic, and in this
case R ~ Z&Z(r), where r = 2"~1 —1. The motive R is called Rost motive.

Proof. By [EKM] Cor. 9.10] and Lemma L2 the variety X is generically split.
Moreover, it is split by a quadratic field extension L/F, i.e., in this case
p=2. Let A= CH(X;) and A be its specialization modulo 2. Set p € A"
to be the class of a maximal totally isotropic subspace of the respective
quadratic space. Set Z = {0,1,...,dim X — r} and the involution i
i®* = dimX — r —i. By Lemma all powers h', i = 0...dim X of a
class of a hyperplane section h € A' are rational cycles in A. Set a; =
h for i € Z. Knowing the multiplicative structure of A (see [Ka(l]) one
immediately obtains that {«;};cz form a unimodular p-balance family of
elements. Applying Theorem we finish the proof. O

The next example deals with maximal orthogonal Grassmannians

5.4 Corollary. Let (V,q) be a quadratic space corresponding to a mazimal
n-fold Pfister neighbor q. Let X be the respective mazimal orthogonal Grass-
mannian, i.e., the variety of maximal totally isotropic subspaces in (V,q).
Then

r(r—1)
M(X) ~ P R(i)*,
=0

where the motive R is the Rost motive of the maximal n-fold Pfister neighbor
q. In particular, R is decomposable if and only if q is isotropic, and in this
case R ~ 7 @® Z(r), where r = 2"~ — 1. The integers a; are the coefficients
at tin Ty (1+t%).
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Proof. According to Tits diagrams X is generically split and, moreover, splits
by a quadratic field extension L which splits q. The Chow ring A of X has
the following presentation (see [EKM])

A=1Zley,....e)/{e} =ey, 2i <rie? =0, 2 >7),

where codime; = i. For a subset I = {iy,... i} C {1,...,7} we denote
er = €, ...¢;,. The elements e; form an additive basis of A. Moreover, for
two cycles ey, ey with codime; 4+ codime; = dim X = T(r—;q) we have

{pt, J={1,...,r}\ 1,
ereg =
0, otherwise.
According to [EKM, Corollary 66.7] the cycles ey, ..., e,_; are rational. De-
fine p = e,. Let Z be the set of all subsets of {1,...,r — 1} with involution
being set-theoretical complement. Set ay = ey, I € Z. Observe that {a;}rer
form a p-balanced family of elements in A. Applying Theorem we obtain
the desired motivic decomposition.

To show that R is the Rost motive apply Proposition B 12 and LemmaBT3
to the variety X and the Pfister quadric Y. O

5.5 Remark. In the case r = 3 the proof goes through for the maximal
orthogonal Grassmannian corresponding to a quadratic form ¢ with trivial

even Clifford algebra Cy(q).

Next we provide the proof of the main result of paper [Bo(3] concerning
motives of Go-varieties.

5.6 Corollary (Bonnet). Let G be a twisted form of a group of type G,.
Consider a projective homogeneous G-variety X corresponding to a mazimal
parabolic subgroup of G (there are two such varieties). Then

M(X) ~ @R(z’),

where R is the Rost motive of the maximal 3-fold Pfister neighbor. In par-
ticular, R is decomposable iff X is isotropic, and in this case R ~ 7 @ Z(3).
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Proof. Again by Tits diagrams X is generically split and there is a quadratic
field extension L/F which splits X, i.e., p = 2. Using Pieri formula it
can be shown that the Chow ring A of X; modulo 2 is isomorphic to the
Chow ring of the maximal neighbor of the 3-fold Pfister quadric given by the
norm of the underlying octonion algebra. Moreover, since G is of strongly
inner type over I, by Lemma the subgroup of rational cycles of A is the
same as for the Pfister neighbor. The proof then follows from the proof of
Corollary B3 To show that the corresponding motives R are the same for
both varieties of type Go use Proposition and Lemma B.T3 together with
the fact that G splits over the function fields of both. O

Now we give a short proof of the main result of paper [NSZ] about the
motives of Fy-varieties.

5.7 Corollary. Let G be a twisted form of a split group of type ¥, which
splits by a cubic field extension. Let X be a projective homogeneous G-variety
corresponding to a mazximal parabolic subgroup of G given by the first or the
last vertex of the Dynkin diagram. Then

where the motive R is the same for both varieties. R is decomposable if and
only if X is isotropic, and in this case R ~ Z & Z(4) & Z(8).

Proof. By Tits diagrams X is generically split. Indeed, if G'r(x) is not split,
then Gp(x) must have Tits index F7} with anisotropic kernel Spin(g), where
q is a quadratic form of dimension 7. By the hypothesis Spin(q) must split
by a cubic field extension, contradiction.

Let L be a cubic field extension which splits G (p = 3). Since G is of
strongly inner type over F' by Lemma E3 the class of a hyperplane section
h generating the Picard group Pic(X7) is rational. Consider the Chow ring
A modulo 3. Using Pieri formula B4 we show that (h) = A’ for i < 4 and
ht = g{V + ¢{? is the sum of standard generators of 4. Set p = g\". Define
7 = {0,...,7} and the involution i* = 7 — i, i € Z. Set a; = h'. Direct
computations show that the elements {a; };c7 form a unimodular p-balanced
family. Applying Theorem B we obtain the desired motivic decomposition.

As in the case of Gy observe that the group G splits over the function
fields of both varieties. O
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Following the arguments of F4-case one immediately obtains Eg-case,
where Eg is of strongly inner type. Namely,

5.8 Corollary. Let G be a strongly inner form of a split group of type Eg
which splits by a cubic field extension. Let X be a projective homogeneous
variety corresponding to a mazximal parabolic subgroup of G given by the first
or the last vertex of the Dynkin diagram. Then

where the motive R is the same as in Fy-case. In particular, R is decompos-
able if and only if X is isotropic, and in this case R ~ Z @ Z(4) ® Z(8).

Proof. By Tits diagrams X is generically split. Indeed, if G'r(x) is not split,
then Gp(x) must have Tits index 'Eg% with anisotropic kernel Spin(q), where
q is a quadratic form of dimension 8. By the hypothesis Spin(q) must split
by a cubic field extension, contradiction.

Let L be a cubic field extension which splits G (p = 3). Since G is of
strongly inner type over F' by Lemma 3 the class of a hyperplane section
h generating the Picard group Pic(X7) is rational. Consider the Chow ring
A modulo 3. Using Pieri formula B4 we show that (h') = A’ for i < 4 and
ht = iV + ¢! is the sum of standard generators of A*. Set p = g\". Define
7 = {0,...,8} and the involution i* = 8 — i, i € Z. Set a; = h'. Direct
computations show that the elements {a; };c7 form a unimodular p-balanced
family. It remains to apply Theorem B9

The motive R is the same as in the F4-case, since X splits over the
function field of the Fy-variety Y and vice versa. Indeed, the underlying
Jordan algebra splits over the function fields of X and Y. O

6 The case of Eg

Let G be a group of type Eg, which splits by a field extension of degree 5.
Such a group exists according to [Galf, A.6.]. Let X be a projective G-
homogeneous variety of parabolic subgroups of type FPs. The variety X has
dimension 57 and is the minimal possible Eg-variety in the sense of dimension.
In the present section we prove
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6.1 Theorem. The Chow motive of X is isomorphic to

MX)~ @B Ry

i=0...1,j=0...23

where the motive R;; is decomposable if and only if X has a zero-cycle of
degree one, and in this case R, ; is isomorphic to the direct sum

Rij~ (Z®7Z(6)®Z(12) & Z(18) & Z(24))(10i + j).
Moreover, considered with 7./5-coefficients it is isomorphic to
Rij @ZL)5 ~Royp(10i + j) ® Z/5.

Proof. Let L be a splitting field of X of degree 5, i.e., p = 5. Since G
is of strongly inner type over F', by Lemma the Picard group of X is
generated by a rational cycle h. Consider the Chow group A = CH(X})/5.
Pieri formula shows that A® = (k%) for i < 5 and in codimension 6 it
is generated by two elements. One of them is h® and, hence, is rational.
According to B3 (i) we can take any other generator as a cycle p. In terms

of the standard basis of A% (see Appendix), h% = gél) + géQ) and we choose
p=gs

We set Z = {0,1} x {0,...,23} and the involution (4, j)* = (1 —1,23 — 7).
Define a p-balanced family {a;;}ujer as a;; = c¢ioh?, where ¢y is the 10-
th Chern class of the tangent bundle over X;. The choice of the 10-th
Chern class is not accidental. Indeed, this is the next codimension (after 6)
where the number of generators jumps by one. Direct computations (using
formulae from Appendix) show that {c )} j)ez is a p-balanced family. The
respective p-basis is non-unimodular, since there are determinants which are
equal to £2 mod 5. Applying Theorem and Remark BTl we finish the
proof of the Theorem. O

7 Chow motives of fibered spaces

The main result of paper [CPS7] says that under certain restrictions the
Chow motive of a twisted flag variety X can be expressed in terms of the
motive of a 'minimal’ flag, i.e., the one which corresponds to a maximal
parabolic subgroup. These restrictions cover almost all twisted flag varieties
corresponding to groups of types A, and B, together with some examples
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of types C,, Gy and F4. In the present section using the result of Edidin
and Graham [EG97] about cellular fibrations we extend this set of examples
for groups of inner types C,, D,, and exceptional groups. We also provide
a shortened and uniform proof of the results obtained in [CPSZ]. More
precisely, we prove the following

7.1 Theorem. Let Gy be a split simple linear algebraic group over a field
F and P C P' parabolic subgroups of Go. For a cocycle £ € Z'(F,Gy) let
G = Gy denote the twisted form of Gy and X = ¢(Go/P) and X' = ¢(Go/P’)
the respective twisted flag varieties. If G splits over the generic point of X',
then the Chow motive M(X) of X is isomorphic (non-standardly) to a direct
sum of twisted copies of the motive M(X'), i.e.,

M(X) ~ P M(X')(a:).

1€l

Proof. Consider the standard map 7 : X — X’. Since G splits over F(X'),
the fiber of 7 over F'(X’) splits, i.e., is isomorphic to P’/ P. Moreover, there is
an open subset of X’ over which G splits. Since G acts transitively on X', the
map 7 is a locally trivial fibration whose fiber is isomorphic to P’/ P, i.e., has

a decomposition into affine cells. To finish the proof apply the proposition
below. O

7.2 Proposition. Let f : Y — X be a smooth projective locally trivial
fibration with X smooth and projective whose fiber F has a decomposition into
affine cells. Then M(Y') is (non-standardly) isomorphic to M(X) @ M(F).

Proof. We follow the proof of [EG97, Prop. 1]. Define the morphism

v PMX) (@) = M(Y)
ieT
to be the direct sum ¢ = €,.; i, where each ¢; is given by the cycle
[pry (B;)-T'f] € CH(X xY) produced from the graph cycle I'y and the chosen
(non-standard) basis {B;}icr of CH(Y') over CH(X). The realization of ¢
coincides exactly with an isomorphism of abelian groups CH(X )@ CH(F) —
CH(Y") constructed in [EGI7, Prop. 1]. By Manin’s identity principle [Ma6§]
© is an isomorphism and we are done. 0

Let P = Pg be a standard parabolic subgroup corresponding to a subset
O of the Dynkin diagram D and Py, k € D, stands for the maximal parabolic
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subgroup Pp\(x}. Enumeration of roots follows Bourbaki. To simplify the
notation we will write Xg for the form of Gy/Pe twisted by & € Z1(F, Gy)
and X, for the form of G/ P, respectively. By definition all forms G = (G of
G are of inner type over F'. Since we are interested in twisted flag varieties
we may assume Gy is adjoint. As an immediate consequence of the theorem
we obtain that

7.3 Corollary. For a group G of inner type D over F' and twisted flag
varieties Xo and Xj, there is an isomorphism of Chow motives

M(Xe) = @ M(X0)(a).

1€

where the number k € D corresponds to a parabolic subgroup Py containing
Py (i.e., k € D\ ©) and satisfies the following conditions depending on D

A,: k is prime to the degree of a splitting field of G (cf. [CPSA, Thm. 2.1]);

B,: k=n (cf. [CPSZ, Thm. 2.9]); if G = PGO*(q), where q is a mazimal
Pfister neighbor, k is arbitrary;

Cn: k is odd (cf. [CPSZ, Thm. 2.11));
D2m+1-' k= 2m, 2m + 17'

Dy: k=2m — 1, 2m in the case G = PGO™(q), where q is a non-singular
quadratic form over F; moreover, if q is a Pfister form, then k is
arbitrary;

Go: k is arbitrary (cf. [CPSA, Thm. 2.13]);

Fy: k#4 or G splits by a cubic field extension (cf. [CPSZ, Thm 2.14]);

3,5
E¢: k=<2,4 if G is of strongly inner type
1,6

if G 1s of strongly inner type and splits by a cubic field extension.

Es: k is arbitrary in the case G splits by a field extension of degree 5.
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Proof. In order to apply the theorem to the fibration Xg — X, we need
to assume that the group G splits over the generic point of X;. The latter
condition can be extracted from the Tits diagrams of G (see [I566]). Namely,
it holds if the only Tits diagram of GG containing a circled vertex numbered
by k is the split one, i.e., having all vertices circled.

We provide the proof for the most complicated cases Gy = Eg and Eg
only. All the other cases can be treated similarly and are left to the reader.

Analyzing Tits diagrams for a general Eg we obtain immediately the cases
k = 3, 5. For strongly inner forms of Eg using the diagrams provided in [T790),
5.2] we obtain the cases k = 2, 4. In the cases k = 1, 6 the only possible
non-split diagram is 'EZ% whose anisotropic kernel is Spin(q), where ¢ is a
3-fold Pfister form. But according to Springer’s Theorem ¢ can not split by
a cubic field extension.

In the case of Eg the anisotropic kernel of Gp(x,) is trivial since it can’t
split by a field extension of degree 5 by [Ta04, Thm. 5.1]. O

Let S be a coefficient ring such that Krull-Schmidt theorem holds in
the category of Chow motives of projective homogeneous G-varieties. For
instance, S is a field or a discrete valuation ring (see [CM0O4, Cor. 9.7]). By
M ® S we denote a motive M considered with S-coefficients.

7.4 Corollary. For a group G of inner type D over F' there is an isomor-
phism of Chow motives with S-coefficients

M(Xo) ® 5 ~ (R @ ) (a),

where an indecomposable motive R (depending only on G) and the subsets ©
are taken from the following list

A, For G = PGL,4(D), where D is a division algebra of index d, take R =
M(SB(D)) and © such that ged(©U{d}) =1 (c¢f. [CPSZ, Prop. 2.4]).

Cp: For G = PGUy, (D, h), where D is a division algebra of index d = 2",
with an anti-hermitian form h, take R = M(SB(D)) and © such that
D\ © contains an odd number.

B, and D,,: Assume G = PGO™(q), where q is a Pfister form or its maz-
imal neighbor. Take R to be the Rost motive corresponding to q and
arbitrary ©.
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Go: For G = Aut(Q), where O is an octonion algebra take R to be the Rost
motive of a mazximal Pfister neighbor of Ng and arbitrary ©.

Fy: Assume G = Aut(J), where a Jordan algebra J splits by a cubic field
extension. Take R to be the integral motive appearing in the decompo-
sition of Cor. [0 ] and arbitrary ©.

E¢: Assume G = Aut(Nj)aq and J splits by a cubic field extension. Take
the same R as in the Fy-case and arbitrary ©.

Es: Assume G splits by a field extension of degree 5. Take R to be an
integral motive appearing in the decomposition of Theorem 61 and ar-
bitrary ©.

Proof. Consider the variety X, where k = 8 if G has a type Eg and k =1
otherwise. The motive M (X)) with S-coefficients splits as a direct sum of
copies of R ® S by the results of the previous section. Our conditions on G
and © imply that G splits over F(Xg) and over F(Xy). If kK € D\ © we
apply the previous corollary. Otherwise consider the flag Xe\ (). According
to the theorem the motive M(Xeg\(x3) ® S has two different decompositions

P M(Xe)(b:) @S ~ M(Xo\uy) @S ~ P M(X) (1)) @S ~ PR @S

i€l JjeTJ lel

By Krull-Schmidt Theorem for motives with S-coefficients [CM04, Cor. 9.7]
the motive M(Xg) ® S has the desired decomposition. O

8 Appendix

8.1. Let Gy be a split simple algebraic group of rank n defined over a field
F. We fix a maximal split torus 7" in GGy and a Borel subgroup B of G|
containing 7" and defined over F'. We denote by ® the root system of Gy, by
IT={ay,...,a,} the set of simple roots of ® corresponding to B, by W the
Weyl group, and by S = {s1,...,s,} the corresponding set of fundamental
reflections. Enumeration of roots follows Bourbaki.

Let P = Pg be a (standard) parabolic subgroup corresponding to a subset
© C 11, i.e., P = BWgB, where Wg = (s49,0 € O). As P; we denote the
maximal parabolic subgroup P\ {a,}-
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Denote WO = {w e W |Vs € © I(ws)=1(w)+1}, where [ is the length
function. The pairing W€ x Wg — W with (w,v) — wv is a bijection and
l(wv) = l(w) + I(v). Tt is easy to see that W® consists of all representatives
in the left cosets W/Wg which have minimal length.

8.2 (Standard basis). Now consider the Chow ring of a projective homo-
geneous variety Go/Pe. It is well known that CH(Gy/Po) is a free abelian
group with a basis given by classes of varieties X, = PwP/P that correspond
to the elements w € W®©. We call such a basis standard. The codimension of
the basis element [X,,] equals I(wy) — I(w), where wy is the longest element
of Wg. Standard generators of codimension n will be denoted by gT(f ),

There exists a natural injective pull-back homomorphism
CH(Gy/P) — CH(Gy/B)
[Xu] = [Xuww,]

The following results provide tools to perform computations in the Chow
ring CH(Gy/Po).

8.3 (Poincaré duality). In order to multiply two basis elements h and g of
CH(Gy/Pe) such that codim h + codim g = dim G/ Pg we use the following
formula (see [Ko91), 1.4]):

[Xu] - [Xur] = Owwowrw, - [X1].

8.4 (Pieri formula). In order to multiply two basis elements of CH(Gy/B)
one of which is of codimension 1 we use the following formula (see [De74,

Cor. 2 of 4.4]):

[(Xuwosal [Xuw] = Z <Bv>wa>[stg]>

Bedt, l(wsg)=l(w)—1

where « is a simple root and the sum runs through the set of positive roots
B € &, s, denotes the simple reflection corresponding to o and @, is the
fundamental weight corresponding to a.. Here [X,,s,] is the element of codi-
mension 1.

8.5 (Characteristic map). Let P = P(®) be the weight space. We denote as
w1, ...w; the basis of P consisting of fundamental weights. The symmetric
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algebra S*(P) is isomorphic to Z[w,...w;]. The Weyl group W acts on P,
hence, on S*(P). Namely, for a simple root o,

_ Wi — oy, 1=],
We, (W) =
2 — .
Wj, otherwise.

We define a linear map c: S*(P)"?e — CH*(Gy/Ps) as follows. For a ho-
mogeneous Wp,-invariant u € Z[wy, . .., w)

c(u) = Z Aw(u)[Xwowwe]>

weW®, l(w)=deg(u)
where for w = s;,...s;, we denote by A, the composition of derivations
A, o...0 A, and the derivation Ay S*(P) — S*1(P) is defined by
Ay (u) = =2,

g

8.6 (Tangent bundle). Consider the tangent vector bundle 7" over Go/Pe

and observe that
o(T)=c( [[ (1+t7)),
7€ (Po)

where ¥, (Pg) is the set of (positive) roots lying in the unipotent radical of
the parabolic subgroup Pg and ¢(T') denotes the total Chern class. Since
the tangent vector bundle is rational, the cycles ¢;(T) € CH'(Gy/Pe) are
rational.

The formulae above were implemented in Maple package [NS]. Most of the
computations in the paper were performed and checked using this package.
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