SYMBOLS AND CYCLICITY OF ALGEBRAS AFTER A SCALAR EXTENSION

ULF REHMANN, SERGEY V. TIKHONOV, AND VYACHESLAV I. YANCHEVSKIĬ

Abstract. 1. For a field F and a family of central simple F - algebras we prove that there exists a regular field extension E/F preserving indices of F -algebras such that all the algebras from the family are cyclic after scalar extension by E.

2. Let A be a central simple algebra over a field F of degree n with a primitive n-th root of unity ρ_n. We construct a quasiaffine F -variety Symb(A) such that, for a field extension L/F , the variety Symb(A) has an L-rational point iff A ⊗_F L is a symbol algebra.

3. Let A be a central simple algebra over a field F of degree n and K/F a cyclic field extension of degree n. We construct a quasi-affine F -variety C(A, K) such that, for a field extension L/F with the property [KL : L] = [K : F ] ,the variety C(A, K) has an L-rational point iff KL is a subfield of A ⊗_F L.

0. Introduction

Let A be a finite dimensional central simple algebra over a field F . By Wedderburn’s theorem, there is a unique integer m ≥ 1 and a central division F -algebra D which is unique up to F -isomorphism such that A ∼= M_m(D). The degree of A is defined by deg(A) = √ dim_F A, the index of A is said to be ind(A) = deg(D), and the exponent exp(A) of A is the order of the equivalence class [A] in the Brauer group Br(F ). For a field extension E/F , res : Br(F ) −→ Br(E) denotes the restriction homomorphism and A_E denotes the tensor product A⊗_F E.

In the paper we consider the following problems related to properties of central simple algebras over scalar extensions.

Problem 0.1. Let {A_α}_{α∈I} be some family of central simple F -algebras. Fix some central simple algebra property P. Does there exist a field extension E/F (if possible, regular) such that each member of the family {A_α ⊗_F E}_{α∈I} has the property P?

Date: February 25, 2009.

The second and the third authors are grateful to the CRC 701 at the University of Bielefeld for the hospitality during the preparation of the paper. 1

2 REHMANN, TIKHONOV, YANCHEVSKIĬ

Problem 0.2. Let A/F be a central simple algebra. Fix some central simple algebra property P. Does there exists an algebraic F -variety V (affine, quasi-affine, projective or quasi-projective) such that A ⊗_F L has the property P iff V has an L-rational point?

Of course, the above problems in their all generality are vague, so below we explain (and motivate) which kind of properties P we mean.

Example 0.3. P is a property to have a given index.

Example 0.4. P is a property to have a given exponent.

Example 0.5. P is a property to have given both exponent and index.

In [12, Lemma 1.3.] it is proved that given a central simple algebra A over F of exponent e and index d with prime power decomposition d = � p^{vp(d)}, then for any divisor δ of d there exists a field extension E^{(δ)} such that

exp(A ⊗_F E^{(δ)}) = gcd(e, δ) and ind(A ⊗_F E^{(δ)}) = � p|δ p^{vp(d)}.

Example 0.6. P is a property for an algebra to have coincided exponent and index (index-exponent property).

Remark 0.7. The latter Example leads us to the index-exponent problem.

Problem 0.8. Describe a class of fields F for which ind(A) = exp(A) for any central simple F -algebra.

It is an old open question whether this problem has a positive solution in the class of C_2-fields. The recent results of A. J. de Jong ([11]) and M. Lieblich ([14]) show that for the class of function fields of surfaces over algebraically closed fields this question has an affirmative answer.

Another kind of properties P is related to presentation of algebras by generators and defining relations. The most popular and simple classes of algebras in this sense are the following.

(i) Matrix algebras M_n(F ).

(ii) Crossed products (L/F, Gal(L/F ), f). Let L/F be a Galois field extension, Gal(L/F ) its Galois group and f a 2-cocycle of G with values in L^∗. Then (L/F, Gal(L/F ), f) is a left L-module with L-base {u_τ }_{τ ∈Gal(L/F )} and multiplication table: u_sl = l^su_s, u_su_t = f(s, t)u_{st} for any s, t ∈ Gal(L/F ) and l ∈ L.

SYMBOLS AND CYCLICITY OF ALGEBRAS 3

(iii) Cyclic algebras (Z/F, s, a). They are a special form of crossed products. Let Z/F be a cyclic field extension of degree n, s a generator of Gal(Z/F ) and a ∈ F^∗. Then (Z/F, s, a) is a left Z-module with Zbase {u^i_s}_{i=1,...,n} and multiplication table:

u^i_sc = c^{si} u^i_s and u^n_s = a for any i = 1, . . . , n and c ∈ Z.

(iv) Symbol algebras (a, b)_n. These algebras also have a simple set of generators and defining relations. Let ρ_n ∈ F be a primitive root of unity of degree n and a, b ∈ F^∗. Then (a, b)_n is an n^2-dimensional vector F -space with an F -base

{A^iB^j }_{i,j=1,...,n}

and multiplication table

A^j B^i = ρ^j_nB^iA^j, A^n = a, B^n = b.

Remark 0.9. Because of the simplicity of sets of the above generators and defining relations it is interesting to study the properties P of algebras to be one of the kinds above four types (i)-(iv), especially to be cyclic or symbol (more generally to be a crossed product with a Galois group of simple structure, for instance abelian).

Remark 0.10. Over an arbitrary field F an arbitrary central simple algebra A/F does not necessarily belong to one of the classes (i)-(iv). Hamilton in 1843 proved that over R not every central simple algebra is a matrix algebra. Albert in 1932 ([1]) gave an example of a non-cyclic division algebra, and later Amitsur in 1972 ([2]) proved that there do exist noncrossed product algebras. It is easily derived from the latter result that Amitsur’s algebras are not symbol algebras.

Before we formulate our main results let us list some known facts with different properties P.

(i) If P is a property to be a matrix algebra, then for a single finite dimensional central simple algebra A, problem 0.1 always has a solution, given by a so-called splitting field for A. There are a lot of results about splitting fields, which are regular extensions of the ground field, obtained by Witt, Brauer, Roquette, Chatelet, Kovach, Heuser and others. In this case also problem 0.2 has a solution: The Severi-Brauer variety associated to A has the required properties.

(ii) If P is a property to be a crossed product algebra with a given finite group G and with injective restriction homomorphism Br(F ) −→

4 REHMANN, TIKHONOV, YANCHEVSKIĬ

Br(E), then the answer is also positive. In the appendix to [5, Th. 4] a proof of an unpublished result of D. Saltman is given:

Theorem 0.11. Let F be a field, A a central simple algebra of degree n over F and G a finite group of order n. Then there exists a finitely generated field extension E/F such that:

A_E is isomorphic to a G-crossed product;

the restriction homomorphism res : Br(F ) −→ Br(E) is an injection.

Remark 0.12. For G cyclic and ρ_n ∈ F , a simple proof of this fact is given in [8, Th. 5.5.1].

Remark 0.13. The first mentioning about existence of positive solutions in the latter two cases is due to M. van den Bergh and A. Schofield. They also showed how one could be able to prove corresponding statements ([3]). In [3] it was noted that given a central division algebra A over a field F , there exists a regular field extension E/F such that A_E = A ⊗_F E is a cyclic division algebra (see the discussion after Theorem 2.6 in [3]).

In our paper we extend this result and prove that for a field F there exists a regular field extension E/F preserving indices of all central simple F -algebras such that all E-algebras are cyclic.

As for Problem 0.2, we construct a quasi-affine variety such that the existence of L-rational point of that variety is responsible roughly speaking for A ⊗_F L to be an algebra with a maximal cyclic subfield coming from a given cyclic extension Z/F of degree deg(A). (The fact that for a given cyclic extension Z/F of degree deg(A) there exists at least one regular extension L/F such that [LZ : L] = deg(A) and LZ is a maximal subfield of A ⊗_F L follows from [4, Th. 3.7].)

More precisely, in Section 1 we prove the following

Theorem 0.14. Let F be a field. Then there exists a regular field extension E/F with the following properties:

(i) any central simple E-algebra is cyclic, (ii) for any central simple F -algebra C, ind(C_E ) = ind(C), (iii) for any central simple F -algebra C, exp(C_E ) = exp(C), (iv) the restriction homomorphism res : Br(F ) −→ Br(E) is an injection.

In Sections 2 and 3 we prove the following

Theorem 0.15. Let ρ_n ∈ F and A be a central simple F -algebra of degree n. Then there exists a quasi-affine F -variety Symb(A) such that

SYMBOLS AND CYCLICITY OF ALGEBRAS 5

for a field extension L/F Symb(A) has an L-rational point iff A_L is a symbol algebra.

Theorem 0.16. Let A be a central simple algebra over a field F of degree n and K/F a cyclic field extension of degree n. Then there exists a quasi-affine F -variety C(A, K) such that for a field extension L/F with the property [KL : L] = [K : F ] C(A, K) has an L-rational point iff KL is a maximal subfield of A_L.

To illustrate the usefulness of our considerations we will show how one can reduce a well known conjecture of Suslin related to generic elements of reduced Whitehead groups to the case of central division algebras of a special type.

First recall a few definitions. For any central simple algebra A/F a reduced norm mapping Nrd : A −→ F is defined. Its restriction to the multiplicative group A^∗ of A gives a homomorphism Nrd : A^∗ −→ F^∗. Then the factor group SK_1(A) of the kernel of this homomorphism by the commutator subgroup of A^∗ is usually called the reduced Whitehead group of A. At least two observations make this group of a special interest. The first is its well known relation to Kneser-Tits conjecture for algebraic groups ([7]) and second its connection with a problem of rationality for such groups via group of R-equivalences classes for a group algebraic varieties ([7]).

In this context A.A. Suslin assumed that

Conjecture 0.17. (Suslin, 1991, [20], [21]). Let A/F be a central simple algebra of ind(A) prime to char(F ), G the algebraic group defined by SL(1, A), F (G) its function field, G(F(G)) the group of F (G)- rational points of G. If ind(A) is not square-free then a generic point ξ ∈ G(F(G)) leads to a nontrivial generic element of SK_1(A ⊗_F F (G)).

Nowadays this conjecture is proved only in case where ind(A) is divisible by 4 ([15]).

Remark 0.18. It is easy to see that to prove Suslin’s conjecture it is sufficient to prove the following statement: for any central simple algebra A/F with ind(A) which is not square-free there exists a field extension E/F such that SK_1(A ⊗_F E) ≠ {0}.

Using above results we prove immediately the following.

Theorem 0.19. Suslin’s conjecture is true iff it is true for all cyclic division algebras.

Combining the above theorems with the main result of [18] one can prove the stronger

6 REHMANN, TIKHONOV, YANCHEVSKIĬ

Theorem 0.20. Suslin’s conjecture is true iff it is true for all cyclic division algebras of the form (a, c)_p ⊗ (b, d)_p.

1. Cyclicity after a scalar extension

In order to prove the Theorem 0.14 we need a few preliminary statements.

Proposition 1.1. ([3, Th. 1.3], [19, Th. 13.10]) Let D, E be central division algebras over F of indices m and n respectively. Let BS(E) be the Severi-Brauer variety of E and let K be its function field. Then ind(D ⊗_F K) = gcd{ind(D ⊗_F E^i)} where i ranges from 1 to n.

Remark 1.2. In the literature the latter formula is called the index reduction formula.

Corollary 1.3. Let D, E be central division algebras over F . Let K be the function field of the Severi-Brauer variety BS(E). Assume that ind(D) is coprime to ind(E). Then ind(D ⊗_F K) = ind(D).

Proof. Use the index reduction formula. □

Lemma 1.4. ([6, p. 176, ex. 7]) Let E/F be a cyclic field extension of degree q^{l−1} (q is prime). Let Gal(E/F ) =< σ >. Let also (char(F ), q) = 1. Assume that there exists an element β ∈ E such that N_{E/F} (β) = ρ_q (ρ_q= primitive q-th root of unity). Let a ∈ E be such that a^σ/a = β^q. Then

(i) for any λ ∈ F^∗ the polynomial x^q − λa is irreducible over E,

(ii) if θ is a root of that polynomial, then E(θ) is a cyclic extension of F of degree q^l.

The following result we will use only in the case p = 2, but for the sake of generality, we will prove it for any p.

Lemma 1.5. Assume ρ_p ∈ F . Then for any m ∈ N there exists a tower of field extensions F ⊂ K ⊂ E such that

SYMBOLS AND CYCLICITY OF ALGEBRAS 7

(i) E/F is a regular extension;

(ii) E/K is a cyclic extension of degree p^m; (iii) for any central simple F -algebra C, ind(C_E ) = ind(C).

Proof.

We will prove the statement by induction on m. Let C be a central simple F -algebra. If m = 1, set K = F (x) and E = K(^p √ x) where x is a transcendental variable.

Suppose that the statement of lemma is true for m = m_0, i.e. there exists a tower of field extensions F ⊂ K_{m0} ⊂ E_{m0} such that E_{m0} /K_{m0} is cyclic with |E_{m0} : K_{m0} | = p^{m0} , E_{m0} /F is regular and

ind(C_{Em0} ) = ind(C).

Consider the case m = m_0 + 1. Set

B = (E_{m0} /K_{m0} , σ, ρ_p)

be a cyclic algebra over K_{m0} . Let M be the function field of the corresponding Severi-Brauer variety SB(B).

Note that the compositum ME_{m0} /M is a cyclic extension of degree p^{m0} . Since E_{m0} is a splitting field of B, then ME_{m0} is a purely transcendental extension of E_{m0} . Hence ME_{m0} /F is a regular extension. Moreover, ind(C_{MEm0} ) = ind(C_{Em0} ) = ind(C).

Besides, B_M ∼ 1. Then there exists β ∈ ME_{m0} such that

N_{MEm0 /M} (β) = ρ_p.

Let a ∈ ME_{m0} be such that a^σ/a = β^p. Let also y be a new transcendental variable. Then ME_{m0} (y)/M(y) is cyclic of degree p^{m0} . Moreover, using Lemma 1.4 we conclude that

ME_{m0} (^p √ ay)/M(y)

is cyclic of degree p^{m0+1}. It is clear that ME_{m0} (^p √ ay)/F is regular.

Finally, ind(C_{MEm0 (} p^√_{ay)}) = ind(C_{MEm0} ) = ind(C) □ Lemma 1.6. Let F be a field. Then for any n ∈ N there exists a tower of field extensions F ⊂ K ⊂ E such that E/F is regular, E/K is cyclic of degree n and ind(C_E ) = ind(C) for any central simple F -algebra C.

8 REHMANN, TIKHONOV, YANCHEVSKIĬ

Proof. At first, consider the case where char(F ) = 2 or 4 ∤ n. Let x be a transcendental variable and v_x the valuation of F (x) corresponding to the polynomial x. Then by [16, Th. 5], there exists a cyclic field extension E/F (x) of degree n such that the completion E_{vx} coincides with F (x)_{vx} . Note that F (x)_{vx} = F ((x)). Hence for any central simple F - algebra C, ind(C) = ind(C_{F ((x))}) = ind(C_{Evx} ). Then ind(C) = ind(C_E ).

Moreover, since F is algebraically closed in E_{vx} , then E/F is a regular extension.

Now consider the case char(F ) ≠ 2 and 4|n. Let n = 2^sm where 2 ∤ m. In view of the case considered above, there exists a tower of field extensions F ⊂ K_1 ⊂ E_1 such that E_1/F is regular, E/K is cyclic of degree m and E_1 preserves indices of F -algebras. Besides, by Lemma 1.5, there exists a tower of field extensions F ⊂ K_2 ⊂ E_2 such that E_2/F is a regular extension, E_2/K_2 is cyclic of degree 2^s and ind(C_{E2} ) = ind(C) for any central simple F -algebra C. Set

K = K_1K_2, E = E_1E_2

be respectively the free composita over F of K_1, K_2 and E_1, E_2. Then E/K is a cyclic extension of degree n. Furthermore, since E_i does not change the index of C, then

ind(C) = ind(C_{E1} ) = ind(C_{E1E2} ) = ind(C_E ). □ Lemma 1.7. Let A and B be central simple F -algebras. Assume ind(A) = p^m, ind(B) = p^n and m ≥ n. Then ind(A ⊗_F B) ≥ p^{m−n}.

Proof. Let E/F be a field extension of degree p^n which splits B. Let also ind(A ⊗_F B) = p^s. Assume p^s < p^{m−n}. Then there exists a field extension L/F of degree p^s splitting A ⊗_F B. Hence

1 ∼ (A ⊗_F B)_{EL} ∼ A_{EL} ⊗_{EL} B_{EL} ∼ A_{EL}.

Thus EL is a splitting field of A. Since |EL : F | < p^m, then ind(A) < p^m. Contradiction. □

Lemma 1.8. Let A be a central simple F -algebra with ind(A) = p^m. Then ind(A^{⊗p}) < ind(A).

Proof. Without loss of generality we can assume that there exists a splitting field L of A such that |L : F | = ind(A) and L contains a subfield K with |L : K| = p. Then ind(A_K ) = p. Hence 1 = ind(A^{⊗p}_K ). Thus ind(A^{⊗p}) ≤ |K : F | < |L : F | = ind(A). □

SYMBOLS AND CYCLICITY OF ALGEBRAS 9

Lemma 1.9. Let K/F be a cyclic field extension, ⟨σ_i⟩ = Gal(K(z)/F (z)) and z is a transcendental variable. Let also C be a central division F - algebra such that C_K is a division algebra. Then (K(z)/F (z), σ, z) ⊗ C_{F (z)}

is a division F (z)-algebra.

Proof: Analogous to that of Proposition 1.3 from [13]. □

In the notations of the previous lemma we have immediately the following

Corollary 1.10. Let A be a central simple F -algebra such that ind(A_K ) = ind(A). Then ind � (K(z)/F (z), σ, z) ⊗ A_{F (z)} � = ind((K(z)/F (z), σ, z))ind(A).

Theorem 1.11. Let A be a central simple algebra over a field F . Then there exists a regular field extension M/F such that

(i) A_M is cyclic, (ii) for any central simple F -algebra C, ind(C_M ) = ind(C), (iii) for any central simple F -algebra C, exp(C_M ) = exp(C), (iv) the restriction homomorphism res : Br(F ) −→ Br(M) is an injection.

Moreover, for any field extension L/F , the free compositum ML over F preserves indices of L-algebras.

Proof. Let deg(A) = n = p^{n1}_1 . . . p^{ns}_s (p_i-s are distinct primes) and A = ⊗^s_{i=1}A_i, where ind(A_i) = p^{li}_i , l_i ≤ n_i. By Lemma 1.6, there exists a tower of field extensions F ⊂ K ⊂ E such that E/F is regular, E/K is a cyclic extension of degree n and E preserves indices of F -algebras. Let E_i/K be a cyclic subextension of degree p^{ni}_i .

Consider cyclic algebras

D_i = (E_i(z)/K(z), σ_i, z), i = 1, . . . , s,

where < σ_i >= Gal(E_i(z)/K(z)) and z is a transcendental variable. Set D = ⊗^s_{i=1}D_i.

Since D_i ∼ (E(z)/K(z), σ, z^{n/pni} ), where < σ >= Gal(E(z)/K(z)), then

D ∼= (E(z)/K(z), σ, z^{Σsi=1 n/pni} ).

Then D is cyclic of index n with a maximal subfield E(z).

10 REHMANN, TIKHONOV, YANCHEVSKIĬ

One has D ∼ D ⊗_{K(z)} A^{op}_{K(z)} ⊗_{K(z)} A_{K(z)}.

Let M be the function field of the Severi-Brauer variety SB(D ⊗_{K(z)} A^{op}_{K(z)}). Then A_M ∼ D_M . Since deg(A_M ) = deg(D_M ), then A_M ∼= D_M Let C be a central simple F -algebra and C = ⊗^m_{i=1}C_i the decomposition of C as a tensor product of algebras of primary indices. Since ind(C_M ) =

�_m i=1 ind(C_{iM} ), then it is enough to consider the case where C has a primary index. Moreover, if p_i ∤ ind(C), 1 ≤ i ≤ s, then ind(C_M ) = ind(C) by Corollary 1.3. Thus we will assume that ind(C) = p^{mi}_i is a power of p_i for some 1 ≤ i ≤ s.

Using the index reduction formula we obtain

ind(C_M ) = gcd{ind(D^{⊗j} ⊗_{K(z)} A^{op}_{K(z)}^{⊗j} ⊗_{K(z)} C_{K(z)})}

where j ranges from 1 to n.

Thus since ind(C) is a power of some p_i, then

ind(C_M ) = min^{ni}_{j=1}{ind(D^{⊗j}_i ⊗_{K(z)} A_i^{op}_{K(z)}^{⊗j} ⊗_{K(z)} C_{K(z)})}.

Consider the algebra B_{i,j} = D^{⊗j}_i ⊗_{K(z)} A_i^{op}_{K(z)}^{⊗j} ⊗_{K(z)} C_{K(z)}. Note that by Corollary 1.10,

ind(B_{i,j} ) = ind(D^{⊗j}_i )ind(A_i^{op}_K^{⊗j} ⊗_K C_K ).

Fix some j. Let j = p_i^tj_1, where p_i ∤ j_1. Then ind(D^{⊗j}_i ) = p^{ni−t}_i . Let ind(A^{op⊗j} ) = p^{si}_i . Then s_i ≤ l_i − t by Lemma 1.8. Hence

ind(B_{i,j} ) = p^{ni−t}_i p^{|si−mi|}_i = p^{ni−t+|si−mi|} i in view of Lemma 1.7.

Finally consider two cases. If s_i ≥ m_i, then n_i − t ≥ m_i and n_i − t + |s_i −m_i| ≥ m_i. If s_i < m_i, then n_i −t+|s_i −m_i| = n_i −t−s_i +m_i ≥ m_i. Therefore, ind(B_{i,j}) ≥ p^{mi} = ind(C) for any j. Thus ind(C_M ) = ind(C).

Note that, for a field extension M/F , preserving indices for all F - algebras implies also preserving exponents of F -algebras. Indeed, assume C^{⊗m}_M ∼ 1 for some central simple F -algebra C. Since

1 = ind(C^{⊗m}_M ) = ind(C^{⊗m}),

then C^{⊗m} ∼ 1. Thus exp(C_M ) = exp(C). Moreover, preserving exponents implies, in turn, that the restriction homomorphism

res : Br(F ) −→ Br(M)

is an embedding.

Now consider the last statement about free composita. The free compositum LM can be constructed using the same procedure as the

SYMBOLS AND CYCLICITY OF ALGEBRAS 11

field M. We just replace the constant field F by L. Now the statement about preserving indices of L-algebras is obtained automatically. □

Remark 1.12. Note that preserving exponents for all F -algebras does not imply preserving indices as is easily seen.

Now we are in a position to prove the main result. Proof of Theorem 0.14.

Note that in view of Remark after Theorem 1.11, preserving indices implies preserving exponents and injectivity of the restriction map.

First, we will prove that for any field K there exists a regular field extension making all K-algebras cyclic and preserving their indices. If the set I of central simple K-algebras is finite, use Theorem 1.11 and induction.

If I is countable, we can construct a sequence of field extensions

E_1 ⊂ E_2 ⊂ . . . E_i ⊂ E_{i+1} ⊂ . . .

such that E_{i+1} is a regular extension of E_i making A_{i+1Ei} cyclic and preserving indices of E_i-algebras. Then the field E = ∪_iE_i has the required properties.

Finally, if I is not countable, then the statement can be proved using Zorn’s lemma. Indeed, consider the set

M = � � � � for any field extension L/F , the free regular field compositum LK over F preserves extensions K/F indices of L -algebras and there exists an F -algebra A s.t. A_K is cyclic

� � � � All the fields in M are assumed to be in some universal domain. Inclusions of fields define partial order on this set. If we have a totally ordered subset S = {K_α} ⊂ M, then ∪_αK_α is an upper bound for this subset. Hence, by Zorn’s lemma, there exists a maximal element E in M. We will show that E has the required properties by the rule of contraries. Assume that there exists an F -algebra A such that A_E is not cyclic. By Theorem 1.11, there exists a field extension E_1 ∈ M such that A_{E1} is cyclic. Then E_1E ∈ M and contains E. Contradiction. Thus, the field E has the required properties.

Now we will finish the proof of the theorem. Let K_0 be the field making all F -algebras cyclic and preserving their indices. Let also K_1 be the field making all K_0-algebras cyclic and preserving their indices, and so on. Then the field ∪_iK_i has the required properties.

12 REHMANN, TIKHONOV, YANCHEVSKIĬ □

2. Symbol algebra variety Symb(A)

Recall firstly how the Severi-Brauer variety corresponding to a central simple algebra A can be defined by polynomial equations. For a given n-dimensional F -vector space V , let Grass_F (m, V ) be the set of its m-dimensional subspaces. Grass_F (m, V ) has the structure of a projective variety via the Plücker embedding

Grass_F (m, V ) −→ P(∧^mV ),

F w_1 ⊕ F w_2 ⊕ · · · ⊕ F w_m → F (w_1 ∧ w_2 ∧ · · · ∧ w_m), where ∧^mV is the m-th wedge power of V . Fixing a base e_1, e_2, . . . , e_n for V we obtain a base e_{i1} ∧ e_{i2} ∧ · · · ∧ e_{im} , 1 ≤ i_1 < i_2 < · · · < i_m ≤ n for ∧^mV . This gives in turn homogeneous coordinates for F (w_1 ∧ w_2 ∧ · · · ∧ w_m).

Now let A be a central simple F -algebra with F -base e_1, e_2, . . . , e_n2 . Then the Severi-Brauer variety SB(A) is a subvariety of the Grassmanian Grass_F (n, A) consisting of those points which correspond to right ideals of A. This condition can be expressed by polynomial relations as follows (see [10, p.112]).)

Let T ⊂ A^∗ be a subset such that the multiplicative group generated by T contains a base of A. Let I = F (w_1∧w_2 ∧· · ·∧w_n) ∈ Grass_F (n, A), i.e., I corresponds to a vector space W = F w_1 ⊕ F w_2 ⊕ · · · ⊕ F w_n ⊂ A. Then W is a right ideal of A iff I = F (w_1t ∧ w_2t ∧ · · · ∧ w_nt) for all t ∈ T .

For t ∈ T , write

e_it = � a_{ij} e_j. (2.1)

Then

e_{i1} t ∧ e_{i2} t ∧ · · · ∧ e_{in} t = � 1≤j_1<···<j_n≤n^2

t_{j1,...,jn,i1,...,in} e_{j1} ∧ e_{j2} ∧ · · · ∧ e_{jn} ,

where

t_{j1,...,jn,i1,...,in} = � � � � � a_{i1j1} . . . a_{i1jn} . . . . a_{inj1} . . . a_{injn}

� � � � � . Then for

w_1 ∧ w_2 ∧ · · · ∧ w_n = � 1≤i_1<···<i_n≤n^2

p_{i1,...,in} e_{i1} ∧ e_{i2} ∧ · · · ∧ e_{in}

SYMBOLS AND CYCLICITY OF ALGEBRAS 13

we have

w_1t ∧ w_2t ∧ · · · ∧ w_nt = � 1≤i_1<···<i_n≤n^2

q_{i1,...,in} e_{i1} ∧ e_{i2} ∧ · · · ∧ e_{in} ,

where q_{i1,...,in} = � 1≤j_1<···<j_n≤n^2

t_{i1,...,in,j1,...,jn} p_{j1,...,jn} .

Thus F (w_1 ∧w_2 ∧· · ·∧w_n) = F (w_1t∧w_2t∧· · ·∧w_nt) iff their Plücker coordinates are proportional, that is

q_{i1,...,in} p_{j1,...,jn} = q_{j1,...,jn} p_{i1,...,in} .

Hence each t ∈ T defines the following set of polynomial equations for SB(A) � � � 1≤k_1<···<k_n≤n^2

t_{i1,...,in,k1,...,kn} ξ_{k1,...,kn} � � ξ_{j1,...,jn}

− � � � 1≤k_1<···<k_n≤n^2

t_{j1,...,jn,k1,...,kn} ξ_{k1,...,kn} � � ξ_{i1,...,in} = 0

where 1 ≤ i_1 < · · · < i_n ≤ n^2, 1 ≤ j_1 < · · · < j_n ≤ n^2.

Thus the Severi-Brauer variety of A is defined in Grass_F (n, A) by this system of equations for all t ∈ T .

Let ρ_n ∈ F and B be a central simple F -algebra of degree m. Set

D = (x, y)_n ⊗ B_{F (x,y)}

where F (x, y) is a purely transcendental extension of F . Let n√ x^{i n} √ y^j , 0 ≤ i, j ≤ n − 1,

be a standard base for the algebra (x, y)_n and v_1, . . . , v_m2 a base for B over F consisting from invertible elements. Then n√ x^{i n} √ y^j v_l, 0 ≤ i, j ≤ n − 1, 1 ≤ l ≤ m^2,

is a base for D over F (x, y).

Now using the procedure above we will construct equations for the Severi-Brauer variety SB(D). First of all take standard polynomials G_j ∈ F (x, y)[ξ_0, . . . , ξ_N ], j ∈ J, defining the Grassmanian

Grass(nm, D) ⊂ P^N ,

where N = C^{nm}_{n2m2} − 1. Note that coefficients of G_j-s, j ∈ J, belong to the set {±1, 0}.

Further, set T_D = {^n √ x,^n √ y, v_1, . . . , v_m2 }.

14 REHMANN, TIKHONOV, YANCHEVSKIĬ

Then the multiplicative group generated by T_D contains a base of D over F (x, y). Then each t ∈ T_D defines a family of polynomial equations {F^{(t)}_i }, i ∈ I_t, of SB(D). Note that even {F^{(t)}_i } ∈ F [x, y][ξ_0, . . . , ξ_N ], i ∈ I_t. To see this it is enough to show that, for each t ∈ T_D, the coefficients a_{ij} from (2.1) belong to F [x, y]. Indeed, if t = v_l, then

(^n √ x^{i n} √ y^j v_k)v_l =^n √ x^{i n} √ y^j ( � a_sv_s)

for some a_s ∈ F . If t =^n √ x, then

(^n √ x^{i n} √ y^jv_k)^n √ x = � ρ^j_n^n √ x^{i+1 n} √ y^j v_k if i < n − 1;

xρ^j_n^n √ y^j v_k if i = n − 1. (2.2)

Similar relations hold for^n √ y. Now let L/F be a field extension and a, b ∈ L^∗. Consider the algebra

D = (a, b)_n ⊗_L B_L.

Then_n√ a^{i n} √ b^j v_l, 0 ≤ i, j ≤ n − 1, 1 ≤ l ≤ m^2, is a base for D over L. Moreover, the multiplicative group generated by {^n √ a,^n √ b, v_l| 1 ≤ l ≤ m^2} contains a base of D over L. Hence this set can be used in order to construct equations of the Severi-Brauer variety of SB(D).

Note that

(^n √ a^{i n} √ b^jv_k)^n √ a = � ρ^j_n^n √ a^{i+1 n} √ b^j v_k if i < n − 1;

aρ^j_n^n √ b^j v_k if i = n − 1.

Thus the coefficients of this expansion are obtained as the specialization x → a, y → b of the coefficients of the expansion 2.2. Similar relations take place for^n √ b and v_l, 1 ≤ l ≤ m^2.

Hence polynomials from L[ξ_1, . . . , ξ_N ] defining SB(D) are obtained as the specialization x → a, y → b of polynomials in F [x, y][ξ_1, . . . , ξ_N ] defining SB(D).

Thus we have proved the following

Lemma 2.1. Let ρ_n ∈ F , B a central simple F -algebra of degree m and a, b ∈ L^∗. Let also D = (x, y)_n ⊗ B_{F (x,y)}. Then the Severi-Brauer variety SB(D) of D can be defined by polynomials in F [x, y][ξ_0, . . . , ξ_N ] (N = C^{nm}_{n2m2} − 1) such that for any field extension L/F and a, b ∈ L^∗, their specialization x → a, y → b gives polynomials in L[ξ_0, . . . , ξ_N ] defining the Severi-Brauer variety SB(D) of D = (a, b)_n ⊗ B_L.

SYMBOLS AND CYCLICITY OF ALGEBRAS 15

Now we are in a position to prove the main result of this section. Proof of Theorem 0.15. Set

D = (x, y)_n ⊗ A^{op}_{F (x,y)}

where F (x, y) is a purely transcendental extension of F .

The Severi-Brauer variety of D is a subvariety of the projective space P^N_{F (x,y)}, where N = C^n_n2 − 1. Let F_j ∈ F [x, y][ξ_0, . . . , ξ_N ], j ∈ J, be polynomials defining SB(D) constructed in the proof of Lemma 2.1. Now consider the F_j as polynomials in F [x, y, ξ_0, . . . , ξ_N ]. Then these polynomials define the affine variety X ⊂ A^{N+3}_F . For H ∈ F [x, y, ξ_0, . . . , ξ_N ], denote by D(H) the open complement of the variety defined by H in A^{N+3}_F . Set

Symb(A) = X ∩ D(x) ∩ D(y) ∩ � ∪^N_{i=0}D(ξ_i) � . Now we will show that Symb(A) has the required properties. Assume (x_0, y_0, c_0, . . . , c_N ) ∈ Symb(A)(L) for a field extension L/F . Hence

F_j (x_0, y_0, c_0, . . . , c_N ) = 0 (2.3)

for any j ∈ J. Note that the specialization x → x_0, y → y_0 of polynomials F_j ∈ F [x, y, ξ_0, . . . , ξ_N ] gives the polynomials defining the Severi- Brauer variety of the algebra (x_0, y_0)_n ⊗A^{op}_L . The condition (2.3) shows that SB((x_0, y_0)_n ⊗ A^{op}_L ) has an L-rational point. Then (x_0, y_0)_n ⊗ A^{op}_L is a matrix algebra, that is (x_0, y_0)_n is Brauer equivalent to A_L. Since deg(A_L) = deg((x_0, y_0)_n), we have (x_0, y_0) ∼= A_L.

Now assume that (x_0, y_0)_n ∼= A_L for some x_0, y_0 ∈ L^∗. Then

SB((x_0, y_0)_n ⊗ A^{op}_L )

has an L-rational point, say, (c_0, . . . , c_N ). That is, F_j (x_0, y_0, c_0, . . . , c_N ) = 0 for any j ∈ J. Hence (x_0, y_0, c_0, . . . , c_N ) ∈ X. Since x_0, y_0 ∈ L^∗ and some of c_i-s is not zero, then (x_0, y_0, c_0, . . . , c_N ) ∈ Symb(A). □ Finally, one can easy prove the following property of Symb(A).

Proposition 2.2. Let A/F be a central simple algebra. Then, for any field extension K/F ,

Symb(A ⊗_F K) = Symb(A) ×_F K.

3. The variety C(A, K)

Let A be a central simple algebra over a field F of degree n and K/F a cyclic field extension of degree n.

Consider a cyclic F (x)-algebra

C = (K(x)/F (x), σ, x),

16 REHMANN, TIKHONOV, YANCHEVSKIĬ

where Gal(K(x)/F (x)) = ⟨σ⟩. One has C = � 0≤i≤n−1 uσ^i K(x) and

u_σi u_σj = � u_σi+j if i + j < n, xu_σi+j−n if i + j ≥ n.

Let b_1, . . . , b_n be a base of an F -vector space K and v_1, . . . , v_n2 a base of a central simple F -algebra B of degree n consisting of invertible elements.

Then the multiplicative group generated by the set

{u_σ, b_1, . . . , b_n, v_1, . . . , v_n2 }

contains a base of D = C ⊗_{F (x)} B_{F (x)}.

Then, as in the section 2, we can construct polynomials

F_j ∈ F (x)[ξ_0, . . . , ξ_N ],

j ∈ J, defining the Severi-Brauer variety SB(D), where N = C^{n2}_{n4} − 1. Moreover, one can prove that these polynomials have coefficients not only in F (x), but in F [x].

Let L/F be a field extension such that [LK : L] = [K : F ]. For a ∈ L^∗, consider the algebra

D = (LK/L, τ, a) ⊗_L B_L,

where Gal(LK/L) = ⟨τ⟩. One has (LK/L, τ, a) = � 0≤i≤n−1 wτ^i LK and w_τ i w_τ j = � w_τ i+j if i + j < n, aw_τ i+j−n if i + j ≥ n.

Since [LK : L] = [K : F ], then b_1, . . . , b_n is a base of an L-vector space LK. Then the multiplicative group generated by the set

{w_τ , b_1, . . . , b_n, v_1, . . . , v_n2 }

contains a base of D.

Proceeding as in the proof of Lemma 2.1 we can prove

Lemma 3.1. Let B be a central simple F -algebra of degree n, K/F a cyclic field extension of degree n. Let also

D = (K(x)/F (x), σ, x) ⊗_{F (x)} B_{F (x)}.

Then the Severi-Brauer variety SB(D) of D can be defined by polynomials in F [x][ξ_0, . . . , ξ_N ] such that for any field extension L/F and a ∈ L^∗ their specialization x → a gives polynomials in L[ξ_0, . . . , ξ_N ] defining the Severi-Brauer variety SB(D) of D = (LK/L, τ, a) ⊗_L B_L.

SYMBOLS AND CYCLICITY OF ALGEBRAS 17

Now we can construct the variety C(A, K). Proof of Theorem 0.16. Set D = (K(x)/F (x), σ, x) ⊗_{F (x)} A_{F (x)}, where F (x) is a purely transcendental extension of F .

The Severi-Brauer variety of D is a closed subvariety of the projective space P^N_{F (x)}, where N = C^{n2}_{n4} − 1. Let F_j ∈ F [x][ξ_0, . . . , ξ_N ], j ∈ J, be polynomials defining SB(D) constructed in the proof of Lemma 3.1. Now consider F_j as polynomials in F [x, ξ_0, . . . , ξ_N ]. Then these polynomials define an affine variety X ⊂ A^{N+2}_F . For H ∈ F [x, ξ_0, . . . , ξ_N ], denote by D(H) the open complement of the variety defined by H in A^{N+2}_F . Set C(A, K) = X ∩ D(x) ∩ � ∪^N_{i=0}D(ξ_i) � . The rest of the proof is the same as in Theorem 1.11. □ As in the case of Symb(A), we have the following property of C(A, K).

Proposition 3.2. Let A be a central simple algebra over a field F of degree n and K/F a cyclic field extension of degree n. Let also L/F be a field extension such that |K : F | = |LK : L|.

Then C(A ⊗_F L, LK) = C(A, K) ×_F L.

References

[1] A. A. Albert, A construction of non-cyclic normal division algebras, Bull.

Amer. Math. Soc. 38 (1932), no. 6, 449–456.

[2] S. A. Amitsur, On central division algebras, Israel J. Math. 12 (1972), 408–420. [3] M. Van den Berg, A. Schofield, The index of a Brauer class on a Brauer-Severi variety, Trans. AMS. 333 (1992), no. 2, 729–739.

[4] M. Van den Berg, A. Schofield, Division algebra coproducts of index n, Trans.

AMS. 341 (1994), no. 2, 505–517.

[5] G. Berhuy, C. Frings, On the second trace form of central simple algebras in characteristic two, Manuscripta Math. 106 (2001), 1-12.

[6] N. Bourbaki, Éléments de mathématiques / Livre 2, Algèbre, ch 5, Corps commutatifs, Hermann, Paris VI (1967).

[7] Ph. Gille, Le problème de Kneser-Tits, Séminaire BOURBAKI 60ème année, 2006-2007, no. 983.

[8] Ph. Gille, T. Szamuely, Central simple algebras and Galois cohomology. Cambridge Studies in Advanced Mathematics 101 (2006). Cambridge University Press.

[9] J. Harris, Algebraic geometry. A first course. Graduate Texts in Mathematics, 133. New York-Heidelberg-Berlin: Springer-Verlag, 1992.

[10] N. Jacobson, Finite-dimensional division algebras. Berlin: Springer. 1996. [11] A. J. de Jong, The period-index problem for the Brauer group of an algebraic surface, Duke Math. J. 123 (2004), no. 1, 71–94.

18 REHMANN, TIKHONOV, YANCHEVSKIĬ

[12] I. Kersten, U. Rehmann, Excellent algebraic groups. I, J. Algebra 200 (1998), no. 1, 334–346.

[13] B. È. Kunyavskiĭ, L. H. Rowen, S. V. Tikhonov, and V. I. Yanchevskiĭ. Bicyclic algebras of prime exponent over function fields, Trans. Amer. Math. Soc. 358 (2006), no. 6, 2579-2610.

[14] M. Lieblich, Twisted sheaves and the period-index problem, Compos. Math.

144 (2008), no. 1, 1–31.

[15] A. S. Merkurjev, Generic element in SK_1 for simple algebras, K-Theory, 7 (1993), 1-3.

[16] H. Miki, On Grunwald-Hasse-Wang’s theorem, J. Math. Soc. Japan 30 (1978), no. 2, 313–325.

[17] R. S. Pierce, Associative algebras, Graduate Texts in Mathematics, 88. New York-Heidelberg-Berlin: Springer-Verlag, 1982.

[18] A.V. Prokopchuk, S.V. Tikhonov, V.I. Yanchevskii, On generic elements in groups SK_1 for central simple algebras, Vestsi Nats. Akad. Navuk Belarus Ser. Fiz.-Mat. Navuk (2008), no. 3, 35–42.

[19] D. J. Saltman, Lectures on division algebras, Amer. Math. Soc., Providence, RI, 1999.

[20] A. A. Suslin, SK_1 of division algebras and Galois cohomology. Algebraic Ktheory, 75–99, Adv. Soviet Math., 4, Amer. Math. Soc., Providence, RI, 1991.

[21] A. A. Suslin, SK_1 of division algebras and Galois cohomology revisited, Amer.

Math. Soc. Transl. Ser. 2, 219 (2006).

Rehmann: Universität Bielefeld, POB 10 01 31, 33501 Bielefeld, GERMANY

E-mail address: rehmann@math.uni-bielefeld.de

Tikhonov, Yanchevskiĭ: Institute of Mathematics of the National Academy of Sciences of Belarus, ul. Surganova 11, 220072 Minsk, BELARUS

E-mail address: tsv@im.bas-net.by , yanch@im.bas-net.by