THE IMAGE OF THE MAP FROM GROUP
COHOMOLOGY TO GALOIS COHOMOLOGY

M. TEZUKA AND N.YAGITA

ABSTRACT. We study the image of the natural map from group
cohomology to Galois cohomology by using motivic cohomology of
classifying spaces.

1. INTRODUCTION

Let k be a field of ch(k) = 0, which contains a p-th root of unity. Let
G be a split affine algebraic group over £ and W a faithful representa-
tion of G. Then G acts also on the function field k(W). Let k(W)% be

the invariant filed. Then we have the natural quotient map of groups
q : Gal(k(W)/k(W)%) — G. This induces the map of cohomologies

¢ H(G;Z/p) — H*((W)%: Z/p).

The purpose of this paper is to study the image I'm(q*) by using
the motivic cohomology defined by Suslin and Voevodsky [Vol,3]. The
image I'm(q*) is called the stable cohomology in [Bo], [Bo-Pe-Ts|. The
kernel Ker(q*) = Ng is called the (geometric) negligible ideal [Pe],[Sa].

Let H** (X;Z/p) be the mod(p) motivic cohomology. Let 0 # 7 €
H%'(Spec(k);Z/p) = Z/p. Using affirmative solution of the Bloch-
Kato conjecture by Voevodsky (and hence Beilinson-Lichtenbaum con-
jecture), the map ¢* is decomposed as

¢ : H**(BG; Z/p) — H**(BG; Z/p)/(r) — H**(Spec(k(W)%); Z/p).

where H**(BG;Z/p)/(t) = H**(BG;Z/p)/(tH**"Y(BG;Z/p)) and
BG is the classifying space of G defined by Totaro and Voevodsky
([To], [Vol,4]).

By the Belinson-Lichtenbaum conjecture and the work of Bloch-
Ogus [Bl-Og], we know

H**(BG;Z[p)/(7) C Hy,(BG; Hy,) C H'(K(W); Z/p).
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Here Hy  is the Zarisky sheaf induced from the presheaf HZ,(V;Z/p)
for open subset V' of BG. Therefore we see ([Or-Vi-Vo))

Im(q") = H*(BG; Z/p)/(Ng) = H™"(BG; Z/p)/(7)-

Note that the right hand side ring does not depend on the choice of
W. We also note that the ideal (Ng) coincides the coniveau filtration
N'H*(BG;Z/p) defined by Grothendieck.

In this paper we compute Im(q*) when k = C for abelian p-groups,
symmetric group S,, O,, SO,,, Spin,,, PGL, and exceptional groups.
Extra special p-groups are also studied. For example, we see H*(BSpin,;Z/2)/(Ng)
Z]2 for all n > 6.

Recall that the cohomology invariant Inv*(G;Z/p) is a ring of nat-
ural maps H'(F; G) — H*(F';Z/p) for finitely generated fields F' over
k. This ring is very well studied for example see [Ga-Me-Se]. In par-
ticular, it is very useful to compute the essential dimension ed(G) of
G ([Re], [Br-Re-Vi]). Moreover, Totaro proved that

[nv*(G, Z/p) = Hgar<BG7 Hz/p>

in a letter to Serre [Ga-Me-Se]. Hence Im(q¢*) C Inv*(G;Z/p). We
use these results for some parts of this paper, however we also give
new explanations of Inv*(G;Z/p) for the case k = C. For example,the
image of (topological) Stiefel-Whitney class w; of the map

H*(BO,;Z/2) — H*(BO,;Z/2)/(Ng) C Inv*(0,;Z/2)

is indeed the Stiefel-Whitney class w; defined by Milnor and Serre as
the natural function from quadratic forms to Milnor K-theories.

All examples stated above are detected by abelian p-subgroups A of
G, i.e., the restriction map

Res: H*(BG;Z/p)/(Ng) — II4H*(BA;Z/p)/(Ng)

is injective. (Indeed, most of the above cases are detected by only one
elemenary abelian p-subgroup.)

Of course this detected property does not hold for general G. How-
ever to give examples is not so easy. Indeed, for a p-group G of expo-
nent p, if H2(BG;Z/p)/(Ng) is not detected by any A = Z/p & Z/p,
then G is a counter example of the Noether’s problem, namely, k(W)¢
is not purely transcendental over k. The examples of Saltman and
Bogomolov are essentially of these types [Sa].

For each n > 1, we give an example G,, of a p-group p > 3, such
that H?*"(G,;Z/p) is not detected by abelian p-subgroups, while it
does not implies a counter example of Noether’s problem. Here the
composition Qa, o...Q0y of Milnor operations is used to see x € Ng
given x € H**(BG;Z/p).

>~
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The second author learned theories of cohomology invariants from
the discussions with Burt Totaro and Patrick Brosnan. Discussions
with Alexander Vishik, Zinovy Reichstein, Kirill Zainoulline, Nikita
Semenov, Masaharu Kaneda, Charles Vial and Dinesh Deshpande are
very helpful to write this paper. The authors thank them very much.

2. MOTIVIC COHOMOLOGY

Let X be a smooth (quasi projective) variety. Let H** (X;Z/p) be
the mod(p) motivic cohomology defined by Voevodsky and Suslin.
Recall that the (mod p) B(n,p) condition holds if
H™™(X;Z/p) = H(X; p)™)  for all m < n.

It is known that the B(n,p) condition holds for p = 2 or n = 2 by
Voevodsky([Vol,2]), and Merkurjev-Suslin respectively. Quite recently
M.Rost and V.Voevodsky ([Vo5],[Su-Jo],[Ro]) announced that B(n,p)
condition holds for each p and n. Hence the Bloch-Kato conjecture
also holds. Therefore in this paper, we always assume the B(n,p)-
condition and so the Bloch-Kato conjecture for all n, p.

Moreover we always assume that £ contains a primitive p-th root

[

of unity. For these cases, we see the isomorphism HJ}(X;us™) =
H™(X;Z/p). Let T be a generator of H*(Spec(k);Z/p) = Z/p. Hence

colim;T H** (X Z/p) = H\(X; Z/p).

Recall that Z/p(n) ([Vol,2,3]) is the complex of sheaves in Zarisky
topology such that H™"™(X;Z/p) = H} (X;Z/p(n)). Let o be the
obvious map of sites from etale topology to Zarisky topology so that

HJ}(X;Z[p) = HR(X; ") = Hy, (X, Ra.a*Z/p(n)).

For k < n, let < Ra.a*Z/p(n) be the canonical truncation of Ra.a*Z/p(n)
of level k. Then we have the short exact sequence of sheaves

T<n—1Ro.aZ/p(n) — 1<, Ra.a*Z/p(n) — g/p[—n]

where Hy, is the Zarisky sheaf induced from the presheaf H(V;Z/p)

for open subset V' of X. The Beilinson and Lichtenbaum conjecture (
hence B(n,p)-condition ) (see [Vo2,5]) implies

Z]p(k) = <k Roa™Z/p(n).
Hence we have ;
Lemma 2.1. (/Or-Vi-Vo], [Vo5]) There is the long exact sequence
— H™" N (X;Z/p) = H™"(X;Z/p)
— Hy,"(X; Hyy,) — H™ U X Z/p) —
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In particular, we have
Corollary 2.2. The graded ring grHy, "(X; H%p) is isomorphic to
H™(X;Z/p)/ (1) & Ker(r)|H™ " (X; Z/p)
where H™"(X;Z/p)/(1) = H™"(X:Z/p)/(tH™" "1 (X; Z/p)).
Note that the above long exact sequence induces the 7-Bockstein
spectral sequence
E(7)1 = Hy (X Hy),) = colim;r H* (X Z/p) = H3 (X Z/p).
On the other hand, the filtration coniveau is given by
NCHH(X;Z[p) = Uz Ker{ H(X; Z)p) — H (X — Z;Z/p)}

where Z runs in the set of closed subschemes of X of codim = c.
Grothendieck wrote down the F-term of the spectral sequence induced
from the above coniveau filtration.

E(en™ " = Myexo H ™ (k(2); Z/p) = H(X;Z/p)
where X (© is the set of primes of codimension ¢ and k(z) is the residue
field of . We can regard i,.H; “(k(v);Z/p) as a constant sheaf
HI7¢(k(x);Z/p) on {z} and extend it by zero to X. Then the dif-

ferentials of the spectral sequence give us a complex on sheaves on
X

(2.9)0 — H%/p

— WyexoinH(k(2); Z/p) — erX(l)ix*Hgt_l(k(x)Q Z/p)
— ... erX(q)ix*Hgt(k(:L’);Z/p) — 0.

Bloch-Ogus [Bl-Og] proved that the above sequence of sheaves is exact

and the Fs-term is given by

E(c)y™ " = Hy (X, Hy) ).

In particular, we have ;
Corollary 2.3.
Hy,(X; Hyy,) =2 Ker{H;(k(X); Z/p) — Wyexo Hy ™ (k(x); Z/p)}.

By Deligne ( foot note (1) in Remark 6.4 in [Bl-Og]) and Paranjape
(Corollary 4.4 in [Pj]), it is proven that there is an isomorphism of the
coniveau spectral sequence with the Leray spectral sequence for the
map «. Hence we have ;

Theorem 2.4. (Deligne, Parajape) There is the isomorphism E(c)&™ ¢ =

E(7),"7"° of spectral sequences. Hence the filtrations are the same

Ne¢H™(X;7Z/p) = ™™= where
F7om=t = Im(x7° s H™™ (X3 Z/p) — H™™"(X;Z/p)).
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3. COHOMOLOGY OF GROUPS

Let G be a reductive algebraic group over k acting on an affine
variety W. A point x € W is called stable if the orbit Gz is closed and
the stabilizer group Stab(zx) is a finite group. Let us write by X* the
set of stable points in X. Then X* is an open subset of X and there
is the commutative diagram

W — W//G

Topen Topen
we —2 s WG,

where W/ /G = Spec(k[W]%), the geometric quotient of X. We also
note that the invariant field k(W)% is a quotient field of k[W]¢ when
Xs £ 0.

Suppose X* # (). Then H** (W//G; Z/p) = H** (Spec(k[W1%); Z/p)
and k(W?*/G) = k(W//G) = k(W)Y. Hence we have the diagram

H*(W//G;Z[p) —— H""(Spec(k(W)“); Z/p)
H (W /Gy Tfp) —— H* (Spec(k(W*/G);Z/p)

Restrict W as an affine space W =@k and let p: G — W = ®k a
faithful representation. Let U, = W — S be an open set of W such that
G act freely U where codimy S = n. (Of course U is an open subset of
W#.) Then the classifying space of G is defined as colim,—..(U,/G).
Then the mod(p) motivic cohomology (for degree * < 2n) of BG is
given by ([Vo4],[To])

H**(BG;Z/p) = limy oo H** (U, /G5 Z/p).
In particular, by BL(p, *) condition, we have
H""(BG;Z/p) = H:(BG;Z/p) = H*(G; Z/p) @ H*(k; Z/p)

where the last group is the cohomology group of the Galois group G
(when G is finite). Thus from the above diagram, we have the map

Y H* (BG;Z/p) — H** (Spec(k(W)®);Z/p).

This map ¢** = 97, is explains also as follows. Let I' is the ab-
solute Galois group I' = Gal(k(W)/k(W)%). Then the group G =
Gal(k(W)/k(W)%) is a quotient group of the absolute Galois group T.
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Then the map 1 is the induced map from the quotient ¢ : I' — G,
ie.,

Vi =q"  H(G;Z/p) — H*(T;Z/p) = H*(k(W)%; Z/p).
Lemma 3.1.
Im(y*) =2 H*(BG; Z/p) /(7).

Proof. For each field F', by the Bloch-Kato conjecture, H*(F';Z/p) is
generated by elements in H)(F;Z/p) = H"(Spec(F);Z/p). So

W TN (BG 2 p) — H T (Spec(k(W)©); Z/p) = 0.
Hence the map 9" is expressed as a composition
H**(BG;Z/p) — H*(BG;Z/p)/(1) — H(k(W)%; Z/p).

The first map is of course surjective and we only need the injectivity
of the second map. Indeed, from Corollary 2.2 and 2.3, we see

H**(BG;Z/p)/(r) C Hy,,(BG; Hy,) C H*(k(W)%; Z/p).

Recall the coniveau filtration given in §2
NCH(X;Z[p) = Uz Ker{ Hi (X;Z)p) — H (X — Z;Z[p)}

where Z runs in the set of closed subschemes of X of codim = ¢. From
Theorem 2.4, we see

Corollary 3.2. Im(q*) = H},(BG;Z/p)/(N'H},(BG;Z/p)).

According to Saltman (and Serre), we say an element x € H*(G;Z/p)
is geometrically negligible if ¢*(x) = 0. Let us write Ng = Ng(G) =
Ker(¢*). From the above lemma, it is immediate

Ng(G) = N'H},(BG; Z/p)
= Im(x7|H** Y (BG;Z/p) — H**(BG;Z/p))
and we have
Im(y*) = H*(BG; Z/p)/(Ng) = H*(BG; Z/p)/(N') = H**(BG; Z/p)/(7).

Lemma 3.3. For each element x in H,(BG;Z/p), the images of co-
homology (Bockstein, reduced) operations B(x), P(x) fori > 0 are in
Ng(G) (hence 2P € Ng(G)). The image of Gysin map g.(z) are also
in Ng(G).
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Proof. The cohomology operations act as ([Vo2,4])
B H(X;Z/p) — H (X Z/p)

Pi . H*’*<X; Z/p) _ H*+2i(p71),*+i(p71)<X; Z/p)

For an element x € H™"(X;Z/p), define the difference degree d(x) =
m — n. Then if d(x) = 0, then d(5(z)) > 0 and d(P’(x)) > 0. Hence
these elements are in Im(7) as a subset of H**(X;Z/p).

For the embedding X C Y of codimension ¢, the Gysin map is
defined on

G : H* (X Z[p) — H*2*T(Y Z/p).

By the same reason as the cases of cohomology operations, we get
lemma. OJ

Here we give a sufficient condition for x ¢ Ng(G). Voevodsky define
the Milnor operation (); also in the mod p motivic cohomology

Qi H*,*’<_; Z/p) _ H*+2p”71,*/+p”71(_; Z/p)

Define the weight w(z) = 2 %' —x for element (or operation) x €
H**(X;Z/p), e.g., w(t) =2, w(Q;) = —1 and w(P?) = 0.

Lemma 3.4. Let x € HY(BG;Z/p) and Qp_s...Qo(x) # 0. Then
04z € HY(BG; Z/p)/(Ng).

Proof. Identify = as an element in H™"(BG;7Z/2). Suppose that = =
T7Z. So w(Z) = n — 2 since w(1) = 2. Then tc(Z) = tc(r) = x where
te : H**(X;Z/p) — H**(X(C);Z/p) is the realization map.

The operation ); descends the weight one. Let ¢ = Q,_5...Q(Z).
Then w(z)) = —1 but tc(¥) = Qnu_s...Q0(z) # 0. This is a contradic-
tion since w(y) > 0 for each nonzero element y € H**(Y;Z/p) and

for smooth Y. O

We have the Kunneth formula for the etale cohomology of coefficient
Z/p. Since Ng is an ideal, we have the surjection

H,(BG1;Z/p)/(Ng) QH*(k2Z/p) H:,(BGy;Z/p)/(Ng)

— HZ,(B(Gy x Ga); Z/p)/(Ng).

However it does not need isomorphic, because there is the possibility

that 1 ® 22 € Ng(Gy X Ga) but 21 € Ng(G1), 2 € Ng(G2).
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4. COHOMOLOGY INVARIANT

Recall that H'(k; Q) is the first non abelian Galois cohomology set
of GG, which represents the set of G-torsors over k. It is very important
to study H'(k; G), for example H'(k;O,,) is isomorphic to the set of
isomorphism classes of non generate quadratic forms over k of rank n.
(For details, see the excellent book [Ga-Me-Se].)

The cohomology invariant is defined by

Inv'(G,Z/p) = Func(H'(F;G) — H'(F;Z/p))

where Func means natural functions for each fields F' over k. The
cohomology invariant is studied by many authors. The cohomology
invariants Inv*(G;Z/p) are computed (for example in [Ga-Me-Se]) for
groups elementary abelian 2-groups, O,,,50,,, Gs,... 1t is also stated in
[Ga-Me-Se] that for many G (but not all) Inv*(G;Z/p) are detected
by Inv*(H;Z/p) for elementary abelian p-subgroups H.

Let x € H°(BG; Hé/p). Given a G-torsor E over F', we can construct
z(E) € H!(F;Z/p). Roughly speaking, we can identify E as the
pullback of some map f : Spec(F) — BG. So we can take x(F) =
f*(x) € H°(Spec(F); H%/p) = H!,(F;Z/p). Indeed, Totaro proved
[Ga-Me-Se| the following theorem in a letter to Serre.

Theorem 4.1. Inv*(G;Z/p) = H°(BG; Hy,).
Therefore we see
Corollary 4.2. Im(¢*) =2 H*(BG;Z/p)/(Ng) C Inv*(G;Z/p).
5. ABELIAN p-GROUPS
Let us write H** = H** (Spec(k); Z/p) and H* = H** = K3,(k)/p
so that H** = H*[r]. First consider the case G = Z/p". The mod(p)
motivic cohomology is computed (as the case Z/p in [Vo])
H*(BLZ/y";Zfp) = H*" [y(r)] @ Alz(r)) |y(r)] =2, |2(r)| = 1.
(When p =2 and r = 1, we see by Voevodsky ([Vo2,4])
2(1)* =ry(1) + pa(1) with p=(-1) € H' =k"/(k")*)

For the inclusion i : Z/p" C Z/p® and quotient map q : Z/p* — Z/p",
for s > r, we have

“(y(s) = ylr), ©*(2(s)) =0, ¢"(y(r)) =
Moreover we still know z(r ) € H"'(BG;Z/p) an
Thus we see ((Ker(7)|H** (BZ/p"; Z/p) = 0).

Inv™(Z/p" Z/p) = H**(Z/p"; Z/p)/ (1) = H {1, 2(r)}.

0, ¢"(2(r)) = x(s).
ndy(r) € H*!(BG;Z/p).
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Next consider their product G = Z/p™ x ... x Z/p"s. The cohomol-
ogy H**(BZ/p";Z/p) has the Kunneth formula. Hence the motivic
cohomology is given

H*(BG; Z[p) = H [y(r1), ..., y(rs)] @ Ma(r), .., (1))

where z(r;) € H"'(BG;Z/p) and y(r;) € H*'(BG;Z/p).
Recall that H*(BG;Z/p)/(Ng) = H**(BG;Z/p)/(7) (Lemma 3.1).
Then we get

Lemma 5.1. Let G be an abelian p-group, i.e., G = @&;Z/(p""). Then
Inv*(G; Z/p) = H*(G; Z/p)/(Ng) = H* @ M(x(r1), .., x(rs))

when p=2r; =1, x(r;)? = px(r;).

The elementary 2-groups cases are stated in Theorem 16.4 in [Ga-
Me-Se].

The Q;-operation acts on H** (BZ/p;Z/p) by Qi(z) = y? (while
Qi(z(5)) =0 for all j > 1). We consider @); action on

H*’*/(B(Z/p)s; Z]p) = H*’*/[yl, o U] @ Az, ..., ).

Each Q); is a derivation, and hence

Qo Qs1(w1ws) = D sgn(ju, o ds) 45t #0

where (j1, ..., js) are permutations of (0,...,s — 1). Thus we see that
this case satisfies the sufficient condition of Lemma 3.3 while the other
cases does not), in fact z;...xs € Ng(G).

Let us say that an element x € H*(BG;Z/p)/(Ng) is detected by
an elemntary abelian p-subgroup A if Res(x) # 0 for

Res : H"(BG; Z/p)/(Ng) — H*(BA; Z/p)/(Ng).
The following lemma is immediate from the above arguments.

Lemma 5.2. If x € H"(BG;Z/p)/(Ng) is detected by elementary
abelian p-subgroups, then Q,_1...Qo(x) # 0 in H*(BG;Z/p).

6. CASES G = O,, AND SO,

Hereafter, in this paper (except for §11), we assume that £ = C
otherwise stated.
It is well known that

H*(BO,;7/2) = H*((BZ/2)*™; Z/p)° = 7.)2[wy, ..., w,,]
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where S, is the n-th symmetric group, and w; is the Stiefel-Whitney
class representing the i-the elementary symmetric function. we easily
see

Qi1--Qo(wi) =y} ¥5 - git.. #0E€Z/2ys, ..., ya] C H(B(Z/2)";Z/2)
and hence w; € Ng(G). Recall the Wu formula

. t—=1J
J

Many cases of product of w;w; are in Ng(G), e.g.,w? € Ng(G). More
precisely, the motivic cohomology of BO,, is computed for k = C (The-
orem 8.1 in [Ya3])

H**(BO,;Z/2) = H* ((BZ/2)*"; Z/p)*".

Given x € H*(BG;Z/p), let us define the weight w(z) as the smallest
weight w(z') such that tc(2') = 2 with o/ € H** (BG;Z/p). Indeed,
the weight of the symmetric polynomial

t= 2"tk in HY((BZ/2)*" Z/2)
(with 0 <4y < ... <, 0 <71 < ... <j,) is given by w(t) = k. Hence
if t ¢ Ng, then w(t) = deg(t) and this implies t = x;...x; = w;.
Theorem 6.1.
Inv*(On;Z)2) = H*(BO,; Z/2)/(Ng) = Z/2{1, wy, ..., w, }.

In fact, Inv(0,;Z/2) is well known (Theorem 17.3 in [Ga-Me-Se])
for general k ;

Inv*(On; Z/2) = H*{1, w1, ..., wy,}.

We consider the multiplicative structure of Inv*(0O,;Z/2). From the
Wu formula, we see

Sql(in) = Woiy1 + wywy € Ng(Oy,).

Hence wy;y1 = wowy in Inv*(Oy;Z/2). By Rost and Kahn [Ka], the
divided power operation can be defined in K (F')/p compatible with
fields F' over k (and hence Inv*(G;Z/p)) if /—1 € k. Vial showed [Via]
that the divided power operations are only compatible maps (natural

maps) with field extensions over k. Moreover Becher [Be] showed that
V(W) = wa,. (See also Milnor p133 in [Mi].)

Theorem 6.2. (Becher [Be/, [Via]) Let \/—1 € k. Then Inv*(O,;Z/2)
15 generated by wy and wy as an H*-ring with divided powers by

%’(wz) = Wy;, Wai41 = WoW1.
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Next consider the case G = S0O,,. It is well known that
H*(BSO,;Z/2) = H (BO,;Z/)2)/(wy) = Z/2]w,, ..., wy).
Let n = 2m + 1 = odd. For this case, there is the isomorphism
Oomi1 = SOopmyiq X 7.)2.

Let p : O, — SO, is the projection and ¢ : SO,, — O, the inclusion.
We consider the induced map p* and +* on the mod 2 motivic cohomol-
ogy of their classifying spaces. Since p*(w;) = 0, we see wy;11 € Ng(Q)
from the above theorem (in fact, Sq'(wy;) = w41 in H*(BSO,;Z/2)).
Moreover i*ws; = wy; mod(Ng(G)). Thus we have

Theorem 6.3. For G = SOq,11, we have
Inv*(G;Z/2) =2 H(BG;Z/2)/(Ng) 2 Z/2{1,wa, ..., o, }.
Moreover Inv*(SOgp11;7Z/2) is still computed (Theorem 19.1 in
[Ga-Me-Se]) for general k ;
Inv*(SO9mi1;2/2) = H*{1, ws, ..., Wop, }.

Now consider the case n = 2m = even. This case the mod 2 motivic
cohomology is not computed even k& = C for n > 4. However we
compute H**(BSO,;Z/2)/(T) easily. Consider the inclusion

SOsm—1 2 SOnm % SOs41.
Since the restriction map for ¢ < m
ZT(’IUQZ) # 0e H*’*(BSOmel; Z/2),

we see wo; & Ng(SOsp). Moreover we know that w(w,) = n — 2 in
Lemma 9.2 in [Ya3]. On the other hand, the monomial w; of not wy;
are all in Ng(SOq,,41) and so i5(w;) € Ng(SOsy,).

Thus we have

Theorem 6.4. H*(BSOy,,;Z/2)/(Ng) = Z/2{1,ws, ..., Wam—2}.
Next we study Inv*(SOsy,;Z/2). There is an element (Lemma 9.3

in [Ya3]) in the motivic cohomology
U1 € H""2(BSO,; Z/2)  with Tuy, 1 = 0.
So there is the nonzero element

u e Ker(r|H"""*(BG;Z/2)) C H*(BG; Hy ).

On the other hand in [Ga-Me-Su], it is proved (Theorem 20.6) for
general k

Inv*(SO9; Z/2) = H*{1,ws, ..., w,_o} ® (Im(ly)).
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Here when k = C, Im(I5) = Z/2{u} with deg(u) = n — 1 from Propo-
sition 20.1 in [Ga-Me-Se]. Thus we see

Theorem 6.5. Let G = SOy,and m > 2. Then for deg(u) = 2m — 1,
Inv*(G;Z/2) = H*(BG;Z/2)/(Ng) ® Z/2{u}.
From 22.10 in [Ga-Me-Se], it is known that
Res : Inv*(G;Z/p) — Inv*(H;Z/p)
is injective for p =2, G = SO,, and H = (Z/2)"~'. Hence for
Res : H'(BSO,; Hyjy) — H°(B(Z/2)"""; Hy,,)
we have Res(u) = xy...x,_1. Of course u ¢ H**(BSO,;Z/2)/(T) but
Ty.xn 1 € HY*(B(Z/2)"" Y 7Z)2)/ (7).
Recall that in Corollary 2.2 gr H°(BG; H} /p) is defined by the filtra-
tion H**(BG;Z/p)/ () C H(BG; Hy,,). So note that
Res : grH°(BSO,,; HE/Q) — grH°(B(Z/2)"; HE/Q)

is not injective (in Corollary 2.2).

7. Spin, AND EXCEPTIONAL GROUPS
The mod(2) cohomology of BSpin,, is computed by Quillen
H(BSping: 2/2) = /2w ()] & /2w, . w,]/(Qusl0 < i < h)

where w;(A) (resp. w;) is the Stiefel-Whitney class of a spin repre-
sentation A (resp. usual representation Spin, — SO,), and 2" is the
the Radon-Hurwitz number (See [Qu] p.210). By the result of Becher
(Theorem 6.2), we have

Theorem 7.1. H*(BSpin,;Z/2)/(Ng) =7Z/2 for n > 4.

Proof. Let us write representations j : Spin,, — SO,, and A : Spin,, —
SOp. We consider the induced map in Galois cohomolgy

57 Hy (R(W)0 2)2) — HE(K(W)57 2)2).
By the Quillen’s result, we see j*(wy) = 0. By Rost and Kahn [Ka], the

divided powers naturally act on KM (F)/p for field F over k. Hence
from Becher theorem (Theorem 6.2),we get

" (wai) = j* (vi(w2)) = (5" (w2)) = 0.
Similarly wq(A) = 0 implies won(A) = 0 if n > 4. O
Corollary 7.2. For x > 0, there is the isomorphism
Inv*(Spin,; Z/2) = Ker(t)|H*™*~Y(BSpin,; Z/2).
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The mod(2) motivic cohomology of BSpin; is computed in (Theorem
9.6 in [Ya3]). We can easily see the above theorem also from the
concrete computation. Moreover there are 7-torsion elements

yy € H**(Sping; Z)2), vy € H*3(Bsping; Z/2).
Therefore we can take u € H°(BSpins, H%/Q), v € H°(BSpiny, Hg/Q).

Theorem 7.3.
Inv*(BSping; Z/2) 2 7./2{1,u,v} |u| =3, |v|=4.

We consider exceptional Lie group types Gi, F) and split Fg. In
[Ga-Me-Sul, it is proved (Teorem 18.1, Theorem 22.5)

Inv*(Go; Z2)2) = Inv* (Eg; Z2/2) = H*{1, u},
Inv*(Fy;Z/2) = H*{1,u, f5}.
(Unfortunately, we can not reexplain fs by using H**(BFy;Z/2),
which is not computed yet.)
Moreover restriction image for elementary abelin 2-subgroup of rank

3 (resp. rank 5) is injective for Gq, Eg (resp. for Fy), see 22.10 in [Ga-
Me-Se].

Theorem 7.4. Let G = Gy, Fy. Then H*(BG;Z/2)/(Ng) = 7Z/2.
Proof. 1t is known that the inclusion ¢ : Gy — Spin; induces the
epimorphism ¢* : H*(BSpinz;Z/2) — H*(BGy;Z/2). Hence the result
for G = G, follows from H*(BSpinz;Z/2)/(Ng) = 7Z/2.

It is also known that the inclusion ¢’ : Sping — Fj induces the injec-
tion i : H*(BFy;Z/2) — H*(BSping;Z/2). The groups Sping and F}
has the same maximal abelin 2-group H (of rank 5). We consider the
restriction to this H. The fact Res(H*(BSping;Z/2)/(Ng)) = Z/2
implies the results for Fy, because the restriction is injective from [Ga-

Me-Se]. O
Here we give an example. The mod(2) cohomology is well known
H*(BGy;Z)2) = 7./ 2wy, we, wr].

The motivic cohomology is given in Theorem 7.5 in [Ya3]. In particular,

C4, Co, ¢y are the Chern classes (in H***(BGy;Z/2)) so that T'c; = w?.
Let us write simply by Q(n) the exterior algebra A(Qo, ..., Qn)-

Theorem 7.5. The motivic cohomology H** (BGy; Z./2) is isomorphic
to

Z./2[ce, ca] @ (Z/2{y2} OZ/2[T] @ (Z/2{1} ®(Z/2[c7]Q(2) = Z/2{1}){a})

where deg(y) = (4,2), and a is a virtual element with deg(a) = (3,3)
so that cra = wewrwy, Qoa = wy, Qr1a = wg and Qra = wewy.
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Let us write @Qy,...Q;.(a) by Q.. and w;, .. w;, by w; ;.. Then
(Z)2[c7]Q(2) — Z/2{1}){a} is written as

Z/2[07]{C7a = Wye7, Qo = W4, Q1 = wg, Qo1 = wr,

Q2 = was, Qo2 = waz, Q12 = Wwer, Qo12 = c7}.
Note that all w;, ;. (which are generators of the Z/2[cy, cg, ¢7]-module
H*(G9;7Z/2)) appeared indeed in the above. Moreover it is imme-
diate that all elements except for 1 and a are in Ng(Gs), and y €
Ker(1)|H*?(BGy;Z/2).

Next we consider odd prime case. In 22.10 in [Ga-Me-Se] it is stated
that the restriction image of Inv*(G;Z/p) to some (maximal) elemen-
tary abelian p-group H is injective for (G,p) = (Fy,3), (Eg, 3), (E7,3)
or (Es,b).

In these cases, each exceptional Lie group has two conjugacy classes
of maximal elementary abelian p-groups. One is the subgroup of a
maximal torus and the other is a nontoral A. Let us write 14 : A — G
and i : T — B be the inclusions. Tezuka and Kameko proves ([Ka],
[Ka-Ya]) that the following map is injective

i x iy H(BG; Zp) — H'(BA;/p) x H(BT; Z/p),
namely, H*(BG;Z/p) is detected by A and T. Since H*(BT';7Z/p) is
non-nilpotent, the above group H must be A.

Theorem 7.6. Let (G,p) = (Fy,3), (FEs,3), (Er7,3) or (Es,5). Then
H*(BG;Z/p)/(Ng) = Z/p.

Proof. The restriciton image to A is studied in [Ka-Ya]. Images are
generated as a ring by Chern classes and

Qr(x1.xs) € H(BA; Z[p) = Z/plys, -, ys] @ My, ..., )
where Q7 = Q;,...Q;s for some I # (). (Note ...z, & Im(i%).) Hence
(' (BG; Z/p)) € Ng(A) .

Here we give an example. The mod 3 cohomology of BF} is com-
pletely determined by Toda.

Theorem 7.7. ([Toda]) The cohomology H*(BFy;Z/3) is isomorphic
to
Z/3[w36, Tas)®(Z /3[4, xs)R{1, w20, 230 }+ 7/ 3[226) @A (39 ) {1, T20, T21, T25 })
where the above two terms have the intersection {1, za}.
Indeed, we see that zo|A = QoQ1Q2(us), T36|A = 31, Tas|A =

C3,2, 14| A = Qo(us), ws|A = Q1(us), T20|A = Q2(us), 9| A = QoQ1(us3),
$21|A = QQQQ(Ug), ZL‘25|A = QlQQ(Ug). Here Uz = T1T2T3 and T36 and
x48 are represented by Chern classes.
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8. GL,(F,) AND PGL,
Of course, there is the isomorphism
H*(BGLy:Z/p) = H*" [cy, ..., ¢)]
where ¢; is the Chern class. Hence Inv*(GL,;Z/p) = Z/p (for k = C).
Let G be a finite group such that
(8.1) H*(BG;Z/p) = Z/plci,, ..., ci,,] @ Aesys -y €5,)

where (3 (e;,) = ¢;, where (3}, is the higher Bockstein operation, and
¢;, is a Chern class of some representation of G, e.g., G = GL,(F,)
where ¢ is prime to p.

Theorem 8.1. Let G be a finite group given as (8.1) so that iy > 2.
Then H*(BG;Z[p)/(Ng) = Z/p.

Proof. First note that H*(BG;Z/p)/(Ng) is a quotient A(e;,, ..., e;, ).
Since the motivic cohomology has the transfer map, we know that each
element x in H** (BG;Z) has the exponent dividing |G/|. Hence there
is e, € H**"1(BG;Z/p) such that

By(el) = 7 2¢c;,.

From Lemma 2.1, we know that 7 : H**~1(X;Z/p) — H**(X;Z/p) is

injective. Hence 7e!, # 0. This means By (7€)) = 7% ¢;, for 8" < §.
So s" = is and we can take e, = e;, mod(Ildeal(e;,,...,e;, ,)). By
induction on s, we can prove all e;, € Ng. O

Let p be an odd prime and denote by PGL, the projective group
which is the quotient of the general linear group GL, by the center
Gy, Its ordinary mod(p) cohomology and the Chow ring are known
by Vistoli [Vi] and Kameko-Yagita [Ka-Ya].

To state the cohomology H*(BPGL,;Z/p), we recall the Dickson
algebra. Let A = (Z/p)™ be an elementary abelian p-group of rank n,
and H*(BA) = Z/ply1, .-, Yn) ® A2y, ..., x,,). The Dickson algebra is

Dn = Z/p[yla ceey yn]GLn(Fp) = Z/p[cn,07 ceey Cn,n—l]
with |c, ;] = 2(p" —p’). The invariant ring under SL,(F,) is also given

SD, = Z/ply, ... yn) " E) 2 D, {1, e,,
We also recall the Mui’s result by using (); according to Kameko and
Mimura [Ka-Mi]

grH*(BA)StE) = 5D /(e,) ® SD, @ Q(n — 1){u,}

where u,, = z1...x, and e, = Qq...Qn_1u,. (Here note

SD,/(en) = Dy/(cno) = Z/plcni, s Cnn-1].)

P2} with 27! = ¢, .

ey By
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Theorem 8.2. ([Vi],[Ka-Ya]) There is the isomorphism
H*(BPGL,: Z/p) = M & N
where M = Z/plxy, g, - , Tap| as modules (but not rings) and
N = SDy @ Q(1){us} = Z/ples, ca1] ® Q(1){ua}.
Theorem 8.3. ([Vi],[Ka-Ya]) There is the additive isomorphism
CH*(BPGL,)/p = M @ SDa{QoQruz}.

It is also proved that Ker(7)|H** (BPGL,;Z/p) = 0 in Theorem
10.4 in [Ya3].

Theorem 8.4.
Inv*(PGLy; Z[p) = H*(G;Z[p)/(Ng) = Z/2{1,u} |u| = 2.
This fact is also shown in [Ga-Me-Se].

9. SYMMETRIC GROUP S,

Let S,, be the Symmetric group generated by permutations of n-
letters. The permutations induce the natural representation S,, — O,,.
Let us write by w; its Stiefel-Whitney class. Then it is proved for
example in [Ga-Me-Se] that for general k

Theorem 9.1. Inv*(Sy;Z/2) = H*{1, w1, ..., w9}

Let A be a subgroup of S,, generated by the transpositions (2i—1, 25)
for 1 < j < [n/2] so that A = @M/2Z/2. Then Inv*(S,;7Z/2) is
detected by the group A.

In this section, by using the cohomology H*(BS,;Z/2), we will re-
explain above facts (for H*(BS,;7Z/2)) but when k = C and n = 2™.
(We assume k = C.)

V.Voevodsky showed (for the definition of the reduced power oper-
ation)

H*"(BS,; Z/p) = H*" (BZ/p; Z/p)* = Z/p[Y] ® A(X)

where Y = y?~'and X = y? 2z in H** (BZ/p; Z/p) = Z/p[r, y|QA(z).
Hence H*(BS,; Z/p)/(Ng) = Z/p for p # 2 but H*(BSy;Z/2)/(Ng) =
A(z).

<N)OW we restrict p = 2 and let n = 2™. Consider the natural embed-
ding

Gm Vo = ®"Z)2 — 720 .. 1 L]2 — Som

where — ¢ — is the wreath product. Then it is known (Theorem 3.23
in [Ma-Mi]) that H*(BSam;Z/2) is detected by Sgm-1 X Som-1 and V.
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Let fo : Vin 23S, — O,,. The the total Whitney class is written as
w(fm)=1+w(m—1)4+w(lm—2)+ ...+ w(0)
where w (i) = wom_i (fm). Moreover S¢* (w(i+1)) = w(i). In fact the
image of g’ is just the Dickson algebra
Im(g:) = Z)2[x1, ..., 2972 F) = Z./2[w(m — 1), ....,w(0)].

( Here w(i)? corresponds to ¢, for odd prime cases stated in the
preceding section.)
By induction on m, we assume

H*(BSom-1;72/2)/(Ng) =2 Z/2{1,wy, ..., wom-2 }.
Then considering the restriction
HY(BS,:2/2)/(Ng) — H*(BS,_1:2/2)(Ng)© H* (BS,1:/2)/(Ng),
we see
H*(BS,;Z/2)/(Ng) D Z/2{1,wy, ..., Wam-2, ..., Wom-1 }.
Note by construction of maps g, fm, we see gt wom-1 = w(m — 1).
Hence
w(j) = S¢% .5 wym-—1 € Ng(S,,)
with ¢f (w(j)) = w(j). Thus we have
Proposition 9.2. H*(BS,;Z/2)/(Ng) = Z/2{1,wy, ..., wgm-1}.

In [Ga-Me-Se], it is also shown Inv*(S,;Z/p) = Z/p for odd prime
p. Let n = p™. The symmetric group S, has a subgroup isomorphic
to

S(m) — Z/p z Spm—l g (Spm—l)p l> Z/p
of the index prime to p. Hence H*(BS,;Z/p) C H*(BS(m);Z/p).
We consider the Hochshild-Serre spectral sequence
By = H*(Z/p; H* ((BS,m—1)"; Z/p)) = H*(BS(m); Z/p).

Let us write by o the generator of the cyclic group Z/p. Let T =
(1-0)and N = (14+0+...4+0P71). For a Z/p-module M, the homology
1s written

Ker(T) = M%/» *x =0
H*(Z/p; M) = < Ker(T)/Im(N) * = even > 0
Ker(N)/Im(T) * = odd.
Let {x;} be a Z/p basis of H*(BS,m-1;7Z/p). Then the basis of

S = H"((BSpm-—1)V; Z[p) = L/ p{i; @ x4y @ ...y, }.
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decomposes as I U F' with [ = {z; ® ... ® x;} and
F=A{z;, ®..Q0ux;lip # iy for some k # (}.

The generator o acts on F freely but invariants on /. Then cohomology
is computed

H(Z[p; Z/p{1}) = Z/ply] © Mz) @ Z/p{I} x| =1, |y| =2

H*(Z[pZ/p{F}) = Z/p{F}*".
Since S%/P = 7,/p{ F}*/* © Z/p{I}, we have the isomorphism
E;" = " @ Z/p{1} © Z/ply){z, y}.

It is well known that S%? c H*(BG;Z/p) by Nakaoka (also Totaro
[To])). Hence this spectral sequence collapses from the Es-term. Thus
we have the well known result ;

Theorem 9.3. (Nakaoka)
H*(BS(m); Z/p) = By = S*" @ H*(BS,m-1;Z/p)" ® Z/plyl{x, y}

where APl is the graded algebra whose degree is given by p-times of
degree of A.

By induction on m, we may assume H*(BS,m-1;Z/p)/(Ng) = Z/p.
Hence Z/p{I}/(Ng) = Z/p. Therefore there is the surjection

Z/pil,x} — H*(BS;Z/p)/(Ng).
But H?(BS,;Z/p) = 0. Hence H"(BS,;Z/p)/(Ng) = 0.
Proposition 9.4. H*(BS,;Z/p)/(Ng) = Z/p.

We note here about the restriction image for ¢, : V,,, = Z/p — S,,.
The restriction image is contained in the Dickson algebra as stated in
the preceding section

grH*(BA)“L®) = D /(c,0) ® Dy @ Q(n — 1){el™u,}

where u,, = xy...z,, and e, = Qo...Qn_1u,. (Here note D, /(c,0) =
Z/plcnas - Cnn-1].) We know D,, is in the image of g},. However it is
known that e 2u,, & g, for n > 3 (p.196 in [Ad-Mi]).
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10. EXTRASPECIAL p-GROUPS

We assume that p is an odd prime. The extraspecial p-group E, =
pf% is the group such that exponent is p, its center is C' = Z/p and

there is the extension
0 ¢ —— E, ">V 0
with V' = @?"Z/p. (For details of the cohomology of E,, see [Te-Ya].)

We can take generators ay, ..., as,,c € E, such that w(ay), .., 7(as,)
(resp. ¢ ) make a base of V' (resp. C') such that

lagi—1,a9| =c and |agi_1,a;] =1 if j# 2i.
We note that FE, is also the central product of the n-copies of E;
E,2FE -k =E X Ep... X Ey.
Take cohomologies
H'(BCZ/p) 2 Z/pl] © A2), Bz =1,
H*(BV;Z]p) = Z/plyr, -, Yon| @ A1, ...x2,),  Px; = y;,
identifying the dual of a; (resp.c) with x; (resp. z). That means
HY(E,;Z/p) = Hom(E,; Z/p) > x; : a; — 6&j.
The central extension is expressed by
f= Z$21‘—1!E2i € H*(BV;Z/p).
i=1

Hence 7*f = 0 in H*(BE,;Z/p). We consider the Hochshild-Serre
spectral sequence

By = H'(BV;Z/p) © H*(BC; Z/p) = H*(BE,; Z/p).

Hence the first nonzero differential is d»(z) = f and the next differential
is

d3(u) = d3(Qo(2)) = Qo(f) = Zyzz‘—ﬂzi — Y2iT2i—1.
In particular

Eé(l],* = Z/p[yla ---7?/271] ® A(xl’ xZn)/(f, Qo(f))

Lemma 10.1. We have the inclusion

Az, ..., 290)/(f) C H(BE,; Z/p).
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Proof. We consider similar group E!, such that its center is C' = Z/p
and there is the extension

0 cC s B IV 0
but V' = @&*'Z, such that there is the quotient map ¢ : E, — E,,. We
also consider the spectral sequence

By = H*(BV';Z/p) @ H*(BC;Z/p) = H*(BE.;Z/p).

Here H*(BV';Z/p) = A(zy,...x9,). The first nonzero differential is
dy(z) = f but the second differential is

d3(u) = Z Yo2i—1%2; — Y2:T2i—1 = 0.

Hence we have

H*(BE,; Z/p) = Z/p[u] @ A(x1, ..., x20) /().
From the map ¢* : H*(BE,;Z/p) — H*(BE!;Z/p), we get the result.
UJ

However H*(BE,;Z/p)/(Ng) 2 A(x1, ..., x9,)/(f), infact, when n =
1, from Theorem 3.3 in [Ya3] we see

Proposition 10.2.
H*(Bp™* Z/p)/(Ng) = Z/p{1, 21, 35,0}, a5} deg(a;) = 2.

When p = 2, the situation becomes well. The extraspecial 2-group
D(n) = 247" in the n-th central extension of the dihedral group Dsg
of order 8. It has the central extension

0—2/2— D(n)—V —0

with V' = @?"Z/2. Hence H*(BV;Z/2) 2 7/2[zy, ..., ¥2,]. Then using
the Hochschild-Serre spectral sequence, Quillen proved [Qu]

H*(BD(n); Z/2) = Z/2[x1, ..., won] [ (f, Qo (f); o Qu—2(f)) @ Z[won (A)].
(In fact when n is the real case (i.e., n = —1,0,1 mod(8)), the co-
homology H*(BSping,;Z/2) injects into H*(BD(n);Z/2).) Here w;
(resp. wan(A)) is the Stiefel-Whitney class of usual representation
from the above extension (resp. 2"-dimensional representation which

restrict nonzero on the center). Moreover Quillen proves following two
theorems (Theorem 5.10-11 in [Qu])

Theorem 10.3. ([Qu/) H*(BD(n);Z/2) is detected by the product of

cohomoloogy of mazimal elementary abeian groups.

Theorem 10.4. ([QuJ) The nonzero Stiefel-Whitney w;(A) are those
of degrees 2™ and 2" — 2¢ for 0 < i < n.
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In fact w;(A) generates the Dickson algebra in the cohomology of
the maximal elementary abelian 2-group as stated in the preceding
section.

Proposition 10.5. When n > 2, there is the surjection
Az, s w20) /() = H*(BD(n); Z/2)/(Ng).
Proof. By the same arguments with p = odd, we see
A=Az, ...,22,)/(f) C H(BD(n); Z/2).

The fact we(A) = 0 follows from the above second Quillen’s theorem.
Hence we have won(A) € Ng from Becher’s theorem (Theorem 6.2).
Thus we get the theorem. O
Let 0 # « € A. Then by the Quillen’s theorem, i* (z) # 0 for
i : H*(BD(n);Z/2) — H*(BA;Z/2)
with A =2 Z/2& ... ®Z/2. Let H*(BA;Z/2)/(Ng) = Az}, ...,2},).

eey m

Then % (z;) € Z/2{x},...,x],} and hence the map is restricted
i Ny, e @0, /() — A, 7).

However this map is not need injective. In fact there is a possibility of
() € Ng(A), e.g., i} (1122) = (1) € Ng(A).

11. UNRAMIFIED THEORY

In this section, we assume that k is an algebraic closed field of
ch(k) = 0.

Let K be a function field of k, that is finitely generated as a field
over k. Here we recall the definition of unramifed cohomology of
H*(K;Z/p) according to Saltman, Peyre and Colliot-Thelene. We
denote by P(K/k) the set of discrete valuation rings A of rank one
such that £ C A C K and that the fraction field F'r(A) of A is K. If
A belongs to P(K/k), then for the residue field x4, we can define the
residue map 94 : H*(K;Z/p) — H* ' (k4;Z/p) as follows.

Let K4 be the completion, IA(Z’" the maximal unramified extension
of K4 and K, is an algebraic closure of K4. Put I, = Gal(RA/KZT)
and Gy = Gal(K4/K ).

_  Ia . Galla .
Ky—Ky —— Kp——K.
Then 0,4 is defined as the composition of maps
0: H(K;Z/p) — H*(Ka;Z/p)

P H NG La) © HY (L Z/p) & H ™ (k.4; Z/p).
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Here we used that K, = I, & (Ga/I4) ( [Sa]) and I, = Z. Moreover
H*(Z;Z]p) = Z]p if * = 0,1 and = 0 otherwise.
Then we can define the unramified cohomology
* * 8 *—
Hy (K Z/p) = NaepgepKer(H' (K Z/p) = H* ™ (k4; Z/p)).

Namely, when X is complete, the residue map is the same as the

differential d; of the coniveau spectral sequence given in §2, and hence
m

the unramified cohomology is just the Ex-term Hy, (X; HY )p) of the
coniveau spectral sequence.

Corollary 11.1. When X s complete, there is the isomorphism

H, (k(X); Z[p) = H(X; Z/p)/(7) & Ker(r)[ H" " (X3 Z/p).

Now we consider the case X = BG ; non complete cases. Let W//G
be the scheme which has the coordinate ring k[W]. Then it is known
that W//G contains U, /G as an open set. Here U, is the open set
given in §3, where G acts freely. Hence we have for x < n

H%ar(W//Ga H%/p) - Hgar(Un/Ga H%/p)
Since G is reductive, it is also known that the fraction field of k[W]¢
is k(W)Y that is k(W//G) = k(W)€. Thus we get
Lemma 11.2. For x < n, we have
H; .(K(W)% Z/p) = Hy,,(W//G; Hy,,)

According to Peyre [Pe|, we define a subring H,(G;Z/p) of HY(BG;Z/p)
as follows. Let P(G) be the set of elements g € G such that [ = (g) =
Z/p® for some s > 1 but g # h? for any h € G. Then the centralizer is
written as

Zo(D =T H  with H=Ze(I)/I.

Let us write by d, the composition map

d,: H'(BG;Z/p) — H*(BZx(1); Z/p)

~ 1"~ (BH; Z/p) ® H* (B Z/p) "™ H*"'(BH:Z/p)
using HY(BI;Z/p) = Z/p. Then define the unramified cohomology by
H;(GiZ/p) = (| Ker(H'(BG:Z/p) % H*™ (BH:Z/p)).
9eP(@)

Remark. The restriction map H'(B({g);Z/p) — H'(B{(g*);Z/p) is
always zero. Hence we need not consider the case I = (¢7).
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Theorem 11.3. (Peyre [Pe]) Let W be a faithful representaion of G.
Let q is the quotient map q : Gal(k(W)/k(W)%) — Gal(k(W)/k(W)E) =
G. Then

q"(H;,(GyZ/p)) € Hy (k(W)% Z/p).
Proof. Arguments of pages 203 to 206 in the proof of Proposition 3 in
[Pe] work exchanging H?(—; Q/Z(—)) to H*(—;Z/p). Indeed we have
the commutative diagram ((12) in [Pe])

Op.g Y
H*(G;Z/p) — H*'(D:Z/p)

l |

H*(k(W)%; Zfp) —~ H*"(x4;Z/p)
where D is the decomposition subgroup of G. If x € H} (G;7Z/p), then
Opg(x) = 0 and hence d4(p*(z)) = 0. O

It is well known (Theorem 4.1.5 in [Co-Te]) that if K is purely tran-
scendental over k (i.e., K & k(z1,...,x,) for indeterminate z;), then

H* (1 Zfp) = H, (K Zfp) for x> 0.
When £k is algebraic closed field, it is immediate H*(k;Z/p) = 0.
Corollary 11.4. Suppose that
04 € H'(BG,Z/p)/(Ng) and x € I}y (G:Z/p).

Then q*(z) # 0 in H (k(W)%;Z/p). Hence k(W)%/k is not purely
trascendental.

Proof. From the preceding theorem, we have
q"(z) € H,, (k(W)% Z/p) € H*(k(W)%; Z/p).
It is nonzero since
H*(BG; Z/p)/(Ng) C HY, (BG; H3;,) C H*(k(W)S; Z/p).
OJ

Corollary 11.5. Let G be a p—group of exponent p. If H*(BG;Z/p)/(Ng)
is not detected by Z./p x Z./p, then k(W)% is not purely transcendental.

Proof. Suppose that x ¢ H?2 (G;Z/p). Then we can take r = > z119
such that z1|H'(BI;Z/p) # 0 with I = Z/p and for H = Z(I)/I,
x| H' (BH;Z/p) # 0. Here

H'(BH;Z/p)/(Ng) = H'(BH;Z/p) = Hom(H,Z/p).

Hence x, defines subgroup J = Z/p of H such that x| H'(BJ;Z/p) #
0 (since H is exponent p). Thus the element x is detected by the
subgroup I & J = Z/p ® Z/p. O
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12. SALTMAN’S EXAMPLE

Let G be the group defined by
0— (c3,c4) = G — Ey :pfﬁl —0
with |ay,a3] =3, and [a1,a4] = ¢y.

Saltman and Bogomolov showed that H2 (k(W)% Q/Z) # 0 for this
group. We will see the Z/p-coefficient case.

Lemma 12.1. The 3-dimensional cohomology H*(BG;Z/p) contains
the 7./ p-module

A = Z/p{yir;|L <i,j <4}/ (Qo(f), Qo(w173), Qo(2124)).

Proof. Consider the central extension
0— {(c,c3,c4) = G =V =0"Z/p—0
and induced spectral sequence
E;’*/ = Z/plyrs s Yar w, uz, ug) @ A2y, .., 24, 2, 23, 24)
converging to H*(BG;Z/p). The first differential is
dy(z) = f, do(z3) = w13, do(z4) = T124.

The second nonzero differential is

d3(u) = Qo(f), ds(us) = Qo(z123), d3(us) = Qo(w124).

Thus we see
A= E >~ 3 ¢ H3(BG;Z/p).

Theorem 12.2. ( Saltman [Sa]) We have
0 # @iy € Hy, (G3Z/p) N H**(BG;Z/p)/(7).
Hence k(W)Y is not purely transcendental.
Proof. From the preceding lemma, we see Qo(z122) # 0 in H3(BG; Z/p).
Hence we see x129 € Ng(G) from Lemma 3.4.
Next we will show xy29 € H,,.(G;Z/p). Suppose this is not the

case. By the definition, this means that there is an element g and
h € Zs({g)) such that

zil{g) #0, x[(h) #0  for {i,j} = {1,2}.
Let us write
a* =aM . ayt for A= (M, ..\,

a =al'..dl* for M = (uy, ..., j1a).
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Note that x;|(a®) = ;. The commutator is given by the definition

[aA, aM] = cdcg%f* where d = \fio — Aoft1 + Agftg — Agfi3,

d3 = Atz — Ajis, dy = Mg — Agpt.
Take g = a®. Exchanging x; — 2, + A2y or a1 + x5 (if necessary),
we can take
)\1:17)\2:0 A:(1707)\37)\4)-
(Hence x1{g) = 1 and z»|(g) = 0.) Then we can take h = a™ so that
xo|(h) = 1 and h & (g), that means
:u1:07 :u2:1 M:(0717u37ﬂ4)'
From d3 = 0 and dy = 0, we see
ps = Aspr =0 and  py = Agpp =0

(and hence M = (0,1,0,0)). Therefore d=1x1—-0+0—0= 1. This
is a contradiction. Hence we have proved xixo € H,.(G;Z/p). O

13. NON DETECTED EXAMPLES

We consider group G, and element &,,, € H*(BG!,;Z/p)/(Ng) which
is not detected by elementary abelina p-groups, while it is not in
Hy(G: 2/ p).

Let G’ be the group defined by

0 — (c3,cq4) — G — E, :pi+4 —0
with |ay,a3] =3, and [ag,a4] = ¢y.
Difference of the definitions of G' and G’ is just [as, as] = ¢4. However
note G’ has the rank 2 elementary abeilan p-subgroup

(arazt asay") = Z/p® Z/p

while G does not.
Let G!, be the central product of m — 1-th copies of G’ and one G

Glm =G-G-...-G =G X{c) G’ Xy o X{e) G’

which is generated by ay, ..., @4, ¢, €3, C4,C7, ..., Cam_1, C4m. The comu-
tators are given for 1 <7 < m

[CL42‘73, a4z72] = [CL42‘717 a4i] =,

[a4i—3, asi—1] = cai—1,  and  |agi—o, 4] = cy for i # 1,
but |ay,ay4] = cy.

Let us write a® = ai\l...aifnm and A = (A,..., \ym). Note also
z5)(a®) = )\;. The commutator is given by the definition

[a®, aM] = cels e



26 M. TEZUKA AND N.YAGITA
where d = Z Adi—3fbai—2 — Agi—oflai—3 + Agi—1fta; — Aaiflai—1,
i

dyim1 = Agi—3fai—1 — Agi—1Hai-3, dyi = Nai—oplai — Aaiplai—2 (i # 1),
and d4 = )\1#4 — )\4#1.
Lemma 13.1. Let &, = 1102T5%6....T4m—3T4m—2 € H*(BG! ;Z/p).
Then &, € H*(BG!;Z/p)/(Ng) is not detected by elementary abelian
D — groups.
Proof. Suppose that &, is detected by
<917927 "'592771) = Z/p D...oD Z’/p

such that &,|{g1, .., g2m) # 0, and x;|(g;) # 0 for some i. Take gener-
ators adequately, let g; = a® such that

Ay = (1,0, %,%[0,0, %, *|....|0, 0, *, %),
Ao = (0,1, %,%[0,0, %, *|....|0, 0, *, %),
As = (0,0, %,%|1,0,%,%[....]0, 0, %, %),
Ag = (0,0, %, %[0, 1, %, %|....|0, 0, *, %),
A3 = (0,0, %,%|0,0, %, %[....] 1,0, %, %),
A2 = (0,0, %,%|0,0, %, %|....|0, 1, %, *).

Let ¢ > 1. Consider the commutativity of L = Ay 3 and M = A;.
Since dyi—1 = Agi—3flai—1 — Mai—1fai—3 = 0, we see

paicr =0 from pgi—z =0 and A3 = 1.

Similarly we have uy4 = 0 from the commutativity of Ay o and Aj.
Thus we see
Ay = (1,0, %,%[0,0,0,0|....|0,0,0,0).

We also have Ay = (0,1, %,%]0,0,0,0|....|0,0,0,0). Let A = A; and
M = A,. By the commutativity and facts ds = dy = 0, we see uz =
g = 0, that is,

As = (0,1,0,0/0,0,0,0/....]0,0,0, 0).

However this is a contradiction, indeed,

d= Z Agi—gftai—2 — Ni—2ftai—3 + Agi—1fba; — Aaiflai—1 = 1 # 0.

UJ
Lemma 13.2. Qo...Q2m—2(&m) # 0 in H(BG; Z/p).
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Proof. We recall that G/, is the central product of G and copies of G,
that means

0—&"Z/p—GxG x.xG%G —0.
The map induces the map of cohomologies
pr.*: H*(BG. ;Z/p) — H*(BG;Z/p) @ H (BG'; Z/p)®".
The operation (); is derivative, we have
Qo---Qam—2(§m) =
Qo(x122)Q1Q2(2576)...Qam—3Q2m—2(Tam—3Tam—2) + ...
Here from Lemma 12.1,
Q1(z122) = y1xe — yox1 #0 in H(BG;Z/p).

For 7 > 1, we see

2i—2 2i—3 2
P D D
in—3Q2i—2($4i—3$4i—2) = Ys4i—3 Ysi—o — Y4

7—3 2i—2
D
3 Ysi—o -

This is nonzero in H*(BG'; Z/p) because it is nonzero in the restriction
image
H*(BG";Z[p) — H*(Blaaz "', asay'); Z/p) = Z/ply, yo] @ A(a), a3)
where yu;—3, Y41 — Y1 and yai—2, —yai — Y. [
Corollary 13.3. Elements in H*"(BG! ;Z/p)/(Ng) is not detected
by abelian subgroups, namely, the restriction map
Res : H*"(BG,,Z/p)/(Ng) — Maaetian H*" (BA; Z/p)/(Ng)

18 not injective.
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