Serre’s conjecture II: a survey

Philippe Gille

Abstract^1: Our goal is to provide an up to date survey of Serre’s conjecture II (1962) on the vanishing of Galois cohomology for simply connected semisimple groups defined over a field of cohomological dimension ≤ 2.

Keywords: Galois cohomology, linear algebraic groups. MSC: 20G05

1 Introduction

Serre’s original conjecture II (1962) states that the Galois cohomology set H^1(k, G) vanishes for a semisimple simply connected algebraic group G defined over a perfect field k of cohomological dimension cd(k) ≤ 2 [62, §4.1] [63, II.3.1]. In other words, that all G-torsors (or principal homogeneous spaces) over Spec(k) are trivial.

For example, if A is a central simple algebra defined over a field k and c ∈ k^×, the subvariety X_c := {nrd(y) = c} ⊂ GL_1(A)

of elements of reduced norm c is a torsor under the special linear group G = SL_1(A) which is semisimple and simply connected. If cd(k) ≤ 2, we expect then that this G-torsor is trivial, i.e. X_c(k) ≠ ∅. By considering all scalars c, we expect then that the reduced norm map A^× → k^× is surjective.

For imaginary number fields, the surjectivity of the reduced norm map goes back to Eichler in 1938 (see [48, §5.4]). For function fields of complex surfaces, this follows from the Tsen-Lang theorem given that the reduced norm is a homogeneous form of degree deg(A) in deg(A)^2-indeterminates [63, II.4.5]. The general case of the surjectivity of reduced norm maps was established in 1981 by Merkurjev and Suslin

1Version of February 23, 2009.

[70, th. 24.8]. As we shall explain below, this fact essentially characterizes fields of cohomological dimension ≤ 2.

Throughout its history, the evidence for and progress towards establishing conjecture II has been gathered by either considering special classes of fields, or by looking at the implications that the conjecture would have on the classification of algebraic groups. We will explore both points of view in this survey.

¿From the groups point of view, the strongest evidence for the validity of the conjecture is given by the description of the classical groups established in 1995 by Bayer and Parimala [5]. ¿From the point of view of fields, we know that the conjecture holds in the case of imaginary number fields (Kneser [48], Harder [43], Chernousov [15], see [60, §6]), and more recently for function fields of complex surfaces. For exceptional groups with no factors of type E_8, the relevant reasonings and references are given in [21]. A general proof for all types using deformation methods was given in 2008 by He-de Jong-Starr [46]. This result has a clear geometric meaning: If G/C is a semisimple simply connected group and X a smooth complex surface, then a G-torsor over X (or a G-bundle) is locally trivial with respect to the Zariski topology (see §6.6).

There are previous surveys on Galois cohomology discussing Serre’s conjecture II and related topics. Tits’ lectures at Collège de France from 90-91 discuss the Hasse principle and group classification [74]. Serre’s Bourbaki seminar deals among other things with progress and the status of conjecture II as of 1994. For classical groups, there is Bayer’s survey [3]. For function fields of surfaces, see the surveys of Starr [68] and Lieblich [50].

For exceptional groups (trialitarian, type E_6, E_7 and E_8), the general conjecture is still open in spite of some considerable progress [17][21][23][35].

We finish the introduction by mentioning that Serre’s conjecture II can be linked with analogous considerations in Topology within Morel-Voevodky’s theory [58]. Indeed, if G is a semisimple simply connected complex group, we know that π_1(G) = π_2(G) = 0, hence G is 2–connected. Then for every CW -complex of dimension ≤ 2, the G-bundles over X are trivial (cf. [71, th. 11.34]).

Acknowledgement. We thank Vladimir Chernousov, Skip Garibaldi, Fabien Morel, Arturo Pianzola and Jean-Pierre Tignol for useful comments which improved the exposition.

2 Fields of cohomological dimension ≤ 2

Let k be a field and l be a prime. Recall that k is of l–cohomological dimension at most d, written cd_l(k) ≤ d, if H^i(k, A) = 0 for every finite l–primary Galois module

A and for all i ≥ d + 1. We know that this assertion is equivalent to the vanishing of H^{d+1}(L, Z/lZ) for any finite separable extension L/k. Recall the following examples of fields of cohomological dimension 2.

Examples 2.1. (1) Imaginary number fields; (2) Function fields of complex surfaces;

(3) Merkurjev’s tower of fields F_∞, namely an extension of C(X_1, ..., X_{2n}) such that the u-invariant is u(F_∞) = 2n. This means that every 2n + 1-dimensional quadratic form over F_∞ is isotropic but the form ⟨X_1, X_2, · · · X_{2n}⟩ remains anisotropic over F_∞. Furthermore the tensor product of the quaternion algebras (X_{2i−1}, X_{2i}) for i = 1, ..., n is a division algebra over F_∞ [53][54, th. 3].

The third example shows that central simple algebras and quadratic forms are not in general low dimensional objects. We have already mentioned the following characterization which uses Merkurjev-Suslin’s theorem [56].

Theorem 2.2. [70, th. 24.8] Let l be an invertible prime in k. The following are equivalent:

1. cd_l(k) ≤ 2.

2. For any finite separable extension L/k and any l-primary central simple L– algebra A/L, the reduced norm nrd : A^× → L^× is surjective.

3. For any finite extension L/k and any l-primary central simple L–algebra A/L, the reduced norm nrd : A^× → L^× is surjective.

We have added here the easy implication 2) =⇒ 3) which follows of by a familiar transfer argument. We say that k is of cohomological dimension ≤ d if k is of l– cohomological dimension cd_l(k) ≤ d for all primes l.

If k is of positive characteristic p, we always have cd_p(k) ≤ 1; this explains the necessary change in the following analogous statement.

Theorem 2.3. [34, th. 7] Assume that char(k) = p > 0. The following are equivalent:

1. H^3_p (L) = 0 for any finite separable extension L/k;

2. For any finite separable extension L/k and any l-primary central simple L– algebra A/L, the reduced norm nrd : A^× → L^× is surjective.

Here H^3_p (k) is the cohomology group of Kato defined by means of logarithmic differential forms [47], see also [40, §9]. We shall say that k is of separable p–dimension ≤ d if H^{d+1}_p (L) = 0 for all finite separable extension L/k. This defines in the obvious way the separable dimension sd_p(k) of k. For l ≠ p, we define sd_l(k) = cd_l(k).^2 If k is perfect, then H^i_p(L) = 0 for every finite extension L/k and for every i ≥ 2. Hence if k is perfect and of cohomological dimension ≤ 2, k is of separable dimension ≤ 2.

Examples 2.4. (1) The function field of a curve over a finite field is of separable dimension 2.

(2) The function field k_0(S) of a surface over an algebraically closed field k_0 of characteristic p ≥ 0 is of separable dimension 2.

(3) Given an arbitrary field F , Theorems 2.2 and 2.3 provide a way to construct a “generic” field extension E/F of separable dimension 2, see Ducros [25].

We can now state the strong form of Serre’s conjecture II. For each simply connected group G, Serre defined the set S(G) of primes in terms of the Cartan-Killing type of G, cf. [64, §2.2]. For absolutely simple almost groups, the sets S(G) are as follows.

Table 1: S(G) for absolutely almost simple groups

type S(G) A_n (n ≥ 1) 2 and the prime divisors on n + 1 B_n (n ≥ 3), C_n (n ≥ 2), D_n (non trialitarian for n = 4) 2 G_2 2 trialitarian D_4, F_4, E_6, E_7 2, 3 E_8 2, 3, 5

Conjecture 2.5. Let G be a semisimple simply connected algebraic group. Assume that sd_l(k) ≤ 2 for every prime l ∈ S(G), then H^1(k, G) = 0.

In the original conjecture, k was assumed perfect and of cohomological dimension ≤ 2. In characteristic p > 0, Serre’s strenghthened question assumed furthermore that [k : k^p] ≤ p^2 if p belongs to S(G) [64, §5.5]. In view of all known results, it would seem that there is no need for this assumption.

Conjecture 2.5 is indeed stronger than the original one. Theorems 2.2 and 2.3 show that this strong version of the conjecture holds for groups of inner type A, and that the hypothesis on k are sharp.

2Kato defined the p–dimension dim_p(k) as follows [47]. If [k : k^p] = ∞, define dim_p(k) = ∞. If [k : k^p] = p^r < ∞, dim_p(k) = r if H^{r+1}_p (L) = 0 for any finite extension L/k, and dim_p(k) = r + 1 otherwise.

3 Link between the conjecture and the classification of groups

The classification of semisimple groups reduces essentially to that of semisimple simply connected groups G which are absolutely almost simple [49, §31.5][72]. This means that G ×_k k_s is isomorphic to SL_{n,ks} , Spin_{2n+1,ks} , Sp_{2n,ks} , Spin_{2n,ks} ,...

Let G/k be such a k–group and let G → G_{ad} be the adjoint quotient of G. Denote by G^q its quasi-split form and by G^q_{ad} its adjoint quotient. Then G is an inner twist of G^q, i.e. there exists a cocycle z ∈ Z^1(k_s/k, G^q_{ad}(k_s)) such that G ∼=_zG^q. We identify then G and_zG^q.

Converely, we know that there exists a unique class ν_G = [a] ∈ H^1(k, G_{ad}) such that G^q ∼=_aG [49, 31.6]. We denote by z^{op} ∈ Z^1(k,_zG^q_{ad}) the opposite cocycle of z, it is defined by σ → z^{−1}_σ ∈_zG(k_s).

We have G^q ∼=_zop

�_z G^q � . Hence the image of ν_G under H^1(k, G_{ad})^∼−→ H^1(k,_zG^q_{ad}) is nothing but [z^{op}]. We have an exact sequence

1 → Z(G) → G → G_{ad} → 1

of k–algebraic groups with respect to the fppf-topology (faithfully flat of finite presentation, see [24, III] or [66]). This gives rise to an exact sequence of pointed sets [6, app. B] 1 → Z(G)(k) → G(k) → G_{ad}(k)^{φG}−→

H^1_{fppf} (k, Z(G)) → H^1_{fppf} (k, G) → H^1_{fppf} (k, G_{ad})^{δG}−→ H^2_{fppf} (k, Z(G)).

The homomorphism φ_G is called the characteristic map and the mapping δ_G is the boundary. Since G (resp. G_{ad}) are smooth, the fppf-cohomology of G (resp. G_{ad}) coincide with Galois cohomology [65, XXIV.8], i.e. we have a bijection H^1(k, G)^∼−→ H^1_{fppf} (k, G). Following [49, 31.6], one defines the Tits class T_G of G by the formula

t_G = − δ_G � ν_G � ∈ H^2_{fppf} (k, Z(G)).

By the compatibility property under the torsion bijection τ_z [41, IV.4.2]^3

H^1(k, G_{ad})^{δG}−−−→ H^2_{fppf} (k, Z(G))

τ_z � � �^{≀ ? + δ}G^{q ([z])} � � �^≀

H^1(k, G^q_{ad})^{δGad}−−−→ H^2_{fppf} (k, Z(G^q)),

we see that t_G = δ_Gq ([z]) which is indeed Tits definition [74, §1].

3Note that Z(G) = Z(G^q ) since G^q_{ad} acts trivially on Z(G^q ).

Proposition 3.1. Assume that H^1(k, G) = 1.

1. The boundary map H^1(k, G_{ad}) → H^2_{fppf} (k, Z(G)) has trivial kernel.

2. Let G^′ be an inner k–form of G^q. Then G and G^′ are isomorphic if and only if t_G = t_G′ .

Proof. (1) This follows from the exact sequence above.

(2) Let z^′ ∈ Z^1(k, G^q_{ad}) be a cocycle such that G^′ ∼=_z′ G. We assume that t_G = t_G′ . Hence δ_Gq ([z]) = δ_Gq ([z^′]) ∈ H^2_{fppf} (k, Z(G^q)). The compatibility above shows that

τ^{−1}_z ([z^′]) ∈ ker � H^1(k, G_{ad}) � → H^2_{fppf} (k, Z(G)) � . By 1), we have τ^{−1}_z ([z^′]) = [1] ∈ H^1(k, G_{ad}), hence [z] = [z^′] ∈ H^1(k, G_{ad}). Thus G and G^′ are k–isomorphic.

Summarizing then, the validity of Serre’s conjecture II implies that semisimple kgroups are classified by their quasi-split forms and their Tits classes. For more precise results for classical groups, see Tignol-Lewis [51]. The classification is of special importance in view of the rationality question for groups (Chernousov-Platonov [19], see also Merkurjev [55]), and consequently also for the Kneser-Tits problem (Gille, [38]).

4 Approaches to the conjecture

We would like to describe some of the methods that have been used to attack the conjecture to date, and their limitations. We should point out that separating each of the methods and looking at them individually is a bit artificial. In practice, most work is carried by simultaneously combining the different methods.

4.1 Subgroup trick

We illustrate how this method works by using the following example due to Tits [75]. Let G/k be the split semisimple simply connected group of type

E_6 � � � � � � α_1 α_3 α_4 α_5 α_6 α_2

Assume here that k is infinite. Let z ∈ Z^1(k_s/k, G), and consider the twisted group G^′ =_zG. Since t_G′ = 0, the 27-dimensional standard representation of G of highest weight ω_6 descends to G^′ by [73]. We have then a representation ρ^′ : G^′ → GL(V ). The point is that G^′ has a dense orbit in the projective space X = P(V ), so there exists a k-rational point [x] in this orbit. The connected stabiliser (G^′_x)^0 is then semisimple of type F_4 [28, 9.12]. Assuming that Conjecture 2.5 holds for groups of type F_4, it follows that (G^′_x)^0 is split. Hence G^′ has relative rank ≥ 4 and a glance on Tits tables [72] tells us that G^′ is split. It is then easy to conclude that [z] = 1 ∈ H^1(k, G).

The subgroup trick, and variations thereof, was fully investigated by Garibaldi in his Lens lectures [28]. The underlying topic is that of prehomogeneous spaces, namely projective G-varieties with a dense orbit.

Unfortunately, this trick works only in few cases. Tits has shown that the general form of type E_8 is “almost abelian” namely that it has no non trivial (connected) reductive subgroups other than maximal tori [75]. Garibaldi and the author have shown that the general trialitarian group is almost abelian [29].

4.2 Rost invariant

In this case, the idea is to derive Serre’s conjecture II from a more general setting. The Rost invariant [31] generalizes the Arason invariant for 3-fold Pfister form which attaches (in characteristic ≠ 2) to a Pfister form ϕ = ⟨⟨a, b, c⟩⟩ the cup-product e_3(ϕ) = (a) ∪ (b) ∪ (c) ∈ H^3(k, Z/2Z). We see it now as the cohomological invariant H^1(k, Spin_8) → H^3(k, Z/2Z(2)). More generally, for G/k simply connected and absolutely almost simple, there is a cohomological invariant

r_k : H^1(k, G) → H^3(k, Q/Z(2))

where the p-primary part has to be understood in Kato’s setting [31]. If this invariant has trivial kernel, then H^1(k, G) = 1 for G/k satisfying the hypothesis of Conjecture 2.5. This is the case for Spin_8 by Arason’s theorem, namely the fact that the invariant e_3(ϕ) determines ϕ.

4.3 Serre’s injectivity question

A special case of a question raised by Serre in 1962 ([62], see also [64, §2.4]) is the following.

Question 4.1. Let G/k be a connected linear algebraic group. Let (k_i)_{i=1,..,r} be a family of finite field extensions of k such that g.c.d.([k_i : k]) = 1. Is the kernel of the map H^1(k, G) → � i=1,..,r

H^1(k_i, G)

trivial ?

Remarks 4.2. (1) The hypothesis of connectedness is necessary since there are counterexamples with finite constant groups [42][59]. Let us mention here another counterexample concocted by S. Garibaldi. Suppose that k supports central division algebras B_i of degree i for i = 3, 5. There are extensions k_i of k of degree i that split B_i. The groups SL_1(B_3 ⊗_k B_5) and SL_1(B^{op}_3 ⊗_k B_5) are isomorphic over k_i for i = 3, 5 but they are not k-isomorphic. So Serre’s injectivity fails for the group Aut � SL(B_3 ⊗ B_5) � , which has just two connected components.

(2) Question 4.1 has been generalized by Totaro [76, question 0.2]. See also [30]. (3) If k is of positive characteristic p, there exists a complete DVR R with residue field k and an R–group scheme G with special fiber G and such that the fraction field K of R is of characteristic zero. An answer for G_K to Serre’s question yields an answer for G. A fortiori, we can assume without lost of generality, that the extensions k_i/k are separable.

We shall rephrase question 4.1 in terms of special fields.

Definition 4.3. Let l be a prime. We say that a field k is l–special if every finite separable extension of k is of degree a power of l.

The subfield k_l of k consisting of elements fixed by a p-Sylow subgroup of Gal(k_s/k) is l-special. We call k_l a co-l-closure of k. If we restrict Serre’s question for finite separable extensions k_i/k and consider all cases, it can be rephased by asking whether the map H^1(k, G) → � l H^1(k_l, G)

has trivial kernel for l running over the primes. If the answer to this question is in the affirmative, then conjecture II becomes a question for l-special fields for primes l in S(G).

Indeed there are very few cases for which the answer to Serre’s question is known: unitary groups (Bayer-Lenstra [4]), groups of type G_2, quasi-split groups of type D_4, F_4, E_6, E_7 [33] [17] [27].

If we know that the Rost invariant has trivial kernel, then we easily deduce that the answer to Question 4.1 is yes. Thus we can answer Serre’s question for groups of type G_2, and quasi-split semisimple simply connected groups of type D_4, F_4, E_6 and E_7.

5 Known cases in terms of groups

5.1 Classical groups

Recall that a semisimple simply connected group is classical if its factors are of type A, B, C or D, and there is no triality involved.

Theorem 5.1. Let G be a semisimple simply connected classical group which is absolutely almost simple. Then H^1(k, G) = 1.

If k is perfect or char(k) ≠ 2, this is the original Serre’s conjecture II proven by Bayer-Parimala [5]. The general case is done in recent work by Berhuy-Frings-Tignol [6]. Their proof is based on Weil’s presentation of classical group in terms of unitary groups of algebras with involutions [77], This proof is characteristic free. It provides quite a different approach to the conjecture than that present in Bayer and Parimala’s work.

Possibly the most tricky case is that of outer groups of type A, namely unitary groups of central simple algebras equipped with an involution of the second kind. It is enough to think about the number field case using Landherr’s theorem [48, §5.5] to see how complicated the case these outer groups is.

5.2 Quasi-split exceptional groups

For this type of groups, the best results to date have been obtained by investigating the Rost invariant.

Theorem 5.2. Let G/k be a quasi-split semisimple simply connected group of Cartan- Killing type G_2, F_4, D_4, E_6 or E_7. Then the Rost invariant H^1(k, G) → H^3(k, Q/Z(2)) has trivial kernel.

Note first that this kind of statement reduces to the characterictic zero case by a lifting argument [34]. For the cases G_2 and F_4, see [5] or [64]. As pointed out by Garibaldi, the D_4 case is done in the Book of Involutions but not stated in this form. We need to know that a trialitarian algebra whose underlying algebra is split arises as the endomorphism of a twisted composition [49, 44.16] and to use results on degree 3 invariants of twisted compositions (ibid, 40.16). For type E_6 and E_7, this is due independently to Chernousov [17] and Garibadi [27].

Thus Conjecture 2.5 holds for quasi-split groups of all types other than E_8. The author has given an independent proof based on Bruhat-Tits theory which is quite different in spirit from the one outlined above [35]. For the split group of type E_8, which will be denoted by E_8, the Rost invariant has in general a non trivial kernel (for the field of real numbers and also for suitable fields of cohomological dimension 4, see [37, appendix]). In characteristic 0, Semenov constructed recently a higher invariant ker � H^1(k, E_8) → H^3(k, Q/Z(2)) � → H^5(k, Z/2Z)

which is non trivial since it is does not vanish for the field of real numbers [67, §8]. Moreover, Semenov’s invariant has trivial kernel for 2-special fields.

By means of norm group of varieties of Borel subgroups, the case of quasi-split groups is the key ingredient for proving the following.

Theorem 5.3. [35, th. 6] Let G/k be a semisimple simply connected group which satisfies the hypothesis of Conjecture 2.5. Let μ ⊂ G be a finite central subgroup of G. Then the characteristic map

(G/μ)(k) → H^1_{fppf} (k, μ)

is surjective.

The flat cohomology (see [66], [6, app. B] or [41]) is the right set up where to phrase the problem if the order of μ is not invertible in k. If the order of μ i invertible in k then the flat and usual Galois cohomology coincide. By continuing the exact sequence of pointed sets

1 → μ(k) → G(k) → (G/μ)(k) → H^1_{fppf} (k, μ) → H^1_{fppf} (k, G),

we see that H^1_{fppf} (k, μ) → H^1_{fppf} (k, G) is the trivial map. In other words, the center of G does not contribute to H^1(k, G).^4

5.3 Other exceptional groups

Theorem 5.4. [17] [35] Let G/k be a semisimple group satisfying the hypothesis of Conjecture 2.5. Then H^1(k, G) = 1 in the following cases:

1. G is trialitarian and its Allen algebra is of index ≤ 2.

2. G is of quasi-split type^1E_6 or^2E_6 and its Tits algebra is of index ≤ 3.

3. G is of type E_7 and its Tits algebra is of index ≤ 4.

4The reason why we can avoid groups of type E_8 is because such groups have trivial center.

Furthermore the groups under consideration are either quasi-split or isotropic of Tits indices � � � � � � � ,

� � � � � � � � � α_2 α_4 α_3 α^1

α_6 α_5

a) � � � � � � � � � � �

α_7 α_6 α_5 α_4 α_3 α_1 α_2

b) � � � � � � � � α_7 α_6 α_5 α_4 α_3 α_1 α_2

where case a) (resp. b)) holds when the Tits algebra is of index 2 (resp. 4). One more reason why other exceptional groups are difficult to deal with is because they are anisotropic.

For function fields of surfaces, central simple algebras of period 2 (resp.3) are of index 2 (resp. 3) as pointed by Artin [1]. Thus Theorem 5.4 covers all groups of type 3,6D_4,^{1,2}E_6, and E_7 for these fields.

In joint work with with Colliot-Thélène and Parimala [21], we exploited Serre’s conjecture II to study arithmetic properties of not necessarily simply connected groups. Our methods were inspired by Sansuc’s paper [61] in the number field case. For more on this topic, see the paper by Borovoi and Kunyavskiǐ [11].

6 Known cases in terms of fields

6.1 l-special fields

(a) If l = 2, 3, 5 and k is an l-special field of separable dimension ≤ 2, Conjecture 2.5 holds for the split group of type E_8, see [16] for l = 5 and [35, §III.2].

(b) If l = 3 and k is an l-special field of characteristic ≠ 2 and separable dimension ≤ 2, then Conjecture 2.5 holds for trialitarian groups. For l = 3, this follows of Theorem 5.2.

In both cases, a positive answer to Serre’s injectivity question would provide Conjecture 2.5 for the groups under consideration.

6.2 Complete valued fields

Let K be a henselian valued field for a discrete valuation with perfect residue field κ. A consequence of the Bruhat-Tits decomposition for Galois cohomology over complete fields is the following.

Theorem 6.1. (Bruhat-Tits [14, cor. 3.15]) Assume that κ is of cohomological dimension ≤ 1. Let G/K be a simply connected semisimple group. Then H^1(K, G) = 1.

Note that the hypotheses imply that K is of separable dimension ≤ 2. Serre asked whether it can be generalized when assuming [κ : κ^p] ≤ p [64, 5.1]. The hypothesis [κ : κ^p] ≤ p alone is not enough here because K = F_p((x))((y)) is of separable dimension 3 and is complete with residue field F_p((x)).

But if κ is separably closed and [κ : κ^p] ≤ p, then K is of separable dimension 1 and enough cases of the vanishing of H^1(κ((x)), G) have been established in view of the proof of Tits conjectures on unipotent subgroups [36]. The general case, however, is still open.

Note also that the conjecture is proven for fraction fields of henselian two dimensional local rings with algebraically closed residue field of characteristic zero, e.g. C[[x, y]], as shown in [21]. For the E_8 case, a key point is that the derived group of the absolute Galois group is of cohomological dimension 1 [23, Th. 2.2].

6.3 Global fields

The number field case is due to Kneser for classical groups [48], Harder for exceptional groups of type other than E_8 [43, I, II], and Chernousov for type E_8 [15], see also [60]. The function field case due to Harder [43, III].

6.4 Function fields

He, de Jong and Starr have proven Conjecture 2.5 for split groups over function fields in a uniform way in arbitrary characteristic.

Theorem 6.2. [46, cor. 1.5] Let k be an algebraically closed field and let K be the function field of a quasi-projective smooth surface S. Let G be a split semisimple simply connected group over k. Then H^1(K, G) = 1.

Except E_8, all other cases of the conjecture were known by case by case considerations [21]. Hence Conjecture 2.5 is fully proven for function fields of surfaces. The proof of Theorem 6.2 is based on the existence of sections for fibrations in rationally simply connected varieties.^5

Theorem 6.3. [46, Th. 1.4] Let S/k as in Theorem 6.2. Let X/S be a projective morphism whose geometric generic fiber is a twisted flag variety. Assume that Pic(X) → Pic(X ×_K K) is surjective. Then X → S has a rational section.

The assumption on the Picard group means that there is no “Brauer obstruction”. When applied to higher Severi-Brauer schemes, this statement yields as a corollary de Jong’s theorem “period=index” [45] for central simple algebras over such fields; see also [20]. This is the first classification-free work described in this survey.

6.5 Why Theorem 6.3 implies Theorem 6.2

We take this opportunity to reproduce how this argument goes.

Lemma 6.4. Set G/F be a semisimple simply connected group over a field F . Let E/F be a G-torsor.

1. Pic(E) = 0 and we have an exact sequence

0 → Br(F ) → Br(E) → Br(E ×_F F_s).

2. Let P be a F -parabolic subgroup of G and let E/P the variety of parabolic subgroups of the twisted F -group E(G) having the same type than P . Then Pic(P ) = 0 and we have an exact sequence

0 → Br(F ) → Br(E/P ) → Br(E/P ×_F F_s)

and an isomorphism Pic(E/P )^∼−→ Pic(E/P ×_F F_s)^{Gal(Fs/F )}.

Proof. (1) We have H^1(F, (F_s)^×) = 0 and Pic(E ×_F F_s) ∼= Pic(G ×_F F_s) = 0 since G is simply connected [26]. The first terms of the Hochschild-Serre spectral sequence H^p(Gal(F_s/F ), H^q(E ×_F F_s, G_m)) =⇒ H^{p+q}(E, G_m) show that Pic(E) = 0 and that the sequence 0 → Br(F ) → Br(E) → Br(E ×_F F_s) is exact.

5Integral versions of this result have recently been studied. The case when the function field C(t_1, t_2) is replaced by the Laurent polynomial ring C[t^{±1}_1 , t^{±1}_2 ] appear in the study of infinite dimensional Lie algebras. In analogy with conjecture II it is natural to ask whether H^1_{f ppf} (C[t^{±1}_1 , t^{±1}_2 ], G) vanishes for all simple simply connected group schemes G over C[t^{±1}_1 , t^{±1}_2 ]. An example of B. Margaux shows that the answer to this question is negative (see [39] §3.6.)

2) The fibration G → G/P is locally trivial for the Zariski topology (Borel-Tits). By a result of Sansuc applied to the fibration G → G/P [61, 6.10.2],^6 we have a surjective map Pic(G) → Pic(P ), hence Pic(P ) = 0. By [61, 6.10.1] applied to the fibration E → E/P , there is an exact sequence

0 = Pic(P ) → Br(E/P ) → Br(E),

hence the map Br(E/P ) → Br(E) is injective. We look at the commutative diagram 0 � � 0 −−−→ Br(F ) −−−→ Br(E/P ) −−−→ Br(E/P ×_F F_s) || � � � � 0 −−−→ Br(F ) −−−→ Br(E) −−−→ Br(E ×_F F_s).

Since the bottom sequence is exact, we get by diagram chasing that the upper horizontal sequence is exact as well. The second isomorphism Pic(E/P )^∼−→ Pic(E/P ×_F F_s)^{Gal(Fs/F )} comes from the Hochschild-Serre spectral sequence.

For complete results on Picard and Brauer groups of twisted flag varieties, see Merkurjev-Tignol [57, §2].

Proposition 6.5. [46, Th. 1.4] Let S/k as in Theorem 6.2. Let G/K be a simple simply connected K-group which is an inner form and let P be a K-parabolic subgroup of G. Then the map H^1(K, P ) → H^1(K, G) is bijective.

Proposition 6.5 implies Theorem 6.2 by taking a Borel subgroup of G because H^1(K, B) = 1.

Proof. Injectivity is a general fact due to Borel-Tits ([9], théorème 4.13.a). Let E/K be a G-torsor of class [E] ∈ H^1(K, G). Up to shrinking S, we can assume that G/K extends to a semisimple group scheme G/S, P/K extends to a S–parabolic subgroup scheme P/S, and that E/K extends to a G-torsor E/S [52]. By étale descent, we can twist the S-group scheme G/S by inner automorphisms, namely we can define the S-group scheme E(G)/S. We define then V/S := E/P, i.e. the scheme of parabolic subgroup schemes of E(G)/S ([65], exp. XXVI) of the same type than P . The morphism π : V → X is projective, smooth and with geometrically integral fibers.

6Strictly speaking, Sansuc’s result is proved under the assumption that k be perfect or that the group of the fibration be reductive. By dévissage, one can see that the result holds for fibrations under groups that are extensions of reductive k-group by split k–unipotent groups.

Set V = V ×_S K, this is a generalised twisted flag variety. Since G is assumed to be an inner form, Pic(V ×_K K_s) is a trivial Gal(K_s/K)-module. By Lemma 6.4.2, the map Pic(V ) → Pic(V ×_K K_s) is onto. Thus the composite map Pic(V) → Pic(V ) → Pic(V ×_K K_s) is onto. Theorem 6.2 applies and shows that V (K) ≠ ∅. It means that the torsor E admits a reduction to P ([63], §I.5, proposition 37), that is [E] ∈ Im � H^1(K, P ) → H^1(K, G) � . We conclude that the mapping H^1(K, P ) → H^1(K, G) is surjective.

The Grothendieck-Serre’s conjecture on rationally trivial torsors has been proven by Colliot-Thélène and Ojanguren for torsors over a semisimple group defined over an algebraic closed field [22]. Thus He-de Jong-Starr’s theorem has the following geometric application.

Corollary 6.6. Let S/k be a smooth quasi-projective surface. Let G/k be a (split) semisimple simply connected group. Let E/S be a G-torsor. Then E is locally trivial for the Zariski topology.

7 Remaining cases and open questions

• Provide a classification free proof of the case of totally imaginary number fields, at least in the quasi-split case.

• The first remaining cases of Conjecture 2.5 are that of trialitarian groups, groups of type E_6 over a 3–special field, groups of type E_7 over a 2-special field and groups of type E_8.

• Let K be a function field of surface over an algebraically closed field. Are K– division algebras cyclic ? Is it true that cd(K_{ab}) = 1 where K_{ab} stands for the abelian closure of K ?

In the global field case, class field theory answers both questions positively. The question on K_{ab} is due to Bogomolov and makes sense for arbitrary fields. As noticed by Chernousov, Reichstein and the author, a positive answer would provide a positive answer to Serre’s conjecture II for groups of type E_8 [18].

• For the Kneser-Tits conjecture for perfect fields of cohomological dimension ≤ 2, there remains only the case of a group of Tits index [38, §8.2]

E^{66}_{7,1} � � � � � � � � � � �

α_7 α_6 α_5 α_4 α_3 α_1 α_2

References

[1] J. Kr. Arason, Cohomologische invarianten quadratischer Formen, J. Algebra 36 (1975), 448–491.

[2] M. Artin, Brauer-Severi varieties, Brauer groups in ring theory and algebraic geometry (Wilrijk, 1981), Lecture Notes in Math. 917 (1982), 194–210, Springer.

[3] E. Bayer-Fluckiger, Galois cohomology of the classical groups, Quadratic forms and their applications (Dublin, 1999), 1–7, Contemp. Math. 272 (2000), Amer. Math. Soc.

[4] E. Bayer-Fluckiger and H.W. Lenstra Jr., Forms in odd degree extensions and self-dual normal bases, Amer. J. Math. 112 (1990), 359–373.

[5] E. Bayer-Fluckiger and R. Parimala, Galois cohomology of the classical groups over fields of cohomological dimension ≤ 2, Invent. Math. 122 (1995), 195–229.

[6] G. Berhuy, C. Frings and J.-P. Tignol, Serre’s conjecture II for classical groups over imperfect fields, J. of Pure and Applied Algebra 211 (2007), 307-341.

[7] A. Borel, Linear Algebraic Groups (Second enlarged edition), Graduate text in Mathematics 126 (1991), Springer.

[8] A. Borel and T.A. Springer, Rationality properties of linear algebraic group II, Tôhoku Math. J. 20, (1968), 443–497.

[9] A. Borel and J. Tits, Groupes réductifs, Pub. Math. IHES 27, (1965), 55–152.

[10] A. Borel and J. Tits, Groupes réductifs, Inst. Hautes Études Sci. Publ. Math. 27 (1965), 55–150.

[11] M. Borovoi, B. Kunyavskiǐ, and P. Gille, Arithmetical birational invariants of linear algebraic groups over two-dimensional geometric fields, J. Algebra 276 (2004), 292–339.

[12] F. Bruhat and J. Tits, Groupes réductifs sur un corps local. I, Inst. Hautes Etudes Sci. Publ. Math. 41 (1972), 5–251.

[13] F. Bruhat and J. Tits, Groupes réductifs sur un corps local. II. Schémas en groupes. Existence d’une donnée radicielle valuée, Inst. Hautes Etudes Sci. Publ. Math. 60 (1984), 197–376.

[14] F. Bruhat and J. Tits, Groupes réductifs sur un corps local. Chap. III.

Complément et applications à la cohomologie galoisienne, J. Fasc. Sci. Tokyo 34 (1987), 671–698.

[15] V. Chernousov, The Hasse principle for groups of type E_8, Dokl. Akad. Nauk.

SSSR 306 (1989), 1059-1063 and english transl. in Math. USSR-Izv. 34 (1990), 409-423.

[16] V. Chernousov, Remark on the Serre mod-5 invariant for groups of type E_8, Math. Zametki 56 (1994), 116–121, Eng. translation Math. Notes 56 (1994), 730–733

[17] V. Chernousov, The kernel of the Rost invariant, Serre’s conjecture II and the Hasse principle for quasi-split groups^{3,6}D_4, E_6, E_7, Math. Ann. 326 (2003) , 297–330.

[18] V. Chernousov, P. Gille and Z. Reichstein, Resolution of torsors by abelian extensions, Journal of Algebra 296 (2006), 561-581.

[19] V. Chernousov and V. P. Platonov, The rationality problem for semisimple group varieties, J. reine angew. math. 504 (1998), 1–28.

[20] J.-L. Colliot-Thélène, Algèbres simples centrales sur les corps de fonctions de deux variables (d’après A. J. de Jong), Séminaire Bourbaki, Exp. No. 949 (2004/2005), Astérisque 307 (2006), 379–413.

[21] J.-L. Colliot-Thélène, P. Gille and R. Parimala, Arithmetic of linear algebraic groups over 2-dimensional geometric fields, Duke Math. J. 121 (2004), 285–341.

[22] J.–L. Colliot–Thélène, M. Ojanguren, Espaces principaux homogènes localement triviaux, Inst. Hautes Études Sci. Publ. Math. 75 (1992), 97–122.

[23] J.–L. Colliot–Thélène, M. Ojanguren, R. Parimala, Quadratic forms over fraction fields of two-dimensional Henselian rings and Brauer groups of related schemes, Algebra, arithmetic and geometry, Part I, II (Mumbai, 2000), 185–217, Tata Inst. Fund. Res. Stud. Math. 16 (2002), Bombay.

[24] M. Demazure et P. Gabriel, Groupes algébriques, Masson (1970).

[25] A. Ducros, Dimension cohomologique et points rationnels sur les courbes, J. Algebra 203 (1998), 349–354.

[26] R. Fossum, B. Iversen, On Picard groups of algebraic fibre spaces, J. Pure Appl.

Algebra 3 (1973), 269–280.

[27] R.S. Garibaldi, The Rost invariant has trivial kernel for quasi-split groups of low rank, Comment. Math. Helv. 76 (2001), 684–711.

[28] R.S. Garibaldi, Cohomological invariants : exceptional groups and spin groups, to appear in Memoirs of the AMS.

[29] R.S. Garibaldi and P. Gille, Algebraic groups with few subgroups, preprint (2008).

[30] R.S. Garibaldi and D.W. Hoffmann, Totaro’s question on zero-cycles on G_2, F_4 and E_6 torsors, J. London Math. Soc. 73 (2006), 325–338.

[31] R.S. Garibaldi, A.A. Merkurjev and J.-P. Serre, Cohomological invariants in Galois cohomology, University Lecture Series, 28 (2003). American Mathematical Society, Providence.

[32] R.S. Garibaldi, J.-P. Tignol, A. Wadsworth, Galois cohomology of special orthogonal groups, Manuscripta Math. 93 (1997), 247–266.

[33] P. Gille, La R-équivalence sur les groupes algébriques réductifs définis sur un corps global, Inst. Hautes Études Sci. Publ. Math. 86 (1997), 199–235.

[34] P. Gille, Invariants cohomologiques de Rost en caractéristique positive, K-Theory 21 (2000), 57–100.

[35] P. Gille, Cohomologie galoisienne des groupes quasi-déployés sur des corps de dimension cohomologique ≤ 2, Compositio Math. 125 (2001), 283–325.

[36] P. Gille, Unipotent subgroups of reductive groups in characteristic p > 0, Duke Math. J. 114 (2002), 307–328.

[37] P. Gille, An invariant of elements of finite order in semisimple simply connected algebraic groups, Journal of Group Theory 5 (2002), 177-197.

[38] P. Gille, La conjecture de Kneser-Tits, séminaire Bourbaki 983 (2007), to appear in Astérisque.

[39] P. Gille, A. Pianzola, Galois cohomology and forms of algebras over Laurent polynomial rings, Math. Annalen 338 497–543 (2007)

[40] P. Gille and T. Szamuely, Central simple algebras and Galois cohomology, Cambridge Studies in Advanced Mathematics 101 (2006), Cambridge University Press.

[41] J. Giraud, Cohomologie non abélienne, Die Grundlehren der mathematischen Wissenschaften 179 (1971), Springer-Verlag.

[42] D. Goldstein, R.M. Guralnick, E. W. Howe, M.E. Zieve, Nonisomorphic curves that become isomorphic over extensions of coprime degrees, J. Algebra 320 (2008), 2526–2558.

[43] G. Harder, Über die Galoiskohomologie halbeinfacher Matrizengruppen I, Math.

Zeit. 90 (1965), 404-428, II Math. Zeit. 92 (1966), 396–415, III J. für die reine angew. Math. 274/5 (1975), 125-138.

[44] O. Izhboldin, On the Cohomology Groups of the Field of Rational Functions, Coll. Math. St-Petersburg, Ser. 2, AMS Transl. 174 (1996), 21–44.

[45] A. J. de Jong, The period-index problem for the Brauer group of an algebraic surface, Duke Mathematical Journal 123 (2004), 71–94.

[46] A. J. de Jong, X. He, J.M. Starr, Families of rationally simply connected varieties over surfaces and torsors for semisimple groups, preprint (2008).

[47] K. Kato, Galois cohomology of complete discrete valuation fields, Lect. Notes in Math. 967 (1982), 215–238.

[48] M. Kneser, Lectures on Galois cohomology, Tata institute (1969).

[49] M.-A. Knus, A. Merkurjev, M. Rost and J.-P. Tignol, The book of involutions, avec une préface de J. Tits, American Mathematical Society Colloquium Publications 44 (1998), American Mathematical Society.

[50] M. Lieblich, Deformation theory and rational points on rationally connected varieties, preprint (2008).

[51] Lewis, J.-P. Tignol, Classification theorems for central simple algebras with involution, Manuscripta Math. 100, (1999), 259–276.

[52] B. Margaux, Passage to the limit in non-abelian Čech cohomology, Journal of Lie Theory 17 (2007), 591–596.

[53] A. S. Merkurjev, Simple algebras and quadratic forms, Izv. Akad. Nauk SSSR 55 (1991), 218–224.

[54] A. S. Merkurjev, K-theory of simple algebras, K-theory and algebraic geometry:

connections with quadratic forms and division algebras (Santa Barbara, CA, 1992), 65–83, Proc. Sympos. Pure Math. 58.1 (1995), Amer. Math. Soc.

[55] A. S. Merkurjev, K-theory and algebraic groups, European Congress of Mathematics, Vol. II (Budapest, 1996), 43–72, Progr. Math. 169 (1998), Birkhäuser.

[56] A.–S. Merkurjev and A.–A. Suslin, K-cohomology of Severi-Brauer varieties and norm residue homomorphism, Izv. Akad. Nauk SSSR 46 (1982), 1011–1046, english translation: Math. USSR Izv. 21 (1983), 307–340.

[57] A.–S. Merkurjev and J.-P. Tignol, The multipliers of similitudes and the Brauer group of homogeneous varieties, J. Reine Angew. Math. 461 (1995), 13–47.

[58] F. Morel et V. Voevodsky, A^1-homotopy theory of schemes, Inst. Hautes Études Sci. Publ. Math. 90 (1999), 45–143.

[59] R. Parimala, Homogeneous varieties—zero-cycles of degree one versus rational points, Asian J. Math. 9 (2005), 251–256.

[60] V. P. Platonov and A. Rapinchuk, Algebraic groups and number theory, Pure and Applied Mathematics 139 (1994), Academic Press.

[61] J.-J. Sansuc, Groupe de Brauer et arithmétique des groupes algébriques linéaires, J. reine angew. Math. 327 (1981), 12–80.

[62] J-P. Serre, Cohomologie galoisienne des groupes algébriques linéaires, Colloque sur la théorie des groupes algébriques linéaires, Bruxelles (1962), 53–68.

[63] J-P. Serre, Cohomologie galoisienne, cinquième édition révisée et complétée, Lecture Notes in Math. 5, Springer-Verlag.

[64] J-P. Serre, Cohomologie galoisienne: Progrès et problèmes, Séminaire Bourbaki, exposé 783 (1993-94), Astérisque 227 (1995).

[65] Séminaire de Géométrie algébrique de l’I.H.E.S., 1963-1964, schémas en groupes, dirigé par M. Demazure et A. Grothendieck, Lecture Notes in Math. 151-153. Springer (1970).

[66] S. Shatz, Cohomology of artinian group schemes over local fields, Ann. of Math.

79 (1964), 411–449.

[67] N. Semenov, Motivic construction of cohomological invariants, preprint (2008).

[68] J. Starr, Rational points of rationally connected and rationally simply connected varieties, preprint (2008).

[69] R. Steinberg, Regular elements of semisimple algebraic groups, Pub. Math. IHES 25 (1965), 281–312.

[70] A. A. Suslin, Algebraic K-theory and the norm–residue homomorphism, J. Soviet. 30 (1985), 2556–2611.

[71] R. Switzer, Algebraic topology—homotopy and homology, Die Grundlehren der mathematischen Wissenschaften, Band 212 (1975), Springer-Verlag.

[72] J. Tits, Classification of algebraic semisimple groups, Algebraic Groups and Discontinuous Subgroups, Proc. Sympos. Pure Math., Boulder, Colo. (1965) pp. 33–62, Amer. Math. Soc.

[73] J. Tits, Représentations linéaires irréductibles d’un groupe réductif sur un corps quelconque, J. reine ang. Math. 247 (1971), 196-220.

[74] J. Tits, Résumé des cours du Collège de France 1990–91, Annuaire du Collège de France.

[75] J. Tits, Sur les degrés des extensions de corps déployant les groupes algébriques simples, C. R. Acad. Sci. Paris Sér. I Math. 315 (1992), 1131–1138.

[76] B. Totaro, Splitting fields for E_8-torsors, Duke Math. J. 121 (2004), 425–455.

[77] A. Weil, Algebras with involutions and the classical groups, J. Indian Math. Soc.

24 (1960), 589–623.

Adress : DMA, UMR 8553 du CNRS, Ecole normale supérieure, 45 rue d’Ulm F-75005 Paris, France.