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Abstract

Let R be a regular semi-local ring containing an infinite perfect subfield and
let K be its field of fractions. Let G be a reductive R-group scheme satifying a mild
”isotropy condition”. Then each principal G-bundle P which becomes trivial over
K is trivial itself. If R is of geometric type, then it suffices to assume that R is
of geometric type over an infinite field. Two main Theorems of Panin’s, Stavrova’s
and Vavilov’s [PSV] state the same results for semi-simple simply connected R-group
schemes. Our proof is heavily based on those two Theorems of [PSV, Thm.1.1], on
the main result of [C-T/S] and on two purity Theorems proven in the present
preprint.

Those purity result look as follows. Given an R-torus C' and a smooth R-group
scheme morphism g : G — C one can form a functor from R-algebras to abelian
groups S +— F(S) := C(5)/u(G(S)). We prove that this functor satisfies a purity
theorem for R. If R is of geometric type, then it suffices to assume that R is of
geometric type over an infinite field.

Examples to mentioned purity results are considered in the very end of the
preprint.

1 Introduction

Recall that an R-group scheme G is called reductive (respectively, semi-simple; respec-
tively, simple), if it is affine and smooth as an R-scheme and if, moreover, for each ring
homomorphism s : R — €(s) to an algebraically closed field €(s), its scalar exten-
sion Go(s) is a reductive (respectively, semi-simple; respectively, simple) algebraic group
over €)(s). The class of reductive group schemes contains the class of semi-simple group
schemes which in turn contains the class of simple group schemes. This notion of a simple
R-group scheme coincides with the notion of a simple semi-simple R-group scheme from
Demazure—Grothendieck [D-Gl Exp. XIX, Defn. 2.7 and Exp. XXIV, 5.3]. Throughout
the paper R denotes an integral domain and G denotes a semi-simple R-group scheme,
unless explicitly stated otherwise.
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A well-known conjecture due to J.-P. Serre and A. Grothendieck [Sel Remarque, p.31],
[GrTl, Remarque 3, p.26-27], and [Gr2, Remarque 1.11.a] asserts that given a regular local
ring R and its field of fractions K and given a reductive group scheme G over R the map

Hé1t<R7 G) - Hé1t<K7 G)7

induced by the inclusion of R into K, has trivial kernel.
Let R be a semi-local ring and G be a reductive group scheme over R. Recall an
"isotropy condition ” for G.

(I) Each R-simple component of the derived group Gge, of the group G is isotropic over
R.

The hypotheses (I) means more precicely the following : consider the derived group
G ger of the group G and the simply-connected cover G%,. of G,eq; that group G, is a
product over R (in a unique way) of R-indecomposable groups, which are required to be

isotropic.

Theorem 1.0.1. Let R be reqular semi-local domain containing an infinite perfect field
and let K be its field of fractions. Let G be a reductive R-group scheme satisfying the
condition (1). Then the map

Hélt(Rv G) - Hélt(Ka G)a

induced by the inclusion R into K, has trivial kernel.
In other words, under the above assumptions on R and G each principal G-bundle P
over R which has a K-rational point is itself trivial.

e One can ask whether two elements ¢, ¢ € H}(R,G) which are equal over K are
equal over R. Theorem [T does not imply that in general. However it does imply that
provided that at least one of the two group schemes G(§) or G(() is isotropic.

e Clearly, this Theorem extends as the geometric case of the main result of J.-L.
Colliot-Thélene and J.-J. Sansuc |[C-T/S[, so main results of I.Panin, A.Stavrova and
N.Vavilov [PSV), Thm.1.1, Thm. 1.2]. However our proof of Theorem [Tl is based
heavily on those results and on two purity results (Theorems and [CIL4)
proven in the present preprint.

e The case of arbitrary reductive group scheme over a discrete valuation ring is com-
pletely solved by Y.Nisnevich in [Ni.

e The case when G is an arbitrary tori over a regular local ring is done by J.-L.
Colliot-Thélene and J.-J. Sansuc in [C-T/Y].

e For simple group schemes of classical series this result follows from more general
results established by the first author, A. Suslin, M. Ojanguren and K. Zainoulline [PS],
[OP], [Z], [OPZ], [Pa]. In fact, unlike our Theorem [[ILT, no isotropy hypotheses
was imposed there. However our result is new, say for simple adjoint groups of
exceptional type (and for many others).



e The case of arbitrary simple adjoint group schemes of type Eg and E-; is done by
the first author, V.Petrov and A.Stavrova in [PaPy].

e There exists a folklore result, concerning type Go. It gives affirmative answer in this

case, also independent of isotropy hypotheses, see the paper by V. Chernousov and the
first author [ChPJ.

e The case when the group scheme G comes from the ground field k is completely
solved by J.-L. Colliot-Thélene, M. Ojanguren, M. S. Raghunatan and O. Gabber in
[C-T/OJ|, when k is perfect, in [RI]; O. Gabber announced a proof for a general ground
field k.

A geometric counterpart of Theorem [LOT] is the following result

Theorem 1.0.2. Let k be an infinite field. Let O be the semi-local ring of finitely many
points on a smooth irreducible k-variety X and let K be its field of fractions of O. Let G
be a reductive O-group scheme satisfying the condition (1) above. Then the map

Hé1t<07 G) - Hélt(Ka G)7

induced by the inclusion O into K, has trivial kernel.
In other words, under the above assumptions on R and G each principal G-bundle P
over R which has a K-rational point is itself trivial.

To state our purity Theorems recall certain notions. Let F be a covariant functor
from the category of commutative R-algebras to the category of abelian groups. For any
domain R consider the sequence

F(R) — F(K) — P F(K)/F(R,)
p

where p runs over the height 1 primes of R and K is the field of fractions of R. We say
that F satisfies purity for R if this sequence — which is clearly a complex — is exact.
The purity for R is equivalent to the following property

() ImlF(Ry) — F(K)] = Im[F(R) — F(K)].

htp=1

Theorem 1.0.3 (A). Let O be a semi-local ring of finitely many points on a k-smooth
scheme X with an infinite field k. Let

w:G—C

be a smooth O-morphism of reductive algebraic O-group schemes, with a torus C'. The
functor

F:5 = C(5)/u(G(9))
defined on the category of O-algebras satisfies purity for O.



Theorem 1.0.4 (B). Let R be a reqular local ring containing an infinite perfect field k.
Let

w:G—C

be a smooth R-group scheme morphism to a tori C'. The functor
F:5=C(5)/uG(S))

defined on the category of R-algebras satisfies purity for R.

If K 1is the field of fractions of R, then this statement can be restated in an explicit
way as follows: given an element ¢ € C(K) suppose that for each height 1 prime ideal p
in A there exist a, € C(Ry), 9o € G(K) with a = ay - u(gp) € C(K). Then there exist
gm € G(K), ayn € C(R) such that

a =0y - 1t(gm) € C(K).

After the pioneering articles [C-T/P/S| and [R] on purity theorems for algebraic
groups, various versions of purity theorems were proved in |[C-T/O], [PS], [Z], [Pal]. The
most general result in the so called constant case was given in [Z, Exm.3.3]. This re-
sult follows now from our Theorem (A) by taking G to be a k-rational reductive group,
C =Gy and p : G — Gy, @ dominant k-group morphism. The papers [PS], [Z], [Pa]
contain results for the nonconstant case. However they only consider specific examples of
algebraic scheme morphisms p: G — C.

It seems plausible to expect purity theorem in the following context. Let R be a
regular local ring. Let o : G — T be a smooth of reductive R-group schemes with an
R-torus T'. Let J be the covariant functor from the category of commutative rings to the
category of abelian groups given by S +— T'(S)/u(G(S)). Then F should satisfies purity
for R.

Another functor for which one should expect purity is the following one. Let R be a
regular local ring, G and G’ reductive R-group schemes, m : G — G’ a smooth central
R-group scheme morphism. Assume Z = ker(rw) is finite étale of multiplicative type
over R. The boundary operator d, p : G'(R) — Hj (R, Z) makes sense and is a group
homomorphism [Se, Ch.II, §5.6, Cor.2]. For an R-algebra S set

F(S) = Hy (S, Z)/Tm(0r,s)- (1)

It seems plausible that the functor F satisfies purity for R. Theorem [[Z0.34 states
that this is the case if R contains an infinite perfect field &.

Note that we use transfers for the functor R — C(R), but we do not use at all
the norm principle for the homomorphism p: G — C.

The preprint is organized as follows. In Section Pl we construct norm maps following a
method from [SuVol, Sect.6]. In Section Bl we prove the main geometric Lemma BIL8 In
Section Fll we discuss unramified elements. A key point here is Lemma In Section
we discuss specialization maps. A key point here is Corollary In Section [] certain
Artin’s results are generalized. In Section [ a convenient technical tool is introduced. In



Section [ Theorem (A) is proved. In Section [l Theorem (B) is proved. In Section [[2 we
consider the functor ([Il) and prove a purity Theorem [[2Z0.34 for that functor. In Section
Theorems [LOT and are proved. Finally in Section [[4] we collect several examples
illustrating our Purity Theorems.

Acknowledgments The author thanks very much M.Ojanguren for useful discus-
sions concerning purity results obtained in the present article. The author thanks very
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resulted unexpectedly to me with the present preprint.

2 Norms

Let £k C K C L be field extensions and assume that L is finite separable over K. Let
K*°P be a separable closure of K and

o, K - K 1<i:<n

the different embeddings of K into L. As in §1, let C' be a commutative algebraic group
scheme defined over k. We can define a norm map

by
Nk (a) = H C(o;) () € C(K>P)SI) = O(K) .

Following Suslin and Voevodsky [SuVadl, Sect.6] we generalize this construction to finite
flat ring extensions. Let p: X — Y be a finite flat morphism of affine schemes. Suppose

that its rank is constant, equal to d. Denote by S%(X/Y) the d-th symmetric power of X
over Y.

Lemma 2.0.5. There is a canonical section
NX/Y Y — Sd(X/Y)
which satisfies the following three properties:

(1) Base change: for any map f:Y' — Y of affine schemes, putting X' = X xy Y’ we
have a commutative diagram

NX’/Y’

y S /YY)

f lsd(fdx xf)
Nx/vy

y SYUX/Y)



(2) Additivity: If fi : X1 — Y and fy : Xo — Y are finite flat morphisms of degree dy
and dy respectively, then, putting X = X1 [[Xo, f = fi]ll fo and d = dy + da, we
have a commutative diagram

SU(X,/Y) x 8%(X,/Y) z SUX/Y)

Nx, /v XNxy /v Nx/vy

where o s the canonical imbedding.

(3) Normalization: If X =Y and p is the identity, then Nx,y is the identity.

Proof. We construct a map Nx/y and check that it has the desired properties. Let
B = k[X] and A = k[Y], so that B is a locally free A-module of finite rank d. Let
B® = B®4B®y---®4 B be the d-fold tensor product of B over A. The permutation
group &, acts on B®? by permuting the factors. Let S4(B) C B®? be the A-algebra of
all the G4-invariant elements of B®?. We consider B®? as an S%(B)-module through the
inclusion S¢(B) C B®¢ of A-algebras. Let I be the kernel of the canonical homomorphism
B® — A%B) mapping by ® - - - ® by to by A - - - Abg. Tt is well-known (and easily checked
locally on A) that I is generated by all the elements z € B®¢ such that 7(x) = x for some
transposition 7. If s is in S4(B), then 7(sx) = 7(s)7(z) = sz, hence sz is in S4(B) too.
In other words, I is an S?%(B)-submodule of B®?. The induced S¢(B)-module structure
on A\%(B) defines an A-algebra homomorphism

d
p: SUB) — Enda(/\(B)) .

Since B is locally free of rank d over A, /\d(B) is an invertible A-module and we can
canonically identify Enda(A\*(B) with A. Thus we have a map

0:54B)— A
and we define
Trxy 1Y — SYX)
as the morphism of Y-schemes induced by ¢. The verification of properties (1), (2) and
(3) is straightforward. O
Let now C' be a commutative k-group scheme and f : X — C' any morphism. We

define the norm Nx,y(f) of f as the composite map

y 120, gdxy 29, sdoy X, o 2)

Here we write ” x 7 for the group law on C'. The norm maps Nx/y satisfy the following
conditions



(1) Base change: for any map f: Y’ — Y of affine schemes, putting X’ = X xy Y’ we
have a commutative diagram

ox) Y oixry

NX/YJ« J/NX’/Y’

cy) - cw

(2) multiplicativity: if X = X; IT X, then the diagram commutes

o(x) Y a(x) x O(X)
NX/YJ/ J/NXl/YNXQ/Y
cly) 4 C(Y)

(3) normalization: if X =Y and the map X — Y is the identity then Ny/y = idc(x).

3 Geometric lemmas

The aim of this Section is to prove an analog of three Lemmas from [?] making them
characteristic free. Lemma is a refinement of [OP), Lemma 2.

Lemma 3.0.6. Let k be an infinite field and let S be an k-smooth equi-dimensional k-
algebra of dimension 1. Let f € S be a non-zero divisor

Let mg be a maximal ideal with S/mg = k. Let my,my, ..., m, be different maximal
ideals of S (it might be that mg = m; for an index i). Then there exists a non-zero divisor
s € S such that S is finite over k[s| and

(1) the ideals n; == m; N k[s] (i = 1,2,...,n) are all different from each other and
different from ng := mqy N k[3] provided that my is different from m;’s;

(2) the extension S/k[s] is étale at each m;’s and at my;
(3) k[s]/n; = S/m; for eachi=1,2,...,n;
(4) no = sk[s].

Proof. For each index i let x; be the point on Spec(S) corresponding to the ideal m;.
Consider a closed imbedding Spec(S) — A7} and find a generic k-defined linear projection
p: A7 — A} to such that for each index i one has

(1) for each ¢ > 0,7 > 0 one has p(z;) # p(z;) provided that x; # x;;

(2) for each index ¢ > 0 the map p|spec(s) : Spec(S) — Al is étale at the point z;;



(3) the separable degree extension k(z;)/k(p(z;)) is one.

With this in hand one gets for each the equality k(p(z;)) = k(x;). In fact the extension
k(x;)/k(p(x;)) is separable by the item (2). By the item (3) we conclude that k(p(z;)) =
k(z;). The Lemma follows.

U

Lemma 3.0.7. Under the hypotheses of Lemma [Z1LA let f € S be a non-zero divi-
sor which does not belong to a mazximal ideal different of mg, my,...,m,. Let N(f) =
Ns/iis(f) be the norm of f. Then for an element 5 € S satisfying (1) to (4) of Lemma
[Z1.4 one has

(a) N(f) = fg for an element g € S;
(b) fS+gS=S5;
(c) the map k[s]/(N(f)) — S/(f) is an isomorphism.

Proof. 1t is straightforward.
O

Lemma 3.0.8. Let R be a semi-local essentially smooth k-algebra with maximal ideals
p;’s, where i runs from 1 to r. Let R[t] C A be an RIt]-algebra which is smooth as an
R-algebra and is finite over the polynomial algebra R[t]. Assume that for each index i the
R/p;-algebra A; = A/p;A is equi-dimensional of dimension one. Let € : A — R be an
R-augmentation and I = ker(e). Given an f € A with 0 # ¢(f) € A and such that the
R-module A/ fA is finite, one can find an u € A satisfying the following conditions

(1) A is finite projective as an R[u]-module;

(2) AJuA = AJT x A]J for certain ideal J;

(3) J+ fA=A;

(4) (u—1)A+ fA=A;

(5) if N(f) = Narp(f), then N(f) = fg € A for certain g € A

(6) fA+gA=A;
(7) the composition map ¢ : R[u]/(N(f)) — A/(N(f)) — A/(f) is an isomorphism.

Proof. Replacing ¢t by t — €(t) we may assume that €(¢) = 0. Since A is finite over
RJt] we conclude that it is a finite projective R[t]-module by a theorem of Grothendieck
[El Cor.17.18]. Since A is finite over R[t] and A/fA is finite over R we conclude that
R[t]/(N(f)) is finite over R, hence R/(tN(f)) is finite over R too. So setting v = tN(f)
we get an integral extension A over R[v] and one has equalities

v =tNa/ry(f) = (ft)g=1tfg.



We claim that A/R[v] is integral, e(v) = 0and u € fA. Infact, u = tNa/ry(f) = t(f9)
and whence €¢(v) = €(t)e(fg) = 0. Finally, and v € fA.

We use below “bar” and lower script ¢ to denote the reduction modulo the ideal p; A
Let ; = R; = R/p;. By the assumption of the lemma the [;-algebra A; is an [;-smooth
equi-dimensional of dimension 1. Let mgz), mg), e ,me) be different maximal ideals of A;
dividing f; and let mg) = ker(§). Let 5; € A; be such that the extension A, /l;[5;] satisfies
the conditions (1) to (4) of Lemma BILG.

Let s € A be a common lift of 5;’s , that is for each index i one has 5, = 5, in A;.
Replacing s by s — €(s) we may assume that €(s) = 0 and still for each index ¢ one has
5 = 5.

Let s + p1(v)s" ' + -+ + p,(v) = 0 be an integral dependence equation for s. Let
N be an integer large than the max{2, deg(p;(v))}, where ¢ = 1,2,...,n. Then for any
r € kX the element u = s — rv” is such that v is integral over R[u]. Thus for any r € k>
the ring R is integral over Alu].

On the other hand for each index i the element w, = 5; — ro;V still satisfies the
conditions (1) to (4) of Lemma BILA because for each index 7 = 0,1,2,...,n one has
7 €m{

We claim that the element u € R is the required element (for almost all
rekX).

In fact, for almost all r € k* the element u satisfies the conditions (1) to (4) of Lemma
[OP, Lemma 5.2]. It remains to show that the conditions (5) to (7) are satisfied for all
re k.

Since A is finite over R[u] we conclude that it is a finite projective R[u]-module by a
theorem of Grothendieck [[El, Cor.18.17] To prove (5) consider the characteristic polynomial

of the operator A I, A asan RJu)-module operator. This polynomial vanishes on f and
its free coefficient is £N(f) (the norm of f). Thus f™ —a;f" ' +--- £ N(f) = 0 and
N(f) = fg for an element g € R.

To prove (6) one has to check that this ¢ is a unit modulo the ideal fA. It suffices to
check that for each index i the element g; € A; is a unit modulo the ideal f;A;. The field
l; = R/yp;, the l-algebra S; = A;, its maximal ideals mé),mgz), .. mﬁb and the element
u; satisfy the hypotheses of Lemma B0.7 with u replaced by ;. Now g; is a unit modulo
the ideal f;R; by the item (b) of Lemma BIL7

To prove (7) note that R[u]/(Naskx)(f)) are A/fA finite A-modules. So it remains
to check that the map ¢ : R[u]/(Nasx)(f)) — A/fA is an isomorphism modulo each

maximal ideal m(J ). For that it suffices to verify that the map @ : Lilu]/(N(f;) — Aif fiAs
is an 1somorphlsm for each index i, where N(f;) :== N4, Ja1a) f;). Now @; is an isomorphism
by the item (c) of Lemma BI7 The lemma follows.

U

Corollary 3.0.9. Under the hypotheses of Lemmal[Z1L8 let K be the field of fractions of
R, Ax = K®QpA and ex = idg @€ : A — K. Consider the inclusion K[u] C Ax. Then
the norm N(f) = Na,/k(f) € Klu] does not vanish at the points 1 and 0 of the affine
line Al



Proof. The condition (4) of implies that N(f) does not vanish at the point 1. Since
ex(f) # 0 € K the conditions (2) and (3) imply that N(f) does not vanish at 0 either.
U

4 Unramified elements

We work in this section with the category of commutative R-algebras. Let F be a covariant
functor from the category of commutative R-algebras to the category of abelian groups.
Let K be a field containing £ and S C K be a k-subalgebra whose field of fractions is K.
We define the subgroup of S-unramified elements of K as

Furs(K) = [} Im[F(Sy) — F(K)], (3)

pESpec(S))

where Spec(S)™) is the set of hight 1 prime ideals in S. Obviously the image of F(R) in
F(K) is contained in F,, s(K). In most cases F(S,) injects into F(K) and F,, s(K) is
simply the intersection of all F(.S,).

A basic functor we are interested in is the following one. Let p : G — C be the
morphism of reductive R-group schemes from Theorem [LO3 For a commutative R-
algebra S set

F(5) = C(9)/u(G(9))- (4)

For an element o € C(S) we will write a for its image in F(S). In this section we will
write F for the functor (@), the only exception being Lemma EEOTA. We will repeatedly
use the following result

Theorem 4.0.10 ([Ni]). Let R be a discrete valuation ring with fraction field K. The
map F(R) — F(K) is injective.

Proof. Let H be the kernel of y. Then the boundary map 0 : C(R) — H} (R, H) fits in
a commutative diagram

C(R)/mG(R)) —— C(K)/p(G(K))

| !

Hét(RvH) — Hét(KaH)

in which the vertical arrows have trivial kernels. The bottom arrow has trivial kernel by
a Theorem from [Ni]. Thus the top arrow has trivial kernel too.
O

Lemma 4.0.11. Let p : G — C' be the morphism of our reductive group schemes.
Let H = ker(u). Then for an R-algebra K, where K 1is a field, the boundary map
0: C(K)/u(G(K)) — HL (K, H) is injective.

10



Proof. For a K-rational point t € C set H; = pu~*(t). The action by left multiplication
of H on H; makes H, into a left principal homogeneous H-space and moreover J(t) €
H}, (K, H) coincides with the isomorphism class of H,. Now suppose that s,t € C(K)
are such that d(s) = O(t). This means that H; and H, are isomorphic as principal
homogeneous H-spaces. We must check that for certain ¢ € G(K') one has t = sg.

Let K*? be a separable closure of K. Let ¢ : H; — H; be an isomorphism of left
H-spaces. For any r € Hy(K*) and h € Hy(K*?) one has

(hr)Yap(hr) = v R hap(r) = r ().
Thus for any o € Gal(K*?/K) and any r € H,(K?*") one has

ri(r) = (") T (r7) = (r e (r))”

which means that the point u = r~¢(r) is a Gal(K*® /K )-invariant point of G(K*°"). So
u € G(K). The following relation shows that the ¢ coincides with the right multiplication
by u. In fact, for any r € H,(K*®) one has 1(r) = rr~'4(r) = ru. Since v is the right
multiplication by w one has t = spu(u), which proves the lemma.

O

Let K be the field of fractions of R and K be a field containing K and x : X* — Z
be a discrete valuation vanishing on K. Let A, be the valuation ring of z. Let A, and
X, be the completions of A, and K with respect to z. Let i : K — K, be the inclusion.
By Lemma the map F(A,) — F(K,) is injective. We will identify F(A,) with its
image under this map. Set

Fo(K) = i (F(A)).

The inclusion A, — X induces a map F(A,) — F(K) which is injective by Lemma
EOT0d So both groups F(A) and F,(X) are subgroups of F(X). The following lemma
shows that F,(X) coincides with the subgroup of F(X) consisting of all elements unram-
ified at x.

Lemma 4.0.12. F(A4,) = F.(X).

Proof. We only have to check the inclusion F,(X) C F(A,). Let a, € F,(X) be an
element. It determines the elements a € F(X) and a € F(A,) which coincide when

regarded as elements of F(X,). We denote this common element in F(X,) by a,. Let
H =ker(u) and let 0 : C(—) — H;t( , H) be the boundary map.

Let € = d(a) € HY(K, H), € = 8(a) € HYL (A, H) and & = 8(a,) € HY(K,, H)
Clearly, f and ¢ both coincide with fx when regarded as elements of Het(fo, H). Thus
one can glue £ and S togeta ¢, € Hét(Aw, H) which maps to £ under the map induced by
the inclusion A, — K and maps to f under the map induced by the inclusion A, — A,.

We now show that &, has the form d(a},) for a certain a,, € F(A,). In fact, observe
that the image ¢ of ¢ in H}, (X, G) is trivial. By Theorem [Ni] the map

Hét(Axv G) - Hét(g(f, G)

11



has trivial kernel. Therefore the image ¢, of &, in Hg,(A,, G) is trivial. Thus there exists
an element a/, € F(A,) with d(a)) = &, € H (Ay, H).

We now prove that a!, coincides with a, in F,(X). Since F(A,) and F,(XK) are both
subgroups of F(X), it suffices to show that a/ coincides with the element a in F(X). By
Lemma EEO.TT] the map

F(3) = Hiy (X, H) (5)

is injective. Thus it suffices to check that d(a)) = d(a) in H} (X, H). This is indeed
the case because 0(a),) = &, and d(a) = &, and &, coincides with & when regarded over
K. We have proved that a!, € F(A,) coincides with a, in F,(X). Thus the inclusion
F.(K) C F(A,) is proved, whence the lemma.

U

Lemma 4.0.13. Let A C B be a finite extension of Dedekind K-algebras. Let 0 # f € B
be such that B/ fB is finite over K and reduced.

Suppose Np/a(f) = fg € B for a certain g € B coprime with f. Suppose the composite
map A/N(f)A — B/N(f)B — B/fB is an isomorphism. Let F' and E be the field of
fractions of A and B respectively. Let 3 € C(By) be such that 8 € F(E) is B-unramified.
Then, for « = Ng/p(f), the class & € F(F) is A-unramified.

Proof. The only primes at which & could be ramified are those which divide N(f). Let p
be one of them. Check that & is unramified at p.

To do this we consider all primes g1, g2, ..., q, in B lying over p. Let q; be the unique
prime dividing f and lying over p. Then

By = By x [[ Ba
with Bql = flp. If F, E are the fields of fractions of A and B then
E®Fp:Eq1 X o xEqn

and E,, = F,. We will write E; for B, and B, for By,. Let R1 = (31,...,Bn) € C(E;) x
-+ x C(E,). Clearly for i > 2 8, € C(B;) and y = p(v1)p; with 8] € C(B;) = C(A,
and 71 € G(E1) = G(F},). Now a® 1 € C(F}) coincides with the product

51N£2/f<p (B2) -~ 'Nﬁn/f(p (Bn) = M(’Yl)[ﬁiNﬁg/f(p (B2) -~ 'Nﬁn/f(p (Bn)]-

Thus a ® 1 = B{NﬁQ/KP (B2) -+ N i, (Bn) € F(A,). Let i : F — F, be the inclusion and
i, : F(F) — F(F,) be the induced map. Clearly 4,(a) = a®1 in F(F,). Now Lemma
shows that the element @ € F(F') belongs to F(A,). Hence & is A-unramified.

O

Lemma 4.0.14 (Unramifiedness Lemma). Let F be a covariant functor from the category
of commutative R-algebras to the category of abelian groups. Let S’ and R’ be two R-
algebras which are noetherian domains with fields of fractions K' and L' respectively. Let
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S’ — R' be an injective flat R-algebra homomorphism of finite type and let j : K' — L'
be the induced inclusion of the field of fractions. Then for each localization R” D R’ of R’
the map

o FKY) — F(L)

takes S’-unramified elements to R"-unramified elements.

Proof. Let v € F(K’) and let v be height 1 primes of R”. Then q = R’ Nt is a height
1 prime of R'. Let p = S’ N q. Since the S’-algebra R’ is flat of finite type one has
ht(q) > ht(p). Thus ht(p) is 1 or 0. The commutative diagram

FK') —— F(L)

| |

F(S,) —— F(RY)

shows that the class j.(v) is in the image of F(R.) and hence the class j.(v) € F(L) is
R’-unramified.
U

5 Specialization maps

Let K be an infinite field. Let
w:G—C (6)

be a smooth K-morphism of reductive algebraic K-group schemes, with a torus C'. We
work in this section with the category of commutative K-algebras and with the functor

F:5 = C(9)/mG(5)) (7)

defined on the category of A-algebras. So, we assume in this Section that each ring
from this Section is equipped with a distinguished K-algebra structure and each ring
homomorphism from this Section respects that structures.

For a regular ring R with the fraction field K and each height one prime p in R we
construct specialization maps s, : ¥, r(X) — F((p)), where X is the field of fractions
of R and k(p) is the residue field of R at the prime p.

Definition 5.0.15. Let Ev, : C(R,) — C(k(p)) and ev, : F(R,) — F(k(p)) be the
maps induced by the canonical ring homomorphism R, — k(p). Define a homomorphism
Sp ¢ Fnrr(K) — F((p)) by sp(e) = evy(&), where & is a lift of o in F(Ry,). Theorem
[£.0.10 shows that the map s, is well-defined. It is called the specialization map. The map
evy s called the evaluation map at the prime p.

Obviously for a € C(Ry,) one has sy(@) = Evy(a) € F(k(p)).
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Lemma 5.0.16 ([H]). Let H be a smooth linear algebraic group over the field K. Let R
be a K-algebra which is a Dedekind domain with field of fractions K. If € € HL (X, H)
is an R-unramified element for the functor Hy(—, H) (see [@) for the Definition), then &
can be lifted to an element of Hy, (R, H).

Proof. Patching.

Theorem 5.0.17. The canonical map Hy (K, H) — Hy,(K[t], H) is bijective.

Proof. Let i : {0} — Al be the origin of the affine line. Let Hj (K[t], H) iR Hy (K, H)
be the pull-back map. To prove the theorem we need the following

Claim 5.0.18. The following two statements are equivalent.
(1) For any linear algebraic group H over K the map i* is injective.
(2) For any linear algebraic group H over K the map i* has the trivial kernel.

Clearly the first statement implies the second one. Now suppose the second statement
holds and prove the first one. For that consider ¢, &' € H, (K[t], H) and set & = i*(£), &) =
i*(£'). Let Hy be the inner form of the group H with respect to the H-torsor H,. For
any K-scheme S there is a well-known bijection ¢g : Hg, (S, H) — HZ (S, Hy) between
non-pointed sets. It takes the H-torsor Hy X i S to the trivial Hy-torsor Hy X i S, where
Ho is an H-torsor over K representing the class . These bijections respect K-scheme
morphisms. Suppose & = &, then

*(pa1(8)) = ok (&) = * = dx (&) = " (da1(§)) € Hy (K, Hy).

So ¢a1(€) = * = pai(€) € H(K[t], Hy). Whence ¢ = & and the injectivity follows.
With this Claim in hand prove the theorem as follows.

The surjectivity of the map ¢* is obvious. To prove its injectivity just use the Claim
and mimic the proof of |[C-T/O, Thm.2.1, Property P2]. Let p: Alx — Spec(K) be the
structural morphism. Since p o7 = id and ¢* is bijective p* is bijective.

O

We need the following theorem.

Theorem 5.0.19 (Homotopy invariance). Let K be the field and p : G — C be the
algebraic group morphism [@). Let K(t) be the rational function field in one variable. Let
R — F(R) be the functor defined by the formulae [1). Then one has

F(K) = For g (K(1)).
Proof. The injectivity is clear, since the composition

FE) = Furrep (K (1)) = F(K)
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coincides with the identity (here sy is the specialization map at the point zero defined in
4.6).

It remains to check the surjectivity. Let a € F,,(K(t)) and let H = ker(u). Then
by Lemma EILTN the element d(a) € HL(K(t), H) is a class which for every x € Al
belongs to the image of HL(O,, H). Thus by Lemma BILTH, d(a) can be represented by
an element £ € H)(K|[t], H), where K|[t] is the polynomial ring. By Theorem B.LT7, the
map

Hyy (K, H) — Hy(K[t), H)
is an isomorphism. Then & = p(&,) for an element & € H} (K, H). Consider the diagram

at > & > *

1 —— F(K (1)) - HL(K(t), H) — HA(K(t), G)

| [ i

1 > F(K) —2— HL(K,H) — HL (K, G)

ag ————¢& ,

in which all the maps are canonical and all the vertical arrows have trivial kernels. Since
¢ goes to the trivial element in HL(K(t),G), one concludes that & goes to the trivial
element in HY(K,G). Thus there exists an element ay € F(K) such that d(ag) = &. The
map F(K(t)) — HL(K(t), H) is injective by Lemma EEILTIT Thus €(ag) = a.

U

Corollary 5.0.20. Let S +— F(S) be the functor defined in (74). Let
So, S1 - gjnr,K[t}<K<t>) — ?(K)
be the specialization maps at zero and at one (at the primes (t) and (t-1)). Then sy = s.

Proof. 1t is an obvious consequence of Theorem B.0.T9 O

6 Equating Groups

The aim of this Section is to sketch a proof of Theorem ??. The following Proposition is
a straightforward analog of [OP, Prop.7.1]

Proposition 6.0.21. Let S be a regular semi-local irreducible scheme. Let py : Gy — C}
and py : Go — C5 be two smooth S-group scheme morphisms with tori C7; and Cy. Let
T C S be a non-empty closed sub-scheme of S, and ¢ : G1|r — Galr, ¥ : Ci|r — Cs|r be
S-group scheme isomorphisms such that (us|r)o@ = Yo (ui|r). Then there exists a finite
étale morphism S = S together with its section § : T — S over T and S-group scheme
isomorphisms @ : Gy — Gy and V : 7C7 — 7*Cy such that
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(1) 5°(®) = ¢,
(i) 6*(¥) =9,
(11i) 7™ (o) o ® = Won*(uy) : 7(Gh) — 7(Cy).

7 Elementary fibrations

In this Section we extend a result of Artin from [A] concerning existence of nice neigh-
borhoods. The following notion is due to Artin [Al, Exp.XI,Defn.3.1]

Definition 7.0.22. An elementary fibration is a morphism of schemes p : X — S which
can be included in a commutative diagram

X Y (8)

satisfying the following conditions
(i) j is an open immersion dense at each fibre of b, and X = X —Y;

(ii) P is a smooth projective such that all fibres are geometrically irreducible of dimension
one;

(iii) q is a finite étale morphism such that each fibre is non-empty.
The following result is an extension of Artin’s result [Al, Exp. XTI, Thm.2.1]

Theorem 7.0.23. Let k be an infinite field, V C P} a locally closed subscheme of pure
dimension r. Let V' C V be an open subscheme consisting of all points x € V' such that
V' is k-smooth at x. Let py,ps,...,pm € P} be a family of closed points with p; # p; for
i # j. For a family H,(d), Hy(d), ..., Hs(d) (s < 1) of hyperplanes of degree d containing
all points p; (i =1,2,...,m) set Y = Hy(d) N Ho(d) N --- N Hy(d).

There exists an integer d depending of the family py, pa, ..., pm Such that if the family
Hy(d), Hy(d), ..., Hs(d) with s < r is general enough, then'Y crosses V transversally at
each point of Y NV,

If V is irreducible (geometrically irreducible) and s < r then for the same integer d and
for a general enough family Hy(d), Hy(d), . .., Hs(d) the intersection Y NV is additionally
irreducible (geometrically irreducible).

Using this Bertini type Theorem one can prove the following result, which is a slight
extension of Artin’s result [Al Exp.XI,Prop.3.3 |
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Proposition 7.0.24. Let k be an infinite field, X/k be a smooth geometrically irreducible
variety, Ty, To, ..., T, € X be closed points. Then there exists a Zarisky open neighborhood
X0 of the family {1, s, ...,1,} and an elementary fibration p : X° — S, where S is an
open subscheme of the projective space P¥mX=1  Additionally, if Z is a closed codimension
one subvariety in X, then one can choose X° and p such that plzaxo : ZNX% — S is
finite surjective.

Proposition 7.0.25. Let p: X — S be an elementary fibration. If S is a reqular semi-
local scheme, then there exists a commutative diagram of S-schemes such that the left
hand side square is Cartesian.

X X ‘ Y (9)

|k |

Al x S - P! x S : {0} x S

where j and © are from Definition [7.0.29 and prs o m = p, where prg is the projection
Al x S — S.

In particular, 7 : X — A' x S is a finite surjective morphism of S-schemes, where X
(resp. Al x S ) is regarded as an S-scheme via the morphism p (resp. via the projection

pTS)-

We omit for now the proof of this proposition.

8 Nice triples

We study in the present Section certain packages of geometric data and morphisms of that
packages. The concept of "nice triples” is very closed to the one of ”standard triples ” [Vo,
Defn.4.1] and is inspired by the latter one. Let k be an infinite field, X/k be a smooth geo-
metrically irreducible variety, @1, 22, ..., 2, € X be closed points. Let Spec(Ox (s, 2s,....2n})
be the respecting semi-local ring.

Definition 8.0.26. Let U := Spec(Ox (a1 ,20,....20}). A nice triple over U consists of the
following family of data:

(i) a smooth morphism qy : X — U,
(i1i) an element f € I'(X, Ox)
(ii) a section A of the morphism qy .
These data must satisfy the following conditions:
(a) each component of each fibre of the morphism qu has dimension one,

(b) the I'(X,Ox)/f - T'(X,Ox) is a finite I'(U, Ov) = Ox {2} 29,...0.} -Mmodule,
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(c) there erists a finite surjective U-morphism 11 : X — Al x U,

(d) A*(f) #0e (U, Op).

A morphism of two nice triples (X', f', ') — (X, f,A) is an étale morphism of U-
schemes 0 : X' — X such that

(1) qy =quob,

(2) f"=0*(f) g for an element ¢ € T(X', Ox)

(in particular, T(X', Ox)/0*(f) - T(X', Ox) is a finite Ox (4, 2oz, -module ),

(3) A=0oA
(Stress that there are no conditions concerning an interaction of I and 11 ).

Theorem 8.0.27. Let U be as in Definition[8IL28. Let (X, f, A) be a nice triple over U.
Let G be a reductive X-group scheme and Gy := A*(Gx) and G eonst be the pull-back of
Gy to X. Let Cy be an X-tori and Cy := A*(Cx) and Cons be the pull-back of Cy to X.
Then there ezist a morphism 0 : (X', f', A") — (X, f, A) of nice triples and isomorphisms

D : 9*(Gconst) - 0*(Gx), v 0* (Cconst) - 9*(CI)C)
of X'-group schemes such that (A")*(®) = idg,,, (A')*(P) =idg, and
0" (12) 0 ® = W o " (1) (10)

This Theorem is a consequence of Proposition BLO.2ZTl The proof of this theorem is
omitted for now.

9 A basic nice triple

With Propositions and [L028 at our disposal we may form a basic nice triple,
namely the triple ([A). This is the main aim of the present Section. Namely, fix a smooth
irreducible affine k-scheme X, a finite family of points =1, xs, ..., x, on X, and a non-zero
function f € k[X]. We always assume that the set {xq,xs,...,2,} is contained in the
vanishing locus of the function f.

Replacing k with its algebraic closure in k[ X |, we may assume that X is a geometrically
irreducible k-variety. By Proposition there exist a Zariski open neighborhood X°
of the family {xy, 7, ..., z,} and an elementary fibration p : X° — S, where S is an open
sub-scheme of the projective space P#"X~1 such that

pli—oyxo s {f=0}NX°— S

is finite surjective. Let s; = p(x;) € S, for each 1 < ¢ < n. Shrinking S, we may
assume that S is affine and still contains the family {si, sq,...,s,}. Clearly, in this case
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p~1(S) C XY contains the family {xy,xs,...,2,}. Now we replace X by p~1(S) and f by
its restriction to this new X.
In this way we get an elementary fibration p : X — S such that

{z1,...,z,} C{f=0} C X,

S is an open affine sub-scheme in the projective space P4™X~1 and the restriction of
Plii=oy : {f =0} — S to the vanishing locus of f is a finite surjective morphism. In other
words, k[X]/(f) is finite as a k[S]-module.

As an open affine sub-scheme of the projective space P4#mX~1 the scheme S is regular.
By Proposition one can shrink S such that S is still affine, contains the family
{s1,82,...,8,} and there exists a finite surjective morphism

T: X —A'x S

such that p = prgom. Clearly, in this case p~*(S) C X contains the family {1, s, ..., 2, }.
Now we replace X by p~1(S) and f by its restriction to this new X.
In this way we get an elementary fibration p : X — S such that

{z1,...,2,} C{f=0} C X,

S is an open affine sub-scheme in the projective space P4™X~1 and the restriction of
plg=oy : {f = 0} — S to the vanishing locus of f is a finite surjective morphism. And
eventually there exists a finite surjective morphism

7: X > A'x S

such that p = prgom.

Now set U := Spec(Ox {z,0s,..2,}), and denote by can : U — X the canonical
inclusion of schemes, and py = pocan : U — S. Further, we consider the fibre product
X := U xg X. Then the canonical projections gy : X — U and gx : X — X and the
diagonal morphism A : U — X can be included in the following diagram

% ax X (11)
qu/ >A can
U
where
gx o A = can (12)
and
qu o A =idy. (13)

Note that gy is a smooth morphism with geometrically irreducible fibres of dimension
one. Indeed, observe that qy is a base change via py of the morphism p which has
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the desired properties. Taking the base change via py of the finite surjective morphism
7: X — Al x S we get a finite surjective morphism

M: X — A'xU

is finite, since the k[S]-module k[X]/f- k[X] is finite.
Note that the data
(g : X —=U, f,A) (14)

form an example of a nice triple, as defined in Definition B0.26.

Claim 9.0.28. Note that the schemes A(U) and {f = 0} are both semi-local and that the
set of closed points of A(U) is contained in the set of closed points of {f = 0}.

This holds since the set {x1,zs,...,2,} is contained in the vanishing locus of the
function f.

10 Proof of Theorem (A)

Proof. We begin with the following data. Fix a smooth irreducible affine k-scheme X, a
finite family of points 1, 2,,...,2, on X, and set O := Ox (4, 4s,...0,} and U := Spec(O).
Replacing k with its algebraic closure in I'(X,Ox) we may and will assume that X is
k-smooth and geometrically irreducible. Further, consider the reductive U-group scheme
G, the U-tori C' and the smooth U-group scheme morphism

u:G— C.

Let K be the fraction field of O. Let & € C(K) be such that the element ¢ € F(K) is
O-unramified (see (H)).

Shrinking X if necessary, we may secure the following properties:

(i) The points 1, xs, ..., x, are still in X;

(ii)) The group schemes G, C' and the group morphism p are defined over X, G is
reductive over X, C'is a tori over X and p is a smooth X-group morphism. We will often
denote this X-group scheme G by Gx and write Gy for the original U-group scheme G;
We will often denote this X-group scheme C' by C'x and write Cy; for the original U-group
scheme C

(iii) The element & is defined over Xy, that is £ € C(k[X]¢) for a non-zero function
f € k[X] such that f vanishes at each x;’s and the k-algebra k[X]/(f) is reduced,;

(iv) we may assume further that & € F(k[X];) is k[X]-unramified.

So, we are given now with a geometically irreducible k-smooth scheme X, a finite
family points x1, xs, ..., 2, on X and a non-zero function f € k[X] vanishing at each z;’s.
Beginning with these data the nice triple (I4))

(QU:x_)UafaA)
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was constructed in Section

Set Gx = ¢%(Gx) and Gy = A" (Gx) = can*(Gx). Let Geonst be the pull-back of Gy
to X.

Set Cx = ¢%(Cx) and Cy := A*(Cx) = can*(Cx). Let Ceonst be the pull-back of Cyr
to X.

By Theorem there exist a morphism 6 : (X', f; A") — (X, f, A) of nice triples
and isomorphisms

D : ‘9*<Gconst) - 9*<G3C)7 v ‘9*<Cconst) — 0" (CDC)
of X’-group schemes such that (A")*(®) = idg,,, (A )*(P) = idg, and
0" (p2) 0 @ =W o 0 (1) : 0°(Geonst) — 0" (Cx) (15)

The equality (I3) implies that for each U-scheme Y and each U-scheme morphism ¢ :
Y — X' the group isomorphism ¥(Y') : 0*(Ceonst)(Y') — 6*(Cx)(Y') induces a group
isomorphism

Cu(¥)/1(Gu () = Fenst(¥) = Fx(') = C(¥)/((G(Y))) (16)

Group isomorphisms W(Y’) form a natural functor transformation of functors defined
on the category of U-schemes and U-scheme morphisms. The same holds concerning
isomorphisms ([d).

Taking the open inclusion X, < X' and the element ¢ := (¢ )"(§) € 0*(Cx)(X}) and
applying the equality ([3) we get an element (i € 6 (Ceonst) (X7/).-

Let U = Spec(Ox, (21 29,....w,}) be as in Definition BI28 Write R for Ox (2, 2s,..0n}- 1t
is a local essentially smooth k-algebra with maximal ideals m;’s where ¢ runs from 1 to
r. Let (X', f', A’) be the above mentioned nice triple over U. Show that it gives rise to
certain data subjecting the hypotheses of Lemma B8

Let A = I'(X',Ox). It is an R-algebra via the ring homomorphism (¢q;)* : R —
(X, Ox). Moreover this R-algebra is smooth. The triple (X', f’; A’) is a nice triple. Thus
there exists a finite surjective U-morphism IT : X' — A};. Tt induces the respecting R-
algebras inclusion R[t] < ['(X', Oy ) = A such that the A is finitely generated as an R][t]-
module. For each index i the R/m;-algebra A/m;A is equi-dimensional of dimension one
since (X', f/, A’) is a nice triple. Let e = (A’)* : A — R be an R-algebra homomorphism
induced by the section A’ of the morphism ¢;;. Clearly, that € is an augmentation. Further,
e(f) # 0 € R since (X', f', A’) is a nice triple. Set I = ker(e). The R-module A/f'A is
finite since (X', f’, A’) is a nice triple. So, we are under the hypotheses of Lemma B8
Thus we may use the conclusion of that Lemma.

So, there exists an element u € A subjecting (1) to (7) of Lemma B8 The function
u defines a finite morphism 7 : X’ — U x A!. Since X’ and Y := U x A! are regular
schemes and 7 is finite surjective it is finite and flat by a theorem of Grothendieck [E
Cor.18.17]. So, for any map ¢ : Y — Y’ of affine schemes, putting X" = X' xy Y” we have
the norm map given by (2

C(x//) - C(‘é")
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Set D = Spec(R/J) and D; = Spec(R/(s — 1)R). Clearly D; is the scheme theoretic
pre-image of U x {1} and the disjoint union Dy := D[[J(U) is the scheme theoretic
pre-image of U x {0} under the morphism 7. In particular D is finite flat over U. We
will write A’ for A'(U). Recall that { € C(k[X]f) and set ¢ = (¢%)*(§) € C(Ayp). Since
the function f’ € A is co-prime to the ideals J and (s — 1)R one can form the following
element

€' = No,u(¢lo, ) Nojw((lp) ™' € C(U) := C(R). (17)

Claim 10.0.29 (Main). One has &, = g in F(K), where K is the fraction field of both
k[X] and k[U] = A.

To complete the proof, it remains to prove the claim. To do this it is convenient to
fix some notations. For an A-module M set My = K ®pr M, for an U-scheme Z set
2k = Spec(K) xy Z, for a U-morphism ¢ : Z — W set px = Spec(K) xy ¢. Clearly one
has R = K, Ux = Spec(K), X', = Spec(Ag) and (U x Al)f is just the affine line Al .
Its closed subschemes Uy x {1} and Uy x {0} coincide with the points 1 and 0 of A}.
The morphism (¢}, )k : X'k — Ux = Spec(K) is smooth. In fact, the morphism 6 is étale
and gy : X — U is smooth. The morphism 7k is finite flat and fits in the commutative
triangle

X'k s
(m /

Spec(K
One has D = Spec(Ri/Jk), D1 x = Spec(Rk /(s —1)Rk). Clearly Dy g is the scheme
theoretic pre-image of the point {1} € A and the disjoint union Dy g := Dy [[ Ak is
the scheme theoretic pre-image of the point {0} € AL under the morphism 7x. Let
Gu = Niiy/xan(C) € C(K(AY) = C(K(u)). (19)
To prove Claim we need the following one:
Claim 10.0.30. The class ¢, € F(K(s)) is K[s]-unramified.

Assuming this claim we complete the proof of Claim [LO29 By Claim [O.O30 we
can apply the specialization maps to ¢,. By Corollary B.0.20 the specializations at 0 and
1 of the element (, coincide, that is

51(511) - 50(511) S 9:(l() (20)

By Corollary the function Ny, /kn(f) € K[s] does not vanishes as at 1, so at 0
and by the condition (5) of Lemma one has ¢, € C(K[u]n(s). Using the relation
between specialization and evaluation maps described in Definition one has a chain
of relations

Al (18)
)

EUI(CU) = SI(EU) = SO(EU) = EUO(Cu) € ?(K) (21>
Base change and the multiplicativity properties of the norm map (@) imply relations
Evl(CU) = N®1,K/UK(§|D1,K) (22)

22



and
EUO(CU) = NDKHAK/UK<C|'DKHAK) = N'DK/UK<C|'DK>NAK/UK<C|AK> (23>

So, we have a chain of relations in F(K)

NDLK/UK(C‘@LK) = EUI(CU) = EvO(CU) = NDK/UK(C‘@K) ’ NAK/UK(C‘AK)

By the normalization property of the norm map () one has Na, v, (Clax) = 0%(C)-
Since 05 (¢) = &k € C(K) we have a chain of relations in F(K)

gK = 5;((§) = NAK/UK(§|AK) = ND1,K/UK(C|®1,K) : (‘]\/vDir</U1r((C|®K))71

By the base change property of the norm map (B2) one has

€k = Ny e 0ic (2 i) Ny j (Gl )~ € C(Uk) = C(K). (24)

So & = & Claim follows.

It remains to prove Claim [MI30 Recall that the class £ € F(k[X];) is k[X]-
unramified. Since the morphism p : X — S is smooth so is the morphism r : U — X — S.
Since the px : X — X is the base change of r it coincides with a composition map

X— X xgX DPTX X where id x prx is a smooth morphism. Whence id x prx is flat
and of finite type. By Lemma EILI4 the class ¢ € F(A;) is R-unramified. Thus the same
class ¢ when regarded in F(K[X'k];) is K[X'g]-unramified.
Now check that the inclusion of K-algebras K[u| C Ax = K[X'k] and the function
' € A satisfy the hypotheses of Lemma EEOT3 We first check that the K-algebra
Ak /' Ak is reduced. Recall that the ring k[X]/(f) is reduced. As we mentioned above,
the morphism ¢}, : X’ — X is essentially smooth, hence the ring A/(f’) is reduced too and
thus its localization Ag/f' Ak is reduced. Since the extension K[u] C Ax = K[X'k] and
the functions f’ € A satisfy the conditions (5) to (7) of Lemma they also satisfy the
hypotheses of Lemma for the functor F,,,s from equality ([6). Thus by Lemma
the class (, is K[u]-unramified. This implies Claim The proof of the
Theorem A is completed.
U

11 Proof of Theorem (B)

Proof. To prove Theorem (B) we now recall a celebrated result of Dorin Popescu (see [P]
or, for a self-contained proof, [Swl).

Let k be a field and R a local k-algebra. We say that R is geometrically reqular
if ¥ ®, R is regular for any finite extension &’ of k. A ring homomorphism A — R
is called geometrically regular if it is flat and for each prime ideal q of R lying over p,
Ry/pR, = k(p) ®4 Ry is geometrically regular over k(p) = A,/p,.

Observe that any regular semi- local ring containing a perfect field k is geometrically
regular over k.
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Theorem 11.0.31 (Popescu’s theorem). A homomorphism A — R of noetherian rings
is geometrically regular if and only if R is a filtered direct limit of smooth A-algebras.

Proof of Theorem B.

Let R be a regular semi-local ring containing an infinite perfect field k. Since k is
perfect one can apply Popescu’s theorem. So, R can be presented as a filtered direct limit
of smooth k-algebras A, over the infinite field k. We first observe that we may replace
the direct system of the A,’s by a system of essentially smooth semi-local k-algebras. In
fact, if my, my, ..., m, are all maximal ideal of R and S = R — (U m;) we can replace
each A, by (A,) s.» Where S, = SN A,. Note that in this case the canonical morphisms
Yo+ Aq — R arelocal (sends a maximal ideal to a maximal one) and every A, is a regular
semi-local ring, in particular a factorial ring.

Let now L be the field of fractions of R and, for each «, let K, be the field of fractions
of A,. For each index « let a, be the kernel of the map ¢, : Ay, — R and B, = (44)a,-
Clearly, for each «, K, is the field of fractions of B,. The composition map A, — R — L
factors through B, and hence it also factors through the residue field k, of B,. Since R
is a filtering direct limit of the A,’s we see that L is a filtering direct limit of the B,’s.

Let £ € C(L) be such that the class £ € F(L) is R-unramified. We need the following
two lemmas.

Lemma 11.0.32. Let B be a local ring which is a domain and let K be its field of
fractions. Let m be a mazimal ideal of B and B = B/m. For an element 0 € F(B) write
0 for its image in F(B) and O for its image in F(K). Let n,p € F(B) be such that
nkg = px € F(K). Then ) = p € F(B).

Lemma 11.0.33. There exists an index o and an element &, € C(B,) such that p(&.) = &
and the class &, € F(K,) is Aq-unramified.

Assuming these two claims we complete the proof as follows. Consider a commutative
diagram

Aq fo R

L

Ba—>ko¢—>

|

K,.

By Lemma the class &, € F(K,) is A,-unramified. Hence by Theorem A there
exists an element 1 € C(A,) such that &, = 7 € F(K,). By Lemma the elements
¢, and 7 have the same image in F(k,). Hence ¢ € F(L) coincides with the image of the
element ¢, (1) in F(L). It remains to prove the two Lemmas.

Proof of LemmaIT134. Induction on dim(B). The case of dimension 1 follows from
Theorem EETILTO applied to the local ring B. To prove the general case choose an f € B
such that n = p € F(By). Let m € B be such that 7 is regular parameter in B, having
no common factors with f. Let B = B/nB. Then for the image 7 — p of n — p in
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F(B) we have (n—p)f = (n—p)f =0 € ?(Ff). By the inductive hypotheses one has
n—p=0¢€JF(B). Thus 7 = p € F(B).

Proof of Lemma [[T133.

Choose an f € R such that £ is defined over Ry. Then & is ramified at most at those
hight one primes pi,...,p, which contains f. Since the class & € F(L) is R-unramified
there exists, for any p;, an element o; € G(L) and an element & € C(R,,) such that
¢ = pu(0y)& € C(L). We may assume that &; is defined over Ry, for some h; € R — p; and
that o; is defined over R,, for some g¢; € R.

We can find an index « such that A, contains lifts fu, hia,- -, Pras Glas - - -5 Gra and

moreover
(1) C(Aa,z,) contains a lift &, of €,
(2) C(Aap,..) contains a lift of & o of &;,
(3) G(Aa,,.) contains a lift of oo of ;.

Since none of the fo, hiqa, ..., Rras Gias - - -, Gro vanishes in R, the elements &,, &1, - - - Sira
and 014, ...,0,, may be regarded as elements of C(B,) and G(B,) respectively.

We know that & ,(0; ) and &, map to the same element in C'(L). Hence replacing o
by a larger index, we may assume that &, = & 411(0:.0) € C(Bs). We claim that the class
¢, € F(K,) is Ap-unramified. To prove this note that the only primes at which &, could
be ramified are those which divide f,. Let g, be one of them. Check that &, is unramified
at qq. Let g, € A, be a prime element such that ¢,A, = qo. Then ¢q,r, = f, for an
element 7,. Thus qr = f € R for the images of ¢, and r, in R. Since the homomorphism
Yo : Aq — R is local, ¢ € mg. The relation qr = f shows that ¢ € p; for some index 1.
Thus ¢, € ¢, (p;) and g, C ¢, (p;). On the other hand h;, € A, — v, (p;), because
h;i € R —p;. Thus h;, € Ay — qo. Now the relation &, = & ou(0i0) € C(B,) with
§ia €C (Aa’7hi,a) shows that &, is unramified at q,. Thus &, is unramified at each hight
one prime in A, containing f,. Since &, € C(A,,s.,) we conclude that £, is Ap-unramified.
The lemma follows. The theorem is proved.

]

12 Applications

In this Section we prove a purity theorem for reductive groups. Let G be a reductive

group over the characteristic zero field k and Z - G a closed central subgroup of G.
Let G' = G/Z be the factor group, 7 : G — G’ be the projection. For any k-algebra R
consider the boundary operator 0, p : G'(R) — Hg (R, Z). It is a group homomorphism
[Sel, Ch.I1, §5.6, Cor.2]. Set

F(R) = Hy (R, Z)/Im(0x.R)-
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Theorem 12.0.34. Let R be a reqular local ring containing the field k. The functor &
satisfies purity for R. If K is the fraction field of R this statement can be restated in an
explicit way as follows:

given an element € € HL (K, Z) suppose that for each height 1 prime ideal p in R there
evist £, € Hy(Ry, Z), gp € G'(K) with & = &, + 6:(g,) € HyY(K,Z). Then there exist
ém € HY(R,Z), gm € G'(K), such that

SZ €m+57r(gm) € Hi’t(Ka Z)

Proof. Since G is reductive the group Z is of multiplicative type. So we can find a
commutative separable k algebra | and a closed embedding Z — R;/(G,,, ;) into the
permutation torus 7% = Ry/,(Gy,, ;). Let Gt = (G xT")/Z and T'=T"/Z, where Z is
embedded in G x T* diagonally. Clearly G*/G = T. Consider a commutative diagram

{1} {1}

G/’_d>G/
™ a+
jt ut
{1} G G+ T {1}
{1} Z ——T+——=T—{1}

{1} {1}

with exact rows and columns. For a local k-algebra A one has H} (A, T+) = {*} by
Hilbert 90 and this diagram gives rise to a commutative diagram of pointed sets

HY (A, G') —- HL (A, G)
T ﬂ—:jT
h 54 1 g 1
GH(A) 2= T(A) —2HL (A, G) —2=HL (A, GT)
it id ix iiT

T+(A) 2 T(A) —2 HL (A, Z) L {5}

O

G'(4)

with exact rows and columns. It follows that 7 has trivial kernel and one has a chain of
group isomorphisms

Hei (A, Z2)/Im(0x,0) = ker(m.) = ker(j7) = T(A)/u* (G*(A)).
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Clearly these isomorphisms respect k-homomorphisms of local k-algebras. The functor
A T(A)/ut(GT(A)) satisfies purity for the regular local k-algebra R by Theorem (B).
Hence the functor A — Hg, (A, Z)/Im(0,.4) satisfies purity for R. O

13 Proof of Theorems I.0.1 and

Proof of Theorem [LI1. Consider a short exact sequence of reductive R-group schemes
{1} = Gaer H G L C— {1}, (25)
where G, is the derived R-group scheme of G and C' be a tori over R. Prove that
ker[H,(R,G) — Hi(K,G)] = * (26)
provided that one has
ker[Hy (R, Gaer) — Hi (K, Gaer)] = * (27)

This sequence of R-group schemes gives a short exact sequence of the corresponding
sheaves in the étale topology on the big étale site. That sequence of sheaves gives rise to
a commutative diagram with exact arrows of pointed sets

{1} —— C(R)/u(G(R)) 2 HY (R, Ger) —— HL(R, G) ——~ H} (R, C)

y P l6

{1} - C(Rp)/#(G(Rp)) s Hélt(Rpa Glder) —— Hélt(RFH G) — Hélt(RFH C)

Y LT
{1} = C(I) (G (K)) =" HY (K, Gaer) = HA (K, G) —"—~ H}, (K, O)
(28)
Set ax = apoa, g = Pyo f, 7k =Yp 07, 0x = 0y 0. By a theorem of Nisnevich [Nif
one has

ker(ay) = ker(0,) = ker(v,) = ker(6,) = * (29

Let & € ker(vk), then p(§) € ker(dx). By |C-T/S| ker(dx) = *, whence p(§) = x*
and & = 4,(¢) for an ¢ € H} (R, Gaer). By a Theorem of Nisnevich [Ni, | ker(v,) = *.
Since v (§) = * we see that y(§) = *. Whence i,.(3(¢)) = * and 3(({) = 0J(e,) for
an €, € C(R,)/u(G(Ry)). A diagram chaise shows that there exists a unique element
ex € C(K)/u(G(K)) for each hight one prime ideal p of R one has ap(e,) = ex €
C(K)/u(G(K)). By Purity Theorem [T there exists an element € € C(R)/u(G(R))
such that ak(€) = ex. The element ex has the property that d(ex) = Ok (¢). Whence
d(e) = ¢ and & = i(0(¢)) = *. The proof equality (26) is reduced to the proof of the

equality (BTI).
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To prove (Bl recall that Gge, is a semi-simple R-group scheme. Let G:¢, be the
corresponding simply-connected semi-simple R-group scheme and let m : Gy, — G be

the corresponding R-group scheme morphism. Let Z’ = ker(w). It is known that Z’ is
contained in the center of G2¢, and Z’ is a finite group scheme of multiplicative type.
Consider a short exact sequence of R-group schemes

{1} N Z/ SN GCS

der

5 Gder — {1}, (30)
By the main result of [PSV, Thm.1.1] one has

ker[Hy (R, Ga,) — Hy (K, Gg,)] = = (31)

der der

The short exact sequence ([B0) give rises to an exact sequence of pointed sets

He (R, Z')[0(Grea) — Hi(R, Gii,) — He(R, Gaer) — HG (R, Z') (32)

s Mder

and furthermore to a commutative diagram like ([28) with exact arrows. Now a diagram
chaise similar to the one above in this proof completes the proof of Theorem [CT.4l
O

Proof of Theorem 1A Repeat literally the proof of Theorem [CTT1
0

14 Examples

We follow here the notation of The Book of Involutions [KMRI]. The field & is a charac-
teristic zero field. The functors (B3) to () satisfy purity for regular local rings containing
k as follows either from Theorem [Z0.34 or from Theorem (B).

(1) Let G be a simple algebraic group over the field k, Z a central subgroup, G' = G/Z,
m : G — G the canonical morphism. For any k-algebra A let 6,z : G'(R) —
H}, (R, Z) be the boundary operator. One has a functor

R— Hg (R, Z)/Tm(d, ). (33)

(2) Let (A, o) be a finite separable k-algebra with an orthogonal involution. Let 7 :
Spin(4,0) — PGO™ (A, o) be the canonical morphism of the spinor k-group scheme
to the projective orthogonal k-group scheme. Let Z = ker(w). For a k-algebra R
let 6r : PGO™ (A, 0)(R) — H} (R, Z) be the boundary operator. One has a functor

R HL(R, Z)/Im(5r). (34)

In (2a) and (2b) below we describe this functor somewhat more explicitly following
[KMET].
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(2a)

(2b)

Let C(A, o) be the Clifford algebra. Its center [ is an étale quadratic k-algebra.
Assume that deg(A) is divisible by 4. Let Q(A, o) be the extended Clifford group
[KMRITY Definition given just below (13.19)]. Let g be the canonical involution of
C(A, o) as it is described in [KMRITY, just above (8.11)]. Then ¢ is either orthogonal
or symplectic by [KMRIT, Prop.8.12]. Let p : (A, 0) — Ryji(Gpm,) be the multiplier
map defined in [KMRT], just above (13.25)] by pu(w) = o(w)-w. Set R; = R®;l. For
a field or a local ring R one has H, (R, Z)/Im(dr) = R} /p(Q(A, 0)(R)) by [KMRT),
the diagram in (13.32)]. Consider the functor B

R By Jp((4,0)(R)). (35)
It coincides with the functor R+ Hg, (R, Z)/Im(dg) on local rings containing k.

Now let deg(A) = 2m with odd m. Let 7 : [ — [ be the involution of {/k. The
kernel of the morphism R;/(Gp.,1) -, Ry /k(Gp,) coincides with Gy, ;. Thus id —7
induces a k-group scheme morphism which we denote td — 7 : Rl/k<Gm,l)/ G —
Ri/e(Gy). Let p: Q(A,0) — Ryjp(Gny) be the multiplier map defined in [KMRT],
just above (13.25)] by u(w) = o(w) - w. Let & : Q(A,0) = Riyi(Gpmy)/Gmp be
the k-group scheme morphism described in [KMRT), Prop.13.21]. The composition
(id — 7) o k lands in Ryi(Gyy). Let U C Gy X Ryyi(Gyy) be a closed k-subgroup
consisting of all (a, z) such that a* = N ().

Set pt. = (p, [(id — 7) o k] - p2) : QUA,0) — G X Ryji(Gipy). This k-group scheme
morphism lands in U. So we get a k-group scheme morphism pu, : Q(A,0) — U.
On the level of k-rational points it coincides with the one described in [KMRTY just
above (13.35)]. For a field or a local ring one has

He (R, 2)/Im(dr) = U(R)/[{(Nys(a), o) € B} - (A, 0) (R))]-
Consider the the functor
R = UR)/{(Nije(@), o)l € B} - (A, 0)(R))]. (36)
It coincides with the functor R +— H} (R, Z)/Im(dg) on local rings containing k.
Let I'(A, o) be the Clifford group k-scheme of (A,o). Let Sn: I'(A,0) — G, be

the spinor norm map. It is dominant. Consider the functor
R+— R*/Sn(I'(A,0)(R)). (37)

Purity for this functor was originally proved in [Z, Thm.3.1]. In fact, ['(A,0) is
k-rational.

We follow here the Book of Involutions [KMRT), §23]. Let A be a separable finite
dimensional k-algebra with center [ and k-involution o such that £ coincides with all
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o-invariant elements of [, that is k = [?. Consider the k-group schemes of similitudes
of (A,0):
Sim(A, 0)(R) ={a € A} |a-ogr(a) € I}

We have a k-group scheme morphism x4 : Sim(A,0) — Gy, 4, a — a-o(a). It gives
an exact sequence of algebraic k-groups

{1} — Iso(A4,0) — Sim(A,0) — Gy — {1}.

One has a the functor

R+— R*/u(Sim(A, 0)(R)). (38)

Purity for this functor was originally proved in [Pa, Thm.1.2]. Various particular
cases are obtained considering unitary, symplectic and orthogonal involutions.

In the case of an orthogonal involution o the connected component GO (A, o)
[KMRTY, (12.24)] of the similitude k-group scheme GO(A, o) := Sim(A, o) has the
index two in GO(A, o). The restriction of u to GO*(A, o) is still a dominant
morphism to G,, ;. One has a functor

R R* /(GO (A, 0)(R)) (39)

It seems that its purity does not follow from [Pal, Thm.1.2]. In fact we do not know
whether the norm principle holds for 1 : GO™(4,0) — G, or not.

Let A be a central simple algebra (csa) over k and Nrd : GLy 4 — Gy, the reduced
norm morphism. One has a functor

R — R*/Nrd(GLy 4(R)). (40)
Purity for this functor was originally proved in [C-T/O| Thm.5.2].

Let (A,0) be a finite separable k-algebra with a unitary involution such that its
center [ is a quadratic extension of k. Let U(A, o) be the unitary k-group scheme.
Let Ui(1) be an algebraic tori given by N;/; = 1. One has a functor

R = Ui(1)(R)/Nrd(Uao(R)) = {o € B[ Niyw(@) = 13/Nrd(Uaq(R))  (41)

where Nrd is the reduced norm map. Purity for this functor was originally proved
in [Z, Thm.3.3].

With the notation of example (5) choose an integer d and consider the k-group
scheme morphism g : GLi 4 X Gy — Gy given by (v, a) — Nrd(a) - a®. One has
a functor

R — R*/u[GLy 4 X Gpy)(R)] = R /Nrd(A}) - R*? (42)

Purity for this functor was originally proved in [Z, Thm.3.2].
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(8) With the notation of example (5) choose an integer d and consider the functor
R — U(1)(R)/[N1d(Uao(R)) - {a € B [Niyw(ar) = 1}] (43)
Purity for this functor was originally proved in [Z, Thm.3.2].

(9) Let G1,G2,C be affine k-group schemes. Assume that C' is commutative and let
w1 Gy — C, g : Go — C be k-group scheme morphisms and i : Gy x Gy — C be
given by 1(g1, g2) = p1(g1) - pe(g2). One has a functor

R C(R)/pl(Gy x G2)(R)] = C(R)/[11(G1(R)) - pa(Ga(R))] (44)

In this style one could get a lot of curious examples of functors, one of which is
given here.

(10) Let (Ay,0q) be a finite separable k-algebra with an orthogonal involution. Let Ay
be a csa over k. Let uq be the multiplier map for (A;, 01) and Nrdy be the reduced
norm for As. One has a functor

Ri— R* /[jn(GO™ (A1, 01)(R)) - Nrda (A3 ) - R*). (45)

(10) Let A be a csa of degree 3 over k, Nrd the reduced norm and Trd be the reduced
trace. Consider the cubic form on the 27-dimensional k-vector space A x A x A
given by N := Nrd(x) + Nrd(y) + Nrd(z) — Trd(zyz). Let Iso(A, N) be the k-group
scheme of isometries of N and Sim(N) be the k-group scheme of similitudes of
N. It is known that Iso(N) is a normal algebraic subgroup in Sim(A, N) and the
factor group coincides with G,, . So we have a canonical k-group morphism (the
multiplier) u : Sim(N) — G,,, . Now one has a functor

R— R*/u(Sim(N)(R)). (46)

Note that the connected component of Iso(N) is a simply connected algebraic k-
group of the type Ejs.

(11) Let (A,0) be a csa of degree 8 over k with a symplectic involution. Let V' C A be
the subspace of all skew-symmetric elements. It is of dimension 28. Let Pfd be the
reduced Pfaffian on V' and Trd be the reduced trace on A. Consider the degree 4 form
on the space V x V given by F := Pfr(x) + Pfr(y) — 1/4Trd((zy)2) — 1/16Trd (zy)’.
Consider the symplectic form on V' x V' given by ¢((x1,y1), (22,y2)) = Trd(x1ys —
xoy1). Let Iso(F') (resp. Iso(¢)) be the k-group scheme of isometries of the pair F’
(resp. of ¢)). Let Sim(F') (resp. Sim(¢)) be the k-group scheme of similitudes of F’
(resp. of ¢). Set G = Iso(F') NIso(¢) and G = Sim(F') N Sim(¢). It is known that
G is a normal algebraic subgroup in G and the factor group coincides with G, k.
So we have a canonical k-group morphism p : G* — Gy, . Now one has a functor

R R*/u(GT(R)). (47)

Note that G is a simply-connected group of the type F;.
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