INCOMPRESSIBILITY OF GENERIC ORTHOGONAL GRASSMANNIANS

NIKITA A. KARPENKO

Abstract. Given a non-degenerate quadratic form over a field such that its maximal orthogonal grassmannian is 2-incompressible (a condition satisfied for generic quadratic forms of arbitrary dimension), we apply the theory of upper motives to show that all other orthogonal grassmannians of this quadratic form are 2-incompressible. This computes the canonical 2-dimension of any projective homogeneous variety (i.e., orthogonal flag variety) associated to the quadratic form. Moreover, we show that the Chow motives with coefficients in F_2 (and therefore also in any field of characteristic 2, [2]) of those grassmannians are indecomposable. That is quite unexpected, especially after a recent result of [9] on decomposability of the motives of incompressible twisted grassmannians.

In this note, we are working with the 2-motives of certain smooth projective varieties associated to quadratic forms over fields of arbitrary characteristic. We refer to [3] for notation and basic results concerning the quadratic forms. By 2-motives, we mean the Grothendieck Chow motives with coefficients in the finite field F_2 as introduced in [3]. We are using the theory of upper motives conceived in [5] and [7].

Let φ be a non-zero non-degenerate quadratic form over a field F (which may have characteristic 2). For any integer r with 0 ≤ r ≤ (dim φ)/2 we write X_r = X_r(φ) for the variety of r-dimensional totally isotropic subspaces of φ.

For any r, the variety X_r is smooth and projective. It is geometrically connected if and only if r ≠ (dim φ)/2. In particular, X_r is connected for any r if dim φ is odd. For even-dimensional φ and r = (dim φ)/2, the variety X_r is connected if and only the discriminant of φ is non-trivial.

If the variety X_r is not connected, it has two connected components and they are isomorphic. In particular, the dimension of X_r is always the dimension of any its connected component. Here is a formula for the dimension, where d := dim φ: dim X_r = r(r − 1)/2 + r(d − 2r).

In the case where the quadratic form φ is “generic enough” (the precise condition is formulated in terms of the variety X_r with maximal r), we are going to show (see Theorems 2.1, 3.1, and 4.1) that the 2-motive of X_r is indecomposable, if we are away from the two exceptional cases described below (where the motive evidently decomposes).

Each of the both exceptional cases arises only if the dimension of φ is even and the discriminant of φ is trivial. The first case is the case of r = (dim φ)/2, where the variety X_r has two connected components. Our assumption on φ ensures that the 2-motive of each component of X_r is indecomposable.

Date: 23 November 2010.

Key words and phrases. Algebraic groups, quadratic forms, projective homogeneous varieties, Chow groups and motives. Mathematical Subject Classification (2010): 14L17; 14C25. 1

The second case is the case of r = (dim φ)/2 − 1, where the variety X_r is a rank r projective bundle over a component of X_{r+1}. Therefore, the 2-motive of X_r is a sum of shifts of r + 1 copies of the 2-motive of a component of X_{r+1}, and the summands of this decomposition are indecomposable.

We recall that a connected smooth projective variety X is called 2-incompressible, if its canonical 2-dimension, as defined in [3, §90], takes its maximal value dim X. This in particular implies that any rational map X � X is dominant, i.e., that X is incompressible.

Any projective homogeneous variety X having indecomposable 2-motive, is 2-incompressible, [5, §2e]. Therefore our indecomposability results imply 2-incompressibility of the corresponding varieties.

Let us point out that our incompressibility results compute the canonical 2-dimension of any projective homogeneous variety (i.e., orthogonal flag variety) associated to a quadratic form which is “generic enough”. This is so indeed because for an arbitrary non-degenerate quadratic form φ and an arbitrary sequence of integers r_1, . . . , r_k with 0 < r_1 < · · · < r_k ≤ (dim φ)/2 we have an orthogonal flag variety X_{r1,...,rk} , the variety of flags of totally isotropic subspaces of φ of dimensions r_1, . . . , r_k, and the canonical 2-dimension (of a component) of this variety coincides with the canonical 2-dimension of (a component of) X_{rk} .

The motivic indecomposability of the varieties X_r contrasts with a recent result of M. Zhykhovich [9] saying that for any prime p, any central division F -algebra D of degree p^n for some n, and any r with 0 < r < n (and r ≠ 1 if p = 2), the p-motive of the variety of the right ideals of reduced dimension p^r in D (this variety is known to be p-incompressible and is a twisted form of the grassmannian of p^r-dimensional subspaces in a p^n-dimensional vector space) is decomposable.

The paper is organized as follows. In §1 we recall the necessary aspects of the theory of upper motives. In the next sections we establish our main result: in §2 for odd-dimensional forms (Theorem 2.1), in §3 for even-dimensional forms of trivial discriminant (Theorem 3.1), and finally in §4 for even-dimensional forms of non-trivial discriminant (Theorem 4.1).

1. Upper motives

In this section, φ is an arbitrary non-degenerate quadratic form over F . We are considering the corresponding varieties X_r with 0 ≤ r ≤ (dim φ)/2.

We recall that the following Krull-Schmidt principle holds: for any finite separable field extension K/F , any summand of the 2-motive of the F -variety (X_r)_K decomposes and in a unique way in a finite direct sum of indecomposable motives, see [1] and/or [7, Corollary 2.2].

Below we are assuming that K = F if the dimension of φ is odd or if the dimension of φ is even and the discriminant of φ is trivial. If the dimension of φ is even and the discriminant of φ is non-trivial, then K = F or K is the discriminant field extension of F (which is always separable and quadratic). Note that in any case the connected components of the variety (X_r)_K are isomorphic.

Let X be a connected component of (X_r)_K . We consider X as an F -variety. The 0-codimensional Chow group of the 2-motive of X is an F_2-vector space of dimension

1. Therefore the complete decomposition of the 2-motive of X contains precisely one summand summand U((X_r)_K ) with the same property: the 0-codimensional Chow group of U((X_r)_K ) is an F_2-vector space of dimension 1. The motive U((X_r)_K ) is determined by φ, r and K uniquely up to an isomorphism. We call it the upper motive of (X_r)_K .

Here are the main results of [5] and [7] applied to the varieties X_r:

Theorem 1.1. Any indecomposable summand of the 2-motive of X_r is isomorphic to a shift of the motive U((X_s)_K ) for some K as above and for some s ≥ r.

Some additional information can be derived from the proofs given in [5] and [7]:

Lemma 1.2. Let φ and r be such that X_r is geometrically connected. Let L/F be a field extension such that the field extension L(X_r)/F (X_r) is purely transcendental. Let M be an indecomposable summand of the 2-motive of X_r. Let U((X_s)_{KL})(j) be an indecomposable summand of M_L with the smallest shifting number j (with some s and some K). Then M ≃ U((X_s)_K )(j) (with the same s, K, and j).

Proof. The case of L = F (X_r) is actually proved in the proofs of [5, Theorem 3.5] and [7, Theorem 1.1]. It implies the general case because the extension L(X_r)/F (X_r) is purely transcendental. □

Remark 1.3. Lemma 1.2 will provide us with a doubled amount of information if we take into account the duality, [3, §65]. Namely, if M is a summand of the 2-motive of X_r, then M^∗(dim X_r) is also a summand of the 2-motive of X_r. Therefore, being interested in understanding the summand M, we may apply Lemma 1.2 not only to M itself, but also to M^∗(dim X_r).

We finish this section by discussing isomorphism criteria for the motives U(X_r)_K easily derived from the general isomorphism criterion for upper motives, [5, Corollary 2.15]. For odd-dimensional φ, we have U(X_r) ≃ U(X_s) for some r < s if and only if the Witt index of the quadratic form φ_{F (Xr)} is ≥ s (informally speaking, this means that the splitting pattern of φ “makes a jump” at least from r − 1 to s). For φ of even dimension 2n and of trivial discriminant, we always have U(X_{n−1}) ≃ U(X_n); for r < s < n, we have U(X_r) ≃ U(X_s) once again if and only if the Witt index of the quadratic form φ_{F (Xr )} is ≥ s. Finally, for 2n-dimensional φ of non-trivial discriminant, the isomorphism criterion for U(X_r) and U(X_s) with r < s < n is the same, but we never have U(X_r) ≃ U(X_n) with r ≠ n nor we have U(X_r) ≃ U((X_s)_K ) with r, s ≠ n. On the contrary, we have U(X_n) ≃ U((X_n)_K ), where K is the discriminant extension. As to the criterion of isomorphism for the upper motives of the F -varieties (X_r)_K and (X_s)_K , it coincides with the criterion for the Kvarieties (X_r)_K and (X_s)_K related to the quadratic form φ_K of trivial discriminant, the case discussed above already.

2. Odd-dimensional quadratic forms

Let F be a field, n an integer ≥ 0, φ a non-degenerate (2n + 1)-dimensional quadratic form over F . We assume that the following equivalent conditions hold:

(1) the variety X_n is 2-incompressible;

(2) the 2-motive of the variety X_n is indecomposable;

(3) the J-invariant of the quadratic form φ (as defined in [3, §88]) takes its maximal value:

J(φ) = {1, 2, . . . , n}.

The equivalence (1) ⇔ (3) is proved in [3, §90]. The equivalence (2) ⇔ (3) follows from [8]. Also, the equivalence (1) ⇔ (2) is a consequence of Theorem 1.1 and [4, Theorem 5.1].

The above conditions imply that the splitting pattern of φ “has no jumps”. This means that the upper motives U(X_0), U(X_1), . . . , U(X_n) are pairwise non-isomorphic.

The conditions (1–3) are satisfied if the degree of any closed point on X_n is divisible by 2^n. The condition on the closed points is satisfied if the even Clifford algebra of φ is a division algebra. Finally, the condition on the even Clifford algebra is satisfied if F = k(t_0, . . . , t_{2n}), where k is a field and t_0, . . . , t_{2n} are variables, and φ = ⟨t_0⟩ ⊥[t_1, t_2]⊥ . . . ⊥[t_{2n−1}, t_{2n}] (a sort of generic (2n + 1)-dimensional quadratic form).

Theorem 2.1. Let φ be a non-degenerate (2n + 1)-dimensional quadratic form over a field F such that the variety X_n is 2-incompressible. Then for any r with 0 ≤ r ≤ n, the 2-motive of the variety X_r is indecomposable. In particular, all X_r are 2-incompressible.

Proof. We induct on n. The induction base is the trivial case of n = 0. Now we assume that n ≥ 1.

We do a descending induction on r. The induction base is the case of r = n which is served by our assumption on φ. Now we assume that r < n. Since the case of r = 0 is trivial, we may assume that r > 0.

Let L := F (X_1). We have φ_L ≃ H⊥ψ, where ψ is a quadratic form over L of dimension 2(n − 1) + 1 and H is the hyperbolic plane. According to [3, §88], the assumption on the J-invariant (assumption (3)) still holds for ψ.

For any s with 0 ≤ s ≤ n − 1, we write Y_s for the variety X_s(ψ). By [6, Theorem 15.8], the 2-motive of the L-variety (X_r)_L decomposes in a sum of three summands:

M(X_r)_L ≃ M(Y_{r−1}) ⊕ M(Y_r)(i) ⊕ M(Y_{r−1})(j),

where i := (dim X_r − dim Y_r)/2 and j := dim X_r − dim Y_{r−1}. By the induction hypothesis, each of these three summands is indecomposable. It follows (taking into account the duality like in Remark 1.3) that if the motive of X_r (over F ) is decomposable, then it has a summand M with M_L ≃ M(Y_r)(i) = U(Y_r)(i). Note that U(Y_r) ≃ U((X_{r+1})_L). By Lemma 1.2, M ≃ U(X_{r+1})(i), that is, U(X_{r+1})_L ≃ M(Y_r), where U(X_{r+1}) is the upper motive of the variety X_{r+1}. By the induction hypothesis, the 2-motive of X_{r+1} is indecomposable. In particular, U(X_{r+1}) = M(X_{r+1}). Therefore we have an isomorphism M(X_{r+1})_L ≃ M(Y_r) and, in particular, dim X_{r+1} = dim Y_r. However dim X_{r+1} −dim Y_r = 2n − r − 1 > n − 1 ≥ 0. □

3. Even-dimensional quadratic forms of trivial discriminant

Let F be a field, n an integer ≥ 1, φ a non-degenerate (2n)-dimensional quadratic form over F of trivial discriminant. In this case the variety X_n has two (isomorphic) connected components, and we write X^′_n for a component of the variety X_n.

We assume that the following equivalent conditions hold:

(1) the variety X^′_n is 2-incompressible;

(2) the 2-motive of the variety X^′_n is indecomposable; (3) the J-invariant of the quadratic form φ takes its maximal value: J(φ) = {1, 2, . . . , n − 1}.

The above conditions imply that the upper motives U(X_0), U(X_1), . . . , U(X_{n−2}), U(X_{n−1}) are pairwise non-isomorphic. We recall that U(X_{n−1}) ≃ U(X_n).

The conditions (1–3) are satisfied if the degree of any closed point on X_n is divisible by 2^{n−1}. The condition on the closed points is satisfied if the even Clifford algebra of φ is the direct product of two copies of a division algebra. Finally, the condition on the even Clifford algebra is satisfied if F is the discriminant quadratic extension over k(t_1, . . . , t_{2n}) of the quadratic form [t_1, t_2]⊥ . . . ⊥[t_{2n−1}, t_{2n}], where k is a field and t_1, . . . , t_{2n} are variables, and φ = ([t_1, t_2]⊥ . . . ⊥[t_{2n−1}, t_{2n}])_F (a sort of generic (2n)-dimensional quadratic form of trivial discriminant).

Theorem 3.1. Let φ be a non-degenerate (2n)-dimensional quadratic form over a field F such that the discriminant of φ is trivial and a component of the variety X_n is 2- incompressible. Then for any r with 0 ≤ r ≤ n − 2, the 2-motive of the variety X_r is indecomposable. In particular, X_r is 2-incompressible for such r.

Proof. We induct on n. The induction base is the trivial case of n = 1. Now we assume that n ≥ 2.

We do a descending induction on r ≤ n − 2. Since the case of r = 0 is trivial, we may assume that r > 0 (and, in particular, n ≥ 3).

Let L := F (X_1). We have φ_L ≃ H⊥ψ, where ψ is a quadratic form over L of dimension 2(n − 1). The discriminant of ψ is trivial. According to [3, §88], the assumption on the J-invariant holds for ψ.

For any s with 0 ≤ s ≤ n − 1, we write Y_s for the variety X_s(ψ). By [6, Theorem 15.8], the 2-motive of the L-variety (X_r)_L decomposes in a sum of three summands: M(X_r)_L ≃ M(Y_{r−1}) ⊕ M(Y_r)(i) ⊕ M(Y_{r−1})(j), where, as before, i := (dim X_r − dim Y_r)/2 and j := dim X_r − dim Y_{r−1}. By the induction hypothesis, the motive M(Y_{r−1}) is indecomposable. However the motive M(Y_r) is indecomposable (if and) only if r ≠ n − 2. Let us treat the case of r = n − 2 first.

In this case the complete decomposition of M(Y_r) looks as follows: M(Y_{n−2}) ≃ M(Y^′_{n−1}) ⊕ M(Y^′_{n−1})(1) ⊕ · · · ⊕ M(Y^′_{n−1})(n − 2), where Y^′_{n−1} is a component of the variety Y_{n−1}. Therefore U(X_n) = M(X^′_n) is not a shift of a summand of M(X_{n−2}). Indeed, otherwise M(X^′_n)_L ≃ M(Y^′_{n−1}) ⊕ M(Y^′_{n−1})(n − 1) would be a shift of a summand of M(X_{n−2})_L but it is not because M(Y_{n−2}) = U(Y_{n−2}) ≄ U(Y_n) = M(Y^′_n).

It follows that the motive of X_{n−2} is indecomposable. This is the base case of our descending induction on r. Below we assume that r < n − 2.

Now each of the three summands of the above decomposition of M(X_r)_L is indecomposable. It follows that if the motive of X_r (over F ) is decomposable, then it has a summand M with M_L ≃ M(Y_r)(i). By Lemma 1.2, M ≃ U(X_{r+1})(i), that is, U(X_{r+1})_L ≃ M(Y_r). By the induction hypothesis, the 2-motive of X_{r+1} is indecomposable. In particular, U(X_{r+1}) = M(X_{r+1}). Therefore we have an isomorphism M(X_{r+1})_L ≃ M(Y_r) and, in particular, dim X_{r+1} = dim Y_r. However dim X_{r+1} − dim Y_r = 2n − r − 2 > n ≥ 3. □

4. Even-dimensional quadratic forms of non-trivial discriminant

Let F be a field, n an integer ≥ 1, φ a non-degenerate (2n)-dimensional quadratic form over F of non-trivial discriminant.

We assume that the following equivalent conditions hold: (1) the variety X_n is 2-incompressible;

(2) the 2-motive of the variety X_n is indecomposable; (3) the J-invariant of the quadratic form φ takes its maximal value:

J(φ) = {0, 1, 2, . . . , n − 1}.

The above conditions are satisfied if the degree of any closed point on X_n is divisible by 2^n. The condition on the closed points is satisfied if the even Clifford algebra of φ is a division algebra (whose center is the discriminant quadratic extension). Finally, the condition on the even Clifford algebra is satisfied if F = k(t_1, . . . , t_{2n}), where k is a field and t_1, . . . , t_{2n} are variables, and φ = [t_1, t_2]⊥ . . . ⊥[t_{2n−1}, t_{2n}] (a sort of generic (2n)-dimensional quadratic form).

Theorem 4.1. Let φ be a non-degenerate (2n)-dimensional quadratic form over a field F such that the discriminant of φ is non-trivial and the (therefore connected) variety X_n is 2-incompressible. For any r with 0 ≤ r ≤ n, the 2-motive of the variety X_r is indecomposable. In particular, all X_r are 2-incompressible.

Proof. We induct on n. The induction base is the trivial case of n = 1. Now we assume that n ≥ 2.

We do a descending induction on r ≤ n. The induction base r = n holds by our assumption on φ. Below we are assuming that r < n. Since the case of r = 0 is trivial, we may assume that r > 0.

Let L := F (X_1). We have φ_L ≃ H⊥ψ, where ψ is a quadratic form over L of dimension 2(n−1). Since F is algebraically closed in L, the discriminant of ψ is non-trivial. Moreover, according to [3, §88], the assumption on the J-invariant holds for ψ.

For any s with 0 ≤ s ≤ n − 1, we write Y_s for the variety X_s(ψ). By [6, Theorem 15.8], the 2-motive of the L-variety (X_r)_L decomposes in a sum of three summands:

M(X_r)_L ≃ M(Y_{r−1}) ⊕ M(Y_r)(i) ⊕ M(Y_{r−1})(j),

where i := (dim X_r − dim Y_r)/2 and j := dim X_r − dim Y_{r−1}. By the induction hypothesis, each of the three summands of this decomposition is indecomposable. It follows that if the motive of X_r (over F ) is decomposable, then it has a summand M with M_L ≃ M(Y_r)(i). By Lemma 1.2, M ≃ U(X_{r+1})(i), that is, U(X_{r+1})_L ≃ M(Y_r). By the induction hypothesis, the 2-motive of X_{r+1} is indecomposable. In particular, U(X_{r+1}) = M(X_{r+1}).

Therefore we have an isomorphism M(X_{r+1})_L ≃ M(Y_r) and, in particular, dim X_{r+1} = dim Y_r. However dim X_{r+1} − dim Y_r = 2n − r − 2 > n − 2 ≥ 0. □

Acknowledgements. This work has been accomplished during my stay at the Institut des Hautes Études Scientifiques (Bures-sur-Yvette, France). I thank the Institute for the possibility to stay there.

References

[1] Chernousov, V., and Merkurjev, A. Motivic decomposition of projective homogeneous varieties and the Krull-Schmidt theorem. Transform. Groups 11, 3 (2006), 371–386.

[2] De Clercq, C. Motivic decompositions of projective homogeneous varieties and change of coefficients. C. R. Math. Acad. Sci. Paris 348, 17-18 (2010), 955–958.

[3] Elman, R., Karpenko, N., and Merkurjev, A. The algebraic and geometric theory of quadratic forms, vol. 56 of American Mathematical Society Colloquium Publications. American Mathematical Society, Providence, RI, 2008.

[4] Karpenko, N. A. Canonical dimension. To appear in the ICM 2010 Proceedings. Available on the web page of the author.

[5] Karpenko, N. A. Upper motives of algebraic groups and incompressibility of Severi-Brauer varieties.

Linear Algebraic Groups and Related Structures (preprint server) 333 (2009, Apr 3, revised: 2009, Apr 24), 18 pages.

[6] Karpenko, N. A. Cohomology of relative cellular spaces and of isotropic flag varieties. Algebra i Analiz 12, 1 (2000), 3–69.

[7] Karpenko, N. A. Upper motives of outer algebraic groups. In Quadratic forms, linear algebraic groups, and cohomology, vol. 18 of Dev. Math. Springer, New York, 2010, pp. 249–258.

[8] Petrov, V., Semenov, N., and Zainoulline, K. J-invariant of linear algebraic groups. Ann. Sci.

École Norm. Sup. (4) 41 (2008), 1023–1053.

[9] Zhykhovich, M. Motivic decomposability of generalized Severi-Brauer varieties. C. R. Math. Acad.

Sci. Paris 348, 17-18 (2010), 989–992.

UPMC Univ Paris 06, Institut de Mathématiques de Jussieu, F-75252 Paris, FRANCE

Web page: www.math.jussieu.fr/~karpenko E-mail address: karpenko at math.jussieu.fr