DERIVED CATEGORY OF SOME TWISTED PROJECTIVE HOMOGENEOUS VARIETIES

MARK BLUNK

Abstract. In this paper we construct a tilting sheaf for Severi- Brauer Varieties and Involution Varieties. This sheaf relates the derived category of each variety to the derived category of modules over a ring whose semisimple component consists of the Tits algebras of the corresponding linear algebraic group.

Contents

1. Introduction 1 1.1. Notation 2 1.2. Acknowledgments 3 2. Tilting Sheaf 3 3. Global Dimension 4 3.1. Generation and thick subcategories 4 4. Groups, Quotients, and Associated Sheaves 4 5. Severi-Brauer Varieties 6 6. Generalized Severi-Brauer Varieties 10 7. Involution Varieties 11 8. K-theory 14 References 15 References 16

1. Introduction

The origin of this direction of research is the classic paper [5] of Beilinson, where it is shown that the derived category of the projective space P_C(V ) that the sheaves O, O(−1), . . . O(− dim(V ) + 1) form a simple set of generators, (what is called a strong exceptional collection). In [16], Kapranov generalized these calculations to form strong

Key words and phrases. linear algebraic groups, tilting sheaves, homogeneous varieties.

M. Blunk was supported in part by the National Science Foundation, Award No. 0902659. 1

exceptional collections for Grassmannians and Quadrics over C. All of these varieties are Projective Homogeneous Varieties. That is, they are of the form G/P , where G is a semisimple linear algebraic group and P is a parabolic subgroup. It is a conjecture of Catanese that every G/P should possess such a collection, and there have been several results in this direction (see [9],[18], [19], and [12], among others).

In this paper, we will work in another direction. The varieties considered here are twisted projective homogeneous varieties. These are varieties X defined over a field which, after extension of scalars to a separable closure, become isomorphic to some G/P . Examples of such varieties are Severi-Brauer Varieties and Involution Varieties. The group G is of type A for Severi-Brauer varieties and of type D for Involution Varieties.

Examples of such varieties are Severi-Brauer Varieties and Involution Varieties. Instead of producing exceptional collections, in this paper we follow [3] and produce tilting sheaves (see Section 2 for a definition). Our main result is to produce a locally free sheaf T on X which induces a derived equivalence

D^b(Coh(X)) → D^b( mod − End(T )).

This paper is heavily influenced by [22], where the Quillen K-theory of twisted Projective Homogeneous Varieties is computed. In [8], the author produced a locally sheaf F on a del Pezzo surface S of degree 6 which was used to describe the K-theory of S. Later, in [7], it was shown that the same sheaf F is a tilting sheaf for the surface S. This paper completes the chain by showing that the sheaves produced in [22] can be used to develop derived equivalences for some twisted Projective Homogeneous Varieties. The arguments in this paper follow a similar line of reasoning to that found in [7].

In Section 2, we recall the definition of a tilting sheaf, our main tool for constructing the desired derived equivalences. In Section 3, we recall some needed facts about modules and generation of categories and in 4, we briefly recall some basic properties of semisimple linear algebraic groups. In particular we state the Borel-Weil-Bott Theorem (Theorem 4.1), which we will use repeatedly. In the remainder of the paper, we construct tilting sheaves for Severi-Brauer Varieties, Generalized Severi-Brauer Varieties, and Involution Varieties. We conclude in Section 8 with an application on computing the Quillen K-theory of these varieties.

1.1. Notation. Let us fix some notation. We will let F denote a field, and F a fixed separable closure of F . The group Γ := Gal(F /F ) is the

DERIVED CATEGORY OF SOME TWISTED PROJECTIVE HOMOGENEOUS VARIETIES3

Galois group. By a variety X over F we mean a reduced scheme of finite type over Spec(F ). The abelian category of quasicoherent sheaves on X will be denoted Qcoh(X), and Coh(X) is the abelian subcategory of sheaves on X. For a ring R, mod − R (resp. R − mod ) is the abelian category of finitely generated right (resp. left) R-modules.

If A is an abelian category, then D(A) will denote the corresponding derived category A (confer [13, Chapter III]). This is a triangulated category objects are complexes with terms in A, and maps homomorphisms of chain complexes, modulo homotopy equivalences, and localizing the set of quasi-isomorphisms. The subcategory of bounded complexes will be denoted D^b(A). If M ∈ A, by abuse of notation we will use the same symbol to denote the complex in D^b(A) with M concentrated in degree 0 and every other term equal zero.

1.2. Acknowledgments. The author would like to thank Patrick Brosnan, Alexander Merkurjev, Edward Richmond for many useful discussions.

2. Tilting Sheaf

We say that a sheaf T on a smooth variety X is a tilting sheaf if the following conditions hold:

• The sheaf T has no self extensions, i.e. RHom_Db_{(X)}(T [i], T ) = 0, for i > 0.

• The algebra End_{OX} (T ) of global endomorphisms of the sheaf T has finite global dimension (see Section 3 for a definition of global dimension of a ring).

• There is no proper thick subcategory of D^b(Coh(X)) containing the element T (see Section 3.1 for a definition of thick).

Our main tool in this paper is the following theorem.

Theorem 2.1 (Theorem 3.12 of [3]). Let X be a smooth variety, and let M ∈ Coh(X) be a tilting sheaf with S := End_{OX} (M). Then the functors

F := Hom(M, −) : Coh(X) → mod − S G := − ⊗ M : mod − S → Coh(X)

induce equivalences of categories,

RF : D^b(Coh(X)) → D^b( mod − S)

LG : D^b( mod − S) → D^b(Coh(X)),

inverse to each other.

3. Global Dimension

Let R be a ring. The projective dimension of an arbitrary left Rmodule T is denoted by pdim_R T . The global (homological) dimension of R is supremum of pdim_R T over all such modules T .

Proposition 3.1 ([2], Prop III.2.7). Let R and S be artinian F - algebras , and M an R-S-bimodule, finitely generated over F . If S is a semisimple ring, then

gldim � R M 0 S � = max{pdim_R M + 1, gldim R}.

3.1. Generation and thick subcategories. We recall some properties of generation of triangulated categories (confer [21], [7, Section 4]).

Let D be a triangulated category, and let E denote a subset of objects of D. A triangulated category is equipped with a shift operator. If M ∈ D, the shift of M will be denoted by M[1].

• A subcategory of C ⊂ D is said to be thick (épaisse) if it is closed under isomorphisms, shift, taking cones of morphisms, and taking direct summands of objects in C.

• An object C ∈ D is said to be compact if Hom_D(C, −) commutes with direct sums. Let D^c ⊂ D denote the subcategory of compact objects in D.

• We define ⟨E⟩ to be the smallest thick full subcategory of D containing the elements of E.

• We define E^⊥ to be the subcategory of D consisting of all objects M such that Hom_D(E[i], M) = 0, for all i ∈ Z and all E ∈ E.

We say that E generates D if E^⊥ = 0. If D^c generates D, then we say D is compactly generated.

If D is compactly generated and E ⊂ D^c. It’s clear that if ⟨E⟩ = D^c, then E generates D. The following theorem tells us that the converse is also true.

Theorem 3.2 (Ravenel and Neeman [21]. Also see Thm. 2.1.2 in [10]). Let D be a compactly generated triangulated category. Then a set of objects E ⊂ D^c generates D if and only if ⟨E⟩ = D^c.

4. Groups, Quotients, and Associated Sheaves

We briefly summarize some definitions and properties of linear algebraic groups, which we will need in the paper. Some references for this section are [11], [15, I.5], [23], and [17, Chapter 24].

DERIVED CATEGORY OF SOME TWISTED PROJECTIVE HOMOGENEOUS VARIETIES5

Let G denote a split, semisimple linear algebraic group over F , and T ⊂ G a fixed maximal torus. The group Lie(T )^∗ := Hom(T, G_m) will denote the character lattice of G. It is a free Z-module of finite rank. The set R ⊂ Lie(T )^∗ will denote a root system corresponding to T , R^+ the set of positive roots, and R^− := −R^+ the set of negative roots, and the set S = {α_1, . . . , α_r} ⊂ R^+ is a basis of simple roots.

For α ∈ Lie(T )^∗, let Lie(G)^α denote the eigenspace of Lie(G) corresponding to α. The Lie subalgebra

Lie(T ) � α∈R^+

Lie(G)^α

is Lie(B) for a fixed Borel subgroup B of G determined by T and S. If I ⊂ S, then the Lie subalgebra

Lie(B) ⊕ � α∈R^−(I)

Lie(G)^α,

where

R^−(I) := {α ∈ R^−| α = Σ^r_{i=1}a_iα_i with a_i ≤ 0, a_i = 0 ∀ α_i ∈ I},

is Lie(P_I ), for a unique parabolic subgroup P_I ⊃ B of G. Every such parabolic subgroup (intermediate between B and G) arises in this fashion. For example, P_∅ = G and P_S = B.

Let {λ_1, . . . , λ_r} be the set of fundamental weights determined by the simple roots α_i, and Λ =: Z[λ_i] be the weight lattice. If P_I is a parabolic subgroup of G, then we say a weight λ is dominant for P_I if

λ = Σ_{i∈I} n_iλ_i + Σ_{j /∈I} n_j λ_j , where n_j ≥ 0.

Also, let ρ = Σ_iλ_i.

The Weyl group W is the group generated by the simple reflections s_α corresponding to α ∈ S. For w ∈ W , the length of w is the least number of factors in a decomposition of w as a product of simple reflections. There is an an action of W on the weight lattice Λ. We will need another action, called the dot or affine action on Λ:

w.λ := w(λ + ρ) − ρ.

We say that a weight λ is singular if there is some non-trivial w ∈ W such that w.λ = λ.

If P ⊂ G is a parabolic subgroup, there exists a decomposition, called the Levi decomposition, of P into a semisimple or Levi factor L_P and a unipotent subgroup R_u(P ). If ϕ : P → GL(V ) is an irreducible finitedimensional representation, R_u(P ) acts trivially, and so ϕ descends to a representation of the Levi factor L_P . Each such representation posses a unique highest weight λ ∈ Λ which determines the representation.

Moreover this weight is dominant for P . For a weight λ, we will denote the corresponding representation vector space by V (λ).

Finally, if ϕ : P → GL(V ) is as in previous paragraph, with corresponding weight λ, then we define a locally free sheaf of rank dim(V ) on the projective homogeneous variety G/P as follows:

G ×_r V := G × V/{(g, v) ∼ (gp^{−1}, ϕ(p)(v)) | p ∈ P, g ∈ G, v ∈ V }.

The projection G × V → G induces a map G ×_r V → G/P , defining a vector bundle over G/P . The corresponding locally free sheaf on G/P will be denoted O_{G/P} (λ). A section of this sheaf can be thought of as a function F : G → V satisfying F (gp) = ϕ(p^{−1})F (g).

Let us recall the celebrated Borel-Weil-Bott theorem, which relates representations on P to the cohomology of the induced sheaf on the variety G/P .

Theorem 4.1 (Theorem 5.0.1 of [4]). Let G be a simply connected split semisimple algebraic group, P ⊂ G be a parabolic subgroup, and λ ∈ Λ is dominant with respect to P . Consider the corresponding sheaf O_{G/P} (λ) on G/P . Then:

a If λ is singular,

H^r(G/P, O_{G/P} (λ)) = 0, ∀r.

b If λ is not singular, then there exists a unique w ∈ W such that w.λ is dominant. Moreover,

H^i(G/P, O_{G/P} (λ)) = 0, i ≠ l(w)

H^{l(w)}(G/P, O_{G/P} (λ)) = V (w.λ).

5. Severi-Brauer Varieties

We recall some well known facts about central simple algebras (confer [1] and [17, Section I.1.B]). Let A be a central simple algebra over F of degree n. The algebra A has dimension over F equal to n^2, has no nontrivial two sided ideals, and center equal to F . Equivalently, A ⊗_F F is isomorphic to End_F (V^′), for some F -vector space V^′ of dimension n. The algebraic group SL_1(A) is of type A_n. Every finitely generated right A-module has dimension, as an F -vector space, divisible by n, and we define the reduced dimension of M by

rdim_A(M) := dim_F (M) n . Finally, we say that the algebra A is split if A = End_F (V ), where V is a finite dimensional F -vector space.

DERIVED CATEGORY OF SOME TWISTED PROJECTIVE HOMOGENEOUS VARIETIES7

Let X := SB(A) be the Severi-Brauer variety of the algebra A. This is an irreducible, smooth, projective variety of dimension n − 1, whose points consist of right ideals of A which have reduced dimension 1. If E/F is a field extension, SB(A)_E = SB(A⊗_F E). When A = End_F (V ) for some F -vector space V of dimension n, every right ideal of A of reduced dimension 1 is determined by a unique 1-dimensional subspace of V . Thus SB(End_F (V )) = P(V ). In particular, Since P (V ) = G/P for G = SL(V ) and P = P_{α1} the stabilizer of a line in V , we see that SB(A) is a twisted form of a projective homogeneous variety.

We define the ‘tautological’ sheaf I on X (confer [1], [22, section 10.2]), a subsheaf of the consist sheaf A. The fiber over a closed point x ∈ X(F ) consists of the elements a ∈ A_F such that a ∈ x ⊂ A_F (here x is a right ideal of A_F of reduced dimension 1). This defines a locally free sheaf of rank n on X. This sheaf I is locally free, and has an induced right A action, and the algebra End(I) is isomorphic to the algebra A. Finally, If A = End_F (V ) is split, then I = O_{P(V )}(−λ_1) ⊗_F V^∗.

Finally, let

T = O_X ⊕ I^1 ⊕ I^2 ⊕ · · · ⊕ I^{⊗(n−1)}.

We will show that T is a tilting sheaf for X.

Theorem 5.1. The sheaf T has no self extensions, i.e.,

RHom_Db_{(Coh(X))}(T [i], T ) = 0,

for i > 0.

Proof. It suffices to extend scalars to F , so we may assume that F is separably closed. In this case, X = P(V ), and the sheaf T decomposes into a sum of invertible sheaves of the form O_{P(V )}(−jλ_1), where j = 0, 1, . . . , n − 1.

So it suffices to show that

RHom_Db_{(Coh(P(V )))}(O_{P(V )}(−j_1λ_1)[i], O_{P(V )}(−j_2λ_1)) = 0,

for i > 0 and j_1, j_2 = 0, . . . n − 1. But

RHom_Db_{(Coh(P(V )))}(O_{P(V )}(−j_1λ_1)[i], O_{P(V )}(−j_2λ_1)) =

Ext^i_{P(V )}(O_{P(V )}(−j_1λ_1), O_{P(V )}(−j_2λ_1)) =

H^i(P(V ), O_{P(V )}((j_1 − j_2)λ_1)) = 0,

for −n < j_1 − j_2 ≤ n and i > 0. This follows from Theorem 4.1, since the corresponding weight in each case is either dominant or singular. □

Remark 5.2. Also, note that

Hom_{P(V )}(O_{P(V )}, O_{P(V )}(−iλ_1)) = H^0(P(V ), O_{P(V )}(−iλ_1)) = 0,

since the weight −iλ_1 is singular when 1 ≤ i ≤ n − 1. We will need this in the proof of Theorem 5.3.

Theorem 5.3. The algebra End(T ) has finite global dimension.

Proof. We prove by induction on n. The base case n = 1 is trivial, as the field F = End(O_{pt}) has global dimension 0.

Because T = ⊕^{n−1}_{i=0} I^{⊗i}, we have the following matrix presentation for End(T ) (by Remark 5.2, this matrix is lower triangular).

End(T ) =

� � � � �

F Hom(I, O_X ) Hom(I^{⊗2}, O_X ) · · · ∗ 0 A ∗ · · · ∗ 0 0 A^{⊗2} · · · ∗ . . . . . . .. . . . 0 0 0 · · · A^{⊗n−1})

� � � � � .

So we can write

End_X (T ) = � R B 0 (A^{⊗n−1}) � , where

R =

� � � � �

F ∗ ∗ · · · ∗ 0 A ∗ · · · ∗ 0 0 A^{⊗2} · · · ∗ . . . . . . . . . . 0 0 0 · · · A^{⊗n−2}

� � � � � ,

B = � � Hom(O_X , I^{⊗n−1}) . . Hom(I^{⊗n−2}, I^{⊗n−1})

� � .

By induction, the ring R has finite global dimension, and in particular, pdim_R(B) is finite. Since A^⊗(n − 1) is semisimple, we have by Proposition 3.1 that gldim(End_X (T )) = max{pdim_R(B)+1, gldim(R)}, and we conclude that End_X (T ) has finite global dimension. □

Lemma 5.4. Assume that the algebra A is split. The sheaf T generates D(Qcoh(SB(A)), and ⟨T ⟩ = D^b(Coh(SB(A))).

Proof. Since A = End_F (V ) is split, SB(A) = P(V ), and I = O_{P(V )}(−λ_1)⊗ V^∗. The sheaf O_{P(V )}(−iλ_1) is a summand of T , for i = 0, · · · = n − 1. By [5] (or [16, Section 3]), we know that these invertible sheaves form

DERIVED CATEGORY OF SOME TWISTED PROJECTIVE HOMOGENEOUS VARIETIES9

a strong exceptional collection on P(V ). In particular, ⟨ � O_{P(V )}(−iλ_1) 0 ≤ i ≤ n − 1 � ⟩ = D^b(Coh(P(V ))).

This forces ⟨T ⟩ = D^b(Coh(P(V ))), and hence the sheaf T generates D(Qcoh(P(V ))). □ Proposition 5.5. The sheaf T generates D(Qcoh(SB(A))). Proof. Let M ∈ D(Qcoh(SB(A))) and assume that RHom_{D(Qcoh(SB(A)))}(T , M) = 0.

Since T is locally free, Hom(T , −) and T^∗ ⊗ − are exact functors on Qcoh(X). (Similarly for Hom(T , −) and T^∗ ⊗ − on Qcoh(X).) Thus, for example, RHom_X (T , M) can be computed on D(Qcoh(X)) by applying Hom(T , −) to each individual term in M.

Consider the following cartesian square: SB(A)_{F v} � q � SB(A) q � Spec(F )_u � Spec(F )

.

Since u (and thus v) is flat, it follows that the natural map u^∗Rp_∗ → Rq_∗v^∗ is an isomorphism of functors (see [14, (3.18)]).

0 = u^∗(RHom_X (T , M)) = u^∗Rp_∗RHom_X (T , M) By [14], page 85 = Rq_∗v ∗ RHom_X (T , M) = Rq_∗v ∗ (T^∨ ⊗^L_X M) = Rq_∗(T^∨ ⊗^L_X v^∗M) = Rq_∗RHom_X (v^∗T , v^∗M) = RHom_X (v^∗T , v^∗M).

The algebra A_F splits, and thus v^∗T = T generates D(Qcoh(X)), by Lemma 5.4. This implies that v^∗(M) = 0. Since v is flat, this forces M = 0. Hence, T generates D(Qcoh(X)). □ We conclude by collecting our results to prove the main theorem of this section.

Theorem 5.6. The map

R Hom(T , −) : D^b(Coh(X)) → D^b(End(T ) − mod )

is an equivalence of categories.

Proof. The sheaf T generates D(Qcoh(X)) by Proposition 5.5, and since D(Qcoh(X)) is compactly generated, it follows that ⟨T ⟩ = D^b(Coh(X)) by Theorem 3.2. The sheaf T has no-self extensions by Theorem 5.1. The algebra A = End(T ) has finite global dimension, by Theorem 5.3. So T is a tilting sheaf, and the theorem follows from [3, Theorem 3.1.2]. □

Remark 5.7. In [6], the author produces a semi-orthogonal decomposition for the derived category of a Severi-Brauer scheme over the derived category of the base, by producing a collection of twisted sheaves which satisfy the necessary properties. In the case where the base is Spec(F ), this is equivalent to result here, since the twisting data comes from a Brauer class, i.e. the central simple algebra A.

6. Generalized Severi-Brauer Varieties

As in the previous section, let A be a central simple algebra of degree n. Let X = SB(r, A) be the Generalized Severi-Brauer Variety, for some 0 < r < n. The points of X are the right ideals I ⊂ A of reduced dimension r. Obviously, SB(1, A) is just the usual Severi- Brauer variety.

Let I be the tautological sheaf of SB(r, A), defined in an analogous fashion to the sheaf in Section 5. This is a locally free sheaf of rank rn. When A = End(V ) is split, SB(r, A) = SL(V )/P_{αr} , and I = O_{G/P} (−λ_r) ⊗ V^∗. Let T = � a Σ^a(I).

Here a = (a_1, . . . , a_r) ∈ N^r, subject to the condition n ≥ a_1 ≥ a_2 ≥ · · · ≥ a_r ≥ 0 (that is, Young diagrams with at most n − r rows and at most r columns) and Σ is the Schur Functor corresponding to a. Finally, let d(a) = a_1 + · · · + a_n.

Theorem 6.1. The sheaf T has no self extensions.

Proof. The proof is the same as in the proof of Theorem 5.1. The only difference is that the weight that appears in the argument is λ_r, instead of λ_1. □

Theorem 6.2. The ring End(T ) has finite global dimension.

DERIVED CATEGORY OF SOME TWISTED PROJECTIVE HOMOGENEOUS VARIETIES11

Proof. The ring End(T ) is upper triangular, with diagonal entries of the form A^{d(a)}, which are all semisimple. The proof follows as in the proof of 5.3. □

Proposition 6.3. The sheaf T generates D(Qcoh(X)), and hence ⟨T ⟩ = D^b(Coh(X)).

Proof. It suffices to show that T generates D(Qcoh(X)) in the case where A is split. In that case, T contains terms of the form Σ^a(O_{G/Pαr} (−λ_r)). In [16, Theorem 3.4], it is shown that these sheaves form a strong exceptional collection for G/P_{αr} . In particular, ⟨ � Σ^a(O_{G/Pαr} (−λ_r)), a � ⟩ = D^b(Coh(G/P_{αr} )).

It follows that T generates D(Qcoh(X)), and by Theorem 3.2, ⟨T ⟩ = D^b(Coh(X)). □

Theorem 6.4. The sheaf T is a tilting bundle, and thus

RHom(T , −) : D^b(Coh(X)) → D^b( mod − End(T ))

is an equivalence of derived categories.

Proof. The sheaf T has no self-extensions by Theorem 6.1, ⟨T ⟩ = D^( Coh(X)) by Proposition 6.3, and the algebra End(T ) has finite global dimension by PROPOSITION 6.3. Thus T is a tilting sheaf, and the result follows by 2.1. □

7. Involution Varieties

In this section we assume that char(F ) ≠ 2.

Let (A, σ) be a central simple algebra of degree 2n, equipped with an orthogonal involution σ. Recall ([17, Proposition 2.6] that σ is orthogonal if

dim_F Sym(A, σ) =

2n(2n + 1) 2 , dim_F Skew(A, σ) =

2n(2n − 1) 2 . Let X := I(A, σ) be the involution variety of A (confer [20], [24]). This is a codimension 1 subvariety of SB(A), whose points consists of the right ideals I ∈ SB(A) which are orthogonal, i.e. σ(I) · I = 0. We will let I ∈ Coh(I(A, σ)) to denote the pullback of the tautological bundle of SB(A) to I(A, σ).

Recall from that introduction that Γ = Gal(F /F ). If F is a sheaf for the étale topology, we have the Hochschild-Serre Spectral Sequence:

[1, Section 2] H^p(Γ, H^q(Y , F)) → H^{p+q}(Y, F).

If Y = SB(A), then Y = P(V^′) for some vector space V^′ over F . By looking at the edge terms of the spectral sequence, we have the following exact sequence:

0 → Pic(SB(A)) → Pic(P(V^′))^{Γ f}−→ Br(F ).

Here Pic(P(V_F ))^Γ = Z^Γ = Z, generated by the invertible sheaf O_{P(VF )}(−λ_1). The map f sends O_{P(VF )}(λ_1) to the class of A in the Brauer group Br(F ). Since A has an orthogonal involution σ, the exponent of A divides 2. It follows that O_{P(VF )}(−2λ_1) ∈ Ker(f) descends to an invertible sheaf on SB(A). Restricting to X, we get an invertible sheaf which we will label O_X (−2λ_1).

Let C(A, σ) denote the Clifford Algebra associated to the pair (A, σ) (confer [17, II.8.7]). Since C(A, σ) is defined as a quotient of the tensor algebra of A, there exists a canonical F -linear map c : A → C(A, σ) (confer [17, (II.8.13)]).

We define a subsheaf J of the constant sheaf C(A, σ) on I(A, σ). If I ∈ I(A, σ) is an isotropic right ideal of reduced dimension 1, then the fiber over I is the right ideal of C(A, σ) generated by c(I). The endomorphism ring End_X (J ) is isomorphic to C(A, σ)

Remark 7.1. If A = End(V ) for some finite dimensional vector space V over F , then σ = σ_q is the adjoint involution with respect to some non-singular quadratic form q ∈ S^2(V^∗). In this case, The isomorphism SB(End(V )) = P(V ) identifies I(End(V ), σ_q) with the quadric Z(q). Also, if q is maximally isotropic (i.e. there exists an isotropic subspace of dimension n in V ), then I(End(V ), σ_q) = G/P , where G = Spin(q) is a split group of type D_n, and P = P_{α1} . So I(A, σ) is a twisted projective homogeneous variety. We say that (A, σ) is split if A = End(V ) and σ = σ_q, where q is maximally isotropic. Finally, when X = G/P , J = O_{G/P} (−λ_{n−1}) ⊗_F W^∗_+ ⊕ O_{G/P} (−λ_n) ⊗_F W^∗_−, where W_+ = V (−λ_{n−1}) and W_− = V (−λ_n), the two half-spin representation spaces associated to the weights −λ_{n−1} and −λ_n (confer [22, page 574]). Let T := n−2� i=0 � O_X (−2λ_1)^{⊗i} ⊕ I ⊗ O_X (−2λ_1)^{⊗i} � � J ⊗ O_X (−2λ_1)^{⊗(n−1)}.

We will show that T is a tilting bundle for I(A, σ).

Proposition 7.2. The sheaf T generates D(Qcoh(X))

DERIVED CATEGORY OF SOME TWISTED PROJECTIVE HOMOGENEOUS VARIETIES13

Proof. This is similar to the proof of Proposition 5.5. We first check that the proposition is true in the split case, where the argument is similar to Lemma 5.4. So we may assume that A = End_F (V ) and σ = σ_q for a maximally isotropic quadratic form q ∈ S^2(V^∗), I(A, σ) = Z(q) = Spin(q)/P_{α1} . The sheaf T decomposes into a sum with terms O_{G/P} (−iλ), O_{G/P} (−2(n − 1)λ_1 − λ_{n−1}) and O_{G/P} (−2(n − 1)λ_1 − λ_n), where 0 ≤ i ≤ 2n − 3. It is shown in [16, section 4] that these sheaves form a strong exceptional collection. In particular, � O_{G/P} (−iλ_1), O_{G/P} (−(2n − 2)λ_1 − λ_{n−1}), O_{G/P} (−(2n − 2)λ_1 − λ_n), � = D^b(Coh(Z(q))).

Thus we conclude that T generates D(Qcoh(X)) in the split case. The arbitrary case follows by extending scalars to F , and reasoning as in Proposition 5.5. □

Theorem 7.3. The sheaf T has no self-extensions.

Proof. We extend scalars to F , arguing as in Theorem 5.1. The sheaf T decomposes into a sum of sheaves with terms O_{G/P} (−(2n−2)λ_1 −λ_{n−1}), O_{G/P} (−(2n − 2)λ_1 − λ_n), and O_X (jλ_1), where −(2n − 2) < j ≤ 0. So it suffices to check that

H^i(X, O_X (±jλ_1)) = 0,

H^i(X, J^∗_1 ⊗ O_X (jλ_1)) = 0,

H^i(X, J_1 ⊗ O_X (−jλ_1)) = 0,

H^i(X, J^∗_2 ⊗ O_X (jλ_1)) = 0,

H^i(X, J_2 ⊗ O_X (−jλ_1)) = 0,

H^i(X, J_1 ⊗ J^∗_2 ) = 0,

H^i(X, J_2 ⊗ J^∗_1 ) = 0,

for i > 0 and −(2n − 2) < j ≤ 0.

The highest weights of the corresponding P -representations for these sheaves are, respectively,

±jλ_1, ±(−λ_n + jλ_1), ±(−λ_{n−1} + jλ_1), ±(λ_{n−1} − λ_n).

All of these weights are either singular or dominant. Thus by Theorem 4.1, all of the non-zero cohomology above vanishes. □

Remark 7.4. As in the Severi-Brauer case, all of the weights jλ_i are singular for j < 0, so H^0(X, O_X (jλ_1)) = 0. It follows that we have the following upper triangular presentation of the global endomorphism rings End(T ) :

End(T ) =

� � � � � � �

F ∗ ∗ ∗ · · · ∗ 0 A ∗ ∗ · · · ∗ 0 0 F ∗ · · · ∗ . . . . . . .. . . . . . 0 0 0 · · · A 0 0 0 0 · · · 0 C(A, σ)

� � � � � � � .

As in the Severi-Brauer case, we see that End(T ) is upper triangular, with the Tits Algebras appearing along the diagonal terms.

Theorem 7.5. The ring End(T ) has finite global dimension.

Proof. The proof follows the same line of reasoning as in Theorem 5.3, since all diagonal terms are semisimple algebras. □

Theorem 7.6. The sheaf T induces a natural equivalence

RHom(T , −) : D^b(Coh(X)) → D^b( mod − End(T )).

Proof. We need to verify that T is a tilting sheaf. It has no self extensions by Theorem 7.3. By Proposition 7.2 and Theorem 3.2, we see that ⟨T ⟩ = D^b(Coh(X)). The ring End(T ) has finite global dimension by Theorem 7.5, and so the statement follows from Theorem 2.1. □ 8. K-theory

In each case discussed above, the ring End(T ) has an upper triangular presentation, with the Tits Algebras of the corresponding simply connected linear algebraic group appearing along the diagonal. Thus in each case, End(T ) a nilpotent ideal I, consisting of the strictly upper triangular terms. By applying the K-theory functor (confer [25, Theorem 1.98]) to the natural equivalences found in Theorems 5.6, 6.4, and 7.6, we can express the Quillen K-theory of each variety as sum of the K-theory of the algebras appearing along the diagonal. The K-theory is not affected if we replace End(T ) by End(T )/I, and we recovers results found in [22, 10.2, 10.3].

DERIVED CATEGORY OF SOME TWISTED PROJECTIVE HOMOGENEOUS VARIETIES15

Theorem 8.1. The tilting bundles induce the following isomorphisms:

K_∗(SB(A))^∼→ n−1� i=0 K_∗(A^{⊗i})

K_∗(SB(r, A))^∼→ � a K_∗(A^{⊗d(a)})

K_∗(I(A, σ))^∼→

�^{n−2}� i=0 K_∗(F ) ⊕ K_∗(A) � � K_∗(C_0(A, σ)).

References

[1] M. Artin, Brauer-Severi varieties, Brauer groups in ring theory and algebraic geometry (Wilrijk, 1981), Lecture Notes in Math., vol. 917, Springer, Berlin, 1982, pp. 194–210. MR MR657430 (83j:14015) [2] Maurice Auslander, Idun Reiten, and Sverre O. Smalø, Representation theory of Artin algebras, Cambridge Studies in Advanced Mathematics, vol. 36, Cambridge University Press, Cambridge, 1995. MR 1314422 (96c:16015) [3] Dagmar Baer, Tilting sheaves in representation theory of algebras, Manuscripta Math. 60 (1988), no. 3, 323–347. MR 928291 (89c:14017) [4] Robert J. Baston and Michael G. Eastwood, The Penrose transform, Oxford Mathematical Monographs, The Clarendon Press Oxford University Press, New York, 1989, Its interaction with representation theory, Oxford Science Publications. MR 1038279 (92j:32112) [5] A. A. Beĭlinson, Coherent sheaves on P^n and problems in linear algebra, Funktsional. Anal. i Prilozhen. 12 (1978), no. 3, 68–69. MR 509388 (80c:14010b) [6] Marcello Bernardara, A semiorthogonal decomposition for Brauer-Severi schemes, Math. Nachr. 282 (2009), no. 10, 1406–1413. MR 2571702 (2010k:14021) [7] M. Blunk, S.J. Sierra, and S.P. Smith, A derived equivalence for del pezzo surfaces of degree 6 over an arbitrary field, Accepted January 2011 by the Journal of K-theory. Available online, 2011.

[8] Mark Blunk, Del Pezzo surfaces of degree 6 over an arbitrary field, J. Algebra 323 (2010), no. 1, 42–58. MR 2564828 (2011b:14076) [9] Christian Böhning, Derived categories of coherent sheaves on rational homogeneous manifolds, Doc. Math. 11 (2006), 261–331 (electronic). MR 2262935 (2008f:14032) [10] A. Bondal and M. van den Bergh, Generators and representability of functors in commutative and noncommutative geometry, Mosc. Math. J. 3 (2003), no. 1, 1–36, 258. MR 1996800 (2004h:18009) [11] Nicolas Bourbaki, Lie groups and Lie algebras. Chapters 4–6, Elements of Mathematics (Berlin), Springer-Verlag, Berlin, 2002, Translated from the 1968 French original by Andrew Pressley. MR MR1890629 (2003a:17001) [12] Daniele Faenzi and Laurent Manivel, On the derived category of the cayley plane ii, Unpublished, 2012.

[13] Sergei I. Gelfand and Yuri I. Manin, Methods of homological algebra, second ed., Springer Monographs in Mathematics, Springer-Verlag, Berlin, 2003. MR 1950475 (2003m:18001) [14] D. Huybrechts, Fourier-Mukai transforms in algebraic geometry, Oxford Mathematical Monographs, The Clarendon Press Oxford University Press, Oxford, 2006. MR 2244106 (2007f:14013) [15] Jens Carsten Jantzen, Representations of algebraic groups, second ed., Mathematical Surveys and Monographs, vol. 107, American Mathematical Society, Providence, RI, 2003. MR 2015057 (2004h:20061) [16] M. M. Kapranov, On the derived categories of coherent sheaves on some homogeneous spaces, Invent. Math. 92 (1988), no. 3, 479–508. MR MR939472 (89g:18018) [17] Max-Albert Knus, Alexander Merkurjev, Markus Rost, and Jean-Pierre Tignol, The book of involutions, American Mathematical Society Colloquium Publications, vol. 44, American Mathematical Society, Providence, RI, 1998, With a preface in French by J. Tits. MR MR1632779 (2000a:16031) [18] Alexander Kuznetsov, Exceptional collections for Grassmannians of isotropic lines, Proc. Lond. Math. Soc. (3) 97 (2008), no. 1, 155–182. MR 2434094 (2009e:14076) [19] Alexander Kuznetsov and Alexander Polishchuk, Exceptional collections on isotropic grassmannians, Unpublished, 2011.

[20] A. S. Merkur^′ev, Zero-dimensional cycles on some involutive varieties, Zap.

Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 227 (1995), no. Voprosy Teor. Predstav. Algebr i Grupp. 4, 93–105, 158. MR 1374563 (96m:14008) [21] Amnon Neeman, The connection between the K-theory localization theorem of Thomason, Trobaugh and Yao and the smashing subcategories of Bousfield and Ravenel, Ann. Sci. École Norm. Sup. (4) 25 (1992), no. 5, 547–566. MR 1191736 (93k:18015) [22] I. A. Panin, On the algebraic K-theory of twisted flag varieties, K-Theory 8 (1994), no. 6, 541–585. MR MR1326751 (96d:19006) [23] T. A. Springer, Linear algebraic groups, second ed., Progress in Mathematics, vol. 9, Birkhäuser Boston Inc., Boston, MA, 1998. MR 1642713 (99h:20075) [24] David Tao, A variety associated to an algebra with involution, J. Algebra 168 (1994), no. 2, 479–520. MR MR1292777 (95j:19005) [25] R. W. Thomason and Thomas Trobaugh, Higher algebraic K-theory of schemes and of derived categories, The Grothendieck Festschrift, Vol. III, Progr. Math., vol. 88, Birkhäuser Boston, Boston, MA, 1990, pp. 247–435. MR 1106918 (92f:19001)

References

1. M. Artin, Brauer-Severi varieties, Brauer groups in ring theory and algebraic geometry (Wilrijk, 1981), Lecture Notes in Math., vol. 917, Springer, Berlin, 1982, pp. 194–210. MR MR657430 (83j:14015) 2. Maurice Auslander, Idun Reiten, and Sverre O. Smalø, Representation theory of Artin algebras, Cambridge Studies in Advanced Mathematics, vol. 36, Cambridge University Press, Cambridge, 1995. MR 1314422 (96c:16015)

DERIVED CATEGORY OF SOME TWISTED PROJECTIVE HOMOGENEOUS VARIETIES17

3. Dagmar Baer, Tilting sheaves in representation theory of algebras, Manuscripta Math. 60 (1988), no. 3, 323–347. MR 928291 (89c:14017) 4. Robert J. Baston and Michael G. Eastwood, The Penrose transform, Oxford Mathematical Monographs, The Clarendon Press Oxford University Press, New York, 1989, Its interaction with representation theory, Oxford Science Publications. MR 1038279 (92j:32112) 5. A. A. Beĭlinson, Coherent sheaves on P^n and problems in linear algebra, Funktsional. Anal. i Prilozhen. 12 (1978), no. 3, 68–69. MR 509388 (80c:14010b) 6. Marcello Bernardara, A semiorthogonal decomposition for Brauer-Severi schemes, Math. Nachr. 282 (2009), no. 10, 1406–1413. MR 2571702 (2010k:14021) 7. M. Blunk, S.J. Sierra, and S.P. Smith, A derived equivalence for del pezzo surfaces of degree 6 over an arbitrary field, Accepted January 2011 by the Journal of K-theory. Available online, 2011.

8. Mark Blunk, Del Pezzo surfaces of degree 6 over an arbitrary field, J. Algebra 323 (2010), no. 1, 42–58. MR 2564828 (2011b:14076) 9. Christian Böhning, Derived categories of coherent sheaves on rational homogeneous manifolds, Doc. Math. 11 (2006), 261–331 (electronic). MR 2262935 (2008f:14032) 10. A. Bondal and M. van den Bergh, Generators and representability of functors in commutative and noncommutative geometry, Mosc. Math. J. 3 (2003), no. 1, 1–36, 258. MR 1996800 (2004h:18009) 11. Nicolas Bourbaki, Lie groups and Lie algebras. Chapters 4–6, Elements of Mathematics (Berlin), Springer-Verlag, Berlin, 2002, Translated from the 1968 French original by Andrew Pressley. MR MR1890629 (2003a:17001) 12. Daniele Faenzi and Laurent Manivel, On the derived category of the cayley plane ii, Unpublished, 2012.

13. Sergei I. Gelfand and Yuri I. Manin, Methods of homological algebra, second ed., Springer Monographs in Mathematics, Springer-Verlag, Berlin, 2003. MR 1950475 (2003m:18001) 14. D. Huybrechts, Fourier-Mukai transforms in algebraic geometry, Oxford Mathematical Monographs, The Clarendon Press Oxford University Press, Oxford, 2006. MR 2244106 (2007f:14013) 15. Jens Carsten Jantzen, Representations of algebraic groups, second ed., Mathematical Surveys and Monographs, vol. 107, American Mathematical Society, Providence, RI, 2003. MR 2015057 (2004h:20061) 16. M. M. Kapranov, On the derived categories of coherent sheaves on some homogeneous spaces, Invent. Math. 92 (1988), no. 3, 479–508. MR MR939472 (89g:18018) 17. Max-Albert Knus, Alexander Merkurjev, Markus Rost, and Jean-Pierre Tignol, The book of involutions, American Mathematical Society Colloquium Publications, vol. 44, American Mathematical Society, Providence, RI, 1998, With a preface in French by J. Tits. MR MR1632779 (2000a:16031) 18. Alexander Kuznetsov, Exceptional collections for Grassmannians of isotropic lines, Proc. Lond. Math. Soc. (3) 97 (2008), no. 1, 155–182. MR 2434094 (2009e:14076) 19. Alexander Kuznetsov and Alexander Polishchuk, Exceptional collections on isotropic grassmannians, Unpublished, 2011.

20. A. S. Merkur^′ev, Zero-dimensional cycles on some involutive varieties, Zap.

Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 227 (1995), no. Voprosy Teor. Predstav. Algebr i Grupp. 4, 93–105, 158. MR 1374563 (96m:14008) 21. Amnon Neeman, The connection between the K-theory localization theorem of Thomason, Trobaugh and Yao and the smashing subcategories of Bousfield and Ravenel, Ann. Sci. École Norm. Sup. (4) 25 (1992), no. 5, 547–566. MR 1191736 (93k:18015) 22. I. A. Panin, On the algebraic K-theory of twisted flag varieties, K-Theory 8 (1994), no. 6, 541–585. MR MR1326751 (96d:19006) 23. T. A. Springer, Linear algebraic groups, second ed., Progress in Mathematics, vol. 9, Birkhäuser Boston Inc., Boston, MA, 1998. MR 1642713 (99h:20075) 24. David Tao, A variety associated to an algebra with involution, J. Algebra 168 (1994), no. 2, 479–520. MR MR1292777 (95j:19005) 25. R. W. Thomason and Thomas Trobaugh, Higher algebraic K-theory of schemes and of derived categories, The Grothendieck Festschrift, Vol. III, Progr. Math., vol. 88, Birkhäuser Boston, Boston, MA, 1990, pp. 247–435. MR 1106918 (92f:19001)

Department of Mathematics, Univ. of British Columbia, Vancouver, BC V6T 1Z2, Canada

E-mail address: mblunk@math.ubc.ca