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Abstract

Given a place from one field to another, the isotropy behaviour of Azumaya algebras with
involution over the valuation ring corresponding to the place is studied. In particular, it is shown
that isotropic right ideals specialise in an appropriate way. This provides a natural analogue to
the existing specialisation theory for symmetric bilinear spaces. We devote particular attention
to the case of a Henselian valuation ring in which 2 is invertible, where the specialisation results
can be strenghened. In turn, this allows us to show that isomorphism of Azumaya algebras with
involution over the Henselian valuation ring can be detected rationally. We use this to define a
notion of good reduction with respect to places for algebras with involution.
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1. Introduction

In the 1970’s, M. Knebusch developed a specialisation theory for quadratic and symmetric
bilinear forms over fields with respect to places (cf. [@]). A comprehensive treatment of this
topic, and its applications in the generic splitting theory of quadratic forms, can be found in

]. The present article strives for an analogous treatment of specialisation for involutions on
central simple algebras over fields, which are closely related to quadratic and symmetric bilinear
forms (cf. ]). We will assume basic knowledge of valuation theory over fields, bilinear form
theory, and the theory of central simple algebras and their involutions over fields. For valuation
theory, we refer to [@], for the other topics to [@] and [IE].

In the rest of the introduction, A denotes a place from a field F to a field L, and O its associated
valuation ring. A symmetric bilinear space (V,b) over F (by which we mean that (V,0) is non—
singular) is said to have good reduction with respect to A if it is obtained by scalar extension
from a symmetric bilinear space over O. The latter is called a A-unimodular representation
for (V,b). One can then associate a “residue” symmetric bilinear space over L to (V,b), by
extending scalars of a A-unimodular representation for (V,b) from O to L. The Witt class of
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this bilinear space over L is independent of the choice of the A-unimodular representation, by
, Theorem 1.15]. If the characteristic of L is different from 2, this implies that its isometry
class is independent of this choice. In that case, the residue bilinear space is denoted by A, (V,b).

1.1 Theorem. Suppose that char(L) # 2. Let (V,b) be a symmetric bilinear space over F with
good reduction with respect to A. If (V,b) is isotropic, then A, (V,b) is isotropic as well.

Proof. In [@, Theorem 1.26], it is shown that if an orthogonal sum of symmetric bilinear spaces
over F' and one of its summands have good reduction with respect to A, then the remaining
summand also has good reduction with respect to A. Using this combined with the fact that
hyperbolic planes have good reduction with respect to A yields the statement. O

It is well known that one can associate to a symmetric bilinear space over F its adjoint algebra
with involution. If the space has good reduction with respect to A, then its adjoint algebra with
involution is obtained by scalar extension from an Azumaya algebra with involution with center
O. The isotropy behaviour of the bilinear space under A then carries over to the adjoint algebra
with involution. In this article, we consider, not only in the split case, algebras with involution
over F' that are obtained by scalar extension from Azumaya algebras with involution over O,
and we investigate their isotropy behaviour under A.

Let (A, o) be an O —algebra with involution, i.e. A is an Azumaya algebra with center O or a
separable quadratic O —algebra, and o is an O —linear involution of the first or second kind on
A. In Theorem [5.7] we show that an isotropic right ideal I of (A, o)r of a certain dimension
yields an isotropic right ideal of (A, o), of the same dimension. In particular, we have that
isotropy (resp. metabolicity) of (A, o) r yields isotropy (resp. metabolicity) of (A,o);. The
statement on ideals can be rephrased in terms of the index of an algebra with involution. In this
formulation, Theorem [[. 1l can be obtained as a corollary of Theorem [5.7l The main ingredient
of the proof of Theorem[3.7lis to show that for a right ideal I of Ay, we have that I n A is free as
a Z(A)-module. This is done in a more general module theoretical setting in section 4] using
the theory of value functions on F—vector spaces (developed in [@, @]).

Suppose that O is Henselian and that 2 is invertible in . Then the result on the index can
be strenghtened. Namely, in Theorem we show that for an O —algebra with involution,
isotropy (resp. hyperbolicity) can be lifted from the residue field of O back to F. This is an
analogue of a result for symmetric bilinear spaces over O. An important ingredient of the proof
of Theorem is the existence of a special kind of value function, shown in Proposition 4.7l
In the last section, we use the lifting result from Theorem[6.7]in order to show that O —algebras
with involution that become isomorphic over F are already isomorphic over O. This allows us
to define a notion of good reduction with respect to places for algebras with involution.

In order to prove the aforementioned lifting result for isotropy and hyperbolicity, and the iso-
morphism result, we need to jump back and forth between Azumaya algebras with involution
and (skew—)hermitian spaces over Azumaya algebras with involution without zero divisors. The
preliminary results on Azumaya algebras with involution over valuation rings and the Brauer
group of a valuation ring, are given in section2l (Skew—)hermitian spaces are treated in section
Bl We expect that many of the results in those sections will look very natural to people who
are familiar with these concepts, but since we could not find proofs of the statements in the
specific setting of valuation rings, and to make the article more self—contained, we give explicit
arguments.



We set some general notation for the rest of this article. A ring will always mean an associative
ring with unit. Let C be a ring. We denote the set of invertible elements in C by C*. Let R
be a commutative ring. Let M be a finitely generated, free R—module. Every R-basis for M
has the same cardinality (see e.g. [IIZL (II1.4.2)]). We will use the term dimension, denoted
by dimg(M), for this cardinality. (In the literature, one also uses the term rank). Let S be
a commutative R—algebra. If (e;);; is an R—basis for M, then (e; ® 1), is an S —basis for
Mg = M ®r S by [IIZL (XVI.2.7)]. We will denote ¢; ® 1 again by e;.

Let A be an R—algebra. Define a new multiplication on A by a * b = ba, for all a,b € A. The
R-module A with the new operation * as multiplication is also an R—algebra, called the opposite
algebra of A, for which we use the standard notation A°P.

2. Azumaya algebras with involution over valuation rings and the Brauer group

We recall some basics on Azumaya algebras with involution over rings, with an emphasis on
valuation rings. The general theory of Azumaya algebras and their involutions can be found in

[15].

We fix a domain R, and denote its fraction field by F. We further fix a ring S, which is either
equal to R or to R[z], where z is an element that is not in R, and such that z> = az + b, with
a,b € R such that a*> + 4b € R*. In the latter case, we set f(x) = x> —ax—b € R[x], and if S
is a domain, we denote its fraction field by K. If S = R[z], then S is in particular a separable
quadratic R—algebra, in the sense of [IE, (I.1.3.6), (1.7.3.3)]. Furthermore, in that case, there is
a unique nontrivial R—automorphism ¢ of R[z], namely the one induced by mapping z to a — z.
If R is a local ring, then all separable quadratic R—algebras are of the form R[z] as above.

An associative S —algebra A is called an Azumaya algebra over S if A is finitely generated as
an S —module and for every maximal ideal m of S, we have that 4 /m A is a central simple
S /m-algebra. An Azumaya algebra over S has center S by [IE, (II1.5.1.1)], and is projective as
an S —module by [IE, (ITL.5.1)]. If S is a field, then an Azumaya algebra over § is just a central
simple S —algebra.

An involution on a ring is an anti—autmorphism of order at most 2. Let 4 be an Azumaya
algebra over S and o an R-linear involution on A such that, if § # R, then ¢ restricts to ¢ on
S. If § = R, then o is called an involution of the first kind; otherwise, it is called an involution
of the second kind. We call the pair (A, o) an R—algebra with involution. If S is not a domain,
then we call (A, o) degenerate.

Let R’ be a domain that is an R—algebra. We write (A, 0 )g = (Ag,0r) = (A®r R, 0 ®ridg:).

2.1 Proposition. Let (A, o) be an R—algebra with involution and let R’ be a domain that is also
an R—algebra. Then (A, o")g is an R'—algebra with involution.

Proof. We have that Ag ~ A®g (S ®xR’) is an Azumaya algebra over S ®zR’ by [@, (I11.5.1.9)].
The statement is then clear if o is of the first kind. Suppose that o is of the second kind. Then
S ®k R' % R'[z] and a® + 4b € R* c R'*. Furthermore, og is an R'—linear involution on Ag,
which restricts to the nontrivial R’—automorphism of § ®x R’. O

Let (A, o) and (A’,0”) be R—algebras with involution. By an isomorphism of R—algebras with
involution (A,o) - (A’,0’), we mean an isomorphism ¢ : A - A’ of R—algebras such that
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poo =o0'o¢p. Wecall (4,0) and (A',0') R—isomorphic if there exists an isomorphism of
R-algebras with involution (A o) - (A’,0”), and denote this by (A, o) =z (A’,0”"). Suppose
moreover that there exist R—isomorphisms f: S - Z(A) and f’: S - Z(A’), and an isomor-
phism of R-algebras with involution (A,0) — (A’,0”) that is S -linear with respect to f and
f'. Then we say that (A, o) and (A’,0") are S —isomorphic and we write (A, o) 25 (A',07).

Let B be an Azumaya algebra over R. The map swg : Bx B% — B x B : (a,b) ~ (b,a) defines
an involution of the second kind on B x B°P, called the switch involution.

2.2 Proposition. Let A be an Azumaya algebra over R x R. Then there exist Azumaya algebras

A, and A, over R such that A =~ A, x A,. Furthermore, if o is an involution of the second kind
on A, then A, =~ A and (A, o) 2z (A; x A, sw 4,).

Proof. Let A; = A(1,0) and A, = A(0, 1). These are R—algebras and it is clear that A = A;x.A4,.
For each maximal ideal m of R, we have that A4/ A(m x R) is a central simple algebra over
(R x R)/(m x R). Using the natural isomorphisms, this gives A;/m.A, the structure of a central
simple algebra over R/m. Hence, A; is an Azumaya algebra over R. Similarly, by considering
AJA(R x m), we get that A, is an Azumaya algebra over R.

Let o be an involution of the second kind on A. Since o restricts to the switch involution on
R x R, the map g : A" - A, defined by o(x,0) = (0,g(x)) is an R—isomorphism. Under
the induced R—isomorphism A; x A, = A; x A, the involution o~ corresponds to the switch
involution sw 4, . ]

2.3 Proposition. Suppose that R is integrally closed in F. Then S is the integral closure of R
in S ®g F. Furthermore, S is a domain if and only if S ® F is a field, and the latter is then the
fraction field of S. If S' is not a domain, then S = R x R.

Proof. If S is not a domain, then S = R x R by [E, (I11.4.4.3)], and R x R is the integral closure
of Rin S ®g F = F x F. Suppose that S is a domain. Since R is integrally closed in F, we have
that f(x) is irreducible in R[x] if and only if it is irreducible in F[x]. Since f(x) is monic, this
implies that, if f(x) is irreducible in R[x], then it generates a prime ideal in [%x] If this is the
case, then S = R[x]/(f(x)) is a domain, and S ®¢ F is a field. Furthermore, [[10, (6.1.2)] yields
that S is the integral closure of R in § ®g F, since the discriminant of f(x) is in R*. O

We recall the following terminology. Two valuation rings of a field are called incomparable if
none of the two is contained in the other. Let F’/F be a field extension. We say that a valuation
ring O’ of F’ with maximal ideal M’ is lying over R if R c O" and M’ n R is a maximal ideal of
R. If R is a valuation ring of F, then we also say that O’ is an extension of R to F'.

2.4 Corollary. Suppose that R is integrally closed in F. If S is a domain, then it is the intersec-
tion of the valuation rings of K lying over R.

Proof. This follows immediately from Proposition[2.3]combined with [@, (3.1.3)]. O

In the rest of this section, we work with Azumaya algebras with involution over valuation rings.

2.5 Proposition. Assume that R is a valuation ring. Denote its maximal ideal by m and its
residue field by k. Suppose that S is a domain. Then one of the following cases occurs:
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(a) There is a unique valuation ring of K extending R. Then S is equal to this extension.
Furthermore, S has the same value group as R, has maximal ideal mS and its residue field
is a separable quadratic extension of k.

(b) There are two valuation rings of K extending R. These both have the same value group as
R and residue field k. Furthermore, S is equal to their intersection, and S /mS = k x k.

Proof. By Corollary 2.4] S is the intersection of the valuation rings of K extending R. By [@,
(3.2.9)], since K/F is a quadratic extension, S is either a valuation ring or the intersection of
two (incomparable) valuation rings. Let f(x) = x> — ax — b € x[x]. Note that the discriminant
of f(x) is nonzero, since a2 + 4b € R*, and hence, f(x) is separable. It is easy to see that S
is a valuation ring if and only if f(x) is irreducible. If this is the case, then mS is the unique
maximal ideal of S. Then the residue field of S is a separable quadratic extension of «, and
hence, by [@, (3.2.3)], R and S have the same value group.

Suppose that S is the intersection of two incomparable valuation rings. Both of these valuation
rings have the same value group and residue field as R by [@, (3.3.4)]. We have that § has two
maximal ideals by 19, (3.2.7)]. Now f(x) is reducible over «, and hence, S /mS = k x k, since
f(x) is separable. o

2.6 Proposition. Assume that R is a valuation ring. Let A be an Azumaya algebra over S. The
following hold:

(a) A is free as an R—module. If S is a domain, then A is also free as an S —module.

(b) Every S —automorphism of A is inner.

Proof. Since A is an Azumaya algebra over S, it is finitely generated, projective as an S —module
by [113, (IIL.5.1)]. Since S is a finite—dimensional R—module, it follows that A is also finitely
generated, projective as an R—module.

Suppose that S is a domain. Then S has at most two maximal ideals by Proposition 2.3 and [@,
(3.2.7)]. The second part of (a) then follows from the main theorem of , which states that
finitely generated, projective modules over a semilocal domain are free. Combining the latter
with [}, (3.6)] then yields (b).

Suppose that S = R x R. By Proposition 2.2] there exist Azumaya algebras .A; and A, over S
such that A ~ A; x A,. Let ¢ € Autg (A). Fori = 1,2, one checks that the restriction of ¢ to A; is
an R—automorphism of 4;. By the first part of the proof, it follows that there exist u € A},v € A}
such that ¢| 4, = Int(u) and ¢| 4, = Int(v). Then ¢ = Int(u,v). i

2.7 Proposition. Assume that R is a valuation ring. Let A be an Azumaya algebra over S and
let o and o’ be two R-linear involutions of the same kind on A. Then there exists an element
s € A* such that o(s) = es and o’ = Int(s) o o, where € € {1,-1} if o and o are of the first
kind, and € = 1 if o and o are of the second kind.

Proof. Since ¢’ o o is an S —automorphism of .4, Proposition (b) yields that there exists
s € A* such that o = Int(s) o o=. It follows that id4 = 0> = Int(so(s)~'). This implies that
so(s)~! = A71, for some A € S*. In other words, o-(s) = As. It follows that s = 02(s) = o7(1)As.
Since s € A*, we get that 0-(1)A = 1. If o and o are of the first kind, this implies that 2> = 1
and hence, 1 = +1.

Suppose that o and ¢ are of the second kind. Then o-(1)A = ¢(2)A. It suffices to show a Hilbert
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90 type statement for S, namely that there exists g € S* such that u = Ac(u), since this would
yield Int(s) = Int(us) and o(us) = o(s)e(u) = A(u)s = us. If S is not a domain, then it is
clear that such u exists. So, for the rest of the proof, we assume that § is a domain. Using the
Hilbert 90 theorem for K/F, there exists fi € K such that A«(f1) = . By Proposition S is
either a valuation ring of K or the intersection of two valuation rings of K. Suppose first that S
is a valuation ring. Since, by Proposition[2.3] the value groups of S and R are equal, there exists
a € F such that gfi € S*, and furthermore Ac(aft) = adu(fi) = afi. Suppose that S = O;nO,,
with O; and O, the valuation rings of K extending R. Then O, = «(O) by [@, (3.2.14)]. By
the previous case, we may assume that 7 € OF. Then (1) € O;, and since 1 € $* = O] n O3, it
follows that i € 05 as well. Hence, fi € S and we are done. O

The concept of the Brauer group of a field has been extended to commutative rings in ]. Let
T be a commutative ring. A T—module P is called faithful if whenever ¢ € T is such that tP = 0,
then = 0. Let A and A" be Azumaya algebras over T. Then A and A’ are called Brauer
equivalent, denoted by A ~ A’, if there exist finitely generated, faithfully projective T-modules
P and P’ such that A®7 End;(P) = A’ ®7 Endy(P"). The set of Brauer equivalence classes of
Azumaya algebras over T forms a group, where the group structure is induced by the tensor
product. This group is called the Brauer group of T, denoted by Br(T'). It is well known that
Br(7) is a torsion group. Given an Azumaya algebra A over T, we denote its Brauer class in
Br(T) by [A], and refer to the order of [A] in Br(T') as the exponent of A.

We say that T has the Wedderburn property if the following holds:

Let A be an Azumaya algebra over T. Then there exists an up to isomorphism unique Azumaya
algebra A over T without zero divisors, and a finite—dimensional right A—module V such that
A= Enda(V) as T-algebras.

We show below that valuation rings and intersections of two valuation rings have the Wedder-
burn property. In order to do this, we first show that Azumaya algebras with such rings as
centers are so—called left and right Bézout rings, i.e. all finitely generated left or right ideals of
the algebra are principal.

2.8 Proposition. Let A be an Azumaya algebra with center a valuation ring or the intersection
of two valuation rings. Then A is a left and right Bézout ring. Assume that A does not have zero
divisors. Then every finitely generated, torsion—free left or right A—module is free.

Proof. We denote Z(A) by T and its fraction field by F. We first show that A is a left and right
Bézout ring. If T is a valuation ring, then this follows immediately from [IE, (5.6)], since Aisa
so—called Dubrovin valuation ring of Ar, by [@, (7.13)]. So, suppose that T is the intersection
of two incomparable valuation rings O; and O, of F. Fori = 1,2, let 9; be the unique maximal
ideal of O;. Then M; =M, N T and M, =M, n T are the maximal ideals of T by [@, (3.2.7)]1,
and O; = Ty, and Oy = Ty, by [9, (3.2.6)]. Let A; = A®; Oy and A, = A®y O,. Then A, is an
Azumaya algebra over O; by [13, (II1.5.1.9)], and therefore integral over O,. One easily checks
that A = A; N A,.

By [@, (7.13)], Ay and A, are Dubrovin valuation rings of Ap. If we show that A; and A, are
pairwise incomparable, i.e. A; ¢ A, and A, ¢ Ay, then it follows from [@, (15.5) and (15.7)]
that A is a left and right Bézout ring, using that A, is integral over O;, and that A; = A O; inside
Ap, for i = 1,2. So, suppose for the sake of contradiction that A; c A,. Then O; c A,. Since
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A, is an Azumaya algebra over O, it is free over O, by Proposition 2.6l (a), and an O, —basis
of A, is an F-basis of Ag. It follows that O, = Z(A,) = Z(Ar) N Ay = Fn Ay 5 Oy, but this
contradicts the fact that @, and O, are incomparable. Similarly, A, ¢ A;. Hence, A is a left and
right Bézout ring.

Assume that A does not have zero divisors. The fact that every finitely generated, torsion—free
right A—-module is free is shown in [Ia, (2.3.19)]. The statement for left modules follows in an
analogous way. O

We thank M. Ojanguren for providing the main ideas for the proof of the following results.

2.9 Proposition. Let T be a valuation ring and denote its fraction field by F. Let A be an
Azumaya algebra over T without nontrivial idempotents. Then A does not have zero divisors,
and A ®r F is a division algebra.

Proof. We have that D = A ®7 F is a central simple F—algebra by [IE, (II1.5.1.9)]. It is clear
that if D is a division algebra, then A does not have zero divisors, and vice versa. In order to
show that D is a division algebra, it suffices to show that D only has trivial idempotents. So,
suppose for the sake of contradiction that D contains an idempotent x # 0, 1. Consider the right
ideal xD of D and let I = xD n A. This is a right ideal of A different from A itself. If we can
show that A/I is projective as a A-module, then the exact sequence

0—>T—>A—>AI—>0

splits, which implies that A @ I & A/I. The projection from A to I then yields a nontrivial
idempotent in Endp (7 @ A/I) = A, where the isomorphism A - End,(A) is given by left mul-
tiplication. Clearly, A/I is finitely generated over A, and then also over 7, and it is easily seen
that A/I is torsion—free over T. Proposition[2.§] yields that A/I is free over T and so in particular
projective. It follows from [B, (VIL.8.2.6)] that A/I is projective as a A—module. O

2.10 Proposition. Let F be a field and T a valuation ring of F or the intersection of two valua-
tion rings of F. Then T has the Wedderburn property.

Proof. In [EL Corollary 1], it is shown that any Azumaya algebra over 7 is isomorphic to a ma-
trix algebra over an up to isomorphism uniquely determined Azumaya algebra over 7" without
zero divisors. The statement now follows from Proposition 2.9 O

2.11 Proposition. Let F be a field and T a valuation ring of F or the intersection of two valua-
tion rings of F. Then the following hold:

(a) The natural map Br(T) — Br(F) is injective.
(b) Let A and A’ be Azumaya algebras over T. If Ap =~ A, then A= A'.

Proof. We first show (a). Let A be an Azumaya algebra over T such that A is split, i.e.
there exist a simple right Ar—module V such that Ar = Endr(V). Note that dimz(V)? =
dimp(Ar) = dimy(A). Let u € V ~ {0} and consider the right A-module M = uA. Since
V is a simple right Ar—module, it follows that MF = V. Since A is finitely generated as a
T-module, M is finitely generated as a T-module as well, and furthermore torsion—free, since
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V is free over T. Proposition 2.8 yields that M is free as a T-module. The T—homomorphism
¢ : A - Endr (M) mapping a € A to right multiplication by «a, induces an F—homomorphism
¢r : Ar — Endp(V), which is a isomorphism. Hence, ¢ is injective and therefore, p(A) = A.
By 11, (3.3)], there is an Azumaya algebra B over T such that Endr (M) = ¢(A) ®7 B. Since
dimr(A) = dimy(M)? = dimy(Endz(M)), it follows that B = T, and hence A = Endr(M).

Let A and A" be Azumaya algebras over T. By Proposition 2,10} there exist Azumaya algebras
A and A’ over T without zero divisors, and uniquely determined n,n’ € N such that A = M, (A)
and A’ 2 M,/ (A"). Suppose that Ar = Ay.. Then [Ar] = [AFr] = [A}] = [A}] € Br(F). By (a),
it follows that [A] = [A’] € Br(T'), and hence A = A’, by Proposition .10l Since Ay = A, this
implies that n = n’ and hence, we get that A = A’, proving (b). |

2.12 Corollary. LetF be afieldand T a valuation ring of F. Let A and A’ be Azumaya algebras
overT xT. If Apyp = Al f, then A= A’

Proof. By Proposition 2.2] there exist Azumaya algebras A, Ay, A}, A} over T such that A =
Ap x Ay and A" = A| x Aj. Suppose that (A;)r x (A2)r 2= (A)r x (A})r. Since the simple
components are unique up to isomorphism, we may assume that (A;)r = (A})r and (Ay)r =
(A%)r. Invoking Proposition 2,11} it follows that A; = A| and A, ~ Aj, and hence, A~ A’. O

3. Hermitian and skew-hermitian spaces

We recall some preliminaries on (skew—)hermitian spaces over rings with involution, and more
specifically over Azumaya algebras with involution over valuation rings. In the latter case, we
prove a Witt decomposition result, which will be used in section|6l A standard reference for the
theory of (skew—)hermitian spaces over rings with involution is [IE].

3.1. Preliminaries

Let C be a (not necessarily commutative) ring and 6 an involution on C. Let V be a finitely
generated, projective right C—module. A sesquilinear form on V (with respect to 0) is a bi—
additive map & : V x V — C such that for all x,y € V and all @, € C, we have that h(xa,yB) =
O(a)h(x,y)B. Let € = =1. If in addition h(y,x) = €0(h(x,y)) for all x,y € V, then & is called
an e—hermitian form and (V,h) an e-hermitian module. Furthermore, h is called hermitian if
& = 1 and skew—hermitian if € = —1. If 6 = idc, then h is clearly a bilinear form.

Let (V,h) be an e~hermitian module. Let V* = Hom¢(V,C). This is a left C—module. Define
the right C-module ?V* by V* = {% | ¢ € V*} with the operations %o + % =0 (¢ + ¢),
(bp)a = (0(a)y) for all g,y € V* and all @ € C. Then A is called non—singular if the adjoint
transformation

h:V v x e,  where ¢(y) = h(x,y) forall y e V,

is an isomorphism of right C—modules. We call (V, h) an e-hermitian space if h is non—singular.
If V is a free C—module, then £ is an isomorphism if and only if the matrix of /& with respect to
any C-basis of V is invertible.



Let ¢: (C,0) - (C’,0") be a homomorphism of rings with involution, i.e. ¢ is a ring homomor-
phism from C to C’ such that & o ¢ = ¢ 0 0. Consider C’ as a left C—module via ¢. Let (V,h) be
an e—hermitian module over (C,8). Then the map h¢ : Ve x Ver — C’ defined by

he(x@d,yeb') =60(a")p(h(x,y))b" forall x,yeVandalla’,b' € C’,
is an e-hermitian form on V. with respect to 6'.

3.1 Notation. Let R be a domain. Let (C,60) be an R-algebra with involution and (V,%) an
e-hermitian module over (C, 6). Let R’ be a domain that is also an R—algebra. Then we denote
the e-hermitian module (Vc,,, hic,, ) by (V,h)g:.

Let U be a C—submodule of V. The orthogonal complement of U, which is equal to {x €
V | h(x,y) = 0 forall ye U}, is denoted by U*. The subspace U is called totally isotropic
if U ¢ U'. The e-hermitian module (V,h) is called isotropic if it contains a nonzero totally
isotropic subspace U, and anisotropic otherwise. Equivalently, (V, &) is isotropic if there exists
an element 0 # x € V such that 4(x,x) = 0. (V,h) is called metabolic if it contains a direct
summand U such that U+ = U. There is also a notion of a hyperbolic e-hermitian space (see
[IE, (I1.3.5)]), and if 2 € C*, then these notions coincide (see [15, (1.3.7.3)]).

Let (V,h) and (V’,h") be two e-hermitian modules over (C,6). They are called isometric,
denoted by (V,h) ~ (V',}’), if there is a C-linear bijection ¢ : V — V'’ such that h(x,y) =
W(p(x),¢(y)) forall x,y € V. They are called similar if there exists a € C such that (V,h) ~
(V',ah’"). The orthogonal sum of (V,h) and (V',h’) is the e-hermitian space (V& V',h L I'),
where (h L I )(x+x',y+Y") = h(x,y) + h'(x,y"), for all x,y € V and all x’,y’ € V’, denoted by
(V,h) L (V',1").

Let ay,...,@, € C* be elements such that 6(«@;) = ;. Then the matrix diag(a,...,a,) de-
fines a non—singular e-hermitian form on C" with respect to 6. We denote the corresponding
e-hermitian space by (a,...,a,)e.

3.2 Proposition. Let ¢ = +1. Let (V,h) be an e—hermitian space over (C,0) and let U be a
C-submodule of V that is finitely generated and projective over C. If h|y is non—singular, then
(V,h) ~ (U,h|ly) L (U*,h|y-), and h|y: is also non—singular.

Proof. See [IE, (1.3.6.1), (1.3.6.2)]. O

In the rest of section Bl we work with (skew—)hermitian spaces over Azumaya algebras with
involution without zero divisors. We fix a field F and a valuation ring O of F.

Let (A,0) be an O—algebra with involution without zero divisors. Let & = +1 and let (V,/) be
an e-hermitian space over (A, ). Then V is free as a A—module by Proposition[2.8] Using this,
it follows that hyperbolic e-hermitian spaces of the same A—dimension are isometric.

3.3 Lemma. Let A be an Azumaya algebra with center a valuation ring or the intersection of

two valuation rings. Let (ai,...,a,) be a unimodular row over A, i.e. there exist by,...,b,, €
A such that Y., a;b; = 1. Then there exists an invertible (m x m)—matrix U over A having
(ai,...,ay,) as its first row, such that the inverse of U has (by,...,b,,) as its first column.



Proof. The statement holds for Hermite rings by [B, (0.4.1)]. Left and right Bézout rings with-
out zero divisors are Hermite rings by [6, (2.3.4), (2.3.17)]. So, the statement follows from
Proposition[2.8] |

3.4 Proposition. Let (A, ) be an O-algebra with involution without zero divisors. Let € = +1
and let (V,h) be an e—hermitian space over (A,0). Then (V,h) is the orthogonal sum of an
anisotropic e—hermitian space over (A, ) and a metabolic e—hermitian space over (A, 6).

Proof. If h is anisotropic, there is nothing to prove. So, suppose that there exists 0 # x € V such
that ~(x,x) = 0. Let (ey,...,e,) be a A-basis for V. Then x = ¥.\_, e;x;, with x,...,x, € A. By
Proposition[2.8] A is a left Bézout ring. Hence, there exists d € A such that Ax; +...+ Ax, = Ad.
It follows that there exist by,...,b,,cy,...,c, € A such that x; = b;d and Y, ¢;x; = d. Let
y =Y eb;. Then 0 = h(x,x) = 6(d)h(y,y)d. Since A does not have zero divisors, it follows
that i(y,y) = 0. Since Y.I_, ¢;b; = 1, by Lemma [3.3] there exists an invertible matrix U over
A with (by,...,b,) as its first column. Let (fi,...,f;) = (e1,...,e,)U. Then f; = y. Since
U is invertible, this means that (y, f5,..., f,) is a A—basis for V. It follows that there exists
¢ € Homa(V,A) such that ¢(y) = 1. Since h is non-singular, there exists y’ € V such that
1 = ¢(y) = h(y',y). Consider the right A—subspace U = yA + y’A of V, and note that in fact
U = yA @ y'A. The matrix of h|y is given by

[V i )
L h(y.y) )

This matrix is invertible over A. Hence, h|y is non-singular and isotropic. It is a so—called
metabolic plane. Proposition 3.2 yields that (V,h) ~ (U,h|ly) L (U*, h|y:). Furthermore, by
Proposition3.2, (U*, h|y. ) is also an e—hermitian space over (A, 8) and hence, U is free over A.
If h|y. is anisotropic, we are done. If h|y: is isotropic, then we can repeat the above procedure.
Eventually we obtain a decomposition of the desired form. O

3.5 Remark. Note that Proposition[3.4]yields that an e-hermitian space over (A, ) is isotropic
if and only if it contains a “unimodular” isotropic vector.

3.6 Proposition. Let (A,0) be an O—algebra with involution without zero divisors. Let € = +1.
Let (V,h) be an e-hermitian space over (A, ). If (V,h)r is isotropic (resp. metabolic), then
(V, h) is already isotropic (resp. metabolic).

Proof. Suppose that (V,h)r is isotropic. Let 0 # x € Vg be such that hg(x,x) = 0. There
exists a nonzero r € O such that rx € V. Then rx # 0 and h(rx,rx) = 0. Hence, (V,h) is
isotropic. Suppose that (V,h)r is metabolic, but (V, h) non—-metabolic. By Proposition 3.4, we
can decompose (V,h) ~ (Vy,hy) L (Va,hy), with (Vy, hy) anisotropic and (V>,h,) metabolic.
Then (Vi,h;) remains anisotropic over F by the first part of the proof. But this means that
(V,h)r is not metabolic, a contradiction. This proves the statement. i

In the situation of Proposition 3.4} suppose that O = F and char(F) # 2. Then A is a division
algebra, and the decomposition of (V, /) into an anisotropic and a hyperbolic e-hermitian space
over (A, 0) is unique up to isometry, by the Witt cancellation result of (15, (1.6.3.4)]. The Witt
index of (V, h) is then defined as half the A—dimension of the hyperbolic part of (V, ).
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3.2. Adjoint involutions

In this section, we zoom in on the “adjoint algebra with involution” of a (skew—)hermitian space
over an Azumaya algebra with involution over a valuation ring. We characterise isomorphic
involutions on a fixed Azumaya algebra in terms of (skew—)hermitian spaces they are adjoint
to. These results will be used in section [7] in order to prove that isomorphism of Azumaya
algebras with involution over a Henselian valuation ring in which 2 is invertible, can be detected
rationally.

3.7 Proposition. Let (C,6) be an O—algebra with involution with center a domain. Let & =
+1 and let (V,h) be an e-hermitian space over (C,6). There exists a unique involution o~ on
End¢ (V) such that o(a) = 6(a) for all a € Z(C), and for all x,y € V and all f € End¢(V) we
have that

h(x. f(¥)) = h(a(f)(x).y).

We denote this involution by ad,. Then (End¢(V),ad,) is an O-algebra with involution with
center Z(C), called the adjoint algebra with involution of 4, and denoted by Ad(h). If 0 is of
the first (resp. second) kind, then ad,, is of the first (resp. second) kind.

Proof. Let m be a maximal ideal of Z(C). Then End¢(V)/mEndc(V) 2 Endejue(V/mV) by

, (II.5.1.8)]. Since V is a finitely generated, projective C—module and C is finite—dimensional
over Z(C) by Proposition 2.6 (a), V is finitely generated and faithful as a module over Z(C),
and hence, V/mV is nonzero. This implies that End¢ /¢ (V/mV) is a central simple algebra over
Z(C)/m. Hence, End¢(V) is an Azumaya algebra over Z(C). One easily checks that o is an
involution on End¢ (V) of the same kind as 6, and the uniqueness of ad, follows from the fact
that 4 is non—singular. O

The converse of Proposition 3.7 also holds.

3.8 Proposition. Let (A, o) be an O—-algebra with involution with center a domain. Then the
following hold:

(a) Every Azumaya algebra over Z(A) Brauer equivalent to A carries an involution of the
same kind as o .

(b) There exists an Azumaya algebra A over Z(.A) without zero divisors such that for every
involution 6 on A of the same kind as o, there exists an e—hermitian space (V,h) over
(A,0), withe € {1,-1}, such that (A, o) 274y Ad(h).

Proof. We denote Z(.A) by S and its fraction field by K. Let C be an Azumaya algebra over S
Brauer equivalent to A. If o is of the first kind, then 4, and hence also Cr, is of exponent 2
in Br(K) by l16, 3.1) (1)]. By Proposition 2111, C is of exponent 2 in Br(S). Suppose that o
is of the second kind. Then the corestriction of Af is split by [IE, (3.1) (2)] and hence, so is
the corestriction of Cr. Invoking Proposition 2.11] once more, we obtain that the corestriction
of C is also split. Since S is a semilocal domain by Proposition 2.3] [@, (4.4)] yields that there
exists an involution 6 on C of the same kind as o. This proves (a).

Proposition [2.10] yields that there exists an Azumaya algebra A over S without zero divisors,
and a finite—dimensional right A-module V such that A ~ Enda(V) = M, (A) as S —algebras,
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with n = dima (V). In the rest of the proof, we identify A with M,,(A). By (a), there exists an
involution 6 on A of the same kind as o~. We define an involution * on A by (d;;)7; = (6(d)))};»
where t denotes the transpose involution. By Proposition 2.7] there exists s € A* such that
s* = gs, withe = +1, and o = Int(s) o *. Let (ey,...,e,) be a A-basis for V. Let h, : VxV - A
be the hermitian form over (A, #) defined by the (n x n) identity matrix with respect to the basis
(e1,...,e,). We have that * = ad,, and it is clear that A, is non-singular. We define 1: VxV - A
by h(x,y) = he(s7'(x),y). For all x,y € V, we have that

h(y,x) = ha(s7'(v), x) = 0(ha(x,57'())) = 0(ha ((s71)" (%), 7))
= e0(h. (57" (x),y) = €8(h(x.y)).

and it is clear that h(xa,yB) = 6(a)h(x,y)B for all @, € A. Furthermore, h is non—singular
since s € A*. So, (V,h) is an e-hermitian space and

h(o(£)(x),y) = ha(s7 o (£)(%),3) = h(f* (571 (x)),¥) = ha (7' (x), £ () = h(x, £ ().

O

3.9 Proposition. Let (A,o0) be an O-algebra with involution with center a domain. Let fur-
thermore s € A* be such that o(s) = s and let o = Int(s) oo-. Then the following are equivalent:

(1) (A, O') gZ(A) (.A, 0").

(ii) There exist elements u € O™ and g € A* such that us = 0(g)g.

Proof. Suppose that (i) holds. Let ¢ : A — A be a Z(.A)—automorphism such that 0/ o = poo.
By Proposition[2.6] (b), there exists an element g € A* such that ¢ = Int(c(g)). We get that

Int(o(g)) oo =Int(s) oo oInt(c(g)) = Int(sg™") o 0.

This implies that Int(o-(g)) = Int(sg~') and hence, there exists u € Z(A)* such that o(g) =
usg~'. In other words us = o(g)g. It follows that o-(u)s = o(s)o(u) = o(us) = us. Since
s € A~ it follows that u € O. Since u € Z(.A)*, we have that u is in fact an element of O*. This
proves (ii). For the converse, we can just go backwards through the proof of (i) = (ii). |

3.10 Proposition. Let (A,0) be an O-algebra with involution without zero divisors. Let & = 1
and let (V,h) be an e-hermitian space over (A,0). Let (A, o) = Ad(h). Let furthermore s € A*
be such that o-(s) = s and let 0’ = Int(s) o 0. Define i’ : V xV — A by h'(x,y) = h(s7'(x),y)
for all x,y,€ V. Then (V,h") is an e—hermitian space over (A,0) such that (A,o") = Ad(R').
Let u € O". Then the following are equivalent:

() (V,h') = (V,uh).

(ii) There exists g € A™ such that us = 0(g)g.

Furthermore, if u € O™ is such that (i) and (ii) hold, then (A, o) =74y (A,0”).
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Proof. Suppose that (V,4’) ~ (V,uh). Then there exists a A-linear bijection ¢ : V — V such
that 2’ (x,y) = uh(¢(x),¢(y)). Then ¢ € Ends(V) = A and it follows that

h(s™(x).y) = 1 (x.y) = h(uo(¢)e(x).y)

for all x,y € V. The non-singularity of A yields that s! = uo(¢)ep, i.e. us = ¢-lo(¢™).
Conversely, suppose that there exists g € A* such that us = 0(g)g. Then

B (x,y) =h(s™'(x),y) = uh(g"'o(g")(x),y) = uh(o(g7")(x),0(g7")(»)).

This yields that (V,4’) ~ (V,uh). The last statement of the proposition follows immediately
from Proposition[3.91 O

3.11 Proposition. Let A be an Azumaya algebra with center O or a separable quadratic O-alge-
bra that is a domain. Let o and o’ be two O —linear involutions of the first or second kind on
A. Suppose that (A,0)r 2r (A,0")r. Then there exists s € A* such that o(s) = s and
o’ =1Int(s)oo.

Proof. By Proposition[2.7] there exists an element s € 4* such that o-(s) = +s and o’ = Int(s) o
o. Since o and o, are isomorphic, they must be of the same kind and type. If char(F) = 2,
then we automatically get that o(s) = s. If char(F) # 2, then 116, 2.7) (3)] yields that we
necessarily have o(s) = op(s) = s. o

4. Valuations and value functions

In the sequel, we will work with non—commutative valuation rings. We recall below the defini-
tion and some basic facts, and in the commutative case, the equivalent concept of a place from
one field to another. We further include some basics of the theory of value functions on vector
spaces and algebras over a valued field, which was recently developed in , ]. We will use
value functions in order to connect, for an algebra with involution over a valuation ring, the
induced structures over the fraction field and residue field of the valuation ring.

Throughout this section, we fix a field F. Let D be an F'—division algebra. A valuation ring of
D is a subring A of D such that for all x € D, we have that x € A or x~! € A, and furthermore, A
is invariant under conjugation with elements of D. (In the literature, A is sometimes called an
invariant valuation ring of D.) Let I" be a totally ordered abelian group and let co be a symbol of
a set strictly containing I', and satisfying y < co and oo = co+ 00 =oo+y =y+oo forallyel'. A
map w : D - T'u{oo} is called a valuation on D if w=! ({0 }) = {0}, w(a+b) > min(w(a),w(d))
and w(ab) = w(a) + w(b), for all a,b € D. The ring Op = {a € D | w(a) > 0} is a valuation
ring of D. The valuation ring Op has a unique maximal left (and right) ideal Mp, which is
equal to {a € D | w(a) > 0}. One calls I', = w(D*) the value group of w, and one can show
that I'p @ D*/Op™ (see e.g. [@, p.- 388]). Given a valuation ring A of D, there exists a
valuation on D with valuation ring precisely A (see e.g. [28, p. 388]). So, there is a one-to-one
correspondence between valuations on D and valuation rings of D.

Let L be a field and let L* = L u {oo}, with the field operations of L extended to L> by
00+ Xx=Xx+00=o00forany x €L, x-oo=o00-x=o0forany 0 # x € L>, whereas oo + 00,0 - 0o
and oo - 0 are not defined. A place from F to L is a map A : F — L* such that A(1) = 1,
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A(xy) = A(x)A(y) and A(x +y) = A(x) + A(y) for all x,y € F, whenever the right hand sides are
defined.

Given a place 1 : F - L>, the set O, = {x € F | A(x) # oo} is a valuation ring of F with
maximal ideal m, = {x € F | A(x) = 0}. The place A identifies the residue field O, /m, with a
subfield of L. Conversely, let O be a valuation ring of F with residue field «. Setting A(a) = a
forall a € O and A(a) = oo for all a € F \ O defines a place A : F — «k*.

For the rest of this section, we fix a valuation v on F. We denote its valuation ring by O and its
maximal ideal by m.

Forevery y € vo(T), let F;” = {ae F |v(a) >y} and F,” = {a € F | v(a) >y}. We then set

en(F)= @ FIFY.
yeu(I)

Let V be a finite—dimensional F—vector space. A map @ : V — I'u {oo} is called a v—value
function on V if a7 '({o0}) = {0}, a(xa) = a(x) + v(a) and a(x +y) > min(a(x),a(y)) for all
x,yeVandallacF.

For every y e v(T), let V;” = {x e V| a(x) >y} and V;” = {x € V | a(x) > y}. Then

g, (V)= @ VI/Vy.

yeo(I)
is a graded gr,(F)—-module.

Let B be a finite—dimensional F'—algebra. A v—value function @ on B is called surmultiplicative
if a(1) =0 and @(ab) > a(a) + a(b) for all a,b € B. In this case, gr,(B) has the structure of a
graded gr,(F)—algebra.

4.1 Example. Let V be an finite—dimensional F-vector space and B = (by,...,b,) an F-basis
for V. It is an easy verification that the map

n
v%:Zbix,-H{ng(v(x,-)), for xy,...,x, € F,

i=1 =

is a v—value function on V.

We call a v—value function on a finite—dimensional F—vector space V a v—norm if there exists
an F—-basis B for V such that @ = vg; the basis B is then called a splitting basis for a.

4.2 Remark. Since we work with value functions having the same value group as the underly-
ing valuation, our definition of v—norm is the same as the one given in [@%

4.3 Proposition. Let ) be a finite—dimensional O —module and let V =V ®p F. Then there is
a unique v—norm « on V such that V;° = V.

Proof. Let B be an O —basis of V. Then it is an F-basis of V, and it is clear that V;? = V. Let «
be any v—norm on V such that V;° = V. Let 8’ be a splitting basis for . Then ¥’ is an O —basis
of V. Using the matrix of base change from B to B’ (whose entries lie in ), one easily obtains
that vy (x) > a(x) for all x € V. Interchanging the roles of B and B’ yields the other inequality.0O
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4.4 Proposition. LetV be a finite—dimensional F—vector space and B = (b,...,b,) an F-basis
for V. Let x € V be such that there exists an index i € {1,...,n} such that x - b; € ij. Then the
family obtained from B by replacing b; by x is also a splitting basis for vg.

Proof. Since B is a splitting basis for vy and vy (x—b;) > 0, we can write x—b; = 3_; b;x;, with
X1, ..., X, € m. It follows that vg(x) = 0 = vy (b;(1 + x;)). Hence, by 23, Corollary 2.3 (iii)], the
family obtained from B by replacing b; by x is also a splitting basis for vg. O

4.5 Proposition. Let T be the intersection of finitely many valuation rings of F. LetV be a
finite—dimensional T—module and let V = V ®r F. Let furthermore W be a nonzero F—subspace
of V. Then W'V is free as a T—module and

dlmF(W) = dlmT(W n V)

Proof. By assumption, there exist valuation rings Oy,...,O; of F such that T = O;n...n
O¢, and we may assume that they are pairwise incomparable. Let vy,...,v, be corresponding
valuations on F. Fori = 1,...,¢, let 9; be the unique maximal ideal of O; and M; = M; N T.
By [@, (3.2.6), (3.2.7)] we have that O; = Ty, fori = 1,...,¢, and My,..., M, are the different
maximal ideals of 7. Furthermore, 7/ M,; is naturally isomorphic to Ty, /M;Tprq, = O; [M; via

a mod M; — ¢ mod M;Tpy, fori=1,...,¢.

Let B = (ey,...,e,) be a T-basis for V. Leti € {1,...,£}. Then B is an O; -basis for V; =
VO; c V. We consider the v;—norm a; = (v;)y on V = V;F. We have that V;? = V. We set
W=Wn). By [@, Proposition 2.5], @;|w is a v,—norm. Let (d!,...,d") be a splitting basis for
a;|lw. We prove that there is a common splitting basis for a;|w, ..., a/|w.

Since My,..., M, are pairwise different maximal ideals of 7', they are pairwise coprime. By
the Chinese Remainder Theorem, the natural isomorphisms 7/M; — O; /M, fori = 1,...,¢,
and [@, (XVI.2.7)], the T-homomorphism

@:W>WO W x ... x WO, W,

is surjective. We show that W O; = W;% fori = 1,...,¢. Itis clear that W O, c W2°. Conversely,
let x € W7°. Then there exists 7 € T \ M; such that xt € W. Since 1/t € Ty, = O,, it follows that
x € WO,;. Multiplying W O; = W;,” by 9;, we obtain that WI; = W;°. By the surjectivity of ¢,
there exist fi,..., f, € VW such that

_ _ ¢
o(fj) = (d},....d5) e [TW WD,
i=1
By Propositiond.4] (fi,..., f,) is a splitting basis for a;|w, ..., a|w. It follows that
Wc leoﬁ...ﬁWZO:{ijXj|X1,...,X[€Olﬁ...ﬁ(95} CW,
=

since T = Oy n...n 0O, Hence, W is free over T and dimy (W) = dimg(W). o

4.6 Remark. In the sequel, we wil only apply Proposition in the case where T is the inter-
section of at most two valuation rings. Note furthermore that the statement of Proposition
can also be proved by using that an intersection of finitely many valuation rings of a field is a
so—called elementary divisor domain.
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In the previous results we only used value functions on vector spaces. In the last result of this
section, we prove the existence of a special value function on an F-algebra with involution,
obtained by scalar extension from an O —algebra with involution. This result will be used in
section[6l when we consider Azumaya algebras with involution under specialisation with respect
to a Henselian valuation ring.

Let B be a finite—dimensional F—algebra and @ a surmultiplicative v—norm on B. Then « is said
to be a v—gauge if gr,(B) is graded semisimple, i.e. gr,(B) does not contain any nonzero nilpo-
tent homogeneous two-sided ideals. Let (B, 1) be an F—algebra with involution. A v—gauge @
on B is called 7—invariant if a(7(x)) = a(x) for all x € B.

4.7 Proposition. Let (A,o) be an O —algebra with involution. Then there exists a unique
o p—invariant v-gauge a on Ap such that (Ar)." = A and (Ar)>° = mA.

Proof. By Proposition (a), A is free over O. Let B = (ey,...,e,) be an O —basis for A.
Then B is an F-basis for Ar. It is clear that (Ar)7? = A and (Ar);? = m.A. We show that vy
is a v—gauge and that it is o-p—invariant. The fact that vy is the unique gauge with this property
follows from Proposition 4.3l Since 1 € A, we have that v (1) > 0 and hence vy (1) = 0 since
A # mA. In order to show that vy is surmultiplicative, by ﬂé, Lemma 1.2], it suffices to show
that vg(eje;) > vs(e;) +vs(e;) =0 forall i, je {1,...,n}. Since A = (Ar)?? is multiplicatively
closed, this is clearly satisfied.

We next verify that vy is op—invariant. Let i € {1,...,n}. There exist dj,...,d;, € O such
that o-(e;) = Yp_; exdi. Let (x1,...,x,) € F" be arbitrary. Then for k = 1,...,n, we have that
(X8, xidy) > minige,(v(x;)). Furthermore, op (X0, eix;) = Y o(e)xi = Yy en(X8, xidy),
and hence

Vg (O-F (; eixi)) = min (v (; xidik)) > min(v(x)) = vy (; e,-x,-) :
This yields that vs(x) = vg(0%(x)) > vy(or(x)) > vg(x), for all x € Ap. This proves the
o p—invariance of vy.

In order to have that vy is a v—gauge, all that remains to be shown is that the graded algebra
gr,, (Ar) is semisimple. Suppose for the sake of contradiction that gr, (Ar) contains a nonzero
homogeneous two-sided nilpotent ideal /. Let Iy = I n gr, (Ar)o = I n A/mA. For a nonzero

X € B, we write X = x + (AF)Z?(X). Let a be a nonzero element of Ay such that @ € I. Since

vy has the same value group as v, there exists u € F such that vy(a) = —v(u). Then vg(au) =
vg(a) +v(u) = 0 and since I is an ideal of gr, (Ar), we have that aii € I, and furthermore,
ain = au. Since au + 0, this implies that I, # 0. However, this is not possible since A/mA is
semisimple. Hence, vy is a v—gauge. O

5. Specialisation of involutions and the index

In this section, we prove the first main specialisation result of this article. We fix fields F and
L, aplace A : F - L*, and we denote the valuation ring of F associated to 4 by 0. We don’t
make any assumptions on the characteristic of F and L.
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Let (A, o) be an O —algebra with involution. By Proposition[2.1], (A, o) is an F—algebra with
involution and (A, o), an L—algebra with involution. We show in Theorem [3.7] that isotropic
right ideals of (A, o) specialise under A to isotropic right ideals of (A,0)., in a way that
preserves the dimension.

In order to treat the isotropy behaviour of first and second kind involutions in a uniform way,
we introduce the notion of “balanced ideals” and extend some notions and results from [IE] to
balanced ideals.

Throughout this section, we fix an F—algebra with involution (B, 7). We first extend the notions
of degree and Schur index of a central simple algebra to B. As in [IE], we let deg(B) be the
square root of dimg(B)/dimg(Z(B)). If B is simple, we let ind(B) be the usual Schur index of
B as a central simple Z(B)-algebra. If B is not simple, then by Proposition 2.2} there exists a
central simple F—algebra E such that B = E x E°P. In that case we set ind(B) = ind(E).

Suppose that there exists a central simple F'—algebra E such that B ~ E x E°P. Let [ be a right
ideal of B. Then [ corresponds to a right ideal I; x I,* of E x E°?, with I; a right ideal of E and
I, aleft ideal of E.

We call a right ideal I of B balanced if it is free as a Z(B)-module. If Z(B) is a field, then all
right ideals of B are balanced. If Z(B) = F x F, then the following lemma describes what the
balanced ideals of B look like.

5.1 Lemma. Let T be a domain and let M and N be finite—dimensional T—modules. Then
M x N is free as a (T x T)-module if and only if dimy(M) = dimy(N), and in that case
dimz‘xT(M X N) = dlmT(M) = dlmT(N)

Proof. This follows from the fact that (T xT)" = T" x T" as (T x T )-modules for all n € N, and
that 7" x T™ is not a free (7 x T')—-module if n + m. o

Let I be a balanced right ideal of B. Then dimyg)(I) is divisible by deg(B)ind(B), by Propo-
sition[5.1] and [16, pp. 5-6]. We call

rdim(7) = deg(B)

the reduced dimension of 1. It extends the notion of reduced dimension for right ideals of central
simple algebras from [16] to cover the semisimple case as well. If B = E x E° for a central
simple F—algebra E, and [ is a balanced right ideal of B that corresponds to the ideal I; x I,” of

E x E°, then rdim(I) = dcil%((é‘)) = rdim(/,) by Lemmal[5.11

Replacing ‘right’ by ‘left’ in the above, we get analogous results for left ideals of B. Applying
the general results for modules from sectiond]to right ideals, we obtain the following theorem.

5.2 Theorem. Let A be an Azumaya algebra with center either O or a separable quadratic
O —algebra. If Z(A) is not a domain, assume that there exists an Azumaya algebra B over O
such that A = B x 3°°. Then deg(.Ar) = deg(A.). Let furthermore I be a balanced right ideal
of Ap. Then I n A is free as a Z(A)—module and (I n A) ®¢ L is a balanced right ideal of A;
of the same reduced dimension as I.
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Proof. Since A is free as an O -module by Proposition (a), we have that dimg(Ar) =
dimgp(A) = dimz(AL). This clearly implies that deg(Ar) = deg(\Ay).

We now prove the statement on the ideals. If 7 = O, then there is nothing to prove. So, in the
rest of the proof, we may assume that I # 0. It is clear that (I n A) ®o L is a right ideal of
Ay. Suppose first that Z(.A) is a domain. Then Z(.A) is a valuation ring or the intersection of
two valuation rings of Z(Ar), by Proposition Furthermore, A is free as a Z(.A)—-module
by Proposition 2.6] (a). We have that A®z4)Z(Ar) = A®oF as Z(Ar)-modules. Since /
is a Z(Ar)-subspace of Ar, we can apply Proposition to obtain that I n A is free as a
Z(A)-module and
dimZ(A) (I N .A) = dimZ(AF)(I).

Assume that Z(.A) is not a domain. By assumption, there exists an Azumaya algebra 55 over O
such that A = B x B°. Then B is free as an O —module by Proposition 2.6] (a). We have that

F2 (B®o F)x (B®p F)°. Under this isomorphism, we identify / with a right ideal /; x I;*
of (Bep F)x(B®e F)°P, where I; is a right ideal of B®o F and I, a left ideal of B®p F. Then
InA=(I;nB) x (I,nB)°. Since I is balanced, Lemma [5.1] yields that dimy(/,) = dimz(1,).
By Proposition we have that 7; n B and I, n B are free as O —modules and

dil’l’l@([l n B) = dlmF(Il) = dlmF(I2) = d1m0(12 n B)

Applying Lemma[S.Ito T = O yields that In A is free as a Z(.A)-module and dimz(4)(In.A) =
dimZ(AF) (I)

We have the following isomorphisms of Z(.4; )-modules:
(InA) ®z4) Z(AL) = ((InA) ®2(4) Z(A)) @0 L= (InA) ®0 L.

Since I n A is free as a Z(.A)—module, it follows that (I n A) ®¢ L is free as a Z(.A; )—-module.
In other words, (I nA) ®c L is a balanced right ideal of A;.

It remains to prove the claim about the reduced dimensions. It follows from the above that
dimZ(AF)(I) = dimZ(A) (I N .A) = dimZ(AL) [([ N A) ®o L]

Since deg(Ar) = deg(AyL), this yields that rdim(7) = rdim((/ n A) ®o L). i

For a right ideal 7 of B, the left ideal I° = {x € B | xI = 0} is the annihilator of I. Similarly, for

a left ideal J of B, the right ideal J° = {x € B| Jx = 0} is the annihilator of J.

5.3 Proposition. Let I be a balanced right (resp. left) ideal of B. Then I° is a balanced left
(resp. right) ideal of B and rdim(I) + rdim(/°) = deg(B).

Proof. 1f Z(B) is a field, this is the statement of 116, (1.14)]. Assume that Z(B) 2 F x F and
B = E x E°P, for some central simple F—algebra E. Let I be a right ideal of B. The proof for
left ideals is analogous. We identify 7 with a right ideal I, x I,” of E x E°®, where I; (resp. L) is
a right (resp. left) ideal of E. It is easily seen that /° = I? x (19)°P, and using this together with

, (1.14)] yields the statement. O

18



A right (resp. left) ideal I of B is called isotropic with respect to 7 if I c 7(I)°. The algebra with
involution (B, 1), or 7 itself, is called isotropic if B contains a nonzero isotropic right ideal, and
anisotropic otherwise. Note that 7 is isotropic if and only if there is a nonzero element x € B
such that 7(x)x = 0. The algebra with involution (B, 7), or 7 itself, is called hyperbolic if there
exists an idempotent x € B such that 7(x) = 1 — x, and is called metabolic if (B, 1) contains an
isotropic balanced right ideal I of reduced dimension deg(B)/2. By Proposition[3.3] the latter
is equivalent to I = 7(I)°.

5.4 Proposition. Let I be an isotropic balanced right ideal of (B, 7). Then rdim(/) < deg(B)/2.

Proof. If Z(B) is a field, this follows from [16, (6.2)]. Let us consider the case (B,7) 2 (E x
E, swg), with E a central simple F-algebra. We identify / with a right ideal I, x I,” of
E x E°P, where I} (resp. I,) is a right (resp. left) ideal of E. Since / is balanced, we have that
rdim(7) = rdim(/;) = rdim(J>). Since [ is isotropic, it follows that I, c I9. By Proposition[3.3]

2rdim(7) = rdim(1;) + rdim(Z,) < rdim(/,) + rdim(/?) = deg(B),
whence the statement. O

5.5 Proposition. Suppose that (B, 7) is degenerate. Then 7 is hyperbolic, and for any { € N
such that 0 < € < %, there exists an isotropic balanced right ideal of (B,7) of reduced
dimension ¢ - ind(B).

Proof. We have that (B, 1) = (E x E°?, sw), for some central simple F—algebra E. The element
(1,0) € E x E° is idempotent and swg(1,0) = (0,1) = (1,1) - (1,0). Hence, 7 is hyperbolic.
Let ¢ € N be such that 0 < € < ;ffd((l;)). By the characterisation of left and right ideals of E in [IE,
(1.12)] there exists a right ideal I; of E with rdim(/,) = ¢-ind(B) = ¢-ind(E) < deg(B)/2 and
a left ideal I, of E inside I? of the same reduced dimension as /;. Then [ x I;’p is an isotropic
balanced right ideal of E x E° of reduced dimension ¢ - ind(B). i

5.6 Proposition. Let (D,0) be an F—-algebra with involution and assume that D is a division
algebra. Let & = +1 and let (V,h) be an e—hermitian space over (D, 0). Let I be a right ideal of
Endp (V). Then I = Homp(V, W), for some right D—subspace W of V, and the following hold:

(a) 1 is isotropic for ad;, if and only if W is totally isotropic for h.
(b) ad, is isotropic (resp. metabolic) if and only if h is isotropic (resp. metabolic).

Proof. See 116, (1.13)] for the fact that every right ideal 7 of Endp (V) is of the form Homp (V, W),
for some right D—subspace W of V. For (a) see [@, (1.6)], and for the statement on metabolicity
in (b), see [8, (4.8)]. |

We can now prove the first specialisation theorem for isotropic right ideals. Almost all the work

was done in Theorem so the proof is now very short.

5.7 Theorem. Let (A,o) be an O —algebra with involution. Let I be an isotropic balanced right
ideal of (A, 0 )r. Then In A is free as a Z(.A)-module and (In.A) ®o L is an isotropic balanced
right ideal of (A, o), of the same reduced dimension as 1.

19



Proof. Ttis clear that if 1 is an isotropic right ideal of (A, o), then (In.A) ® L is an isotropic
right ideal of (A, o). The rest of the statement follows from Theorem i

The following corollary is now immediate.

5.8 Corollary. Let (A,o) be an O —algebra with involution. If o is isotropic (resp. metabolic),
then o is isotropic (resp. metabolic) as well.

We define the index of (B, ) to be
ind(B, 7) = {rdim(7) | I an isotropic balanced right ideal of (B,7)}.

This definition coincides with the one given in 16, p. 73]. This is clear if Z(B) is a field and the
degenerate case follows from Proposition Using the definition of the index together with
, (6.7)] yields, if char(F) # 2, that 7 is metabolic if and only if it is hyperbolic.

5.9 Proposition. Let (D,0) be an F—algebra with involution and assume that D is a division
algebra. Let € = +1 and let (V,h) be an e-hermitian space over (D, ). Then

ind(Ad(h)) = {ind(D) -d | 0 <d <i,(h)}.

Proof. Using the fact that for every D—subspace W of V, we have that rdim(Homp(V,W)) =
dimp (W) deg(D), the statement follows immediately from Proposition 5.6l

We recast the result of Theorem [3.7]in terms of the index.

5.10 Corollary. Let (A, o) be an O —algebra with involution. Then
ind((A,0)r) cind((A,o)L).

Proof. Let 0 # i € ind((A,0)r) and let I be an isotropic balanced right ideal of (A, o )r of
reduced dimension i. By Theorem 5.7, (I n A) ®o L is an isotropic balanded right ideal of
(A, o), and rdim((I n A) ®o L) = i. It follows that i € ind((A,0).). O

5.11 Remark. If the characteristic of the fields involved in the place is different from 2, and
we are in the “geometric setting”, then there is another proof of Corollary [5.10l Let k be a field
with char(k) # 2, and (C,p) a k—algebra with involution with deg(C) > 3. Let k; /k and k,/k be
field extensions and A : k; — k3° a k—place. Let O, be the valuation ring of k; Corresponding to
A. Then (C,p)o, is an O, —algebra with involution. The inclusion ind((C, p)y, ) ¢ ind((C,p)x,)
can then be shown using certain k—varieties associated to (C, p), studied in ﬁé . The rational
points of these varieties over a field extension M /k are isotropic balanced right 1deals of (C,p)u
of a certain reduced dimension. The inclusion ind((C,p)y, ) c ind((C,p)y, ) then translates into
a statement of “rational points that carry over under places”.
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6. Henselian valuation rings

Throughout this section, we fix a field F and a valuation ring O of F. We further assume that
O is Henselian, i.e. O extends uniquely to a valuation ring in any separable closure of F. We
denote the maximal ideal of O by m, its residue field by «, and we let v be a valuation on F' with
valuation ring O.

If 2 € O, then a symmetric bilinear space over O that is isotropic (resp. hyperbolic) over the
residue field of O, is already isotropic (resp. hyperbolic) over F. This is shown in the proof of

, (6.2.4)], where the statement assumes that O is discrete, but the proof does not. We prove
an analogue of this result for O —algebras with involution. This complements the statement on
the index in Corollary[5.10, and will be an important ingredient of the proof of the isomorphism
result for Azumaya algebras over Henselian valuation rings in Theorem [Z.3]

6.1 Proposition. Let (A, o) be an O —algebra with involution with center a domain S. We
denote the fraction field of S by K. The following hold:

(a) S is the unique extension of O in K, its value group is equal to the one of O and its residue
field is a separable quadratic extension of k.

(b) Suppose that A does not have zero divisors. Then A is a valuation ring of Ar. Further-
more, the value groups of O and A are equal.

Proof. Since O is Henselian, there is a unique valuation ring of K extending O. Proposition
then yields (a). Suppose that A does not have zero divisors. Then Az does not have zero
divisors either and hence, it is a division algebra with center K. By (a), S is a valuation ring.
Note that S is also Henselian. By [@, Corollary 2.2], S extends to a valuation ring V of Ag. It
follows from [|E, (2.5)] that V = A (and in this case, the proof of [@, (2.5)] in fact simplifies).
The equality of the value groups follows from (a) together with [@, Theorem 3.2]. O

6.2 Corollary. Let (A,0) be an O —algebra with involution with center a domain S. There
exists an Azumaya algebra A without zero divisors over S that is a valuation ring of Ag, an
O —linear involution 6 on A of the same kind as o, and an e-hermitian space (V,h) over (A,0),
with e € {1,-1}, such (A, o) 25 Ad(h). Furthermore, the value groups of A and O are equal.

Proof. This follows immediately from Proposition 3.8] together with Proposition 6.1 i

6.3 Proposition. Let A be an Azumaya algebra with center O or a separable quadratic O —alge-
bra that is a domain. Then ind(Ar) = ind(A,).

Proof. The result follows from the fact that A is Brauer equivalent to a valuation ring A of a
division algebra Brauer equivalent to Ax, by Corollary [6.2] and that A, @ A/mA is a division
algebra, since mA is the unique maximal left and right ideal of A. O

Using the previous proposition, we can already treat the degenerate case.

6.4 Corollary. Let (A,o) be a degenerate O —algebra with involution. Then ind((A,o)r) =
ind((A,0),).
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Proof. Since Z(.A) is not a domain, we have that Z(A) 2 O x O by Proposition[2Z.3] By Propo-
sition 2.2} there exists an Azumaya algebra B over O such that (A,0) 2o (B x B®,swg). By
Proposition we have that ind(Ar) = ind(Br) = ind(B,) = ind(A,). Since deg(Ar) =
deg(\A,) by Theorem the equality ind((A, o) r) = ind((A, o), ) now follows from Proposi-
tion[3.3 i

6.5 Proposition. Assume that2 ¢ O”. Let (A, o) be an O —algebra with involution with center
a domain. Then o is isotropic if and only o, is isotropic.

Proof. We denote Z(.A) by S and its fraction field by K. Let A be as in Corollary [6.2] Let w
be a valuation on D with valuation ring A and let vg be the restriction of w to K. Then § is the
valuation ring of vg. By Proposition[6.1], v, vs and w have the same value group.

The statement of the proposition follows from [@, Corollary 2.3], provided that Ay is tame
over F in the sense of [27, p. 121], and that there exists a o r—invariant v—gauge @ on A such
that (Ar)2° = A and (Ar)2° = m A. The existence of the gauge follows from Proposition &7
The tameness condition for Az means that K/F is tame and A splits over the maximal tamely
ramified extension of K. The fact that K/F is tame follows from the equality of the value groups
of v and vy, which even implies that (K, vs ) is an unramified extension of (F,v). Since the value
groups of v and w are equal, any maximal subfield of D yields an unramified, and therefore also
tamely ramified, extension of (K, vs ) splitting A. It follows that A is tame over F. |

6.6 Corollary. Assume that2 € O*. Let (A,0) be an O —algebra with involution without zero
divisors. Let &€ = +1 and let (V,h) be an e—hermitian space over (A,0). Then i,,(hr) = i, (h).
In particular, hr is isotropic (resp. hyperbolic) if and only if h, is isotropic (resp. hyperbolic).

Proof. Let (A,o0) = Ad(h). By Proposition[6.3] we have that o is isotropic if and only if o, is
isotropic. Proposition 3.6 yields that A is isotropic if and only if A, is isotropic. Suppose that
hr is not hyperbolic. Then, by Proposition 3.4, we can write (V,h) ~ (Vi,hy) L (Va, hy), with
(Vi,hy) (resp. (Va,hy)), an anisotropic (resp. hyperbolic) e—hermitian space over (A, #). Since
hy is anisotropic, (h)r is also anisotropic, by Proposition[3.6l By the first part of the proof, we
obtain that (h;), is anisotropic. It follows that i,,(hr) = i,,(h,), as desired. o

6.7 Theorem. Assume that2 e O. Let (A, o) be an O —algebra with involution. Then
ind((A,o)r) =ind((A, o),).
In particular, o is isotropic (resp. hyperbolic) if and only if o is isotropic (resp. hyperbolic).

Proof. If Z(A) is not a domain, this is the statement of Corollary So, assume that Z(.A)
is a domain. Let (A,6) and (V,h) be as in Corollary In order to prove the statement, by
Proposition it suffices to show that ind(Ar) = ind(A,) and i,,(hr) = i, (k). The claim
about the Schur indices follows from Proposition[6.3]and the claim about the Witt indices from
Corollary i

We can use Theorem[6.7]to prove a hyperbolicity result for e-hermitian spaces over O —algebras
with involution without zero divisors, which will in turn be used in the proof of the isomorphism
result in Theorem [7.3
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6.8 Proposition. Assume that 2 € O”. Let (A,6) be an O —algebra with involution without
zero divisors. Let € = +1 and let (V,h) be an e—hermitian space over (A, ). Excluding the case
0 = ids and € = —1, there exists x € V such that h(x, x) € A*.

Proof. Let B = (ey,...,e,) be a A-basis for V. If one of h(ey,e;),...,h(e,, e,) € A*, then we
are done. So, suppose that h(ej,e;),..., h(ey,e,) € A~ A*. Note that A x AX = mA, since A
is a valuation ring by Proposition [6.1] (b). By the same result, the value groups of A and O are
equal, and since 6 # id, if € = —1, this implies that there exists d € A* such that (d) = ed. Let C
be the matrix of 4 with respect to B. Since 4 is non—singular, there exist A4, ..., 4, € A such that
the first entry of (dAy,...,d4,)C isd. It follows that d = ", dA;h(e;, er) = h(X L, €,0(dA;),er).
Let x = Y7, €;0(dA;). If h(x, x) € A*, then we are done. Otherwise, h(e; +x,e; +x) = h(ej,er) +
h(x,x) + 2d € A*, and we are also done. O

6.9 Corollary. Assume that2 e O*. Let (A,6) be an O —algebra with involution without zero
divisors. Let € = =1 and let (V,h) and (V',h’) be two e-hermitian spaces over (A, @). Suppose
that there exists a scalar e € O such that (V,eh)p ~ (V',h')p. If e ¢ F*>O*, then h and h' are
hyperbolic.

Proof. If 6 = id, and € = —1, then h and A’ are hyperbolic by Proposition 3.4] since a skew—
hermitian space over (A,id,) is necessarily isotropic. So, for the rest of the proof, we assume
thate = 1if 6 =1ids. Let 8’ = (¢},...,e,) be a A-basis for V’. Then B’ is a Ap—basis for V}. By

assumption, there exists a bijective Ap—linear map ¢ : Vp — V. such that for all x € Vy, we have
that ehp(x, x) = hf(¢(x),¢(x)). By Proposition [6.8] there exists x € V such that h(x,x) € A*.

We write ¢(x) = Y1, ely;, with yy,...,y, € D. Since A is a valuation ring with the same value
group as O, by Proposition (b), there exist ay,...,a, € F such that a;y; € A*. We may
assume that v(a;) = max;¢<,(v(a;)). Theny = ¢(x)a; € V. Since (&},...,e,) is a A,—basis

for V! = V//mV’, and a;y; ¢ mA, we have that y € V//mV" is nonzero. Since e ¢ F*> (O™ and
h(x, x) € A, it follows that ea? € mA, which implies that /2., is isotropic.

Since 2 € O, it follows from Corollary [6.6] that /). is isotropic as well. Suppose that /). is non—
hyperbolic. Then Ay is also non—hyperbolic, and by Proposition[3.4, we can decompose (V, h) ~
(Vi,hy) L (Va,hy) and (V' 1) ~ (V{,h}) L (V;, k), with (Vi,hy) and (V],h}) anisotropic
e-hermitian spaces over (A,0), and (V,,h,) and (V;,h}) hyperbolic e-hermitian spaces over
(A, 0). It follows that

(V]I,hQ)F 1 (Vé,hé)p ~ (V],ehl)p 1 (Vz,ehz)p.

We have that (h})r and e(h;)F anisotropic by Proposition 3.6, and (A})r and e(h,)r hyper-
bolic. The Witt cancellation property for e—hermitian spaces over division rings (see ,
(1.6.3.4)]) yields that (V{,h})r ~ (Vi,eh;)r. However, the reasoning above now yields that
(K} ) is isotropic, a contradiction. Hence, %/, is hyperbolic, and then clearly A is hyperbolic as
well. Proposition 3.6 yields that 4’ and & are already hyperbolic. O

6.10 Remark. J.-P. Tignol has suggested a different proof of Theorem using results on
hermitian forms on graded algebras induced by value functions on algebras. This proof is
written out in [3, (4.26)—(4.28)].

We can use Proposition [6.8]to prove that, for e-hermitian spaces over an O —algebra with invo-
lution without zero divisors, isometry can be detected rationally.
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6.11 Proposition. Assume that 2 € O*. Let (A,6) be an O —algebra with involution without
zero divisors. Let € = +1 and let (V,h) and (V',h") be two e—hermitian spaces over (A,0). If
(VW) g~ (V,h)p, then (V/,1") ~ (V,h).

Proof. If 6 = idy and & = -1, then (V,h) and (V’,h’") are both hyperbolic by Proposition 3.4]
Since (V',h")r ~ (V,h)r implies that dima(V) = dima(V’), it follows that (V',h’) ~ (V,h).
So, for the rest of the proof, we assume that 6 # id, if € = —1. It follows from Proposi-
tions and that there exist @, ...,a,,@},...,a, € A* such that h ~ (ay,...,@,)s and
h' ~{al,...,a})s. By assumption, we have that (a1, ...,a,)s ~ (a],...,a,)s. By mimicking a
proof of M. Kneser of a representation result for quadratic forms (see [B, (4.5)]), one can show
that there exist g5, ...,8;, € A* such that i’ ~ (ai, B, B.)g. The proof of this representation
result is written out in [@, (2.50)]. Since Ap is a division algebra, the Witt cancellation prop-
erty of [15, (I.6.3.4)] yields that (@2, ..., n)a = (B5,...,B)e,. The statement now follows by
induction on dim, (V). O

6.12 Remark. If we drop the Henselian assumption on O, then one can still show that (skew—)
hermitian spaces over an O —algebra with involution without zero divisors, that become isome-
tric over F, are already isometric over O. This follows from a general Witt cancellation result
by B. Keller (see [B, (VL.5.7.2)]), the proof of which is a lot more involved than the one above.

7. Good reduction

We fix fields F and L and a place A : F — L>°. We denote the valuation ring of F associated to
A by O and its residue field by «.

As mentioned in the introduction, if a symmetric bilinear space over F has good reduction with
respect to A, then its adjoint algebra with involution is obtained by scalar extension from an
O —algebra with involution. Therefore, it is natural to make the following definition. Let (B, 1)
be an F—algebra with involution. Then we say that (B, 1) has good reduction with respect to A
if there exists an O—algebra with involution (.4, ") such that (B,7) 2 (A,o)r. We call (A,0)
a A—unimodular representation of (B, 7).

We can consider (A, o), as a residue algebra with involution for (B, 7). The question then na-
turally arises whether this residue algebra with involution is determined up to L—isomorphism.
We show that this is the case if char(L) # 2, i.e. 2 € O”. To this end, it suffices to show in
the case where O is Henselian and 2 € O™, and given two O —algebras with involution (A4, o)
and (A',0”), that (A,0)r 2 (A',0")r implies (A,0), 2 (A,0"),. In fact, we will prove
something stronger in that case, namely that (A, )r 2r (A',07)r implies (A,0) = (A',07).
Using the results for Henselian valuation rings from section [0l we will extend the aforemen-
tioned isomorphism result to the case of general valuation rings in which 2 is invertible in the
forthcoming article [@], together with J. Van Geel. This type of isomorphism problems has been
studied in the literature for other kinds of rings as well (see Remark [7.4).

We start with a reduction of the isomorphism problem to the case of one algebra with two
involutions.

7.1 Proposition. Suppose that for all O-algebras with involution (A, o) the following holds: if
o is an O -linear involution on A such that there is a Z( Ar )—isomorphism (A, o) - (A,0")F,
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then (A,0) 2o (A,o”). Then for all pairs ((A,o), (A’,0")) of O-algebras with involution,
we have that (A, 0 )r 2r (A',0”)p implies (A,0) 2o (A',07).

Proof. Let ¢ : (A,0)r - (A’,0’)r be an isomorphism of F-algebras with involution. Then
¢ restricts to an F—isomorphism Z(Ar) — Z(A%). Since Z(.A) is the integral closure of R in
Z(Ar), and Z(A") is the integral closure of R in Z(.A}), by Proposition 23] and since ¢ is an
R—isomorphism, it follows that Z(¢(A)) = ¢(Z(A)) = Z(A"). If we consider A" as an Azumaya
algebra over Z(.A) via ¢, then ¢ : Ar > A% is a Z(Ar)—isomorphism. By Proposition 211 and
Corollary it follows that there exists an isomorphism of Z(.A)-algebras ¢ : A - A’. Let
0 = ¢y~ oo’ oy. Then ¢ is an isomorphism of R-algebras with involution from (A4, 5) to
(A',0"). We have that ¢! oy : (A,6)r - (A,0)F is an isomorphism of F-algebras with
involution that is Z(.Ar)-linear. The hypothesis now yields that (A,5) 2o (A, o), and hence,
(A, 0) 2o (A, o). i

Using the reduction in Proposition [Z.1] it is easily seen that degenerate rationally isomorphic
O —algebras with involution are isomorphic.

7.2 Proposition. Let (A, o) and (A',0") be degenerate O —algebras with involution. Suppose
that (A,0)r 2p (A',0")r. Then (A,0) = (A',0).

Proof. By Proposition [Z1] in order to show the claim we may assume that A" = A. Since
Z(A) = O x O by assumption, all involutions of the second kind on A are isomorphic over O
by Proposition 2.2l This yields the statement. i

We now prove the main theorem of this section.

7.3 Theorem. Assume that O is Henselian and that 2 € O*. Let (A,o) and (A',0") be
O —algebras with involution. If (A, o) 2 (A',0")r, then (A, o) 2o (A', o).

Proof. By Proposition [Z1] in order to show that (A,0) 2o (A’,0’), we may assume that
A" = A and that (A, 0)r 2z04,) (A 0")r. If Z(A) is not a domain, then we are done by
Proposition [Z.2l So, suppose that Z(.A) is a domain. By Proposition 3.11] there exists s € A™
such that o(s) = s and ¢’ = Int(s) o 0. By Proposition there exist elements e € F*
and g € Ay such that es = 0r(g)g. Let (A,0) and (V,h) be as in Corollary such that
(A,0) 2704y Ad(h). Identifying (A,o) and Ad(h) through this isomorphism, we consider
s as element of Enda(V)* and g as element of Enda,(Vr)*. Then (A,o’) = Ad(h'), where
h':VxV — Ais defined by h'(x,y) = h(s7!(x),y) for all x,y € V. By Proposition[3.10} we have
that (V,h')r ~ (V,eh)r. Suppose that e ¢ F*>2O*. Then Corollary yields that & and &’ are
hyperbolic. It follows that (V,h)r ~ (V,h')r. Suppose that e € F*>O”. Since (V,h')r ~ (V,eh)r
and (V,h)r ~ (V,a*h)p, for all a € F*, we get that (V,h’)r ~ (V,uh)r for some u € O*. So, in
both cases, there exists an element v € O™ such that (V,h')r ~ (V,vh)r. By Proposition[6.11], it
follows that (V, ") ~ (V,vh). Proposition 3. 10 now yields that (A, o) 2o (A,0”). i

7.4 Remark. Theorem [Z.3|holds in particular for complete discrete valuation rings in which 2
is invertible. This result is not new. It is an (unpublished) result of J. Tits, see [ﬂ% There, it is
used by Y. Nisnevich to prove a result on algebraic groups which implies, in the case where O
is a discrete valuation ring with 2 € O, that isomorphism of O —algebras with involution can
be detected over F. The latter result is in turn used by I. Panin to prove that isomorphism of
algebras with involution over a regular local ring containing a field of characteristic different
from 2, can be detected rationally (see [@]).
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Let F* be a separable closure of F and let O° be an extension of O to F*. Let G = {p «
Gal(F*/F) | p(O%) = O°}. Then ((F*)¢,O° n (F*)%) is Henselian by [9, (3.2.15)]. We denote
it by (F",O"); it is called a Henselisation of (F,0). By 19, (5.2.5)1, (F,0) c (F",O") is an
immediate extension, i.e. (F,©) and (F",O") have isomorphic value groups and residue fields.

7.5 Corollary. Assume that2 e O*. Let (A,o) and (A', ") be O—algebras with involution. If
(A, 0)r 2p (A,0")p, then (A, o) 2 (A, 07),.

Proof. Let (F",0") be a Henselisation of (F,©). Since (A,o)r =r (A’,0”)F, it follows that
(A,0)pr 2 (A’,0") e as well. Theorem [7.3] then yields that (A, o) pn Zon (A, 07) . Since
(F,0) c (F'",O") is an immediate extension, the residue field of ©" is isomorphic to « and
hence, by scalar extension to k, we get that (A, o), 2 (A, 07),. O

7.6 Corollary. Assume that2 ¢ O*. Let (A,o) and (A’, o) be O-algebras with involution. If
(A,O’)F =F (A',O”)F, then (.A,O')L =L (A’,O")L.

Proof. We have that L contains up to isomorphism the residue field of O. The statement now
follows immediately from Corollary o

Let (B,7) be an F—algebra with involution with good reduction with respect to A. Let (A, 0)
be a A—unimodular representation of (B, 7). If 2 € O, we set A.(B,7) = (A, ). By Corollary
7.6l A.(B,7) is well defined up to L—-isomorphism, and we call it the residue algebra with
involution of (B, ).

We can now formulate Corollary [5.10las follows.

7.7 Corollary. Assume that 2 € O*. Let (B,7) be an F-algebra with involution with good
reduction with respect to A. Then ind(B, ) c ind(A.(B,7)).

7.8 Remark. The good reduction definition for algebras with involution does not completely
generalise the one for symmetric bilinear spaces, but it does so up to similarity. Namely, let
(V,b) be a symmetric bilinear space over F. Then Ad(b) has good reduction with respect to
A if and only if (V,b) has up to similarity good reduction with respect to A. The sufficient
condition is clear. Suppose conversely that there exists an O —algebra with involution (A4, o)
such that (A, o) r 2r Ad(b). Then A is split by Proposition 2Z.11] and by Proposition[3.8] there
exists a symmetric bilinear space (V,¢) over O such that (A,0) 2o Ad(y). It follows from
116, p. 1] that there exists u € F* such that (V,ub) ~ (V, ¢).

Using Remark [7.8] together with Proposition [5.6] it is now easily seen that Theorem [L.1] also
follows from Corollary [7.7.
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