MINIMAL CANONICAL DIMENSIONS
OF QUADRATIC FORMS

NIKITA A. KARPENKO

ABSTRACT. Canonical dimension of a smooth complete connected variety is the minimal
dimension of image of its rational endomorphism. The i-th canonical dimension of a non-
degenerate quadratic form is the canonical dimension of its i-th orthogonal grassmannian.
The maximum of a canonical dimension for quadratic forms of a fixed dimension is known
to be equal to the dimension of the corresponding grassmannian. This article is about
the minima of the canonical dimensions of an anisotropic quadratic form. We conjecture
that they equal the canonical dimensions of an excellent anisotropic quadratic form of
the same dimension and we prove it in a wide range cases.
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1. INTRODUCTION

Canonical dimension cd(X) of a smooth complete connected algebraic variety X over
a field F' is the minimum of dimension of the image of a rational map X --+ X. This
integer depends only on the class of field extensions L/F with X (L) # 0. We refer to
[8] and [15] for interpretations and basic properties of cd(X). We will also use a 2-local
version cdy(X) of cd(X) called canonical 2-dimension.

All fields here are of characteristic # 2. (The questions we are discussing can be
raised in characteristic 2 as well, but all results we get are for characteristic # 2 mainly
because their proofs need the Steenrod operations on Chow groups modulo 2 which are
not available in characteristic 2.)

Let ¢ be a non-degenerate quadratic form over a field F. (Our general reference for
quadratic forms is [3].) For any integer i lying in the interval [1, (dim)/2], the i-
th canonical dimension cd[i](¢) is defined as the canonical dimension of the orthogonal
grassmannian of i-dimensional totally isotropic subspaces of ¢ (i-grassmannian of ¢ for
short). A little care should be given to the case of i = (dim ¢)/2 because the corresponding
i-grassmannian is not connected if the discriminant of ¢ is trivial. However, the (two)
connected components it has are isomorphic to each other so that we can define the
canonical dimension by taking any of them.

For arbitrary i and a given field extension L/F', the i-grassmannian of ¢ has an L-point
if and only if the Witt index iy(py) is at least i. Therefore, cd[i](¢) is an invariant of the
class of field extensions L/F satisfying iy(¢r) > 0.

Similarly, the i-th canonical 2-dimension cds[i]() is the canonical 2-dimension of the
i-grassmannian. Since in general, canonical 2-dimension is a lower bound for canonical
dimension, we have cd[i](¢) > cdsi](¢) for any i. This is known to be equality for i = 1
(see Section 5) and no example when this inequality is not an equality (for some i > 1) is
known.

The study of canonical dimensions of quadratic forms naturally commences with the
question about the range of their possible values for anisotropic quadratic forms of a fixed
dimension (over all fields or over all field extensions of a given field). It has been shown
in [11] (see also [12]) that the evident upper bound on cd[i](y) and cds[i](¢), given by the
dimension of the i-grassmannian, is sharp. Here is a formula for this dimension:

i(i—1)/2 +i(dim ¢ — 21).

The question on the sharp upper bound being therefore closed, the present paper ad-
dresses the question about the sharp lower bound. Natural candidates are canonical
dimensions of excellent quadratic forms. We do not really have a strong evidence sup-
porting this, but we may, for instance, recall [3, Theorem 84.1] where the excellent forms
appear in the answer to the question about the minimal height of quadratic forms.

For any n > 1 and any ¢ € [1, n/2], we write cd[i](n) (resp., cdy[i](n)) for the i-th
canonical (2-)dimension of an anisotropic excellent n-dimensional quadratic form over
some field. Note that cd[i](n) depends only on i,n and coincides with cdsy[i](n) (see
Section 2).

The following Conjecture therefore gives a complete answer to the question about the
sharp lower bound on canonical dimension and canonical 2-dimension of anisotropic qua-
dratic forms:
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Conjecture 1.1. Let ¢ be an anisotropic quadratic form over a field F' satisfying dim ¢ >
2i for some i > 1. Then cds[i](p) > cd[i](dim ).

The reason of excluding the case 2 = dim¢ in the statement is that in this case
cds[i](p) = edai—1](¢E) and cd[i](¢) = cd[i—1](pg), where E/F is the discriminant field
extension of ¢ (E = F if the discriminant of ¢ is trivial) and ¢ > 2. So, understanding
of cdyi](p) and cd[i](¢) for i < (dimp)/2 would provide their understanding for i =
(dim ) /2 and, on the other hand, using these relations it is easy to get counter-examples
to the formula of Conjecture 1.1 with i = (dim ¢)/2 (see Section 9).

In this paper we prove Conjecture 1.1 for “small” values of ¢, namely, for ¢ non-exceeding
the 2-nd absolute Witt index of ¢ (see Theorem 6.1) as well as for i < 5 (see Theorems
7.1, 10.1 and 11.1). Finally, we prove Conjecture 1.1 with arbitrary i for all quadratic
forms of height < 3 (see Theorem 8.2).

The proofs make use of a wide spectrum of modern results on quadratic forms and
Chow motives (the question seems to be a good testing ground for them). However most
of the results under use already became “classical” at least in the sense that they have
been exposed in a book (in [3] in most of the cases). For instance, we are using only a part
of Excellent Connections Theorem [19, Theorem 1.3], called Outer, which was available
already before the whole result and is exposed in [3, Corollary 80.13].

The most recent (and certainly yet non-classical) tool is a kind of going down principle
for Chow motives due to Charles De Clercq [2], used in the proofs of Theorem 3.2 and
(in a slightly different situation) Theorem 8.2. Applications of some particular cases
of this principle exist already in the literature (see, e.g., [4]). We are using it here (in
the proof of Theorem 3.2) in a new situation (still not in its full generality but in the
biggest generality which may occur in the case of projective homogeneous varieties). This
principle generalizes [9, Proposition 4.6], this older result is not sufficient for our purposes
here.

Those methods can certainly be used to prove a bit more of Conjecture 1.1, but it seems
that something is missing for a complete solution.

One could expect that the case of maximal i should be more accessible because maxi-
mal orthogonal grassmannians are so well-understood (mainly due to results of [18] also
exposed in [3, Chapter XVI]). Though in our approach we have to go through all values
of 7 in order to get to the maximal one.

This paper is an extended version of [6].

2. EXCELLENT FORMS

Here we recall some standard facts about excellent forms needed to complete the state-
ment of Conjecture 1.1. Proofs (along with a definition) can be found, e.g., in [3, §28].
Every positive integer n is uniquely representable in the form of an alternating sum of
2-powers:
n=2P0 _9PL L OP2 _ ... (_1)7"—121!%71 + (_1)7"2pr

for some integers » > 0 and po, p1, - .., p, satisfying pg >p1 > - >p,_1 >p,+1>0.
For any integer i € [1, n/2], we define an integer cd[i](n) as

cd[i](n) := 2P — 1,
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where s is the minimal positive integer with
no— 2> 2P — QP (—1)TP
Note that cd[i](n) > cd[i + 1](n) (for any i,n such that both sides are defined).

Lemma 2.1. For any field k and any positive integer n, there exists an n-dimensional
anisotropic quadratic form @ over an appropriate extension field F'/k such that

cd[i](p) = cda[i)(¢) = cd[i](n)
for any i € [1, n/2].

Proof. One may take as F' a field extension of k generated by pg algebraically independent
elements. (For k& C R one may simply take F' = R.) Then there exists an anisotropic
po-fold Pfister form over F' and therefore an anisotropic excellent quadratic form ¢ of
dimension n. (For F' = R, the unique up to isomorphism anisotropic n-dimensional
quadratic form is excellent.) We claim that canonical dimensions of such ¢ are as required.
Indeed, for ¢ € [1, n/2] let s be the defined above integer. Then by [3, Theorem 28.3],
there exists a ps_i-fold Pfister form p over F' such that for any field extension L/F the
condition ig(pr) > i is equivalent to isotropy of py. It follows that cds[i](¢) = ed[i](¢) =
ops-1=1 1, O

3. UPPER MOTIVES

By motives we always mean the Chow motives with coefficients in Fy := Z/27Z; we use
related terminology and notation as in [3, Chapter XII]. In particular, M (X)) is the motive
of a variety X; the motive M (Spec F') and all its shifts M (Spec F')(i), ¢ € Z, are called
Tate motives. If M is a motive over F, M is the corresponding motive over an algebraic
closure of F.

Let ¢ be a non-degenerate quadratic form over a field F. For an integer ¢ with 0 < i <
dim /2, let X; = X;(¢) be the i-grassmannian of . In particular, X is the point and
X := X is the projective quadric of ¢.

According to the general notion of upper motive, introduced in [13] and [10], the upper
motive U(X;) of the variety X; is the unique summand in the complete motivic decom-
position of X with the property that U(X;) contains a Tate summand with no shift (i.e.,
with the shift 0). According to the general criterion of isomorphism for upper motives,
U(X;) ~ U(X;) if and only if

o(pr) 21 = (o) >J

for any extension field L/F. This means that ¢ and j are in the same semi-open interval
(r—1, ir] for some r > 0, where j, is the r-th absolute Witt index of ¢ and j_; := —oc.
According to the general [10, Theorem 1.1], applied to quadrics, any summand of the
complete motivic decomposition of X is a shift of U(X;) for some i or — in the case
of even-dimensional ¢ with non-trivial discriminant — U(Spec F), where E/F is the
quadratic discriminant field extension. Shifts of U((X;)g), which may a priori appear
by [10, Theorem 1.1], aren’t possible because for any j # (dim X)/2 the motive M (X)
contains at most one Tate summand with the shift j while U((X;)g) contains two Tate
summands without shift and two Tate summands with the shift dim U((X;)g).
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A more precise information can be derived from [17, §4] (see also [3, §73]): if a shift
of U(X;) for some i € (j,_1, j,] with » > 1 really appears in the decomposition (note
that this is always the case for r = 1), then it appears precisely i, := j, —j,_; times and
the shifting numbers are j,_1,j,—1 + 1,...,j, — 1. A shift of U(Spec E) appears if and
only if ¢ is hyperbolic in which case it appears only once and with the shifting number
(dim X')/2. Note that U(X;) for i <jj is just the motive of a point (= the Tate summand
with no shift), it appears precisely 2j, times and the shifting numbers are 0,...,jo — 1
and dim X, ..., dim X — (jo — 1).

Given any ¢ and setting Y := X, one can answer the question, whether a shift of U(Y")
does appear, in terms of canonical dimension. First of all we have

Theorem 3.1 ([8, Theorem 5.1]). cdy(Y) = dim U(Y).

The following result is new. It provides a criterion of appearance of U(Y") and is proved
with a help of the going down principle of [2].

Theorem 3.2. Assume that i € (j,—1, jr] for somer > 1 and set T = X, ,, Y = X,.
A shift of U(Y') appears in the complete motivic decomposition of X if and only if

cdao(Y) = cdo(Ye(r))-
Remark 3.3 (cf. §5). cdy(Yp(r)) = dimy — 2j,_; —i, — 1.
Remark 3.4. Note that cda(Y) > cdo(Ye(ry)) in general, [15].
Remark 3.5. As already mentioned, for i = j;, the i; shifts of U(X;) appear always.

Remark 3.6. Sufficient criteria of appearance given in [17, Theorems 4.15 and 4.17] are
easily derived from Theorem 3.2.

Proof of Theorem 3.2. By Theorem 3.1, we may replace cdy(Y) with dim U(Y") as well as
cdo(Yp(ry) with dim U (Ypry) in the statement.

If a shift of U(Y') does appear, then dimU(Y) = dimU(Yp)) by [17, §4] (see also
[3, §73]). This proves one (“easy”) direction of Theorem 3.2. Let us concentrate on the
opposite direction.

Note that a shift of U(Yp(r)) is a summand in M (Xpry) (see Remark 3.5). If dim U(Y') =
dim U (Yp(r)), then we conclude by [2, Theorem 1.1] that the same shift of U(Y) is a sum-
mand in M (X). O

4. SOME TOOLS

In this section we recall some results which appear most frequently in the proofs below.

4a. Outer excellent connections. The following statement is a part of [19, Theorem
1.3]. Tt is also proved in [3, Corollary 80.13].

Theorem 4.1 (Outer Excellent Connections). Let X be the quadric of an anisotropic
quadratic form of dimension 2™ +m with n > 1 and m € [1, 2"]. Let M be a summand
of the complete motivic decomposition of X. If M contains a Tate summand with a shift
i < m, then it also contains a Tate summand with the shift 2" —14i = dim X —(m—1)+1.
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Using Theorem 4.1, we will be able see that no shift of U(Y) is a summand of M (X)
for certain concrete X and Y as in Theorem 3.2. The latter theorem will then tell us that
cda(Y) > cdo(Yp(r)) (see Remark 3.4). Afterwards, we usually get even a sharper lower
bound on cdy(Y') using the motivic decomposition described right below.

4b. A motivic decomposition. Let ¢ be a non-degenerate quadratic form over F' of
dimension n and let Y be the ip-grassmannian of ¢. A variety is called anisotropic if all
its closed points are of even degree.

Lemma 4.2 ([7, Theorem 15.8 and Corollary 15.14] or [1]). The motive of Y decomposes
in a sum of shifts of motives of some anisotropic varieties plus

%M(ri) (i(z’ —1)/2+i(n — 210)>,

where T'; is the i-grassmannian of an ig-dimensional vector space (I'g and Ty, are points,
Iy and I'y,_1 — projective spaces).

Corollary 4.3. The motive of Y does not contain any Tate summand with a positive
shift strictly below n — 2iy.

Proof. By preceding Lemma, the motive of ¥ decomposes in a sum of shifts of motives
of certain varieties. Those summands of this motivic decomposition which are motives
of isotropic varieties' (and therefore can contain Tate summands while the motives of
anisotropic varieties cannot, see, e.g., [13, Lemma 2.21]) come with shifts i(i — 1)/2 +
i(n — 2ip), @ > 0. For ¢ = 0 the shifting number is 0 and the corresponding variety is just
the point. For ¢ > 1 the shifting numbers are at least n — 2i. U

4c. Maximal orthogonal grassmannian. Let ¢ be a non-degenerate quadratic form
of dimension 2n + 1 and let Y = X,,(¢) be the maximal orthogonal grassmannian of (.
Let e; € Ch'(Y), i =0,1,...,egm 1,1, be the standard generators of the modulo 2 Chow
ring Ch(Y) defined as in [3, §86]. We say that e; is rational if it is in the image of the
change of field homomorphism Ch*(Y) — Ch*(Y); otherwise is is irrational. We recall |3,
Theorem 90.3] stating that cd2(Y’) is equal to the sum of all j such that e; is irrational.

4d. Values of first Witt index. By [3, Proposition 79.4 and Remark 79.5], the first
Witt index i; of an anisotropic quadratic form of dimension d > 2 satisfies the relations

ij=d (mod?2") and 1<i <27
for some integer r > 0 with 2" < d.

4e. Dimensions of forms in /". By [3, Proposition 82.1], dimension d of an anisotropic
quadratic form in I (the n-th power of the fundamental ideal in the Witt ring of the
base field), where n > 1, is either > 2"! or equals 2" — 2 with 1 < i < n + 1.
Actually, apart from the old Arason-Pfister Hauptsatz (saying that d ¢ (0, 2")), we are
only using the statement about the “first hole”, saying that d is outside of the open
interval (2", 2" 4+ 2"~1) and proved earlier ([17, Theorem 6.4]).

LA variety if isotropic here if it has a closed point of odd degree.
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5. LEVEL 1

We explain here that Conjecture 1.1 is actually already known in “level 1”7, that is, for
¢ non-exceeding the first Witt index of .

It is well-known that cd[1](¢) = cds[1](¢) > cd[1](dim ¢) for any anisotropic ¢. This
is a consequence of the formula cd[1](¢) = cdy[1](¢) = dim¢ — i1(¢) — 1 ([3, Theorem
90.2]) and the fact that the first Witt index of an excellent form is maximal among the
first Witt indexes of quadratic forms of a given dimension ([5, Corollary 1]).

As an immediate consequence, we get the following, formally more general statement —
(a bit more than) the “level 17 case of Conjecture 1.1:

Proposition 5.1. Let ¢ be an anisotropic quadratic form over F' of height > 1. For any
i <iy(p) one has cd[i](p) = cdali](¢) > cd[i](dim ¢).

Proof. cd[i](¢) = cdai](p) = cd2[1](p) = cd[1](dim ¢) > cd[i](dim ¢). O

6. LEVEL 2
In this Section we prove (a bit more than) the “level 2”7 case of Conjecture 1.1:

Theorem 6.1. Let ¢ be an anisotropic quadratic form over F of height > 2. For any
positive integer i < i1(p) +1i2(¢) one has cdsi](p) > cd[i](dim ).

Corollary 6.2. Let ¢ be an anisotropic quadratic form over F of dimension dim ¢ > 4.
Then cdz[2](¢) > cd[2](dim ¢). O

Corollary 6.3. Let ¢ be an anisotropic quadratic form over F of of height < 2. Then
cds[i]() > cdfi](dim @) for any i € [1, (dim¢)/2]. O

Proof of Theorem 6.1. We write i; for i;(¢) and i for i5(¢). By Proposition 5.1, we may
assume that i € (iy, i1 + ig].
Let us write dim ¢ = 2" +m with n > 1 and m € [1, 2"]. In the case of iy = m we have

cdali](p) > cdafi —m](p1) = ed[i — m](dimy) = cdfi](dim ),

where (p; is the 1-st anisotropic kernel of ¢, [3, §25]. The first inequality here is a particular
case of the general principle saying that cds(77) < cdy(T') for a variety 17" over F' and a
field extension L/F, [15]. The second inequality holds by Proposition 5.1.

Below we are assuming that i; < m and we have to show that cda[i|(¢) > 2" — 1.

In the case of iy < m/2 we have

cdai](p) = cda[1](p1) = cd[1](2" +m — 2is(p)) = 2" — 1.

Below we are assuming that m/2 < i; < m. It follows by §4d that iy = m/2 (in
particular, m is > 2 and even). This implies that i, < 2771,

If iy + iy < m, then i; + iy < m —i; by [16, Theorem 1.2] which is impossible with
iy = m/2. Therefore i;+iy > m and it follows by Theorem 4.1 that U(Y)(i;) is not a direct
summand of the motive of X, where X is the quadric of ¢ and Y is the (j, = i; + i2)-th
grassmannian of .

Since cdyi](p) = cd2(Y), all we need to show is cda(Y) > 2" — 1.

First of all we have cdy(Y) > cda(Yp(x)) by Theorem 3.2 and Remark 3.4.
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Now we claim that the complete decomposition of M (Yp(x)) does not contain a sum-
mand U(Yp(x))(j) with j inside of the open interval

Indeed, if U(Yr(x))(j) with some j is there, then M (Yp(y)) contains a Tate summand
with the shift j. By Corollary 4.3 we necessarily have j = 0 or j > 2" +m — 2(i; + i3),
and the claim is proved.

By [8, Proposition 5.2, the complete decomposition of U(Y')p(x) ends with a sum-
mand U(Yr(x))(j) with some j > 0. (We say “ends” meaning that dimU(Y)px) =
dimU(Yp(x)) + j.) By the first claim, j # 0. It follows by the second claim that
j>2"+m—2(i; +1i). Thus

2"4+m—-1u—1)+7i>2"+m—i,— 1)+ 2"+m—2(1; +1i2)) =
2" om — 3 —2iy — 1 =2"T m/2 — 20y — 1> 2"

The last inequality here holds because i, < 2”1 and m > 2 (see above). The very first
equality holds by Theorem 3.1. O

7. THIRD CANONICAL DIMENSION

Theorem 7.1. For any positive integer i < 3 and any anisotropic quadratic form ¢ of
dimension > 2i, one has cda[i](¢) > cd[i](dim ¢).

Proposition 7.2. In order to prove Theorem 7.1, one only needs to show that cds[3](p) >
2" — 1 for ¢ satisfying dime = 2" +3 (n > 2) and i;(p) = iz2(p) = 1.

Proof. We are reduced to the case of i = 3 and of ¢ of height > 3 with i;(¢) =ia(p) =1
by Theorem 6.1.

So, we assume that dim ¢ > 6. Having written dim ¢ = 2" +m with m € [1, 2"] (where
n > 2), we get

cd2[3]() = cda[2](p1) = cd[2](2" +m —2) =
2" — 1 = cd[3](dim ) provided that m > 4;
2771 — 1 > cd[3](dim ¢) for m = 1,2 and

2071 — 1< 2" — 1 =cd[3](dimy) for m = 3.
So, the only problematic value of m is 3. O

Proof of Theorem 7.1. We are showing that cds[i](¢) > 2" —1 for ¢ as in Proposition 7.2.
Let X be the quadric of ¢, T' the 2-grassmannian of ¢, and Y its (2 + i3)-grassmannian,
where i3 = i3(¢) is the third Witt index of ¢. We have to show that cda(Y) > 2" — 1.
We claim that cda(Y) > cda(Ye(r)). We get the claim as a consequence of Theorem 3.2
because by Theorem 4.1, U(Y)(2) is not a summand of M (X).
By §4b, the complete motivic decomposition of M (Ygy)) does not contain a Tate
summand with a positive shift strictly below

dimp — 4 — 2iy = 2" — 1 — 2is.
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Since cda(Ypr)) = dimp —4 — i3 — 1 = 2" — 2 — i3, it follows that

Therefore cdy(Y) > 2" — 1 provided that 3ig < 2" — 2.

The integer i3 is the first Witt index i;(p2) of the anisotropic quadratic form s (the
2-nd anisotropic kernel of ¢) of dimension 2" — 1. It follows by §4d that i3 = 2”1 — 1 or
i3 <2772 — 1. In the second case we are done and we are considering the first case below.

The equality iz = 2”71 — 1 we are assuming now means that ¢ is a (2" + 3)-dimensional
anisotropic quadratic form of height 3 with the splitting pattern (i1, 12,13) = (1,1,2"71—1).
This is actually possible only for n = 2 and n = 3 (see [17, §7.2] for n < 4), but we will
not use this fact because our argument will work for arbitrary n.

Note that the variety Y is now the maximal grassmannian of ¢. Therefore cdy(Y') can
be computed as in §4c in terms of the generators e; € Ch*(Y), i = 0,1,..., ean-1,1.

Note that ¢, is a (2" — 1)-dimensional form of height 1. So, ¢ is similar to a 1-
codimensional subform of an anisotropic n-fold Pfister form. It follows by [3, Example
88.10] that egn-1_4 is irrational.

As can be easily deduced from [3, Corollary 88.6], the homomorphism Ch(Y) —
Ch(Yp(r)) is surjective in codimensions < 27=1 — 1. Consequently, if both eyn-1 and
eon-141 are rational, then cdy(Yp(r)) = cda(Y') contradicting the proved above claim. So,
at least one of these two standard generators is irrational and it follows that cdy(Y) >
2t —1)2nt =27 — 1. O

8. HEIGHT 3

We prove (a bit more than) Conjecture 1.1 for all forms ¢ of height < 3 in this Section.
We recall the classification of splitting patterns of quadratic forms of height 2 first (for
reader’s convenience, we include a proof):

Theorem 8.1 ([20, Theorem 2|). Let ¢ be a non-zero anisotropic quadratic form of height
< 2 over a field of characteristic # 2 with a non-excellent splitting pattern. Then

(1) either dim = 2" and i;(p) = 2" = iy(p) for some n >0 or

(2) dimp = 2"+ 2" i(p) = 272, and ia(p) = 2" for some n > 1.

Proof. By [3, Theorem 84.1], the height of ¢ is at least the height of an anisotropic
excellent form of dimension dim . Moreover, for odd dim ¢ this is an equality by [3,
Remark 84.6]. Tt follows that either dim ¢ = 2" for some n > 0, or dim ¢ = 2™ — 2" for
some m >n > 1, or dim p = 2™ —2" 41 for some m > n > 1. To finish, it suffices to look
at the possible values of i;(¢) satisfying the condition of §4d together with the condition
that dim ¢ — 2i;(y) is 2" or 2" — 1 for some r > 1. The latter condition comes from the
classical [14, Theorem 5.8] giving the list of possible dimensions of height 1 anisotropic
quadratic forms. ([l

Theorem 8.2. Let ¢ be an anisotropic quadratic form over F of height < 3. For any
positive integer i < (dim ¢)/2 one has cds[i](¢) > cd[i](dim ¢). In particular, Conjecture
1.1 holds for all ¢ of height < 3.

Proof. By Theorem 6.1, we only need to consider ¢ of precisely height 3. Let n :=
v (dim ).
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Even-dimensional ¢. We assume that n > 1 here. We have to show that
cda[m](p) > 2" -1,

where m = (dim ¢)/2.

If 271 i, then 27| dim¢; and we are done. Otherwise, by §4d, i; = 2" for some
0 <r <n—2. Since ¢ is of height 2, it follows by Theorem 8.1 that dim ¢ = 2".

If r =n —2then iy = 2" 2 and iy = i3 = 2"73. It follows by [3, Corollary 83.4] that
dim ¢ — i; is a 2-power which is false. Therefore r < n — 3 and we have iy = 27! — 27+1,
iz =2 orr =n-—3and iy = 2773 i3 = 2772 In the first case, it follows by [17,
Theorem 7.7] as well as by [3, Theorem 83.3] that U(Ypx))(i1 + i2) is a summand of
M (Xp(x)), where X is the projective quadric and Y the m-grassmannian of ¢. On the
other hand, U(Y')(i; + i2) is not a summand of M (X) by Theorem 4.1. It follows by [2,
Theorem 1.1] that cdy(Yr(x)) < cda(Y). Therefore the standard generator of maximal
codimension egn-1_; € Ch(Y) is irrational and it follows that cdy(Y) > 2"t — 1. So,
cdy[m](p) > 2771 — 1 as required.

In the second case, we simply have

cdy(Y) = ed[278 + 1] (1) > cd[278 + 1)(27 ! 4 2772) = 27! — 1.

Odd-dimensional ¢. Here we assume that n = 0. By [3, Theorem 84.1 and Remark
84.6], the height of an anisotropic excellent quadratic form of dimension dim¢ is 1 or
3. In the first case we have dimp = 2" — 1 for some n > 2 and we need to show that
cdy[277E — 1] () > 2771 — 1.

By 84d, i; = 2" — 1 for some 1 < r < n — 1. Moreover, r < n — 2 because height of ¢
is 3. Tt follows that dim¢; = 2" — 2”71 4 1. Since ¢, is of height 2, it has an excellent
splitting pattern by Theorem 8.1 so that we have iy = 2"71 — 27! + 1 and i3 = 2" — 1.

Note that n > 3 at this stage. If n = 3 then we are done by Theorem 7.1.

Assuming that n > 4, we claim that U(Ypx))(i1 + i2) is a summand of M(Xp(x)),
where X is the quadric and Y the maximal grassmannian of p. For r < n — 3, this is a
consequence of the inequality iy > i3 and [17, Theorem 7.7]. For the remaining case of
r =mn — 2 we have i, = 1 and the above argument does not work. However, Theorem 4.1
ensures that the first shell of ¢ is connected with the third one. Sincei; =2"—1 > i, =1,
the first shell is not connected with the second one, and the claim follows.

Using the claim, we finish the proof of the current case the way we did it above for
even-dimensional ¢.

It remains to consider the case when the height of an anisotropic excellent quadratic
form of dimension dim ¢ is 3. This means that dim ¢ = 2™ — 2" 4 272 — 1 for some
integers ng > ny; > ny > 2.

The first Witt index i; should satisfy §4d and in the same time be such that the height
of the integer? dimp;, = dimp — 2i; is 2. It follows that dim¢; = 2™ — 2"2 4+ 1 or
dim ¢ = 2™ — 2™ 4 1. In both cases we have

cda[m(p) = cda[ma](p1) = cdmy](dim ¢y) > ed[m](dim ),
where m := (dim ¢ — 1)/2 and m; := (dimp; — 1)/2. d

2As in [3, §84], by the height of a positive integer we mean the height of an anisotropic excellent
quadratic form of dimension equal this integer.
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9. “COUNTER-EXAMPLE” WITH MAXIMAL GRASSMANNIAN

Surprisingly, we didn’t exclude ¢ = (dim ¢)/2 in any case of Conjecture 1.1 proved so
far. So, let us produce a “counter-example” to the case i = (dim ¢)/2 of Conjecture 1.1.
By Theorem 7.1, 7 should be at least 4 and therefore dim ¢ should be at least 8. We
produce it in dimension 8.

Let us find a field F' and quadratic forms ¢ and 1 such that ¢ is 4-dimensional of
discriminant a, gp( /) is anisotropic, 1 is 4-dimensional and divisible by ((a)), and, finally,
¢ := gL is anisotropic. For instance, taking F' := k(a,b,c,d,e) with any field & and
variables a, b, ¢, d, e, we can take ¥ = ((a, b)) and q = (c,d, e, acde). Then

cd[4](p) = cda2[4](¢) = cd2](qr(ym) = 1 <3 = cd[4](dim ).

10. FOURTH CANONICAL DIMENSION

Theorem 10.1. Conjecture 1.1 holds for ¢ = 4.

Proposition 10.2. [t suffices to prove Theorem 10.1 only for ¢ of dimension 2™ + 4
(n > 3), of height at least 4, and of Witt indexes satisfying either i = iy = i3 = 1; or
i1 =1,ip =2; oriy = 2,iy = 1. More precisely, it suffices to prove that cds[4](p) > 2™ —1
for such .

Proof. Note that Conjecture 1.1 for ¢ = 4 is only about quadratic forms ¢ of dimension
> 9. We may assume that i; < 2 (Theorem 6.1) and that the height of ¢ is at least 4
(Theorem 8.2). Moreover, we may assume that i; + i + i3 = 3 or i; + iy, = 3 (Theorem
7.1). Therefore, we have either iy =iy =iz =1;0r iy = 1,1, = 2; or i; = 2,iy = 1.

Let us write dimyp = 2" +m with n > 3 and 1 < m < 2". Assuming that i; = 1, we
have

cda[4](p) > cd[3](2" +m — 2) = 2" — 1 = cd[4](dim )
for m > 5. On the other hand,
cda[4] (@) > cd[3)(2" +m —2) = 2" — 1 = cd[4](dim )

for m < 3. So, the only problematic value of m is 4.
Assuming that i; = 2, we have

cda[4](p) > cd[2](2" +m — 4) = 2" — 1 = cd[4](dim )
for m > 6. On the other hand,
cda[4] (@) > cd[2](2" +m —4) = 2" — 1 = cd[4](dim )

for m < 3. Moreover, since i; = 2, m is necessarily even (§4d). So, the only problematic
value of m is again 4. O

Proof of Theorem 10.1. Let ¢ be a quadratic form as in Proposition 10.2. Let r be the
integer € {3,4} such that i; +...1,_; = 3 (more concretely, r := 3 if iy +iy = 3, r := 4
if iy +1iy +1i3 = 3). Let X be the quadric, T the 3-grassmannian, and Y the (3 + i,)-
grassmannian of ¢. Since cds[4](¢) = cd2(Y), it suffices to prove that cda(Y) > 2" — 1.

By Theorem 4.1, the motive U(Y")(3) is not a summand of M (X). It follows by Theorem
3.2 that CdQ(Y) > Cd2(YF(T>)
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Now, using §4b in the standard way, we get that

cda(Y) = cda(Ypr)) + (dimp = 2(i +--- + 1)) =
(2" =3 —1,) + (2" —2—2i,) =2"" -5 — 3i,.
So, the inequality cdy(Y) > 2" — 1 holds if 2" — 5 — 3i, > 2" — 1, or, equivalently, if
(10.3) 2" > 3i, 1 4.

Since the integer i, is the first Witt index of the quadratic form ¢, ; of dimension
dimg, 1 =dimp — 6 =2" — 2 we have i, = 2"t —2 ori, < 2" 2 -2 ori, = 1 (the last
case is not included in the previous one if n = 3). The inequality (10.3) does not hold
only in the case of i, = 2"~! — 2 which we consider now.

Recall that now our anisotropic quadratic form ¢ is of dimension 2" + 4 (n > 3) and
has the splitting pattern

either (1,1,1,2"' —2,1), or (1,2,2"' —2,1), or (2,1,2" ' —2,1).

Let d € F* represents the discriminant of . We evidently have ¢ Fiva) € I™. Tt follows
that the Clifford algebra C'(y) is Brauer-equivalent to a quaternion algebra (c,d) with
some ¢ € F*. Let ¢ := ¢pLlc((d)). Then disc(v)) is trivial and it follows by [3, Lemma
14.2] that the Clifford invariant of ¢ is trivial as well, so that ¢ € I®. Let us show that
¥ € I™. We know this already for n = 3. To show this for n > 4, it suffices to show
that 17 is hyperbolic for any extension field L/F such that dim(¢r)., < 2"°!. Since
dim 1) = 2" + 6, the condition on L ensures that ig(v7) > 272 + 3. Since ¢ is a subform
in ¢ of codimension 2, ig(¢y) > 2""% 4+ 1 which is > 4 because n > 4. It follows that
io(or) > 4 and therefore > 27! + 1 so that dim(py ). < 2 and dim(ep)an < 4. Since the
discriminant and the Clifford invariant of ¢;, are trivial, it follows that v, is hyperbolic.

We have shown that ¢ € I"™. On the other hand, 2" + 2 < dim ¢,, < 2" + 6 so that for
n > 4 we get a contradiction with §4e.

We proved that none of the above splitting patterns of ¢ is possible in the case of n > 4.
It remains to consider the case of n = 3, that is, of dim ¢ = 12. The splitting patterns of
12-dimensional anisotropic quadratic forms have been classified in [17, §7.3]. In particular,
it has been shown there that only the first of our three splitting patterns is possible. For
¢ of this possible splitting pattern (1,1,1,2,1), the above procedure provides us with
an anisotropic quadratic form v’ := 1),, € I® of dimension 14 or 12 such that for any
extension field L/F the condition ig(yr) > 4 holds if and only if iy(1)}) > 4 is hyperbolic.
It follows that cdz[4](¢) = cda[4](1)"). Since the height of ¢ is < 3, it follows by Theorem
8.2 that cd[4](¢)) > cd[4](dim ) =7 =2" — 1. O

11. FIFTH CANONICAL DIMENSION
Theorem 11.1. Conjecture 1.1 holds for i = 5.

Proposition 11.2. [t suffices to prove Theorem 11.1 only for ¢ of height at least 4 and
with iy + - - - 4+ 1, = 4 for some r, having one of the following types:

(1) dimp=2"+5 (n>3) and iy, = 1;

(2) dimp=2"+6 (n>3) and iy, = 2;

(3) dimp =2"+7 (n>3) and i, = 3.
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More precisely, it suffices to prove that cds[4](¢) > 2" — 1 for above .

Proof. Note that Conjecture 1.1 for ¢ = 5 is only about quadratic forms ¢ of dimension
> 11. We may assume that i; < 3 (Theorem 6.1) and that the height of ¢ is at least 4
(Theorem 8.2). Also we may assume that i; + - - - +1i, = 4 for some r (Theorem 10.1).

Let us write dim ¢ = 2" +m with n > 3 and 1 < m < 2™.

Assuming that i; = 1, we have

cda[5](¢) > cd[4](2" +m —2) = 2" — 1 = cd[5](dim )
for m > 6. On the other hand,
cdy[5](¢) > cd[4)(2" +m —2) = 2" — 1 = cd[5](dim )

for m < 4. So, the only problematic value of m is 5.
Assuming that i; = 2, we have

cda[5](p) > cd[3](2" +m — 4) = 2" — 1 = cd[5](dim )
for m > 7. On the other hand,
cdy[5](¢) > cd[3)(2" +m —4) = 2" — 1 = cd[5](dim )

for m < 4. Moreover, since i; = 2, m is necessarily even (§4d). So, the only problematic
value of m is 6.
Finally, assuming that i; = 3, we have

cda[5](¢) > cd[2](2" +m — 6) = 2" — 1 = cd[5](dim ¢)
for m > 8. On the other hand,
cda[5](p) > ed[2](2" +m — 6) = 2" — 1 = cd[5](dim ¢)

for m < 4. Moreover, since i; = 3, m is necessarily odd (§4d). So, the only problematic
values of m are 5 and 7. Since 3 cannot be the first Witt index of an anisotropic quadratic
form of dimension 2™ + 5 (§4d again), the value 5 is not possible for m. U

Proof of Theorem 11.1. Let ¢ be a quadratic form as in Proposition 11.2. Let r be the
integer such that i; +--- 41,1 = 4. Let X be the quadric, T' the 4-grassmannian, and
Y the (4 + i,)-grassmannian of ¢. Since cdz[5](¢) = cdao(Y), it suffices to prove that
By Theorem 4.1, the motive U(Y)(4) is not a summand of M (X). It follows by Theorem
3.2 that cdy(Y) > cdo(Yrer))-
Now, using §4b in the standard way, we get that

(2" 4+m—9—1i)+ (2" +m—8—2i,) =2"" 4 2m — 17 - 3i,.
So, the inequality cdy(Y) > 2" — 1 holds if 2" +2m — 17 — 3i, > 2" — 1, or, equivalently,
if
(11.3) 2" > 3i,. + 16 — 2m.

Since the integer i, is the first Witt index of the quadratic form ¢, ; of dimension
2" +m — 8, we have i, = 2" 1 +m —8ori, <22+ m —8. Forn = 3 and m = 6,
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there is an additional case of i, = 1. The inequality 11.3 does not hold only in the case
of i, = 2"~! + m — 8 which we consider now.

Let us start with the case of m = 5. So, ¢ is of dimension 2" 4+ 5 and has the splitting
pattern (...,2"71 — 3 1).

First we consider the case of n = 3. In this case we have cdy(Yp(r)) = 3, cdao(Y) > 6,
and §4b tells us that in the complete decomposition of M(Yxy)) there is only one Tate
summand with the shift 3. On the other hand, if cdy(Y) = 6, then U(Y")p(r) contains
summands U(Yp(r)) and U(Yp(r))(3) so that there are two Tate summands with the shift
3 in the complete decomposition of M (Yp(yy). It follows that cdy(Y') > 7 and we are done
in the case of n =3 and m = 5.

In the case of n > 4 and m = 5, the splitting pattern of ¢ is impossible. Indeed, the
anisotropic part of a (2" +6)-dimensional quadratic form of trivial discriminant containing
@ is in I"™ and has dimension 2" + 6 or 2" + 4.

We go ahead to the case m = 7. Now ¢ is of dimension 2" + 7 and has the splitting
pattern (3,1,2""! — 1). This is only possible for n = 3, but anyway, the height of ¢ is 3
so that we don’t need to do anything more here.

The remaining value of m is 6 so that dimp = 2™ + 6 now. The splitting pattern of
@ is either (2,1,1,2"71 —2.1) or (2,2,2""! —2,1). Adding to ¢ an appropriate binary
quadratic form of discriminant disc(y), we get a (2" + 8)-dimensional quadratic form
lying in I® and therefore in I". The anisotropic part of ¢ has dimension 2" + 8, 2" + 6 or
2" 4+ 4 and it follows that n is 3 or 4. Note that for any field extension L/F, the condition
io(¢r) > b is equivalent to ig(¢r) > 5 so that cdz[5](p) = cda[5] ().

If n = 4, then ¥ is anisotropic (of dimension 24) and of height 2. Therefore we have
cda[5](1) > cd[5](24) = 15 and the case is closed.

If n = 3, then the anisotropic part ¢’ of ¥ has dimension 12, 14, or 16. If dim v’ = 12,
then cdy[5](v) = cds[3](¥) > ¢d[3](12) = 7. If dim )’ = 14, then cds[5](¢)) = cds[4](¥") >
cd[4](14) = 7. Finally, if dim ¢’ = 16, i.e., if ¢ is anisotropic, then either the height of v
is <3 ori;(¢) = 1. If the height is < 3, then cds[5](¢)) > ¢d[5](16) = 7. If the first Witt
index is 1, then cda[5](¢)) > cda[4](¢1) > cd[4](14) = 7. O

Corollary 11.4. Congecture 1.1 holds in full for ¢ of dimension < 13.

Proof. We only need to consider cdy[6](¢) for a 13-dimensional ¢. But c¢d[6](13) = 1 so
that the statement to prove is trivial. O

Remark 11.5. To prove Conjecture 1.1 for 14-dimensional ¢, one “only” needs to check
that cdy[6](¢) > 7.
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