ESSENTIAL DIMENSION OF SEPARABLE ALGEBRAS
EMBEDDING IN A FIXED CENTRAL SIMPLE ALGEBRA

ROLAND LOTSCHER

ABSTRACT. One of the key problems in non-commutative algebra is the clas-
sification of central simple algebras and more generally of separable algebras
over fields, i.e., Azumaya-algebras whose center is étale over the given field.
In this paper we fix a central simple F-algebra A of prime power degree and
study seperable algebras over extensions K/F, which embed in Ag. The type
of such an embedding is a discrete invariant indicating the structure of the
image of the embedding and of its centralizer over an algebraic closure. For
fixed type we study the minimal number of independent parameters, called
essential dimension, needed to define the separable K-algebras embedding in
Ap for extensions K/F. We find a remarkable dichotomy between the case
where the index of A exceeds a certain bound and the opposite case. In the
second case the task is equivalent to the problem of computing the essential
dimension of the algebraic groups (PGLg)™ X Sp,, which is extremely difficult
in general. In the first case, however, we manage to compute the exact value
of the essential dimension, except in one special case, where we provide lower
and upper bounds on the essential dimension.

1. INTRODUCTION

Central simple algebras over fields are at the core of non-commutative algebra.
Their history is rooted in the middle of the 19th century, when W. Hamilton discov-
ered the quaternions over the real numbers. In the early 20th century J. Wedderburn
gave a classification of finite dimensional semisimple algebras by means of division
rings and subsequently R. Brauer introduced the Brauer group of a field, which lead
to diverse research in algebra and number theory. Moreover central simple algebras
and the Brauer group arise naturally in Galois cohomology and are therefore cen-
tral for the theory of algebraic groups over fields. We refer to [Am55, [ABGV11] for
surveys on these topics, including discussion of open problems.

Essential dimension is a more recent topic, introduced around 1995 by J. Buhler
and Z. Reichstein [BR97] and in full generality by A. Merkurjev [BF03|. The essen-
tial dimension of a functor F: Fieldsyp — Sets from the category of field extensions
of a fixed base field F' to the category of sets is defined as the least integer n, such
that every object a € F(K) over a field extension K/F' is defined over a subexten-
sion Ko/ F of transcendence degree at most n. Here a € F(K) is said to be defined
over K if it lies in the image of the map F(Ky) — F(K) induced by the inclusion
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Ky — K. The functors F we are mostly interested in take a field extension K/F to
the set of isomorphism classes of algebraic objects over K of some kind. The essen-
tial dimension of F is then roughly the number of independent paramters needed
to define these objects.

The essential dimension of an algebraic group G over a field F' is defined as the
essential dimension of the Galois cohomology functor

H'(—,G): Fieldsp — Sets, K — HY(K,G).

It is denoted by ed(G) and measures the complexity of G-torsors and hence of
objects which are in natural bijection with torsors of an algebraic group G like
central simple algebras (for projective linear groups), quadratic forms (for orthogo-
nal groups), étale algebras (for symmetric groups) etc. See [Rel0l [Mel3| for recent
surveys on the topic.

Two of the motivating problems in essential dimension are the computation of
the essential dimension of the projective linear group PGL,; and the symmetric
group Sy, since they provide insight to the structure of central simple algebras
(of degree dL) and étale algebras (of dimension n), respectively. The first problem
goes back to C. Procesi [Pr67], who asked for fields of definition of the universal
division algebra and discovered, in modern terms, that ed(PGL4) < d?. This upper
bound has been improved after the introduction of essential dimension, but it is
still quadratic in d. See Remark [B.I] for details. A recent breakthrough has been
made by A. Merkurjev [MelQ] for a lower bound on ed(PGL,). Namely, if d = p®
for some prime p different from char(F'), he showed that ed(PGL4) > (a—1)p®+1.
This was used to show ed(PGL,z2) = p* + 1 when char(F') # p. For exponent a > 3
the problem is still wide open.

The second problem is related to classical work of F. Klein, C. Hermite and
F. Joubert on simplifying minimal polynomials of generators of separable field ex-
tensions (of degree n = 5 and 6) by means of Tschirnhaus-transformations, and
was the main inspiration of [BR97]. In our language Hermite and Joubert showed
that ed(S5) < 2 and ed(Sg) < 3 (over a field F' of characteristic zero), and Klein
proved that ed(Ss) > 1, hence ed(S5) = 2. The gap between the best lower bound
(roughly %) and the best upper bound n — 3 on ed(S,) for n > 5 is still quite large
in general. See [Dul0], where it is also proven that ed(S7) = 4 in characteristic zero.

In this paper we study separable algebras B. An algebra B over a field is called
separable, if it is semisimple and remains semisimple over every field extension. This
includes both the case of central simple algebras and étale algebras. We restrict our
attention to those separable K-algebras which embed in Ax = A ®p K for a fixed
central simple F-algebra A. Here F is our base field and K/F a field extension.
This originates in [L612], which covers the case where A is a division algebra. The
aim in this paper is to prove results for lower index of A.

Throughout A is a central simple algebra over a field F' and B C A a separable
subalgebra. The type of B in A is defined as the multiset 05 = [(r1,d1), ..., ("m, dm)]
such that the algebra B and its centralizer C' = C4(B) have the form

Bsep =~ My, (Fsep) X =+ X My, (Fsep);  Csep = My, (Fiep) X -+ X My, (Fiep)

over a separable closure Fi.,. We will assume throughout that the type 0p of B
is constant, i.e. 0 = [(d,7),...,(d,r)] (m-times) for some r,d,m > 1. By [L612
Lemma 4.2(a)] the product drm is the degree of A.
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Denote by Forms(B): Fieldsp — Sets the functor that takes a field extension
K/F to the set of isomorphism classes of K-algebras B’ which become isomorphic
to B over a separable closure of K and by Forms’ (B) the subfunctor of Forms(B)
formed by those isomorphism classes B’ of forms of B which admit an embedding
in A of type 6. We are interested in ed(Forms4(B)). By [L612, Lemma 4.6] we
have a natural isomorphism

Forms’ (B) ~ H'(—, @),
of functors Fieldsp — Sets, where G is the normalizer
G = Ngv, (4)(GL1(B)).

Our main result is the following theorem, which shows an interesting dichotomy
between the case where the index of A exceeds the bound 5 and when it does not.

Theorem 1.1. Let G = Ngp, (4)(GL1(B)) with A central simple and B C A a sep-
arable subalgebra of type 0 = [(d,r),...,(d,r)] (m-times). Suppose that deg(A) =
drm is a power of a prime p and that d < r, so that d|r. Then exatly one of the
following cases occurs:
(a) ind(A) < Z: Forms’ (B) = Forms(B) and the three functors
HY(—,Q), H(—,(PGLy)™ % S,,) and Forms(B) are naturally isomorphic.
In particular

ed(G) = ed((PGLy)™ x Sp,) = ed(Forms(B))
(b) ind(A) > %: Then
ed(G) = deg(A) ind(A) — dim(G),
= drmind(A) — m(r® + d* - 1).
except possibly when d =1 > 1 and ind(A) = 2.
Note that the assumption r < d is harmless. Indeed since
Ngr,(4)(GL1(B)) € Ngr,(4)(GL1(Ca(B))) € Nar, (4)(GL1(Ca(Ca(B))))

and C4(C4(B)) = B by the double centralizer property of semisimple subalgebras
[Ja89, Theorem 4.10] we can always replace B by its centralizer (which amounts to
switching r and d) without changing ed(G).

There is a big contrast between the two cases in Theorem [Tl In case (a) the
computation of ed(G) = ed((PGLy4)™ % Sp) = ed(Forms(B)) is very hard in
general. For instance when B is central simple (i.e., m = 1), we have ed(G) =
ed(PGL,) with d = deg(B), and in case B is étale (i.e., d = 1), ed(G) = ed(Sm)
where m = dim(B).

In contrast the above theorem gives the precise value of ed(G) in case (b) with
only a small exception. The exception occurs when d = r > 1 and ind(A) = 2,
ie., when A ~ M;y/5(Q) for a non-split quaternion F-algebra () and B and the
centralizer C' = C'4(B) become isomorphic to (Mg(Fsep))™ over Fyep. Note that we
then automatically have p = 2, so r = d and m are 2-primary. This special case will
be treated separately. We will provide lower bounds and upper bounds on ed(G) in
that case.

The rest of the paper is structured as follows. In section 2] we study represen-
tations of G = N, (4)(GL1(B)) with respect to generically freeness. This is used
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in section Bl to prove that ed(G) does not exceed the value suggested in Theorem
[LIKb). We will conclude the proof of the whole theorem in that section. It remains
to study the case excluded from Theorem [Tl where A has index 2 and r = d > 1.
This is finally done in section [l

2. RESULTS ON THE CANONICAL REPRESENTATION

The group G' = Ngr, (4)(GL1(B)), as every subgroup of GL;(A), has a canon-
ical representation defined as follows:

Definition 2.1. Let H be a subgroup of GL1(A) for a central simple algebra A. Let
D be a division F-algebra representing the Brauer class of A. Fix an isomorphism
A®p D°P ~ End(V) for an F-vector space V. We call the representation

H — GL:(A) = GL1(A®Fr D°?) ~ GL(V)
canonical representation of H, denoted pf : H — GL(V).

Clearly p  is faithful of dimension deg(A)ind(A) and its equivalence class does
not depend on the chosen isomorphism A®p D°P ~ End(V'). Strictly speaking pZ
depends on the embedding of H in GL;(A). However it will always be clear from
the context, which embedding is meant.

Recall that a representation H — GL(W) of an algebraic group H over F in
a F-vector space W is called generically free, if the affine space A(W) contains a
non-empty H-invariant open subset U on which H acts freely, i.e., any u € U(Fayg)
has trivial stabilizer in Hag = H Falg- Generically freeness of W can be tested
over a separable or algebraic closure. In fact if U C A(W)g,,, is an Hyje-invariant
nonempty open subset with free H,jg-action then the union of all Gal(Fug/F)-
translates of U descends to a nonempty H-invariant open subset with free H-action,
see [Sp98, Prop. 11.2.8].

Every generically free representation is faithful, but the converse need not be
true. In particular, every generically free representation V of H has dimension
dim(V) > dim(H) and when ed(H) > 0 this inequality is strict by [BE03|, Propo-
sition 4.11].

The main result of this section is the following Theorem:

Theorem 2.1. Assume that d divides r. Then the canonical representation of G =
Ngu,(4)(GL1(B)) is generically free if and only if the index of A satisfies

2, ifd=r=1m>1,

3 if d = 1
ind(4) > { > ifd=r=>1,

T, ifd=m=1

Z+1, dfd<rand(d>1orm>1).

In order to prove Theorem 2.1 we start with a couple of intermediate results. We
will need the notion of stabilizer in general position, abbreviated SGP. An SGP for
an action of an algebraic group H (over a field F') on a geometrically irreducible
F-variety X is a subgroup S of H with the property that there exists a non-empty
open H-invariant subset U of X such that all points u € U(F,iz) have stabilizers
conjugate to Sag = Sp,,. Clearly a representation of H is generically free, if and
only if it the trivial subgroup of H is an SGP for that action.
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Moreover if H acts on X with kernel N, then S is an SGP for the H-action on
X if and only if S/N is an SGP for the (faithful) H/N-action on X.
The following lemma is well known.

Lemma 2.1. Let H act on two geometrically irreducible F-varieties X and Y.
Suppose that S1 is an SGP for the H-action on X and Sy is an SGP for the Si-
action on Y. Then S is an SGP for the H-action on X X Y.

Proof. See [Maldl Lemma 1.2], who attributes the Lemma to Popov. (]

The following proposition will be the key step to establish the case of Theorem
21 where m = 1.

Proposition 2.1. Let V' be a vector space over a field F', whose dual we denote by
V*, and let

H = GL(V*) x GL(V)).
For any ¢ € End(V) denote by ¢* € End(V*) the dual endomorphism (given by
the formula (¢*(f))(v) = f(p()) forv eV, f € V* =Homg(V, K)).

(a) The subgroup
S={(¢*") " p) € H|p e GL(V)} = GL(V)
of H is an SGP for the natural H-action on V* @p V.
(b) Let E be a mazimal étale subalgebra of End(V'). Then the subgroup
T={(¢")""p) € H|p € GLI(E)} = GLy(E)
is an SGP for the natural H-action on (V* @p V)P2.

(¢) Let Z(H) ~ Gy, X Gy, denote the center of H. The image of G, under the
homomorphism

G, —Z(H)CH, X—(A\1)
is an SGP for the natural H-action on (V* @ V)®3.
(d) Suppose V =V; @p Vo and consider the subgroup
H' = GL(V}) x GL(V)
of H=GL(V*) x GL(V). Let t = dim(V3). Then the subgroup
S ={((¢")"",p) € H'| p € GL(V1)}
of H' is an SGP for the natural H'-action on (V;* @ V)®t.
Moreover if t > 1, the image of G,, under the homomorphism
G, —ZH)CH, A= A\1N
is an SGP for the natural H'-action on (V¥ @p V)O+D,

Proof. (a) We use the canonical identification of the F-vector space V* @p V
with the underlying F-vector space of the F-algebra End(V*), where a pure
tensor f®u corresponds to the endomorphism of V* defined by f' — f'(v)f.
The H-action on (the affine space associated with) V* @ p V' = Endp(V*)
is then given by the formula

(Y, @) - p=1pp”.
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Let U = GL(V*) C A(End(V*)), which is a non-empty and H-invariant
open subset. The stabilizer of p € U(Fug) in F,, is given by the image of
the homomorphism

GL(V) !

ag = Haigs 9= (p(0") 7107 9)

which is a conjugate of Sy over Fyis. This shows the claim.

(b) Let S the subgroup of H from part (a). By Lemma 2] it suffices to show
that T is an SGP for the S-action on V* @p V. Let U C A(V*®@p V) =
A(End(V*)) also be as in part (a). Identify (V*)* with V in the usual
way, so that ¢* € End(V) for ¢ € End(V*). For any p € U(Fay) the
stabilizer of p consists of those ((¢*)~!,¢) € S for which ¢* commutes
with p, or equivalently, ¢ commutes with p*, i.e., ¢ lies in the centralizer
CGL(V)alg (p*). When p* is semisimple regular CGL(V)alg (p*) is a maximal
torus of GL(V),),. Now the claim follows from the well known facts that
all maximal tori of GL(V),,

elements in A(End(V*)) form an (S-invariant) open subset.

(¢) By part (b) T~ GL1(F) is an SGP for the H-action on two copies of
V* ®@p V. The kernel of the T-action on V* @ V is the image of G,, in
H and coincides with the SGP for this action, since T is a torus, see e.g.
L5610, Proposition 3.7(A)]. Now the claim follows with Lemma 211

are conjugate and the semisimple regular

(d) Note that (Vi*@p V)% is H-equivariantly isomorphic to Vi* @p Vo' @p V =~
V*®@pV.Let U CAV*®p V) be like in part (a). Then every p € U(Fag)
has stabilizer in H' given by the image of the homomorphism

GL(V1),y = (H') g, = ()71 p%a(p") ™)

which is conjugate to (5”)

alg

alg OVer Fl1g. This shows the first claim.
As an S’-representation Vi* ® p V' is isomorphic to the ¢-fold direct sum

of W = End(V;*) where S’ acts through the formula

()7 @) p=(")"pp".
As in the proof of part (b) and (c) the S’-action on W has SGP isomorphic
to GL1(E’) for a maximal étale subalgebra E’ of GL(V}) and the S’-action
on W%?2 and, since t > 1, also on W% ~ V* @ V, has as SGP the kernel
of this action, which is the image of G,,, in H' by the given homomorphism.

Now the claim follows from Lemma [2 1]
O

The next lemma will allow a reduction to the case m = 1 in Theorem [2.1] when

d#1.

Lemma 2.2. (a) Let m > 1. A representation of an algebraic group H on a
vector space V' of dimension dim(V') > dim(H) is generically free if and
only if the associated representation of the wreath product H™ X S,, on
Vem js generically free.

(b) Suppose A is split and d # 1. Then for any t > 1 generically freeness of
(pG.)®t only depends on the pair (A, B) through r and d.
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(a) If H™ xS, acts generically freely on V®™ then so does the subgroup
H™. Let
UCAVE™) =AV) x--- x A(V)

m times
be a non-empty H™-invariant open subset where H™ acts freely. Then the
projection 71 (U) C A(V) is non-empty open and H-invariant with free
H-action. Hence H acts generically freely on V.

Conversely suppose that H acts generically freely on V. Let Uy C A(V)
a friendly open subset, i.e., an H-invariant non-empty open subset such
that there exists an H-torsor m: Uy — Y for some irreducible F'-scheme Y
(which we will fix). Existence of Uy is granted by a Theorem of P. Gabriel,
see [BF03l Theorem 4.7] or [SGA3l Exposé V, Théoréme 10.3.1]. Since
dim(Up) = dim(V) > dim(H) we have dim(Y") > 0. Hence the open subset
Y (™) of Y™ where the m coordinates are different, is non-empty open with
free natural S,,-action on it. Now the inverse image of Y™ in U under
the morphism 7™ : UJ® — Y™ is H™ x Sy,-invariant, nonempty and open
with H™ x S, acting freely on it.

Since the property of being generically free can be checked over an algebraic

closure Fy, and (pS,,) Fag = pCG;}ig we may assume without loss of generality
that F' is algebraically closed. Let

H = (GL(W) x GL(V2))/Gpm,

where V4 and V4 are vector spaces of dimension dim(V;) = d, dim(V2) = r
and Gy, is embedded in the center of GL(V7) x GL(V32) through A —
(A, A1), Then

G~H™xS,.
In particular for m = 1 the two groups H and G are isomorphic. Moreover,
in general, p&, is given by the obvious homomorphism

G — GL((V; ®p V2)®™).

In oder to establish the claim, it suffices to show that the representation of
HonV := (Vi ®@p V)% is generically free if and only if the associated repre-
sentation (p& )®t of G on VO™ is generically free. When dim (V) > dim(H)
the claim follows from part (a). On the other hand when dim(V) < dim(H)
or equivalently dim(V®™) < dim G the two representations of G and H, re-
spectively, are both not generically free, since otherwise the respective group
would have essential dimension 0. This is both excluded by the assumption
d # 1, since B ~ My(F)™ and My4(F) have nontrivial forms over some
field extension K /F which embed in A®p K ~ Mgy, (K). Correspondingly
there is a non-trivial G-torsor (resp. H-torsor) over K. This torsor cannot
be defined over any subfield of transcendence degree 0 over F', since F' is
algebraically closed.

O

The following lemma tells us how pfL  looks over Fiep, for any subgroup H of
GL;(4).

Lemma 2.3. Over F, the representation pf decomposes as a direct sum of
ind(A) copies of the canonical representation of Hyep, = HE,,, -
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Proof. Fix isomorphisms Asep, — End(V), (D), — End(W) with Fiep-vector
spaces V and W. Let wy, ..., w, be a basis of W, with a = dim(W) = ind(A). Then
(pH)F.., is equivalent to the composition Hyep < GL(V) < GL(V @p,, W),

whilst pgﬁp is equivalent to the inclusion Hgep <> GL(V). Since the subspaces
V ®p., Fiepw; of V @p, W are GL(V)-invariant and GL(V)-equivariantly (and

sep sep

therefore Hgep-equivariantly) isomorphic to V, the claim follows. (I
We are now ready to prove our main result from this section.

Proof of Theorem[2]]. In view of Lemma[2.3]it suffices to show that the least integer
> 1 such that the t-fold direct sum of pggﬁp is generically free, is given by the lower
bound on the index given in the theorem to prove.

(a) Case d = r = 1,m > 1: Here B is a maximal étale subalgebra of A of
dimension deg(A) = m > 1. The canonical representation of Ggep, is given
by the natural action of (G,,)™ X S, on V = F™. Let U C A(V) = A™
denote the open subset where all coordinates are non-zero. The group Ggep
operates transitively on U. Therefore the stabilizer of any u € U(Fayg) is
conjugate to the stabilizer of (1,...,1) in Gsep, which is S,,. Therefore S,,
is an SGP for the canonical representation of Gg.,. Moreover .Sy, acts freely
on the S,,-invariant open subset of U, where all coordinates are different.
Thus the canonical representation of Gyep is not generically free, but two
copies of it are, by Lemma 211

(b) Case d = r > 1: We must show that two copies of the canonical represen-
tation of Gsep are not generically free, but three copies are. By Lemma [2.2]
since d > 1, we may assume that m = 1. Let V be an Fy.,-vector space of
dimension d = r. Identify Bsep, with End(V*) and its centralizer in Agep with
End(V). This identifies Ggep with (GL(V*) x GL(V))/G,, where G, is
embedded in the center of GL(V*) x GL(V) via A — (A1, X). Its canonical
representation is given by the natural action on V* ® p V. By Proposition
2II(b) the sum of two copies of this representation has an SGP in general
position of the form G¢,/G,,, hence it is not generically free. Moreover
Proposition 2ZJJ(c) shows that the sum of three copies of that representation
is generically free.

(c) Case d = m = 1: Here G = GL1(A) with A of degree drm = r. By
dimension reason we need at least r copies of the canonical representation of
Gsep (Whose dimension is r) in order to get a generically free representation.
On the other hand r copies are clearly enough.

(d) Case d <rand (d>1orm>1):
First assume d > 1. This case is similar to case (b). We must show that
2 + 1 copies of the canonical representation of Ggep, are generically free,
but 7 copies are not. By Lemma we may assume that m = 1. Let 1}
and V5 be Fep-vector spaces of dimension d and 7, respectively, and set
V = Vi ®F,, V2, which is of dimension r. Identify Byc, with End(V}*) and
its centralizer in Agep, with End(V), so that Gsep = (GL(V;*) x GL(V)) /G,
Its canonical representation is given by the natural action on Vi*®p, V. By
Proposition 2.}(c) exactly dim(V2) +1 = 4 41 copies of this representation
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are needed in order to get a generically free representation. This establishes
the claim in case d > 1.

Now assume d =1 < r and m > 1. Here B is étale of dimension m with
1 <m < rm = deg(A). Let V denote a r-dimensional Fi.p-vector space.
Then Gsep ~ (GL(V))™ % S, and its canonical representation is given by
the natural action on V®™. We have dim G = r?m = r - dim(V®™). Since
Gsep is not connected it has ed(Gsep) > 0, see [LMMRI13| Lemma 10.1],
hence we need at least r + 1 copies of V®™ in order to get a generically
free representation. On the other hand the connected component G(S)ep ~
(GL(V))™ acts generically freely on r copies of V®™ and S, acts generically
freely on V®™ which implies that Gsp acts generically freely on r+1 copies
of V®™m, This concludes the proof.

O

3. PrROOF OF THEOREM [I.1]

The purpose of this section consists in proving the results on ed(G) as formulated
in our main theorem.

Proof of Theorem [l (a) The inequality ind(A) < % implies that r is divisible

by dind(A), since ind A, r and d are powers of p. In this case natural isomor-
phism between the functors of H!(—,G) and Forms(B) was established in
[L612] Remark 4.8]. In fact when r is divisible by dind(A) every form B’
of B over a field extension K/F can be embedded in A ® p K with type
(7)., (d,7)]

Now for every F-form B’ of B the functors Forms(B) and Forms(B’)
are equivalent as functors to the category of sets. The split form of B over
F is My(F)™ and its automorphism group scheme is (PGLg)™ X S,,. This
shows that Forms(B) is naturally isomorphic to the Galois cohomology
functor H(—, (PGLg)™ % Sp,).

Assume ind(A) > 4. For any algebraic group H over F' we have the standard
inequality

ed(H) < dim(p) — dim(H)
for any generically free representation p of H, see [BF03| Proposition 4.11].
The canonical representation of the group G' = Ngr, (4)(GL1(B)) has di-
mension deg(A)ind(A). Therefore Theorem 1] yields the inequality

ed(G) < deg(A)ind(A) — dim(G)

in case
2, ifd=r=1m>1,
if d = 1
nd(4) > ¢ rae=r==4
T, ifd=m=1

Z+1, ifd<rand(d>1orm>1).

r

Combining this with the assumption ind(A) > % shows that inequality (II)
is always satisfied, except when d =r > 1 and ind(A) = 2.

Now we show the converse to inequality (II). We follow the approach given
in [L612]. Let Autp(A, B) denote the group scheme of automorphisms of
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B-preserving automorphisms of A. We have an exact sequence

Ing

1—-Gpn—G— Autp(4,B) — 1,

where Int: G = Ngr,(4)(GL1(B)) — Autp(A, B) takes, for every com-
mutative F-algebra R, the element g € G(R) C (A ®p R)* to the inner
automorphism of A ® p R given by conjugation by g. The connection map

HY(K,Autr(A, B)) — H*(K,G,,) = Br(K)
sends the isomorphism class of a K-form (A’, B’) of (A4, B) to the Brauer
class [A'] — [A®p K| = [A’ @ A°P]. Write deg(A) = p°. By |[L612] Lemma
2.3] there exists a field extension K/F and a central simple K-algebra A’

of the form A’ = D Qk -+ ®k D, for division K-algebras D1,..., Dy of
degree p, such that

ind(A’ ®p A°P) = p°®ind(A4) = deg(A)ind(A).

Write d = p®, r = p®, m = p€, so that a+ b+ c = s. Choose a maximal étale
K-subalgebra L; of Dgy; for i € {1,...,c}. Then

B':= D) ®k -+ @k Do @K L1 @K -+~ @K Le
is a separable K-subalgebra of A’ of type [(d,7),...,(d,r)] (like B in A).
This implies that (A’, B') is a K-form of (4, B) by [Lo12l Lemma 4.2(d)].
Therefore the maximal index of a Brauer class contained in the image of a

connection map H'(K, Autp(A, B)) — Br(K) for a field extension K/F is
precisely deg(A)ind(A). Now the inequality

ed(G) > deg(A)ind(A) — dim(G)

follows from [BRV11l Corollary 4.2].
O

Remark 3.1. Theorem [[.1] holds with essential dimension replaced by essential p-
dimension. For definition of ed,(G) see [Me09] or [Rel0)]. In fact part (a) follows
from the description of the Galois cohomology functor H!(—,G) like for essen-
tial dimension. Moreover we always have ed,(G) < ed(G) and the lower bounds
given in part (b) are actually lower bounds on ed,(G). This follows from the p-
incompressibility of Severi-Brauer varieties of division algebras of p-power degree
[Ka00, Theorem 2.1] and [Me09, Theorem 4.6].

4. THE SPECIAL CASE

In this section we cosider the case, which was not resolved by Theorem [Tl Hence
we assume throughout this section that

A= My (Q)

for some integer n > 0 and a non-split quaternion F-algebra @, and B C A is a
separable subalgebra with

BSBP = (M2“ (Fsep))2c = Csep;

where C C A is the centralizer of B in A and a, ¢ are integers with a > 1,¢ > 0.
Note that the relation drm = deg(A) implies 2a + ¢ =n+ 1.
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Let L/F be a maximal separable subfield of @ (of dimension 2 over F'). The
algebra A splits over L. In particular we get the lower bound
ed(Forms(M4(L)™)) = ed(Forms(Br)) = ed(Gr) < ed(G)
on ed(G) by Theorem [[LT[a) and [BE03| Proposition 1.5].
Moroever we have the upper bound
ed(G) < 4deg(A) — dim(G) = 4 - 220F¢ — 2¢((2%)? + (29)? — 1)
_ 22a+c+2 _ 22a+c+1 + 9¢

_ 2c(22a+1 4 1)’

since 2 copies of p&,, are generically free by Theorem 21l and Lemma 23
The main effort in this section will go into proving a better upper bound on
ed(G).

For this purpose we will show that the canonical representation of the normalizer
of a maximal torus (and even of some larger subgroup) of G is generically free. The
following lemma reveals that this will improve the above upper bound on ed(G).

Lemma 4.1. Let T be a maximal torus of G and H a subgroup of G containing
the normalizer Ng(T). Suppose that pE. | is generically free. Then
ed(G) < ed(H) < 2deg(A) —dim H

=2°¢t2e+l _ dqim H.

Proof. The inclusion ¢: Ng(T') < G induces a surjection of functors
tet H'(=,Na(T)) — H' (=, G),
see e.g. [CGRO8|, Lemma 5.1]. Since ¢ factors through H, the map ¢, factors through

H'(—, H). By [BF03, Lemma 1.9] this proves the first inequality. The second in-
equality follows from dim(pZZ ) = 2deg(A) and [BF03, Proposition 4.11]. O

In order to make use of Lemma [£.J] we will need the following result:

Lemma 4.2. Let V' be a vector space over an algebraically closed field F with
2 < dim(V) < oo and let T be a mazimal torus of GL(V'). Then there exists a
non-empty open subset U C GL(V') such that

Nga (T) nTI =G,
for every g € U(F), where T = gTg~" and G, is the center of GL(V).

Proof. Let B C V be a (unordered) basis of V' consisting of eigenvectors of the T-
action. Let Uy C GL(V') denote the (non-empty) open subset on which all matrix
entries with respect to B are non-zero.

For every t € T(F') let U, denote the preimage of the complement of Ng(T)
under the morphism GL(V) — GL(V), g~ gtg—'. This is an open subset of
GL(V). Note that Uy = U, for all scalars A € G, (F). When t is not a scalar
U, is non-empty, since when by,b2 € B belong to different eigenspaces of ¢ with
corresponding eigenvalues A1 and Ay, then the invertible endomorphism of V' defined
by gbiy = b1,g9b2 = by + ba and gb =0 for b € B\ {b1, b2} has

gtg_l(bQ) = (A2 — A1)b1 + Aaobo,
which implies gtg~! ¢ Ng(T) = T x Sym(B), whence g € U(F).
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Set
U=Uyn( U

where the intersection runs over the (finitely many) elements ¢ of the n!-torsion
subgroup of T'(F') which are not contained in G, (F'). Then U is non-empty open
and it remains to show that Ng(T)NTY = G,, for every g € U(F).

Let g € U(F). First we show that Ng(T') N TY is connected. It suffices to show
that the F-rational points of Ng(T) NTY are contained (hence are equal to) the
F-rational points of G,,. An element of (Ng(T) NT9)(F) \ G (F) is of the form

gtg~' =t'o,

where t,t' € T and ¢ € Sym(B). Moreover t ¢ G,,,(F) - T(F)[n!] by construction
of U. Hence there exist two eigenvalues of ¢ with different n!-th power. Fix an n!-
th power of an eigenvalue of ¢ and call it u. For b € B let Ay, up € F* denote
the eigenvalue of ¢ and ', respectively, for the eigenvector b, and define ¢, € N as
the length of the (o)-orbit of b. Let V' be the subspace of V' generated by those
b € B which satisfy (A\y)™ = u. Then {0} € V' C V and g(V’) is the sum of the
eigenspaces of t'o corresponding to eigenvalues whose n!-power is p. The eigenvalues
of the restriction of ¢’ to the subspace generated by (o)b are given by the different
lp-th roots of the product Hb,6<a>b - Let

B'=SbeB|( ] m)f=u
b e(o)b

which is a (o)-invariant subset of B. Then g(V’) is the subspaces of V' generated
by B’. This yields a contradiction, since all matrix entries of g with respect to the
basis B are nonzero. Therefore (Ng(T)NT9)(F) \ G (F) is in fact empty. Hence
Na(T)NT9 is connected, as claimed.

Now, for any g € U(F):
G C Ng(T)NTY9 = (Ng(T)NT9)° C Na(T)°NTY =T NTI.

It remains to show that TNTY C G,,. Let R be a commutative F-algebra and ¢’ €
(TNTI)(R)=T(R)NgT(R)g~!. Choose t € T(R) with t' = gtg~1, or equivalently
t'g = gt. Since all matrix entries of g with respect to the basis B are non-zero in F,
hence invertible in R, this implies that ¢’ € G;,,(R). Thus T NTY C G, finishing
the proof. O

Proposition 4.1. With the standing assumptions r = d =2 > 1, m =2 > 1
and ind(A) = 2:

ed(G) < 2620+l _9e(92a | 90 _ 1)
=20(22% — 2% 4 1).
Proof. We first consider the case m = 1 (i.e., ¢ = 0): Let E be a maximal étale
subalgebra of the centralizer C' = C4(B) and let
H = (GL{(B) x Ngr,()(GL1(F)))/Gn € G.

We will show that pZ  is generically free. Since dim(H) = 2%¢ + 2% — 1 this would
establish the claim in case m = 1 in view of Lemma (Il Over Fyj, we may identify
Hg with (GL(V*) x Ngrv)(T'))/Gm where V' is an Fyjg-vector space of dimension
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d = 2% and T is a maximal torus of GL(V). Moreover pI becomes a direct sum
of two copies of the natural representation
Hag — GL(V* ®F,, V) = GL(End(V™))
over Fyg. Hence it suffices to show that G,, is an SGP for the natural action of
the group H' := GL(V*) X Ngr(v)(T) on two copies of W = End(V*). Identify
S = Ngrv)(T) with its image in H' under the map ¢ — ((¢*)~1, ). The proof
of Proposition [ZT[b) shows that S is an SGP for the H' action on one copy of W.
Moreover the stabilizer of any p € End(V*) in S is given by the intersection of
S with the centralizer Carvy(p*). When p is semisimple regular, Cgy,v)(p*) is a
maximal torus of GL(V). It can be considered as a rational point of the variety
of maximal tori Tgy,(v) of GL(V), which is isomorphic to GL(V')/N¢(T') through
the morphism
GL(V)/Ne(T) = Tanv), g+ 1%
By 2] there exists a non-empty open subset U of GL(V') such that
NGL(V) (THYNT? =G,y

for every g € GL(V)(Fayg). Its image in Tgr,(v) is again non-empty open, call it U’
Let GL(V*)*r¢ C A(W) denote the open subset given by the regular semisimple
elements. We have a morphism GL(V*)%*" — Tgr,yy, sending a semisimple regu-
lar element p to the centralizer Cqyv)(p*). The preimage P of U’ in GL(V*)%*®
is a non-empty open subset of A(W) such that every p € P(F,) has stabilizer
in S equal to G,,. Replacing P by the union of its S(Fae)-translates we make it
S-invariant without changing stabilizers. By Lemma 2] this implies that G, is
an SGP for the H' = GL(V*) x Ngrv)(T)-action on two copies of W. Hence the
claim follows.

Now let m = 2¢ be arbitrary. Since the functor H!(—,G): Fieldsp — Sets de-
pends only on the type of B, we may replace B by any subalgebra of A of the same
type as B without changing ed(G). As

A = MQ"(Q) = Mm(BO ®F 00)7

with By = Maa(F) and Cy = M5.—1(Q), we may take for B the m x m diagonal-
matrices with entries in By. Its centralizer C' are given by the m x m diagonal-
matrices with entries in Cy. Therefore

G = (Go)™ X Snm
where
Go = (GL1(Bo) x GL1(Cy)) /Gm = NaL, (Bowrco)(GL1(Bo))

has ed(Gp) < 22¢ — 2% 4+ 1 by the case m = 1. By [L612, Lemma 4.13] we have
ed(G) < med(Gy) and the claim follows. O

Remark 4.1. Consider the case m = 1. Since ed((PGLaa ), ) = ed(Gsep) < ed(G)
the upper bound

sep)

ed(G) < 2% — 27+ 1
should be compared with the best existing upper bound on the essential dimension
of (PGL2.), _, namely

ed((PGLaa),,,) <2%¢—3-2°+1
by [Le04, Proposition 1.6] and [LRRS03, Theorem 1.1].

sep’
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Corollary 4.1. When B is central simple (i.e., m = 1) we have
max{2, (a — 1)p® + 1} < ed(G) < 2% — 2% +1,
where the lower bound (a—1)p®+1 assumes characteristic not 2. In particular when
B has degree 2 we have
ed(G) € {2,3}
(in arbitrary characteristic) and when B has degree 4 we have
ed(G) € {5,6,...,13}

in characteristic # 2.

Proof. The upper bound on ed(G) is contained in Proposition E1]

By Theorem [[Ta) we have ed(Forms(Ma« (Fuep))) = ed(Gsep) < ed(G) . Hence
the lower bound (a — 1)p® + 1 < ed(G) follows from [Mel0, Theorem 6.1] (which
assumes char(F') # 2) and the lower bound 2 < ed(G) follows from [Re00, Lemma
9.4(a)] (the paper assumes characteristic 0, but the proof works in arbitrary char-
acteristic). O
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