DEGREE THREE INVARIANTS FOR SEMISIMPLE GROUPS OF
TYPES B, C, AND D

SANGHOON BAEK

ABSTRACT. We determine the group of reductive cohomological degree 3 invariants
of all split semisimple groups of types B, C, and D. We also present a complete
description of the cohomological invariants. As an application, we show that the
group of degree 3 unramified cohomology of the classifying space BG is trivial for
all split semisimple groups G of types B, C, and D.

1. INTRODUCTION

A degree d cohomological invariant of an algebraic group G defined over a field F'
is a natural transformation of functors

G -torsors — H*

on the category of field extensions over F', where the functor G -torsors takes a field
K/F to the set G-torsors(K) of isomorphism classes of G-torsors over K and the
functor H¢ takes K to the Galois cohomology HY(K) = HYK,Q/Z(d — 1)). All
degree d invariants of G form a group Inv?(G). This notion was introduced by Serre,
and since then it has been intensively studied by Merkurjev and Rost for d = 3
10, 9.

In this paper, we study degree 3 cohomological invariants of split semisimple groups
of Dynkin types B, C, and D. Thus from now on we shall focus on degree 3 invari-
ants. Let G be a split reductive group over a field F. An invariant in Inv?(G) is
called normalized if it vanishes on trivial G-torsors. Such invariants form a subgroup
Inv? (@) porm of Inv? (@), thus Inv?(G) = Inv?(G)porm ® H?(F). A normalized invari-
ant in Inv® (@) perm is called decomposable if it is given by a cup product of a degree 2
invariant with a constant invariant of degree 1. The subgroup of decomposable invari-
ants of degree 3 is denoted by Inv®(G)gee. The quotient group Inv?(G)yorm/ Inv? (G) dee
is called the group of indecomposable invariants and is denoted by Inv?(G)inq. This
group has been completely determined for all split simple groups in [10], [19], [4] and
for some semisimple groups in [I7], [1], [2], and [15].

Let G be a split semisimple group over F. A strict reductive envelope of G is a
split reductive group Gieq over F' such that the derived subgroup of G,¢q is G and the
center of Gyeq is a torus. Then, by [I8 §10] the restriction map

IHVB(Gred) ind — IHVB(G)md

is injective and its image is independent of the choice of a strict reductive envelope

Grea- This image is called the subgroup of reductive indecomposable invariants of G
1
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and is denoted by Inv®(G),eq. Recently, this subgroup has been completely computed
for all split simple groups in [I3] and for all split semisimple groups of type A in [17].

In the present paper, we determine the group of reductive indecomposable in-
variants of all split semisimple groups of types B, C, and D, which completes the
cohomological invariants of classical groups. In particular, if each component of the
corresponding root system of type B (respectively, type C') has rank at least 2 (re-
spectively, even rank), then the group of indecomposable invariants is also determined
as follows (see Theorem 5.1l Theorem [5.5], Theorem (.6, and Corollary [B.2):

Theorem 1.1. Let G be an arbitrary split semisimple group of one of the following
types: B, C, and D, i.e., G = ([[;~, Spiny, ) /p (n; > 1), (IT:2, Spay,)/ 1 (n; > 1),
and ([T2, Spiny,. )/ (n; > 3) respectively for some central subgroup p and m > 1.
Let R be the subgroup of Z whose quotient is the character group p*, where

m (Z)2Z)e; if G is of type B or C,

7 = @Zl-, Z; =< (Z/AZ)e; if G is of type D,n; odd,

=1 (Z)2Z)e;1 D(Z)2Z)e; 5 if G is of type D, n; even,

denotes the character group of the center of the corresponding simply connected semisim-

ple group.
(1) Assume that G is of type B. Let | = dim R. Then,

Inv?(G)rea = (Z/2Z) 17",
where I = dim(e; € R|n; < 2), I, = dim(e; +¢; € Rleje; € R,y =n; =1). In
particular, if n; > 2 for all 1 <1 < m, then
v (@) ing = Inv?(G)req = (Z/27)7".
(2) Assume that G is of type C. Let s denote the number of ranks n; divisible by 4
and | = dim (RN (S Z;)). Then,
Inv?(G)yea = (Z/2Z)*T 7170,
where I} = dim(e; € R) and ly = dim(e; +e; € R|ej,e; € R, n; =n; =1 mod 2).
In particular, if n;, =0 mod 2 for all i, then
Inv?*(G)ing = Inv? (G req = (Z/27)°711
(3) Assume that G is of type D. Let

R={(F,...,7m) € 7./27,)é; . € R}, wh ;= ) ’
{(7 Tm) @( /2Z)é; | ZT }, wherer {fiem +Fiein  if n; even,

i=1 i=1

R,,=RNZ for odd n;, and R’Li = RN Z; for even n;. Set

R=Rn( € (z/22)&) withl =dim R, I, = {i| Z; = Ry; or Ry ;,n; # 3},
dng Ry R A Zs

[2 = {’l | Rll,z = O, 4|nl} U {’l | Rll,z = (Z/QZ)@ZJ or (Z/2Z)€i72,ni Z 6,4‘”1} with S; = |[z‘



DEGREE THREE INVARIANTS FOR SEMISIMPLE GROUPS OF TYPES B, C', AND D 3

Then, we have
Inv?(G)req = (Z)27Z)5 52070 qphere

ll = ‘{Z ‘ 4 ’f nl-,RLZ- = QZZ or Rll,z = (Z/QZ)(@ZJ + €i72>}|, lg = dlm(a + éj ‘ Rl,i =
Rlyj = O, 261‘ + 26j S R>

For each type of B, C, and D, our main theorem can be restated as follows (see
Propositions [6.3] [6.7], 6.13): Assume that F' is an algebraically closed field. For type
B, let Grea = (I, Ton, 1)/, where I's,,, 11 is the split even Clifford group [12, §23]
and let

R — Invg(Gred)norm
be the homomorphism given by r — e3(4[r]), where ¢[r] is the quadratic form defined

in Remark [6.2] and e3 denotes the Arason invariant. Then, this morphism is surjective
and its kernel is the subspace

(ei, ej+ex € Rlej e € R, ny <2, nj =mny =1).

For type C, let Grea = (I]}"; GSPa,,)/ 1, where GSp,,. is the group of symplectic
similitudes [12, §12] and let

P z/2z)e; P (RN (E(Z/2Z)e;)) — Inv*(Ghrea)norm

4 \nz 4ani

be the homomorphism given by e; — A; for ¢ such that 4|n; and r — e3(¢[r]) for
r € RN (Byy,(Z/2Z)e;), where ¢[r] is the quadratic form defined in (BJ) and A; is
the invariant in (60) induced by the Garibaldi-Parimala-Tignol invariant [11]. Then,
this morphism is surjective and its kernel is given by

(ei,ej+e, € Rlej,ep € R,nj=n, =1 mod 2).

For type D, let Grea = ([1;%; Q2n;)/ 1, where €y, is the extended Clifford group
[12, §13] and let

P z/2z)e B R — v (Grea)nom

i€l Ul
be the homomorphism given by €; — e;; for i € I, & — A} for i € I, and
r +— e3(¢[r]) for r € R, where e3; denotes the invariant in (73] induced by the
Arason invariant, A} denotes the invariant in (Z4) given by the invariant of PGO3,,
(see [T9, Theorem 4.7]), and ¢[r]| is the quadratic form defined in (59). Then, the

morphism is surjective, and its kernel is given by
(é;, €j+eér€ R e ep g Rynj=n,=1 mod 2).

Therefore, our main result (Theorem [L]) tells us that for all split semisimple groups
of types B, C, D there are essentially two types of degree three reductive invariants
given by the Arason invariant e3 and the Garibaldi-Parimala-Tignol invariant A; (and
its analogue A!) and no other invariants exist.



4 S. BAEK

An invariant o« € Inv®(G) is said to be unramified if for any field extension K/F
and any element n € G-torsors(K), its value a(n) is contained in H2.(K), where
H3.(K) denotes the subgroup in H?(K) of all unramified elements defined by

H3(K) =(\Ker (9, : HY(K) — H*(F(v)))

for all discrete valuations v on K/F and their residue homomorphisms 0,. The
subgroup of all unramified invariant in Inv*(G) will be denoted by Inv? (G). By a
theorem of Rost, we have an isomorphism

(1) Invy, (G) ~ H;, (F(BG)),
where BG is the classifying space of G (see [18], [25]).

A generalized version of Noether’s problem asks whether the classifying space BG
of an algebraic group G is stably rational or retract rational (see [6], [16]). A way
of detecting non-retract rationality is to use unramified cohomology as the following
statement: the classifying space BG is not retract rational if there exists a non-
constant unramified invariant of degree d for some d [16]. In fact, Saltman gave
the first counter example over an algebraically closed field to the original Noether’s
question by providing certain finite groups which have a non-constant unramified
invariant of degree 2 [2I]. However, the generalized Noether’s problem is still open
for a connected algebraic group over an algebraically closed field.

In [5], Bogomolov showed that connected groups have no nontrivial degree 2 unram-
ified invariants, i.e., Inv2 (G) = 0 for a connected group G. In [22] and [23], Saltman
showed that the group Inv? (PGL,) is trivial. Recently, Merkurjev has shown that
the group Inv? (G) is trivial if G is a split simple group [I8] or a split semisimple
group of type A [I4] over an algebraically field F' of characteristic 0.

Using the main theorem above we determine the group of unramified invariants of
a split semisimple groups of types B, C', and D (see Theorems 6.5, 610 G.15]).

Theorem 1.2. Let G = (]2, Spiny, . ,)/p (n; > 1) or (J:2, Spy,,) /1 (ni > 1) or
([T, Spiny, )/p (n; > 3) defined over an algebraically closed field F of characteristic
0, m > 1, where p is an arbitrary central subgroup. Then, there are no nontrivial
unramified degree 3 invariants for G, i.e., Inv? (G) = H3 (F(BG)) = 0.

This paper is organized as follows. In Section 2 we recall some basic definitions
and facts used in the rest of the paper. Sections 3-5 are devoted to the computation
of the group of degree 3 invariants of a split semisimple group G of types B, C', and
D. In the last section, we present a description of the degree 3 invariants of G and a
proof of the second main result.
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This work has been supported by National Research Foundation of Korea (NRF)
funded by the Ministry of Science, ICT and Future Planning (2016R1C1B2010037).
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2. COHOMOLOGICAL INVARIANTS OF DEGREE 3

In this section we recall some basic notions concerning degree 3 invariants following
[10, 19]. We shall frequently use these in the following sections.

2.1. Invariant quadratic forms. Let G be a split semisimple simply connected
group of Dynkin type D, i.e., G = Gy X - - - X G,, for some integer m > 1, where each
G; is a split simple simply connected group of type D. Consider the natural action
of the Weyl group W = Wi X ---W,, of G on the weight lattice A = Ay & - -+ & A,
where W; (resp. A;) is the Weyl group (resp. the weight lattice) of G;. Then, the
group of W-invariant quadratic forms S2(A)" on A, denoted by Q(G), is a sum of
cyclic groups
QG)=2¢ @ © Lgm,

where ¢; is the normalized Killing form of G; for 1 <i < m.

Consider an arbitrary split semisimple group G of Dynkin type D, i.e., G = G /e,
where p is a central subgroup. Let 7" be a split maximal torus of G and let T be the
group of characters of T'. Then, the subgroup Q(G) of W-invariant quadratic forms
on T™ is given by

(2) Q@) = S(T") N Q(G).

2.2. Degree 3 invariants. Consider the Chern class map ¢, : Z[T*] — S*(T%)
defined by ca(7, €M) = 3o, \id; [19, §3c], where Z[T*] is the group ring of the
maximal torus 7" in Section 2 and \; € T*. Since (T*)" = 0, the restriction of ¢,
induces a group homomorphism

(3) c2  ZITTY = Q(G)

We shall write Dec(G) for the image of ¢y in ([3]). For A € T, we denote by p(\) =
> ew () €% where W(A) is the W-orbit of A. Then, the subgroup Dec(G) is generated
by ca(p(N) = —3 D ew ) x%. By [19, Theorem 3.9], the indecomposable invariants
of G is determined by the following exact sequence

0 — Inv?(@)gee — Inv?*(@)norm — Q(G)/ Dec(G) — 0.
In particular, if F is algebraically closed, then we have Inv®(G)porm = Q(G)/ Dec(G).

3. THE GROUP Q(() FOR SEMISIMPLE GROUPS G OF TYPES B, C, D
In the present section, we shall compute the group Q(G) for types B, C, and D.
3.1. Type B. Let G = (][}, Spiny,, ;;)/p be an (arbitrary) split semisimple group

of type B, m,n; > 1, where p ~ (u,)* is a central subgroup for some k& > 0. Let T
be the split maximal torus of G (i.e., T = (G=")/u) and let

(4) R={r=(r,...,"m @Z/%ez\fp r)=0,1<p<k}

=1
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be the subgroup of @.,(Z/2Z)e; whose quotient is the character group p* for
some linear polynomials f, € Z/2Z[t;,...,t,]. We shall simply write (Z/2Z)™ for
D;" (Z/2Z)e;. Consider the following commutative diagram of exact sequences

(5) 0——=R—— (Z/22)" —— p* ——0

R

0—=T* — [, Z" —= pu* —0

where T* is the corresponding character group and the middle map [[", Z™ —
(Z/27Z)™ is given by

(6) Z Q5 W; 5 — (dl,nla s ,C_mem)

for 1 <i<mand 1 < j <n,, where w; ; denote the fundamental weights for the ith
component of the root system of GG. For the rest of this subsection, we simply write
a; and w; for a;,, and w; ,,, respectively. Then, it follows from () that

T = {Z a; Wil fplar,...,am) =0 mod 2}.
Let I ={1,...,m}andlet I ={i € I'| fy(e;) =0, 1 <p <k}, where {e1,...,e}

denotes the standard basis of Z™. We write the relations f,(a,...,a,) =0 mod 2
as

(7) (ail, c. ,Ojik)T =B (ajl, Cey ajl)T + (201, Cey QCk)T

for some distinct 4y, ..., ix, j1,. .., 5 such that {iy, ..., i, j1,..., 51} = I\ and some
k x [ binary matrix B = (b;;) (i.e., bjj = 0 or 1) with ¢, € Z. Then, we have

k

!
Z aijw;; = Z a; jwij + Z a;w; + Z 2c,w;, + Z aj, (wj, + gs)
1 s=1

1<i<m,1<j<n;—1 iel p=
where g, = (w;,,...,w;,) - Bs and By is the s-th column of B, thus we obtain the
following Z-basis of T™:
(8) {wijhi<icmi<jen—1 U{witien, U {2wi, hrcper U{wy, + gshi<s<-

Let vy, = 2w;, and hy(t1,...,t) = bty +- - -+ byty € Z/2Z[ty, ..., 4] for 1 <p < k.
Since the group Q(G) is generated by the normalized Killing forms

2 n;—2 n;—1 2 .
G = {QUJZ- — 2Wj Wi — 23:1 Wi, jW; j+1 + Zj:l wi; ifn; > 1,
;=

2 o —
w; itn;, =1

for all 1 <i < m, any element of Q(G) is of the form ¢ = ", d;¢; for some d; € Z.
Therefore, with respect to the basis (§) we have

k
q= (]/ + i Z U;%[(Sipdip + hp((sjldjw s ’6jldj )] + % Z Uivjhi(ajldjlbjl’ ) 5jldjlbjl)
p=1

1<i<j<k
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for some quadratic form ¢ with integer coefficients, where

)1 ifn, =1 with i€ I\I.

Hence, by @) we obtain ¢ = > """, d;q; € Q(G) if and only if

(9) 5ipdip + hp(5jldjl, Cey 5jldjl) =0 mod4
and
(10) hp(5j1dj1bj17 ceey 5jldjlbjl> =0 mod?2

for all 1 < p < k. In particular, since two systems of equations { f,(t1,...,t,)} and
{ti, + hp(tj,, ..., t;,)} are equivalent we replace the condition (@) by

(11) fp(1dy, ..., 0mdyn) =0 mod 4,

where we set 9; = 2 for i € I;.
Equivalently, we can compute Q(G) with respect to a basis of R as follows. Let

(12) R1 = <€Z"€i € R) and R2 = <€i+ej|ei +€j € R,ei,ej ¢R1>

be the subspaces of R. We first choose {w;}icr, as a part of basis of T*. Then, for
the remaining part of a basis of 7" we write a given basis of R as

(13) (ejl,...,ejl)T:C(eil,...,eik)T

for some iy, ... i, J1, ..., 5 with {iy, ... g, J1, ..., 51} = I\I; and some [ X k binary
matrix C' such that all basis elements of the form e; 4+ e; in Ry is a part of (3.
Then, we have the same Z-basis of T* as in (§) by replacing g; in (§) with g5 =
Cs - (wiy, ..., w;, ), where Cj is the s-th row of C. The rest of the computation is the
same as in the previous one.

In particular, if either R = R; @ Ry or n; > 2 for all 1 < i < m, then the condition
(I0) becomes trivial, thus

Proposition 3.1. Let G = (I[", Spiny, 1)/p, m,n; > 1, where p ~ (py)" is a
central subgroup for some k > 0. Let R = {r € (Z/2Z)™ | f,(r) = 0,1 < p < k}
be the subgroup of (uh")* whose quotient is the character group p* for some linear
polynomials f; € Z/2Z[t1, ..., ty]|. Assume that either n; > 2 for alli or R = R1®R,,
where Ry and Ry are the subgroups of R defined in (13). Then, we have

QG) ={D>_digi| f,(01dy, ..., 0pmd) =0 mod 4}.
=1

3.2. Type C. Let G = ([[;%; Spy,,)/ 1t be a split semisimple group of type C', where
m,n; > 1 and p ~ ()" is a central subgroup for some k > 0. Let T be the split
maximal torus of G and let R be the subgroup of (Z/2Z)™ as in (). Then, we have
the same commutative diagram (@), replacing the middle vertical map ([@l) by

ni Nm,
E a; e (E Ay, § ;)
j=1 j=1
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where e; ; denote the standard basis for the ith component of [[:*, Z". Then, by (&)
we have

ni Nm,
(14) T = {Z ;€4 5 | fp(z Q1,55+, Z am,j) =0 mod 2}
j=1 j=1

We simply write e; for e; ;. Let e;J =e¢j—e¢ foralll <i<mand2<j<n;and
let a; = Z;“:l a; ;. Then, we apply the same argument as in type B so that we have
the following Z-basis of T

(15) {ei i hi<icm,2<j<n; U {eitien, U{2e, hrcp<r U {e), + gs hr<s<i,

where B is the binary matrix as in (7)) and g5 = (e;,,...,€;,) - Bs.
Let v, = 2¢;, and let h, be the polynomial defined as in type B. Since the normal-
ized Killing forms are given by

_ 2 2
G =€t ten,

for any ¢ € Q(G) there exist d; € Z such that ¢ = 3 _." | d;g;, thus with respect to the
basis ([IZ]) we have

g=q ++ qu [, di, +hy(nj, dj, s .. myd,)] —|—% Z viv;hi(ng dj by, ... n;,d;b;)
1<i<j<k
for some quadratlc form ¢’ with integer coefficients. Therefore, by the same argument
as in type B we have ¢ = > ", d;q; € Q(G) if and only if
(16)
hy(nj dj s, ... n;d;,b;,) =0 mod 2 and f,(61mdy, ..., 0mnmdy,) =0 mod 4

for all 1 < p <k, where

5 — 1 if i € I\ I,
2 ifiel.
Similar to the case of type B, if R = Ry & Ry or n; is even for all 1 <7 < m, then

the first condition in ([I6) becomes obvious, thus

Proposition 3.2. Let G = ([[", Spa,,) /1, m,n; > 1, where p ~ (p,)* is a central
subgroup for some k > 0. Let R, Ry, and Ry be the groups as in ([f) and (). Assume
that either n; is even for alli or R = Ry ® Ry. Then, we have

G) = {Z digi | fo(01mady, ..., 0mnmdy,) =0 mod 4},
i=1

3.3. Type D. Let G = ([[;%, Spin,, )/p be a split semisimple group of type D,
m >1,n; > 3, where p =~ (py)" x (p,)™ is a subgroup of the center Z([]}", Spin,, )
for some k1, ko > 0. We shall denote the character group Z(J]:"; Spin,, )* by

(17) 7 =@ 2z, where Z; = (Z/AZ)e; if n; odd,
| ) Z (Z)2Z)e;n B(Z)2Z)e;n  if n; even.

i=1
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Let T be the split maximal torus of G and let
R={reZ|fr)=01<p<k}

be the subgroup of Z such that p* ~ Z/R for some linear polynomials fi,o fx €

Z/AZ|Ty, ..., T,) with k = ky + ks, where T; denotes a 2-tuple (¢;1,t;2) of Varlables
(resp. a variable t;) if n; is even (resp. odd) and the coefficients of tzl and t; in f,
are either 0 or 2. Then, we have the same diagram (), replacing the middle vertical

map (@) by [[2, 2" — Z,

( imni—1 — Qin, + 25)62 if n; Odd,
18) Za”ww oA {(az ni—1 + S )611 + (am +5; )622 if n; even,

where S; Z[(”’_l /2 @;2;—1 and w; ; denote the fundamental weights for the ith
component of the root system of G. Therefore, by (Bl we have

(19) " = {Z i jwi j | fp(z A;)) =0,1<p<k}
i=1
Let If = {i € I|fy,(e;) = 0or fy(e;1) = fplein) = Oforalll < p < k} and
I' = I\I{. In view of the argument in the case of type B we may assume that each
relation f,(3°1", A;) = 0 can be written as

dpa, = by + 4c,, where b, = Opttp + fp(zz‘ril Ai) it ay :'ai,ni with odd n;,
dpap, — f(>_iy A;)  otherwise,

for some distinct a, € {@;n,—1,ain, |7 € I'} with 6, € {1,2} and ¢, € Z such that the
terms ay, ..., a; do not appear in by, ..., b, and each coefficient of a;; in b, is divisible
by 6.

Let W1 = {wi72j,1 "L € ]I, 1 Sj < [(77,@ — 1)/2]} U {wi,ni,l,wmi 1€ I’} We snnply
write w, € Wy for w; ,,,—1 (resp. w;p,) if a, = a;p,—1 (vesp. a, = a;,,). Set

gir = s1(4, Dwy + -+ + s (i, Dwy, and W = Wi\{wy, ..., wy},

where s,(i,1) denotes the coefficient of a;; in b,/d,. Then, we obtain the following
Z-basis of T™:

(20) {wijtien v U {wz‘gj}iel,,lgjg[m;ﬁ U {55 wphigpee U{wig + gidwsen.

Let v, = gl w, and v;; = w;; + g;;. Assume that for each p, w, is a fundamental

weight for the i,-th component of the root system of G. As the normalized Killing
forms are given by

n; n;—2

2
qi = (wa) - (wi,ni—Zwi,ni + Z wi,jwi,j—l—l),

J=1 J=1
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for any ¢ € Q(G) there exist d; € Z such that ¢ = " | d;q;. Hence, with respect to
the basis (20) we obtain

k
g=q + 5 Y vdld, + > disp(i,07+ 5 Y vpvadpdul Y disy(i,1)su(i1)]
p=1

w; €W’ 1<p<u<k w; €W’
k
1 .
— 3> vl > wvadisy(i, 1)]
p=1 ’wi,ZEW'

for some quadratic form ¢ with integer coefficients. Hence, ¢ = Y"1 | d;q; € Q(G) if
and only if

(21)
82[di, + Z dis,y(i,1)*) =0 mod 16, Z d;i0p0usy(i,1)s,(7,1) =0 mod 8,
w; €W’ w;  EW/
(22)

and d;0,5,(i,1) =0 mod 2

forall1 <p<k,1<p<u<k, and all (i,1) such that w;; € W'.
Let ¢;1(p), ¢i2(p), ¢i(p) denote the coefficients of ¢;1,%;2,t; in f,, respectively. Note
that ¢;1(p) and ¢; »2(p) are either 0 or 2. Since

’ _ 8 if ¢i(p) = 2 or ¢;1(p) + ciz(p) =4
52 52 I 2 _ 52 l 2 — ) s )
» T+ El o Sp(ip, 1) Ez: pSp(1 1) {27% if ci(p) = £1 or ¢;i1(p) + cia(p) =2

for all p and ¢ # 14,, where the sums range over all [ such that w;; € W’, the first
equation in (2I]) is equivalent to the following equation

+1
2,

’

(23) fp(Th,...,T,) =0 mod 8, where t; = {

d; if ¢;1(p) + cia(p) = 4, d; if ¢;1(p) + cia(p) =4

for all ¢ € I’ and we set t; = 4d;, t;1 = t;o = 2d; for all ¢ € I]. Since we have

+2n, mod 8 if ¢;(p)e;(u) =£1 mod 4,
Z sp(t,0)su(1,1) =< 4 mod 8 if ¢;(p)e;(u) =2 mod 4,

! 0 mod 8  otherwise

for all 1 < p < u < k such that , = 6, = 1, where the sum ranges over all [ such
that w;; € W', the second equation in (2I)) is equivalent to

(24) > 2d; + > 4d; =0 mod 8

{i€l’|c;(p)ci(uw)=£1 mod 4} {i€l'|ci(p)ci(u)=2 mod 4}
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if 0, =6, = 1 and
4 Z d; =0 mod 8

iel”

for some subset I"” of I’ otherwise.

4. THE SUBGROUP Dec(G) FOR SEMISIMPLE GROUPS GG OF TYPES B, C, D

In this section we will compute the subgroup Dec(G) of decomposable elements of
G for types B, C', and D. In this section we shall denote by 7" and 7™ the maximal
split torus of G and its character group, respectively and we denote by A and A, the
weight lattice and the root lattice of GG, respectively. The Weyl group of G' will be
denoted by W.

4.1. Type B. Consider a split semisimple group G = (][, Spiny,, ;)/p of type
B, where m,n; > 1 and p ~ (p,)* is a central subgroup for some k& > 0. Let
I={1,...,m}.

We first consider the case where G is simply connected (i.e. G = G’), equivalently
k = 0. Since

(25) Dec(G1 x Gg) = Dec(G1) x Dec(Gs)

for any two semisimple groups G and GY, it suffices to compute Dec(Spin,,, ;). Ob-
serve that Dec(Sping) = Zq as ca(p(wy)) = —q and Dec(Sping) = Zq as ca(p(ws)) =
—q. Similarly, c2(p(w1)) = —2¢ € Dec(Spin,,,,,) for any n > 2. As the Weyl group
of Spin,,,; contains a normal subgroup (Z/2Z)" generated by sign switching, we see
that 2| ca(p(N)) for any A € A (c.f. [10, Part II, §13]), thus Dec(Spin,, ;) = 2Zq.
Therefore,

~ 2 f i > 3,
(26) Dec(G) = 01Z¢1 @ - - - ® 0,2y, where 0; = 1 =
1 ifn, =12

Now we assume that G is adjoint (i.e. G = (), equivalently, & = m. Then,
Dec(O3F) = 4Zq as ca(p(2w;)) = —4q. Similarly, by the same argument as in the
simply connected case, we see that Dec(O3, ;) = 2Zq for n > 2 (see [19, Theorem
4.5]). Hence,

2 ifn >2,

@7 Dec(G) = 8Zqy & - ® 8Ty, where 8l =
4 ifn; = 1.

In general, we show that the subgroup Dec(G) is determined by certain subgroups
of R introduced in Section

Proposition 4.1. Let G = ([[", Spiny, )/, m,n; > 1, where p is a central
subgroup. Let R be the subgroup of (u3')* = (Z/2Z)™ such that p* = (u5")*/R. Let
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R, = (e; € R|n; < 2) and R, = (e; +¢; € Rlej,e; € R,n; = n; = 1) be two
subspaces of R with dim R} = l; and dim R}, = l,. Then,

(08)  Deel@)= (D Za)s( @ 22a) e (@ 22d) & (@ 47d)

eiERll niZZ,eiQR’l

where ls =m —1; —ly — [{i|n; > 2, e; € R} and g, (resp. q7) is of the form g; + q;
(resp. q;) for some i,j such that {q.,q” |1 <r <ly,1 <s<l3) =(q|n;,=1,e; € R})
over 7.

Proof. 1t follows from (26) and (27) that we have
(29) 80 Zq & -+ &6 Lagm C Dec(G) C 01Zq1 & -+ &0, L.
By a simple computation, we obtain

if x = a;w; 1, n; =1,

(30) - (o) {“?%

2(aiq; +azq;) if x = awiy + ayw;y, ng =n; =1
for any nonzero integers a;, a; and
(31) — Cz(p(X)) = (2&?71 —+ a?72 -+ 20@71&@'72)% if X = a;1W; 1 + A 2Wi 2, Ny = 2

for any integers a; 1, a; 2. Let us denote the right hand side of equation ([28) by D. We
write D = @ D, where D,, denotes u-th direct summand of D for 1 <u < 4. First,
we show that D C Dec(G). If e; € RY, then by (8) we have w; 1, w; o € T, thus by
(BDD and (BID D1 Q DGC(G) Slmﬂarly, if e; + € € R, then by (ﬂ), Wi 1 -+ Wi < T*,
thus by (B0) D3 C Dec(G). Finally, it follows from (29) that Dy & Dy C Dec(G).
On the other hand, a character A in the weight lattice A = @, A; of G can be

written as
Mt A=) A DA

jeJ JEK

(32) A

for some nonzero characters A;, € A;; and some subsets J = {1 < j <t|n;, = 1} and
K = {1 <j <t|n;; > 2} of I. We show that cy(p(\)) € D for all A\ € T*. First,
assume that t =1, i.e., A = a;w;1 + - + @, Wiy, for some ¢ and a;1,...,a;,, € Z.
If a; ,, is even, then A € (A;),, thus by [27)) we have c3(p(N)) € Dy @ Dy. Otherwise,
as A € T™ is equivalent to e; € R, by ([28) we get ca(p(N)) € Dy & Ds.

Now we assume that ¢t = 2 and n;, = n;, =1, i.e., A = q;w; 1 + ajw; for some i, j
and a;,a; € Z\{0} with n; = n; = 1. If both a; and a; are even, then A € (A;), B(A;),,
so ca(p(N)) € D3 @ Dy. 1If a; is even and a; is odd, then as A € T* if and only if
e; € Ry, we get ca(p(N)) € Dy @ Dy @ Dy. Similarly, if both a; and a; are odd, then
by B) we have c2(p(\)) € Ds.

Finally, assume that either ¢ > 3 or ¢t = 2 with n; n;, # 1. Then, by the action of
the normal subgroups (Z/27)" of the Weyl group generated by sign switching, we
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see that the coefficient at each e;,; in the expansion of c3(p())) is divisible by 4 and
2 for j € J and j € K, respectively, i.e.,

(33) ealp(N) =40 a;q5) + 20> bjgy)

jeJ jeK
for some a;,b; € Z. Hence, c3(p(N)) € D, i.e., Dec(G) C D. O

4.2. Type C. Let G = ([[;", Sp,,,)/ 1 be a split semisimple group of type C', m, n; >
1, where p is a central subgroup. As cy(p(e1)) = —¢q, we have Dec(Sp,,) = Zq.
Similarly, as cz(p(2e1)) = —4q and ca(p(e; + e2)) = —2(n — 1)g, we have mq €
Dec(PGSp,, ). Moreover, since the Weyl group of Sp,,, contains a normal subgroup
(Z/27Z)" generated by sign switching, we see that m | c2(p(A)) for any A € A, (c.f.

[10, Part II, §14]), thus Dec(PGSp,,) = qu (see [19], §4b]). Therefore, by (25)

we have
4 if n; odd,
(34) (Si’qu@. . EB(S;;Lqu - DeC(G) C qu@. . .@qu, where 5;/ _ { 1 n; o

2 if n; even.
Similar to the case of type B, we determine the subgroup Dec(G) for type C.

Proposition 4.2. Let G = ([[", Spy,,)/ 1, m,n; > 1, where p =~ (p,)* is a central
subgroup. Let R be the subgroup of (uh')* = (Z/2Z)™ such that p* = (u5')*/R.
Let R = (e; +¢; € Rl|ej,e; € R,n; = n; = 1 mod 2) be a subspace of R with
dim R} = ly. Then,

3)  Decl@) = (Dzaye( @ 2Za)e (@ 22d) s (@)

e;€ER n;=0 mod 2,¢;¢R

where I3 = [{i|n; =1 mod 2,e; € R}| — Iy and ¢, (resp. q7) is of the form ¢; + g,
(resp. q;) for some i,j such that {(¢.,q/|1 < r < ly,1 < s <Il3) = (g;|m; = 1
mod 2,e; ¢ R) over Z.

Proof. Let T be the split maximal torus of G. Then, by (I4]) we have

(36) T = {Z a; € j + Zaiem | fp(ai,...,a,) =0 mod 2},

where egyj =e;; —¢€ forall 1 <i<mand 2 <j<mn,; First note that we have
atq; if x € W(ae;q)

37 —c _ 3 Ui 1C1,1 )

(37) 2(P(0)) {Q(nja?ql- +nazq;) if x € W(aien + aje;q)

for any nonzero integers a, and a;. We shall denote by D the right hand side of
equation ([BO) and write D = @ D,,, where D, denotes u-th direct summand of D
for 1 <u < 4. If e; € R, then by ([B8) we get e;; € T, thus by 7)) D; C Dec(G).
Similarly, by ([B4) we have Dy & Dy C Dec(G). Let e; +e; € R5. Then, by (36) we
have e;1 + €1 € T*. As both n; and n; are odd, by [B7) we get 2¢; + 2¢; € Dec(G),
i.e., Dy C Dec(G). Therefore, we get D C Dec(G).
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Conversely, we shall now show that co(p(A)) € D for all A € T*. Let X be a
character written as in (32]) for some subsets
38) J={1<j<t|n;=1 mod2}and K ={1<j<t|n;, =0 mod 2}

of I. For each \; = a;1€;1+ -+ @ pn,€in, € A; we shall denote by |);| the number of
nonzero coefficients in \;. We first assume that ¢ =1, i.e., A = a;jw; 1+ -+ @, i,

for some 7 and a;1,...,0;,, € Z. Let a; = a;1 + -+ + a;,,. By the same argument
as in the proof of Proposition [IT], we have cy(p(N)) € Dy @ Dy (resp. ca2(p(N\)) € Dy)
if a; is even (resp. odd). Now we assume that ¢ = 2 with |\, | + [\, = 2, ie.,

A = a;e;q + ajej; for some 7,7 and a;,a; € Z\{0}. Then, by the same argument as
in the proof of Proposition [l we see from (B7) that cz(p())) € D.

Assume that either ¢ > 3 or ¢ = 2 with |A;,| + |\i,| > 3. Then, as before it follows
from the action of the normal subgroups (Z/2Z)" of W that

ca(p(A)) = 4(2 aiqi) + Q(Z biq;)

for some a;, b; € Z. Therefore, we get co(p(N)) € D, thus Dec(G) C D. O

4.3. Type D. Let G = ([[;", Spiny, )/p be a split semisimple group of type D,
where m > 1, n;, > 3 and p is a central subgroup. Consider the case when G is
simple (i.e., m =1 and n; = n). First of all, as

—4(n—1)qg ifn >4,

(39) ca(p(wr)) = —2¢q, c2(p(2w1)) = =8¢, c2(p(w2)) = {—q fn—3

we have 2Zq C Dec(Spin,,,) for n > 4, Dec(Sping) = Zq, gcd@ Lq © Dec(PGO;).
On the other hand, as the Weyl group of Spin,,, contains a normal subgroup (Z/27Z)"*
generated by sign switching of even number of coordinates, we see that 2| ca(p()))

for any A € A with n > 4 and Cd(2 > |ca(p(N)) for all N € A, with n >3 (cf [10),
Part II, §15]), thus Dec(Spin,,) = 2Zq for any n > 4 and Dec(PGOj ) = Zq
for any n > 3 (see [19, §4b]). Hence, by (25]) we obtain

(40) N lq & - &6 Lgm < Dec(G) C 01Zq1 & -+ & 0,,2q,,, where

5{,:{8 if n; odd, andé{:{2 if n; > 4,

4 if n; even, 1 ifn, =3.

gcd(2 n)

For the remaining simple groups O3, and HSpin,, (n even), we also have 2Zq C
Dec(03,)) and 4Zq C Dec(HSpin,, ) by [BJ). Moreover, if n = 4, then we have

(41) ca(p(ws)) = ca(plws)) = —2¢,
thus 2Zq C Dec(HSping). Then, by the action of the Weyl group as above we
obtain Dec(Oj,) = 2Zq for all n > 3, Dec(HSpin,, ) = 4Zq for even n > 6, and

Dec(HSping) = 2Zq ([, Theorem 5.1]). In general, we determine the subgroup
Dec(G) for type D.
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Proposition 4.3. Let G = (][}, Spiny,, )/, m > 1, n; > 3, where p is a central
subgroup. Let R be the subgroup of (I]) such that p* = Z/R, R,; = RN Z; for odd
ni, and Ry ; = RN Z; for even n;. Set

]{Z{Z | RLZ;éO,nZ#?)}U{Z | RLZZQZZ,nlzg}U{Z | Rll,z7é07 7’LZ:4}U
{Z | 62'71 + 62'72 € Rll,i’ n; Z 6}, Ié == {Z | Rll,z == 0} U {Z | 62'71 + €i,2 Q Rll,z 7é O, n; Z 6}

Then, we have
(42)

Dec(G) = ( @ Zq;) ® (@QZ%) ©® (@42%‘) ® (é‘%q;) D (é;SZq;’),

Ry i=2;,m;=3 iel] i€l

where ly = dimg oz (e; + €; | 2¢; +2¢; € R, Ry; = R ; =0), I3 = |{i| R1; = 0} — L,
and . (resp. q") is of the form q; + q; (resp. @) for some i, j such that {q;| R; =
0)={(q,q |1 <r<l1<s<l3) overZ.

Proof. Let p ~ (py)* x (uy)* be a central subgroup for some ki, ky > 0 with
k = ki + ko. We denote by D the right hand side of equation ([@2) and we write
D = & D, where D, denotes u-th direct summand of D for 1 <u < 5. Ife; € R
with n; = 3, then by B9) D; C Dec(G). If 2¢; € R or e;1 + e;2 € R, then by
@) we have w;; € T, thus by [B9) 2¢; € Dec(G). Similarly, if e;; € R, (resp.
eip € R ;) with n; = 4, then by ([9) we have w;3 € T (resp. w;4 € T™), thus by
1) 2¢; € Dec(G). Therefore, Dy C Dec(G). By a simple calculation, we have

(43) — ea(p(x)) = Anjaiq + nialq;) if x € W(awiy + ajwy)

for any nonzero integers a; and a;. If 2e; + 2e; € R for some ¢ # j, then again by
([I9) we obtain w;; + w;1 € T*. As both n; and n; are odd, by @3) D, C Dec(G).
Finally, it follows by (#0) that D3 @ D5 C Dec(G), thus D C Dec(G).

Now we prove that ca(p(A)) € D for all A € T*. Let A be a character written as in
([32) for some subsets J and K in ([B8). Assume that t = 1, i.e., A = a; w1 + -+
@i ;Wi n,. Applying the same argument as in the proof of Proposition we obtain

ca(p(N)) € < Dy if A; # 0 with odd n; > 5; or A; = 2e; with n; = 3,

where A; denotes the image of A in Z as defined in (I8)) and

Ds; if A; = 0 with even n;; or A; # e;1 + €;2 with even n; > 6,
Dy, if A; # 0 with n; =4;0r A; = e; 1 + €, 2 with even n; > 6.

c2(p(N)) € {

We assume that ¢ = 2 with \;; with |\;,| + |\i,| = 2. Then, by the same argument
as in the proof of Proposition F.1] together with ([A3]) we get c2(p(A)) € D. Finally,
Assume that either ¢ > 3 or ¢ = 2 with |A;,| + |A\;y| > 3. Then, by the action of the
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normal subgroups (Z/27)" 1 of the Weyl group of G we obtain
ca(p(N) = 8(D_ wia) +4()_ bigy)
ieJ €K

for some a;, b; € Z, thus, ca(p(A\)) € Dec(G). Hence, Dec(G) C D. O

5. DEGREE 3 INVARIANTS FOR SEMISIMPLE GROUPS GG OF TYPES B, C, D

We now determine the group of reductive indecomposable invariants of split semisim-
ple groups of types B, C, and D by using the results of Section [3, Propositions 1],
12, and L3

5.1. Type B.

Theorem 5.1. Let G = ([}, Spiny, ,)/p, m,n; > 1, where pu ~ (p,)* is a central
subgroup. Let R be the subgroup of (uh")* = (Z/2Z)™ whose quotient is the character
group p*. Then,

Inv?(G)rea = (Z/22)" 172 where
ly =dim(e; € R|n; <2) and l, = dim(e; +e; € R, e;,e; € R, n; =n; =1).
Proof. Let R = {r = (r1,...,rm) € (Z/2Z)" | f,(r) = 0,1 < p < k} be the subgroup
of (Z/27Z)™ whose quotient is the character group p* for some linear polynomials

fp € Z)2Z]ty, ..., ty]. Let a;; denote the simple roots of the ith component of the
root system of G and let 6; ; be the square of the length of the coroot of o ;. Then,

we have
0 — 2 ifj=n; > 2,
T i >2,1<j<n—1; 0rj=mn; =1.
By [13, Proposition 7.1], an indecomposable invariant of G corresponding to ¢ =
Yo digi € Q(Q) is reductive indecomposable if and only if the order |w; ;| in A/T*
divides 0; ;d; for all ¢ and j.
Since |w; 1| = 1 with n; = 1 is equivalent to e; € R and

i 2 ifj—mn > 2
|w; 4] < . 4
1 ifn; >2,1<7<n;—1,

we see that the equation (I0) becomes trivial and we may assume that the term
0;d;(= d;) appears in the equation (1) is divisible by 2. Therefore, any reductive
indecomposable invariant of G corresponding to ¢ = >\ | d;q; € Q(G) satisfies

01dy O
5 g

2 ifn;>2o0re; €R,
1 ifn;=1ande; € R.

Il ) =0 mod 2, where §; = {

for all p, thus we have

{ZT1 diqi | fp(61 SRR —émdm) =0 mod 2}
44 Inv? = 2 2 .
( ) (G>red C( )
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Let ' = RN (D, ¢r(Z/2Z)e;). Then, the group in the numerator of (@) is
generated by

failee RYULY (25—’:)% = (r1, ) € R} U {(;)qi i & RY.

7

Hence, the statement for the group of indecomposable reductive invariants follows by
Proposition 11 O

In particular, under the assumption that the ranks of all components of the root
system of G are at least 2 we have the following result.

Corollary 5.2. Let G = (I]", Spiny, 1)/p, m,n; > 1, where p ~ (p,)* is a central
subgroup. Let R be the subgroup of (uh")* = (Z/2Z)™ whose quotient is the character
group p*. Assume that n; > 2 for all 1 < i < m. Then,

Inv?(G)ina = Inv* (G)rea = (Z/2Z)" ",
where | = dim(e; € R|n; = 2).

Proof. By Theorem [5.], it suffices to show that Inv?(G)ing € Inv?®(G)req. Since n; > 2
for all 1 < i < m, the inclusion follows directly from the proof of Theorem (.11 O

Remark 5.3. One can directly compute Inv?(G)inq using Propositions B1] and BTl

We present below another particular case of Theorem [B.1] (and Theorem [5.5]), which
follows by the exceptional isomorphism A; = B; = (4. This result in turn determine
the reductive invariants of semisimple groups of type A (see [I7, Theorem 7.1]).

Corollary 5.4. Let G = ([, SLa2)/p, m > 1, where p ~ (py)* is a central
subgroup. Let R be the subgroup of (uh")* = (Z/27)™ whose quotient is the character
group p*. Then,

Inv?(G)rea = (Z/27Z)™ 17",
where |} = dim(e; € R) and Iy = dim(e; +e; € R|e;,e; € R).
5.2. Type C.

Theorem 5.5. Let G = ([[, SpPy,,) /1, m,n; > 1, where p >~ (py)* is a central
subgroup. Let R be the subgroup of (pu5')* = .-, (Z/2Z)e; whose quotient is the
character group p* and let s denote the number of ranks n; which are divisible by 4.
Then,
Inv?(Q)rea = (Z/27)57172 where
ly = dim(e; | e; € R), Iy = dim(e; +ej|e; +¢; € R, e;,e; € R, n; =nj; =1 mod 2),
and | = dim (Rﬂ(@4)[ni (Z/2Z)e;)). In particular, if n; =0 mod 2 for all1 <i <m,
then
Inv?(G)ing = Inv? (G req = (Z/27) 71
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Proof. We apply arguments similar to the proof of type B. Let 0;; be the square of
the length of the coroot corresponding to the simple root of ith component of the
root system of GG. Then, we have

em:{l if = > 1,

2 otherwise.

Note that |w; ,,| = 2 if and only if n; is odd and the element e; ,,, has order 2 in A/T™.
Moreover, by ([[4]) the latter is equivalent to e; ¢ R. Hence, by [I3 Proposition 7.1]
an indecomposable invariant of G corresponding to ¢ = > ,_, d;q; € Q(G) is reductive
indecomposable if and only if 2|d; for all odd n; such that e; ¢ R. Therefore, any
reductive indecomposable invariant of G' corresponding to ¢ = Y., d;¢; € Q(G)
obviously satisfies the first equation of (I6) and the second equation of (I6]) divided
by 2, i.e.,

1 f ) Ra
fp((;mldl’.“’émnmdm) =0 mod 2, where §; = { 9 e

2 2 — lfGZER
n

7

for all 1 < p <k, thus,

(45) Inv? (@) eq = {Z digi | fp(ads . fmimdn) = () mod 2}/ Dec(G).
i=1

Let R' = RN (@, c,gr(Z/2Z)¢;), where R is the subgroup of B, (Z/2Z)e; as
in ({@). Then, we easily see that the group in the numerator of ([@H) is generated by

= 1 if 2|n,
ilei € Ror4n;}U riqi|r = (ri) € RYU{2€q;|e; € R}, € = "
(o€ Rox in U3 cinair = ) € RY U Qe ) {2 o

Hence, the statement immediately follows from Proposition L2l If n; is even for all 4,
then the same argument together with Proposition shows the result for the group
of indecomposable invariants. 0

5.3. Type D.

Theorem 5.6. Let G = ([[;", Spin,, )/p, m > 1, n; > 3, where p is a central
subgroup. Let R be the subgroup of the character group Z defined in ([I7) such that
p' =Z7/R, R,,=RNZ for odd n;, R’Li = RN Z; for even n;, and let

_ m m 27i i . i dd
R:{(fl,...,fm)e@(z/gz)éi|ZneR},ri::{ rie if m; odd,
i=1

— Tiei1 +Tieio  if m; even,

where Z = EB Z; with Z; =

=1

(Z/AZ)e; if n; odd,
(Z)2Z)e;s D(Z/2Z)e;s  if n; even.
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denote the character group of the center of [[.", Spin,, . Set

R=Rn( @ (z/22)e) withl=dim R, I, ={i| Z; = Ry; or R}, n; # 3},
4J[TLZ',R/1’7L,R1’7;75ZZ'
IQ = {’l | Rll,z = O, 4|nl} U {’l | R/LZ:(Z/QZ)@J or (Z/QZ)@LQ, n; Z 6, 4|nl} with S; = ‘Iz|
Then, we have
Inv? (G)req = (Z)27Z)5 52070 qphere
ll = ‘{Z ‘ 4 ’f n;, Rl,i = QZZ or Rllz = (Z/QZ)(@ZJ + €i72)}|, and lg = dlm(a —+ éj‘2€i -+
26]' € R, Rl,i = Rlyj = O>

Proof. Let Z denote the character group of the center of [[:", Spin,, asin (7). Let
i be a central subgroup such that g ~ (uy)* x (u,)*? for some k, k:2 > 0 and let
R={reZ|f,(r)=0,1<p <k} be the subgroup of Z such that p* ~ Z/R for
some linear polynomlals fp € ZJAZ[Ty, ..., T,,] with k = ki + ko. We shall use the
description of Q(G) in Section B3

Let 0; ; denote the square of the length of the jth coroot of the ith component of
the root system of G. Then, 0, ; =1 for all 1 <7 <m and 1 < j <n,. Note that the
order of the fundamental weight w; ; in A/T™ is trivial for all j if and only if

7 Rl,i if n; Odd,
o Ry; if n; even.

Moreover, if ¢;(p) = £1 for some 1 < p < k, where ¢;(p) denotes the coefficient
of t; in f,, then Ry; = 0, thus by (I9) 2w;,, ¢ T%, ie., |W;,| = 4. Hence, by
[13, Proposition 7.1] any reductive indecomposable invariant of G corresponding to

q=> ,_,diq; € Q(G) satisfies [22) and (24)). Therefore, it follows by (23)) that

{30 digi| folerdy, - €mdy) =0 mod 2}
Dec(G)

where, fp € ZJ2Zlty, ..., t,) denotes the image of f, under the following map
Z/4Z[ ] —)Z/4Zt1, s tm —>Z/2Zt1,,t ] given by 21, 20 — t, t; — L

(46) Inv? (G)req =

1 if 7, = R1 ior Ry 0
and ¢; = % if ¢;(p) = 2 or ¢;i1(p) + cin(p) =4,
”Z otherw1se
Let R={r = (f1,...,7m) € DI, (Z/2Z)é;] f,(F) =0 mod 2}, equivalently

R={(F1,...,7m) € (Z)22)™ | Zri € R}, where r; :=
i=1

and let ' = RN (@Mni,R’M,RL#Zi(Z/2Z)éi)‘ Observe that f,(&;) =0 mod 2 for all

p with n; odd if and only if either ¢;(p) = 0 or 2 for all p (i.e., f,(e;) =0 or f,(2¢;) =0

mod 4, respectively) and this, in turn, is equivalent to R,; = Z; or 2Z;. Similarly,

fp(€&;) = 0 mod 2 for all p with n; even if and only if either ¢;;(p) = c(p) = 0

{2771'(% if n; Odd,

771‘6@'71 —+ 771‘61'72 if n; even
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or cp(p) = cio(p) = 2 for all p (ie., fy(en) = fylex) = 0 or fylen +e2) =0
mod 4, respectively) and this, in turn, is equivalent to R} ; = Z; or (Z/27Z)(ex + e2).
Therefore, we see that the group in the numerator of (@) is generated by

{2(]1 ‘ Rl,i = QZZ or Rll’z = (Z/QZ)(@M —+ €i2) or €;1 + €i2 ¢ Rll,i’ 4|nl} U {8(]@ | Rl,i = O}

U{ai| Zi = Ry or Ry} U {4gi|ein +eia & Ry, 44 ny U eiria}
=1

for all 7 = (r},...,7) € R\{&|1 < i < m}, where €, = 2 (resp. 4) if n; is even

r'm

(resp. odd). Therefore, the statement immediately follows by Proposition .3 U

6. UNRAMIFIED INVARIANTS FOR SEMISIMPLE GROUPS (G OF TYPES B, C', D

In this section, we first describe torsors for the corresponding reductive groups in
Lemmas[6.1] 6.6, and Then, using this together with Theorems (5.1l 5.5, and (.6,
we present a complete description of the corresponding cohomological invariants in
Propositions [6.3] (.7, and Finally, using such descriptions, we show that there
are no nontrivial unramified degree 3 invariants for semisimple groups of types B, C,
and D (see Theorems[6.5 [6.10] [6.15]). In this section, we assume that the base field F’
is of characteristic 0. We shall write (a4, ...,a,) = (a;) L --- L (a,) for the diagonal
quadratic form a;z% + - - - 4+ a,z? and write ((ay,...,a,)) = (1, —a;) ® --- ® (1, —a,)
for the n-fold Pfister form.

6.1. Type B.

Lemma 6.1. Let G = ([[;", Spiny, ,,)/p, m,n; > 1, where p is a central subgroup.
Let R be the subgroup of (ub")* = (Z/27Z)™ whose quotient is the character group pw*.
Set Grea = ([1;% Tanit1)/ 1, where Loy 1y is the split even Clifford group. Then, for
any field extension K/F the first Galois cohomology set H'(K,Greq) is bijective to
the set of m-tuples of quadratic forms (¢, ..., ¢n) with dim ¢; = 2n; + 1, disc ¢; = 1
such that for allr =e; +---+e;, € R, 17 < -+ <1,

3 Lo (=1)Pg,, if s is even,
0 )3 {(J—f):1 (=1)P¢;,) L (1)  otherwise,

where disc ¢; denotes the discriminant of ¢; and I*(K) denotes the cubic power of the
fundamental ideal 1(K) in the Witt ring of K.

Proof. Let Grea = (I1i%; T2n;+1)/p, where T'y,, 41 denotes the split even Clifford

group. Consider the natural exact sequence

1= (G)"/p — Grea — l_Iij+1 — 1.

=1
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Then, by Hilbert Theorem 90 and [24] Proposition 42], this sequence yields a bijection
between the set H'(F,Gyeq) and the kernel of the connecting map which factors as

H(E T Ofn) = HA(F.()") = BralF)™ 5 HA(F, ()" ).

where the first map sends an m-tuple of quadratic forms (¢y, ..., ¢,,) with dim ¢; =
2n; + 1, disc(¢;) = 1 to the m-tuple (Co(¢1), ..., Co(dm)) of even Clifford algebras
Co(¢;) associated to ¢; and the map 7 is induced by the natural surjection (py)™ —
()™ /. Since (Co(1), ..., Co(dm)) € Ker(r) if and only if it is contained in the
kernel of the composition

for all r € R = ((py)™/p)*, we have

(49) Hl(Fa Grea) = {(¢1,. .., 0m) | dim¢; = 2n; + 1, disc ¢; = LZTZ‘CO(@) =0}
i=1
for all r = (r;) € R.
Write an element r € R as r = e;, +--- + ¢;, for some iy, < --- < i, so that the
condition Y 3" 7:Co(¢:) = 0 in [@I) is equal to >, Co(¢;,) = 0. Assume that s is
even. Since disc(—¢;, L ¢;,,,) =1 for any 1 <p < s/2,

Co(¥) = Co(—v), and Co(¢) + Co(¢') = C(¢ L ¢')

for any quadratic form v and any odd-dimensional quadratic forms ¢ and ¢’, where
C(¢ L ¢') is the corresponding Clifford algebra, we have

0= ZOO(Q%) =C(=¢iy Ly Lo+ L =i, L),
p=1

which is equivalent to (—¢;, L ¢i,) L -+ L (=, L ¢;,) € I*(F) by [9, Theorem
14.3]. Now we assume that s is odd. Since Cy(¢ L (1)) = Co(¢) for any odd-
dimensional quadratic form ¢ and disc(—¢;, L (1)) = 1, the same argument shows

that (=¢i, L ¢i,) L+ L (=¢iy L i) L (=g, L (1)) € P(F). U

Remark 6.2. If we assume that —1 € (F*)?, then the condition (7)) in Lemma [G.]]
can be simplified without sign changes as follows:

HY (K, Greq) ~ {¢ 1= (¢1,...,0m) | dim¢; = 2n; + 1,disc¢; = 1, ¢[r] € I*(K)}
for all r = (r;) € R, where

or] == Lty rics it " r; =0 mod 2,
© (L, ) L (1) otherwise.

Proposition 6.3. Let G = ([[;", Spiny, ,,)/p defined over an algebraically closed
field F', where m,n; > 1, p is a central subgroup. Let R be the subgroup of (uh")*
whose quotient is the character group p*. Set Grea = ([[;~; Tan,+1)/ 1, where Top, 11
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is the split even Clifford group. Then, every normalized invariant in Inv®(Gireq) is of
the form ez(¢[r]) for some r € R, where ¢[r] is the quadratic form defined in Remark
and ez : I*(K) — H3(K) denotes the Arason invariant over a field extension
K/F. Moreover, we have

R

50 1 3CTVre norm =~ .
(50) nv”(Ghred) (e;, ej+ex € Rlej e, € R, ny <2,n; =ng =1)

Proof. Observe that Inv?(Gied)norm = InV?(Gred)ind as F is algebraically closed. Since
¢[r] € I*(K) for any r € R, the Arason invariant gives a normalized invariant of G eq
of order dividing 2 that sends an m-tuple ¢ € H' (K, G.eq) to e3(¢[r]) € H3(K).

Let r € R|+ R/, where R} and R, denote the subgroups of R defined in Proposition
[T Then, as every 4 and 6-dimensional quadratic forms in I3(K) are hyperbolic, the
invariant es(¢[r]) vanishes.

Now we show that the invariant es(¢[r|) is nontrivial for any r € R\(R] + R}).
Let G!.q4 = (I's)™/p. If R is a subgroup such that every element 7 in R has at least
3 nonzero components, then by [14, Lemma 4.3] and the exceptional isomorphism
Ay = By, any invariant of G, is nontrivial. Hence, it follows from the map

Inv? (Grea) — Inv? (Gloq)

induced by the standard embedding I's — T, that every invariant ez(¢[r]) is
nontrivial. Otherwise, by the proof of Lemma [6.4] each invariant es(¢[r]) is nontrivial,
thus the statements follow from Theorem (.11

Recall from Section [3] the following subgroups of R.
R, = <€i c R> and Ry = <6i—|—€j € R|€Z‘,€j ¢R1>
We shall need the following key lemma.

Lemma 6.4. Let G = ([[;", Spiny, ,,)/p defined over an algebraically closed field
F, where m,n; > 1, p is a central subgroup. Set Grea = (]2 Ton,41)/p. Then,
every normalized invariant in Inv®(Greq) is ramified if either n; > 3 for some i with
e; € Ry orn; +mny > 3 for some j and k such that e; + e € Rs.

Proof. Let R3 be a complementary subspace of Ry + Ry in R. Then, by Proposition
any normalized invariant o in Inv®(G,eq) can be written as

a(¢) = e3(p[r1]) + es(P[ra]) + es(drs])

for some r; € R;, 1 <i <3, where ¢ = (¢1, ..., 0,) denotes a Geq-torsor.

Suppose that r; € R; is nonzero. Then, we may assume that ry = e; with n; > 3.
Choose a division quaternion algebra (z,y) over a field extension K/F. Find ¢e;] =
¢1 such that ¢; L (1) = ((x,y,2)) L h over the field of formal Laurent series K ((z))
and set ¢; = h L (1) for all 2 < i < m, where h denotes a hyperbolic form. Then, we
have 0,(a(¢)) = (x,y) # 0, where 0, denotes the residue map, thus a(¢) ramifies.

Now we may assume that a(¢) = e3(¢[ra]) + es(¢[rs]) with ro # 0. To show that
a(¢) ramifies, we shall choose bases of Ry and a complementary subspace of Ry. For
simplicity, we will write e(iy, ..., 1) for e;, +---+e;,. We first select e(iy, ip,) € Ro,
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where i,, i,, (1 <p <k, 1<q<m,) are all distinct integers for some my, ..., my,
so that By := {e(iy, ip, q)} is a basis of Ry. In particular, if n; , = 1 for some p
and ¢, say n;,, = 1, then we replace the subset {e(i1,i14)|1 < ¢ < my} of By by
{e(i11,11), e(ir1,714) \ 2 < g <'my} so that we may assume that n;, = 1. We set

Iy={ip| 1 <p<k}and I; = {ipip,[ 1 <p<k,1<qg=<mp}

We select a basis B3 of a complementary subspace of Ry. First, we find any basis
D; of R3. Then, we modify each element d of D3 by adding e(iy, ip,,) to it whenever
either e(i, ) or e(i,, i,,) appears in d. Hence, we obtain a basis C5 := {e(ky,...,k)}
of a complementary subspace of Ry such that the intersection

Wk kil ey, k) € Cs}) N 5,

where the union is over all elements of Cj, is a subset of I,. We denote by J; the
intersection. We can divide all elements of the basis C'5 into two types: either e(i,) for
some i, € Jo appears in e(ky, ..., k) € Cs (the first type) or not (the second type).

We first select basis elements from the first type elements as follows. We choose any
element b(71) in C5 of the first type such that e(i;) appears in the element (if there is
no element of the first type, we skip the selection of elements of the first type). We
write b(i1) := e(iy) + b/'(i1), where e(i;) does not appear in ¥'(i;). We modify every
element of the first type by adding b(i1) to the element whenever e(i;) appears in
the element. For simplicity, we shall use the same notation C'3 for the modified basis
of C3. Then, e(i;) appears only in b(i;) among the elements of C5. Now we choose
another element b(iy) of the first type in which e(iy) appears for some iy € J,. We
write b(ig) := e(iz) + U'(i2), where e(iy) does not appear in b'(iy). As e(i) appears
only in b(71), both e(i) and e(iy) do not appear in b'(i). Again, we modify every
element of the first type by adding b(iz) to the element whenever e(iz) appears in the
element. In particular, both e(i;) and e(iz) do not appear in the modified '(i1). We
do the same procedure successively for all elements of the first type so that we have
chosen basis elements b(i,) := e(i,) + 0'(i,) for all i, in some subset J, C Jy such that
all the terms e(i,) do not appear in b'(i,).

Similarly, we select basis elements from the second type elements. We choose any
element b(j;) of the second type with j; € Ja, so that we write b(j1) = e(j1) +b'(j1),
where e(j1) does not appear in ¢'(j;). We modify every element of C5 (i.e., b(i,) and
elements of the second type) by adding b(j;) to the element whenever e(j;) appears
in the element. Then, in particular, all the terms e(i,) and e(j;) do not appear in
the modified ¥'(i,). Now we choose another element b(js) of the second type for some
Jo & Ja, so that we have b(j2) := e(j2) + 0'(j2), where both e(j;) and e(j;) do not
appear in 0'(j2). Again we modify every element of C5 by adding b(j2) to the element
whenever e(j3) appears in the element. Then, both e(j;) and e(j2) do not appear in
modified b'(j;) and all the terms e(i,), e(j1), and e(j2) do not appear in the modified
b'(i,). Applying the same procedure to all elements of the second type, we obtain the
following basis Bs of a complementary subspace of Rs:

bip) := e(ip) + V'(ip), b(j1) = e(jr) + V'(jr), -+ b(Js) := e(js) + b'(js)
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for all ¢, € Jj and some distinct ji, ..., js & Jo such that all the terms e(i,) and e(j,)
do not appear in V'(i,), b'(j,) for all 1 <r <'s, thus

By = {b(ip), b(jir) | ip € J5, 1 <7 < s}

Using the basis By U Bs, we rewrite the invariant a(¢) = e3(d[rs]) + e3(d[rs]) as

(51) a(g) =Y es([b]) + > es(¢[b])

be B, be B}

for some subsets () # B C By and B C Bs. Now we show that the invariant a(¢) in
(BEI) ramifies. It is convenient to split the proof into two cases.

Case 1: 3 e(ip, ipq) € By with n;, +n;, . > 3 such that i, & J3. Let e(iy, iun) € By
be such an element for some 1 <u <k and 1 <v <m, and let I = {1,...,m}. We
take a division quaternion algebra (x,y) over a field extension K/F. Then, choose ¢;
for all 7+ € I such that

(52) dle(in)] = dle(ing)] = (x,y,xy) L h, dle(iv,)] = (1, 2,22,y2z,2yz) L h
forall 1 < g #v<m,,

—_— v )@y, wy) LB if e(d,) appears in b(ip),
Olelip)] = leling)l = {(1> Lh otherwise,
for all 4, € J} and all ¢ with e(ip,i,,) € Bs, and ¢; = (1) L h for the remaining i € I
over K((z)), where h denotes a hyperbolic form depending on the dimension of each
¢;. Then, we have

(53) Pl tup)] = (2,4, 2)), Ple(iu,ing)] = ((z,y,1))
for all 1 < g # v < my,
(54) le(ip, 1p,q)] = [b(ip)] = ((z,y,1))

for all p € J and all ¢ with e(iy,i,,) € By such that e(i,) appears in b(i,), and
¢[b] = 0 for all remaining b € By U By in the Witt ring of K((z)). Therefore, we
obtain 0,(a(¢)) = (z,y) # 0. Hence, a(¢) ramifies.

Case 2: Je(ip, ipq) € By with n;, +n;, . > 3 such that i, € Jj. Let e(iy, iu.) € By
be such an element as in the previous case. Observe that by construction of B3 there
exists

(55) ks GI\{ipajr”pe Jé,l STSS}

such that e(k;) appears in 0'(i,). We first choose ¢[e(iy,)] as in (B2)) and ¢le(k,)| =
(x,y,zy) L h. Then, we choose ¢; for i € I\{iyp, k1} such that

v A{xy,xy) L b if e(ky) appears in (i),
Ale(d)] = {(1) Lh otherwise
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for all ¢ € {i,, j, | i, € J5, 1 <1 < s},

oleiy )] = (r,y,zy) L h if i, = ky or e(k;) appears in b(i,),
P (1) L h otherwise

for all ¢ such that e(iy,i,,) € B, and ¢; = (1) L h for the remaining ¢ € I\{i,,, k1 }
over K((z)). Therefore, we obtain (G3)),

(56) o[b(D)] = dle(ip,ipg)] = (2,9, 1))

for all i € {ip,jr |7, € J5,1 < r < s} such that e(k;) appears in b(:) and for all
e(ip,ipq) € Bs such that i, = ki or e(ky) appears in b(i,), and ¢[b] = 0 for all
remaining b € By U Bs in the Witt ring of K((2)). Hence, 0,(a(¢)) = (z,y) # 0, thus
a(¢) ramifies. O

We present the second main result on the group of unramified degree 3 invariants
for type B.

Theorem 6.5. Let G = (][, Spiny,, ,,)/p defined over an algebraically closed field
F,m,n; > 1, where p is a central subgroup. Then, every unramified degree 3 invariant
of G is trivial, i.e., Tnv> (G) = 0.

Proof. Let Greq = ([ 112, Tan,41)/ - Since the classifying space BG is stably birational
to the classifying space BGieq, by (@) we have Inv? (G) = Inv? (Gyeq). We shall show
that Inv? (Greq) = 0. Let G’ = (Spiny)™/p and G’ ; = (T'3)™ /. Then, the standard
embeddings Spin; — Spin,, ,, and I's — I'y,,;; induce morphisms G’ — G and
Gloq = Ghred, thus we have

(57) Inv?(G) ——— Inv?(G")

IHVB(Gred) — Inv3(G;ed)

By (B0) in Proposition and Lemma we may assume that the bottom map
in (57) is an isomorphism. By [I4] Lemma 4.3] and the exceptional isomorphism
Ay = By, we have Inv? (G"_,) = 0, thus every invariant of G,eq is ramified. O

6.2. Type C.

Lemma 6.6. Let G = ([[."; Spy,,)/m, m,n; > 1, where p is a central subgroup. Let
R be the subgroup of (u3')* = (Z/27)™ whose quotient is the character group p*. Set
Grea = (IT2 GSPy,,)/ 1, where GSp,,,. denotes the group of symplectic similitudes.
Then, for any field extension K/F the first Galois cohomology set H' (K, Greq) 18
bijective to the set of m-tuples ((Al, 1)y (A, am)) of pairs of central simple K -
algebra A; of degree 2n; with symplectic involution o; such that for all v = (r;) € R

7"1141 +- TmAm =01n BI‘(K),
where Br(K) denotes the Brauer group of K.
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Proof. Let Grea = (I]", GSPy,,)/ 1, where GSp,, denotes the group of symplectic
similitudes. Consider the exact sequence

1= (G)"/p— Grea — HPGSPM — 1.
i=1
Then, by the same argument as in the proof of Lemma the set H'(F,G,eq) is
bijective to the kernel of following map

H'(F, [ [PGSp,,,) = Bra(F)™ 5 H*(F, ()™ /),

i=1

where the first map sends an m-tuple ((Al, 1)y oy (A, am)) of simple algebra A; of
degree 2n; with symplectic involution o; to the m-tuple (A4, ..., A,,) and the map 7
is induced by the natural surjection (p,)™ — (o)™ /. Since (Ay, ..., A,,) € Ker(7)
if and only if it is contained in the kernel of the map in (8] for all » € R, thus we
have

(58) H'(F, Grea) = {((A1,01), .-, (A, o)) | deg A; = 2n;, Y 1Ay = 0}
i=1
for all r = (1;) € R. O

Let (A, o) be a pair of central simple F-algebra A of degree 2n with involution o
of the first kind. The trace form 7, : A — F is given by T,(a) = Trd(c(a)a), where
Trd denotes the reduced trace. We denote by T.f the restriction of T, to Sym(A4, o).
Set

T,, ifn;=1 mod 2,

59 =1" i Dis h i = .
(59) o[r] ", ri¢;, where ¢ {Tat ifn,=2 mod 4

for all r = (r;) € RN (Dyy,, (Z/2Z)e;). For all i € I such that 4[n;, we simply write
A for the Garibaldi-Parimala-Tignol invariant A(A;, 0;) defined in [T, Theorem A].
Then, this degree 3 invariant induces the following invariants of Geq

(60) A;: HY(K, Groa) = H'(K,PGSp,, ) = H*(K),

where the first map in (60) is the projection and K/F is a field extension. We
show that every invariant of semisimple group of type C' is generated by the Arason
invariants associated to ¢[r| and the Garibaldi-Parimala-Tignol invariants A,.

Proposition 6.7. Let G = (I[", Spy,,)/ 1 defined over an algebraically closed field
F, where m,n; > 1, p is a central subgroup. Let R be the subgroup of (u3")* whose
quotient is the character group p*. Set Gyea = (I]i-; GSPa,,)/1. Then, every nor-
malized invariant in Inv®(Gyeq) is of the form

(61) > es(olr]) + > A

reR/ el
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for some R C RN (@y,,(Z/2Z)e;) and some subset I' C {i € I[4|n;}, where ¢]r]
denotes the quadratic form defined in ([(59) and es : I3(K) — H3(K) denotes the
Arason invariant over a field extension K/F. Moreover, we have

D, (2/2Z)e; @ (RN (D, (Z/2L)e;))

62)  Inv’(Grea)norm ™ '
(62) nv”(Grea) (e;, ej+ex € Rlej e, € R,nj=ng =1 mod 2)

Proof. Since F is algebraically closed, we get Inv®(Ghed)norm = InV? (Greq)ina. Let i be
an integer such that n; = 0 mod 4. If e; € R, then, as every symplectic involution
on a split algebra is hyperbolic, by Lemma and [I1, Theorem A] the invariant
A; defined in (60) vanishes. Now assume that e; ¢ R. Let @ = (x,y) be a division
quaternion algebra over a field extension K/F and let b = (1, z) L h be a symmetric
bilinear form on E™, where h denotes a hyperbolic form and F = K((z)). Consider
the linear system as in (G8)) with the coefficients given by a basis of R. As e; € R,
it follows by the rank theorem (or Rouché-Capelli theorem) that there exists a Gyeq-
torsor = ((A1,01),..., (A, 0,,)) over E such that

(63) (Aza Ui) = (an(Q)> op ® ’7) and (Aja Uj) = (MQTZ]' (E)’ Uw) or (Mnj (Q)a t® 7)

for all 1 < 7 # ¢ < m, where v denotes the canonical involution on @, o, denotes the
adjoint involution on End(E™) = M, (E) with respect to b, o, denotes the adjoint
involution with respect to the standard symplectic bilinear form w, and ¢ denotes the
transpose involution on M, (£). Then, by [I1, Example 3.1] we have

(64) Ai(n) = (@)U (2),
thus, 0,(a(n)) = (x,y) # 0. Therefore, we have a nontrivial invariant A; of order 2
for any 7 such that n; =0 mod 4 and ¢; ¢ R.

Let r € RN(Dy,,(Z/2Z)e;). Since each quadratic form ¢; in (59) has even dimen-
sion and trivial discriminant, we obtain ¢[r] € I*(K) for each r. By [20, Theorem 1]
the Hasse invariant of ¢; in (B9) coincides with the class of A; in Br(K), thus by the
relation in (B8), we have ¢[r] € I’(K) for each r € RN (D,y,,(Z/2Z)e;). Therefore,
the Arason invariant induces a normalized invariant es(¢[r]) of order dividing 2 that
sends an m-tuple in (B8) to e3(p[r]) € H3(K).

Let r € R+ R}, where R/ = (e; € R|n; #0 mod 4) and R} denotes the subgroup
of R defined in Proposition For any e; € R} and any e; + e, € R, we have

(65) ¢ =T, =h and ¢; L ¢ =T, LT, = {(a,b1)) LI,

where A; = Ay = (a,b) in Br(K), h and h’ denote hyperbolic forms, thus both invari-
ants e3(ple;]) and es(¢[e; + ex]) vanish. Therefore, the invariant e;(¢[r]) vanishes.
To complete the proof, by Theorem [5.5 it suffices to show that the invariant es([r])
is nontrivial for any r € RN (D, (Z/2Z)e;)\(R] + Ry). Let Gy = (GSpy)™/p.
Then, the rest of the proof of Proposition still works if we replace the exceptional
isomorphism A; = B, the standard embedding I's — TI's,,, 11, and Lemma [6.4] in
the proof of Proposition by the exceptional isomorphism A; = Cf, the standard
embedding GSp, — GSp,,, and Lemma [6.9] respectively. U
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Remark 6.8. If m =2, n; =ny =0 mod 2, and g C 3 is the diagonal subgroup,
then the invariant in Proposition coincides with the invariant defined in [3].

We present the following analogue of Lemma [6.4], which plays the same role for the
triviality of unramified invariants as Lemma plays for the groups of type B.

Lemma 6.9. Let G = ([[;", Spy,,)/1 defined over an algebraically closed field F,
where m,n; > 1, p is a central subgroup. Set Grea = ([[;~; GSPy,,)/m. Then,
every normalized invariant in Inv®(Gieq) is ramified if either n; is divisible by 4 for
some 1 with e; ¢ Ry or njngy # 1 mod 2 for some j and k such that e; + e, €

RO (@, (2/2T)0).

Proof. Let a be a normalized invariant in Inv®(G,eq) be written as in (GI]) for some

subspace R’ C RN (D, (Z/2Z)e;) and subset I' C {i € I |n; =0 mod 4,¢; ¢ R}.
Assume that there exist ¢ € I’. Let n = ((Al, 1)y oy (A, am)) be a G, eq-torsor as

in the proof of Proposition [6.7 Then, by (63), [I1, Example 3.1], and [I1, Theorem
A] we have

Aj(n) =0
for all j # 4 such that n; =0 mod 4. Since
b= h if (Aj,05) = (M2, (E), 0u),
Ty Lh i (Ay,05) = (M, (Q), t ®7),

where h denotes a hyperbolic form and the pairs of the form (M, (Q),t ® ) appear
an even number of times in the relation of (B8) for any r € R’, we have e3(¢[r]) =0
for any r € R'. Therefore, by (64]) we have 0,(a(n)) = (z,y) # 0, thus the invariant
a ramifies.

We may assume that n; Z 0 mod 4 for all 1 <i < m, thus
a(n) = es(P[ra]) + es(o[rs))

for some nonzero ro € Ry and some r3 € R3, where R, and Ry denote the subspaces
of R in (I2), R3 is a complementary subspace of Ry + Ry in R, and 71 is a Gieqg-
torsor. Then, we choose bases By = {e(ip,ipq)} of Ry with n; . > n; and Bj of a
complementary subspace of Ry as in Lemma so that the invariant « is written as
in (5Il). We show that the invariant a(n) ramifies following the proof of Lemma [6.4]

Case 1: 3 e(ip,ip,) € By with n;n;,, # 1 mod 2 such that i, ¢ J;. Let
e(ly,iyy) € Bj be such an element for some 1 < u < k and 1 < v < m,. Let
@ = (z,y) be a division quaternion algebra over K/F and let ¢ = (z,2) and
Q2 = (z,yz) be quaternions over E. We denote by 7, 71, 72 the canonical involutions
on @, @1, )9, respectively. For the sake of simplicity, we shall write the symbol d
for the corresponding degree of the matrix algebras in the rest of the proof. Now we
choose = ((A;, 0;)) for i € I such that

(66)  (Ai,00) = (Ma(Q), t ®7), (Ai,,00,,) = (Ma(Q1 ® Q2),t ® 7} @ 72)

for i = 44,74 and all 1 < ¢ # v < m,, where ¢ denotes the transpose involution
on a matrix algebra and 7] denotes an orthogonal involution on )y given by the
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composition of vy and the inner automorphism induced by one of the generators of
pure quaternions in )y,

(M4(Q), t®~) if e(i,) appears in b(iy),

67 Aiys 0iy ) (Aiy 45 0iyg) = i
( ) ( » Up) ( P.q Upyq) {(Md(E),Uw) OtheI'WISe,

for all i, € J} and all ¢ with e(iy, i,,) € B2, and
(68) (A, 04) = (Ma(E), 0)
for the remaining ¢ € I. Then, we have

Ple(in)] = dle(ing)l = ((2,9)) L h, dle(in)l = (2, 22,92, 2yz) L h

for all 1 < ¢ # v < m,, thus we obtain (B3)), (B4), and ¢[b] = 0 for all remaining
b € By U Bs in the Witt ring of E. Hence, 0.(«(n)) = (z,y) # 0, i.e., a ramifies.
Case 2: 3 e(ip,ip,) € By with n;n;,, # 1 mod 2 such that i, € J;. Let
e(ly, i) € Bj be such an element. We choose k; as in (B3]) and then choose (Ay, , o, )
and (A, ,,04,,) as in ([@0). Then, we choose (A;,0;) for i € I\{iyy, k1} such that

(Mq(Q),t®~) if e(ky) appears in b(7),

(69) (A, 00) = {(Md(E), o) otherwise

for all i € {iy, j. |i, € J5,1 <1 <s},

(70) (A, ) = {(Md(Q)J ®7) ifi, = k; or e(k;) appears in b(i,),

(M4(E),04) otherwise
for all ¢ such that e(iy, i,,) € Ba, and
(71) (Ai, ) = (Ma(E), o)

for the remaining ¢ € I'\{iy,,, k1}. Therefore, we obtain (53)), (5G), and ¢[b] = 0 for
all remaining b € By U B; in the Witt ring of E. Therefore, 0,(a(n)) = (z,y) # 0,
thus o ramifies. O

We show that the same result in Theorem holds for the groups of type C.

Theorem 6.10. Let G = (J]:2, Spy,,)/ 1 defined over an algebraically closed field I,
m,n; > 1, where p is a central subgroup. Then, every unramified degree 3 invariant
of G is trivial, i.e., Inv> (G) = 0.

Proof. Let Grea = ([172; GSPyy, )/ 1, Greq = (GSPy)™ /11, and G = (Spy)™ /. Then,
the proof of Theorem still works if we replace Proposition [6.3] Lemma [6.4] and
the exceptional isomorphism A; = B; in the proof by Proposition 6.7, Lemma [6.9]
and the exceptional isomorphism A; = ', respectively. O
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6.3. Type D.

Lemma 6.11. Let G = ([[*, Spiny,,)/pm, m,> 1, n; > 3, where p is a central
subgroup.Let R be the subgroup of the character group Z defined in ([I7) such that
p = Z/R. Set Grea = ([[;%, Qan,;)/ 1, where Qs,, denotes the extended Clifford
group. Then, for any field extension K/F the first Galois cohomology set H (K, Greq)
is bijective to the set of m-tuples ((Al, o1, [1)y -y (Am,y O, fm)) of triples consisting
of a central simple K-algebra A; of degree 2n; with orthogonal involution o; of triv-
ial discriminant and a K-algebra isomorphism f; : Z(C(A;, 04)) ~ K x K, where
Z(C’(Ai, O'Z')> denotes the center of the Clifford algebra C(A;, 0;), satisfying
By +---+ B, =0 1in Br(K)

for all 37" ri € R with
= ri€; if n; odd,
i - .
rii€i1 + rig€io  if n; even,
where
B — TiCiJ or T@'CLQ Zf n; Odd,
7 T .
71Ci1 +1i2Ci0 or 1,1Cio +12C; 1 if n; even

depending on the choice of two isomorphisms f; for each triple (A;,0:, fi), Cix and
Cio denote simple K -algebras such that C(A;,0;) = C;1 x Cia, and Br(K) denotes
the Brauer group of K.

Proof. Let Grea = ([112; Qon,)/ 1, where €y, denotes the extended Clifford group
([12, §13]). Consider the exact sequence

1= (Gp)*™/tt — Greq — HPGOJH —1
=1

where PGO;M denotes the projective orthogonal group. Applying the same argument
as in the proof of Lemma Gl we see that the set H' (K, G,eq) is bijective to the kernel
of following map

YK, H PGOJ, H Spin,, )) = H*(K, Z(ﬁ Spin,,.)/un),
i=1

where the map 3 sends an m-tuple ((AZ-, 0, fz)) of triples consisting of a central simple
K-algebra A; of degree 2n; with orthogonal involution ¢; of trivial discriminant and a
K-algebra isomorphism f; : Z(C(A;, 0,)) ~ K x K to the m-tuple (Bj,..., B},) with

B — Cip or Cip if n; odd,
e (Cin1,Ci2) or (Ci0,Ciq) if n; even,

depending on the choice of two isomorphisms f; for each triple (A;, oy, fi) (i.e., For
odd (resp. even) n;, the image of (A4;, 0, f;) under 5 is C;; (resp. (C;1,C;2)) if and
only if the image of (A;, 0, f/) for another isomorphism f! : Z(C(A;, ai)) ~ K x K
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under [ is C; o (resp. (Cj2,C;1))) and the map 7 is induced by the natural surjection
Z([1;%, Spiny,, ) — Z([[;%, Spiny, )/p. As (Bi,...,B,,) € Ker(r) if and only if it
is contained in the kernel of the composition

H*(K, Z(] [ Spiny,,) » H*(K, Z(] | Spin,,,)/p) = H*(K,G,,)

i=1 i=1

for all r € R = (Z([[}", Spiny,, )/p)*, we obtain

(72) H'(K,Grea) ~{((Ai, 03, 1)) | > Bi=01in Br(K)}
i=1

for all 7", 7l € R. O

Recall from Theorem the following subsets
Il = {Z | Zz = Rl,i or Rll,i7ni 7é 3} and
IQ - {Z | Rll,z == 0, 4|7’LZ} U {Z | Rll,z == (Z/QZ)@ZJ or (Z/QZ)@Z"Q, n; Z 6, 4|7’LZ} =. 121 U IQQ.
Let ¢ € I;. Then, from Lemma [EI1] we see that both K-algebras A; and C(A4;,0;)
split, thus we have (A4;, 04, f;) =~ (May,,(K), 0y,) for some adjoint involution oy, with
respect to a quadratic form 1; such that 1; € I?(K). Hence, the Arason invariant es
induces the following invariant

(73) €3, : Hl(K, Gred) — Hg(K)

given by egyi((Al,al,fl), ) ..,(Am,am,fm)) = e3(1;). This invariant is obviously
nontrivial.
Now let i € I,. Then, the invariant A’ of PGO;, ([19, Theorem 4.7]) gives the
following invariant of Geq
(74)
A JH(E, Gra) = H'(K.PGO], ) 2 H3(K) ifi € Iy,
H'(K,Gyea) — H'(K, HSpin,, ) — H'(K,PGO;, ) 2 H3(K) ifi € Iy,
where HSpin,,,. denotes the half-spin group and the first map in (74)) is the projection

for each case.
We shall need the following analogue of [I1, Example 3.1].

Lemma 6.12. Let Q be a quaternion algebra over F and let (A, o, f) € HY(F,PGO3,)
such that n =0 mod 2 and (A,0) = (M, (F) ® Q,01 ® 03) for some orthogonal in-
volutions o1 and oo on M, (F') and Q, respectively. Then, we have

A'(A, o, f) = QU (discay).

Proof. Let t be the transpose involution on M, (F'). Since o1 = Int(z) o t for some ¢-
symmetric invertible element x, where Int(x) denotes the inner automorphism induced

by x, we have
disc(01) = Nrdag,(p)(2) = v/Nrda(z @ 1)
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and 0 = Int(x ® 1) o (t ® 03), where Nrd denotes the reduced norm. As z ® 1 is a
o-symmetric invertible element, the result follows from [19] §4b]. t

Proposition 6.13. Let G = ([[", Spiny, )/ defined over an algebraically closed
field F, where m > 1, n; > 3, p is a central subgroup. Set Greq = ([T, Qon,)/ 18,
where Qy,. 1s the extended Clifford group. Then, every normalized invariant in
Inv?(Gheq) is of the form

(75) D esit Y A+ D es(ofr])
iel] i€l reRr”

for some subsets I{ C I, I, C Iy, and R” C R', where R denotes the group as defined
in Theorem [5.8, @[r] is the quadratic form defined in (B9) and es : I*(K) — H3(K)

denotes the Arason invariant for a field extension K/F. Moreover, we have

EBz‘ehufz(Z/QZ)éi DR

I 3 Gre norm =~ .
v (Grea) (€i,e;+eé, € R |ej,ep ¢ Rynj=n, =1 mod 2)

Proof. Since F' is algebraically closed, we obtain Inv?(Gied)norm = Inv?(Gred)ina. We
first show that the invariant A’ is nontrivial for all j € I. Choose a field extension
K /F containing variables z; 1, x; 9, x;, y;, division quaternion K-algebras

Qix = (1'1',17:%‘)7 Qi = (%‘,2,%)
for all 7 € I such that n; =0 mod 2, and cyclic division K-algebras
Py = (23, yi)a
of exponent 4 for all ¢ € I such that n;, =1 mod 2. Let

0, = (@in@ig, i) if ny; even, so that Q; — Qi1+ Q2 i n; even,
! (i, yi) if n; odd, ‘ 2P, if n; odd

in Br(K). For r € R, let

Dy, = ®(Q::11 ® Q:j;)’ Dyr = ®Pi”’ and D, = Dy, @ Dy,.

Let L be the function field of the product [],.,SB(D,) of Severi-Brauer varieties
SB(D,) of D, over K. For all i such that n; =1 mod 2, consider the exterior square

A2P; of P; with its canonical involution p; [12, §10]. By the exceptional isomorphism
A3 = D3 ([12], 15.32]) we have

(76) C(N°Py,p;) = P x P”,

where P, denotes the opposite algebra of P;. Let x; be a skew-hermitian form over Q;
such that (M3(Q;), 0y,) = (A*P;, pi), where o, is the adjoint involution with respect
to x;. Let ¥; = x; L h be a skew-hermitian form over @); of rank n;, where h denotes
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a hyperbolic form (if n; = 3, then v; = x;). We denote by o, the adjoint involution
on M, (Q;) with respect to ;. Let

(A, ;) (M, (L) ® Qi,0i1 @ 0,2) if n; even,
i»0i) = .
(MRZ(QZ)a Uwi) if n; odd

for some orthogonal involutions o, ; on M,,, (L) and o, » on @Q); such that disc(o; 1) = x;4
and disc(o;2) = y;. Then, by [8 Theorem 1.1] and [7, Corollary 3] together with (Z6)

we obtain
Moyn;—2(Qi1) X Myn;—2(Q;2)  if n; even,

C Aia i) — op

thus by a theorem of Amitsur we have a Gyeq(L)-torsor n = ((AZ-, oy, fl)) Finally, by
Lemma B.I2 we get A%(n) = (251, 252,9;) # 0.
Now, let r = (74,...,7y) € R'. Then, from Lemma [G.I1] we have

B — A — 2’171'01'71 = 2771‘01‘72 if n; Odd,
T 771‘01‘71 -+ ’171'01'72 if n; even,

in Br(K), thus the relation in ([2) is equivalent to
(77) A+ +TRA, = 0.

As each quadratic form ¢; in (B9) has even dimension and trivial discriminant,
we have ¢[r] € I*(K) for each r € R'. By [20, Theorem 1] the Hasse invariant
of ¢; in (B9) coincides with the class of A; in Br(K), thus by the relation in (77),
we have ¢[r] € I*(K) for each r € R'. Therefore, the Arason invariant induces a
normalized invariant e3(¢[r]) of order dividing 2 that sends an m-tuple in (72) to
es(6lr]) € HY(K). ) ]

Let r € R] + R}, where R = (¢, € R') and R = (¢; + e, € R'|ej, e € R ,n; =
n =1 mod 2). Then, by (63]) both invariants es(¢[e;]) and es(¢[e; + €;]) vanish for
any ¢; € R} and any é; + &, € RY, thus e3(¢[r]) vanishes.

As before, by Theorem it is enough to show that the invariant es(¢[r]) is
nontrivial for any r € R'\(R}+Rj). Let G’y = (26)™ /. Then, the same arguments
as in the proof of Proposition work if we replace [14, Lemma 4.3], the exceptional
isomorphism A; = By, the standard embedding I's — I'y,, 11, and Lemma in the
proof of Proposition by [14, Lemma 4.2], the exceptional isomorphism Az = Dj,
the standard embedding Q¢ — 9, and Lemma [6.14] respectively. O

We shall present the following analogue of Lemmas [6.4] and [6.9

Lemma 6.14. Let G = (I]", Spiny,,)/p defined over an algebraically closed field F,
where m > 1, n; > 3, p is a central subgroup. Set Grea = ([ [~ Qan,)/p. Then, every
normalized invariant in Invg(Gred) 1s ramified if either n; > 4 for some i € I U Iy or
njng 1 mod 2 for some j and k such that €; + e, € R'.
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Proof. Let a be a normalized invariant in Inv®(Gieq) be written as in (Z5) for some
subsets I1 C Iy, I, C I, and R" C R'.

First, assume that there exists j € I1. Let @ = (z,y) be a division quaternion
algebra over a field extension K/F and let ¢; = ((z,y,2)) L h be a quadratic
form over £ := K((z)), where h denotes a hyperbolic form. Choose a Gieq-torsor

n= ((Al, o1, f1), s (Amy O, fm)) such that
(Aj, 04, fj) = (May,; (E), 0y;) and (A;, 0y, fi) = (May,(E), 1)

for all 1 < i # j < m, where oy, denotes the adjoint involution on My, (E) with
respect to 1; and t denotes the transpose involution on My, (E). Then, we have

D esin) = (z,y,2), D Aln) =Y es(d[r])(n) = 0.

icl] icl) reRr”

Therefore, we have 0,(a(n)) = (z,y) # 0. Hence, the invariant « ramifies.
We assume that I = 0 and I3 # 0, ie., a(n) = D icp A + 30, cpres(olr]). Let

j €I} and let n = ((Al,al, f1)s ooy (Amy O, fm)) be a G, eg-torsor over L as in the
proof of Proposition [6.13] Then, over L((y,)) we have

Ay, ((n)) = 8y, (A(n) = By, (1,252, 95)) = (w51, 252) #0,

thus the invariant « ramifies.
Now we may assume that n; 0 mod 4 and R’M, Ry, # Z; for all 1 < i <m, thus

a(n) = es(P[r2]) + es(o[rs])

for some nonzero ro € Ry and r5 € R3, where R, denotes the subspace of R generated
by & +¢€; for all 1 < i # j < m, Ry denotes a complementary subspace of Ry in R,
and 7 is a Geq-torsor. For simplicity, we write e(iy, ..., 1) for &, +---+¢€;, . Choose
bases By = {e(iy, ipq)} of Ry with n;, , > n,;, and Bs of a complementary subspace of
Ry as in Lemma so that the invariant « is written as in (&1]).

To show that the invariant «(n) ramifies, we now proceed as in the proof of Lemma
6.9, with the following simple modifications. Let (Q,7), (Q1,7), (Q2,72) be the
quaternions with canonical involutions as in the proof of Lemma and let o be an
orthogonal involution on ) given by the composition of v and the inner automorphism
induced by one of the generators of pure quaternions in ). Then, the same proof as
in Lemma B3 still works if we choose n = ((4;, 04, f;)) satisfying (G8), (G7), (€8] for
Case 1 and ([€9), (70), and (1)) for Case 2, after replacing the involutions =1, 7, and
0, in those equations by v, o, and ¢, respectively. ([l

Finally, we prove the second main result on the group of unramified degree 3
invariants for type D.

Theorem 6.15. Let G = (][, Spiny,,)/p defined over an algebraically closed field
F,m >1, n; > 3, where p is a central subgroup. Then, every unramified degree 3
invariant of G is trivial, i.e., Inv? (G) = 0.
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Proof. Let Grea = (I11%, Qon,) /1, Gloqg = (Q6)™/pt, and G' = (SLy)™/p. Then, by
the same argument as in the proof of Theorem together with Proposition [6.13] and
Lemma [6.14] we may assume that the bottom map in (&) is an isomorphism. By [14]

/

Lemma 4.2], we have Inv? (G’ ) = 0. Hence, every invariant of G,eq is ramified. [
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