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Abstract. We determine the group of reductive cohomological degree 3 invariants
of all split semisimple groups of types B, C, and D. We also present a complete
description of the cohomological invariants. As an application, we show that the
group of degree 3 unramified cohomology of the classifying space BG is trivial for
all split semisimple groups G of types B, C, and D.

1. Introduction

A degree d cohomological invariant of an algebraic group G defined over a field F
is a natural transformation of functors

G -torsors → Hd

on the category of field extensions over F , where the functor G -torsors takes a field
K/F to the set G -torsors(K) of isomorphism classes of G-torsors over K and the
functor Hd takes K to the Galois cohomology Hd(K) = Hd(K,Q/Z(d − 1)). All
degree d invariants of G form a group Invd(G). This notion was introduced by Serre,
and since then it has been intensively studied by Merkurjev and Rost for d = 3
[10, 19].

In this paper, we study degree 3 cohomological invariants of split semisimple groups
of Dynkin types B, C, and D. Thus from now on we shall focus on degree 3 invari-
ants. Let G be a split reductive group over a field F . An invariant in Inv3(G) is
called normalized if it vanishes on trivial G-torsors. Such invariants form a subgroup
Inv3(G)norm of Inv3(G), thus Inv3(G) = Inv3(G)norm ⊕H3(F ). A normalized invari-
ant in Inv3(G)norm is called decomposable if it is given by a cup product of a degree 2
invariant with a constant invariant of degree 1. The subgroup of decomposable invari-
ants of degree 3 is denoted by Inv3(G)dec. The quotient group Inv3(G)norm/ Inv

3(G)dec
is called the group of indecomposable invariants and is denoted by Inv3(G) ind. This
group has been completely determined for all split simple groups in [10], [19], [4] and
for some semisimple groups in [17], [1], [2], and [15].

Let G be a split semisimple group over F . A strict reductive envelope of G is a
split reductive group Gred over F such that the derived subgroup of Gred is G and the
center of Gred is a torus. Then, by [18, §10] the restriction map

Inv3(Gred) ind → Inv3(G) ind

is injective and its image is independent of the choice of a strict reductive envelope
Gred. This image is called the subgroup of reductive indecomposable invariants of G
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and is denoted by Inv3(G)red. Recently, this subgroup has been completely computed
for all split simple groups in [13] and for all split semisimple groups of type A in [17].

In the present paper, we determine the group of reductive indecomposable in-
variants of all split semisimple groups of types B, C, and D, which completes the
cohomological invariants of classical groups. In particular, if each component of the
corresponding root system of type B (respectively, type C) has rank at least 2 (re-
spectively, even rank), then the group of indecomposable invariants is also determined
as follows (see Theorem 5.1, Theorem 5.5, Theorem 5.6, and Corollary 5.2):

Theorem 1.1. Let G be an arbitrary split semisimple group of one of the following
types: B, C, and D, i.e., G = (

∏m
i=1 Spin2ni+1)/µ (ni ≥ 1), (

∏m
i=1 Sp2ni

)/µ (ni ≥ 1),
and (

∏m
i=1 Spin2ni

)/µ (ni ≥ 3) respectively for some central subgroup µ and m ≥ 1.
Let R be the subgroup of Z whose quotient is the character group µ

∗, where

Z :=
m
⊕

i=1

Zi, Zi =











(Z/2Z)ei if G is of type B or C,

(Z/4Z)ei if G is of type D, ni odd,

(Z/2Z)ei,1
⊕

(Z/2Z)ei,2 if G is of type D, ni even,

denotes the character group of the center of the corresponding simply connected semisim-
ple group.
(1) Assume that G is of type B. Let l = dimR. Then,

Inv3(G)red = (Z/2Z)l−l1−l2 ,

where l1 = dim〈ei ∈ R |ni ≤ 2〉, l2 = dim〈ei + ej ∈ R | ei, ej 6∈ R, ni = nj = 1〉. In
particular, if ni ≥ 2 for all 1 ≤ i ≤ m, then

Inv3(G) ind = Inv3(G)red = (Z/2Z)l−l1 .

(2) Assume that G is of type C. Let s denote the number of ranks ni divisible by 4
and l = dim

(

R ∩ (
⊕

4∤ni
Zi)

)

. Then,

Inv3(G)red = (Z/2Z)s+l−l1−l2,

where l1 = dim〈ei ∈ R〉 and l2 = dim〈ei + ej ∈ R | ei, ej 6∈ R, ni ≡ nj ≡ 1 mod 2〉.
In particular, if ni ≡ 0 mod 2 for all i, then

Inv3(G) ind = Inv3(G)red = (Z/2Z)s+l−l1.

(3) Assume that G is of type D. Let

R̄ = {(r̄1, . . . , r̄m) ∈
m
⊕

i=1

(Z/2Z)ēi |
m
∑

i=1

ri ∈ R}, where ri =

{

2r̄iei if ni odd,

r̄iei,1 + r̄iei,2 if ni even,

R1,i = R ∩ Zi for odd ni, and R
′
1,i = R ∩ Zi for even ni. Set

R′ = R̄ ∩
(

⊕

4∤ni,R′

1,i,R1,i 6=Zi

(Z/2Z)ēi
)

with l = dimR′, I1 = {i |Zi = R1,i or R
′
1,i, ni 6= 3},

I2 = {i |R′
1,i = 0, 4|ni} ∪ {i |R′

1,i = (Z/2Z)ei,1 or (Z/2Z)ei,2, ni ≥ 6, 4|ni} with si = |Ii|.
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Then, we have

Inv3(G)red = (Z/2Z)s1+s2+l−l1−l2 , where

l1 = |{i | 4 ∤ ni, R1,i = 2Zi or R
′
1,i = (Z/2Z)(ei,1 + ei,2)}|, l2 = dim〈ēi + ēj |R1,i =

R1,j = 0, 2ei + 2ej ∈ R〉.

For each type of B, C, and D, our main theorem can be restated as follows (see
Propositions 6.3, 6.7, 6.13): Assume that F is an algebraically closed field. For type
B, let Gred = (

∏m
i=1 Γ2ni+1)/µ, where Γ2ni+1 is the split even Clifford group [12, §23]

and let

R→ Inv3(Gred)norm

be the homomorphism given by r 7→ e3(φ[r]), where φ[r] is the quadratic form defined
in Remark 6.2 and e3 denotes the Arason invariant. Then, this morphism is surjective
and its kernel is the subspace

〈ei, ej + ek ∈ R | ej, ek 6∈ R, ni ≤ 2, nj = nk = 1〉.

For type C, let Gred = (
∏m

i=1GSp2ni
)/µ, where GSp2ni

is the group of symplectic
similitudes [12, §12] and let

⊕

4 |ni

(Z/2Z)ei
⊕

(

R ∩ (
⊕

4∤ni

(Z/2Z)ei)
)

→ Inv3(Gred)norm

be the homomorphism given by ei 7→ ∆i for i such that 4|ni and r 7→ e3(φ[r]) for
r ∈ R ∩ (

⊕

4∤ni
(Z/2Z)ei), where φ[r] is the quadratic form defined in (59) and ∆i is

the invariant in (60) induced by the Garibaldi-Parimala-Tignol invariant [11]. Then,
this morphism is surjective and its kernel is given by

〈ei, ej + ek ∈ R | ej, ek 6∈ R, nj ≡ nk ≡ 1 mod 2〉.

For type D, let Gred = (
∏m

i=1Ω2ni
)/µ, where Ω2ni

is the extended Clifford group
[12, §13] and let

⊕

i∈I1∪I2

(Z/2Z)ēi
⊕

R′ → Inv3(Gred)norm

be the homomorphism given by ēi 7→ e3,i for i ∈ I1, ēi 7→ ∆′
i for i ∈ I2, and

r 7→ e3(φ[r]) for r ∈ R′, where e3,i denotes the invariant in (73) induced by the
Arason invariant, ∆′

i denotes the invariant in (74) given by the invariant of PGO+
2ni

(see [19, Theorem 4.7]), and φ[r] is the quadratic form defined in (59). Then, the
morphism is surjective, and its kernel is given by

〈ēi, ēj + ēk ∈ R′ | ēj, ēk 6∈ R′, nj ≡ nk ≡ 1 mod 2〉.

Therefore, our main result (Theorem 1.1) tells us that for all split semisimple groups
of types B, C, D there are essentially two types of degree three reductive invariants
given by the Arason invariant e3 and the Garibaldi-Parimala-Tignol invariant ∆i (and
its analogue ∆′

i) and no other invariants exist.
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An invariant α ∈ Inv3(G) is said to be unramified if for any field extension K/F
and any element η ∈ G -torsors(K), its value α(η) is contained in H3

nr(K), where
H3

nr(K) denotes the subgroup in H3(K) of all unramified elements defined by

H3
nr(K) =

⋂

v

Ker
(

∂v : H
3(K) → H2(F (v))

)

for all discrete valuations v on K/F and their residue homomorphisms ∂v. The
subgroup of all unramified invariant in Inv3(G) will be denoted by Inv3

nr(G). By a
theorem of Rost, we have an isomorphism

(1) Inv3nr(G) ≃ H3
nr(F (BG)),

where BG is the classifying space of G (see [18], [25]).
A generalized version of Noether’s problem asks whether the classifying space BG

of an algebraic group G is stably rational or retract rational (see [6], [16]). A way
of detecting non-retract rationality is to use unramified cohomology as the following
statement: the classifying space BG is not retract rational if there exists a non-
constant unramified invariant of degree d for some d [16]. In fact, Saltman gave
the first counter example over an algebraically closed field to the original Noether’s
question by providing certain finite groups which have a non-constant unramified
invariant of degree 2 [21]. However, the generalized Noether’s problem is still open
for a connected algebraic group over an algebraically closed field.

In [5], Bogomolov showed that connected groups have no nontrivial degree 2 unram-
ified invariants, i.e., Inv2

nr(G) = 0 for a connected group G. In [22] and [23], Saltman
showed that the group Inv3

nr(PGLn) is trivial. Recently, Merkurjev has shown that
the group Inv3nr(G) is trivial if G is a split simple group [18] or a split semisimple
group of type A [14] over an algebraically field F of characteristic 0.

Using the main theorem above we determine the group of unramified invariants of
a split semisimple groups of types B, C, and D (see Theorems 6.5, 6.10, 6.15).

Theorem 1.2. Let G = (
∏m

i=1 Spin2ni+1)/µ (ni ≥ 1) or (
∏m

i=1 Sp2ni
)/µ (ni ≥ 1) or

(
∏m

i=1 Spin2ni
)/µ (ni ≥ 3) defined over an algebraically closed field F of characteristic

0, m ≥ 1, where µ is an arbitrary central subgroup. Then, there are no nontrivial
unramified degree 3 invariants for G, i.e., Inv3

nr(G) = H3
nr(F (BG)) = 0.

This paper is organized as follows. In Section 2 we recall some basic definitions
and facts used in the rest of the paper. Sections 3-5 are devoted to the computation
of the group of degree 3 invariants of a split semisimple group G of types B, C, and
D. In the last section, we present a description of the degree 3 invariants of G and a
proof of the second main result.
Acknowledgements. I am grateful to Alexander Merkurjev for careful reading and
numerous suggestions. I am also grateful to Jean-Pierre Tignol for helpful discussion.
This work has been supported by National Research Foundation of Korea (NRF)
funded by the Ministry of Science, ICT and Future Planning (2016R1C1B2010037).
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2. Cohomological invariants of degree 3

In this section we recall some basic notions concerning degree 3 invariants following
[10, 19]. We shall frequently use these in the following sections.

2.1. Invariant quadratic forms. Let G̃ be a split semisimple simply connected
group of Dynkin type D, i.e., G̃ = G1× · · ·×Gm for some integer m ≥ 1, where each
Gi is a split simple simply connected group of type D. Consider the natural action
of the Weyl group W = W1 × · · ·Wm of G̃ on the weight lattice Λ = Λ1 ⊕ · · · ⊕ Λm,
where Wi (resp. Λi) is the Weyl group (resp. the weight lattice) of Gi. Then, the
group of W -invariant quadratic forms S2(Λ)W on Λ, denoted by Q(G̃), is a sum of
cyclic groups

Q(G̃) = Zq1 ⊕ · · · ⊕ Zqm,

where qi is the normalized Killing form of Gi for 1 ≤ i ≤ m.
Consider an arbitrary split semisimple group G of Dynkin type D, i.e., G = G̃/µ,

where µ is a central subgroup. Let T be a split maximal torus of G and let T ∗ be the
group of characters of T . Then, the subgroup Q(G) of W -invariant quadratic forms
on T ∗ is given by

(2) Q(G) = S2(T ∗) ∩Q(G̃).

2.2. Degree 3 invariants. Consider the Chern class map c2 : Z[T ∗] → S2(T ∗)
defined by c2(

∑

i e
λi) =

∑

i<j λiλj [19, §3c], where Z[T ∗] is the group ring of the

maximal torus T in Section 2.1 and λi ∈ T ∗. Since (T ∗)W = 0, the restriction of c2
induces a group homomorphism

(3) c2 : Z[T
∗]W → Q(G)

We shall write Dec(G) for the image of c2 in (3). For λ ∈ T ∗, we denote by ρ(λ) =
∑

χ∈W (λ) e
χ, whereW (λ) is theW -orbit of λ. Then, the subgroup Dec(G) is generated

by c2(ρ(λ)) = −1
2

∑

χ∈W (λ) χ
2. By [19, Theorem 3.9], the indecomposable invariants

of G is determined by the following exact sequence

0 → Inv3(G)dec → Inv3(G)norm → Q(G)/Dec(G) → 0.

In particular, if F is algebraically closed, then we have Inv3(G)norm = Q(G)/Dec(G).

3. The group Q(G) for semisimple groups G of types B, C, D

In the present section, we shall compute the group Q(G) for types B, C, and D.

3.1. Type B. Let G = (
∏m

i=1 Spin2ni+1)/µ be an (arbitrary) split semisimple group
of type B, m,ni ≥ 1, where µ ≃ (µ2)

k is a central subgroup for some k ≥ 0. Let T

be the split maximal torus of G (i.e., T = (G
∑
ni

m )/µ) and let

(4) R = {r = (r1, . . . , rm) ∈
m
⊕

i=1

(Z/2Z)ei | fp(r) = 0, 1 ≤ p ≤ k}
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be the subgroup of
⊕m

i=1(Z/2Z)ei whose quotient is the character group µ
∗ for

some linear polynomials fp ∈ Z/2Z[t1, . . . , tm]. We shall simply write (Z/2Z)m for
⊕m

i=1(Z/2Z)ei. Consider the following commutative diagram of exact sequences

(5) 0 // R // (Z/2Z)m // µ
∗ // 0

0 // T ∗

OO
OO

//

∏m
i=1 Z

ni

OO
OO

// µ
∗ // 0

where T ∗ is the corresponding character group and the middle map
∏m

i=1 Z
ni →

(Z/2Z)m is given by

(6)
∑

ai,jwi,j 7→ (ā1,n1
, . . . , ām,nm

)

for 1 ≤ i ≤ m and 1 ≤ j ≤ ni, where wi,j denote the fundamental weights for the ith
component of the root system of G. For the rest of this subsection, we simply write
ai and wi for ai,ni

and wi,ni
, respectively. Then, it follows from (5) that

T ∗ = {
∑

ai,jwi,j | fp(a1, . . . , am) ≡ 0 mod 2}.

Let I = {1, . . . , m} and let I1 = {i ∈ I | fp(ei) = 0, 1 ≤ p ≤ k}, where {e1, . . . , em}
denotes the standard basis of Zm. We write the relations fp(a1, . . . , am) ≡ 0 mod 2
as

(7) (ai1 , . . . , aik)
T = B · (aj1, . . . , ajl)

T + (2c1, . . . , 2ck)
T

for some distinct i1, . . . , ik, j1, . . . , jl such that {i1, . . . , ik, j1, . . . , jl} = I\I1 and some
k × l binary matrix B = (bij) (i.e., bij = 0 or 1) with cp ∈ Z. Then, we have

∑

ai,jwi,j =
∑

1≤i≤m,1≤j≤ni−1

ai,jwi,j +
∑

i∈I1

aiwi +

k
∑

p=1

2cpwip +

l
∑

s=1

ajs(wjs + gs)

where gs = (wi1 , . . . , wik) · Bs and Bs is the s-th column of B, thus we obtain the
following Z-basis of T ∗:

(8) {wi,j}1≤i≤m,1≤j≤ni−1 ∪ {wi}i∈I1 ∪ {2wip}1≤p≤k ∪ {wjs + gs}1≤s≤l.

Let vp = 2wip and hp(t1, . . . , tl) = bp1t1+ · · ·+ bpltl ∈ Z/2Z[t1, . . . , tl] for 1 ≤ p ≤ k.

Since the group Q(G̃) is generated by the normalized Killing forms

qi =

{

2w2
i − 2wi,ni−1wi −

∑ni−2
j=1 wi,jwi,j+1 +

∑ni−1
j=1 w2

i,j if ni ≥ 1,

w2
i if ni = 1

for all 1 ≤ i ≤ m, any element of Q(G) is of the form q =
∑m

i=1 diqi for some di ∈ Z.
Therefore, with respect to the basis (8) we have

q = q′ + 1
4

k
∑

p=1

v2p[δipdip + hp(δj1dj1, . . . , δjldjl)] +
1
2

∑

1≤i<j≤k

vivjhi(δj1dj1bj1 , . . . , δjldjlbjl)
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for some quadratic form q′ with integer coefficients, where

δi =

{

2 if ni ≥ 2 with i ∈ I\I1,

1 if ni = 1 with i ∈ I\I1.

Hence, by (2) we obtain q =
∑m

i=1 diqi ∈ Q(G) if and only if

(9) δipdip + hp(δj1dj1, . . . , δjldjl) ≡ 0 mod 4

and

(10) hp(δj1dj1bj1 , . . . , δjldjlbjl) ≡ 0 mod 2

for all 1 ≤ p ≤ k. In particular, since two systems of equations {fp(t1, . . . , tm)} and
{tip + hp(tj1 , . . . , tjl)} are equivalent we replace the condition (9) by

(11) fp(δ1d1, . . . , δmdm) ≡ 0 mod 4,

where we set δi = 2 for i ∈ I1.
Equivalently, we can compute Q(G) with respect to a basis of R as follows. Let

(12) R1 = 〈ei | ei ∈ R〉 and R2 = 〈ei + ej | ei + ej ∈ R, ei, ej 6∈ R1〉

be the subspaces of R. We first choose {wi}i∈I1 as a part of basis of T ∗. Then, for
the remaining part of a basis of T ∗ we write a given basis of R as

(13) (ej1 , . . . , ejl)
T = C(ei1 , . . . , eik)

T

for some i1, . . . , ik, j1, . . . , jl with {i1, . . . , ik, j1, . . . , jl} = I\I1 and some l × k binary
matrix C such that all basis elements of the form ei + ej in R2 is a part of (13).
Then, we have the same Z-basis of T ∗ as in (8) by replacing gs in (8) with gs =
Cs · (wi1 , . . . , wik), where Cs is the s-th row of C. The rest of the computation is the
same as in the previous one.

In particular, if either R = R1 ⊕R2 or ni ≥ 2 for all 1 ≤ i ≤ m, then the condition
(10) becomes trivial, thus

Proposition 3.1. Let G = (
∏m

i=1 Spin2ni+1)/µ, m,ni ≥ 1, where µ ≃ (µ2)
k is a

central subgroup for some k ≥ 0. Let R = {r ∈ (Z/2Z)m | fp(r) = 0, 1 ≤ p ≤ k}
be the subgroup of (µm2 )

∗ whose quotient is the character group µ
∗ for some linear

polynomials fj ∈ Z/2Z[t1, . . . , tm]. Assume that either ni ≥ 2 for all i or R = R1⊕R2,
where R1 and R2 are the subgroups of R defined in (12). Then, we have

Q(G) = {
m
∑

i=1

diqi | fp(δ1d1, . . . , δmdm) ≡ 0 mod 4}.

3.2. Type C. Let G = (
∏m

i=1 Sp2ni
)/µ be a split semisimple group of type C, where

m,ni ≥ 1 and µ ≃ (µ2)
k is a central subgroup for some k ≥ 0. Let T be the split

maximal torus of G and let R be the subgroup of (Z/2Z)m as in (4). Then, we have
the same commutative diagram (5), replacing the middle vertical map (6) by

∑

ai,jei,j 7→ (

n1
∑

j=1

ā1,j , . . . ,

nm
∑

j=1

ām,j),
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where ei,j denote the standard basis for the ith component of
∏m

i=1 Z
ni . Then, by (5)

we have

(14) T ∗ = {
∑

ai,jei,j | fp(
n1
∑

j=1

a1,j, . . . ,
nm
∑

j=1

am,j) ≡ 0 mod 2}.

We simply write ei for ei,1. Let e
′
i,j = ei,j − ei for all 1 ≤ i ≤ m and 2 ≤ j ≤ ni and

let ai =
∑ni

j=1 ai,j. Then, we apply the same argument as in type B so that we have
the following Z-basis of T ∗

(15) {e′i,j}1≤i≤m, 2≤j≤ni
∪ {ei}i∈I1 ∪ {2eip}1≤p≤k ∪ {ejs + gs}1≤s≤l,

where B is the binary matrix as in (7) and gs = (ei1 , . . . , eik) · Bs.
Let vp = 2eip and let hp be the polynomial defined as in type B. Since the normal-

ized Killing forms are given by

qi = e2i,1 + · · ·+ e2i,ni
,

for any q ∈ Q(G) there exist di ∈ Z such that q =
∑m

i=1 diqi, thus with respect to the
basis (15) we have

q = q′+ 1
4

k
∑

p=1

v2p[nipdip+hp(nj1dj1, . . . , njldjl)]+
1
2

∑

1≤i<j≤k

vivjhi(nj1dj1bj1 , . . . , njldjlbjl)

for some quadratic form q′ with integer coefficients. Therefore, by the same argument
as in type B we have q =

∑m
i=1 diqi ∈ Q(G) if and only if

(16)
hp(nj1dj1bj1 , . . . , njldjlbjl) ≡ 0 mod 2 and fp(δ1n1d1, . . . , δmnmdm) ≡ 0 mod 4

for all 1 ≤ p ≤ k, where

δi =

{

1 if i ∈ I\I1,
2
ni

if i ∈ I1.

Similar to the case of type B, if R = R1 ⊕R2 or ni is even for all 1 ≤ i ≤ m, then
the first condition in (16) becomes obvious, thus

Proposition 3.2. Let G = (
∏m

i=1 Sp2ni
)/µ, m,ni ≥ 1, where µ ≃ (µ2)

k is a central
subgroup for some k ≥ 0. Let R, R1, and R2 be the groups as in (4) and (12). Assume
that either ni is even for all i or R = R1 ⊕ R2. Then, we have

Q(G) = {
m
∑

i=1

diqi | fp(δ1n1d1, . . . , δmnmdm) ≡ 0 mod 4}.

3.3. Type D. Let G = (
∏m

i=1 Spin2ni
)/µ be a split semisimple group of type D,

m ≥ 1, ni ≥ 3, where µ ≃ (µ2)
k1×(µ4)

k2 is a subgroup of the center Z(
∏m

i=1 Spin2ni
)

for some k1, k2 ≥ 0. We shall denote the character group Z(
∏m

i=1 Spin2ni
)∗ by

(17) Z :=

m
⊕

i=1

Zi, where Zi =

{

(Z/4Z)ei if ni odd,

(Z/2Z)ei,1
⊕

(Z/2Z)ei,2 if ni even.
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Let T be the split maximal torus of G and let

R = {r ∈ Z | fp(r) = 0, 1 ≤ p ≤ k}

be the subgroup of Z such that µ∗ ≃ Z/R for some linear polynomials f1, . . . , fk ∈
Z/4Z[T1, . . . , Tm] with k = k1 + k2, where Ti denotes a 2-tuple (ti1, ti2) of variables
(resp. a variable ti) if ni is even (resp. odd) and the coefficients of ti1 and ti2 in fp
are either 0 or 2. Then, we have the same diagram (5), replacing the middle vertical
map (6) by

∏m
i=1Z

ni → Z,

(18)

ni
∑

j=1

ai,jwi,j 7→ Ai :=

{

(

ai,ni−1 − ai,ni
+ 2Si

)

ei if ni odd,
(

ai,ni−1 + Si
)

ei1 +
(

ai,ni
+ Si

)

ei2 if ni even,

where Si =
∑[(ni−1)/2]

j=1 ai,2j−1 and wi,j denote the fundamental weights for the ith

component of the root system of G. Therefore, by (5) we have

(19) T ∗ = {
∑

ai,jwi,j | fp(
m
∑

i=1

Ai) = 0, 1 ≤ p ≤ k}.

Let I ′1 = {i ∈ I | fp(ei) = 0 or fp(ei,1) = fp(ei,2) = 0 for all 1 ≤ p ≤ k} and
I ′ = I\I ′1. In view of the argument in the case of type B we may assume that each
relation fp(

∑m
i=1Ai) = 0 can be written as

δpap = bp + 4cp, where bp =

{

δpap + fp(
∑m

i=1Ai) if ap = ai,ni
with odd ni,

δpap − fp(
∑m

i=1Ai) otherwise,

for some distinct ap ∈ {ai,ni−1, ai,ni
| i ∈ I ′} with δp ∈ {1, 2} and cp ∈ Z such that the

terms a1, . . . , ak do not appear in b1, . . . , bk and each coefficient of ai,l in bp is divisible
by δp.

Let W1 = {wi,2j−1 | i ∈ I ′, 1 ≤ j ≤ [(ni− 1)/2]} ∪ {wi,ni−1, wi,ni
| i ∈ I ′}. We simply

write wp ∈ W1 for wi,ni−1 (resp. wi,ni
) if ap = ai,ni−1 (resp. ap = ai,ni

). Set

gi,l = s1(i, l)w1 + · · ·+ sk(i, l)wk and W ′ = W1\{w1, . . . , wk},

where sp(i, l) denotes the coefficient of ai,l in bp/δp. Then, we obtain the following
Z-basis of T ∗:

(20) {wi,j}i∈I1,∀j ∪ {wi,2j}
i∈I′,1≤j≤[

ni−2
2

]
∪ { 4

δp
wp}1≤p≤k ∪ {wi,l + gi,l}wi,l∈W ′.

Let vp = 4
δp
wp and vi,l = wi,l + gi,l. Assume that for each p, wp is a fundamental

weight for the ip-th component of the root system of G. As the normalized Killing
forms are given by

qi =
(

ni
∑

j=1

w2
i,j

)

−
(

wi,ni−2wi,ni
+

ni−2
∑

j=1

wi,jwi,j+1

)

,
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for any q ∈ Q(G) there exist di ∈ Z such that q =
∑m

i=1 diqi. Hence, with respect to
the basis (20) we obtain

q =q′ + 1
16

k
∑

p=1

v2pδ
2
p [dip +

∑

wi,l∈W ′

disp(i, l)
2] + 1

8

∑

1≤p<u≤k

vpvuδpδu[
∑

wi,l∈W ′

disp(i, l)su(i, l)]

− 1
2

k
∑

p=1

vpδp[
∑

wi,l∈W ′

vildisp(i, l)]

for some quadratic form q′ with integer coefficients. Hence, q =
∑m

i=1 diqi ∈ Q(G) if
and only if

δ2p [dip +
∑

wi,l∈W ′

disp(i, l)
2] ≡ 0 mod 16,

∑

wi,l∈W ′

diδpδusp(i, l)su(i, l) ≡ 0 mod 8,

(21)

and diδpsp(i, l) ≡ 0 mod 2
(22)

for all 1 ≤ p ≤ k, 1 ≤ p < u ≤ k, and all (i, l) such that wi,l ∈ W ′.
Let ci,1(p), ci,2(p), ci(p) denote the coefficients of ti,1, ti,2, ti in fp, respectively. Note

that ci,1(p) and ci,2(p) are either 0 or 2. Since

δ2p +
∑

l

δ2psp(ip, l)
2 =

∑

l

δ2psp(i, l)
2 =

{

8 if ci(p) = 2 or ci,1(p) + ci,2(p) = 4,

2ni if ci(p) = ±1 or ci,1(p) + ci,2(p) = 2

for all p and i 6= ip, where the sums range over all l such that wi,l ∈ W ′, the first
equation in (21) is equivalent to the following equation

(23) fp(T1, . . . , Tm) ≡ 0 mod 8, where ti =

{

±nidi if ci(p) = ±1,

2di if ci(p) = 2,

ti,1 =

{

nidi
2

if ci,1(p) = 2, ci,2(p) = 0,

di if ci,1(p) + ci,2(p) = 4,
and ti,2 =

{

nidi
2

if ci,1(p) = 0, ci,2(p) = 2,

di if ci,1(p) + ci,2(p) = 4

for all i ∈ I ′ and we set ti = 4di, ti1 = ti2 = 2di for all i ∈ I ′1. Since we have

∑

l

sp(i, l)su(i, l) ≡











±2ni mod 8 if ci(p)ci(u) ≡ ±1 mod 4,

4 mod 8 if ci(p)ci(u) ≡ 2 mod 4,

0 mod 8 otherwise

for all 1 ≤ p < u ≤ k such that δp = δu = 1, where the sum ranges over all l such
that wi,l ∈ W ′, the second equation in (21) is equivalent to

(24)
∑

{i∈I′|ci(p)ci(u)≡±1 mod 4}

2di +
∑

{i∈I′|ci(p)ci(u)≡2 mod 4}

4di ≡ 0 mod 8
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if δp = δu = 1 and

4
∑

i∈I′′

di ≡ 0 mod 8

for some subset I ′′ of I ′ otherwise.

4. The subgroup Dec(G) for semisimple groups G of types B, C, D

In this section we will compute the subgroup Dec(G) of decomposable elements of
G for types B, C, and D. In this section we shall denote by T and T ∗ the maximal
split torus of G and its character group, respectively and we denote by Λ and Λr the
weight lattice and the root lattice of G, respectively. The Weyl group of G will be
denoted by W .

4.1. Type B. Consider a split semisimple group G = (
∏m

i=1 Spin2ni+1)/µ of type
B, where m,ni ≥ 1 and µ ≃ (µ2)

k is a central subgroup for some k ≥ 0. Let
I = {1, . . . , m}.

We first consider the case where G is simply connected (i.e. G = G̃), equivalently
k = 0. Since

(25) Dec(G1 ×G2) = Dec(G1)× Dec(G2)

for any two semisimple groups G1 and G2, it suffices to compute Dec(Spin2n+1). Ob-
serve that Dec(Spin3) = Zq as c2(ρ(w1)) = −q and Dec(Spin5) = Zq as c2(ρ(w2)) =
−q. Similarly, c2(ρ(w1)) = −2q ∈ Dec(Spin2n+1) for any n ≥ 2. As the Weyl group
of Spin2n+1 contains a normal subgroup (Z/2Z)n generated by sign switching, we see
that 2 | c2(ρ(λ)) for any λ ∈ Λ (c.f. [10, Part II, §13]), thus Dec(Spin2n+1) = 2Zq.
Therefore,

(26) Dec(G̃) = δ′1Zq1 ⊕ · · · ⊕ δ′mZqm, where δ
′
i =

{

2 if ni ≥ 3,

1 if ni = 1, 2.

Now we assume that G is adjoint (i.e. G = Ḡ), equivalently, k = m. Then,
Dec(O+

3 ) = 4Zq as c2(ρ(2w1)) = −4q. Similarly, by the same argument as in the
simply connected case, we see that Dec(O+

2n+1) = 2Zq for n ≥ 2 (see [19, Theorem
4.5]). Hence,

(27) Dec(Ḡ) = δ′′1Zq1 ⊕ · · · ⊕ δ′′mZqm, where δ
′′
i =

{

2 if ni ≥ 2,

4 if ni = 1.

In general, we show that the subgroup Dec(G) is determined by certain subgroups
of R introduced in Section 3.

Proposition 4.1. Let G = (
∏m

i=1 Spin2ni+1)/µ, m,ni ≥ 1, where µ is a central
subgroup. Let R be the subgroup of (µm

2 )
∗ = (Z/2Z)m such that µ∗ = (µm

2 )
∗/R. Let
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R′
1 = 〈ei ∈ R |ni ≤ 2〉 and R′

2 = 〈ei + ej ∈ R | ei, ej 6∈ R, ni = nj = 1〉 be two
subspaces of R with dimR′

1 = l1 and dimR′
2 = l2. Then,

(28) Dec(G) = (
⊕

ei∈R′

1

Zqi)⊕ (
⊕

ni≥2, ei 6∈R′

1

2Zqi)⊕ (

l2
⊕

r=1

2Zq′r)⊕ (

l3
⊕

s=1

4Zq′′s ),

where l3 = m− l1 − l2 − |{i |ni ≥ 2, ei 6∈ R′
1}| and q

′
r (resp. q

′′
s ) is of the form qi + qj

(resp. qi) for some i, j such that 〈q′r, q
′′
s | 1 ≤ r ≤ l2, 1 ≤ s ≤ l3〉 = 〈qi |ni = 1, ei 6∈ R′

1〉
over Z.

Proof. It follows from (26) and (27) that we have

(29) δ′′1Zq1 ⊕ · · · ⊕ δ′′mZqm ⊆ Dec(G) ⊆ δ′1Zq1 ⊕ · · · ⊕ δ′mZqm.

By a simple computation, we obtain

(30) − c2(ρ(χ)) =

{

a2i qi if χ = aiwi,1, ni = 1,

2(a2i qi + a2jqj) if χ = aiwi,1 + ajwj,1, ni = nj = 1

for any nonzero integers ai, aj and

(31) − c2(ρ(χ)) = (2a2i,1 + a2i,2 + 2ai,1ai,2)qi if χ = ai,1wi,1 + ai,2wi,2, ni = 2

for any integers ai,1, ai,2. Let us denote the right hand side of equation (28) by D. We
write D =

⊕

Du, where Du denotes u-th direct summand of D for 1 ≤ u ≤ 4. First,
we show that D ⊆ Dec(G). If ei ∈ R′

1, then by (8) we have wi,1, wi,2 ∈ T ∗, thus by
(30) and (31) D1 ⊆ Dec(G). Similarly, if ei + ej ∈ R, then by (8), wi,1 + wj,1 ∈ T ∗,
thus by (30) D3 ⊆ Dec(G). Finally, it follows from (29) that D2 ⊕D4 ⊆ Dec(G).

On the other hand, a character λ in the weight lattice Λ =
⊕m

i=1 Λi of G can be
written as

(32) λ = λi1 + · · ·+ λit =
∑

j∈J

λij +
∑

j∈K

λij

for some nonzero characters λij ∈ Λij and some subsets J = {1 ≤ j ≤ t |nij = 1} and
K = {1 ≤ j ≤ t |nij ≥ 2} of I. We show that c2(ρ(λ)) ∈ D for all λ ∈ T ∗. First,
assume that t = 1, i.e., λ = ai,1wi,1 + · · ·+ ai,ni

wi,ni
for some i and ai,1, . . . , ai,ni

∈ Z.
If ai,ni

is even, then λ ∈ (Λi)r, thus by (27) we have c2(ρ(λ)) ∈ D2 ⊕D4. Otherwise,
as λ ∈ T ∗ is equivalent to ei ∈ R, by (26) we get c2(ρ(λ)) ∈ D1 ⊕D2.

Now we assume that t = 2 and ni1 = ni2 = 1, i.e., λ = aiwi,1 + ajwj,1 for some i, j
and ai, aj ∈ Z\{0} with ni = nj = 1. If both ai and aj are even, then λ ∈ (Λi)r⊕(Λj)r,
so c2(ρ(λ)) ∈ D3 ⊕ D4. If ai is even and aj is odd, then as λ ∈ T ∗ if and only if
ej ∈ R′

1, we get c2(ρ(λ)) ∈ D1 ⊕D3 ⊕D4. Similarly, if both ai and aj are odd, then
by (30) we have c2(ρ(λ)) ∈ D3.

Finally, assume that either t ≥ 3 or t = 2 with ni1ni2 6= 1. Then, by the action of
the normal subgroups (Z/2Z)ni of the Weyl group generated by sign switching, we
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see that the coefficient at each eij ,l in the expansion of c2(ρ(λ)) is divisible by 4 and
2 for j ∈ J and j ∈ K, respectively, i.e.,

(33) c2(ρ(λ)) = 4(
∑

j∈J

ajqj) + 2(
∑

j∈K

bjqj)

for some ai, bi ∈ Z. Hence, c2(ρ(λ)) ∈ D, i.e., Dec(G) ⊆ D. �

4.2. Type C. Let G = (
∏m

i=1 Sp2ni
)/µ be a split semisimple group of type C,m,ni ≥

1, where µ is a central subgroup. As c2(ρ(e1)) = −q, we have Dec(Sp2n) = Zq.
Similarly, as c2(ρ(2e1)) = −4q and c2(ρ(e1 + e2)) = −2(n − 1)q, we have 4

gcd(2,n)
q ∈

Dec(PGSp2n). Moreover, since the Weyl group of Sp2n contains a normal subgroup
(Z/2Z)n generated by sign switching, we see that 4

gcd(2,n)
| c2(ρ(λ)) for any λ ∈ Λr (c.f.

[10, Part II, §14]), thus Dec(PGSp2n) =
4

gcd(2,n)
Zq (see [19, §4b]). Therefore, by (25)

we have

(34) δ′′1Zq1⊕· · ·⊕δ′′mZqm ⊆ Dec(G) ⊆ Zq1⊕· · ·⊕Zqm, where δ
′′
i =

{

4 if ni odd,

2 if ni even.

Similar to the case of type B, we determine the subgroup Dec(G) for type C.

Proposition 4.2. Let G = (
∏m

i=1 Sp2ni
)/µ, m,ni ≥ 1, where µ ≃ (µ2)

k is a central
subgroup. Let R be the subgroup of (µm2 )

∗ = (Z/2Z)m such that µ
∗ = (µm2 )

∗/R.
Let R′′

2 = 〈ei + ej ∈ R | ei, ej 6∈ R, ni ≡ nj ≡ 1 mod 2〉 be a subspace of R with
dimR′′

2 = l2. Then,

(35) Dec(G) = (
⊕

ei∈R

Zqi)⊕ (
⊕

ni≡0 mod 2, ei 6∈R

2Zqi)⊕ (

l2
⊕

r=1

2Zq′r)⊕ (

l3
⊕

s=1

4Zq′′s ),

where l3 = |{i |ni ≡ 1 mod 2, ei 6∈ R}| − l2 and q′r (resp. q′′s ) is of the form qi + qj
(resp. qi) for some i, j such that 〈q′r, q

′′
s | 1 ≤ r ≤ l2, 1 ≤ s ≤ l3〉 = 〈qi |ni ≡ 1

mod 2, ei 6∈ R〉 over Z.

Proof. Let T be the split maximal torus of G. Then, by (14) we have

(36) T ∗ = {
∑

ai,je
′
i,j +

∑

aiei,1 | fp(a1, . . . , am) ≡ 0 mod 2},

where e′i,j = ei,j − ei,1 for all 1 ≤ i ≤ m and 2 ≤ j ≤ ni. First note that we have

(37) − c2(ρ(χ)) =

{

a2i qi if χ ∈ W (aiei,1),

2(nja
2
i qi + nia

2
jqj) if χ ∈ W (aiei,1 + ajej,1)

for any nonzero integers ai and aj . We shall denote by D the right hand side of
equation (35) and write D =

⊕

Du, where Du denotes u-th direct summand of D
for 1 ≤ u ≤ 4. If ei ∈ R, then by (36) we get ei,1 ∈ T ∗, thus by (37) D1 ⊆ Dec(G).
Similarly, by (34) we have D2 ⊕D4 ⊆ Dec(G). Let ei + ej ∈ R′′

2 . Then, by (36) we
have ei,1 + ej,1 ∈ T ∗. As both ni and nj are odd, by (37) we get 2qi + 2qj ∈ Dec(G),
i.e., D2 ⊆ Dec(G). Therefore, we get D ⊆ Dec(G).
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Conversely, we shall now show that c2(ρ(λ)) ∈ D for all λ ∈ T ∗. Let λ be a
character written as in (32) for some subsets

(38) J = {1 ≤ j ≤ t |nij ≡ 1 mod 2} and K = {1 ≤ j ≤ t |nij ≡ 0 mod 2}

of I. For each λi = ai,1ei,1 + · · ·+ ai,ni
ei,ni

∈ Λi we shall denote by |λi| the number of
nonzero coefficients in λi. We first assume that t = 1, i.e., λ = ai,1wi,1+ · · ·+ai,ni

ei,ni

for some i and ai,1, . . . , ai,ni
∈ Z. Let ai = ai,1 + · · · + ai,ni

. By the same argument
as in the proof of Proposition 4.1, we have c2(ρ(λ)) ∈ D2 ⊕D4 (resp. c2(ρ(λ)) ∈ D1)
if ai is even (resp. odd). Now we assume that t = 2 with |λi1| + |λi2| = 2, i.e.,
λ = aiei,1 + ajej,1 for some i, j and ai, aj ∈ Z\{0}. Then, by the same argument as
in the proof of Proposition 4.1 we see from (37) that c2(ρ(λ)) ∈ D.

Assume that either t ≥ 3 or t = 2 with |λi1| + |λi2| ≥ 3. Then, as before it follows
from the action of the normal subgroups (Z/2Z)ni of W that

c2(ρ(λ)) = 4(
∑

i∈J

aiqi) + 2(
∑

i∈K

biqi)

for some ai, bi ∈ Z. Therefore, we get c2(ρ(λ)) ∈ D, thus Dec(G) ⊆ D. �

4.3. Type D. Let G = (
∏m

i=1 Spin2ni
)/µ be a split semisimple group of type D,

where m ≥ 1, ni ≥ 3 and µ is a central subgroup. Consider the case when G is
simple (i.e., m = 1 and n1 = n). First of all, as

(39) c2(ρ(ω1)) = −2q, c2(ρ(2ω1)) = −8q, c2(ρ(ω2)) =

{

−4(n− 1)q if n ≥ 4,

−q if n = 3,

we have 2Zq ⊆ Dec(Spin2n) for n ≥ 4, Dec(Spin6) = Zq, 8
gcd(2,n)

Zq ⊆ Dec(PGO+
2n).

On the other hand, as theWeyl group of Spin2n contains a normal subgroup (Z/2Z)n−1

generated by sign switching of even number of coordinates, we see that 2 | c2(ρ(λ))
for any λ ∈ Λ with n ≥ 4 and 8

gcd(2,n)
| c2(ρ(λ

′)) for all λ′ ∈ Λr with n ≥ 3 (c.f. [10,

Part II, §15]), thus Dec(Spin2n) = 2Zq for any n ≥ 4 and Dec(PGO+
2n) =

8
gcd(2,n)

Zq

for any n ≥ 3 (see [19, §4b]). Hence, by (25) we obtain

(40) δ′′1Zq1 ⊕ · · · ⊕ δ′′mZqm ⊆ Dec(G) ⊆ δ′1Zq1 ⊕ · · · ⊕ δ′mZqm, where

δ′′i =

{

8 if ni odd,

4 if ni even,
and δ′i =

{

2 if ni ≥ 4,

1 if ni = 3.

For the remaining simple groups O+
2n and HSpin2n (n even), we also have 2Zq ⊆

Dec(O+
2n) and 4Zq ⊆ Dec(HSpin2n) by (39). Moreover, if n = 4, then we have

(41) c2(ρ(ω3)) = c2(ρ(ω4)) = −2q,

thus 2Zq ⊆ Dec(HSpin8). Then, by the action of the Weyl group as above we
obtain Dec(O+

2n) = 2Zq for all n ≥ 3, Dec(HSpin2n) = 4Zq for even n ≥ 6, and
Dec(HSpin8) = 2Zq ([4, Theorem 5.1]). In general, we determine the subgroup
Dec(G) for type D.
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Proposition 4.3. Let G = (
∏m

i=1 Spin2ni
)/µ, m ≥ 1, ni ≥ 3, where µ is a central

subgroup. Let R be the subgroup of (17) such that µ∗ = Z/R, R1,i = R ∩ Zi for odd
ni, and R

′
1,i = R ∩ Zi for even ni. Set

I ′1 = {i | R1,i 6= 0, ni 6= 3} ∪ {i | R1,i = 2Zi, ni = 3} ∪ {i | R′
1,i 6= 0, ni = 4}∪

{i | ei,1 + ei,2 ∈ R′
1,i, ni ≥ 6}, I ′2 = {i | R′

1,i = 0} ∪ {i | ei,1 + ei,2 6∈ R′
1,i 6= 0, ni ≥ 6}.

Then, we have
(42)

Dec(G) =
(

⊕

R1,i=Zi, ni=3

Zqi
)

⊕
(

⊕

i∈I′1

2Zqi
)

⊕
(

⊕

i∈I′2

4Zqi
)

⊕
(

l2
⊕

r=1

4Zq′r
)

⊕
(

l3
⊕

s=1

8Zq′′s
)

,

where l2 = dimZ/2Z〈ei + ej | 2ei + 2ej ∈ R,R1,i = R1,j = 0〉, l3 = |{i |R1,i = 0}| − l2,
and q′r (resp. q′′s ) is of the form qi + qj (resp. qi) for some i, j such that 〈qi |R1,i =
0〉 = 〈q′r, q

′′
s | 1 ≤ r ≤ l2, 1 ≤ s ≤ l3〉 over Z.

Proof. Let µ ≃ (µ2)
k1 × (µ4)

k2 be a central subgroup for some k1, k2 ≥ 0 with
k = k1 + k2. We denote by D the right hand side of equation (42) and we write
D =

⊕

Du, where Du denotes u-th direct summand of D for 1 ≤ u ≤ 5. If ei ∈ R
with ni = 3, then by (39) D1 ⊆ Dec(G). If 2ei ∈ R or ei,1 + ei,2 ∈ R, then by
(19) we have wi,1 ∈ T ∗, thus by (39) 2qi ∈ Dec(G). Similarly, if ei1 ∈ R′

1,i (resp.
ei,2 ∈ R′

1,i) with ni = 4, then by (19) we have wi,3 ∈ T ∗ (resp. wi,4 ∈ T ∗), thus by
(41) 2qi ∈ Dec(G). Therefore, D2 ⊆ Dec(G). By a simple calculation, we have

(43) − c2(ρ(χ)) = 4(nja
2
i qi + nia

2
jqj) if χ ∈ W (aiwi,1 + ajwj,1)

for any nonzero integers ai and aj . If 2ei + 2ej ∈ R for some i 6= j, then again by
(19) we obtain wi,1 + wj,1 ∈ T ∗. As both ni and nj are odd, by (43) D4 ⊆ Dec(G).
Finally, it follows by (40) that D3 ⊕D5 ⊆ Dec(G), thus D ⊆ Dec(G).

Now we prove that c2(ρ(λ)) ∈ D for all λ ∈ T ∗. Let λ be a character written as in
(32) for some subsets J and K in (38). Assume that t = 1, i.e., λ = ai,1wi,1 + · · ·+
ai,ni

wi,ni
. Applying the same argument as in the proof of Proposition 4.2 we obtain

c2(ρ(λ)) ∈











D4 ⊕D5 if Ai = 0 with odd ni,

D2 if Ai 6= 0 with odd ni ≥ 5; or Ai = 2ei with ni = 3,

D1 if Ai = ±ei with ni = 3,

where Ai denotes the image of λ in Z as defined in (18) and

c2(ρ(λ)) ∈

{

D3 if Ai = 0 with even ni; or Ai 6= ei,1 + ei,2 with even ni ≥ 6,

D2 if Ai 6= 0 with ni = 4; or Ai = ei,1 + ei,2 with even ni ≥ 6.

We assume that t = 2 with λi1 with |λi1|+ |λi2| = 2. Then, by the same argument
as in the proof of Proposition 4.1 together with (43) we get c2(ρ(λ)) ∈ D. Finally,
Assume that either t ≥ 3 or t = 2 with |λi1 | + |λi2| ≥ 3. Then, by the action of the
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normal subgroups (Z/2Z)ni−1 of the Weyl group of G we obtain

c2(ρ(λ)) = 8(
∑

i∈J

aiqi) + 4(
∑

i∈K

biqi)

for some ai, bi ∈ Z, thus, c2(ρ(λ)) ∈ Dec(G). Hence, Dec(G) ⊆ D. �

5. Degree 3 invariants for semisimple groups G of types B, C, D

We now determine the group of reductive indecomposable invariants of split semisim-
ple groups of types B, C, and D by using the results of Section 3, Propositions 4.1,
4.2, and 4.3.

5.1. Type B.

Theorem 5.1. Let G = (
∏m

i=1 Spin2ni+1)/µ, m,ni ≥ 1, where µ ≃ (µ2)
k is a central

subgroup. Let R be the subgroup of (µm2 )
∗ = (Z/2Z)m whose quotient is the character

group µ
∗. Then,

Inv3(G)red = (Z/2Z)m−k−l1−l2 , where

l1 = dim〈ei ∈ R |ni ≤ 2〉 and l2 = dim〈ei + ej ∈ R |, ei, ej 6∈ R, ni = nj = 1〉.

Proof. Let R = {r = (r1, . . . , rm) ∈ (Z/2Z)m | fp(r) = 0, 1 ≤ p ≤ k} be the subgroup
of (Z/2Z)m whose quotient is the character group µ

∗ for some linear polynomials
fp ∈ Z/2Z[t1, . . . , tm]. Let αi,j denote the simple roots of the ith component of the
root system of G and let θi,j be the square of the length of the coroot of αi,j. Then,
we have

θi,j =

{

2 if j = ni ≥ 2,

1 if ni ≥ 2, 1 ≤ j ≤ ni − 1; or j = ni = 1.

By [13, Proposition 7.1], an indecomposable invariant of G corresponding to q =
∑m

i=1 diqi ∈ Q(G) is reductive indecomposable if and only if the order |w̄i,j| in Λ/T ∗

divides θi,jdi for all i and j.
Since |w̄i,1| = 1 with ni = 1 is equivalent to ei ∈ R and

|w̄i,j| ≤

{

2 if j = ni ≥ 2,

1 if ni ≥ 2, 1 ≤ j ≤ ni − 1,

we see that the equation (10) becomes trivial and we may assume that the term
δidi(= di) appears in the equation (11) is divisible by 2. Therefore, any reductive
indecomposable invariant of G corresponding to q =

∑m
i=1 diqi ∈ Q(G) satisfies

fp(
δ1d1
2
, . . . ,

δmdm
2

) ≡ 0 mod 2, where δi =

{

2 if ni ≥ 2 or ei ∈ R,

1 if ni = 1 and ei 6∈ R.

for all p, thus we have

(44) Inv3(G)red =
{
∑m

i=1 diqi | fp(
δ1d1
2
, . . . , δmdm

2
) ≡ 0 mod 2}

Dec(G)
.
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Let R′ = R ∩ (
⊕

ei 6∈R
(Z/2Z)ei). Then, the group in the numerator of (44) is

generated by

{qi | ei ∈ R} ∪ {
m
∑

i=1

(2ri
δi

)

qi |r = (r1, . . . , rm) ∈ R′} ∪ {
( 4

δi

)

qi | ei 6∈ R}.

Hence, the statement for the group of indecomposable reductive invariants follows by
Proposition 4.1. �

In particular, under the assumption that the ranks of all components of the root
system of G are at least 2 we have the following result.

Corollary 5.2. Let G = (
∏m

i=1 Spin2ni+1)/µ, m,ni ≥ 1, where µ ≃ (µ2)
k is a central

subgroup. Let R be the subgroup of (µm2 )
∗ = (Z/2Z)m whose quotient is the character

group µ
∗. Assume that ni ≥ 2 for all 1 ≤ i ≤ m. Then,

Inv3(G) ind = Inv3(G)red = (Z/2Z)m−k−l,

where l = dim〈ei ∈ R |ni = 2〉.

Proof. By Theorem 5.1, it suffices to show that Inv3(G) ind ⊆ Inv3(G)red. Since ni ≥ 2
for all 1 ≤ i ≤ m, the inclusion follows directly from the proof of Theorem 5.1. �

Remark 5.3. One can directly compute Inv3(G) ind using Propositions 3.1 and 4.1.

We present below another particular case of Theorem 5.1 (and Theorem 5.5), which
follows by the exceptional isomorphism A1 = B1 = C1. This result in turn determine
the reductive invariants of semisimple groups of type A (see [17, Theorem 7.1]).

Corollary 5.4. Let G = (
∏m

i=1 SL2)/µ, m ≥ 1, where µ ≃ (µ2)
k is a central

subgroup. Let R be the subgroup of (µm2 )
∗ = (Z/2Z)m whose quotient is the character

group µ
∗. Then,

Inv3(G)red = (Z/2Z)m−k−l1−l2 ,

where l1 = dim〈ei ∈ R〉 and l2 = dim〈ei + ej ∈ R | ei, ej 6∈ R〉.

5.2. Type C.

Theorem 5.5. Let G = (
∏m

i=1 Sp2ni
)/µ, m,ni ≥ 1, where µ ≃ (µ2)

k is a central
subgroup. Let R be the subgroup of (µm2 )

∗ =
⊕m

i=1(Z/2Z)ei whose quotient is the
character group µ

∗ and let s denote the number of ranks ni which are divisible by 4.
Then,

Inv3(G)red = (Z/2Z)s+l−l1−l2, where

l1 = dim〈ei | ei ∈ R〉, l2 = dim〈ei + ej | ei + ej ∈ R, ei, ej 6∈ R, ni ≡ nj ≡ 1 mod 2〉,
and l = dim

(

R∩(
⊕

4∤ni
(Z/2Z)ei)

)

. In particular, if ni ≡ 0 mod 2 for all 1 ≤ i ≤ m,
then

Inv3(G) ind = Inv3(G)red = (Z/2Z)s+l−l1.
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Proof. We apply arguments similar to the proof of type B. Let θij be the square of
the length of the coroot corresponding to the simple root of ith component of the
root system of G. Then, we have

θi,j =

{

1 if j = ni ≥ 1,

2 otherwise.

Note that |w̄i,ni
| = 2 if and only if ni is odd and the element ei,ni

has order 2 in Λ/T ∗.
Moreover, by (14) the latter is equivalent to ei 6∈ R. Hence, by [13, Proposition 7.1]
an indecomposable invariant of G corresponding to q =

∑

i=1 diqi ∈ Q(G) is reductive
indecomposable if and only if 2|di for all odd ni such that ei 6∈ R. Therefore, any
reductive indecomposable invariant of G corresponding to q =

∑

i=1 diqi ∈ Q(G)
obviously satisfies the first equation of (16) and the second equation of (16) divided
by 2, i.e.,

fp(
δ1n1d1

2
, . . . , δmnmdm

2
) ≡ 0 mod 2, where δi =

{

1 if ei 6∈ R,
2
ni

if ei ∈ R

for all 1 ≤ p ≤ k, thus,

(45) Inv3(G)red = {
m
∑

i=1

diqi | fp(
δ1n1d1

2
, . . . , δmnmdm

2
) ≡ 0 mod 2}/Dec(G).

Let R′ = R ∩ (
⊕

4∤ni,ei 6∈R
(Z/2Z)ei), where R is the subgroup of

⊕m
i=1(Z/2Z)ei as

in (4). Then, we easily see that the group in the numerator of (45) is generated by

{qi | ei ∈ R or 4|ni} ∪ {
m
∑

i=1

ǫiriqi |r = (ri) ∈ R′} ∪ {2ǫiqi | ei 6∈ R}, ǫi =

{

1 if 2|ni,

2 if 2 ∤ ni.

Hence, the statement immediately follows from Proposition 4.2. If ni is even for all i,
then the same argument together with Proposition 3.2 shows the result for the group
of indecomposable invariants. �

5.3. Type D.

Theorem 5.6. Let G = (
∏m

i=1 Spin2ni
)/µ, m ≥ 1, ni ≥ 3, where µ is a central

subgroup. Let R be the subgroup of the character group Z defined in (17) such that
µ

∗ = Z/R, R1,i = R ∩ Zi for odd ni, R
′
1,i = R ∩ Zi for even ni, and let

R̄ = {(r̄1, . . . , r̄m) ∈
m
⊕

i=1

(Z/2Z)ēi |
m
∑

i=1

ri ∈ R}, ri :=

{

2r̄iei if ni odd,

r̄iei,1 + r̄iei,2 if ni even,

where Z :=

m
⊕

i=1

Zi with Zi =

{

(Z/4Z)ei if ni odd,

(Z/2Z)ei,1
⊕

(Z/2Z)ei,2 if ni even.
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denote the character group of the center of
∏m

i=1 Spin2ni
. Set

R′ = R̄ ∩
(

⊕

4∤ni,R′

1,i,R1,i 6=Zi

(Z/2Z)ēi
)

with l = dimR′, I1 = {i |Zi = R1,i or R
′
1,i, ni 6= 3},

I2 = {i |R′
1,i = 0, 4|ni} ∪ {i |R′

1,i=(Z/2Z)ei,1 or (Z/2Z)ei,2, ni ≥ 6, 4|ni} with si = |Ii|.

Then, we have
Inv3(G)red = (Z/2Z)s1+s2+l−l1−l2 , where

l1 = |{i | 4 ∤ ni, R1,i = 2Zi or R
′
1i = (Z/2Z)(ei,1 + ei,2)}|, and l2 = dim〈ēi + ēj|2ei +

2ej ∈ R,R1,i = R1,j = 0〉.

Proof. Let Z denote the character group of the center of
∏m

i=1 Spin2ni
as in (17). Let

µ be a central subgroup such that µ ≃ (µ2)
k1 × (µ4)

k2 for some k1, k2 ≥ 0 and let
R = {r ∈ Z | fp(r) = 0, 1 ≤ p ≤ k} be the subgroup of Z such that µ

∗ ≃ Z/R for
some linear polynomials fp ∈ Z/4Z[T1, . . . , Tm] with k = k1 + k2. We shall use the
description of Q(G) in Section 3.3.

Let θi,j denote the square of the length of the jth coroot of the ith component of
the root system of G. Then, θi,j = 1 for all 1 ≤ i ≤ m and 1 ≤ j ≤ ni. Note that the
order of the fundamental weight wi,j in Λ/T ∗ is trivial for all j if and only if

Zi =

{

R1,i if ni odd,

R′
1,i if ni even.

Moreover, if ci(p) = ±1 for some 1 ≤ p ≤ k, where ci(p) denotes the coefficient
of ti in fp, then R1i = 0, thus by (19) 2wi,ni

6∈ T ∗, i.e., |w̄i,ni
| = 4. Hence, by

[13, Proposition 7.1] any reductive indecomposable invariant of G corresponding to
q =

∑

i=1 diqi ∈ Q(G) satisfies (22) and (24). Therefore, it follows by (23) that

(46) Inv3(G)red =
{
∑m

i=1 diqi | f̄p(ǫ1d1, · · · , ǫmdm) ≡ 0 mod 2}

Dec(G)

where, f̄p ∈ Z/2Z[t1, . . . , tm] denotes the image of fp under the following map

Z/4Z[T ] → Z/4Z[t1, . . . , tm] → Z/2Z[t1, . . . , tm] given by 2ti1, 2ti2 7→ ti, ti 7→ ti

and ǫi =











1 if Zi = R1,i or R
′
1,i,

1
2

if ci(p) = 2 or ci1(p) + ci2(p) = 4,
ni

4
otherwise.

Let R̄ = {r̄ = (r̄1, . . . , r̄m) ∈
⊕m

i=1(Z/2Z)ēi | f̄p(r̄) ≡ 0 mod 2}, equivalently

R̄ = {(r̄1, . . . , r̄m) ∈ (Z/2Z)m |
m
∑

i=1

ri ∈ R}, where ri :=

{

2r̄iei if ni odd,

r̄iei,1 + r̄iei,2 if ni even

and let R′ = R̄ ∩
(
⊕

4∤ni,R′

1,i,R1,i 6=Zi
(Z/2Z)ēi

)

. Observe that f̄p(ēi) ≡ 0 mod 2 for all

p with ni odd if and only if either ci(p) = 0 or 2 for all p (i.e., fp(ei) ≡ 0 or fp(2ei) ≡ 0
mod 4, respectively) and this, in turn, is equivalent to R1,i = Zi or 2Zi. Similarly,
f̄p(ēi) ≡ 0 mod 2 for all p with ni even if and only if either ci1(p) = ci2(p) = 0
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or ci1(p) = ci2(p) = 2 for all p (i.e., fp(ei1) ≡ fp(ei2) ≡ 0 or fp(ei1 + ei2) ≡ 0
mod 4, respectively) and this, in turn, is equivalent to R′

1,i = Zi or (Z/2Z)(ei1 + ei2).
Therefore, we see that the group in the numerator of (46) is generated by

{2qi |R1,i = 2Zi or R
′
1,i = (Z/2Z)(ei1 + ei2) or ei,1 + ei,2 6∈ R′

1,i, 4|ni} ∪ {8qi |R1,i = 0}

∪ {qi |Zi = R1,i or R
′
1,i} ∪ {4qi | ei,1 + ei,2 6∈ R′

1,i, 4 ∤ ni} ∪ {
m
∑

i=1

ǫ′ir
′
iqi}

for all r′ = (r′1, . . . , r
′
m) ∈ R′\{ēi | 1 ≤ i ≤ m}, where ǫ′i = 2 (resp. 4) if ni is even

(resp. odd). Therefore, the statement immediately follows by Proposition 4.3. �

6. Unramified invariants for semisimple groups G of types B, C, D

In this section, we first describe torsors for the corresponding reductive groups in
Lemmas 6.1, 6.6, and 6.11. Then, using this together with Theorems 5.1, 5.5, and 5.6,
we present a complete description of the corresponding cohomological invariants in
Propositions 6.3, 6.7, and 6.13. Finally, using such descriptions, we show that there
are no nontrivial unramified degree 3 invariants for semisimple groups of types B, C,
and D (see Theorems 6.5, 6.10, 6.15). In this section, we assume that the base field F
is of characteristic 0. We shall write 〈a1, . . . , an〉 = 〈a1〉 ⊥ · · · ⊥ 〈an〉 for the diagonal
quadratic form a1x

2
1 + · · ·+ anx

2
n and write 〈〈a1, . . . , an〉〉 = 〈1,−a1〉 ⊗ · · · ⊗ 〈1,−an〉

for the n-fold Pfister form.

6.1. Type B.

Lemma 6.1. Let G = (
∏m

i=1 Spin2ni+1)/µ, m,ni ≥ 1, where µ is a central subgroup.
Let R be the subgroup of (µm

2 )
∗ = (Z/2Z)m whose quotient is the character group µ

∗.
Set Gred = (

∏m
i=1 Γ2ni+1)/µ, where Γ2ni+1 is the split even Clifford group. Then, for

any field extension K/F the first Galois cohomology set H1(K,Gred) is bijective to
the set of m-tuples of quadratic forms (φ1, . . . , φm) with dimφi = 2ni + 1, disc φi = 1
such that for all r = ei1 + · · ·+ eis ∈ R, i1 < · · · < is,

(47) I3(K) ∋

{

⊥s
p=1 (−1)pφip if s is even,

(⊥s
p=1 (−1)pφip) ⊥ 〈1〉 otherwise,

where discφi denotes the discriminant of φi and I
3(K) denotes the cubic power of the

fundamental ideal I(K) in the Witt ring of K.

Proof. Let Gred = (
∏m

i=1 Γ2ni+1)/µ, where Γ2ni+1 denotes the split even Clifford
group. Consider the natural exact sequence

1 → (Gm)
m/µ → Gred →

m
∏

i=1

O+
2ni+1 → 1.
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Then, by Hilbert Theorem 90 and [24, Proposition 42], this sequence yields a bijection
between the set H1(F,Gred) and the kernel of the connecting map which factors as

H1(F,
m
∏

i=1

O+
2ni+1) → H2(F, (µ2)

m) = Br2(F )
m τ
→ H2(F, (µ2)

m/µ),

where the first map sends an m-tuple of quadratic forms (φ1, . . . , φm) with dimφi =
2ni + 1, disc(φi) = 1 to the m-tuple (C0(φ1), . . . , C0(φm)) of even Clifford algebras
C0(φi) associated to φi and the map τ is induced by the natural surjection (µ2)

m →
(µ2)

m/µ. Since (C0(φ1), . . . , C0(φm)) ∈ Ker(τ) if and only if it is contained in the
kernel of the composition

(48) H2(F, (µ2)
m)

τ
→ H2(F, (µ2)

m/µ)
r∗→ H2(F,Gm)

for all r ∈ R = ((µ2)
m/µ)∗, we have

(49) H1(F,Gred) ≃ {(φ1, . . . , φm) | dimφi = 2ni + 1, discφi = 1,

m
∑

i=1

riC0(φi) = 0}

for all r = (ri) ∈ R.
Write an element r ∈ R as r = ei1 + · · · + eis for some i1 < · · · < is, so that the

condition
∑m

i=1 riC0(φi) = 0 in (49) is equal to
∑s

p=1C0(φip) = 0. Assume that s is

even. Since disc(−φip ⊥ φip+1
) = 1 for any 1 ≤ p ≤ s/2,

C0(ψ) = C0(−ψ), and C0(φ) + C0(φ
′) = C(φ ⊥ φ′)

for any quadratic form ψ and any odd-dimensional quadratic forms φ and φ′, where
C(φ ⊥ φ′) is the corresponding Clifford algebra, we have

0 =
s

∑

p=1

C0(φip) = C(−φi1 ⊥ φi2 ⊥ · · · ⊥ −φis−1
⊥ φis),

which is equivalent to (−φi1 ⊥ φi2) ⊥ · · · ⊥ (−φis−1
⊥ φis) ∈ I3(F ) by [9, Theorem

14.3]. Now we assume that s is odd. Since C0(φ ⊥ 〈1〉) = C0(φ) for any odd-
dimensional quadratic form φ and disc(−φis ⊥ 〈1〉) = 1, the same argument shows
that (−φi1 ⊥ φi2) ⊥ · · · ⊥ (−φis−2

⊥ φis−1
) ⊥ (−φis ⊥ 〈1〉) ∈ I3(F ). �

Remark 6.2. If we assume that −1 ∈ (F×)2, then the condition (47) in Lemma 6.1
can be simplified without sign changes as follows:

H1(K,Gred) ≃ {φ := (φ1, . . . , φm) | dimφi = 2ni + 1, disc φi = 1, φ[r] ∈ I3(K)}

for all r = (ri) ∈ R, where

φ[r] :=

{

⊥m
i=1 riφi if

∑m
i=1 ri ≡ 0 mod 2,

(⊥m
i=1 riφi) ⊥ 〈1〉 otherwise.

Proposition 6.3. Let G = (
∏m

i=1 Spin2ni+1)/µ defined over an algebraically closed
field F , where m,ni ≥ 1, µ is a central subgroup. Let R be the subgroup of (µm2 )

∗

whose quotient is the character group µ
∗. Set Gred = (

∏m
i=1 Γ2ni+1)/µ, where Γ2ni+1
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is the split even Clifford group. Then, every normalized invariant in Inv3(Gred) is of
the form e3(φ[r]) for some r ∈ R, where φ[r] is the quadratic form defined in Remark
6.2 and e3 : I3(K) → H3(K) denotes the Arason invariant over a field extension
K/F . Moreover, we have

(50) Inv3(Gred)norm ≃
R

〈ei, ej + ek ∈ R | ej, ek 6∈ R, ni ≤ 2, nj = nk = 1〉
.

Proof. Observe that Inv3(Gred)norm = Inv3(Gred) ind as F is algebraically closed. Since
φ[r] ∈ I3(K) for any r ∈ R, the Arason invariant gives a normalized invariant of Gred

of order dividing 2 that sends an m-tuple φ ∈ H1(K,Gred) to e3(φ[r]) ∈ H3(K).
Let r ∈ R′

1+R
′
2, where R

′
1 and R

′
2 denote the subgroups of R defined in Proposition

4.1. Then, as every 4 and 6-dimensional quadratic forms in I3(K) are hyperbolic, the
invariant e3(φ[r]) vanishes.

Now we show that the invariant e3(φ[r]) is nontrivial for any r ∈ R\(R′
1 + R′

2).
Let G′

red = (Γ3)
m/µ. If R is a subgroup such that every element r in R has at least

3 nonzero components, then by [14, Lemma 4.3] and the exceptional isomorphism
A1 = B1, any invariant of G′

red is nontrivial. Hence, it follows from the map

Inv3(Gred) → Inv3(G′
red)

induced by the standard embedding Γ3 → Γ2ni+1 that every invariant e3(φ[r]) is
nontrivial. Otherwise, by the proof of Lemma 6.4 each invariant e3(φ[r]) is nontrivial,
thus the statements follow from Theorem 5.1. �

Recall from Section 3 the following subgroups of R.

R1 = 〈ei ∈ R〉 and R2 = 〈ei + ej ∈ R | ei, ej 6∈ R1〉.

We shall need the following key lemma.

Lemma 6.4. Let G = (
∏m

i=1 Spin2ni+1)/µ defined over an algebraically closed field
F , where m,ni ≥ 1, µ is a central subgroup. Set Gred = (

∏m
i=1 Γ2ni+1)/µ. Then,

every normalized invariant in Inv3(Gred) is ramified if either ni ≥ 3 for some i with
ei ∈ R1 or nj + nk ≥ 3 for some j and k such that ej + ek ∈ R2.

Proof. Let R3 be a complementary subspace of R1 +R2 in R. Then, by Proposition
6.3 any normalized invariant α in Inv3(Gred) can be written as

α(φ) = e3(φ[r1]) + e3(φ[r2]) + e3(φ[r3])

for some ri ∈ Ri, 1 ≤ i ≤ 3, where φ = (φ1, . . . , φm) denotes a Gred-torsor.
Suppose that r1 ∈ R1 is nonzero. Then, we may assume that r1 = e1 with n1 ≥ 3.

Choose a division quaternion algebra (x, y) over a field extension K/F . Find φ[e1] =
φ1 such that φ1 ⊥ 〈1〉 = 〈〈x, y, z〉〉 ⊥ h over the field of formal Laurent series K((z))
and set φi = h ⊥ 〈1〉 for all 2 ≤ i ≤ m, where h denotes a hyperbolic form. Then, we
have ∂z(α(φ)) = (x, y) 6= 0, where ∂z denotes the residue map, thus α(φ) ramifies.

Now we may assume that α(φ) = e3(φ[r2]) + e3(φ[r3]) with r2 6= 0. To show that
α(φ) ramifies, we shall choose bases of R2 and a complementary subspace of R2. For
simplicity, we will write e(i1, . . . , ik) for ei1 + · · ·+ eik . We first select e(ip, ip,q) ∈ R2,
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where ip, ip,q (1 ≤ p ≤ k, 1 ≤ q ≤ mp) are all distinct integers for some m1, . . . , mk,
so that B2 := {e(ip, ip,q)} is a basis of R2. In particular, if nip,q = 1 for some p
and q, say ni1,1 = 1, then we replace the subset {e(i1, i1,q) | 1 ≤ q ≤ m1} of B2 by
{e(i1,1, i1), e(i1,1, i1q) | 2 ≤ q ≤ m1} so that we may assume that nip = 1. We set

I2 = {ip | 1 ≤ p ≤ k} and I ′2 = {ip, ip,q | 1 ≤ p ≤ k, 1 ≤ q ≤ mp}.

We select a basis B3 of a complementary subspace of R2. First, we find any basis
D3 of R3. Then, we modify each element d of D3 by adding e(ip, ip,q) to it whenever
either e(ip,q) or e(ip, ip,q) appears in d. Hence, we obtain a basis C3 := {e(k1, . . . , kl)}
of a complementary subspace of R2 such that the intersection

(

⋃

{k1, . . . , kl | e(k1, . . . , kl) ∈ C3}
)

∩ I ′2,

where the union is over all elements of C3, is a subset of I2. We denote by J2 the
intersection. We can divide all elements of the basis C3 into two types: either e(ip) for
some ip ∈ J2 appears in e(k1, . . . , kl) ∈ C3 (the first type) or not (the second type).

We first select basis elements from the first type elements as follows. We choose any
element b(i1) in C3 of the first type such that e(i1) appears in the element (if there is
no element of the first type, we skip the selection of elements of the first type). We
write b(i1) := e(i1) + b′(i1), where e(i1) does not appear in b′(i1). We modify every
element of the first type by adding b(i1) to the element whenever e(i1) appears in
the element. For simplicity, we shall use the same notation C3 for the modified basis
of C3. Then, e(i1) appears only in b(i1) among the elements of C3. Now we choose
another element b(i2) of the first type in which e(i2) appears for some i2 ∈ J2. We
write b(i2) := e(i2) + b′(i2), where e(i2) does not appear in b′(i2). As e(i1) appears
only in b(i1), both e(i1) and e(i2) do not appear in b′(i2). Again, we modify every
element of the first type by adding b(i2) to the element whenever e(i2) appears in the
element. In particular, both e(i1) and e(i2) do not appear in the modified b′(i1). We
do the same procedure successively for all elements of the first type so that we have
chosen basis elements b(ip) := e(ip)+ b

′(ip) for all ip in some subset J ′
2 ⊆ J2 such that

all the terms e(ip) do not appear in b′(ip).
Similarly, we select basis elements from the second type elements. We choose any

element b(j1) of the second type with j1 6∈ J2, so that we write b(j1) := e(j1) + b′(j1),
where e(j1) does not appear in b

′(j1). We modify every element of C3 (i.e., b(ip) and
elements of the second type) by adding b(j1) to the element whenever e(j1) appears
in the element. Then, in particular, all the terms e(ip) and e(j1) do not appear in
the modified b′(ip). Now we choose another element b(j2) of the second type for some
j2 6∈ J2, so that we have b(j2) := e(j2) + b′(j2), where both e(j1) and e(j2) do not
appear in b′(j2). Again we modify every element of C3 by adding b(j2) to the element
whenever e(j2) appears in the element. Then, both e(j1) and e(j2) do not appear in
modified b′(j2) and all the terms e(ip), e(j1), and e(j2) do not appear in the modified
b′(ip). Applying the same procedure to all elements of the second type, we obtain the
following basis B3 of a complementary subspace of R2:

b(ip) := e(ip) + b′(ip), b(j1) := e(j1) + b′(j1), · · · , b(js) := e(js) + b′(js)
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for all ip ∈ J ′
2 and some distinct j1, . . . , js 6∈ J2 such that all the terms e(ip) and e(jr)

do not appear in b′(ip), b
′(jr) for all 1 ≤ r ≤ s, thus

B3 = {b(ip), b(jr) | ip ∈ J ′
2, 1 ≤ r ≤ s}.

Using the basis B2 ∪ B3, we rewrite the invariant α(φ) = e3(φ[r2]) + e3(φ[r3]) as

(51) α(φ) =
∑

b∈B′

2

e3(φ[b]) +
∑

b∈B′

3

e3(φ[b])

for some subsets ∅ 6= B′
2 ⊆ B2 and B

′
3 ⊆ B3. Now we show that the invariant α(φ) in

(51) ramifies. It is convenient to split the proof into two cases.
Case 1: ∃ e(ip, ip,q) ∈ B′

2 with nip +nip,q ≥ 3 such that ip 6∈ J ′
2. Let e(iu, iu,v) ∈ B′

2

be such an element for some 1 ≤ u ≤ k and 1 ≤ v ≤ mu and let I = {1, . . . , m}. We
take a division quaternion algebra (x, y) over a field extension K/F . Then, choose φi
for all i ∈ I such that

(52) φ[e(iu)] = φ[e(iu,q)] = 〈x, y, xy〉 ⊥ h, φ[e(iu,v)] = 〈1, z, xz, yz, xyz〉 ⊥ h

for all 1 ≤ q 6= v ≤ mu,

φ[e(ip)] = φ[e(ip,q)] =

{

〈x, y, xy〉 ⊥ h if e(iu) appears in b(ip),

〈1〉 ⊥ h otherwise,

for all ip ∈ J ′
2 and all q with e(ip, ip,q) ∈ B2, and φi = 〈1〉 ⊥ h for the remaining i ∈ I

over K((z)), where h denotes a hyperbolic form depending on the dimension of each
φi. Then, we have

(53) φ[e(iu, iu,v)] = 〈〈x, y, z〉〉, φ[e(iu, iu,q)] = 〈〈x, y, 1〉〉

for all 1 ≤ q 6= v ≤ mu,

(54) φ[e(ip, ip,q)] = φ[b(ip)] = 〈〈x, y, 1〉〉

for all p ∈ J ′
2 and all q with e(ip, ip,q) ∈ B2 such that e(iu) appears in b(ip), and

φ[b] = 0 for all remaining b ∈ B2 ∪ B3 in the Witt ring of K((z)). Therefore, we
obtain ∂z(α(φ)) = (x, y) 6= 0. Hence, α(φ) ramifies.

Case 2: ∃ e(ip, ip,q) ∈ B′
2 with nip +nip,q ≥ 3 such that ip ∈ J ′

2. Let e(iu, iu,v) ∈ B′
2

be such an element as in the previous case. Observe that by construction of B3 there
exists

(55) k1 ∈ I\{ip, jr | ip ∈ J ′
2, 1 ≤ r ≤ s}

such that e(k1) appears in b
′(iu). We first choose φ[e(iu,v)] as in (52) and φ[e(k1)] =

〈x, y, xy〉 ⊥ h. Then, we choose φi for i ∈ I\{iu,v, k1} such that

φ[e(i)] =

{

〈x, y, xy〉 ⊥ h if e(k1) appears in b(i),

〈1〉 ⊥ h otherwise
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for all i ∈ {ip, jr | ip ∈ J ′
2, 1 ≤ r ≤ s},

φ[e(ip,q)] =

{

〈x, y, xy〉 ⊥ h if ip = k1 or e(k1) appears in b(ip),

〈1〉 ⊥ h otherwise

for all q such that e(ip, ip,q) ∈ B2, and φi = 〈1〉 ⊥ h for the remaining i ∈ I\{iu,v, k1}
over K((z)). Therefore, we obtain (53),

(56) φ[b(i)] = φ[e(ip, ip,q)] = 〈〈x, y, 1〉〉

for all i ∈ {ip, jr | ip ∈ J ′
2, 1 ≤ r ≤ s} such that e(k1) appears in b(i) and for all

e(ip, ip,q) ∈ B2 such that ip = k1 or e(k1) appears in b(ip), and φ[b] = 0 for all
remaining b ∈ B2 ∪B3 in the Witt ring of K((z)). Hence, ∂z(α(φ)) = (x, y) 6= 0, thus
α(φ) ramifies. �

We present the second main result on the group of unramified degree 3 invariants
for type B.

Theorem 6.5. Let G = (
∏m

i=1 Spin2ni+1)/µ defined over an algebraically closed field
F , m,ni ≥ 1, where µ is a central subgroup. Then, every unramified degree 3 invariant
of G is trivial, i.e., Inv3nr(G) = 0.

Proof. Let Gred = (
∏m

i=1 Γ2ni+1)/µ. Since the classifying space BG is stably birational
to the classifying space BGred, by (1) we have Inv3nr(G) = Inv3

nr(Gred). We shall show
that Inv3nr(Gred) = 0. Let G′ = (Spin3)

m/µ and G′
red = (Γ3)

m/µ. Then, the standard
embeddings Spin3 → Spin2ni+1 and Γ3 → Γ2ni+1 induce morphisms G′ → G and
G′

red → Gred, thus we have

(57) Inv3(G) // Inv3(G′)

Inv3(Gred)
?�

OO

// Inv3(G′
red)

?�

OO

By (50) in Proposition 6.3 and Lemma 6.4 we may assume that the bottom map
in (57) is an isomorphism. By [14, Lemma 4.3] and the exceptional isomorphism
A1 = B1, we have Inv3

nr(G
′
red) = 0, thus every invariant of Gred is ramified. �

6.2. Type C.

Lemma 6.6. Let G = (
∏m

i=1 Sp2ni
)/µ, m,ni ≥ 1, where µ is a central subgroup. Let

R be the subgroup of (µm2 )
∗ = (Z/2Z)m whose quotient is the character group µ

∗. Set
Gred = (

∏m
i=1GSp2ni

)/µ, where GSp2ni
denotes the group of symplectic similitudes.

Then, for any field extension K/F the first Galois cohomology set H1(K,Gred) is
bijective to the set of m-tuples

(

(A1, σ1), . . . , (Am, σm)
)

of pairs of central simple K-
algebra Ai of degree 2ni with symplectic involution σi such that for all r = (ri) ∈ R

r1A1 + · · ·+ rmAm = 0 in Br(K),

where Br(K) denotes the Brauer group of K.
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Proof. Let Gred = (
∏m

i=1GSp2ni
)/µ, where GSp2ni

denotes the group of symplectic
similitudes. Consider the exact sequence

1 → (Gm)
m/µ → Gred →

m
∏

i=1

PGSp2ni
→ 1.

Then, by the same argument as in the proof of Lemma 6.1 the set H1(F,Gred) is
bijective to the kernel of following map

H1(F,

m
∏

i=1

PGSp2ni
) → Br2(F )

m τ
→ H2(F, (µ2)

m/µ),

where the first map sends an m-tuple
(

(A1, σ1), . . . , (Am, σm)
)

of simple algebra Ai of
degree 2ni with symplectic involution σi to the m-tuple (A1, . . . , Am) and the map τ
is induced by the natural surjection (µ2)

m → (µ2)
m/µ. Since (A1, . . . , Am) ∈ Ker(τ)

if and only if it is contained in the kernel of the map in (48) for all r ∈ R, thus we
have

(58) H1(F,Gred) ≃ {
(

(A1, σ1), . . . , (Am, σm)
)

| degAi = 2ni,

m
∑

i=1

riAi = 0}

for all r = (ri) ∈ R. �

Let (A, σ) be a pair of central simple F -algebra A of degree 2n with involution σ
of the first kind. The trace form Tσ : A → F is given by Tσ(a) = Trd(σ(a)a), where
Trd denotes the reduced trace. We denote by T+

σ the restriction of Tσ to Sym(A, σ).
Set

(59) φ[r] :=⊥m
i=1 riφi, where φi =

{

Tσi if ni ≡ 1 mod 2,

T+
σi

if ni ≡ 2 mod 4

for all r = (ri) ∈ R ∩ (
⊕

4∤ni
(Z/2Z)ei). For all i ∈ I such that 4|ni, we simply write

∆ for the Garibaldi-Parimala-Tignol invariant ∆(Ai, σi) defined in [11, Theorem A].
Then, this degree 3 invariant induces the following invariants of Gred

(60) ∆i : H
1(K,Gred) → H1(K,PGSp2ni

)
∆
→ H3(K),

where the first map in (60) is the projection and K/F is a field extension. We
show that every invariant of semisimple group of type C is generated by the Arason
invariants associated to φ[r] and the Garibaldi-Parimala-Tignol invariants ∆i.

Proposition 6.7. Let G = (
∏m

i=1 Sp2ni
)/µ defined over an algebraically closed field

F , where m,ni ≥ 1, µ is a central subgroup. Let R be the subgroup of (µm2 )
∗ whose

quotient is the character group µ
∗. Set Gred = (

∏m
i=1GSp2ni

)/µ. Then, every nor-

malized invariant in Inv3(Gred) is of the form

(61)
∑

r∈R′

e3(φ[r]) +
∑

i∈I′

∆i
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for some R′ ⊆ R ∩ (
⊕

4∤ni
(Z/2Z)ei) and some subset I ′ ⊆ {i ∈ I | 4|ni}, where φ[r]

denotes the quadratic form defined in (59) and e3 : I3(K) → H3(K) denotes the
Arason invariant over a field extension K/F . Moreover, we have

(62) Inv3(Gred)norm ≃

⊕

4 |ni
(Z/2Z)ei

⊕
(

R ∩ (
⊕

4∤ni
(Z/2Z)ei)

)

〈ei, ej + ek ∈ R | ej, ek 6∈ R, nj ≡ nk ≡ 1 mod 2〉
.

Proof. Since F is algebraically closed, we get Inv3(Gred)norm = Inv3(Gred) ind. Let i be
an integer such that ni ≡ 0 mod 4. If ei ∈ R, then, as every symplectic involution
on a split algebra is hyperbolic, by Lemma 6.6 and [11, Theorem A] the invariant
∆i defined in (60) vanishes. Now assume that ei 6∈ R. Let Q = (x, y) be a division
quaternion algebra over a field extension K/F and let b = 〈1, z〉 ⊥ h be a symmetric
bilinear form on Eni, where h denotes a hyperbolic form and E = K((z)). Consider
the linear system as in (58) with the coefficients given by a basis of R. As ei 6∈ R,
it follows by the rank theorem (or Rouché-Capelli theorem) that there exists a Gred-
torsor η =

(

(A1, σ1), . . . , (Am, σm)
)

over E such that

(63) (Ai, σi) = (Mni
(Q), σb ⊗ γ) and (Aj, σj) = (M2nj

(E), σω) or (Mnj
(Q), t⊗ γ)

for all 1 ≤ j 6= i ≤ m, where γ denotes the canonical involution on Q, σb denotes the
adjoint involution on End(Eni) = Mni

(E) with respect to b, σω denotes the adjoint
involution with respect to the standard symplectic bilinear form ω, and t denotes the
transpose involution on Mnj

(E). Then, by [11, Example 3.1] we have

(64) ∆i(η) = (Q) ∪ (z),

thus, ∂z(α(η)) = (x, y) 6= 0. Therefore, we have a nontrivial invariant ∆i of order 2
for any i such that ni ≡ 0 mod 4 and ei 6∈ R.

Let r ∈ R∩ (
⊕

4∤ni
(Z/2Z)ei). Since each quadratic form φi in (59) has even dimen-

sion and trivial discriminant, we obtain φ[r] ∈ I2(K) for each r. By [20, Theorem 1]
the Hasse invariant of φi in (59) coincides with the class of Ai in Br(K), thus by the
relation in (58), we have φ[r] ∈ I3(K) for each r ∈ R ∩ (

⊕

4∤ni
(Z/2Z)ei). Therefore,

the Arason invariant induces a normalized invariant e3(φ[r]) of order dividing 2 that
sends an m-tuple in (58) to e3(φ[r]) ∈ H3(K).

Let r ∈ R′′
1+R

′′
2, where R

′′
1 = 〈ei ∈ R |ni 6≡ 0 mod 4〉 and R′′

2 denotes the subgroup
of R defined in Proposition 4.2. For any ei ∈ R′′

1 and any ej + ek ∈ R′′
2 , we have

(65) φi = Tσi = h and φj ⊥ φk = Tσj ⊥ Tσk = 〈〈a, b, 1〉〉 ⊥ h′,

where Aj = Ak = (a, b) in Br(K), h and h′ denote hyperbolic forms, thus both invari-
ants e3(φ[ei]) and e3(φ[ej + ek]) vanish. Therefore, the invariant e3(φ[r]) vanishes.

To complete the proof, by Theorem 5.5 it suffices to show that the invariant e3(φ[r])
is nontrivial for any r ∈ R ∩ (

⊕

4∤ni
(Z/2Z)ei)\(R

′′
1 + R′′

2). Let G′
red = (GSp2)

m/µ.
Then, the rest of the proof of Proposition 6.3 still works if we replace the exceptional
isomorphism A1 = B1, the standard embedding Γ3 → Γ2ni+1, and Lemma 6.4 in
the proof of Proposition 6.3 by the exceptional isomorphism A1 = C1, the standard
embedding GSp2 → GSp2ni

, and Lemma 6.9, respectively. �
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Remark 6.8. If m = 2, n1 ≡ n2 ≡ 0 mod 2, and µ ⊆ µ
2
2 is the diagonal subgroup,

then the invariant in Proposition 6.7 coincides with the invariant defined in [3].

We present the following analogue of Lemma 6.4, which plays the same role for the
triviality of unramified invariants as Lemma 6.4 plays for the groups of type B.

Lemma 6.9. Let G = (
∏m

i=1 Sp2ni
)/µ defined over an algebraically closed field F ,

where m,ni ≥ 1, µ is a central subgroup. Set Gred = (
∏m

i=1GSp2ni
)/µ. Then,

every normalized invariant in Inv3(Gred) is ramified if either ni is divisible by 4 for
some i with ei 6∈ R1 or njnk 6≡ 1 mod 2 for some j and k such that ej + ek ∈
R ∩ (

⊕

4∤ni
(Z/2Z)ei).

Proof. Let α be a normalized invariant in Inv3(Gred) be written as in (61) for some
subspace R′ ⊆ R ∩ (

⊕

4∤ni
(Z/2Z)ei) and subset I ′ ⊆ {i ∈ I |ni ≡ 0 mod 4, ei 6∈ R}.

Assume that there exist i ∈ I ′. Let η =
(

(A1, σ1), . . . , (Am, σm)
)

be a Gred-torsor as
in the proof of Proposition 6.7. Then, by (63), [11, Example 3.1], and [11, Theorem
A] we have

∆j(η) = 0

for all j 6= i such that nj ≡ 0 mod 4. Since

φj =

{

h if (Aj , σj) = (M2nj
(E), σω),

〈〈x, y〉〉 ⊥ h if (Aj , σj) = (Mnj
(Q), t⊗ γ),

where h denotes a hyperbolic form and the pairs of the form (Mnj
(Q), t⊗ γ) appear

an even number of times in the relation of (58) for any r ∈ R′, we have e3(φ[r]) = 0
for any r ∈ R′. Therefore, by (64) we have ∂z(α(η)) = (x, y) 6= 0, thus the invariant
α ramifies.

We may assume that ni 6≡ 0 mod 4 for all 1 ≤ i ≤ m, thus

α(η) = e3(φ[r2]) + e3(φ[r3])

for some nonzero r2 ∈ R2 and some r3 ∈ R3, where R1 and R2 denote the subspaces
of R in (12), R3 is a complementary subspace of R1 + R2 in R, and η is a Gred-
torsor. Then, we choose bases B2 = {e(ip, ip,q)} of R2 with nip,q ≥ nip and B3 of a
complementary subspace of R2 as in Lemma 6.4 so that the invariant α is written as
in (51). We show that the invariant α(η) ramifies following the proof of Lemma 6.4.

Case 1: ∃ e(ip, ip,q) ∈ B′
2 with nipnip,q 6≡ 1 mod 2 such that ip 6∈ J ′

2. Let
e(iu, iu,v) ∈ B′

2 be such an element for some 1 ≤ u ≤ k and 1 ≤ v ≤ mu. Let
Q = (x, y) be a division quaternion algebra over K/F and let Q1 = (x, z) and
Q2 = (x, yz) be quaternions over E. We denote by γ, γ1, γ2 the canonical involutions
on Q, Q1, Q2, respectively. For the sake of simplicity, we shall write the symbol d
for the corresponding degree of the matrix algebras in the rest of the proof. Now we
choose η =

(

(Ai, σi)
)

for i ∈ I such that

(66) (Ai, σi) = (Md(Q), t⊗ γ), (Aiu,v , σiu,v) = (Md(Q1 ⊗Q2), t⊗ γ′1 ⊗ γ2)

for i = iu, iu,q and all 1 ≤ q 6= v ≤ mu, where t denotes the transpose involution
on a matrix algebra and γ′1 denotes an orthogonal involution on Q1 given by the
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composition of γ1 and the inner automorphism induced by one of the generators of
pure quaternions in Q1,

(67) (Aip , σip), (Aip,q , σip,q) =

{

(Md(Q), t⊗ γ) if e(iu) appears in b(ip),

(Md(E), σω) otherwise,

for all ip ∈ J ′
2 and all q with e(ip, ip,q) ∈ B2, and

(68) (Ai, σi) = (Md(E), σω)

for the remaining i ∈ I. Then, we have

φ[e(iu)] = φ[e(iu,q)] = 〈〈x, y〉〉 ⊥ h, φ[e(iu,v)] = 〈z, xz, yz, xyz〉 ⊥ h

for all 1 ≤ q 6= v ≤ mu, thus we obtain (53), (54), and φ[b] = 0 for all remaining
b ∈ B2 ∪B3 in the Witt ring of E. Hence, ∂z(α(η)) = (x, y) 6= 0, i.e., α ramifies.

Case 2: ∃ e(ip, ip,q) ∈ B′
2 with nipnip,q 6≡ 1 mod 2 such that ip ∈ J ′

2. Let
e(iu, iu,v) ∈ B′

2 be such an element. We choose k1 as in (55) and then choose (Ak1, σk1)
and (Aiu,v , σiu,v) as in (66). Then, we choose (Ai, σi) for i ∈ I\{iu,v, k1} such that

(69) (Ai, σi) =

{

(Md(Q), t⊗ γ) if e(k1) appears in b(i),

(Md(E), σω) otherwise

for all i ∈ {ip, jr | ip ∈ J ′
2, 1 ≤ r ≤ s},

(70) (Aipq , σip,q) =

{

(Md(Q), t⊗ γ) if ip = k1 or e(k1) appears in b(ip),

(Md(E), σω) otherwise

for all q such that e(ip, ip,q) ∈ B2, and

(71) (Ai, σi) = (Md(E), σω)

for the remaining i ∈ I\{iu,v, k1}. Therefore, we obtain (53), (56), and φ[b] = 0 for
all remaining b ∈ B2 ∪ B3 in the Witt ring of E. Therefore, ∂z(α(η)) = (x, y) 6= 0,
thus α ramifies. �

We show that the same result in Theorem 6.5 holds for the groups of type C.

Theorem 6.10. Let G = (
∏m

i=1 Sp2ni
)/µ defined over an algebraically closed field F ,

m,ni ≥ 1, where µ is a central subgroup. Then, every unramified degree 3 invariant
of G is trivial, i.e., Inv3nr(G) = 0.

Proof. Let Gred = (
∏m

i=1GSp2ni
)/µ, G′

red = (GSp2)
m/µ, andG′ = (Sp2)

m/µ. Then,
the proof of Theorem 6.5 still works if we replace Proposition 6.3, Lemma 6.4, and
the exceptional isomorphism A1 = B1 in the proof by Proposition 6.7, Lemma 6.9,
and the exceptional isomorphism A1 = C1, respectively. �
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6.3. Type D.

Lemma 6.11. Let G = (
∏m

i=1 Spin2ni
)/µ, m,≥ 1, ni ≥ 3, where µ is a central

subgroup.Let R be the subgroup of the character group Z defined in (17) such that
µ

∗ = Z/R. Set Gred = (
∏m

i=1Ω2ni
)/µ, where Ω2ni

denotes the extended Clifford
group. Then, for any field extension K/F the first Galois cohomology set H1(K,Gred)
is bijective to the set of m-tuples

(

(A1, σ1, f1), . . . , (Am, σm, fm)
)

of triples consisting
of a central simple K-algebra Ai of degree 2ni with orthogonal involution σi of triv-
ial discriminant and a K-algebra isomorphism fi : Z(C(Ai, σi)

)

≃ K × K, where

Z
(

C(Ai, σi)
)

denotes the center of the Clifford algebra C(Ai, σi), satisfying

B1 + · · ·+Bm = 0 in Br(K)

for all
∑m

i=1 r
′
i ∈ R with

r′i =

{

riei if ni odd,

ri,1ei,1 + ri,2ei,2 if ni even,

where

Bi :=

{

riCi,1 or riCi,2 if ni odd,

ri,1Ci,1 + ri,2Ci,2 or ri,1Ci,2 + ri,2Ci,1 if ni even

depending on the choice of two isomorphisms fi for each triple (Ai, σi, fi), Ci,1 and
Ci,2 denote simple K-algebras such that C(Ai, σi) = Ci,1 × Ci,2, and Br(K) denotes
the Brauer group of K.

Proof. Let Gred = (
∏m

i=1Ω2ni
)/µ, where Ω2ni

denotes the extended Clifford group
([12, §13]). Consider the exact sequence

1 → (Gm)
2m/µ → Gred →

m
∏

i=1

PGO+
2ni

→ 1,

where PGO+
2ni

denotes the projective orthogonal group. Applying the same argument
as in the proof of Lemma 6.1 we see that the set H1(K,Gred) is bijective to the kernel
of following map

H1(K,

m
∏

i=1

PGO+
2ni

)
β
→ Br

(

Z(

m
∏

i=1

Spin2ni
)
) τ
→ H2(K,Z(

m
∏

i=1

Spin2ni
)/µ),

where the map β sends anm-tuple
(

(Ai, σi, fi)
)

of triples consisting of a central simple
K-algebra Ai of degree 2ni with orthogonal involution σi of trivial discriminant and a
K-algebra isomorphism fi : Z(C(Ai, σi)

)

≃ K ×K to the m-tuple (B′
1, . . . , B

′
m) with

B′
i :=

{

Ci,1 or Ci,2 if ni odd,

(Ci,1, Ci,2) or (Ci,2, Ci,1) if ni even,

depending on the choice of two isomorphisms fi for each triple (Ai, σi, fi) (i.e., For
odd (resp. even) ni, the image of (Ai, σi, fi) under β is Ci,1 (resp. (Ci,1, Ci,2)) if and
only if the image of (Ai, σi, f

′
i) for another isomorphism f ′

i : Z(C(Ai, σi)
)

≃ K ×K
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under β is Ci,2 (resp. (Ci,2, Ci,1))) and the map τ is induced by the natural surjection
Z(

∏m
i=1 Spin2ni

) → Z(
∏m

i=1 Spin2ni
)/µ. As (B′

1, . . . , B
′
m) ∈ Ker(τ) if and only if it

is contained in the kernel of the composition

H2(K,Z(

m
∏

i=1

Spin2ni
)

τ
→ H2(K,Z(

m
∏

i=1

Spin2ni
)/µ)

r∗→ H2(K,Gm)

for all r ∈ R = (Z(
∏m

i=1 Spin2ni
)/µ)∗, we obtain

(72) H1(K,Gred) ≃ {
(

(Ai, σi, fi)
)

|
m
∑

i=1

Bi = 0 in Br(K)}

for all
∑m

i=1 r
′
i ∈ R. �

Recall from Theorem 5.6 the following subsets

I1 = {i |Zi = R1,i or R
′
1,i, ni 6= 3} and

I2 = {i |R′
1,i = 0, 4|ni} ∪ {i |R′

1,i = (Z/2Z)ei,1 or (Z/2Z)ei,2, ni ≥ 6, 4|ni} =: I21 ∪ I22.

Let i ∈ I1. Then, from Lemma 6.11, we see that both K-algebras Ai and C(Ai, σi)
split, thus we have (Ai, σi, fi) ≃ (M2ni

(K), σψi
) for some adjoint involution σψi

with
respect to a quadratic form ψi such that ψi ∈ I3(K). Hence, the Arason invariant e3
induces the following invariant

(73) e3,i : H
1(K,Gred) → H3(K)

given by e3,i
(

(A1, σ1, f1), . . . , (Am, σm, fm)
)

= e3(ψi). This invariant is obviously
nontrivial.

Now let i ∈ I2. Then, the invariant ∆′ of PGO+
2n ([19, Theorem 4.7]) gives the

following invariant of Gred

(74)

∆′
i :

{

H1(K,Gred) → H1(K,PGO+
2ni

)
∆′

→ H3(K) if i ∈ I21,

H1(K,Gred) → H1(K,HSpin2ni
) → H1(K,PGO+

2ni
)

∆′

→ H3(K) if i ∈ I22,

whereHSpin2ni
denotes the half-spin group and the first map in (74) is the projection

for each case.
We shall need the following analogue of [11, Example 3.1].

Lemma 6.12. Let Q be a quaternion algebra over F and let (A, σ, f) ∈ H1(F,PGO+
2n)

such that n ≡ 0 mod 2 and (A, σ) = (Mn(F )⊗ Q, σ1 ⊗ σ2) for some orthogonal in-
volutions σ1 and σ2 on Mn(F ) and Q, respectively. Then, we have

∆′(A, σ, f) = Q ∪ (disc σ1).

Proof. Let t be the transpose involution on Mn(F ). Since σ1 = Int(x) ◦ t for some t-
symmetric invertible element x, where Int(x) denotes the inner automorphism induced
by x, we have

disc(σ1) = NrdMn(F )(x) =
√

NrdA(x⊗ 1)
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and σ = Int(x ⊗ 1) ◦ (t ⊗ σ2), where Nrd denotes the reduced norm. As x ⊗ 1 is a
σ-symmetric invertible element, the result follows from [19, §4b]. �

Proposition 6.13. Let G = (
∏m

i=1 Spin2ni
)/µ defined over an algebraically closed

field F , where m ≥ 1, ni ≥ 3, µ is a central subgroup. Set Gred = (
∏m

i=1Ω2ni
)/µ,

where Ω2ni
is the extended Clifford group. Then, every normalized invariant in

Inv3(Gred) is of the form

(75)
∑

i∈I′1

e3,i +
∑

i∈I′2

∆′
i +

∑

r∈R′′

e3(φ[r])

for some subsets I ′1 ⊆ I1, I
′
2 ⊆ I2, and R

′′ ⊆ R′, where R′ denotes the group as defined
in Theorem 5.6, φ[r] is the quadratic form defined in (59) and e3 : I

3(K) → H3(K)
denotes the Arason invariant for a field extension K/F . Moreover, we have

Inv3(Gred)norm ≃

⊕

i∈I1∪I2
(Z/2Z)ēi

⊕

R′

〈ēi, ēj + ēk ∈ R′ | ēj, ēk 6∈ R′, nj ≡ nk ≡ 1 mod 2〉
.

Proof. Since F is algebraically closed, we obtain Inv3(Gred)norm = Inv3(Gred) ind. We
first show that the invariant ∆′

j is nontrivial for all j ∈ I2. Choose a field extension
K/F containing variables xi,1, xi,2, xi, yi, division quaternion K-algebras

Qi,1 = (xi,1, yi), Qi,2 = (xi,2, yi)

for all i ∈ I such that ni ≡ 0 mod 2, and cyclic division K-algebras

Pi = (xi, yi)4

of exponent 4 for all i ∈ I such that ni ≡ 1 mod 2. Let

Qi =

{

(xi,1xi,2, yi) if ni even,

(xi, yi) if ni odd,
so that Qi =

{

Qi,1 +Qi,2 if ni even,

2Pi if ni odd

in Br(K). For r ∈ R, let

D1,r =
⊗

2|ni

(Q
ri,1
i,1 ⊗Q

ri,2
i,2 ), D2,r =

⊗

2∤ni

P ri
i , and Dr = D1,r ⊗D2,r.

Let L be the function field of the product
∏

r∈R SB(Dr) of Severi-Brauer varieties
SB(Dr) of Dr over K. For all i such that ni ≡ 1 mod 2, consider the exterior square
λ2Pi of Pi with its canonical involution ρi [12, §10]. By the exceptional isomorphism
A3 = D3 ([12, 15.32]) we have

(76) C(λ2Pi, ρi) = Pi × P
op

i ,

where P
op

i denotes the opposite algebra of Pi. Let χi be a skew-hermitian form over Qi

such that (M3(Qi), σχi
) = (λ2Pi, ρi), where σχi

is the adjoint involution with respect
to χi. Let ψi = χi ⊥ h be a skew-hermitian form over Qi of rank ni, where h denotes
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a hyperbolic form (if ni = 3, then ψi = χi). We denote by σψi
the adjoint involution

on Mni
(Qi) with respect to ψi. Let

(Ai, σi) =

{

(Mni
(L)⊗Qi, σi,1 ⊗ σi,2) if ni even,

(Mni
(Qi), σψi

) if ni odd

for some orthogonal involutions σi,1 onMni
(L) and σi,2 onQi such that disc(σi,1) = xi,1

and disc(σi,2) = yi. Then, by [8, Theorem 1.1] and [7, Corollary 3] together with (76)
we obtain

C(Ai, σi) =

{

M2ni−2(Qi,1)×M2ni−2(Qi,2) if ni even,

M2ni−3(Pi)×M2ni−3(Pi)
op

if ni odd,

thus by a theorem of Amitsur we have a Gred(L)-torsor η =
(

(Ai, σi, fi)
)

. Finally, by
Lemma 6.12 we get ∆′

j(η) = (xj,1, xj,2, yj) 6= 0.
Now, let r = (r̄1, . . . , r̄m) ∈ R′. Then, from Lemma 6.11 we have

Bi = Ai =

{

2r̄iCi,1 = 2r̄iCi,2 if ni odd,

r̄iCi,1 + r̄iCi,2 if ni even,

in Br(K), thus the relation in (72) is equivalent to

(77) r̄1A1 + · · ·+ r̄mAm = 0.

As each quadratic form φi in (59) has even dimension and trivial discriminant,
we have φ[r] ∈ I2(K) for each r ∈ R′. By [20, Theorem 1] the Hasse invariant
of φi in (59) coincides with the class of Ai in Br(K), thus by the relation in (77),
we have φ[r] ∈ I3(K) for each r ∈ R′. Therefore, the Arason invariant induces a
normalized invariant e3(φ[r]) of order dividing 2 that sends an m-tuple in (72) to
e3(φ[r]) ∈ H3(K).

Let r ∈ R̄′′
1 + R̄′′

2 , where R̄
′′
1 = 〈ēi ∈ R′〉 and R̄′′

2 = 〈ēj + ēk ∈ R′ | ēj, ēk 6∈ R′, nj ≡
nk ≡ 1 mod 2〉. Then, by (65) both invariants e3(φ[ēi]) and e3(φ[ēj + ēk]) vanish for
any ēi ∈ R̄′′

1 and any ēj + ēk ∈ R̄′′
2, thus e3(φ[r]) vanishes.

As before, by Theorem 5.6 it is enough to show that the invariant e3(φ[r]) is
nontrivial for any r ∈ R′\(R̄′′

1+R̄
′′
2). Let G

′
red = (Ω6)

m/µ. Then, the same arguments
as in the proof of Proposition 6.3 work if we replace [14, Lemma 4.3], the exceptional
isomorphism A1 = B1, the standard embedding Γ3 → Γ2ni+1, and Lemma 6.4 in the
proof of Proposition 6.3 by [14, Lemma 4.2], the exceptional isomorphism A3 = D3,
the standard embedding Ω6 → Ω2ni

, and Lemma 6.14, respectively. �

We shall present the following analogue of Lemmas 6.4 and 6.9.

Lemma 6.14. Let G = (
∏m

i=1 Spin2ni
)/µ defined over an algebraically closed field F ,

where m ≥ 1, ni ≥ 3, µ is a central subgroup. Set Gred = (
∏m

i=1Ω2ni
)/µ. Then, every

normalized invariant in Inv3(Gred) is ramified if either ni ≥ 4 for some i ∈ I1 ∪ I2 or
njnk 6≡ 1 mod 2 for some j and k such that ēj + ēk ∈ R′.
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Proof. Let α be a normalized invariant in Inv3(Gred) be written as in (75) for some
subsets I ′1 ⊆ I1, I

′
2 ⊆ I2 and R′′ ⊆ R′.

First, assume that there exists j ∈ I ′1. Let Q = (x, y) be a division quaternion
algebra over a field extension K/F and let ψj = 〈〈x, y, z〉〉 ⊥ h be a quadratic
form over E := K((z)), where h denotes a hyperbolic form. Choose a Gred-torsor
η =

(

(A1, σ1, f1), . . . , (Am, σm, fm)
)

such that

(Aj , σj , fj) = (M2nj
(E), σψj

) and (Ai, σi, fi) = (M2ni
(E), t)

for all 1 ≤ i 6= j ≤ m, where σψj
denotes the adjoint involution on M2nj

(E) with
respect to ψj and t denotes the transpose involution on M2ni

(E). Then, we have
∑

i∈I′
1

e3,i(η) = (x, y, z),
∑

i∈I′
2

∆′
i(η) =

∑

r∈R′′

e3(φ[r])(η) = 0.

Therefore, we have ∂z(α(η)) = (x, y) 6= 0. Hence, the invariant α ramifies.
We assume that I ′1 = ∅ and I ′2 6= ∅, i.e., α(η) =

∑

i∈I′
2
∆′
i +

∑

r∈R′′ e3(φ[r]). Let

j ∈ I ′2 and let η =
(

(A1, σ1, f1), . . . , (Am, σm, fm)
)

be a Gred-torsor over L as in the
proof of Proposition 6.13. Then, over L((yj)) we have

∂yj
(

α(η)
)

= ∂yj
(

∆′
j(η)

)

= ∂yj
(

(xj,1, xj,2, yj)
)

= (xj,1, xj,2) 6= 0,

thus the invariant α ramifies.
Now we may assume that ni 6≡ 0 mod 4 and R′

1,i, R1,i 6= Zi for all 1 ≤ i ≤ m, thus

α(η) = e3(φ[r2]) + e3(φ[r3])

for some nonzero r2 ∈ R2 and r3 ∈ R3, where R2 denotes the subspace of R̄ generated
by ēi + ēj for all 1 ≤ i 6= j ≤ m, R3 denotes a complementary subspace of R2 in R̄,
and η is a Gred-torsor. For simplicity, we write e(i1, . . . , ik) for ēi1 + · · ·+ ēik . Choose
bases B2 = {e(ip, ip,q)} of R2 with nip,q ≥ nip and B3 of a complementary subspace of
R2 as in Lemma 6.4 so that the invariant α is written as in (51).

To show that the invariant α(η) ramifies, we now proceed as in the proof of Lemma
6.9, with the following simple modifications. Let (Q, γ), (Q1, γ1), (Q2, γ2) be the
quaternions with canonical involutions as in the proof of Lemma 6.9 and let σ be an
orthogonal involution on Q given by the composition of γ and the inner automorphism
induced by one of the generators of pure quaternions in Q. Then, the same proof as
in Lemma 6.9 still works if we choose η =

(

(Ai, σi, fi)
)

satisfying (66), (67), (68) for
Case 1 and (69), (70), and (71) for Case 2, after replacing the involutions γ′1, γ, and
σω in those equations by γ1, σ, and t, respectively. �

Finally, we prove the second main result on the group of unramified degree 3
invariants for type D.

Theorem 6.15. Let G = (
∏m

i=1 Spin2ni
)/µ defined over an algebraically closed field

F , m ≥ 1, ni ≥ 3, where µ is a central subgroup. Then, every unramified degree 3
invariant of G is trivial, i.e., Inv3

nr(G) = 0.
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Proof. Let Gred = (
∏m

i=1Ω2ni
)/µ, G′

red = (Ω6)
m/µ, and G′ = (SL4)

m/µ. Then, by
the same argument as in the proof of Theorem 6.5 together with Proposition 6.13 and
Lemma 6.14 we may assume that the bottom map in (57) is an isomorphism. By [14,
Lemma 4.2], we have Inv3

nr(G
′
red) = 0. Hence, every invariant of Gred is ramified. �
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